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FINITE DIMENSIONAL REPRESENTATIONS
OF SYMPLECTIC REFLECTION ALGEBRAS
ASSOCIATED TO WREATH PRODUCTS

PAVEL ETINGOF AND SILVIA MONTARANI

ABSTRACT. Using deformation theory of representations of algebras, we con-
struct families of finite dimensional representations of symplectic reflection
algebras associated to wreath products.

1. INTRODUCTION

In this paper we study finite dimensional representations of the wreath product
symplectic reflection algebra Hi j (I'y) of rank N attached to the group I'y =
Sx x T'NV ([EG], page 6), where I' C SL(2,C) is a finite subgroup, and (k,c) €
C(S), where C(S) is the space of (complex valued) class functions on the set S of
symplectic reflections of I'y.

In the rank 1 case, there is no parameter k, and finite dimensional representations
of the wreath product algebra have been classified in [CBH]| by Crawley-Boevey and
Holland, by establishing a Morita equivalence between the algebra Hy .(I") and the
deformed preprojective algebra ITy(.)(Q) attached to the (extended Dynkin) quiver
Q@ associated to I' via the McKay correspondence.

We consider the higher rank case. When k=0, then Hy j .(I'n) :SijHLC(F)@N,
so the finite dimensional representations of Hy j .(I'n) are known. Using a coho-
mological approach, we investigate the possibility of deforming some of these rep-
resentations to values of the parameters with & # 0. This allows us to produce
the first nontrivial examples of finite dimensional representations of Hy j .(I'n) for
noncyclic I' and k # 0.

Specifically, we show that if W is an irreducible representation of Sy whose
Young diagram is a rectangle, and Y an irreducible finite dimensional representation
of Hy.(T), then the representation M = W @ Y®¥ of H; o .(T'y) can be deformed
along a hyperplane in C(S). On the other hand, if dimY = 1 and the Young
diagram of W is not a rectangle, such a deformation does not exist.

2. PRELIMINARIES

2.1. The wreath product construction. In this subsection we will briefly recall
the wreath product construction. Let L be a 2-dimensional complex vector space
with a symplectic form wy, and consider the space V = L%V, endowed with the
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induced symplectic form wy = wr®N. Let ' be a finite subgroup of Sp(L), and
let Sy be the symmetric group acting on V' by permuting the factors. The group
Ty := Sy x I'N € Sp(V) acts naturally on V. In the sequel we will write ; € Ty
for any element v € T" seen as an element in the i-th factor I" of T'y. The symplectic
reflections in I'y are the elements s such that rk(Id — s)|y = 2. 'y acts by
conjugation on the set S of its symplectic reflections. It is easy to see that there
are symplectic reflections of two types in I'y:

(S) the elements s;;v;v; ' where i, j € [1, N], s;; is the transposition (ij) € Sy,

and y €T,

(T') the elements ~;, for i € [1, N] and v € T'\{1}.

Elements of type (S) are all in the same conjugacy class, while elements of type
(T") form one conjugacy class for any conjugacy class of v in I'. Thus elements
f € CIS] can be written as pairs (k,c), where k is a number (the value of f on
elements of type (S)), and c is a conjugation invariant function on I'\ {1} (encoding
the values of f on elements of type (I")).

For any s € § we write ws for the bilinear form on V' that coincides with wy on
Im(Id — s) and has Ker(Id — s) as radical. Denote by TV the tensor algebra of V.

Definition 2.1. For any t € C and f = (k,¢) € C[S], the symplectic reflection
algebra Hy j .(I'n) is the quotient

(FNﬂTV)/ <[U7U] - K(uvv»u,vev
where
k: VeV — C[Ty]: (u,v) »—>t-w(u,v)-1—|—2fs cws(u,v) - 8
seS

with fs = f(s), and (...) is the two-sided ideal in the smash product T'n$T'V
generated by the elements [u,v] — £(u,v) for u,v € V.

We will be interested in the case t # 0, and it will be enough to consider the case
t = 1since Hy o(T'n) = Hy jyt,c/¢(Tn) for any ¢t # 0 (cf. [EG], page 14). We recall
that the case ¢ = 0 is remarkably different and the corresponding representation
theory has been studied in [EG], Section 3 and in [GS].

