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EQUIVARIANT DERIVED CATEGORY
OF A COMPLETE SYMMETRIC VARIETY

STEPHANE GUILLERMOU

ABSTRACT. Let G be a complex algebraic semi-simple adjoint group and X
a smooth complete symmetric G-variety. Let L = @, Lo be the direct sum
of all irreducible G-equivariant intersection cohomology complexes on X, and
let £ = ExtDG(X)(L7 L) be the extension algebra of L, computed in the G-
equivariant derived category of X. We considered £ as a dg-algebra with
differential dg = 0, and the &, = ExtbG(X)(L, L) as E-dg-modules. We
show that the bounded equivariant derived category of sheaves of C-vector
spaces on X is equivalent to Dg (€4 ), the subcategory of the derived category
of £-dg-modules generated by the &,.

1. INTRODUCTION

The aim of this paper is to give a description of the equivariant derived category
of a smooth complete symmetric variety. Let G be a complex algebraic semi-simple
adjoint group, ¢ an automorphism of G of order 2 and H = G7. Let X be a complete
symmetric variety containing G/H as open orbit, as defined in [7], section 5: this is
a smooth compactification of G/H with a G-action (extending the action on G/H)
and with a G-equivariant morphism to the canonical compactification described
in [6]. From [6] and [7] we have the following results on the G-orbits of X: X\(G/H)
is the union of irreducible smooth G-stable divisors with normal crossings, say
Dy, ..., Dy; any non-empty intersection D;, N ... N D;  is the closure of a single
G-orbit, and, conversely, for any G-orbit @ in X, O is the intersection of the Dj
containing O. We consider X as a complex analytic variety, with its transcendental
topology.

We denote by Dg(X ) the bounded equivariant derived category of sheaves of
C-vector spaces on X; we let D’é’c(X ) be the subcategory formed by constructible
objects (it is introduced in [3]—we recall the points we need in section 21]). Let S
be the set of G-orbits of X. For a G-orbit O, let 7o be the group of components
of the stabiliser. A representation p of 7o induces a G-equivariant local system
on O and we let L7, be the corresponding intersection cohomology complex. Since
O\ O consists of normal crossings divisors, L7, is in fact a sheaf. It is known that,
for any orbit O, there exists s with 7o ~ (Z/2Z)° (we recall this in section [).
In particular, for p irreducible, the local system L{,|o is of rank 1. The category
DY, .(X) is generated by the Lf, for all O, p as above. We set L = @ Lf, €

DY .(X), where O runs over S and p runs over the irreducible representations of
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To. We consider the graded ring & = @, Ext’(L,L) (here Ext’(L, L) denotes
Hompe, (x)(L, L[i])). We view € as a differential graded algebra (“dg-algebra”),
with differential dg = 0, and we denote by D¢ the derived category of £-dg-modules,
introduced in [3] (we recall its definition in section ZI). We let Dg(E5) be the
subcategory generated by the E-modules 5 = @, , Ext'(L, LY), for all O in S
and all irreducible representations p of 7¢.

On general grounds recalled below (a kind of derived version of the Freyd-
Mitchell embedding theorem) there exists a dg-algebra R with cohomology H'(R) ~
& such that the category D%ﬁC(X) is equivalent to a subcategory of Dr. We will
prove that we can actually take R = £.

c

i€z

Theorem 1.1. With the above notation, the categories D%’C(X) and Dg(ED) are
equivalent.

The statement of this theorem is inspired by questions of Soergel (see [14], [15]
where it is asked whether it holds for a Langlands parameter space, instead of a
symmetric variety here). The case of general (possibly singular) toric varieties was
done by Lunts in [13] and we follow the principle of his proof. Some difficulties
appear: unlike the toric case, for a G-orbit O, the smallest open G-stable set
containing O is in general not homotopically equivalent to O; moreover, we may
have non-connected isotropy groups.

Let us say a word about the algebra £. For two G-orbits O and O’, O N O’ is
a (smooth) orbit closure, say O N O’ = O”. Let ¢ be its complex codimension in
O'. If p and p’ are the trivial representations of 7o and 7o/, then Ext (LY, L’(’Q,/) ~
H;?(O7) (in this paper for a group G and a topological space Y with a G-
action, we denote by H,(Y) = Hy,(Y'; C) the G-equivariant cohomology of Y, with
coefficients in C). Hence, in the case where all 7o are trivial, the computation of £
reduces to the computation of H, (0), for all G-orbits O of X. But O is a “regular
embedding” in the sense of Definition 5 of [2] (this means that O has a finite number
of G-orbits, that each G-orbit closure in O is the transversal intersection of the
codimension 1 orbits containing it, and that, for each p € O, G, has a dense orbit
in the normal space at p to the G-orbit containing p). In [2] there is a description of
the equivariant cohomology of a regular embedding, say Y, as a subalgebra of the
product of the equivariant cohomology algebras of the G-orbits of Y. Note that, for
a G-orbit G-p,peY, H, (G- p) ~ H'Gp({pt}) only depends on the stabiliser of p.
For a symmetric variety, these stabilisers G, can be determined from the action of
the involution € on the root system of G with respect to a suitable maximal torus.
Hence we have a method to compute the Hg(O), for all G-orbits O of X. This
could lead to a combinatorial description of the algebra £ and the modules £, at
least when the groups 7o are trivial. We note that in the case of toric varieties the
computation of the equivariant intersection cohomology from combinatorial data
has been carried out in [I] and [4].

The plan of the proof mostly follows that of Lunts in the toric case (see [13]).
The principle is the following. We first show that DI&C(X) is equivalent to Dy (HJ),
where H is a sheaf of dg-algebras on a finite set I, D3y denotes the derived category
of sheaves of H-dg-modules, and the HY, are H-modules corresponding to the Lf,
(I and H are described below). On a finite set, the category of sheaves has enough
projectives, so that, for each H), we may choose a projective resolution P2 —
HY. We set P' = @ Pf, where the sum is over all G-orbits O and irreducible
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representations p of 70. We consider the dg-algebra R° = Hom(P', P') and the
left R-modules Rf, = Hom(P", P5). Since D}, ,(X) and Dy (H) are equivalent,
we have H' (R) ~ &£ and H (R{,) ~ &/. We let Dg be the derived category of
left R-dg-modules. By general arguments, the functor Dy (Hp,) — Dr(Rp), F —
Hom(P, F) is an equivalence of categories. Now, any quasi-isomorphism R — R’
between two dg-algebras induces an equivalence of categories between D and Dg/,
by restriction and extension of scalars. So we conclude the proof of the theorem by
showing that R is quasi-isomorphic to its cohomology (such dg-algebras are called
“formal”).
We give the details first assuming that all 7o are trivial.

