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ABSTRACT. Let Gy be a real reductive Lie group acting on a manifold M.
M. Kashiwara and W. Schmid constructed representations of Gg using sheaves
and quasi-Gr-equivariant D-modules on M. In this article we prove an integral
character formula for these representations (Theorem 1). Our main tools will
be the integral localization formula recently proved by the author and the
integral character formula proved by W. Schmid and K. Vilonen (originally
established by W. Rossmann) in the important special case when the manifold
M is the flag variety of C ®g gr—the complexified Lie algebra of Gg. In the
special case when G is commutative and the D-module is the sheaf of sections
of a Gr-equivariant line bundle over M this integral character formula will
reduce to the classical Riemann-Roch-Hirzebruch formula. As an illustration
we give a concrete example on the enhanced flag variety.
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1. INTRODUCTION

We consider pairs of Lie groups: a real linear reductive group G sitting inside
its complexification G¢. For example:
GL(n,R) C GL(n,C) SL(n,R) SL(n,C)
GL*(n,R) C GL(n,C) SO(n,C) SL(n,C) Sp(n,R) C Sp(n,C).
U(n) c GL(n,C) SU(n) < SL(n,C)
Suppose that G¢ acts algebraically on a smooth complex projective variety M. Fix
a Gc-invariant open algebraic subset U C M, and take a Gc-equivariant algebraic
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line bundle (E, Vg) over U with a Ge-invariant algebraic flat connection Vg. Let
Sg C M be an open Gg-invariant subset (which may or may not be G¢-invariant)
and consider the cohomology spaces

(1) HP(Sx, O(E)),  peZ

The classical Riemann-Roch-Hirzebruch formula computes the index of E, i.e.

the alternating sum
> (~1)” dim H?(Sg, O(E))

P
with Sg = U = M. For general Sg and U, however, these dimensions can be infinite.
To work around this problem we regard the vector spaces (1) as representations of
GRr, and, as a substitute for the index, we ask for the character of the virtual
representation

> (1P H?(Sg, O(E)).

P

(Recall that for finite-dimensional representations the value of the character at the
identity element e € G equals the dimension of the representation.)

In this article we establish an integral formula for characters of virtual represen-
tations of this kind in a more general setting of D-modules. Existence of such an
integral character formula was conjectured by W. Schmid. My work toward this
formula has led to the integral localization formula proved in [L3].

We use the following convention: whenever A is a subset of B, we denote the
inclusion map A — B by ja—.B.

2. PRELIMINARY RESULTS

Let G¢ be a connected complex algebraic reductive group which is defined over
R. We will be primarily interested in representations of a subgroup Gr of G¢
lying between the group of real points G¢(R) and the identity component G¢(R)°.
We regard Ggr as a real reductive Lie group. Let gc and gr be the respective Lie
algebras of G¢ and Gg. Let B denote the flag variety of gc. It is a smooth complex
projective variety consisting of all Borel subalgebras of gc. The group G¢ acts on
B transitively.

If the group Gr is compact, then all irreducible representations of Gg can be
enumerated by their highest weights A lying in the weight lattice A C igy. The
Borel-Weil-Bott theorem can be regarded as an explicit construction of a holomor-
phic Gg-equivariant line bundle £) — B such that the resulting representation of
GRr in the cohomology groups is

HP(B,0(£y)) =0 ifp#0,
H°(B,O(Ly)) ~ 7,

where O(L,) is the sheaf of sections of £y and 7 denotes the irreducible repre-
sentation of G of highest weight A. Then N. Berline and M. Vergne [BV], [BGV]
observed that the character of 7y, as a function on gg, can be expressed as an inte-
gral over B of a certain naturally defined equivariantly closed form. They proved it
by applying their famous integral localization formula and matching contributions
from fixed points with terms of the Weyl character formula. (This is a restatement
of Kirillov’s character formula.)
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M. Kashiwara and W. Schmid [KaSchm|] generalize the Borel-Weil-Bott construc-
tion. Instead of line bundles over the flag variety B they consider Gg-equivariant
sheavedl] F and, for each integer p € Z, they define representations of Gr in
Ext?(F, Opan ), where Opan denotes the sheaf of analytic functions on B. In other
words, M. Kashiwara and W. Schmid prove that these vector spaces possess a natu-
ral Fréchet topology and the resulting representations of G are admissible of finite
length. Hence these representations have characters in the sense of Harish-Chandra.
Let 6 be the character of the virtual representation of Gy,

> (1P Ext? (DpF, Open(N)),

P

where D F denotes the Verdier dual of F, Ogar and A is some twisting parameter
lying in h—the dual space of the universal Cartan algebra of gc. Here the character
6 is a distribution on gg. Then W. Schmid and K. Vilonen [SchV?2] prove two
character formulas for 6.

The integral character formula expresses 6 as an integral of a certain differential
form (independent of F) over the characteristic cycle Ch(F) of F. Characteris-
tic cycles were introduced by M. Kashiwara and their definition can be found in
[KaSchal. On the other hand, W. Schmid and K. Vilonen give a geometric way to
understand characteristic cycles in [SchV1]. A comprehensive treatment of char-
acteristic cycles can be found in [Schii]. The cycle Ch(F) is a conic Lagrangian
Borel-Moore homology cycle lying inside the cotangent space T*B. If the sheaf
F happens to be perverse, the characteristic cycle of F equals the characteristic
cycle of the holonomic D-module corresponding to F via the Riemann-Hilbert cor-
respondence. Originally existence of such formula over an unspecified cycle was
established by W. Rossmann in [Ro]. In the special case when the group Gy is
compact, the integral character formula reduces to Kirillov’s character formula.

On the other hand, Harish-Chandra showed that the distribution 6 is given by
integration against a certain function Fj; on ggr. This function Fj is an Ad(Gg)-
invariant locally L'-function, its restriction to the set of regular semisimple elements
g’ of gr can be represented by an analytic function. According to Harish-Chandra,
Fj can be expressed as follows. For a regular semisimple element X € gp° we
denote by tc(X) C gc the unique (complex) Cartan algebra containing X and by
U(X) C tc(X)* we denote the root system of gc with respect to tc(X). Since X is
regular semisimple, the number of Borel subalgebras {by, ..., by} containing X is
exactly the order of the Weyl group W. Each Borel subalgebra by € B containing
X (and hence containing t¢ (X)) determines a positive root system \Il;rk (X) C¥(X)
consisting of all those roots whose root spaces are not contained in bg; that is, by
contains all negative root spaces relative to \IJ;; (X). Then

( 'ﬁV:‘ ( (X Xe)
(2) F5(X) = ) mp, (X)- :
0 2 k Hae\%@ (x) a(X)

where mp, (X)’s are some integer multiplicities. W. Schmid and K. Vilonen give
a formula for mg, (X)’s in terms of local cohomology of F (formula (5.25b) in

IStrictly speaking, F is not a sheaf on B but rather an element of the “Gg equivariant derived
category on B with twist (—A — p)” denoted by Dgy (B)—x (see [SchV2| and Remark [2).
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[SchV2]). Pick another positive root system ¥<(X) C ¥(X) such that
Rea(X) <0  forall a € US(X).