It is clear that choosing a symplectic basis x, y for L we can consider I' as a
subgroup of SL(2,C). We will denote by x;, y; the corresponding vectors in the

i-th L-factor of V. Following [GG] we will now give a more explicit representation
of the algebra Hi j, o(T'n).

Lemma 2.2 ([GG)). The algebra Hyy o (T'n) is the quotient of TniTV by the
following relations:

(R1) For anyi € [1, N]:

[z, y:) =1+ gzzsiﬂﬂfl + Z CyYi -

j#i vel ~yel'\{1}

(R2) For any u,v € L and i # j:

k _
[u;, v;] = -3 ZwL(yu,v)sij’yﬂj L
yel’
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In the case N = 1, there is no parameter k (there are no symplectic reflections

of type (S)) and
Hyo(I') = CTHC (z,y) /(zy — yz = A)

where A = A(¢) = 143__ o\ (13 ¢4 € Z(C[I) is the central element corresponding
to c.

We end this subsection by recalling an important result that we will need later.
It is stated in [EG] (Theorem 1.3) and is called the Poincaré-Birkhoff-Witt (PBW-)
property for Hy i, .(I'y). Consider the increasing filtration on TVHI'; obtained by
assigning degree zero to the elements of the group algebra C[I'y] and degree one to
the vectors in V. This filtration induces a filtration on Hy j .(I'nx). The following
theorem holds:

Theorem 2.3 (PBW). The associated graded algebra to Hi . .(T'n) with respect
to the above increasing filtration is T' NSV, where SV is the symmetric algebra of
V. O

2.2. Representations of Sy with a rectangular Young diagram. We will use
the following standard results from representation theory of the symmetric group.
The proofs are well known, but we recall them for the reader’s convenience. Denote
by b the reflection representation of Sy. For a Young diagram p we denote by 7,
the corresponding irreducible representation of Sy .

Lemma 2.4. (i) Homg, (h ® 7, m,) = C™~ !, where m is the number of corners
of the Young diagram . In particular, Homg, (h ® 7, 7,) = 0 if and only if p is
a rectangle.

(i) The element C' = s12+ s13 + -+ + s1n acts by a scalar in 7, if and only if
w is a rectangle.

Proof. Let Sy_1 C Sy be the subgroup of permutations fixing the index 1. It is
well known that m,|s,_, = Y m,—;, where the sum is taken over the corners of p
and p — j is the Young diagram obtained from p by cutting off the corner j. Since
hoC = Indgg _,C, the assertion (i) follows from the Frobenius reciprocity. To
prove (ii), observe that C' commutes with Sx_1, so it acts by a scalar on each 7,,_;.
Thus, if u is a rectangle, C' acts as a scalar (as we have only one summand), and
the “if” part of the statement is proved. To prove the “only if” part, let Zyx be
the sum of all transpositions in Sy. Zy is a central element in the group algebra,
and it is known to act in 7, by the scalar c(u), where c(p) is the content of y, i.e.
the sum over all cells of the signed distances from these cells to the diagonal. Now,
C = Zn — Zn_1, so it acts on mx_; by the scalar c(j), the signed distance from
the cell j to the diagonal. The numbers ¢(j) are clearly different for all corners j,
so if there are 2 or more corners, then C' cannot act by a scalar. This finishes the
proof of (ii). O

3. THE MAIN THEOREM

Let Y be a finite dimensional irreducible representation of the algebra H; .(I")
for somd] c¢. Let W be an irreducible representation of Sy. Since the algebra
Hi ,.(T'y) is naturally isomorphic to SNﬁHLC(l")@N, there is a natural action of
Hi.(Ty) on the vector space M := W @Y ®N. Namely, each copy of Hy .(I') acts

1Such representations exist only for special c; as for generic c, the algebra Hi (') is simple;
see |[CBH|,Theorem 0.3, Corollary 7.6.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



460 PAVEL ETINGOF AND SILVIA MONTARANI

in the corresponding copy of Y, while Sy acts in W and simultaneously permutes
the factors in the product Y®V. We will denote this representation by M.. The
main theorem tells us when such a representation can be deformed to nonzero values
of k.

