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INTEGRAL STRUCTURES IN THE p-ADIC
HOLOMORPHIC DISCRETE SERIES

ELMAR GROSSE-KLONNE

ABSTRACT. For a local non-Archimedean field K we construct GLg41(K)-
equivariant coherent sheaves Vo, on the formal Of-scheme X underlying the
symmetric space X over K of dimension d. These Vo, are Og-lattices in
(the sheaf version of) the holomorphic discrete series representations (in K-
vector spaces) of GLg411(K) as defined by P. Schneider. We prove that the
cohomology H!(X, Vo, ) vanishes for t > 0, for Vo, in a certain subclass.
The proof is related to the other main topic of this paper: over a finite field k,
the study of the cohomology of vector bundles on the natural normal crossings
compactification Y of the Deligne-Lusztig variety Y° for GL4y1/k (so YO is
the open subscheme of Pz obtained by deleting all its k-rational hyperplanes).

INTRODUCTION

Let K be a non-Archimedean locally compact field with residue field k& of charac-
teristic p. Let d € N and let X be the Drinfel’d symmetric space over K of dimension
d: the K-rigid space which is the complement in P4, of all K-rational hyperplanes.
The group G = GLg441(K) acts on X, and it is expected that the cohomology of
G-equivariant sheaves on X affords wide classes of interesting G-representations in
infinite dimensional vector spaces. For example, by now we know that the f-adic
cohomology (¢ # p) of certain étale coverings of X contains all the smooth dis-
crete series representations of G (in characteristic zero). A very different class of
G-representations in infinite dimensional K-vector spaces is obtained by taking the
global sections of G-equivariant vector bundles on X. The study of these has been
initiated by Morita in the case d = 1. In that case the relevant vector bundles
are automorphic line bundles on X which are classified by their weight (an integer,
or equivalently: an irredicible K-rational representation of GL1). Generalizing to
any d, Schneider [14] assigns to an irredicible K-rational representation V' of GLg4
a G-equivariant vector bundle V on X (in [14] he in fact only considers the action
by SLg4+1(K); here we will consider a suitable extension to G which however de-
pends on the choice of 7 € K , see the text). The resulting G-representations V(X),
which he called the “holomorphic discrete series representations”, are at present
very poorly understood, at least if d > 1. Already the seemingly innocent case
V = wx, the line bundle of d-forms on X, turned out to be fairly intricate and
required a host of original techniques (Schneider and Teitelbaum [T6]).
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It is natural to ask for integral structures inside V. Let X be the natural G-
equivariant strictly semistable formal O g-scheme with generic fibre X constructed
in [I3] and consider V as a G-equivariant sheaf on X via the specialization map
X — X. Let I?/K be a totally ramified extension of degree d + 1. In the case
d =1 we constructed in [5] a G-stable Ox ®0o, Op-coherent subsheaf Vo _ inside

Veor K , generalizing a previous construction of Teitelbaum from the case of even
weight [17]. We completely determined the cohomology H*(X, Vo) and obtained
(if char(K') = 0) applications to the I'-group cohomology H*(T", V(X)) of the above
G-representations V(X)) over K, for cocompact discrete subgroups I' C SLa(K). Let
us also mention that Breuil uses (among many other tools) these Vo to construct
certain Banach space representations of GL2(Q),) which he expects to occur in a
hoped for p-adic continuous Langlands correspondence.

In the present paper we construct integral structures Vo_ inside V @ K for

arbitrary d. Roughly we proceed as follows. We have Vg K = V®o,Ox®o, O

asan Ox Qo K-module. The definition of the action of G is based on an embedding
GLg — GLg41 which restricts to an embedding 77 — T of the respective tori of
diagonal matrices. We fix a GL4(Ok )-stable Ok-lattice V; inside V. It decomposes
as Vo = ®u Vo, with the sum running over the weights @ of V' with respect to
T1. We choose ), an open formal subscheme of X such that the set of irreducible
components of the reduction P ® k is an orbit for the action of T" on the set of
irreducible components of X ® k. Restricted to ) we define Vo |y = @, (Vo v)x

where (Vo_ |9 ), is a Ox ®o, Og-coherent lattice inside Vp, , ®0, Ox @0y K whose
position relative to the constant Ox ®o, Op-lattice Vo, ®0, Ox ®o, Oz is given
by p. Then we prove that there exists a unique G-stable extension Vo of VO;?@
to all of X.

We begin to compute the cohomology H*(X, V@ﬁ), but the results we obtain
here are by no means complete. However, we obtain a clean result for V' which
are “strongly dominant”: if we identify as usual the weights p of V' with vectors
(ai,...,aq) € Z%, then we require Ei# a; < daj for all 1 < j < d, for all weights.
In particular, V' is dominant in the sense that 0 < qa; for all 1 < i < d, for all
weights.

Theorem Suppose that V' is strongly dominant. Then

(1) H'(X,Vo_)=0  (t>0),
(i) H'(X,Vo. ®o_k)=0  (t>0),
(ii7) H(X,Vo_) ®o,. k=H’(X,Vo. ®o_ k).

If d = 1, strong dominance is equivalent with (usual) dominance and our results
in [5] showed that for nontrivial V, dominance is equivalent with the validity of
the vanishing assertions from Theorem [£5] If however d > 1, (usual) dominance is
not enough to guarantee the vanishing assertions from Theorem [£35} a first coun-
terexample is the case where d = 2 and V has highest weight corresponding to the
vector (8, 3).

Examples of Vo_’s arising from strongly dominant representations V' are the
terms Q5 of the relative logarithmic de Rham complex of X — Spf(Og) (with
respect to canonical log structures). Of course these are defined even over Ok, for
them the extension to O is unnecessary. Thus Theorem@5implies H*(X,Q%) =0
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for all t > 0 and H°(X,Q%) ® k = HY(X,Q% ® k) (all s). Statements (i) and (i77)
of Theorem [.H follow from statement (i7). The proof of (i7) is reduced (using the
main result from [7]) to the vanishing of H(Z,Vo_. ®o. Oz) for t > 0, for all
irreducible components Z of X ® k, where we write O3z = Ox ®0o, OF.

A typical irreducible component Y = Z of X ® k is isomorphic to the natural
compactification, with normal crossings divisors at infinity, of the complement Y
in Pg of all k-rational hyperplanes; explicitly, Y is the successive blowing up of Pg
in all its k-rational linear subvarieties. GLg4y1(k) acts on Y, and the study of the
cohomology of GLqa+1(k)-equivariant vector bundles on Y (like Vo . ®0 Oy) is the
analog over k of the program over K described above. Of course this study should
be of interest in its own right.

Here we begin (section [I) by establishing vanishing theorems for the cohomology
of certain line bundles associated with divisors on Y which are stable under the sub-
group of unipotent upper triangular matrices in GLg4+1(k). Given the cohomology
of line bundles on projective space this turned out to be an essentially combinatori-
cal matter (the underlying object is the building of PGL411/k); in fact, we enjoyed
this computation. We obtain H'(Y,Vo_. ®o, Oy) = 0 for t > 0 as desired (for
strongly dominant V). '

In principle our vanishing theorems for first cohomology groups allow the deter-
mination of the GLg4y1(k)-representation on the finite dimensional k-vector space
HO(Y, Vo ®o, Oy ), and hence of the G-representation on the infinite dimensional
k-vector space

HO(X, Vo) ®oy k-

Note that H O(X,Voﬁ) is a G-stable Op-submodule of the holomorphic discrete

series representation V(X ) ® K. We start this discussion in section by analyz-
ing the GLg1(k)-representations HO(Y, Vo ®os Oy ) with Vo. = 0% ®ox O
for some s. If 9}, denotes the de Rham complex on Y with allowed logarithmic
poles along Y — Y?, then Q3. = (Q% ®0, Of) ®o. Oy = Q% ®o, Oy, thus we
are studying the GLg1(k)-representations H°(Y,€3,). We describe an explicit k-
basis of H%(Y, Q5 ) consisting of logarithmic differential forms and show that, as a
GLg41(k)-representation, it is a generalized Steinberg representation. As a corol-
lary of our explicit computations we obtain the irreducibility of these generalized
Steinberg representations. Moreover, we derive that the log crystalline cohomol-
ogy HZ,.,(Y/W(k)) is a representation of GL441(k) on a free finite W (k)-module,
and that H°(Y,€5) is its reduction modulo p. Note that HS., (Y/W (k) ® Q =
H;fig(YO), the rigid cohomology with constant coefficients of the Deligne-Lusztig
variety YO for GLg41/k.

Another application of our vanishing theorems can be found in [§]; they enable
us to compute the cohomology of sheaves of bounded logarithmic differential forms
on X, with coefficients in certain algebraic GL441(K )-representations. This leads
to the proof of certain (previously unknown) cases of a conjecture of Schneider,
formulated in [14], concerning Hodge decompositions of the de Rham cohomology
(with coefficients) of projective K-varieties uniformized by X.

Notations. K denotes a non-Archimedean locally compact field and K, its algebraic
closure, O its ring of integers, m € Ok a fixed prime element and k the residue
field with ¢ elements, ¢ € p". We denote by w : K — Q the extension of the
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discrete valuation w : K* — Z normalized by w(m) = 1. We fix 7 € K, with
74t = 7 and set K = K (7).
We fix d € N and enumerate the rows and columns of GL441-elements by O, . . ., d.
We let U C GLg441 denote the subgroup of unipotent upper triangular matrices,
U = {(aij)ogi,jgd S GLd+1 | a;; = 1 for all 7, aij = 0if 7> ]}

We set G = GLg441(K). For r € R we define [r], [r] € Z by requiring |r] <r <
[r] +1and [r] =1 <r < [r]. For a divisor D on a smooth connected k-scheme S
we denote by Lg(D) the associated line bundle on S, endowed with its canonical
embedding into the constant sheaf generated by the function field of S.