(If there are roots in ¥ which take purely imaginary values on X, there will be
different possible choices for ¥<(X).) Let B(X) C Gc be the Borel subgroup
whose Lie algebra contains tc(X) and the positive root spaces corresponding to
U=(X). The action of B(X) on B has precisely |[W/| orbits O1,...,Oy. Each
of these orbits Oy, is a locally closed subset of B and contains exactly one of the
Borel subalgebras {by,..., by} containing X. We order the Borel subalgebras

containing X and the orbits of B(X) so that by is contained in Oy, k =1,...,|W|.
Then
(3) mbk(X) = X(Hgk (DB}-)[‘%) = X((j{bk}c—’ok)* o (jok‘—’B)!DB]:)

(recall that DgF denotes the Verdier dual of F). These multiplicities are exactly
the local contributions of points by € B to the Lefschetz fixed point formula, as gen-
eralized to sheaf cohomology by M. Goresky and R. MacPherson [GM]. W. Schmid
and K. Vilonen call ([2)) combined with (B)) the fixed point character formula because
the set of all Borel subalgebras {b1,..., by} containing X can be expressed as the
set of zeroes of the vector field generated by the infinitesimal action of X on B. In
the special case when the group Gy is compact, and A + p is an integral weight, all
the multiplicities mp, (X) are equal to each other, say,

mb1(X) :"':mb‘wq(X) :HGZa

and () reduces to k times the Weyl character formula. The fixed point formula
was conjectured by M. Kashiwara [Ka], and its proof uses the above-mentioned
generalization of the Lefschetz fixed point formula to sheaf cohomology [GM].

There is a striking relationship between these two character formulas. In the
compact group case N. Berline and M. Vergne [BV], [BGV] gave a simple proof of
Kirillov’s character formula using their integral localization formula; they matched
contributions from zeroes of vector fields with terms of the Weyl character formula.
However, in the non-compact group case their argument breaks down because their
localization formula works for compact groups only. Originally W. Schmid and
K. Vilonen [SchV2] proved these character formulas independently of each other
using representation theory methods. Thus, besides an important representation-
theoretical result, they formally established existence of an integral localization
formula in a very special case. In the announcement [Sch] W. Schmid posed a ques-
tion: “Can this equivalence of character formulas be seen directly without a detour
to representation theory, just as in the compact case.” In [LI], [L2] I provide such
a geometric link, then in [L3] T establish a general integral localization formula for
non-compact group actions. In turn, this article uses the new localization formula
for non-compact group actions to give a generalization of the integral character
formula to representations associated to sheaves on manifolds other than the flag
manifold of gc.

We describe the integral character formula for 6 in more detail; its ingredients
will be used in our character formula (I8). The character 6 is a distribution on
QLoP(gr)—the space of smooth compactly supported differential forms on gg of top
degree. If ¢ € QL°P(gr), then we define its Fourier transform ¢ € C*(g¢) as in
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IL1], [L2, [L3], [Ro] and [SchV2):
(4) 2(6) = / eXOo(X), X €gn £ € gl
gR

without the customary factor of i = v/—1 in the exponent.

For a smooth complex algebraic manifold M we denote by s the canonical
complex symplectic form on the holomorphic cotangent space T*M. In general,
when the group G¢ acts on a complex manifold M, for X € g¢, we denote by Xy,
the vector field on M given by (notice the minus sign)

d oo
(5) (Xar-9)(@) = —p(ew(—=X)z)| ., pec=().
Then the moment map on the holomorphic cotangent space pas : T*M — g is
defined by
(6) pr Q) X — —{((, X ), X ege, CeTM.

When the manifold M is the flag variety B we get the complex algebraic symplectic
form o on 1B, the moment map up : T*B — g¢ and the vector field X5 for each
element X € gc.

We fix a compact real form (i.e. a maximal compact subgroup) Ugr C G¢ with
Lie algebra ug. We will use Rossmann’s map B3 z — A, € g§ defined in [Ro] and
Section 8 of [SchVI] (here we use the notations of [SchVI] and [SchV2]). Recall
that the twisting parameter X is an element of the dual of the universal Cartan
algebra h¢ of ge; he is not a subalgebra of g¢, but is canonically isomorphic to any
Cartan subalgebra tc C gc equipped with a specified choice of positive root system
®T. For xz € B, we denote by b, C gc the Borel subalgebra corresponding to z.
Then k¢ is canonically isomorphic to the quotient b, /[b., b.], so that b, contains
all the negative root spaces. Thus we have an exact sequence of vector spaces

(7) 0— [bg,b,] — by — he — 0.

In general, this sequence does not have a canonical splitting. But once a choice of
a compact real form Ur C G¢ is made, we can split this sequence as follows. Let
Tr(z) be the stabilizer of z in Ug, it is a maximal torus in Ug, and set

tg(z) = Lie(Tr(x)) C ur C gc, te(z) = tr(z) @ C C gc.

Then tc(x) is a Cartan subalgebra of gc which lies in b, and comes equipped with a
system of positive roots \IJ;; so that b, contains all the negative root spaces. Hence
we get a composition of maps

which splits (T):
We also get a splitting of gc¢:
gc = te(z) @ <@ root spaces of t(c(x)> ~bhc® (@ root spaces of t¢ (1:))

Taking duals we get a splitting of gg:

g ~ te(z)* @ (@ root spaces of tc(x))* ~ b (@ root spaces of tc(x))

Hence A € b gets identified via this splitting with an element A, € g¢. The map
Az 1 B — g¢ is smooth, real algebraic and Ug-equivariant, but in general not Gc-

*
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or Ggr-equivariant, nor complex algebraic. When A is regular, the twisted moment
map
P =def B + A : T7B — g¢
is a real algebraic Ug-equivariant diffeomorphism of 7*B onto the coadjoint orbit
of G¢ of any point A, € g¢.
We will also use a Ug-invariant 2-form 7, on B defined by the formula

TA(XraY:c) = AI([Xa Y])’

where X,,Y, € T,B are the tangent vectors at x € B induced by X,Y € ug via
differentiation of the Ug-action. It is an important property of A\, and 7, that
together they make a (non-homogeneous) differential form on B,

<X,)\I>77_Aa XGQC;

which depends holomorphically on X (in fact, linearly) and which is equivariantly
closed with respect to Ug (see [BGV], [GS] or [L3] for the definition of equivariantly
closed forms). It follows that the forms

X Aa)—=Tx X, Az )+7x

el and e ¢

are Ugr-equivariantly closed forms too. For a differential form w which is possibly
non-homogeneous, we denote by wy; its homogeneous component of degree k. Then
the integral character formula (Theorem 3.8 in [SchV2]) says that the value of the
character 0 at ¢ € QLoP(gr) is given by

) )= i [, o) (s

1
- - (Xus(OFAa)+oB—Ta A (X )
(—2mi) /Ch(]-‘) (/ ‘ e(X) [2d)’

IR
X € IR, C € T*87

where pu) = pug+2A; and d = dime B. This integral converges because the expression
@ o uy involves the Fourier transform of ¢ and decays rapidly along the support of

Ch(F).