1) We recall the following facts about DI’G’c(X ) (see section 2.1)). Let E be
a universal bundle for G. By the construction of Bernstein and Lunts in [3], the
category DI’G’C(X ) is the subcategory of D(E x ¢ X ) generated by the sheaves induced
by G-equivariant constructible sheaves on X. More precisely, in our situation it is
generated by the sheaves E X L{,, which are equal to E xg Cq = Cry o, since
we assume that the 7o are trivial. However, there is no slice theorem for a G-action
and we find it easier to work in the equivariant derived category for the action of a
compact group. In fact, if K is a maximal compact subgroup of G, the restriction
functor D% (X) — Db (X) is fully faithful. Since D% (X) is itself a subcategory of
D(FE x i X), this identifies DI’G’C(X) with the subcategory of D(E X g X) generated
by the Cg, , &-

2) Following [I3], we obtain a category equivalent to D(E x ¢ X) as follows. From
now on, we assume that the maximal compact subgroup K is compatible with o
(i.e., o commutes with the conjugation on G induced by K). We decompose X
according to the K-orbit types, and take the connected components: X = | |,.; X;.
This is a stratification of X, which is precisely described in [2]. We let ¢ : X — T
be the map such that ¢(X;) = {i} and endow I with the quotient topology. We
also denote by ¥ : E X X — I the induced map. Since G is linear, we may take
for £ an increasing union of G-manifolds (e.g. Stiefel manifolds), F = (J, cn Ek-
Then the sheaves of C*°-forms of degree i on Ey, xx X, Qf .y, form a projective
system, and we define QZEXK y as the projective limit of the QZEMK x- The complex
Q% . x has a natural structure of sheaf of dg-algebras and it gives a soft resolution
of CE>< kX~

We set A = 9. (Qpx,x). This is a sheaf of dg-algebras on I. We consider
the direct image functor -y : Dl&,c(X) — Dy, F' = (Qpxx ® F'). We prove
that v(Cg) ~ Ay @), for any G-orbit O, and that y gives an equivalence between
DI’G’c(X ) and Da(A@)). This point uses the following property of our stratifica-
tion. For j € I, we let V; C X be the smallest open subset of X containing X; and
constructible with respect to the stratification X = | |,.; X;. Then, there exists a
K-equivariant homotopy contracting V; to K - x;, for some z; € Xj.

3) Let H be the cohomology sheaf of A, i.e., the sheaf on I associated to
U — H(A(U)). We consider H as a sheaf of dg-algebras with differential 0. We
prove that there exists a sequence of quasi-isomorphisms A «+— A" — A" «— .- - H
(actually there are 5 steps in this sequence). This implies that the categories
Da(Ay)) and Dy (H,)) are equivalent.

Let us remark that the sheaf A is determined by the stalks A;, i € I, since we
are on a finite set. For a given ¢ € I, the formality of the dg-algebra A; is easy: we
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have A; = A(¢(V;)), with V; as above, and H'(A;) is the K-equivariant cohomology
of K - z;, since V; has a retraction to K - z;. Since Hj (K - x;) = Hy ({pt}) is
a polynomial algebra (because K, is connected), any choice of representlatives for
its generators gives a quasi-isomorphism sz_({pt}) — A;. But, of course, to
obtain the formality of the sheaf of dg—algebrasl.A, we need additionally that these
quasi-isomorphisms commute with the restriction maps A; — A;, for i € m

The construction of the sequence of quasi-isomorphisms above makes use of the
description of the stabilisers given in [2]. Let us briefly recall it. Let S be a maximal
split torus of G' and denote by 2o € X the class of 1¢, 29 € G/H C X. Then S -z
is a smooth toric variety for the action of S’ = S/(SN H) = S/{t € S;t> =1} and
contains a toric subvariety Z, with the following properties. Taking intersection
with Z gives a bijection between the set of G-orbits of X and the set of S-orbits of
Z. Moreover, the action of K in X has a compact fundamental domain Cx C Z.
We set S¢ = SN K; this is a maximal compact subgroup of S. For x; € X; N Cx,
we have, modulo a finite group, the decomposition K, =S¢ x K;, where S = 57
and K; = K,, N K7, only depend on the stratum X;. Hence H; = Hjy ({pt}) =~
Hge({pt}) ® Hy, ({pt}).

Now we build a morphism from Hg.({pt}) to A;. Let D,, v € V, be the ir-
reducible G-stable divisors of X and @, the G-orbits such that D, = O,. We
denote by Sy the stabiliser in S¢ of any point of O, N Z. Then Sf =~ [[,cA, Si,
where A; = {v € V; X; C Dy}, and Hg({pt}) = C[Z,; v € Aj], with degZ, = 2.
Let 0, be the G-equivariant fundamental class of D, in X and &, € Q%XK x a
representative of d,. For ¢ € I, we define f; : Hg.({pt}) — Ai, Ey — &l Expvi-

For the factor K; in the decomposition, usi}lg the Cartan model for the K-
equivariant cohomology, we prove that we have quasi-isomorphisms:

D(E/Ki; Qi) <= Wi 5 Hy ({pt}),

where the W; are intermediate dg-algebras, which are subalgebras of the Weil alge-
bra of the Lie algebra of K. These quasi-isomorphisms only depend on the choice
of a connection on E. They are compatible with the natural maps from Hp ({pt})
to Hy ({pt}) induced by inclusions K; C K; (and the similar maps between the
de Rham algebras). Finally, the maps f; ® ¢; and f; ® h; give compatible quasi-

isomorphisms between the A; and the H,;.

4) By steps 2 and 3, the categories D%,C(X) and Dy (H ) are equivalent.
Now we can build explicit projective resolutions, using Cech coverings of I. Let
Po — H, @) be such a resolution, P* = P Po and R = Hom(P", P"). To conclude
the proof of the theorem it is sufficient to show that R is quasi-isomorphic to its
cohomology. The sheaf H itself has differential 0 and this fact can be used, as
in [13], to endow R with a graduation different from the canonical one. With this
graduation, we prove that H'(R’) vanishes for i # 0. Hence R is concentrated

in degree 0, and quasi-isomorphic to its cohomology, by the natural morphisms
R TS()R — H(R)

This was the idea for the case where all isotropy groups are connected. In
general, simply taking the direct image to I as above would send some local systems
to objects quasi-isomorphic to 0 (for example, let H be a finite group, V' a non-
trivial irreducible representation of H, L the H-equivariant local system on the
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point corresponding to V, then we have Hj, ({pt}; L) = 0; recall that we work with
coefficients in C). So we modify step 2 as follows.