1. LINE BUNDLE COHOMOLOGY OF RATIONAL VARIETIES

The (right) action of GLgy1(k) = GL(k%t1) on (k9+1)* = Homy, (k%+!, k) defines
a (left) action of GLg1(k) on the affine k-scheme associated with (k¢*1)*, and this
action passes to a (left) action of GLg11(k) on the projective space

Yo = P((k%1)") 2 P,
For0<j<d-—1let Vg be the set of all k-rational linear subvarieties Z of Y{ with
dim(Z) = j, and let Vy = U?;& V] . The sequence of projective k-varieties
Y = Yd,1—>Yd,2—> N —>Y0

is defined inductively by letting Y;41 — Y; be the blowing up of Y; in the strict
transforms (in Yj) of all Z € V). The action of GLg41(k) on Yy naturally lifts to
an action of GLg4y1(k) on Y. Let Zy,...,E; be the standard projective coordinate

functions on Yy and hence on Y corresponding to the canonical basis of (k41)*.
Hence Yy = Proj(k[Z;; ¢ € Y]) with

T =1{0,...,d}.

For 0 # 7 C Y let V; o be the reduced closed subscheme of Y, which is the common
zero set of {Z;}ier. Let V. be the closed subscheme of Y which is the strict
transform of V; o under Y — Y. These V; are particular elements of the following
set of divisors on Y':

V = the set of all strict transforms in Y of elements of V.
For 7 C T let
T¢=" -7,
Ur = {(aij)o<ij<a €Uk) | ai; =0ifi % jand [j € 7°or {i,5} C 7]}
Let
Y=A{r | 0#7CT}
N=A{(r,u) | T€V,uel,}.

We have bijections

N2V, (1,u) — u.V,,

Y = (the set of orbits of U(k) acting on V), 7 — {u.V;|ue U,}.

Remark. We also have a bijection between A and the set of vertices of the building
associated to PGLg41/k. The subset {(7,1)| 7 € Y} of AV is then the set of vertices
in a standard apartment.
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For an element @ = (ay,...,aq) of Z% let @y = — Z?Zl @; and for o € Y let
bo (@) = = _aj.
jEo
Given two more elements n = (ny,...,n4) and m = (my,...,mg) of Z¢ we define

the divisor

1) D@n,m)=Y (Mg +b,@) > uVo+ > (ng+bs(@) > uV,
%;Z ueUy 0€ceY ueUs
on Y. The purpose of this section is to prove vanishing theorems for the cohomology
of line bundles on Y of the type Ly (D(a,n,m)) for suitable @, n, m.
We need relative (or restricted) analogs of the above definitions. For a subset
o C T we define the sequence of projective k-varieties

Yo=Y oY 53— .. —Y7
as follows: Yy = Proj(k[Zi]ics) = PLUl_l and Y7, — Y/ is the blowing up of Y7
in the strict transforms (under Y7 — Y = Proj(k[Ei]ics)) of all j-dimensional

k-rational linear subvarieties of Proj(k[Z;)ico). We write Y%, = Spec(k). For
h#£0cCTlet
—_ - . ai; =1 for all i € o°
Ho = {(@i)0sii<a € GLava(k) | a;j =0if ¢ # j and {4,j} No° # 0 -

Then H,-acts on Y7 (by forgetting the a;; with {4, j} N o® # 0). In several subse-
quent proofs we will induct on d; for that purpose we note that Y? with its action by
H, = GL,|(k) and its fixed ordered set of projective coordinate functions (Z;)ico

(as ordering on o we take the one induced by its inclusion into the ordered set
T ={0,...,d}) is just like the data

(Y with its GLg41(k) action, (Z;)o<i<q with the natural ordering on {0,...,d}),
but of dimension |o| — 1 instead of d. For 7 C o in Y let
U? ={(aij)o<ij<a €Ur | @i =0ifi# jand i€ o}
This is a subgroup of H,. For b € 7 € ) it is sometimes convenient to write
Ut = UE__{{bb}} = Uji}{ub}'
Foro e )Y let
N ={(r,u) | 0#7CoanduecUZ},
Ve={vev | V,£AVnNnV,#0}.

Then we have a bijection
(2) N[N = Ve
where the map N7 — V? is given by (7,u) — u.V;, and where the map N7 — V°
is given by (7,u) — u.V;y,.
Lemma 1.1. For o € Y there is a canonical isomorphism

Vo 2Y  xY?,

equivariant for the respective actions of H, and Hsc on both sides.
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Proof (cf. also [I1], sect. 4). For 0 < j < |o|—2let V,; be the closed subscheme of
Y; which is the strict transform of Vo under Y; — Y;. We can naturally identify
Yo with Vo.d—|s)- On the other hand, V; g |s41 = M(Symo% o (T/T%)
according to [9] II, 8.24, where J denotes the ideal sheaf of Va,d;|g| in Yg_|5-
This is the pullback of the ideal sheaf of Vo in Yy = Proj(k[=o,...,Zq]), ie.
the one corresponding to the homogeneous ideal (Z;);e, C k[Z0,...,Zq]. Hence
Vod—|ol+1 = Proj(k[Eilics) X Vya—|o|- Under this isomorphism the successive
blowing up of the first factor Proj(k[Z;];c,) in its k-rational linear subvarieties
of dimension < |o| — 3 corresponds to taking the strict transform of V,, j_|,41 in
Y.

Let 0 € Y. Viewing Y as the version of Y of dimension |o| — 1 instead of d,
definition () provides us with particular divisors on Y?. Explicitly we name the

divisors
D(0,1,0)7 = Y > wVy,

setCouclU2

D(0,0,1)7 = > > uVy

0#ATCo—{s} ucUg

on Y7, where s € o is the minimal element and where the prime divisor V. on
Y7 is the strict transform under Y7 — Yy of the common zero set of {Z;}ie, and
where 1 = (1,...,1) € ZloI=1,

Proposition 1.2. Let 0 € ). With the divisor
E=D(0,1,0)° x Y° +Y° x D(0,0,1)7
onV, =Y x Y we have the following isomorphism of line bundles on V,:
Ly (=Vs) ®oy Ov, = Ly, (E).

Proof. For any b € T the pullback to Y of the divisor Vi) o on Yy is the divisor
2 berey 2ogept® U-Vr. Let s, resp. ¢, be the minimal element of o, resp. of o°.
The equivalence of divisors Vs o ~ Vi3 ,0 on Yy gives rise to the equivalence

Z Z u.Vy o~ Z Z u.V;

seTel yeyist tETeyueUﬂ{t}
on Y. Thus
E E u.Vy ~ E E u.V;
seTey  ,eulst tetedy  Leuftt
wgULth if ter wgUist if ser

or equivalently

Ve o~ (Y SNouv+ > > uv

tetey  Leuitt s€ETEY  Leulst
wgutst if ser wgUith if ter
u#1 if r=0

Now we are interested only in the summands which belong to the set V which we
determined in (). For example, all the summands in the bracketed term on the
right-hand side do not belong to V? (the condition ¢t € 7 excludes contributions
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from N7, the condition u ¢ U;{S} ifs € 7 and the fact U°" _ C U}{S} foroc C 71

T—0
exclude contributions from N°°). We get

Ly (=Vs) ®oy Ov, = Ly, (E)

E=V,n( Z Z w.V, + Z Z uw. V).

sETgaueUT{s}ng oCTCY  wevg®

with

wgUith if ter

Now since s is minimal in ¢ we see that UZ N Ut = U? for all 7 C 0. On the
other hand, since ¢ is minimal in ¢ we have U}{t} =U, for all o0 C 7 with t € 7.

We obtain
E=V,n( Z ZU.VT+ Z Z u. V).

serCouelU? oCTCY—{t} ucUz®

That this is the divisor F as stated follows from the construction of the isomorphism
V,=Y7xY. O

Proposition 1.3. Assume —d <mny < ...<ng and 0 < my < ... < my; further-
more, n; —n1 <i—1and m; —my <i—1 foralll <i<d.

(a) We have H (Y, Ly (D(0,n,m))) =0 for all t € Z~o.

(b) If ng < —1 and my = 0, we have HY(Y, Ly (D(0,n,m))) =0 for all t € Z.

Proof. (b) Outer induction on d, inner induction on

d
s(n,m) = Z(ml +n; —nq).

i=1
Our assumptions imply s(n,m) > 0. If s(n,m) = 0 or if d = 1, we have n; = ny
and m; = 0 for all 1 < i < d. Then D(0,n,m) is the pullback of Opa(ny) under
the successive blowing up Y — P? and the claim follows from H!(P%, Opa(ny)) =0
for all t € Z. Now let s(n,m) > 0. First suppose that there exists a 2 < i < d
with n; # ny. Then let ig be minimal with this property. Let ngo =n;, — 1 and
n; = n; for all ¢ # i9. Then also n’ = (n},...,n}) satisfies our hypothesis, and
s(n/,m) < s(n,m). We have an exact sequence

0 — Ly (D(0,n',m)) — Ly (D(0,n,m)) — C — 0

and in view of the induction hypothesis it suffices to show H!(Y,C) = 0 for all
t € Z. We may view C as living on the closed subscheme ]_[(u’g) u.V, with o
running through all elements of Y with 0 € ¢ and |o| = i, and with u € U,. We
deal with every such (u, o) separately. By equivariance we may assume u = 1. The
restriction Cly, of C to V, =Y 7 x Y is isomorphic to

ﬁY" (D(Oa ﬁv T?L)) ®OYU OVU Ko £

yoc
with a line bundle € on Y°° and with 71 = (%1, ..., 7,—1) and m = (M, ..., M, 1)
defined by n; = n; — n;, and m; = m; (for 1 < ¢ < 49 — 1). This follows from
Proposition By induction hypothesis we have HY (Y, Ly-(D(0,7,m))) = 0
for all t € Z. Thus H*(Y,Cly,) = 0 follows from the Kiinneth formula.