Assume that the Young diagram of W is a rectangle of height | and width
m = N/l (the trivial representation corresponds to the horizontal strip of height
1).
Let Hy,m be the hyperplane in C(S) consisting of all pairs (k, ¢) satisfying the
equation

_ k
(1) dimY + Z[U[(m = 1)+ Y exv(y) =0,
ver\{1}

where yy is the character of Y.

Let X = X(Y,m,l) be the moduli space of irreducible representations of
Hi i o(T'n) isomorphic to M as I'y-modules (where (k,c) are allowed to vary).
This is a quasi-affine algebraic variety: it is the quotient of the quasi-affine variety
X (Y, m,1) of extensions of the I' y-module M to an irreducible Hy j (I n)-module
by a free action of the reductive group G of basis changes in M compatible with I' 5
modulo scalars. Let f: X — C(S) be the morphism which sends a representation
to the corresponding values of (k, c).

The main result of this paper is the following theorem.

Theorem 3.1. (i) For any co the representation M., of Hi,0.,(Tn) can be formally
deformed to a representation of Hy  (I'n) along the hyperplane Hy m, 1, but not in
other directions. This deformation is unique.

(ii) The morphism f maps X to Hym, and is étale at M., for all co. Its
restriction to the formal neighborhood of M., is the deformation from (i).

(i) There exists a nonempty Zariski open subset U of Hy,m, such that for
(k,c) € U, the algebra Hi k. (Tn) admits a finite dimensional irreducible repre-
sentation isomorphic to M as a T ny-module.

The proof of this theorem occupies the remaining sections of the paper.

Remark. In the case of cyclic ' and trivial W Theorem BIlwas proved in [CE]. In
this case, the deformation of the representation M can be constructed explicitly.
We expect that the condition that the Young diagram of W is a rectangle is
essential to obtain the deformation of Theorem B (i). For example, this is the
case if Y is 1-dimensional. This follows from the following more general statement.

Proposition 3.2. Let W be an irreducible Sn-module. If W extends to a repre-
sentation of Hy k..(T'n) for some (k,c) with k # 0, then the Young diagram of W
is a rectangle.

Proof. Suppose that W extends to a representation of Hy j .(I'y). Such an exten-
sion is, first of all, an extension of W to a representation of the wreath product
group Sy x I'V. This can only be done by making I'V act by an Sy-invariant
character &, i.e., £(v1,...,7n) = xX(71) ... x(7n), where x : ' — C* is a character.
But in this case I'V acts trivially on Endc (W), and hence z;,y; must act by 0 on
W for each i = 1,..., N. So, denoting by p the possible extended representation,
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we obtain from relation (R1) for i =1,

1+ r\{1 ch('V)

p(s12+-+sin) = —2 7E/k I\I{‘\} ’
i.e., C =519+ ---+ s1y acts by a constant on W. Now applying Lemma 4] part
(ii), we get that W must correspond to a rectangular Young diagram. O

4. PROOF OF THEOREM B.1I

4.1. Deformation theory. In this section we recall deformation theory of repre-
sentations of algebras. This theory is well known, but we give the details for the
reader’s convenience.

Let A be an associative algebra over C. In what follows, for each A-bimodule E,
we write H"(A, E) for the n-th Hochschild cohomology group of A with coefficients
in E. We recall that H"(A, E) is defined to be the i-th cohomology group of the
Hochschild complex:

0— C°A,E) - ... L omA,E) S oA, B) L

where C"(A, E) = Homc(A®", E) is the space of n-linear maps from A®" to FE,
and the differential d is defined as follows:

(do)(ar,...,ant1): = arp(ag,...,ane1)
+ Z(*l)lw(al,~-~7ai—1,a¢ai+1,ai+2a-'-,an+1)
i=1
— (=D)"p(a1,...,0n) @nt1-
We remark that H*(A, E) coincides with the vector space Extlyg 4. (A, E), where
A° is the opposite algebra of A.