2’.a) Let Lg be the sheaf induced by L = @(O)p) Lf on E xxg X. We will
replace the dg-algebra A = .(Qgx,x), representing R, (Cpx,x), by a dg-
algebra representing Ry, RHom(Lg,Lg). Let us consider a variety Y endowed
with two sheaves L, L' which are local systems on subvarieties Z, Z’ and 0 outside
(here Y = Ej, x i V;, for some k and i, and L = Ej, xg Li|y,, L' = Ey xx Lty |v,).
We assume that Z N Z’ is a smooth subvariety of Z’. Here is how we represent
RHom(L, L'). We consider tubular neighbourhoods: Ty of ZNZ' in Y, T of Z\ T
in Y\ Ty, T" of Z/\'T} in Y \ T;. We choose them so that T N7’ = and T; N T
is a tubular neighbourhood of T3 N Z (and the same for 7). We extend L to a
local system L; on T7 UT and extend Ly by 0 outside T} UT; we define L from L’
similarly. Then we show that RHom(L, L") ~ RHom(L1, L}) and that the complex
of sheaves RHom(L1, L)) is actually a sheaf (concentrated in degree 0). Hence we
may represent RHom (L, L") by the complex I'(Y; Qy ® Hom(L1, L})).

We want to make this procedure work not only for the sheaves L, L’ as above, but
for all pairs Lf,, L7, simultaneously. For this, we prove that we can decompose X
into K-invariant “tubes” Tj, such that X = | |,.; T3, with the following properties.
For a G-orbit O and a representation p of 7o, we set Z5) = {z € X;(Lp), # 0}
and T} = U{i;mczg} T;. Then L7, has an extension, L7, to T4 and we have, for
any other pair (O, p'):

RHom(L%, L%,) ~ RHom(L%,, L% and H'(RHom(L%,, L)) =0, for i # 0.

We set Ly = E Xk D 0,,) Lo and define ¢’ : Exx X — I by ¢'(E xx T;) = {i}.
Then A" = ¢, (Qpx,x ® Hom(L'y, Ly)) is a sheaf of dg-algebras on I, such that
H (A}) ~ Extp, v,y (L]vi, L|v;). We also have a direct image functor « : D} (X) —
Da, F — ¥ (Qpx,.x ® Hom(L’, J)), for an injective resolution F' — J of F.
Setting M{ = (L), v gives an equivalence of categories between Dy  (X) and
D (M5).

2’.b) This procedure almost replaces step 2 above: we have built a sheaf of dg-
algebras on I, whose derived category is equivalent to D%ﬁC(X ). But our sheaf
A’ is not so easy to handle, because the “tubes” T; are not intrinsically related
to the data. We first built a second sheaf B, quasi-isomorphic to A’ as follows.
Let us consider again the variety Y endowed with local systems L, L’ on subva-
rieties Z, Z’ extended to Ly, L} on Ty UT, Ty UT’. Let us assume moreover
that Z N Z’ has a neighbourhood T, containing 7; and such that the inclusion
ZNZ C Ty is a homotopy equivalence. Hence we may extend L;|z and L[z
to local systems, Lo and L} on Tp. For ¢ = Codim(Z:, Z N Z', we have a “Gysin
isomorphism” Ext (L|znz:, L'|znz) =% BExt™2¢(L,L’) given by the multiplica-
tion by the fundamental class, 6, of Z N Z' in Z’. Let £ € T'(Y;(Q%¥)r,) be
a representative of §. Then the multiplication by £ gives a quasi-isomorphism
[(T; Qp, @ Hom(Le, L)) — T(Y; Qy @ Hom(L1, L}))[2¢]. Our sheaf B is defined
as follows. For i € I, recall that the inclusion X; C Vj; is a homotopy equivalence, so
that the L{|x, extend as local systems, Lg, ;, to V;. Weset L = E xKk D0,y L
and B; =T'(F Xk Vi; Qpx v, ® Hom(L!, LY)). The above Gysin isomorphism im-
plies that we have a quasi-isomorphism B — A’. Now, as a sheaf, B is intrinsically
defined from the data of X, the local systems L{, and the stratification. However,
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we also have to understand what the multiplicative structure becomes through the
Gysin isomorphism: for a third local system L” on a subvariety Z”, we have a com-
position Ext’ (L, L") x Ext’ (L', L") — Ext’ (L, L"). Tts counterpart on the extensions
groups Ext’ (L|znz/, L'|znz'),- . -1s also given by the composition, but twisted by
fundamental classes of some subvarieties obtained from intersections of Z, Z’, Z".
More precisely, let us consider A, A’, A” C V, such that Z = (), cx Exgx D, Z', Z"
being obtained in the same way from A’, A”. For W C V', we set 6(W) =[], cyy 0v-
The Gysin isomorphism, from Ext (L|znz:, L'| z02/) to Ext2¢(L, L') is then given
by the multiplication by §(A \ A’), and the product

Ext (L|znz, L'\ z02') X Ext'(L'| 0z, L" | 21021 ) — Ext (Ll znzr, L" | 2027)

is defined by the composition of the cup-product on ZNZ’'NZ" and the multiplica-
tion by 0((A"\ (AUA"))U((ANA")\A")). The product in B is defined by a similar
formula, where the classes d,, are replaced by their representatives &, already intro-
duced above. We prove that we can choose a chain of quasi-isomorphisms, from B
to H(B), compatible with the product, as in step 3. The final step 4 is the same as
in the case of connected isotropy groups.

Here is the plan of the paper. In section 2lwe recall some facts about equivariant
derived categories, Weil algebras and constructible sheaves. In section Bl we con-
struct the dg-algebras A’ and B of steps 2’.a and 2’.b above. The main result of this
section is Proposition 371 In section M we recall some results of [2] on symmetric
varieties and use them to prove that the hypothesis of Proposition [3.7] are satisfied.
Sections [ and [6] are devoted to the proofs of steps 3 and 4.

Notations. Notations for functors on sheaves are taken from [I0]. For a topological
space X, we denote by D(X) (resp. D?(X)) the (resp. bounded) derived category
of sheaves of C-vector spaces on X. If X is a real analytic manifold, we denote by
D% _.(X) the subcategory of D’(X) formed by complexes with real constructible
cohomology. The constant sheaf of group M on X is denoted Mx. The direct and
inverse images by amap i : X — Y are denoted i, and i ~'. If X and Y are separated
and locally compact, i) denotes the direct image with proper supports. If ¢ is the
embedding of a locally closed subset X of Y, and F' € D(Y), we set Fiy = iyi~1F and
for a group M, Mx = (My)x. We will also use I'x (F), which is the subsheaf of F'
given by the sections with support in X, when X is closed, and the sheat U — F(UN
X) when X is open; in general, we have I'xnx/ F = I'xI"x/ F'. The homomorphisms
sheaf is denoted Hom(-,-). We recall that Rl x(F) ~ RHom(Cx,F). For F €
DY(X), we set F* = RHom(F,Cx). We will sometimes use the notation, for a
subset Z CY and F € D(Y), RI(Z; F) = RU(Z; F|z).