If there is no 2 < ¢ < d with n; # ny, then s(n,m) > 0 implies that there is a
2 < i < d with m; # 0. Let ip be minimal with this property. Let mgo =m;, — 1
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and m; = m; for all i # iyp. Then also m’ = (mf,...,m]) satisfies our hypothesis,
and s(n,m’) < s(n,m). We have an exact sequence

0 — Ly (D(0,n,m")) — Ly (D(0,n,m)) — C — 0

and in view of the induction hypothesis it suffices to show H(Y,C) = 0 for all
t € Z. We may view C as living on the closed subscheme ]_[(Wf)u.v,, with o
running through all elements of Y with 0 ¢ ¢ and |o| = i, and with u € U,. We
deal with every such (u, o) separately. By equivariance we may assume u = 1. The
restriction Cly, of C to V, =Y 7 x Y " is isomorphic to

Ly-(D(0,n,m)) ®0y. Ov, o, . €

yo©

with a line bundle £ on Y°° and with 77 = (71, . ... yMig—1) and m = (M1, ..., Miy—1)
defined by n; = m; — m;, and m; = m; (for 1 < i < 45 — 1). This follows from
Proposition 2. By induction hypothesis we have H (Y, Ly (D(0,71,m))) = 0 for
all t € Z. Thus H'(Y,Clyv,) = 0 follows from the Kiinneth formula.

(a) Outer induction on d. If d = 1 our statement is the well-known fact
H! (P, Op1(k)) =0 for all k € Z>_1, all t € Z>¢. Inner induction on

d
r(n,m) = d* + z:(mz +n;)
i=1
which is > 0 as follows from our assumptions. The case r(n,m) = 0 corresponds to
n; = —d and m; = 0 for all ¢, hence was settled in (b). Now suppose r(n,m) > 0.
Then at least one of the following cases occurs:
(i) There is a 1 < ip < d such that if we set m, = m,; for ¢ # iy and mgo =
m;, — 1, then also m’ = (m/},..., m)) satisfies our hypothesis.
(ii) Thereis a1 < iy < d such that if we set n, = n; for i # ip and ngo =n;,—1,
then also n’ = (n},. .., n)) satisfies our hypothesis.
Fix one of these two cases which holds true and let ip be the minimal element
satisfying its condition. In case (i) let n’ = n and in case (ii) let m’ = m. Since
by induction hypothesis we have H'(Y, Ly (D(0,n/,m’))) = 0 for all t € Z~, the
exact sequence

0 — Ly(D(0,n",m)) — Ly(D(0,n,m)) — € — 0

shows that it suffices to show H*(Y,C) = 0 for all t € Z~q. We may view C as living
on the closed subscheme H(u,a) u.Vy with u € U, and with ¢ running through all
elements of ) with |o| = i and, in addition, with 0 € o in case (ii), resp. with
0 ¢ o in case (i). We deal with every such (u,o) separately. By equivariance we
may assume u = 1. The restriction Cl|y, of C to V, = Y7 x Y is isomorphic (use
Proposition [[2)) to

Ly (D(0,7,m)) ®0ys Ov, ®o,,. Ly<(D(0,7,m))

yoc
with m = (T?Ll, - ,T?Liofl), n = (ﬁl, .. .,ﬁiofl), m = (T?Ll, - ,T?Ld,io) and n =
(M1, ..., Ng—i,) defined as follows: Mm; = My yi, —m;, in case (i), and M; = Njti, —Ni,
in case (ii). Moreover, n; = m; — my, in case (i), and n; = n; — n;, in case
(ii). Finally, m; = m; and n; = n;,4; in all cases. By induction hypothesis
HY(Y?,Ly-(D(0,n,m))) = 0 and H (Y ", Ly.c(D(0,7,m))) = 0 for all t € Zy,
so we conclude by the Kiinneth formula. ([l
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Theorem 1.4. Let m and n satisfy the hypothesis of Proposition 3l Let
e=min{0<i<d | @ <0 forallt>i}.
Then H'(Y, Ly (D(a,n,m))) =0 for all t > e.
Proof. Let us introduce some more notation. For an element o € ) we define
lo = @lo, -+ 8loo)—1) € 21717
as follows. Let
to : {0,... 0| =1} =0
be the order preserving bijection. Then

Uloi=a,() (I1<i<l|o[-1).

Thus, @|, enumerates those components of the (d+ 1)-tupel (69, .. .,_Ed) which have
index in o, but omits the first one of these. For an s-tuple b = (by,...,bs) € Z°
(some s € N) and an element i € {1,...,s} we define

o =4 0,...,0,1,0,...,0) e Z°

by setting Ey] = l_)j for j # i, and BE’] =b; + 1.

Now we begin. Outer induction on d. If d = 1 our statement is the well-known
fact HY (P, Op1(k)) = 0 for all k € Z>_1, all t € Z~q. For d > 1 we proceed in two
steps.

First Step: The case a; > 0 for all 1 <i <d.

Induction on —ag = Zgzl a@;. The case —ag = 0 is settled in Proposition [L3]
(If e = 0 — the case relevant for our later Theorems and 5] — this is the end
of the present first step.) For the induction step suppose we are given a d-tupel
@ = (a,...,aq) with @ < 0 for all ¢ > e and an integer 1 < j < e with @; > 0.
Suppose we know H'(Y, Ly (D(@,n,m))) = 0 for all ¢ > e (induction hypothesis).
Defining @’ = (@, ...,ay) by @; = @; for i # j, and @; = @; + 1, we need to show
HY(Y,Ly(D(@,n,m))) =0 for all t > e. For 0 < k < d let

(3) Dy(a,n,m) = D(@,n,m) Z Z V.

ISTEY wev,—Ui?

Thus D(a,n,m) = Dg(a,n,m). On the other hand, Dg4(a,n,m) ~ D(a',n,m).

Indeed,
D(@',n,m) = D(a,n,m) Z ZUV—Z ZUV
oereYuelU, jereYuelU,
and we have
Y Y e Y Y
0eTeYuel- JETEY yeyltit

onY because Y oc, ey D uer, U-Vr—> jcrey 2yeptit U-Vr is the (principal) divisor

of the rational function Zy/=; on Y (note that U, = uiifoe 7). Therefore, in
view of our induction hypothesis and of the exact sequence

Ly (Dy(a,n,m))

0— »CY(Dd(a7nvm)) I 'CY(DO(E7n7m)) I m

— 0
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we only need to show
De(a
Ht(Y, ‘CY( 0(27 n, m))
»CY(Dd(a’7nvm))
for all ¢ > e. By the obvious induction we reduce to proving
Ly (Dg—1(a,n,m))
EY(Dk(E,Tl, m))
forallt > e, all 1 <k < d. We have
Ly (D a,n,m)
v el - P D LrDea@nm) oy, Our,,

Ly (Di(a,n,m)
JETG)? wel, U{7}

ITl=

)=0

HY(Y, )=0

so our task is to prove
Ht(Ya EY(Dk—l(a7na m)) ®Oy Ou.VT) =0

for any t > e, any 7 with j € 7 and |7| = k, and any u € U, — Ul Setting

(4) Dy_1(@,n,m) = D(a@,n, m) Z Z u.V,

j€cey wuel,
lo[<k—1

we claim
Ly (Dy_1(a@,n,m)) ®oy Ouv. = Ly (Dyx_1(@,n,m)) @0y Ou.v, .

Indeed, to show this we need to show that for all 7" with j € 7/ C 7, all v’ € UT{,j}
we have v/.V;» Nu.V; = (). Assume that this is false. Then for the images f(V,/) =
V(E:)ier and f(V;) = V(E))ier under f : Y — Yy = Proj(k[=o,...,Zq]) (we use
the symbol V(.) to denote the vanishing locus of a set of projective coordinate
functions) we have
u-V(Ei)iET C u-V(Ei)iET’

or equivalently

(u’)flu.V(Ei)iET C V(Ei)ie-ﬂ.
Write u™! = (cgr)gr and v/ = (dg)gr and u™tu' = (egr)qr. Because of u=! €
U, — UM there is a s < Jj, s ¢ 7, such that cs; # 0. On the other hand, dy; =0
for all ¢ # j. Thus es; = ¢5; # 0. But then if P € V(5;);e~ denotes the point with
homogeneous coordinates = 0 for all indices # s we have ((u/)"'u)P ¢ V(Z;), in
particular, ((u')"'u)P ¢ V(Z;)ie,r. Thus the assumption was false and the claim
is established. Now notice that ﬁk,l(a, n,m) is invariant under U, implying that
under the isomorphism u : V; — u.V, we have

Ly (lA)k_l(E, n, m)) KOy Ou.VT =Ly (ﬁk—l (67 n, m)) R0y OVT'
In this way we have transformed our task into that of proving
HYY, Ly (Dy—1(a@,n,m)) ®oy, Oy, ) =0

for any ¢t > e and any 7 with j € 7 and |7| = k and U, — Ut # (. We use
Proposition [[.2 to show that on V; = Y7 x Y™ we have

‘CY(ﬁk—l(a7n7m)) ®OY OVT
o~ EYT(D((ElT)[L:l(j)]7n/7ml)) @0y, Oy. ®(9ny Ly e ( (@

T"an m ))
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with n’ = (nf,...,n},_;), m" = (m},...,m)_;), n” = (nf,...,nf_,) and m" =
(m{,...,m!_,) defined as follows:
m;=m; forall1 <i<k—1 ny =npy; forall 1 <i<d-—k,
o mi—mE—1 : 0¢&r, ot = L e = 0¢r,
v n; —ng — 1 : 0er, v Nkti — Nk : 0er

By induction hypothesis we have

H(Y7, Ly (D(@])! 9w, m))) = 0
for all t > €', and

HY(Y™ , Lyre(D(@|re,n",m"))) =0

for all t > ¢”. Here ¢’ and €¢” are defined as follows. For a nonempty subset o of
{0,...,d} denote by 7 the subset of o obtained by deleting its smallest element, and
all its elements > e. Then €’ = |7| and ¢’ = |7¢|. Now observe ¢’ 4+ ¢’ < e. Indeed,
otherwise we would either have {0, ..., e} C 7¢ — contradicting j € {0,...,e}NT —
or we would have {0, ...,e} C 7 — contradicting j € {0,...,e} and U, — Ut £ 9.
We conclude this step by the Kiinneth formula.