3. SETUP

Recall that G¢ is a connected complex algebraic reductive group which is defined
over R, G¢ acts algebraically on a smooth complex projective variety M; and we
are primarily interested in representations of a real reductive group Gr C G¢ lying
between the group of real points G¢(R) and the identity component G¢(R)P.

We will be using the concepts of D-modules and derived categories; [Bo] and
[KaScha] are good introductions to these subjects. Let Ops denote the structure
sheaf on M and let Djp; denote the sheaf of linear differential operators on M
with algebraic coefficients; Dy; acts on Op;. The definition of a quasi-equivariant
D-module can be found in many different sources; for convenience, we copy the
definition given in [KaSchml].

Let G¢ be a connected complex algebraic reductive group acting algebraically on
a smooth complex algebraic variety M, gc = Lie(Gc). We write p for the action
morphism and 7 for the projection map G¢ x M — M:

:U’aTr:GCXMHMa [L(g,l’):gl', w(g,x):x gGGC,ZGM.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RIEMANN-ROCH-HIRZEBRUCH INTEGRAL FORMULA 513

We also consider three maps
qj:G(ch(jXMHG(CxM, j:1,2,3,

a1(91,92,%) = (91,922),  a2(91,92,%) = (q192,2),  a3(91,92,%) = (g2, 7).
Then we have the following identities:

poqr=poqr: (g1,92,%) — 91922,
mTogy =mTOo(gs: (91792755)’_’55';
poqgs=moq: (91792730)’—)9296-

Definition 1. We denote by Og. ® D), the subalgebra Og.xm @x-10,, ™ ‘Dum
of Dgexm- A quasi-Ge-equivariant Dys-module is a Dy-module I equipped with
an Og, X D)s-linear isomorphism £ : p*9 —— 7", such that the composition of
isomorphisms
s I ~ g —>q16 gim M =~ g5 M —>q36 gam M =~ @3 IM
coincides with
g5 M _wh, g M.

If 5 is linear even over Dg.xar, this reduces to the usual definition of a Ge-
equivariant Dys-module.

Informally speaking, this definition can be interpreted as follows. For each g €
Gc, denote by py : M — M the translation by g, i.e. pg : © — gx. Then 3
consists of a family of isomorphisms of Dy-modules fy : pz9 —— M, depending
algebraically on g and multiplicative in the variable g.

Example 2. Let (E,VEg) be a Gg-equivariant algebraic line bundle over a Gc-
invariant open algebraic subset U C M with a G¢-invariant algebraic flat connection
VE. Take 9 to be the direct image of the sheaf of sections O(E), under the
inclusion map U — M. Then Dy, acts on O(E) via the flat connection making
O(E) a quasi-G¢-equivariant Dp-module.

Each element X € g¢ acts on 91 in two ways. One way is by inducing the vector
field —X s given by (B]) which in turn operates on 9t via the connection. The other
way is by infinitesimal translation of the sections of the Gc-equivariant line bundle
E. When these two actions of g¢ coincide, the Dj-module M is Ge-equivariant.

Let 991 be a coherent, quasi-G¢-equivariant Dy;-module. Recall that, for X € gc,
X denotes the vector field on M given by (B). Following [KaSchm] we get two
different actions of g¢ on M. The first action is via gc 3 X — — Xy € T(Dy)—
the global sections of Dj;—followed by the Dj;-module structure; we denote this
action by ap. And the second action is through differentiation of the G¢-action
when we regard 91 as a Ge-equivariant Op;-module; this action is denoted by ;.
We set v = ay — ap, then 7 is a Lie algebra homomorphism

(9) Yigc — EndDM (m)

This way 9t becomes a (D, U(gc))-module, where U(gc) denotes the universal en-
veloping algebra of gc. The quasi-Gc-equivariant Djys-module 9 is Ge-equivariant
precisely when v = 0.

We say that the quasi-Gg-equivariant Dps-module I is Z(gc)-finite if some
ideal of finite codimension Z C Z(g¢) (the center of U(gc)) annihilates 9t via the
~y-action.
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We denote by Ch(90t) the characteristic cycle of 9T which lies in T*M. Pick a
Borel subalgebra be C gc and define a subset of gg,

be = {€ € g% Eloe =0}
Then the Djy-module M is called admissible if
Ch(M) Nyt (bg) < T°M

is a Lagrangian variety. When 9 is Z(gc)-finite, the variety Ch(9) N uy/ (bg) is
known to be involutive ([KaMF] or [Gi]), hence the above condition is equivalent
to
dimg (Ch(M) N gy (b)) = dimg M.

Because of G-invariance of Ch(90), if this condition is satisfied for one particular
Borel subalgebra be C gc, then it is satisfied for all Borel subalgebras of g¢, and
this definition is independent of the choice of the Borel subalgebra b¢.

Let S be a Gg-equivariant constructible sheaf on M. We denote by Opjan
the sheaf of holomorphic functions on M. Then M. Kashiwara and W. Schmid
[KaSchm] equip the vector spaces

(10) RHOIH%M (937 29 S, OMan ), P € Z,
with a natural Fréchet topology and prove that the resulting virtual representation
of GR,
(11) > (~1)’RHom}, (M@ S, Open),
P

is admissible of finite length whenever the Djs-module 9t is admissible and Z(gc)-
finite. In particular, the representation (IIl) has a character 6 in the sense of
Harish-Chandra. As before, 6 is a distribution on gg.