For a triangulated category D and objects M, € D, we denote by D(M,,) the
triangulated subcategory generated by the M,, i.e., the smallest full triangulated
subcategory of D such that: (i) D(M,) contains the M, and (ii) if N ~ M and
M € D(M,), then N € D(M,).

For a complex M', n € Z, M|n] denotes the complex Mi[n] = M with
differential (—1)"d;.

For a manifold X, we denote by 2x the de Rham complex of X. If not specified,
the cohomology of a space is taken with coefficients in C.
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2. PRELIMINARIES

2.1. Equivariant derived categories. In this section we recall some results of [3]
and [I3] about equivariant derived categories and (sheaves of) dg-algebras. We
consider, for the convenience of exposition, a linear Lie group G with finitely many
connected components (in section [d] G will be complex semi-simple). We let K be
a maximal compact subgroup of G. Hence the variety G/K is isomorphic to an
affine space R*.

We consider a sequence of embeddings of G-manifolds F; C FE;;; with free
actions such that H*¥(E;) = 0 for 0 < k < i (since G is a linear group, one may
choose Stiefel varieties for the E;). We set E = J;cn Ei, endowed with the limit
topology. The bounded equivariant derived category of X, D% (X), is the category
formed by the triples F' = (Fx, F,3) where Fx € D’(X), F € D*FE xg X)
and 3 is an isomorphism between the inverse images of Fx and F on E x X.
The morphisms from F to F' = (Fi,F’,3') are the pairs of morphisms (ux,),
uy : Fx — F%, 4 : F — F’ commuting with 3 and 8. It is shown in [3] that
D% (X) is independent of the choice of E. (The reason to assume that E is a limit
of manifolds is to be able to define functors such as the proper direct image or
the extraordinary inverse image.) If X is a real analytic manifold, we denote by
DY, .(X) the subcategory of DY (X) formed by the triples F above such that Fx has
real constructible cohomology sheaves. By [3], Lemma 2.9.2, the forgetful functor
F = (Fx,F,B) — F identifies D%,C(X) as a full subcategory of D*(E x¢ X).

Let §: F xg X — E Xg X be the quotient map. The restriction functor Rx ¢ :
DI’G’C(X) — D’}CC(X), (Mx,M,) — (Mx,q '(M),3), is fully faithful. Indeed,
for F', F' € Df .(X) we have an isomorphism Hompy (x)(F, F') =~ H(E x¢g
X; RHom(F, F")), and the corresponding isomorphism in D (X). Since the fibres
of q are acyclic, we have, VM € D}, (X), H(E xx X;q'(M)) ~ H°(E x¢
X; M). This implies the claim because of the isomorphism Ry g(RHom(F, F")) ~
RHOTTZ(RK)G(F), RK)G(F/)).

For a G-orbit, O ~ G/H, of X, we denote by 7o = H/H?" the group of connected
components of the isotropy group H. The G-equivariant sheaves with support O
are in correspondence with the representations of 7o. (Let us recall that the objects
of D% (X) concentrated in degree 0 correspond to the G-equivariant sheaves on X.)
For a representation p of 70, let L7, denote the corresponding local system on O.
Let us assume that G has finitely many orbitsin X. Let i» : O — X be the inclusion
of an orbit O. For F € DY (X), we see, by induction on the length of iy,' F', that
i(_,)lF belongs to the triangulated subcategory of D%,C(O) generated by the Lf,. We
consider the morphism u : F' — R(z’o)*ialF and denote by F, the third object of
a distinguished triangle built on u. If O is open in supp F', then supp F, contains
less orbits than supp F. We deduce that the category Dgﬁ(X ) is generated by the
Rio. L, where O runs over the G-orbits and p over the irreducible representations
of 70. Hence the restriction functor identifies D[’G’C(X ) with the subcategory of
DY .(X) generated by the Riop, L (viewed as objects of D%7C(X)).

As in the introduction, we let QdEiXK x denote the sheaf of C*°-forms of degree
don F; xg X, and we set Q%XGX = @Z chlfich' The complex Q7  is a soft
resolution of Cgx,x by a sheaf of differential graded anti-commutative algebras.
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We call dg-algebra a non-negatively graded algebra over C, A = @, N A
endowed with a differential d of degree 1 such that, for any homogeneous elements
a,b, d(ab) = (da)b+(—1)%€%q db. In [13] Lunts considers a sheaf of dg-algebras, A,
over a topological set I with finitely many points and defines the derived category
D4 as follows. We denote by M 4 the category of sheaves of dg-modules over A. A
morphism f : M — M’ is called a quasi-isomorphism if Vi € I, f; : M; — M] is
a quasi-isomorphism. We consider K 4, the category with the same objects as M 4
and with sets of morphisms quotiented by the null-homotopic morphisms. Then
D4 is the localisation of K4 by the quasi-isomorphisms. There is a substitute for
the notion of projective object in this framework: an object P € M 4 is said to be
K-projective (see [16] and [3], p. 74) if Homgk , (P,-) = Homp , (P, ).

Let A be the graded algebra underlying A and let M4 be the category of
(non-differential) graded A-modules. For M, N € My, we set Hom"(M,N) =
Homy, (M, Nn]) and, for f € Hom"(M,N), df = dy o f — (=1)"f odp. This
turns Hom" (M, N) into a complex, and we obtain a bifunctor from M% xM 4 to the
category of complexes of abelian groups. Denoting by RHom its derived functor,
we have Homp , (M, N) ~ H° RHom(M, N).

Here is how to obtain K-projectives in M 4. For an open subset U of I and
an A-module F, let Fy be the extension by 0 of F|y. For M € My, we have
Hom (Ay, M) = T'(U; M). For a point ¢ € I, we denote by U; the smallest open
subset of I containing 7. These fundamental open sets generate the topology of I.
For a sheaf F' on I we have F; = F(U;). Hence the functor of sections over U; is ex-
act and the A-module Ay, is K-projective. One may deduce that the category K4
has enough K-projectives and hence also enough K-flat objects (see [13], Proposi-
tion 1.7.4). Let ¢ : A — B be a morphism of sheaves of dg-algebras on I such that
Vie I, H(¢;) : H(A;) — H(B;) is an isomorphism. By [13], Proposition 1.11.2, the
functors of restriction and extension of scalars induce an equivalence of categories
DA ~ DB.

2.2. Formality of classifying spaces. An important point in the proof of The-
orem [[.T]is the fact that some de Rham algebras are formal, i.e., quasi-isomorphic
to their cohomology algebras. We will use, in particular, the following consequence
of the results of [5]: for a compact Lie group K with universal bundle E (given
as above by a sequence of K-manifolds) the de Rham algebras I'(E/H; Q) are
formal in a compatible way for all subgroups H C K (see Lemma [2Z3] below).