Second Step: The general case.
Induction on — The case where this term is zero was settled in the

first step. Now let — ) 7 _;@; > 0. Choose and fix a j with @; < 0. Define a =
(@, ..., ay) by a; =a; fori # j,and @; = @;+1. For 0 < k < d define Dy (@,n,m) as
in the first step through formula [@). Then we have again Dy(@,n, m) ~ D(a’,n,m)
and similarly to the first step we use the induction hypothesis to reduce to proving
Ly (Di—1(a,n,m))
Ly (Dx(@,n,m)
for all t > e, all 1 < k < d (note that now we write t > e rather than t > e).
Similarly to the first step we then reduce to proving

Ht(Ya EY(Dk—l(a7na m)) ®Oy Ou.VT) =0

a; <0 aj :

H(Y,

)=0

for any t > e, any 7 with j € 7 and |7| = k, and any u € U, Ul Again we define
ﬁk_l(a,n,m) through formula (@) and similarly as in the first case we reduce to
proving R

H'(Y, Ly (Dy_1(a,n,m)) ®o, Ov,) =0

for any ¢ > e and any 7 with j € 7 and || = k and U, — Ul # (. Again we have
the formula (@) and by induction hypothesis we have

HY(Y7, Ly-(D((@|)! 9 o/ ,m'))) = 0
for all ¢ > €', and .
HY Y™, Lyre(D(@|re,n”,m"))) =0
for all t > ¢, where ¢’ and ¢’ are defined as in the first step. Now we clearly have

e’ + ¢’ < e (but not necessarily e’ + e” < e as in the first case) and we conclude by
the Kiinneth formula. d

For an element of V let us denote by a subscript 0 its image in Yy = P9, i.e.
the k-linear subspace of Yy whose strict transform is the given element of V. Let
V,V’ € V and suppose that Vo UV} is contained in a proper k-linear subspace of Yp;
then denote by [V, V'] the element of V which is the strict transform of the minimal
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such subspace of Yy. If V5 U Vj is not contained in a proper k-linear subspace of
Yo, then [V, V'] is undefined. We say that a subset S of V is stable if for any two
V,V' € S the element [V, V'] is defined and lies in S. For example, the empty set
and all one-element subsets of V are stable.

For any subset S of V we define the divisor

Ds=>"V
ves
onY.
Theorem 1.5. Suppose that S is stable and that @ = (@1, ...,aq4) € Z% satisfies
a; <0 foralll1 <i<d. Then
HY(Y,Ly(D(@,0,0) — Ds)) =0
for allt € Zsy.
Proof. Outer induction on d. If d = 1 our statement is the well-known fact
HY(PY, Opi(k)) = 0 for all k € Z>_1, all t € Z~¢. Let now d > 1. For an ele-
ment V eV let
TV)={V'eV| VjcC W}
If S =0, we cite Theorem [[:4] Otherwise there is a V € S with S C T'(V). It
follows that there is a W € V (not necessarily W € S) with dim(W) = d — 1 and
SCT(W). For 1 <i<d set
Q;=SU{V eT(W)| dim(Vp) > i}.
By induction on i we show
HY(Y,Ly(D(a,0,0) — Dg,)) =0
for all t € Z~o; for ¢ = d we then get our claim. For ¢ = 0 we have Qo = T (W) so
we see that the divisor D(@,0,0) — Dg, is linearly equivalent to D(a@, —1,0) with
—1=(-1,...,—1). Thus Theorem T dlsettles this case. For i > 0 we have an exact
sequence
0— ‘CY(D(E7050) _DQa‘,—l) - ‘CY(D(E7050) _DQa) —C—0

with
C= @ ‘CY(D(avoaO)_DQi)(@OY Oy.

VeT(W)-s
dim(Vy)=i—1

In view of the induction hypothesis it remains to show
Ht(Ya 'CY(D(av 0, 0) - DQi) Koy OV) =0

for all t € Zso, all V € T(W) — S with dim(Vp) = i — 1. By equivariance we may
assume V = V, with |7| = d + 1 —i. Recall the bijection (2)) which we now view as
an identification as follows:

N ={VeV|VC Vo)
NT={VeV|ViyC Vol
OnV, =YY" x Y™ we find (using Proposition [CJ)
Ly (D(@,0,0) — Dg,) ®0, Ov.

= Ly-(D(al7,0,0) = Drw)nnr) ®oy- Ov, ®o,, . Lyre(D(@|re,0,0) = Dgnpre)

yT¢
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(with @|, and @l as defined in the proof of Theorem [ 4). Since S is stable (with
respect to V =2 N) also SNN™" is stable with respect to N7". On the other hand,
T(W)N NT is stable with respect to A'7. Therefore, our induction hypothesis
says H'(Y™, Ly-(D(al;,0,0) — Dpwrnn+)) = 0 and H{(Y™", Ly-< (D(@lr,0,0) —
Dgnp-<)) =0 for all t € Z~o. We conclude by the Kiinneth formula. O

For subsets S of V let Ws = (1,4 V; in particular, let W =Y.

Corollary 1.6. Suppose @ is as in Theorem 1.5

(a) Let S, S’ be subsets of V (possibly empty) with Wsys: # 0 and SN S" = 0.
Then

Ht(yv ﬁy(D(a,0,0) - DS/) oy OWS) =0

forallt € Zsy.
(b) Let S be a subset of V and let

N={VeV|VyCVy foral V'eS}.
Let My be a nonempty and stable subset of N. Then the sequence

HO(K Ly (D(E, 0, 0)) Koy OWS) - H HO(K ﬁy(D(ﬁ, 0, O)) Koy OWSU{V})
VeMy

— I H(.Ly(D(@0,0) ®oy Owg,pyyry)
V#V/eMy
Wsuqv,v/y#?

15 exact.
Proof. (a) The condition WgNWg: # () implies that all subsets of SUS’ are stable.
Therefore we can use Theorem [L.5] for an induction on |S|.

(b) The kernel of the second arrow is H°(Y, Ly (D(a, 0,0)) ®o, Ow) with W =

Uven, Wsugvy (union inside V). Looking at the exact sequence

0— l:y(D(ﬁ, 0,0) — DMO) ®oy Owg — ﬁy(D(ﬁ, 0,0)) ®o, Owsy

— [,y(D(E, 07 0)) ®Oy OW —0
we see that it is enough to prove
Ht(Ya ,Cy(D(E, 0, 0) - DMO) Koy OWS) =0

for t = 1. We do this for all ¢ > 0 by induction on |S|. The case S = ) was settled
in Theorem [[H If S # 0, we pick an element s € S, let S’ = S — {s} and consider
the exact sequence

0 — Ly(D(@,0,0) — Dyyugsy) ®oy Ow,, — Ly (D(@,0,0) — Dag,) @0y Owy,
— ;Cy(D(E, 0, 0) - DMO) R0y OWS — 0.
The induction hypothesis applies to the first two terms (note that also My U {s} is
stable!), hence also the third term has no higher cohomology. ([l
2. THE LOGARITHMIC DE RHAM COMPLEX ON Y

The results of this section are not needed in the remainder of this paper. The
following lemma is an easy exercise (count the number of pairs (ij) such that a;;
for (a;5)i; € U? is not yet forced to be zero by the requirements defining U?).
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Lemma 2.1. Let 7 = {ag,...,a,} withag < ... < a,, and let 7 C 0. Then

|U7l_7| = qZZ:O aq‘,—|Uuﬁ[0,(LiH—i.

O
For 7 C {1,...,d} we define a(7) = (@1(7),...,aq(7)) by
_ ) -1 cerm,
(6) ai(T){O coie{l,...,d}—T.
Lemma 2.2.
dimy HO(Y, Ly (D(@(7),0,0))) = gXier .
Proof. First we claim
0 Tt £{L,...,d}
. 0 — _ _ ) ) ’ ’
dimy H (Y, ﬁY(D(G(T)a 1,0))) { H?:l(q] _ 1) R {1, N .,d}
for —1 = (—1,...,—1). The argument for this is by outer induction on d and inner
induction on @y(7) = — Z?zl @;(r) =|7|. For j € T we have

dimy HY(Y, Ly (D(a(t), —1,0)))
= dimy H'(Y, Ly (D(a(r - {j}),~1,0)))
+ Y |Us = U dimy, HO(Y?, Ly (D(@(r = {j})ls, —1,0)))
jecEY
dimy HO(Y?", Lyoe (D(@(7)|e, —1,0))).

Observing a(t — {j}) = a(r)V! and a(r — {j})|s = a(r) ([,L”l(j)] this follows from
the proof of Theorem [[L4l By induction hypothesis this already settles the case
T#{1,...,d}. f 7 ={1,...,d}, the easiest way is to choose j = d. In that case,
by induction hypothesis, all summands on the right-hand side except for o = {d}
vanish, so we get

dimk I’IO(YV7 ,Cy(D(E(T), _17 0)))

Since |Urgy — U {{5}} | = ¢? — 1, the induction hypothesis gives the claim. The claim
established, the proof of the theorem itself is again by induction on d and works
precisely as the proof of Theorem [LH] with S = () there. Namely, taking W = Vg,
hence T(W) = {u.V; (0,u) € N,0 € 0} so that Dpyy = D(0,1,0), we saw that
dimy H(Y, Ly (D(a(r),0,0)))
= dimy, H°(Y, Ly (D(a(r), —1,0)))

+ 3 Hus (0,u) € N} dimy H(Y?, Ly+(D(@(7)|o, —1,0)))

0co
dimg HO(Y?", Lyoe (D(@(7)|0e,0,0))).
All the terms are known by induction hypothesis, resp. the above claim, and we
just have to sum up. O
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Denote by 3. the de Rham complex on Y with logarithmic poles along the
normal crossings divisor ZVeV VonY. For 0 <r <d we write

[1]

Zr = )

(1]

D

a rational function on Y. For 0 < s < d denote by P, the set of subsets of {1,...,d}
consisting of s elements. For a subset 7 C {1,...,d} let

U(7) = {(aij)o<ij<a € U(k) | ai; =0ifj ¢ {i}ur}.