In this paragraph we outline M. Kashiwara and W. Schmid’s construction of
topology on the spaces ([IQ). Oversimplifying and ignoring the G¢- and Ggr-actions,
suppose first that the sheaf S is (jy—a)iCy, where U C M is an open semi-
algebraic Gr-invariant subset and Cy is the constant sheaf on U. Furthermore, sup-
pose that 9 is a locally free quasi-Gc-equivariant Dys-module, i.e. I = Dy ®o,, §
for some coherent, locally free, Gc-equivariant Op;-module § on M. They re-
place the sheaf Opran with the C*° Dolbeault complex Qs&'), to which it is quasi-
isomorphic, and write out isomorphisms of complexes of vector spaces without any
topology:

(12) RHomp,,(M® S, Opran) ~ RHomp,, (Dpr R0, § @ (Juem )iCu, QS&.))
~ RHomo,, (§ ® (ju—u):Cu, ;") = RT(U; (§*)™" ®0,en 2”)
~ T(U; (3%)" ©0,5en Q7),

where (F*)*" denotes the sheaf of analytic sections of the dual of §. The complex on
the right has a natural Fréchet topology—the C* topology for differential forms—
and continuous Gy action. General 9t and S, have resolutions by locally free quasi-
Gc-equivariant Djy-modules (Lemma 4.7 in [KaSchm|) and by sheaves of the type
(ju—am Cyp respectively. This, combined with the acyclicity of the right-hand side
of [I2)), makes it possible to equip the vector spaces ([I0)) with a Fréchet topology.
Then M. Kashiwara and W. Schmid work hard to show that this topology does not
depend on the choices involved. They do it by proving that the topology on the
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spaces ([I0Q) is that of the maximal globalization of their underlying Harish-Chandra
modules.

Recall that B denotes the flag variety of gc. We will establish a formula for this
character as an integral over a cycle in 7% (B x M) under an additional assumption
that 901 has an infinitesimal character, i.e. Z(g¢) acts on 9 by a character. Even if
this condition is not satisfied, since 21 is assumed to be Z(gc)-finite, there is a finite
filtration of 9 by quasi-Gc-equivariant Dps-submodules such that the successive
quotients have infinitesimal characters, and we can apply this integral character
formula to each of these quotients separately.

In the special case when G¢c = C*, the Dj;-module 9 is the sheaf of sections of
a Gg-equivariant line bundle (E, VEg) over M as in Example 2 with U = M, and
S is the constant sheaf Cj;, the flag variety B consists of just one point and the
integral character formula will reduce to the classical Riemann-Roch-Hirzebruch
formula.

Remark 1. We do not need M to be projective to establish that (1] is admissible of
finite length. In fact, it is sufficient to assume that M is a smooth quasi-projective
variety. The compactness of M will be needed for the integral character formula.

On the other hand, the result of Sumihiro [Su| restated as Proposition 4.6 in
[KaSchm| together with Theorem 5.12 there show that we can always embed M
into a smooth projective variety and there is no loss of generality in assuming that
M is projective. We will illustrate this in Section

Our derivation of the integral character formula for 6 follows the following
scheme:

e Replace the pair (91, S) which lives on M with a new pair (53/1, S) which
lives on the flag variety B such that the virtual representation (Il stays
unchanged (I4);

o Write out the fixed point character formula for § in terms of (ﬁ, g) and
zeroes on B;

e We want to prove that the integral (§]) represents 6; first we apply the
integral localization formula [L3] to (&));

e Combine similar terms in the result of the previous step and match them
with the terms in the fixed point character formula for € obtained in the
earlier step.

4. STATEMENT OF THE MAIN RESULT

In the previous section we assumed that 9t was a quasi-G¢-equivariant coherent
Dps-module on M which was admissible and had an infinitesimal character. We
will follow [KaSchm]| and index characters of Z(gc) by linear functionals A on the
universal Cartan without the customary shift by p (half sum of the positive roots);
in other words, xx : Z(gc) — C denotes the character by which Z(g¢) acts on
the Verma module with highest weight A. Then x» = x, if and only if A 4 p is
conjugate to u + p under the action of the Weyl group W.

Remark 2. In this article we use results from [KaSchm] and [SchV2]. Unfortunately
these two sources use different conventions for labeling characters and twists. We
follow the conventions of [KaSchm| explained above. On the other hand, [SchV2]
shift these notations by p and they define, for instance, the “Gr-equivariant derived
category on B with twist (A — p)” denoted by D¢, (B)x which becomes the bounded
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GRr-equivariant derived category in the usual “untwisted” sense precisely when A =
p. Similarly, Og()) in [SchV2] denotes the twisted sheaf of holomorphic functions
with twist (A — p) and which becomes the sheaf of ordinary holomorphic functions
precisely when A = p.

We assume that 97 is an object in MOdZZZ’:;:nge o(Dar)—the category of quasi-
Gc-equivariant coherent Djr-modules on M with infinitesimal character xx—,.

The Kashiwara-Schmid construction of Fréchet topology on the spaces ([I0]) was
carried out on the level of derived categories. This means that instead of a sheaf
S we have an element § € D%, _.(Cp)—the bounded derived category of Gg-

equivariant R-constructible sheaves, and we have a pairing

Mod(hA=0 _ (Dn) x D& 5 (Cy) —  D'(Fg,),

quasi—Gc—eq
(M. S) +— RHomy? (MRS, Oppen),

where DY(Fg,) denotes the derived category of Gg-representations defined in §3
of [KaSchm]. The category D®(Fg,) is built on complexes of topological vector
spaces with continuous Gg-actions (C,dc), the differential maps d% : C™ — C"*?
are required to be continuous and Gg-equivariant. A complex (C,d¢) is ezxact if,
for all n,
dg : C" — kerdpt!

is onto and is an open map relative to the subspace topology on ker d’c“rl. A complex
(C,dc) becomes zero in DY(Fg,) precisely when it is exact.

Because we will apply results of A. Beilinson and J. Bernstein on equivalences
of categories [BBJ, we will also assume that X is integrally dominant, i.e.

(&, \) & Zo, for every positive coroot .

This can always be achieved by replacing A with an appropriate W-translate.

We denote by Modg.—eq(DPB,r—p) the category of modules over the sheaf of
twisted differential operators Dp x—, on the flag variety B. The sheaf Dy r_, is
defined in [BB], but we follow the twisting conventions of [KaSchm] as explained in
Remark [2] so that Dy ¢ = Dp—the sheaf of differential operators on B without any
twist. We form a product space B x M with diagonal G¢-action and consider the
sheaf of twisted differential operators Dy ar, a—p =def PB, x—p X Dy, the twisting
is confined to the factor B. We also denote by Modg.—cq(DPBxar, 2—p) the category
of Ge-equivariant Dy pr, x»—p-modules on B x M. Let p and ¢ be the projection
maps

B—2— BxM

lq
M,
and let p and ¢ be the induced projections on the cotangent bundles:

T*B «—2— T*(B x M)
[
T* M.

M. Kashiwara and W. Schmid [KaSchm)| use results of A. Beilinson and J. Bern-
stein on equivalence of categories [BB] to prove that the pair (9,S) on M can be

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RIEMANN-ROCH-HIRZEBRUCH INTEGRAL FORMULA 517

replaced with a Dg, ,—x-module and a complex of sheaves on B. We will make this
statement precise. First of all, they show that there exists a coherent holonomic
module £ € Modg.—eq(DBxm, A—p) such that

&= and RFq.L£=0if k#0;
namely, one can take

£ =D r—p XM/v8xm(9c) (DB, A—p XM),

where vy ar(g9c)(DPs, a—p B IMM) denotes the image in Dy r—, X M of the module
gc ® (D, a—p XIM) under the map v« given by equation (@) with the ambient
manifold B x M.