Let us first recall the definition of the Weil algebra W (£) of a Lie algebra £, as
explained in [5] (see also [9]). As a graded C-algebra, W () = A" (¢*)®@.5"(£*), where
A (%) denotes the exterior algebra of £* and elements of A'(€*) ~ £* have degree
1, and S"(£*) denotes the symmetric algebra of £* and elements of S*(£*) ~ £* have
degree 2. The algebra W (£) is endowed with a differential, §, of degree 1, and
derivations, for any x € &, i(x) of degree —1, 6(z) of degree 0. They satisfy the
relations, for x,y € &

(1) 0([z, y]) = 0(x) 0(y) — 6(y) (),
(2) ila, y]) = () i(y) — i(y) O(x),
(3) O(x) =i(x) 0+ di(z).

They are defined as follows. First we note that, for a connected Lie group K,
with Lie algebra ¢, A'(¥*) is identified with the left invariant subalgebra of Q (K)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



534 STEPHANE GUILLERMOU

and inherits the differential dj, the contraction i (x) by the vector field associated
to z € & and the Lie derivative 05 (z). Explicitly, for (z,2') € € x £*, we have
in(z)(z') = (x,2'), Op(x)(2") = —ad(2'), and, for dual basis (x;) of &, (x}) of €*,
we have dy = 1 3, 2/0x ().

Now we define i(z), 6(z) and 6 on W (¢). Since they are derivations, they are
uniquely determined by their values on the generators of W (). In the following
formulas, z € €& 2/ € A'(€*) ~ &, 7' € S'(¢*) ~ € (recall that deg(z’) = 1,
deg(Z') = 2). We let h : AL(£*) =~ S'(&*) be the natural isomorphism and we
consider dual basis (z;) of ¢, (z}) of £*. With these notations we have:

i(z) (7' ®1) =ip(x)(2)) = (x,2'), i(z)(1®3") =0,
O(z)(2’ ®1) = —ad(z') @1, (x)(1®7) = —-1®ad (),
52’ ®1)=dp(z") @14+ 1@ h(a), 1) =3,z ®0(x)(@).
By [5], Theorem 1, we have:
(4) H(W(8),8)=C, Vi>0 H(W(),d) =0.

Definition 2.1. Let (A,d4) be a dg-algebra. One says that € acts on A, if A is
endowed with two linear maps, ¢,6 : £ — Der(A), from £ to the space of derivations
of A, such that, Vo € €, i(z) is of degree —1, 0(x) of degree 0, i(z)?> = 0 and 1, 0,
d 4 satisfy the relations ([0) to @), with d4 instead of §. In this case, the subspace
of “¢-basic” elements,

AE—b = {CL € Av Vz € E7 z(:c)(a) = 9(1‘)(&) = 0}7
is a sub-dg-algebra.

We note that, if 6 is given by differentiation of a K-action in A, and K is
connected, then the subalgebra of K-invariants is AX = {a € A; Vz € ¢, §(x)(a) =
0} (in general A¥ is not stable by d4). The main example is given by the de Rham
algebra 2'(T") of the total space of a K-principal fibre bundle, 7 : T — B: for
x € ¥, i(x) and 0(x), are the usual contraction and Lie derivative associated to the
vector field on T induced by . We have Q' (T)¢—, ~ Q' (B). For W (¥), the elements
annihilated by all contractions i(x), x € ¢, are the elements of S(€*); hence, if K is
connected, W (€)s_p ~ (S(&))X.

For a K-principal fibre bundle T" as above, recall that a connection on T is the
data of projections, VP € T, ¢p : TpT — Tp(7~17(P)), such that Vk € K, ¢rp
is conjugate to ¢p by the action of k (and the ¢p vary differentiably). Since the
derivative of the K-action naturally identifies ¢ with Tp(7~17(P)), a connection
corresponds to a morphism f : €& — QY(T). More generally, for a dg-algebra
(A,da), with a E-action, a “connection” on A is a linear morphism f : €& — Al
satisfying:

(5) Veetvalct, i@ (@)= (0a), 0@)(f(@) = f(~ad(a')).
We extend naturally f to an algebras morphism, still denoted by f, from A" (£*) to
A. But, in general, f does not commute with the differential. The algebra W ()

has the following universal property: we may extend f to an algebras morphism,
f: W) — Q(T), with the following values on the generators:

f@'e1)=f),  fAeh))=da(f()) - f(da(a")),

commuting with the differentials, the “contractions”, i(x), and the “Lie deriva-
tives”, #(z). In particular, for the K-principal fibre bundle T' above, we obtain a
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morphism f:W() — Q(T), and it induces a morphism on the basic sub-algebras
f:(SE)NE - Q(B).

The following result can be found in [5], though not explicitly stated. This is
also a particular case of Theorem 4.3.1 of [9].

Theorem 2.2 ([5], [9]). Let H be a connected compact Lie group with Lie algebra
b, A a dg-algebra with h-action and a connection. We assume that H'(A) = 0 for
i >0 and H°(A) = C. Then H (Ay_p) ~ S(h*).

We return to the situation of a compact connected Lie group K, acting on a
universal bundle £ which is an increasing union of K-manifolds, E = (J, E;. We
choose compatible connections on the F; (i.e. the connection on E; is the restriction
of the one on E;;1). This gives a connection, in the algebraic sense of (@), f : £* —
[(E;QL). It induces a dg-algebras morphism f : W (&) — I'(E;Qj), compatible
with the contraction ¢ and the Lie derivative 6. For a connected subgroup H C K,
with Lie algebra b, the action of £ on W () obviously restricts to an action of §.

Lemma 2.3. With the notations H, K, E, f, introduced above, the space of b-
basic elements of W () is W (€)y_p ~ (A (h1) @S5 (€*)H, where h+ C € denotes the
subspace orthogonal to h. The projection W (€)y_, — S (h*) and the morphism
induced by the connection, W (€)y—p — I'(E; Qg)p—p F(E/H;Q'E/H), are quasi-
isomorphisms.

The normaliser of H, Nk(H), acts on W (€)y—_p, S (8*)" and D(E/H; Q)
and the above morphisms are Nk (H)-equivariant. For another connected subgroup
H, C H C K, with Lie algebra b1, we have a commutative diagram

D(E/H; Qg ) <—— W(€)g—p —> 5 (h")"

! l i

D(E/Hy;Qp )y, ) <—— W (8)y, -y — S°(h7)

7
where the horizontal arrows are quasi-isomorphisms.