Theorem 2.3. (a) For each 0 < s < d we have H'(Y,Q3,) =0 for all t > 0.
(b) The following set is a k-basis of HO(Y,Q5,):

{A. \dlog(z) | 7€P,AcU(r)}.

tet
In particular,
dimy (HO(V,05)) = 3 g%oer.
TEPs
Proof. For elements 71 = {1 < ... <tl} and 72 = {t? < ... < t?} of P, we write

71 > 72 if and only if there is a 1 < b < s such that t,la :tf for1<r<b-—1and
> t%. In other words, we use the lexicographical ordering on Ps. Let

Y =Y - U u.V,.

(o, u)eN
u#£l

Writing Q5 = Q3 |y we consider the following filtration of Q3,,, indexed by Ps:

Oy, = @@ Oy )\ da

T ePs ter’
<

In particular, F{d*‘l_sv“"d}Q;, = Q5 if s > 0. One checks that for open subsets
Wiy and Wy of Y’ and elements g € U(k) such that giW; = W5, the isomorphism
g: Q% lwy, — Q% |w, restricts to an isomorphism F7Q%, |w, — F7Q3, |w, for any
7. Since U(k)Y' =Y we may therefore extend this filtration from Y’ to all of Y,
obtaining a U (k)-stable filtration

(F7Q% )rep,
of Q5, with Fldti=s.dbs — 02 if s > 0. We have
FTQ3,
T S - - Y g D —
Gr7 Q5 BT Ly (D(a(r),0,0))
ter

Hence we get H'(Y,Gr™Q3,) = 0 for all t > 0 from Corollory [LGl Since the Gr™ Q5
are isomorphic to the graded pieces of the filtration (F7Q5 ) ep, of 5, this implies
statement (a). Moreover, the classes of the elements A. A\, dlog(z;) for A € U(7)
form a k-basis of H°(Y,Gr™Q5.). This can be proven by tracing back the proof
of Lemma 2.2} or by showing the linear independence of the A. A, dlog(z;) and
applying Lemma [2:2. We get statement (b). O

Corollary 2.4. The Hodge spectral sequence Ejt = H'(Y,Q5) = H*T(Y, Q%)
degenerates in Ey. We have H*(Y,Q$) = HO(Y,Q3.) for all s.
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We wish to determine H°(Y,Q$) as a GLg41(k)-representation. For this we
recall the classification of irreducible representations of GLg441(k) on k-vector spaces
according to Carter and Lusztig. For 1 < r < d let t, € GLg41(k) denote the
permutation matrix obtained by interchanging the (r — 1)-st and the r-th row (or
equivalently: column) of the identity matrix (recall that we start counting with
0). Then S = {ti1,...,tq} is a set of Coxeter generators for the Weyl group of
GLg41(k).

Theorem 2.5 ([3]). (i) For an irreducible representation p of GLgy1(k) on a k-
vector space, the subspace pU®) of U(k)-invariants is one-dimensional. If the action
of the group B(k) of upper triangular matrices on pV ) s given by the character
X : B(k)JU(k) — kX and if J = {t € S; t.p"®) = pU*)} then the pair (x,J)
determines p up to isomorphism.

(ii) Conversely, given a character x : B(k)/U(k) — k* and a subset J of {t €
S; xt = x}, there exists an irreducible representation O(x,J) of GLgyr1(k) on a
k-vector space whose associated pair (as above) is (x, J).

For 1 < j < d we need the rational function
(7) V= I[I Graaza+... +axn+a)
(ao,u.,ajfl)ekj
on Y, and if in addition 0 < s < d, we define the integer

s __

m;

max{0,s — j}q — max{0,s — j + 1}.

Theorem 2.6. For 0 < s < d, the GLyt1(k)-representation on H°(Y,§3) is
equivalent to O(1, {tsi1,...,ta}). The subspace of U(k)-invariants of H°(Y, %) is
generated by

d 5
ws = (H 'y;nj)dzl Ao Ndzs.
j=1

Proof. (i) We check that w; is indeed an element of H°(Y,Q3.). In the notation of
section [Il let us abbreviate
Wy, = Z u.Vy

uEU(r
for o € Y, a reduced and U (k)-stable divisor. For 1 < j < d one finds that the
zero-pole divisor of ;- Lis

(8) Z (¢l Uhyw, + Z (¢lo"0 =1l — YW, + Z —¢W,.
an:’Oéa jea‘,’OEa ji(r(,rOEa

. . d mj .
Hence the zero pole divisor of szl v; 7 s

d
Z Z _m;q‘an[o,j—lﬂwa + Z( Z _m;qlam[O,j—l]\ + Zm;qj)W,,.
j=1

05 JET ol, J>Li€o

This divisor is smaller (for the usual order on the set of Cartier divisors) than

De=> lon[Ls|[W,+ Y (loN[L,s]—s)W,.

o
0do Oco
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Now we have the (U (k)-equivariant) embedding
Ly (D) — QF, [ fdzi A Adzs.

By the above, H?Zl 'y;n; is a global section of Ly (Dy); its image in H(Y,Q3.) is
Ws.

(ii) We check that w; is fixed by B(k). The rational function v, is U(k)-stable,
and similarly the s-form dz; A...Adzs is U(k)-stable. On the other hand, the torus
T(k) of diagonal matrices in GLg41(k) acts as follows: if ¢ € T'(k) has diagonal

entries aoo, - - ., add, then ¢ acts on y; by permuting its factors dlﬁerent from z;, and
on the factor z; it acts by multiplication with a;;/ago. Hence t. 'y = (ago/aj; )'y]
— because m$ = —1 (modulo q) — and t.dz; = (a;;/ao0)dz;. Multlplylng together

we get our claim.
(iii) It is clear that {ts41,...,tq} ={t € §; t.ws = ws}.
(iv) From (i), (ii), (iii) it follows that H°(Y, Q3 ) contains O (1, {tsi1,...,ta})-
We have
dimg (0(1,0)) = ¢" 2T = dimy (H°(Y, Q1))

where the first equality is [2], Theorem 6.12(ii) and the second one follows from
Theorem 23} hence our statement in the case s = d. To go further we point out
the following trivial consequence: the k[GL441(k)]-module generated by w,y con-
tains a nonzero logarithmic differential d-form (because H°(Y, Q%) contains such a
form, by Theorem [Z3). For s < d we know from Theorem [Z3] that H°(Y,Q3,) is
generated as a k-vector space by logarithmic differential s-forms. Since GLg411 (k)
acts transitively on the set of k*-homothety classes of nonzero logarithmic differ-
ential s-forms, each nonzero logarithmic differential s-form generates H%(Y, Q5.) as
a k[GLg41(k)]-module. Hence we need to show that the sub-k[GLg4y1(k)]-module
generated by ws contains a nonzero logarithmic differential s-form. As a formal
expression, w; is independent of d, as long as d > s; this follows immediately from
the definition of the numbers mj. Moreover, the action of the subgroup GLs41(k)
on w; is independent of d if we use the obvious embedding GLs41(k) — GLg41(k)
(into the upper left square, followed by entries = 1 on the rest of the diagonal).
Therefore, the consequence pointed out above (when d there takes the value of our
present s) says that the k[GLs11(k)]-module generated by ws contains a nonzero
logarithmic differential s-form; in particular, the k[GLg441(k)]-module generated by
ws contains a nonzero logarithmic differential s-form. We are done. O

We draw representation theoretic consequences. Fix 0 < s < d, let ny = ...
ns =1 and ng41 = d+ 1 — s and define the parabolic subgroup

Py = {(aij)o<ij<d € GLay1; aiy =0if j+1<ni +...+ny
and i+ 1>nq + ...+ ng for some ¢}

of GLg4+1. For any group H let 1 denote the trivial k[H]-module.

Corollary 2.7. The following generalized Steinberg representation is irreducible:
qCLa+1(k) GLat1(k)
dp, (5 1/ D indpgitt
P2P,

where the sum runs over all parabolic subgroups P of GLg41 strictly containing Ps.
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Proof. This representation clearly contains ©(1, {ts11,...,tq}) and its k-dimension
is > cp. q>icr " (to see this, use for example, the formula [2], exc. 6.3). But this
is also the k-dimension of ©(1, {ts41,...,tq}) as follows from Theorem [ZGl O

Let W denote the ring of Witt vectors with coefficients in k. Endow Spec(k) and
Spf(W) with the trivial log structure and endow Y with the log structure corre-
sponding to the normal crossings divisor [ Jy, ), V on Y. We ask for the logarithmic
crystalline cohomology H,., (Y/W) of Y/k relative to the divided power thicken-
ing Spf(W) of Spec(k). (Note that H7, (Y/W)®Q is the rigid cohomology of the

open subscheme Y — iy, V of )
Theorem 2.8. H:. (Y/W) is torsion free for any s, and

crys
Hyo(Y/W) @w k= H(Y,Q3) = H(Y, Q).

Proof. We already remarked that H*(Y,Q$.) = H°(Y,Q5). The base change prop-
erty H3., (Y/W) @w k = H*(Y,€Q3,) is a consequence of the torsion freeness of
H;,.,s(Y/W) (for all s). To prove it it suffices by [I], (7.3) to prove that the log
scheme Y is ordinary, i.e. that the Newton polygon of H,. (Y/W) ® Q coincides
with the Hodge polygon of H*(Y,Q} ). But the endpoints of these two polygons
are the same, and both have only a single slope: for the Hodge polygon this is our
equality H*(Y,Q$) = H°(Y,Q5), for the Newton polygon this was verified in [6],
Theorem 6.3. U

Remark. (a) See sections Bl and M for the notations in this remark which have not
yet been defined. Let Q% be the degree s term of the relative logarithmic de Rham
complex of X over Spf(Ok) (with respect to the log structures defined by the special
fibres). Then Q% ®o, Op = Vo for the irreducible rational representation V' of
Ly with heighest weight

s d
D (s+Dei+ Y sei€ X*(Th).
i=1 i=s+1

~

(In fact, the remark following the proof of Proposition[4.3]applies and we have Q3. =2
Vo). On the other hand, we have Q% ®o, Oy = Q5. Via these isomorphisms,
the filtration appearing in the proof of Theorem [2.3] is just the one appearing in
the proof of and statement (a) in Theorem B3 is statement (B2) in the proof
of H] (for this V).