Let Ay be a flat formal deformation of A over the formal neighborhood of zero
in a finite dimensional vector space U with coordinates t1,...,t,. This means that
Ay is an algebra over C[[U]] = C[[t1, . .., t,]] which is topologically free as a C[[U]]-
module (i.e., Ay is isomorphic as a C[[U]]-module to A[[U]]), together with a fixed
isomorphism of algebras Ay /JAy = A, where J is the maximal ideal in C[[U]].
Given such a deformation, we have a natural linear map ¢ : U — H?(A, A) defined
as follows.

We can think of Ay as A[[t1,...,t,]] equipped with a new C[[t1,...,t,]]-linear
(and continuous) associative product defined by

axb= Z Cle,pn(aab)Ht? a,be A

P1;---3sPn J

where ¢p, ., : Ax A — A are C-bilinear functions and ¢y, .. o(a,b) = ab, for any
a,be A

Imposing the associativity condition on *, one obtains that Co,...,1,,...,0 must be
Hochschild 2-cocycles for each j. The map ¢ is given by the assignment (¢1, ...,tx)
— Zj tjlco,..1,,..0] for any (t1,...,t,) € U, where [C] stands for the cohomology
class of a cocycle C.

Now let M be a representation of A. In general it does not deform to a represen-
tation of Ay. However, we have the following standard proposition. Let n: U —
H?%(A,End M) be the composition of ¢ with the natural map v : H2(A, A) —
H?(A,End M).
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Proposition 4.1. Assume that 1 is surjective with kernel K, and H'(A,End M) =
0. Then:

(i) There exists a unique smooth formal subscheme S of the formal neighborhood
of the origin in U, with tangent space K at the origin, such that M deforms to
a representation of the algebra Ag = AU®C[[UHC[S] (where & is the completed
tensor product).

(#i) The deformation of M over S is unique.

Proof. Let us realize Ay explicitly as Al[ty,...,t,]] equipped with a product x as
above. We may assume that K is the space of all vectors (¢y,...,t,) such that
g1 =+ =ty = 0.

Let D be the formal neighborhood of the origin in K, with coordinates h; =
t1,. ooy hyn = ty. Let 6 : D — U be a map given by the formula 6(hq,..., hy,) =
(t1,...,tn), where t; = h; for i < m, and

— p m
tr = E tk,pl,...,pmhll - hﬁb ,k? >m,
P1s--sPm

where t; p, . p,. € C. More briefly, we can write t, = >, tpepht, where P is a
multi-index. We will use the notation |P| for the sum of indices in a multi-index
P. For brevity we also let e; to be the multi-index (0,...,1,,...,0).

We claim that there exist unique formal functions t; = tx(h), k > m, for which
we can deform M over D. Indeed, such a deformation would be defined by a series

(@) = > re(@)h”,
P

where 79(a) = r(a), and r is the homomorphism giving the representation M. The
condition that 7 is a representation gives, for each P,

(2) drp =Y tipr(ce,) + Cp,
J

where for j < m, t;p = 1 if P = ¢; and zero otherwise, and Cp is a 2-cocycle
whose expression may involve rg and tyg only with |Q| < |P|. Since the map 7
is surjective, there are (unique) t441 p,...,tnp for which the right-hand side is a
coboundary. For such t441 p,...,t,p (and only for them), we can solve (@) for rp.

This shows the existence of the functions t;(h), j > m, such that the deformation
of M over D is possible. To show the uniqueness of these functions, let ¢; and t;- be
two sets of functions for which the deformation exists. Let rp, % be the coefficients
of the corresponding representations 7, 7. Let N be the maximal number such that
tip = tp for [P| < N. Since H'(A,End M) = 0, the solution rp of () is unique
up to adding a coboundary. Thus we can use changes of basis in M to modify 7 so
that rp = r for |P| < N (note that this does not affect ¢;). Then for any @ with

|Q| = N, Cq(r) = Cq(r’), and hence t;q = tj,. This contradicts the maximality
of N.