Then we apply the twisted deRham functor to obtain a complex of sheaves

L= DRBXM('S) =def RHO’ITLDBxM‘ A_p(@[g()\ — p) X OM,}:),

which is an element of the bounded Gc-equivariant, C-constructible derived cat-
egory with twist (p — A) along the B-factor denoted Dgc,p—A,C—c((CBXM)' Here
Op(A — p) is a twisted sheaf of holomorphic functions on B, with twist (A — p) (so
that Op(0) is just the sheaf of functions on B with no twist at all).

Let d = dimc B, and let (Q%)~! ~ Op(2p) denote the reciprocal of the canonical
sheaf. Combining the equations (6.7), (7.14) and (7.15) from |[KaSchm| we obtain

(13) RHomp? (M® S, Opgen)
~ RHomp? |\ (Ds,p-2®0, () ©Rp.(L2q™'S), Open (p—A)) [d—2 dime M]
~RHom? _\_ (Dp,-r—p ® Rp.(L @ q~'S), Opan(=A — p))[d — 2dimc M)]
~ RHom (Rp. (£ ® ¢*S), Opan (=X — p))[d — 2 dim¢ M]

as elements of the derived category of Gr-representations D?(Fg,). Here we view
Rp.(L®q~18) as an object in DZ‘R,—A—p,R—c(CB)’ which makes sense because 2p is
an integral weight, and this implies the existence of a canonical isomorphism (6.8)
in [KaSchm]|

Dgn,p—)\,R—c(CB) = ng,—)\—p,R—c(CB)'

That is, the pair (9, S) on the variety M is replaced by a pair
(14) (D5,-x—ps Rp: (L@ ¢7'S))

on the flag variety B, with an additional twist by (—A — p).

Our starting point is the integral character formula (§)) proved by W. Schmid and
K. Vilonen in [SchV2]. We apply it to the right-hand side of ([I3]). We fix a compact
real form Ur C Gc¢. Recall that pug : T*B — g¢ is the moment map defined by
[©), op is the canonical complex algebraic holomorphic symplectic form on 7B,
Az ¢ B — g¢ is the Ug-equivariant Rossmann’s map, and 7 is a certain Ur-invariant
2-form on B. The character of the virtual representation (] is a distribution on
QloP(gr)—the space of smooth compactly supported differential forms on gg of top
degree. For an element ¢ € QL°P(gg), its Fourier transform ¢ € C*(gf) is defined
by (@) without the customary factor of i = v/—1 in the exponent. Then the integral
character formula says that the character 6 of the virtual representation (I3) of Gg,
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as a distribution on Q°P(gg), is

1
15) () = 7/
( ) ( ) (27T’L)dd! Ch(Rp.(L®q—18))e

1 / (/ (X118 (C)Aa) +oi+7x
o X OAITE (X))
(270) Jon(rp. (Loq-18))s \gn [2d]

X egr, (€T*B.
Here p_y = pg — Az, d = dime B, a : T*B — T*B is the antipodal map ¢ —
—(¢, and Ch(Rp.(L ® ¢~18))® denotes the image under this antipodal map of the
characteristic cycle of Rp.(L£ ® ¢~'8) (which is a cycle in T*B).

(Pop_n)-(op+72)"

Remark 3. If Z is a complex manifold and Z® is the underlying real analytic
manifold, then the holomorphic symplectic form o is defined on the holomorphic
cotangent bundle T*Z, while the characteristic cycles of constructible sheaves on
Z lie in the real cotangent bundle 7*(Z®). Hence we need to identify T*Z with
T*(Z®). There are at least two different but equally natural ways of doing this, we
use the convention (11.1.2) of [KaScha)], Chapter XI; the same convention is used
in [LI], [L2], [L3] and [SchV2]. Under this convention, if oz is the canonical real
symplectic form on T*ZR and o is the canonical complex holomorphic symplectic
form on T*Z, then oz r gets identified with 2Reo .

Another important ingredient is a generalization of the Hopf index theorem
stated as Corollary 9.5.2 in [KaSchal. Let 7 be a constructible sheaf on M or
an element of the derived category D% (Cys), and let x(M,7T) denote the Euler
characteristic of M with respect to 7. Then

(16) X(M,T) = #([M] N Ch(T)),

where [M] denotes the fundamental cycle of M. Alternatively, one can apply the
equation (5.30) from [Schii]. Let Thomr- s denote the Thom form of the cotangent
bundle T*M — M. That is Thomp~ s is a closed differential form on T* M of degree
2dim¢ M which decays rapidly along the fiber (or even compactly supported along
the fiber) and such that

/ Thomy-y = (2m)4meM - vy e M.
T*M

We regard M as a submanifold of T*M via the zero section inclusion. Then
the restriction of the Thom form to M is the Euler form of M. Since the form
(27)~ dime M Thomq. s is Poincaré dual to the homology class of [M] in T*M, the
Hopf index theorem (@) can be rewritten as

(17) X(M,T) = #([M]NCK(T)) = (2m)~ dime M Thomy- r,
Ch(T)
which is a generalization of the Gauss-Bonnet theorem.

Recall that Ug is a compact real form of G¢. The form Thomp«,; may be chosen
to be Ur-invariant. If, in addition, the cotangent bundle 7" M has a spin structure,
then V. Mathai and D. Quillen showed in [MQ)] (see also Section 7.7 in [BGV]) that
Thomy«ps can be realized as the top degree part of a Ug-equivariantly closed form
on T* M in a canonical way.

The last essential ingredient is the deformation argument for integrals of equiv-
ariantly closed forms from [L3]. This argument requires that any maximal complex
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torus Te C G¢ acts on M with isolated fixed points. (Since M is compact, there
will be only finitely many of those.) If this condition is satisfied for one particular
torus, then it is satisfied for all tori because all maximal complex tori are conjugate
by elements of G¢. (This condition is satisfied in all applications we have in mind.)

We will combine the integral character formula (IE) and the Gauss-Bonnet for-
mula () to get a formula for the character of the virtual representation (I3) as
an integral over a cycle in T*(B x M). Set

S=L®q 'S and A=Ch(S)*=Ch(Daxu(S)) C T*(B x M).
Here a : T*(B x M) — T*(B x M) is the antipodal map ¢ — —¢ and C’iz(g)a
denotes the image under this antipodal map of the characteristic cycle of S; the
operator Dpyx s is the Verdier duality operator (see (22)) below for its properties).