(b) Theorem 2-3]is used in [§] to prove some new cases of Schneider’s conjecture
(see [14]) concerning p-adic analytic splittings of Hodge filtrations of the de Rham
cohomology of certain local systems on projective varieties uniformized by X.

3. LATTICES IN LINE BUNDLES ON THE SYMMETRIC SPACE

Let T be the torus of diagonal matrices in G and let X,.(T"), resp. X*(T'), denote
the group of algebraic cocharacters, resp. characters, of T. Put A = X..(T) ® R.
For 0 < i < d define the cocharacters

e; : Gy, — GLgy1, t—diag(l,...,1,¢,1,...,1)

with ¢ as the i-th diagonal entry, i.e. e;(t);; = ¢, e;i(t);; = 1 for i # j and e;(t);,5, =
0 for ji # jo. The e; form a basis of the R-vector space A, hence an identification
A =R The pairing X.(T) x X*(T) — Z which sends (z, i) to the integer u(x)
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such that u(z(y)) = y*@ for any y € G,, extends to a duality between R-vector
spaces

Ax (X*(T)®R) — R
(2, 1) = pla).

Let €g,...,eq € X*(T) denote the basis dual to ey, ..., eq.

Let A((K91)*), resp. P((K9t1)*), denote the affine, resp. the projective
space spanned by (K9t!)* = Homg (Kt K). The action of G = GLgy1(K) =
GL(K?*!) on (K9*1)* defines an action of G on the Drinfel’d symmetric spaces

X — A((K%T1)*) — (the union of all K-rational hyperplanes through 0),
X =P((K%1)*) — (the union of all K-rational hyperplanes).

There is a natural G-equivariant projection of K-rigid spaces X" — X. Let

Zo,...,24 be the standard coordinate functions on X¢°"¢ corresponding to the
canonical basis of (K9t1)*; they induce a set of projective coordinate functions on
X.

Let X be the strictly semistable formal Og-scheme with generic fibre X intro-
duced in [I3]. The action of G on X extends naturally to X. For open formal
subschemes U of X we put

OQ = Oy R0, O’K\'

For j > 0 let F7 be the set of nonempty intersections of (j + 1)-many pairwise
distinct irreducible components of X ®o, k. (Thus F7 is in natural bijection with
the set of j-simplices of the Bruhat Tits building of PGL441/K.) For Z € FO let
1z be the maximal open formal subscheme of X such that iz ®o, k is contained
in Z. Let Y € F° be the central irreducible component of X ®0,, k with respect
to Zo,..., 24, characterized by the following condition. By construction we may
view EiEal for 0 < i < d as a global section of Ox ®p, K (i.e. as a rigid
analytic function on X). Now Y € FO is the unique irreducible component such
that for all unimodular d + 1-tupel (ag,...,aq) € O (at least one a; is a unit
in Ok) the linear combination E?:o a; 55 1, when restricted to Uy, in fact lies in
the subalgebra Ox(Ly) of Ox ®p, K(Uy) and is even invertible in Ox(ty). By
[13] we may identify this k-scheme Y with the one from section [l The subgroup
K*.GL441(Ok) of G is the stabilizer of Y. We define the subset

F¢=T1Y,

the orbit of Y for the action of T on the set F°. (This set corresponds to the set
of vertices in an apartment of the Bruhat Tits building of PGLg+1/K.) We denote
by 2) the maximal open formal subscheme of X such that ) ® k is contained in the
closed subscheme |, 7 Z of X ® k. Note that the open subscheme

Y =9nY

of Y is the complement of all divisors u.V, for (7,u) € N with u # 1. Also observe
that U(K).9 =X and U(k).Y' =Y. Let T = T/K*. For u = E?:o aje; € X*(T)
let

d

d
o) = ) - a

j=0  j=0
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an element of the subspace X*(T) @ R of X*(T) ® R. Letting

- Qg —daj
(10) ) = izt

we have
d
m=_ a(u)e;.
§j=0

There is a §(u) € #.Z N[0, 1[ such that @;(p) +d(n) € Z for all 0 < j < d. If
§(p) = 0— this is equivalent with 7 € X*(T) — we define @(i1) = (a(u);)1<i<a € Z°
by setting
a(p); = ai(p)
and then let, as in section ] a@(u)o = — ?:1 a(p)i = ao(p). If 6(u) # 0 — this is
equivalent with 71 ¢ X*(T) — we define [a@(u)] = ([@(u)]:)1<i<a € Z¢ by setting
(

and then let, as in section [ [@(u)]o = — Z?Zl [a(p)]; = —do(p) — Z?Zl a; ().
(n(p)i)1<i<a € Z* by setting
mi = [i6x)]  and (e = [ — 1 - o).
For Z € F} and v € X*(T) ® R we define v(Z) € R as
v(Z) =~(t) witht e T such that t.Y = Z.

For Z € F§ let Jz C Oy be the ideal defining Z N'Q inside Y. Note that Jz is
invertible inside Oy ®p, K: indeed, small open formal subschemes of §) admit open
embeddings into the m-adic completion of Spec(Ok[Xo, ..., Xq]/(Xo ... Xq — 7)),
and there a typical generator of Jz is of the form X (for an appropriate numbering
of Xo,...,Xq); in K[Xo,...,X4]/(Xq... Xq— ) its inverse is 771X ... X4. Thus
we may speak of negative integral powers of Jz as Og-submodules of Oy ®o, K.
Also note that on small open formal subschemes of ) we have Jz = Oy for almost
all Z; therefore, the infinite products of O@—submodules inside Oy o, K below
make sense. On ) we define the subsheaf
d
(11) (O@)F: Z%s H jZ[M(Z)*mW’

s=0  ZeF§

of Oy ®oy K, ie. (O@)E is the Og-submodule of Oy @0, K generated by the
(’)@—submodules

= [ 77 (s=o0,....4).
ZeF§

~

Let (O3 )" be the unique U (K )-equivariant subsheaf of Ox ®o, K (with its U(K)-
action induced by that of U(K) C G on X) whose restriction to 2 is (Og ).

Lemma 3.1. (a) If i € X*(T), then (O3)F is a line bundle on X. We have an
isomorphism

(12) Ly (D(@(p),0,0)) = (03)" @0 Oy
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(b) If i ¢ X*(T), we have isomorphisms
_ Oz)F ®o. O
(13) (0z)F @0, k= H M

<o Oz-torsion
x

(056)17 ®oz Oy

(14) Ly (D([a(u)] (), m(p)) = 5O
Proof. (a) Here 1i(Z) € Z for all Z € F§ and it follows from formula (II)) that
(15) 0g)" = 11 72

ZeF§

In particular, (Og ) is a line bundle on 9 in that case. Now (O3)F ®o_ Oy with
its U(k)-action is the unique U (k)-equivariant subsheaf of the constant sheaf with
value the function field k£(Y) on Y whose restriction to Y is

(O@ )E ®05 OY/

(for the uniqueness note that U(k).Y' =Y). Write (Og ) ®oy Oy = Ly/(D) (as
subsheaves of the constant sheaf k(Y) on Y”’) with a divisor D on Y’. By U(k)-
equivariance of its both sides and U(k).Y’ =Y, to prove formula (I2)) we only need
to prove D = D(a(u),0,0)|ys. This holds because for § # o C T = {0,...,d} the
divisor V,, on Y as defined in section[Ilis the divisor Z, NY on Y. Here we write
Zy =t,Y € F§ with t, = diag(ts,0,...,t0.q) € T C G defined as t,; =1if j ¢ o
and t,; = 7 if j € 0. We then apply equation (I5) which tells us that the prime
divisor V, NY" occurs with multiplicity —u(Z,) = — 32, a(p); in D.

(b) We proceed similarly as in case (a). For Z € F§ define the number s(Z) €

[0,d] N Z by requiring u(Z) — Z(fl) € Z. The definition of & together with our
assumption 77 ¢ X*(T) implies s(Z) # s(Z') for any two distinct but neighbouring
Z,7' in F§. Since restricted to iz, the relevant summand in formula (IT]) is the

one for s = s(Z), we obtain: the reduction (O@ )F®o. kof (O@ )7 decomposes into

a product, indexed by the set F§ whose factor for Z € F§ is the image of the map
~s (2~ 481 7 7
7s(2) H T atil (O@)N N (O@)M ®O@ Ozny.
Z'eFY
This is a line bundle on ZN%) and maps isomorphically to the quotient of ((’)@ )ﬁ®o@
Ozny divided by its Ozny-torsion. Thus
(05) )E ®(95 Ozmgy

O zny-torsion

(16) (Og) @o. k= []

ZeF§

and each _
(O@)M ®O‘D OZ"W‘%)

Ozny-torsion

is an invertible Ozny-module. Hence formula (I3). If we define the divisor D on
Y’ by requiring
(O@ ) ®o@ Oy~

= Ly/(D
Oy -torsion v(D),
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then to prove formula ([4) we need to prove D = D([a(u)],n(w), m(w))|y+. This
holds because for ) # o C T —{0} the prime divisor V,, occurs in D with multiplicity

—[m(Z5)] = —(z a;(pu)] =m(p)e| — ZW(MH;‘

and for o C T with 0 € o the prime divisor V, occurs in D with multiplicity

—[0(Z5)] = =)@ (w)] = n(wie) — D _[alw)];

j€o j€o

with Z, as defined before. O

4. THE HOLOMORPHIC DISCRETE SERIES
Let
®={e—¢; 0<i,j<dandi#j}CX*T).
For 0 <i,5 < d and i # j define the morphism of algebraic groups over Z
(17) &ij 1 Gg — GLgy1, uw— Igp1 +u.ey;

where Ig11 + w.e;; is the matrix (u,s) with w,, = 1 (all r), with u;; = u and with
urs = 0 for all other pairs (r,s). For the root o =¢; —¢; € ® and r € R let

Uar = j({u € K; w(u) >r}) C G.
For x € A let
U, = the subgroup of GG generated by allU,, _, () fora € ®.