Thus, we have shown that the functions ¢; exist and are unique; they define a
parametrization of the desired subscheme S by D. Our proof also implies that the
deformation of M over S is unique, so we are done. (]

We end this section by recalling the following fact from algebraic geometry that
will guarantee that the representations we found in Theorem [3.1] are actually irre-
ducible.
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Let X be an affine irreducible algebraic variety over C, R = C[X]. Let A be an
algebra over R and M an A-module, such that A and M are free as R-modules and
M is of finite rank. For x € X, let A,, M, be the fibers of A, M at x; so A, is a
C-algebra and M, a finite dimensional module over A,.

Proposition 4.2. The set of x for which M, is irreducible is open in X.

Proof. Let x be a point of X where M, is irreducible. Then the map f, : A —
End M, is surjective. This means that there exist elements aq,...,an2 in A, N =
dim g M, such that f,(a;) is a basis of End M,. The set U of points z of X such
that f.(a;) are a basis of End M, is open and contains x. We found a neighborhood
U of x such that, for all z in U, M, is an irreducible A,-module, as desired. O

4.2. Homological properties of the algebra H; .(I'). We recall the following
definition (see [VBI, [VB2l [EQ]):

Definition 4.3. An algebra A is defined to be in the class V B(d) if it is of finite
Hochschild dimension (i.e. there exists n € N s.t. H* (A, E) = 0 for any i > n and
any A-bimodule E) and H*(A, A® A°) is concentrated in degree d, where it equals
A as an A-bimodule.

The meaning of this definition is clarified by the following result by van den
Bergh ([VBT, VB2)).

Theorem 4.4. If A € VB(d), then for any A-bimodule E, the Hochschild homology
H;(A, E) is naturally isomorphic to the Hochschild cohomology H*~ (A, E). O

Now let B = Hy (I).
Proposition 4.5. The algebra B belongs to the class V B(2).

Proof. If T' = {1}, the statement is well known ([VBIl VB2]; see also [EQO]). Let us
consider the case I" # {1}. We have to show that B has finite Hochschild dimension
and that

H (B,B®B°)=0  fori#2
H*(B,B® B°)~ B  as B-bimodules.

The algebra CT#C (z, y) has a natural increasing filtration obtained by putting z,
y in degree 1 and the elements of I' in degree 0. This filtration clearly induces a
filtration on B: B = J,,~, F" B, and the associated graded algebra is By = grB =
CI'4C [z,y] (by the PBW theorem), which has Hochschild dimension 2. So by a
deformation argument we have that B has finite Hochschild dimension (equal to 2)
and H'(B,B ® B°) = 0 for i # 2, as this is true for By (which is easily checked
since By is a semidirect product of a finite group with a polynomial algebra).

It remains to show the B-bimodule E := H?*(B, B ® B°) is isomorphic to B.
Using again a deformation argument (cf. [VBI]), we can see that E is invertible
and free as a right and left B-module, because this is true for By. So E = B¢
where ¢ is an automorphism of B such that gr¢ = 1. We will now show that ¢ =1,
which will conclude the proof.

Define a linear map £ : By — By as follows: if z € By is a homogeneous element
of degree n, and Z is its lifting to B, then £(z) is defined to be the projection of
the element ¢(Z) — z (which has filtration degree n — 1) to (grB),—1. It is easy to
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check that £ is well defined (i.e., independent on the choice of the lifting), and is a
derivation of By of degree —1.

Our job is to show that £ = 0. This would imply that ¢ = 1, since B is generated
by F'B.

It is clear that any homogeneous inner derivation of By has nonnegative degree.
Hence, it suffices to show that the degree —1 part of H*(By, By) is zero. But it is
easy to compute using Koszul complexes that H'(By, By) = Vect(L)', the space
of I'-invariant vector fields on L. In particular, vector fields of degree —1 are those
with constant coefficients. But such a vector field cannot be I'-invariant unless it
is zero, since the space L has no nonzero vectors fixed by I". Thus, £ = 0 and we
are done. O

Corollary 4.6. H?(B,EndY) = Hy(B,EndY) = C.

Proof. We apply Theorem[£4]to obtain the first identity. Furthermore, Ho(B,EndY')
=EndY/[B,EndY] = C as Y is irreducible, so the second identity follows. O

Proposition 4.7. H!(B,EndY) = 0.