Theorem 1. Suppose that any maximal complex torus Tc C G acts on M with
isolated fized points. Then the value of the character 8 of the virtual representation
@D on ¢ € AP (gr) is

,I:TL

(18) O(p) = (@ri)Tndl /Af)*((@ opi—y) - (o8 + 1)) A ¢* Thompp

,Z:TL
A ~x (X, uB(C)—Az)+os+Ta A d* Th T+ M NP X )
(27 i)d " /A (/guep ‘ I oM ( ) [2(d+”)],

where p_\ = pug — Az, d = dimge B and n = dim¢ M.

Remark 4. Suppose that the group G¢ = C*, the Dj;-module M is the sheaf of
sections of a Gc-equivariant line bundle (E, Vg) over M as in Example 2] and S is
the constant sheaf Cps. Then the flag variety B is just one point, the cycle A = [M],
and because of the Riemann-Roch relationship (8.4) in [MQ)] (or Theorem 7.44 in
[BGV]), the above integral character formula will reduce to the classical Riemann-
Roch-Hirzebruch formula. There is no curvature of the line bundle (E, V) present
in the character formula (I8]) because we assume that the connection Vg is flat so
that O(E) is a quasi-G¢-equivariant Dps-module.

5. PROOF OF THEOREM [II

We start our proof by applying the fixed point character formula (2)) combined
with @) due to W. Schmid and K. Vilonen [SchV?2] to the right-hand side of (I3).
Thus the character 6 of the virtual representation (I3)) is given by integration against
a function Fp on ggr:

(19) b(p) = / Fyo, € QP (gg).
IR

This function Fy is an Ad(Gg)-invariant, locally L' function on gr whose restriction
to the set of regular semisimple elements g’ can be represented by a real analytic
function. The value of this analytic function at X € gg° is determined by zeroes of
the vector field Xz on the flag variety B as follows.

Recall that tc(X) C gc is the unique Cartan subalgebra containing X € gi®. Let
U(X) C t£(X) be the root system of gc with respect to t¢(X) and pick a positive
root system W< (X) C W such that

Rea(X) <0  forall a € US(X).
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Let B(X) C G¢ be the Borel subgroup whose Lie algebra contains t¢(X) and the
positive root spaces corresponding to <(X). The action of B(X) on B has exactly
the same number of orbits Oy,..., Oy as the order of the Weyl group W of Gc.
Each of these orbits O contains exactly one zero of the vector field Xz, and we
order the zeroes {by,..., by} of Xp so that by is contained in O, k= 1,...,|W|.
The set of zeroes {by,..., by} is precisely the set of Borel subalgebras containing
tc(X). Let \IJ;J",c (X) C ¥(X) be the positive root system such that by contains all
the negative root spaces, k = 1,...,|W|. Then the fixed point character formula
[SchV2| says that the function Fy which appeared in the equation (I9) is

4 —(X,Aop,)

(20) FX) = (21" 3o (X) Mocer oo oK)

where mp, (X)’s are integer multiplicities given by the formula

(1) me (X) = x(Ho, (Bp<(S8))o,) = x((i{pry—0.)" © (fo—5) (Rp.(S))).

Let Dp and Dy s denote the Verdier duality operators on B and B x M respec-
tively:

Dp : DbGug,f)\fp,]Rfc((CB) — Dggy\er,]Rfc((cB);

(22) DBXM : DbGR,f)\fp,Rfc(CBXM) — DbG]R,)\er,]Rfc((CBXM)'

The effect of the Verdier duality operator Dz on the characteristic cycle of an R-
constructible sheaf 7~ (or an element of D} _(Cz)) on any smooth quasi-projective
variety Z is described by

Ch(Dz(T)) = CMT)*,

where a : T*Z — T*Z is the antipodal map ¢ — —¢ and Ch(7T)* denotes the image
under this antipodal map of the characteristic cycle of 7.

For a regular semisimple element X € g¢° we denote by Tc(X) = exp(tc(X)) C
G the maximal complex torus corresponding to the unique Cartan subalgebra
containing X. If x € M is a point fixed by T¢(X), then Te(X) acts linearly on
the tangent space T, M. We denote by A(X) C tc(X)* the set of weights of tc(X)
which are either roots of g¢ or occur in the tangent space T, M of some point x € M
fixed by Te(X).

Let g denote the set of strongly regular semisimple elements X € gf® which
satisfy the following additional properties. If tgr(X) C gr and tc(X) C gc are the
unique Cartan subalgebras in gg and gc respectively containing X, then:

(1) The set of zeroes of the vector field X is exactly the set of points in M
fixed by the complex torus Tc(X) = exp(te(X)) C Gg;

(2) B(X)#0forall 8 € A(X) C te(X)™;

(3) For each g € A(X), we have either

(23) Re(B)lux)y =0  or  Re(B(X)) #0.

Clearly, g is an open subset of gg; since M is compact and A(X) is finite, the
complement of g in gr has measure zero.

From now on we will assume that the element X € gg is not only regular semisim-
ple, but also lies in gi. Then applying the integral localization formula of [L3] to
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the integral character formula (I3]), with the global formula for the multiplicities,
we can rewrite the formula (21]) as
(24)

my, (X) = x(B, (D5(Rp«(S))) 0, ) = X (B, (jor—8): © (jo,—5)* (Ds(Rps(S))))-

Applying Proposition 2.5.11 from [KaScha] to the Cartesian square

O, xM — BxM

! 1
Ok — B

and using that the projection map p is proper we obtain:

(25) myp, (X) = x(B, (jo,—B) © (jOkgB)*(Rp!(DBxM(Sv))))
= X (B, (jox—8)1 © Bp: 0 (jo,x m—Bxar)* (Duxa(S)))
= X (B, Rp1 © (jo, x M—sBxM)1 © (jokngBxM)*(DBxM(g)))
= x(B x M, (jo,x M—BxM)1 © (jkaM%BxM)*(DBxM(g)))
= x(B x M, (Dpx1:(S))0,xa)-

Next we will compare this result with the result of application of the integral
localization formula of [L3] to the integral (I8]). Let

M= 11 O,
{z€M; Xas(2)=0}
be the Bialynicki-Birula decomposition [Bi] of M into attracting sets (relative to

X), as described in [L3]. To obtain this decomposition we pick any X’ € tgr(X)Ngp
in the same connected component of tg(X) N gp and such that

Ref(X) >0 < ReB(X') >0 and RefB(X) <0 < ReB(X') <0

for all 8 € A(X), and the complex 1-dimensional subspace {tX’; ¢t € C} C gc¢ is
the Lie algebra of a closed algebraic subgroup C*(X’) C G¢ isomorphic to C*.
We fix an embedding of C*(X’) ~ C* into C so that the tangent map sends
X' € T,(C*(X")) into an element with nonnegative real part. This embedding
allows us to take limits as z € C*(X’) approaches to zero, and for each x € M with
Xm(x) =0 we set