We recall definitions from [I5]. Note that many conventions are opposite to those
n [I4]. Define the GLg411-subgroups

1 0
* % *
P; = matrices of the form .. . ,
* % *
1 0
0 = *
L1 = matrices of the form .. . ,

U; = matrices of the form < 1o ) ,
* Id

T = matrices of the form diag(1,*,..., ).

Then P; = L1U; and T} is a maximal torus in L; = GL4. We view the character
group X*(T1) of Ty as the subgroup of X*(T) generated by €1,...,e4. The mor-

phism GLgy1 — A%l g — (g(1,0,...,0)) induces an isomorphism GLgy1/P; =
AL Over X°°"¢ it has the section

= = —_ -1
d
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This gives rise to the automorphy factor
p: G — P (H(X™ Oxeone))
g u(g(2) " .g.u(2).
As a matrix valued function on X¢°™€ it satisfies the automorphy factor relation
n(gh)(z) = p(g)(hz).u(h)(z) forg,h e G

(the three factors are viewed as elements in GLg1(H?(X "¢, Oxconc)), and their
product there turns out to lie in P;(H?(X "¢, Oxcone))). Let us describe it explic-

itly. Let
ago - God
g= eG
ado -+ Add
and put
(18) Aj =agjZo+...+ag=q for0<j<d;
then
1 0 ... 0
1 1 1
o aody  an —aAiAy 0 arg —awdady
19) gt = . ) )
aaAy’  am —awA Ayt 0 aad — agdady!

In particular, we see that the image of 1(g~')~! under the projection
Pi(H (X", Oxeone)) — Ly (H(X "¢, Oxeone))

in fact, lies in L1 (H°(X, Ox)). We denote it by v(g).

Now let V' # 0 be an irreducible K-rational representation of L. For p € X*(T7)
let V,, be the maximal subspace of V' on which T acts through p. Choose a p =
Z?Zl a;e; € X*(T1) such that V,, # 0 and set |V| = Z?Zl a;; this is independent
of the choice of p, as all o with V,, # 0 differ by linear combinations of elements of
® (see [12], I1.2.2). Viewing V as the constant sheaf with value V on X we define
the coherent Ox @k K-module

VE:V®KOX®KI?.

Applying H*(X, Ox ® IA() ®K (.) the K-linear action of Ly (K) on V gives rise to

an action of L1 (H(X,0x @k K)) on Vz. By the automorphy factor relation we
get a G-action on Vz by setting

(20) g(f @ v) =7~ WD f(g=1 ())u(g)(1 @ v)

for g € G, v € V and any section f of Ox ®x K.

Fix a L1 /Ok-invariant Og-lattice Vj in V' (see [12], 1.10.4). (When we write Vj
we always refer to this lattice in V'; to refer to the weight space in V' for the weight
w = 0 we reserve the phrase “V,, for p=0".)

Lemma 4.1. We have V) = ®MEX*(T1) Vo with Vi, 0 =VoNV,.
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Proof. We reproduce a proof of Schneider and Teitelbaum. Fix p € X*(T1). It
suffices to construct an element II,, in the algebra of distributions Dist(Lq/Z) (i.e.
defined over Z) which on V acts as a projector onto Vi For 1 <i <dlet H; =
(de;)(1) € Lie(L1/Z); then du/(H;) € Z (inside Lie(G,/Z)) for any p' € X*(T1).
According to [10], Lemma 27.1 we therefore find a polynomial I € Q[X7,..., X4
such that I1(Z4) C Z, U(du(Hy), . . .,du(Hq)) = 1 and TI(dp/ (Hy), - . ., du' (Hg)) = 0
for any ¢/ € X*(T1) such that p/ # p and V,, # 0. Moreover, [10], Lemma 26.1
says that II is a Z-linear combination of polynomials of the form

X X
... d with integers b1,...,bq > 0.
b1 ba
Thus [12], I11.1.12 implies that

I, =1I(Hy,...,Hq)

lies in Dist(L1/Z). By construction it acts on V' as a projector onto V. O

We denote the pushforward V ®o, Oz of V4= via the specialization map X — X
again by V. It is a G-equivariant (via formula (20)) coherent Ox ®o, K-module
sheaf on X.

Theorem 4.2. There exists a G-equivariant coherent Oz-submodule Vo_. of V=
such that Vo, ®o K= V. For Z € Fﬁ its restriction to tz is

(21) VOQ'ilZ = @ %\(d—i_l)ﬁ(Z)V}lqO R0k Oﬁz
peX*(Th)

Proof. We set
(22) Vol = P (0g) @ox Vio

pEX*(T1)

Clearly (Vo |p)lu, satisfies formula () for any Z € F3, because Jz|u, = 7Oy,
and Jz |y, = Oy, for Z' # Z. Since X = G9), the proof of Theorem[.2is complete
once we have Proposition below. O

Proposition 4.3. Let 201, Ws be open formal subschemes of ), let g € G such
that g201 = WWo. Then the isomorphism

9 Vilw, = Vilw,
induces an isomorphism
g: Vorlo)lw, = Vo, ly)law,.

Proof. The crucial arguments for (i)—(iii) below are due to Schneider and Teitel-
baum (who considered a similar situation on X "¢ rather than on X or X). From
Lemma [31] we deduce: For any open V C 9 ® k and any f € (((95))F ®o. k)(V),

we have f = 0 if and only if flvny, = 0 for any Z € FY. It follows that for any
open ¥ C Y and any f € ((Og)" ®@o, K)(), we have f € (Og)"() if and only
if flonu, € ((’)@)‘7(% N4z) for any Z € FY. Since the sum over the u’s in the
definition of VO;?@ is direct, this last statement holds verbatim also with VO;?@
instead of (O ).
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Assume first that we know Proposition 3] whenever 20, = Uz, 20, = i, for
some Z € Fﬁ such that gZ € Fﬁ. Then consider arbitrary 2071, 205. By construc-
tion, 1 = g((Vo, |y )|a,) and F2 = Vo, |9)|aw, are coherent Og; -submodules of

Vi lay, such that 71 ®o K=75 QoL K= Vzlan,. From our assumption it follows
that Fi1|u,nam, = Foluynan, for all Z € FY. But this indeed implies F; = F» by
our remark above.

Now we treat the case 20; = Uz, Wy = i,z for some Z € Fﬁ such that gZ € Fg.
Let us write Z = ¢.Y with some ¢t = diag(to,...,tq) € T. Let x = — Z?ZO w(ti)e; €
A; this may depend on the choice of ¢, but the group U, does not, it is canonically
associated with Z. Also note that v(z) = v(Z) for all v € X*(T) @ R. Similarly we
choose a gr € A corresponding to ¢Z in the same manner. (In fact, we may view
A as an apartment in the extended building associated with GLg41(K); it is acted
on by GL441(K) and we may take gx to be the image of = under the action of g:
that this lies again in A follows from our hypothesis gZ € F3.) If W denotes the
subgroup of permutation matrices, then N =T x W is the normalizer of T in G.
By the Bruhat decomposition, there exist h, € Uz, hgr € Ugr and n € N such that
g = hynhgy. Therefore, we may split up our task into the following cases (i)—(iii):

(i) geT, (ii) g € W, and (iii) x = gz and g € U,,.

(i) Suppose g = diag(to,...,tqs). We claim that in this case g even respects
weight spaces; in view of formula (EI) this means we must prove that g induces for
any p € X*(T1) with V,, # 0 an isomorphism

qg: %(d"’l)ﬁ(’”)Vmo ®ox Og, = %(d-irl)ﬁ(gﬂdvlhO Q0 Oﬁgz'
From formula (I9)) we deduce v(g) = diag(1,t1,...,tq). Write u = Z?zl a;€;. Then

d a . . :
v(g) acts on V,, as v — ([[;_; t;")v, hence induces an isomorphism

d
l/(g) : V/J,,O = kau’o with k= Zaiw(ti).
=1

1

But on the other hand, k':l —w(u(g))= |V|w(det(g)d%1)—w(u(g)) —|V]w(det(g) 1)
=w(n(g)) — |V]w(det(g)a+1) and therefore

fi(gz) = fi(z) + w(f(g)) = A(Z) + k + |V|w(det(g) 7).

Together the claim follows by inspecting formula (20).

(ii) Now g € W. First consider the case g(eg) = eg. Then p(g~!)~! = g, hence
v(g) is a permutation matrix acting on V' by isomorphisms v(g) : V,, = V,(y),
which restrict to isomorphisms v(g) : Vi,.0 = V,(g)u,0 since by assumption Vo C V
is stable for L;(Ogk). On the other hand, v(g) acts on X*(71) such that u(z) =
(v(g)p)(g9z) and hence fi(x) = (v(g)u)(gx) for p € X*(T1). It follows that g induces
isomorphisms

%(d"’l)ﬁ(’”)Vmo ®ox Og, = %(d+1)(u(g)u)(gx)Vu(g)H,O R0y Oﬁgz

for any p € X*(T1) and we are done for such g. Next consider the case where g € W
is the transposition g = (07) for some 1 < i < d. For 0 < j <dlet T, = —

[yt
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Then
(23)
1
1
1
V(g) = Ty o+ Yiog Yo Yigr - Yy € Ll(ox Rox K)
1

Let J ={1<j <d;j+#i}. We may factorize v(g) as

v(g) = ei(=To) [ @;(8;)

Jj€J
with ©, = E_Z) = 3rr_3 and with &;; as defined by formula (I7). For the Ox ®o, K-
linear extension of the L (K )-action on V to an L1 (Ox ®o, K )-action on Ox®p,, V
we have
(24) aij (f)(l ® U) € Z fm'Vqum(eifej),O
m>0

for f € Ox ®ox K, v € V,0 and j € J. To see this define X, = (da;)(1) €
Lie(L1/Z) for o = ¢; — €; and then

m

X
Xam = —5 €Dist(L1/Z) for m =0
m!
(compare [12], 11.1.11 and 1.12). By [12], I1.1.19 we have

XomVi € Vigma  and  a5;(£)1®@0) = Y f"Xam(1®v)

m>0

(with o = €;—¢;). Since X, p, is defined over Z we in turn have X m V0 C Vigma,o
and formula (24)) follows. By the above factorization of v(g) and formula 24)) we
get

viglev)e > (u+)_myle—e))e(=Yo) (T O7") Vs, o, myteien .0

(mJ’)jeJENJ je€J jedJ
for v € V}, 0. Here [];c; @;ﬂj € nXies Mile =) 05 (44, 7) and

(utY_mj(ei—e;))(ei(=To))=(=To) % ies M e ploitises mileo=e)l9m) Ox (8, 1)
jer

if we write pu = Ele as€s. Together

V(g)(l & U) S Z WZJEJ mj(€j—€0)(g$)+(a,1+zj€J my)(eo—e;i)(gx)
(mj)jer €Ny

V“+ZJGJ mj(ei—e;),0 OOk Ox(Uyz)
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for v € V0. We may rewrite the exponent as ;. ;m;(e; — €o)(g9z) + (a;i +

>jesmj)eo — €)(gz) = ai(eo — €)(g9z) — >_c;mj(ei — €)(gz). On the other
hand,

A(x) = n(ge) — aileo — €)(gx)

=+ Y milei —¢;)(92) — aileo — &) (gx) + Y mylei — ;) (ga),
jeJ JjeJ

and it follows that g maps the submodule 7@V, o @0, Og,, of Vilu, into

P A @0, O, .
wex*(Tr)

for any u € X*(T1). By a symmetry argument (consider g—') we are done for this
kind of g¢.