Proof. The h-basic elements of W () are the elements annihilated by all i(x) and
O(x) for z € h. Since i(x) is a derivation and acts trivially on S°(¢*), the set of
elements of W (£) annihilated by all i(z), z € b, is A'(h) ® S"(¢*). Since H is
connected, the elements annihilated by the 6(z) are the H-invariants. Hence we
have the description of W (#)y_p given in the lemma. By this description, W (€)g_s
admits a projection to S"(£) and hence to S"(h*)*.

Let us choose an H-stable decomposition ¢ = h @ V. It induces an H-equivariant
splitting g : h* — €* ~ W (£). This is a connection on W (¥), for the h-action, in the
sense of (B). Hence it gives a morphism of dg-algebras g : W(h) — W (¢). By )
and Theorem 22 the induced morphism § : S"(§*)# ~ W(h)y_p, — W (€)s_p is a
quasi-isomorphism. We note that, by definition, g is also a splitting of the projection
q:W(€)y—p — S (h*)f, so that g is a quasi-isomorphism too.

The composition f; = fog: h* — ['(E; QL) is also a connection on T'(E; Q), for
the h-action. Hence it gives a morphism f; : W(h) — I'(E;Qy), and we have f; =
fog. By Theorem 2.2 again, the induced morphism on the h-basic elements, (f1)y—s
is a quasi-isomorphism. Since (§)y_y is also, (f)y—p : W(€)p—p — [(E;Qg)p_sp is a
quasi-isomorphism, as claimed.

The compatibility of the above morphisms with the N (H)-action and the com-
mutativity of the diagram follows from the functoriality of the construction. ([l

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



536 STEPHANE GUILLERMOU

2.3. Constructible sheaves. Here we recall some results of [I0] on constructible
(complex of) sheaves on real analytic manifolds. Let Y be a real analytic manifold.
We say that a locally finite partition of Y by locally closed real analytic manifolds,
Y = |U;c; Vs, is a stratification if Vi,j € I, Y; N'Y; # 0 implies ¥; C Y;. For two
closed subsets A, B of T*Y | which are conic, i.e., stable by the action of R+ in the
fibres, we let AT B be the subset of T*Y defined as follows (see [10] Definition 6.2.3
and Remark 6.2.8): in alocal chart U ~ R4 of Y, (z,&) € T*U ~ R?xR belongs to
AT B iff there exists sequences (z,,&,) € A, (Yn, ) € B such that z,, — =, y, — z,
Entmn — & and |z, —ynl|én] — 0. Welet my : T*Y — Y be the projection and set
Ty Y = {(y,¢) € T*Y; y € Yy, ({,T,Y;) = 0}. We say that the stratification is a
p-stratification if Vi # j € I such that ¥; C Y; we have (T3, YJArT{ZY) Nry(Y;) ©
Ty.Y. We note that if ¥ = |l;c; Yi is a p-stratification, then so is the product
Y xR =|],.; Y; x R and if S = | ],; S; is a p-stratification of the d-sphere,
then so is the cone over it: R = {0} U (|];c; R0 - S;) (the condition is trivial
at the vertex and at other strata the stratification is diffeomorphic to a product).
Finally, if a submanifold Z of Y = | |,.;Y; intersects all strata transversally and
the partition is a p-stratification, then so is the partition Z = | |,.; Z NY;.

For a complex of sheaves F' € D?(Y), we have the notion of micro-support,
SS(F), which is a closed conic subset of T*Y. We refer to Definition 5.1.1 of [10]
and just recall that, if Y = | |;; Y; is a p-stratification, and F is constructible with
respect to this stratification, then SS(F) C | |; 7y.Y (see Proposition 8.4.1 of [10]).
We denote by D% __(Y) the subcategory of D(Y) formed by complexes with real
constructible cohomology (with respect to any stratification). We will use several
times the following results of [10].

Lemma 2.4 ([I0], Lemma 5.4.14). LetY be a real analytic manifold, F € D% _.(Y),
G € DY(Y) and assume that SS(F) N SS(G) C TyY. Then the natural morphism
RHom(F,Cy) ® G — RHom(F,G) is an isomorphism.

Lemma 2.5 ([10], Lemma 8.4.7). LetY be a real analytic manifold, F € D% _(Y),
f:Y — R a real analytic function such that f|suwpp F is proper. For e > 0 we set
Z = f740), Z. = f~4([0,¢)]), U = f~1([0,€[). Then there exists g > 0 such that,
Ve, 0 < € < g9, we have the isomorphisms

Hy(Y;F) = Hyz (Y;F),  H(Z;F) = H (U F) = H(Z;F).

2.4. Local systems outside normal crossings divisors. Here we make some
easy remarks on local systems defined outside normal crossings divisors. Let Y be a
smooth complex manifold and (D,),cy a finite family of smooth normal crossings
divisors. We set U =Y \ U, cyy Dy. Local systems (over C) on U are in bijective
correspondence with complex representations of 71 (U). For such a representation,
p, we denote by L’ the associated local system.

We fix v € V and set Y, = Y\Uw;év Dy, D! = D,NY,. We let T,, be a tubular
neighbourhood of D) in Y,,, homeomorphic to the normal bundle of D} in Y, and
with a projection 7, : T}, — D/. For x € T,NU = T, \ D!, the fibre 7, 17, (z) ~ C
is oriented, and we let v, be a loop in 7 7, (z) with base-point z and turning +1
time around 0. Now, let b € U be a base-point, 7 a path from b to x. The conjugacy
class of the image of 7=+, 7 in m;(U) is well-defined. We denote it by C,. If 2’
is another point of T, N U, and ~ : [0,1] — T, N U a path from x to ', the loops
7, and 4~ 7,/ v are homotopic. It follows that C, is independent of x. Hence the
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image of C, by p also is well-defined up to conjugacy. We call it the monodromy
of L? around D,,. We quote the following facts for later use.

Lemma 2.6. In the above situation, let L be a local system of finite rank on U.

(i) If the monodromy of L around D, is Id, then L extends as a local system,
L', toY,. For w # v, the monodromy of L' around D, is the monodromy
of L around D,,.

(ii) Let j: U —'Y be the inclusion. We assume that p factors through a finite
quotient of w1 (U). If, for each v € V', the monodromy of L around D,, has
no eigenvalue equal to 1, then Rj,L >~ j,L ~ j L.

Proof. (i) Let j, : U — Y, be the inclusion. It follows from the definition that
L’ = (jy)«L has the required properties.