0, ={y € M; lir%z_1 cy=uxa}.
The sets O, are smooth locally closed algebraic subvarieties of M.
Then
{r € Bx M; Xgxp(z) =0}
={z e B; Xg(z) =0} x {x € M; Xp(z) =0}
={b1,....,oyw} x{z € M; Xn(x) =0}
is the set of zeroes of the vector field Xpy« s, and

Bx M= H Ok x O,

T
{LEEM; Xnm (I):O}
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is the Bialynicki-Birula decomposition of B x M into attracting sets (relative to
X). Applying the integral localization formula to the integral (I8]) yields

" -
v Sk (X, (C)—Az)+oB+Ta A 5% -
- e A ¢" Thomp«pr Ap(X ) 7/ F
(2mi)dtn //\</ng I 721 Ap(X) ORI

for any ¢ € QL°P(gg) with supp ¢ C gf, where the function Fy is

i i e (X:Au,)
k=1 {z€M; X1 (x)=0} ag¥y (X)

and

1k,2(X) = x(B x M, (Dpxm(S))o, x5, )
=x(B x M, (jka()IwaM)! © (jkaOxc—JSXIM)*(DBXM(S)))'
We want to show that Fy(X) = Fy(X). We have

Z o (X) = Z x (B x M, (DBXM(g))OkXOm)

{zeM; X (x)=0} {zeM; X (x)=0}
= X(B x M, (DBXM(g))OkXM) = mbA(X)
Combining this with the equations (20) and (26]) we obtain

N d%‘ o= (XXe,)
Fo(X) =(-1) My = Fyp(X),
= aewy (0 aX)

which proves (I8) at least when supp(yp) C gr. Since the function Fy is known to
be a character of some representation (namely (L)), it is locally L' and the main
result of [L3] now proves ([I8) for all ¢ € QLP(gg).

6. AN EXAMPLE ON THE ENHANCED FLAG VARIETY

The purpose of this section is to show how Theorem [I] can be applied to smooth
quasi-projective varieties which are not necessarily projective. We let our group
Gr be GL(N,R) Cc GL(N,C) = Gg, for some N € N; we denote by B¢ the group
of all invertible lower-triangular matrices and by N¢ C Bg the group of lower-
triangular unipotent matrices, we set Bg = BcNGr and Ng = NcNGr. We will be
interested in the complex homogeneous space Z¢ = G¢/N¢ and its real submanifold
Zr = Gr/Ngr C Z¢. The space Z¢ can be regarded as a fiber bundle over the flag
variety B = G¢/Bc with fibers isomorphic to He =g4ey Bc/Ne ~ (CHN. Tt is
easy to see that these fibers can be identified with each other in a canonical way.
This allows us to think of Z¢ as a trivial principal Hc-bundle which is also a G-
equivariant fiber bundle, and the actions of H¢ and G¢ commute. W. Schmid and
K. Vilonen call Z¢ the enhanced flag variety of gc [SchV2].

Let 8" = (jzzez.)+(Cz,) denote the sheaf on Z¢ which is the direct image of
the constant sheaf on Zg. Fix a A € b and denote by ker xa—, C Z(gc) the kernel
of the character x»—, : Z(gc) — C, and take a Dz.-module

m' = DZC /VZC (ker XA—P)DZC'
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Notice that by construction Z(gc) acts on 9’ by character x»—,. We form a virtual
representation of Gy

(27) RHomggC (M @S, 0zan).

The composition factors of this representation are known to be the principal series
representations of Gg which have the same character on gg. We will obtain an in-
tegral formula for the character of this representation. Of course, the homogeneous
space Zc is not compact, and in order to apply Theorem [Il we need to compactify
Z¢ first.

Recall that Z¢ is a principal (Hg, Gc)-equivariant fiber bundle with commuting
Hc- and Ge-actions. Hence we can embed H¢ =45 Be/Ne ~ (C)N into the
vector space CV and form a Ge-equivariant vector bundle Z¢ ~ CN x B with an
embedding Z¢ — Zc of Gc-equivariant fiber bundles over B. Next we form a line
bundle Ly = C x B over B with trivial G¢-action on the first factor and form a
projectivization M =g.f ]P’(Z@ ® Ly). Then M is a smooth complex projective
variety, G¢ acts on M algebraically, and M contains Z¢ as a dense open subset.
Define

M =Dy/ym(kerxa—p)Dyr and S = (jzeeom 1S = (Jzz—nm )1(Cz,).

For convenience we restate Theorem 5.12 of [KaSchml:

Theorem 2. Let f : X — Y be a Ge-equivariant morphism between complex
algebraic, quasi-projective Ge-manifolds X, Y. If f is projective, there exists an
isomorphism

RHomp$? (M ® f,'T,Oxen) =~ RHomp? ( / M T, Oyan ) [— dim X/Y],
f

functorially in T € Dg, 5 .(Cy) and M € DY .,,(Dx) (the bounded derived
category of Mod®" (Dx)). If f is smooth,

quasi—Gc—eq
RHom 7 (Lf*M&T,Oxen) =~ RHomp? (M® R(fan )T, Oyen)[—2dim X/Y7],
functorially in M € DY ., (Dy) and T € DY, 5 .(Cx).

Applying the second part of this theorem to the open inclusion Z¢ <— M we can
rewrite our virtual representation (Z7) as

RHomz? (M ®S',0zan) =~ RHomp? (M® S, Opran).

The Dp-module M is Z(ge)-finite and lies in ModZZZQi’éC,eq(DM) essentially by
construction. It follows from the Bruhat decomposition of G¢ that B¢ acts on
M with finitely many orbits; this implies that 91 is admissible. It is easy to see
that each maximal torus T¢ acts on M with finitely many fixed points. Therefore,
Theorem [ applies here and we obtain an integral formula for the character of the
virtual representation ([27)). This is probably the most complicated formula for the

principal series character there is.