(iii) Now consider the case x = gz and g € U,. We may assume g € Uy _q(s)
for some o = ¢; — ¢, € . Thus g = a;(u) for some u € K with w(u) > —a(z). If
1 =0, then v(g) = I;41 and our claim is obvious. If ¢ > 1 and ¢ > 1, then v(g) = ¢
and it suffices to show that the automorphism g of V' induces an automorphism

g: @ ﬁ(dﬂ)ﬂ(x)v“ 0 = @ F(d+1)7 V o
HEX™(TY) neX*(T1)
But w(u) > —a(z) implies p+ ma(x) < G(z) + mw(uw) for all p € X*(T1), all
m € N and we conclude as in the proof of formula 24). Finally, assume ¢ = 0. For
1<j<dnowlet T, = —=—i— and Ty = = Z0__ Then formula (Z3) holds also
So+uZ; SoFu=;

in this context. Letting J = {1 < j <d; j # i} and this time ©; = —uE = T,

=ei(Yo) [ ] @;5(9;)

Zo
jeJ

we may factorize v(g) as

Similarly as in (ii) we get
vigltev)e > (p+ > myle—e))e(To)([[07)Virs, o myc—eno
(m;)jesENG JjeJ jeJ

for v € V0 and p € X*(T1). Here []
On the other hand,

e @;”J‘ € njes mj(w(u)'i'(fj—eo)(x))ox(uz).

(t+ Y mjlei — e;))(ei(Yo)) € Ox(8lz)
JjeJ
because Ty = Eoi# is a unit in Ox(Uz) (because g = a;o(u) and giz = iz).
Together, observing w(u) > —(¢; — €g)(x), we obtain
viglev)e Y x Zies TV, 5 (a0 @0k Ox(8z)
(mj)jes €Ny

for v € V9. This concludes the proof of Proposition and thus of Theorem
2 O
Remark. If |V] € (d+1)Z (equlvalently if 1€ X*(T) for all p € X*(T") with V, #

0), then we could replace the K-valued character 7~ !V1<(d¢t(9)) in definition (Im)
with the K-valued character det(g)~ (@D IVl Then the scalar extension K — K
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could be completely avoided and we would obtain a PGLg41 (K )-equivariant locally
free coherent Ox-module Vp, such that Vo, @0, K =V ®0, Ox.

A lattice in K91 is a free O -submodule of K%t! of rank d + 1. Two lattices
L, L’ are homothetic if L’ = AL for some A € K*. We denote the homothety class
of L by [L]. The set of vertices of the Bruhat-Tits building BT of PGLg11(K) is
the set of homothety classes of lattices (always: in K*1). For a lattice chain

7Ly CLiC...C L,

we declare the ordered s-tuple ([L1],...,[Ls]) to be a pointed s — 1-simplex (with
underlying s — 1-simplex the unordered set {[L1],...,[Ls]}). Call it J and consider
the set

N; = {L alattice in K™ | 7Ly C L Ly}.

A subset My of Nj is called stable if for all L,L € My also L N L' lies in M.
We may identify N5 (and hence My) with the set of homothety classes which its
elements represent; this is independent of the choice of representing lattices for
[L1],...,[Ls]. We recall a result from [7]. Let F denote a cohomological coefficient
system on BT.

Proposition 4.4. Let 1 < s < d. Suppose that for any pointed s — 1-simplex 7
with underlying s — 1-simplex n and for any stable subset My of N5 the following
subquotient complex of the cochain complex C*(BT,F) with values in F is exact:

Fo)— [] Fdztun — [] Fdz2}un).

zE€ My z,z'eMq
{z,z/}eF1
Then the s-th cohomology group H*(BT,F) of C*(BT,F) vanishes. O

A homothety class [L] (= a vertex of BT) corresponds to an irreducible compo-
nent Zj) of X®@4k. If L represents [L] and (L/mL)* denotes the k-vector space dual
to L/wL, then we may regard Zz) as the successive blowing up of the projective
space P((L/wL)*) in all its k-linear subspaces. Now let again 7Ly C L1 C ... C Ly
define a pointed s — 1-simplex 77 and suppose that L, = (’)fj'l, the standard lattice.
Then Zj,,) = Y, the central component of X ® k considered in section [l The
lattices L with Ly C L C Ly correspond bijectively to the irreducible components
Z of X® k with ZNY # (0, or equivalently to the elements of the set V from
section Ml Namely, L defines a k-linear subspace in Lg/wLg, hence a quotient of
(Ls/mLs)*, hence (taking the kernel) a k-linear subspace of (Ls/mLs)*, hence a
k-linear subspace of P((Ly/mL4)*); its strict transform under Y — P((L,/mLs)*) is
the element of V corresponding to L. It is clear that a subset My of Np is stable if
and only if the corresponding subset of V is stable in the sense of section [Il

Theorem 4.5. Suppose that for every p = Zle ae; € X*(Th) with V,, # 0 and
for every 1 < j < d we have >, a; < daj. Then

i#]
(25) H'(X,Vo,) =0,
(26) H' (%, Vo, ®o, k) =0
for allt >0, and
(27) H(X, Vo) ®o. k= H*(X,Vo. ®o_ k).
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Proof. We use the following ordering on X*(T): Define

d d
(28) Z ae; > Z aie;
i=0 i=0

if and only if there exists a 0 < ig < d such that a; = a; for all i < io, and a;, > aj, .
In particular, we get an ordering on X*(77). Then by [12], I1.1.19 the filtration
(F*V)yex=(r,) of our K-rational Li-representation V' defined by

FrV= > Vu

w'eX*(T1)
w'>p

is stable for the action of U(K) N L1(K). Define the filtration (F*Vo_ )uex-(1,) of
VO;? by

F'Vo_ =Vo_ N (F"V ®0, O3)
(n e X*(T1)). Let

Frvo FrVo

Gr'Vo_ = = :
™" Vog Fu+ed]}0§ @ FH/VOI?

w>p

Since for any g € U(K) the automorphy factor v(g) is just the image of g under
the natural projection U(K) — U(K) N L1(K) we deduce that the coherent Oz-
modules F*Vo_ and Gr*Vo_ are U(K)-equivariant. Note that the U(K)-action
on Gr*"Vo_. is with trivial automorphy factors. We have by construction a canonical

isomorphism
(29) Gri'Vo, |y = (0g)" @04 Vio-
This is because the composition
Vo NFHV
I _o s
Vo — VoNF'V — Vo N Frrey

is an isomorphism.
Now we prove Theorem The hypothesis means that for all p € X*(T1) with
V. # 0 we have @;(p) <0 for all 1 < j < d. We claim

(30) H'(X,Gr'Vo_ ®o_k)=0  (t>0)

for all p. First consider the case i € X*(T). Then Lemma B.1] and equation (29)
imply that Gr*Vo_ ®o_. k is a U(K )-equivariant vector bundle on X ® k, of rank
tko, V0 = dimg V), and that

(31) Ly (D(a(n),0,0)) @k (Vuo ®ox k) = GriVo @05 Oy

With Corollary[L.8] (and using U (K )-equivariance which tells us that we may assume
W CY) we get

(32) HY(X, Gr'Vo . ®o, Ow) =0

for all ¢ > 0, for every component intersection W € F* (any 0 < s < d). On
the other hand, since Gr“VoI? Qo k is locally free over Oxgr we have an exact
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sequence

0— GT“V@I? ®0z k — H GT“V@I? R0 Ow
WeFo
— H Gr“VoI? ®(955(9W — ...
WeF!

Therefore, (B2) tells us that to prove [BQ) we need to prove H*(B7T,F) = 0 for all
s > 0, where F is the coefficient system on B7 defined by

FW)=H(X,Gr'"Vo_ ®0, Ow)
for W € F*®, where we identify F* with the set of s-simplices of BT (any s). We
apply Proposition[:4] Given a pointed s—1-simplex 1 = ([L1], ..., [Ls]) we may, by
G-equivariance, assume that [L] is represented by O%!. Then (&) and Corollary
[CG tell us that the hypothesis of Propositon B4 is satisfied, proving (B0).

The case i ¢ X*(T) is easier: there we find

GriVo. ®o; Oz

O z-torsion

(33) Gr'Vo, ®o. k= []
ZeFo

34) Ly (D([a(w)],n(w), m(p) @k (Vuo Qo k)

Combining with Theorem [ (and using U (K )-equivariance which tells us that it
suffices to look at Z =Y) we get (B0).

By the obvious devissage argument we get (26) from (B0). The base change
formula (27]) is a consequence of for t =1, and (25)) for all ¢ > 0 is a consequence
of (26) for all ¢ > 0, as one easily shows by using of the exact sequences

)

Gr'Vo, ®o, Oy

Oy -torsion

IR

0— Vo, ®o k= Vo /(F*) — Vo /) — 0.
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