Proof. We have H'(B,EndY) = Extpgp.(B,EndY) = Extp(Y,Y). But it is
known ([CBH], Corollary 7.6) that B contains only one minimal ideal J among all
the nonzero ideals, and Ext} ,7(Y',Y") = 0 for any irreducible module Y” over the
(finite dimensional) quotient algebra B/J. Since any finite dimensional B-module
must factor through B/J, we get Exti(Y,Y) = 0, as desired. O

4.3. Homological properties of A = Hy . (I'v). We now let A denote the al-
gebra Hi g, (I'n). The algebra A has a flat deformation over U = C(S), which is
given by the algebra Hj i c,+c(I'n). The fact that this deformation is flat follows
from Theorem [2.3]

Proposition 4.8. If the Young diagram of W is a rectangle, then
H?*(A,End M) = H*(B,EndY) = C.

Proof. The second equality follows from Corollory .6l Let us prove the first equal-
ity. We have

H*(A,End M) = Ext’yg 40 (A, End M)
= EXtZNﬁB®N®SNﬁB“®N (SNﬁB®N’ End W (29 End Y®N)

= Ext*SNXsNﬁ(B®N®BO®N)(SNﬁB®N7 End W @ End Y®V).
Now, the Sy x Sy#(B®*N @ BO®N)—m0dule SyiB®YN is induced from the module
B®N over the subalgebra Sy#B®N @ B°®Y | in which Sy acts simultaneously per-
muting the factors of B®N and B°®Y (note that Sy#(BEN @ B°®N) is indeed a
subalgebra of Sy x Sy#(B®N @ B°®N) as it can be identified with the subalgebra
Dt(B®N @ B°®N) where D = {(0,0), 0 € Sy} C Sy x Sy). Applying the Shapiro
Lemma, we get

Exty . snspengpeon)(SnEBEY, End W @ End Y#V)
= EthNﬁ(B®N®B°®N)(B®N7 End W ® End Y®N)

— (Exthonggosn (BN, End W @ End YON)) ™,
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But since BN ® B°®Y does not act on End W, the latter module equals

S
(Extpongpoen (BN, End YY) @ End W) .

Using Proposition 7] and the Kiinneth formula in degree 2, we get that as an
Sy-module, Exthen g poen (BEY, EndY®Y) = Exthep.(B,EndY) ® CV where
Sy acts only on CV permuting the factors. But as an Sy-module, CY = C @ b,
where C is the trivial representation. As a result we get

Ext? o 10 (A, End M) = Ext% o (B, EndY) @ (CV @ End W)™
= Ext%gp5.(B,EndY) @ (C © End W @ b @ End W)*~
= Exthgp. (B, EndY) ® (Homg, (W, W) ® Homg,, (h @ W, W))
= Exthe 5. (B, EndY)
as Homg, (h ® W, W) = 0 by Lemma 24l part (i). O
Corollary 4.9. The map n: U — H?*(A,End M) is surjective.

Proof. Let Uy C U be the subspace of vectors (0,¢’). It is sufficient to show that
the restriction of n to Uy is surjective. But this restriction is a composition of three
natural maps:

Uy — H?*(B,B) — H*(A, A) — H*(A,End M).

Here the first map 7o : Uy — H?(B, B) is induced by the deformation of B along Uy,
the second map ¢ : H?(B, B) — H?(A, A) comes from the Kiinneth formula, and
the third map v : H?(A, A) — H?*(A,End M) is induced by the homomorphism
A —End M.

Now, by Proposition @8, the map v o€ coincides with the map 1 : H*(B, B) —
H?(B,EndY) induced by the homomorphism B — EndY. We claim that this
map is surjective. Indeed, since by Proposition L8 B is in V B(2), by Theorem
E4 there is a natural identification of H?(B, E) with Hy(B, E) for any B-bimodule
E; hence 1y can be viewed as the natural map ¢y : Ho(B,B) — Ho(B,EndY).
But Hy(B, E) = E/[B, E] for any B-bimodule E. Hence, 1y can be viewed as the
natural map

o : B/[B,B] — EndY/[B,EndY].
This map is clearly nonzero: the representation Y is irreducible, and hence the
map B — EndY is surjective. Thus 1y is surjective, as claimed (as the space
EndY/[B,End Y] is 1-dimensional).