(ii) The assertion is equivalent to (Rj.L), = 0 for any « € Y \ U. Since this
is a local problem around z, we may assume that ¥ = C”, and we have coor-
dinates (x1,...,x,) such that z = (0,...,0), D, = {x, = 0}, v = 1,...,m,
U=X\U,=1, Do Then (R'j.L), = lim  H'(V NU;L), where V runs over
neighbourhoods of 0. We may assume V of the type V = {(x); Vi, |x;| < e}.
Then V N U decomposes as a product V N U ~ R?*™™ x (S1)™ and m (V NU)
acts on L|yny through a finite abelian group. Hence we may decompose L|yny
into a sum of irreducible components, L, which are local systems of rank 1. Then
Ly ~ Crzn-m M LLX--- K LT for rank 1 local systems Li on S'. The monodromy
of Ly, around Dj is the monodromy of L] around S'. By hypothesis, it is not 1,
so that L], is non-trivial and we have H(S'; L)) = H'(S'; L]) = 0. The Kiinneth
formula yields Vi, H:(V NU; L) = 0, as desired. O

3. CATEGORIES OF SHEAVES AND DG-ALGEBRAS

We consider a manifold Y endowed with a finite stratification Y = [ |,.; Y; by
locally closed submanifolds. We denote by ¢ : Y — I the natural map and endow
I with the quotient topology. We consider sheaves, (L, )aca on Y, constructible
with respect to this stratification and which are local systems of finite rank on
Zy = {2z €Y; (Ly)y # 0}. We will realize D(Y)(L,) as a derived category of
dg-modules over a sheaf of dg-algebras, A, on the finite set I (see Proposition B
below). This sheaf A will be quasi-isomorphic to R¢.RHom(®L,, ®L,). We make
the following hypothesis on the stratification and the L.

Assumptions 3.1. Let Y be a complex manifold endowed with a finite p-strati-
fication, Y = | J,.; Vi, by real analytic submanifolds. We assume that Y is an
analytic open subset of an analytic manifold, X, such that Y is compact and has
a stratification, ¥ = |l;c; Y/, satisfying: Vi € I, Y; =Y NY/ (note that Y has no
additional stratum). For ¢ € I, we define, as in section 2l U; to be the smallest
open subset of I containing i:

(6) Ui={jelYiCY;}.

We consider a finite family of (complex) smooth, connected, normal crossings
divisors, (Dy)pev, on Y. We assume that the divisors are a union of strata:
D, = L]ielu Y;, for some I, C I. We define:

(7) for ACV, Za=\,ea Do, S={ACV; Za #0}.
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We also consider a finite family of constructible sheaves, (Ly)aca on Y, and set
Zo ={z €Y; (Ly)s # 0}. We make the following hypothesis on these data:
(1) Vi,i'el, 35 €l, U;NUy = Uj.
(ii) Vi € I there exists a homotopy h : [0,1] x ¢~*(U;) — ¢~ 1(U;) contracting
#~1(U;) to a submanifold Y;” of Y; and preserving the closures of strata:
Vj € Uy, h([0,1] x Y;) C Y.
(i) Vie I, Vo € V, 3j € I, U; \ ¢(D,,) = U;.
(iv) Va € A, 3As € 8, AL, C (V' \ Aq) such that Zo = Za, \ Uyear, Do-
(v) Ya € A, L,|z, is a local system on Z, with monodromy —Id around each
Za, ND,, for v e Al (see section 2.4]).

Example 3.2. We will verify in section Ml that the decomposition of a symmetric
variety given in [2] satisfies these assumptions. A more simple example is given by
smooth toric varieties: let T = (C*)! be a torus, D C T a subgroup consisting of
order 2 elements and 77 = T//D. Let Y be a smooth T"-toric variety, with the action
of T through T". We let (Y;);cs be the stratification given by the T”-orbits, and let
(Dy)vev be the set of T'-stable irreducible divisors. For a T’-orbit O and x € O,
we set 7o = T, /T2; we have 70 ~ (Z/2Z)°°, for some co € N. The irreducible
T-equivariant local systems on O correspond to irreducible representations of 7¢.
Let A be the set of pairs @ = (O, p), where O is an orbit and p an irreducible
representation of 7. We let A, € S be such that O = ﬂveAa D, and let L/, be the
local system on O given by p. Since 7p is a 2-group, the irreducible representations
are one-dimensional and the elements of 7o act by 1 or —1. In particular, L’ has
monodromy Id or —Id around any divisor D, N O (for v such that O ¢ D, and
OND, # ). Welet A/, be the set of v € V for which this monodromy is —Id. Then
L!, extend as a local system to Za_ \U%A; D, and we let L, be the extension by
0 of this local system. Then the assumptions above are satisfied in this situation.

Remarks 3.3. 1) In fact, we do not use the complex structure; only the geometry
of the intersections of the D, matters. In particular, the strata Y; are not assumed
to be complex.

2) In view of Lemma[2:6 hypothesis (iv) and (v) have the following consequences:
let jo : Zo — Y be the inclusion. Then L, ~ R(jo)«(Lalz.) = (Ja)«(Lalz,) =
(Ja)1(Lalz, ) (or, with different notation, L, ~ RI'z, (Ly) ~ (La)z, ). Fora, 8 € A,
we will give representatives for the complex RHom(Ly, Lg). We already note that

)
RHom(Lq, Lg) ~ RHom((La)z,, RU'z,(Lg)) ~ RHom(La, RU 2,1z, (L))

In particular, if Z, N Zz = (), then RHom(L,, Lg) = 0.

3) We note that Y; is closed in ¢~ (U;) (because the strata contained in Y; \ Y;
cannot be in ¢~(U;)) so that U; \ {i} is open in I. In particular, if U; = Uj;, then
i = j. Hence the j in hypothesis (i) and (iii) are unique.

4) For any i € I and any closed subset J of U;, the homotopy h of (ii), also
contracts ¢~1(J) to Y. Hence the inclusions Y;” C ¢~1(J) C ¢~ 1(U;) are ho-
motopy equivalences (i.e. induce isomorphisms on all homotopy groups). In par-
ticular, the inclusion Y; C ¢~1(U;) is a homotopy equivalence. Hence, for any
a € Aand i € I withY; C Z,, the local system L,|y, has a unique extension to
a local system defined on ¢~!(U;). We denote this extension by L, ;. We have
Lailg-1(w)nz. =~ Lalg-1(,)nz, and, for j such that Y; C Z, and Y; C 7]-, we have
an isomorphism u;; : La,i|¢_1(Uj) ~ Lq ;. Since u;; is determined by its restriction
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to Yj, the u;j, (i,7) € I?, satisfy the same relations as their restrictions to Z,. In
particular, they satisfy the cocycle condition which says that the L, ; glue together
into a local system, say L., on U{z‘;YicZa} U;.

5) Since the U; form a basis of the topology of I, a sheaf F' on I is determined
by its stalks F; = F(U;), for all ¢ € I, and the restriction maps, F; — F}, for all
i,7 € I with € m Conversely, the data of groups F;, for all ¢ € I, and restriction
maps, fj; 1 F; — Fj, foralli,j € I with i € {1, satisfying fijo fik = fir (whenever
it makes sense) define a sheaf on I.