REFERENCES
[BB] A. Beilinson and J. Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris 292
(1981), 15-18. MR0610137|(82k:14015)
[BGV] N. Berline, E. Getzler, M. Vergne, Heat Kernels and Dirac Operators, Springer-Verlag,

1992. MR1215720/[(94e:58130)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0610137
http://www.ams.org/mathscinet-getitem?mr=0610137
http://www.ams.org/mathscinet-getitem?mr=1215720
http://www.ams.org/mathscinet-getitem?mr=1215720

[KaMF)
[KaSchal]

[KaSchm)]

[L1]

[L.2]

(L3]
MQ]

[Ro]

[Sch]

MATVEI LIBINE

N. Berline and M. Vergne, Classes caractéristiques équivariantes. Formules de lo-
calisation en cohomologie équivariante, C. R. Acad. Sci. Paris 295 (1982), 539-541.
MR0685019//(83m:58002)

A. Bialynicki-Birula, Some theorems on actions of algebraic groups, Ann. of Math.,
98 (1973), 480-497. MR0366940| (51 #3186)

A. Borel et al., Algebraic D-modules, Perspectives in Mathematics, Academic Press,
1987. MR0882000 |(89g:32014)

V. Ginzburg, g-modules, Springer’s representations and bivariant Chern classes, Ad-
vances in Math. 61 (1986), 1-48. MR0847727 (87k:17014)

M. Goresky and R. MacPherson, Local contribution to the Lefschetz fized point for-
mula, Inventiones Math. 111 (1993), 1-33. MR1193595//(94b:55009)

V. Guillemin and S. Sternberg, Supersymmetry and Equivariant de Rham Theory,
Springer-Verlag, 1999. MRI689252//(2001i:53140)

M. Kashiwara, Character, character cycle, fized point theorem, and group represen-
tations, Advanced Studies in Pure Mathematics, vol. 14, Kyoto, Hiroshima, 1986,
369-378. MR1039844/(91h:22029)

M. Kashiwara and T. Monteiro-Fernandes, Involutivité des wvariétés microcar-
actéristiques, Bull. Soc. Math. France 114 (1986), 393-402. MR0882587 (88¢c:58061)
M. Kashiwara and P. Schapira, Sheaves on Manifolds, Springer-Verlag, 1990.
MR1074006//(92a:58132)

M. Kashiwara and W. Schmid, Quasi-equivariant D-modules, equivariant derived cat-
egory, and representations of reductive Lie groups, Lie Theory and Geometry, in
Honor of Bertram Kostant, Progress in Mathematics, vol. 123, Birkh&user, Boston,
1994, pp. 457-488. MR1327544 (96e:22031)

M. Libine, A localization argument for characters of reductive Lie groups, Jour. Funct.
Anal. 203 (2003), 197-236; also math.RT/0206019. MR1996871|/(2004h:22007)

M. Libine, A localization argument for characters of reductive Lie groups: an in-
troduction and examples in P. Delorme, M. Vergne (Eds.), “Noncommutative Har-
monic Analysis: In Honor of Jacques Carmona”, Progress in Mathematics, vol. 220,
Birkh&user, 2004, pp. 375-394; also math.RT/0208024. MR2036577/(2005b:22019)
M. Libine, Integrals of equivariant forms and a Gauss-Bonnet theorem for con-
structible sheaves, math.DG /0306152, 2003.

V. Mathai and D. Quillen, Superconnections, Thom classes and equivariant differen-
tial forms, Topology 25 (1986), 85-110. MR0836726| (87k:58006)

W. Rossmann, Invariant Eigendistributions on a Semisimple Lie Algebra and Ho-
mology Classes on the Conormal Variety I, II, Jour. Funct. Anal. 96 (1991), 130-193.
MR1093510//(92g:22033); MR1093511|(92g:22034)

W. Schmid, Character formulas and localization of integrals, Deformation Theory and
Symplectic Geometry, Mathematical Physics Studies, 20 (1997), Kluwer Academic
Publishers, 259-270. MR1480727 (98k:22074)

W. Schmid and K. Vilonen, Characteristic cycles of constructible sheaves, Inventiones
Math. 124 (1996), 451-502. MR 1369425 (96k:32016)

W. Schmid and K. Vilonen, Two geometric character formulas for reductive Lie
groups, Jour. AMS 11 (1998), 799-867. MR 1612634 (2000g:22020)

J. Schiirmann, Topology of Singular Spaces and Constructible Sheaves, Monografie
Matematyczne, vol. 63, Birkhduser, 2003. MR2031639 (2005f:32053)

H. Sumihiro, FEquivariant Completion, J. Math. Kyoto Univ. 14 (1974), 1-28.
MRO0337963|/(49 #2732)

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF MASSACHUSETTS, LEDERLE
GRADUATE RESEARCH TOWER, 710 NORTH PLEASANT STREET, AMHERST, MASSACHUSETTS 01003

E-mail address: matvei@math.umass.edu

Current address: Department of Mathematics, Yale University, P.O. Box 208283, New Haven,
Connecticut 06520-8283

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0685019
http://www.ams.org/mathscinet-getitem?mr=0685019
http://www.ams.org/mathscinet-getitem?mr=0366940
http://www.ams.org/mathscinet-getitem?mr=0366940
http://www.ams.org/mathscinet-getitem?mr=0882000
http://www.ams.org/mathscinet-getitem?mr=0882000
http://www.ams.org/mathscinet-getitem?mr=0847727
http://www.ams.org/mathscinet-getitem?mr=0847727
http://www.ams.org/mathscinet-getitem?mr=1193595
http://www.ams.org/mathscinet-getitem?mr=1193595
http://www.ams.org/mathscinet-getitem?mr=689252
http://www.ams.org/mathscinet-getitem?mr=689252
http://www.ams.org/mathscinet-getitem?mr=1039844
http://www.ams.org/mathscinet-getitem?mr=1039844
http://www.ams.org/mathscinet-getitem?mr=0882587
http://www.ams.org/mathscinet-getitem?mr=0882587
http://www.ams.org/mathscinet-getitem?mr=1074006
http://www.ams.org/mathscinet-getitem?mr=1074006
http://www.ams.org/mathscinet-getitem?mr=1327544
http://www.ams.org/mathscinet-getitem?mr=1327544
http://www.ams.org/mathscinet-getitem?mr=1996871
http://www.ams.org/mathscinet-getitem?mr=1996871
http://www.ams.org/mathscinet-getitem?mr=2036577
http://www.ams.org/mathscinet-getitem?mr=2036577
http://www.ams.org/mathscinet-getitem?mr=0836726
http://www.ams.org/mathscinet-getitem?mr=0836726
http://www.ams.org/mathscinet-getitem?mr=1093510
http://www.ams.org/mathscinet-getitem?mr=1093510
http://www.ams.org/mathscinet-getitem?mr=1093511
http://www.ams.org/mathscinet-getitem?mr=1093511
http://www.ams.org/mathscinet-getitem?mr=1480727
http://www.ams.org/mathscinet-getitem?mr=1480727
http://www.ams.org/mathscinet-getitem?mr=1369425
http://www.ams.org/mathscinet-getitem?mr=1369425
http://www.ams.org/mathscinet-getitem?mr=1612634
http://www.ams.org/mathscinet-getitem?mr=1612634
http://www.ams.org/mathscinet-getitem?mr=2031639
http://www.ams.org/mathscinet-getitem?mr=2031639
http://www.ams.org/mathscinet-getitem?mr=0337963
http://www.ams.org/mathscinet-getitem?mr=0337963

	1. Introduction
	2. Preliminary results
	3. Setup
	4. Statement of the main result
	5. Proof of Theorem 1
	6. An example on the enhanced flag variety
	References