Let K be the kernel of ¥y. It remains to show that the map 1y does not land
in K. To show this, recall that by Proposition [£.I] the representation Y of B can
be deformed along K. Thus it remains to show that Y does not admit a first order
deformation along the entire Uy. But this follows easily by computing the trace of
both sides of the commutation relation xy — yx = X in a deformation of Y. We are
done. (]

Proposition 4.10. H'(A,End M) = 0.

Proof. Arguing as in the proof of Proposition EES, we get that H'(A,End M) =
H'(B,EndY), which is zero. This proves the proposition. O

We have thus proved the following result.
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Proposition 4.11. If the Young diagram corresponding to W is a rectangle, then
there exists a unique smooth codimension one formal subscheme S of the formal
neighborhood of the origin in U such that the representation M = W @ YN of
Hi 0,6, (Tn) formally deforms to a representation of Hi i co+c(T'n) along S (i.e.,
abusing the language, for (k,c’) € S). Furthermore, the deformation of M over S
is unique.

Proof. Corollary and Proposition show that our case satisfies all the hy-
potheses of Proposition ]l Moreover, from HQ(A,End M) = C we deduce
dim Kern = dim U — 1, and the proposition follows. U

4.4. The trace condition and the proof of Theorem B.I. Now we would like
to find the subscheme S of Proposition[£I1l For this we take the trace in M of the
commutation relation (R1), and obtain a necessary condition on the parameters
(k,c) for the algebra Hy y (I'n) to admit a representation isomorphic to M as a
I' y-module:

(TR) For any i € [1,n],

. k _
dim M + 7 SN trlu(sgr D+ Y. eytrlu(r) =0.

j#i v€D yer\{1}

This relation can be easily rewritten in terms of the characters x, of Y as a
representation of I and 1, of W as a representation of Sy . Indeed, one can check:

(3) i1 () = dim W dim Y x (4),
(4) tr|M(sZ-j Yi ")/jil) = wW(S”)dlm YN_I.
Namely, (B) is an easy consequence of the fact that the group I'*" C I'y acts only

on Y®V with character Y2V, and +; is by definition the element (1, ..., ’ZY, 1) e
N, To obtain (@), we observe that sijvi7; " is conjugate in 'y to s;; and that
the character of Sy on M is simply the product of the characters on W and Y®¥.
An easy computation gives tr|, e~ s;; = dim YN_l, hence the formula.

We now recall that, for any transposition o € Sy, ¥|w (o) = %c(u),
where c¢(u) is the content of the Young diagram p attached to W. In particular, if

1 is a rectangular diagram of size [ x m with Im = N, it can be easily computed

that
N (m—1
c('u) = %’
so we have
(5) trfn (577" = Wdinﬂﬂv*l.

Finally, substituting (@), () in (TR) and dividing the relation by dim Y™~ dim W,
we obtain

(TR’) If the Young diagram of W is of size [ x m, then

) k
dimY + 5 IT|(m —1) + Z cyXv(7) =0.
YET\{1}

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FINITE DIMENSIONAL REPRESENTATIONS ASSOCIATED TO WREATH PRODUCTS 467

The condition (TR’) defines exactly the hyperplane Hy ,, ;.

Thus we have shown that (0, ¢p) + S C Hy,m,. But S and Hy,,,; have the same
dimension, which implies that S is the formal neighborhood of zero in Hy,m,; —
(0,¢p). This proves part (i) of Theorem 311

We now conclude the proof of Theorem[3.1l Let X’ be the formal neighborhood
of M., in X. We have shown that the morphism f : X — U lands in Hy,m,,
and that f|x/ : X’ — (0,c0) + S is an isomorphism. This implies that the map
[+ X — Hy,m, is étale at M,,. This proves part (ii) of Theorem [B1] and, together
with Proposition [£:2] also implies (iii), since a map which is étale at one point is
dominant.
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