Notations 3.4. We introduce the following notations, for a, 5 € A:
Zop = Zo N Zg, dop = codimy, Zag, Ing = &(Zap),
ap = (A \ AR U(AG\ AL), op = (Za.0ns \ (Usear, Do) \ Las,
and, for ¢ € Ing, Lo, Lg,; as in Remark B3] (4), we introduce the following sheaf
on gf)il(Ui): Qaﬁ,i = Q(b—l(Ui) X 'Hom(L,M-, Lﬁ)i).
Let us prove the following facts:
(a) If Iop =0, then I 5 :_Q]; in any case I},5 C Ingp.
(b) IagUI5 is open in Iop.
(c) Vie I(’w, 3!j € Iap, such that U; \ ¢(U,cn/ A/, D,) =U;.
For (a) we note that I,s = 0 means (,ca, Do \ Uwear, Dw) 0 (Myea, Do \
UweA’ﬁ D,,) = 0, which is equivalent to Mveasua, Dv C UweA;uA'ﬁ D,,, or also to
(AqUAg)N(ALUAY) # 0. Since Ay NAY, = 0 and AgN A} = (), this implies that
(Ao UAg)NAL; # 0, aﬂthen ZAa,uns \ (UveA;ﬁ D,) = 0. In particular, I}, ; = 0
as claimed, and I:xﬁ C lap. Now we note that Z,s is open in Za,ua,. Arguing
locally around each connected component of Za,ua,, we deduce that, if 1,5 # 0,
we also have Ing = ¢(Za,ua,) D I 5.
For (b), we have I3\ (LapU1hp) = ¢(Za,uas N (Uypenr . D,)) and this is closed.
For (c), applying hypothesis (iii) of Assumptions[BIlseveral times, we know that
there exists a unique j € I such that U; \ ¢(U,cn nay, D,) = U;. We note that
Uinlaps # 0 and Ing & ¢(Uyen nAY D,) (recall that I,z # 0), hence U; N1,5 # 0.
This implies j € Ing. But i & Iz \ (Iag U I,5) which is closed, hence j ¢ Tog \
(lap U1, 5) as well. We thus obtain j € IogU I 5. Since j & ¢(U,en: Ay, D,), this
implies j € I,g.

Definition 3.5. For i € I 5, we denote by i(a, 3) the element j € I,s given by
assertion (c) above. We define a sheaf A*? on I by its stalks at i € I

D(¢~H(Ui); Qapi)) [~2dap] if i € Lag,
(8) A =A% if i € I 5 and j = i(av, B),

0 if i & Log U1} 5,
and the natural restriction maps. Let us check that this is indeed a sheaf. The
first case (i € I,p) defines a sheaf, say A" = ¢.(Qy ® Hom(L}, Lé)) (with L?, Lé
as in Remark (4)), on I,3. Then the second case defines a sheaf, say A", on
Tap U1, as u. A", where u is the inclusion u : log — lag U1 5. Finally, the third
case defines A*? as the extension by 0 of A”.
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We also define A = @, 5 4 A

Remarks 3.6. 1) The stalks Afﬁ are defined to be 0 when the stratum Y; is included
in a divisor D,, such that the local system Hom (L, Lg) (on Z,3) has monodromy
—Id around D,,. This definition is justified in view of Lemma [2.0] (ii).

2) For A% £ 0 (ie., i € Inp L I},3) and Y; C Dy, we have v € A, <= v € Aj.
Hence, setting V; = ¢~ 1(U;):

(9)  for A7 £0,  VinU,ea, Do =ViNU,ea, Do = ViNU,ea,nay, Do

We will introduce an algebra structure on A. For v € V| D,, has a fundamental
class, 6, € Hp, (Y;Cy). We choose representatives, &, € I'(Y;€5,), of the 4,. For
AAA" €S, we set

(10) V(A A A" = (A" (AUA")) U ((ANA")\ A)

and for a, 3,7 € A, Napy = [[,ev &v, Where V = V(A,,Ag, A,). For o, 3,7 € 4,
we define a morphism m®?7 : APY @A — A7 as follows. Fori € ¢(Z,NZzNZ,),
we define a sheaf morphism

Mgy Loy @ Qi — Qai
(T®v)® (0 @u) = (Napy To) ® (Vou),

where o, T are sections of 41 (y,) and u, v sections of Hom sheaves. We set m?m =

T(¢p~'(Ui);nlp,)- This definition extends to other i € I, either by restriction to
the case i € ¢(Z, N Zg N Z,) or, trivially, when one of the terms is 0. Indeed, if
i € I\ ¢(Za N ZsN Z,) satisies A77 # 0, AX # 0 and A?7 # 0, then we have,
by @),

U; \MUUEA/BmA/7 D,) =U; \ ¢(UUeA/amA;; D,) =U; \ ¢(UveA'amA; Dy).

It follows that, for the same j € ¢(Zo N Z5N Z,), we have AP = Ajm, AP = AJO-‘B,
AJ" = AS7. This allows one to define m?ﬁ 7. By definition, these morphisms m®*”
commute with the restriction maps and we obtain a sheaves morphism m®?7 :
APY @ A%P — AV as claimed. (The justification for the definition of this product
is given in section B32])

Now we define a product m on A =P, sc4 A% by m = @ m#7. One checks
that m is an associative product using the straightforward identity:

(11) Nagy Nays = 186 Nads-

Hence A is a sheaf of dg-algebras on I. Fora € A, Ny = @/ 4 A% has a natural
structure of A-module defined in the same way as the product of A. The result of
this section is the following equivalence of categories.

Proposition 3.7. Let Y = | |,.;Y; be a stratified complex analytic manifold, en-
dowed with normal crossings divisors D,, v € V', and sheaves L, a € A, satisfying
Assumptions Bl For a choice of forms &, € T'(Y;92), we define a sheaf of dg-
algebras A on I, and A-modules N,, as above.

Then, there exists a choice of &, such that we have an equivalence of categories
between D(Y)(Ly) and D 4(N,) sending Ly to N,.

The proof is given at the end of this section.
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Remarks 3.8. 1) In fact, one could prove that two choices of representatives &,, &/,
of the ¢, give quasi-isomorphic sheaves of dg-algebras, A, A’: with (, such that
& — & = d(,, and replacing Y by Y x C, endowed with & = &, + d(t¢,) (¢ is
the coordinate on C) and the data ¥; x C, D, x C, L, K C¢, we could build a
third sheaf AT on I, quasi-isomorphic to A and A’. Hence the conclusion of the
proposition is valid for any choice of £,, but we will not use this result.

2) The results of this section will be applied to Y = E x g X, where X is a
symmetric variety under the action of a semi-simple complex algebraic group G, K
a suitable maximal compact subgroup of G and F a universal bundle for K. Of
course, F is not a manifold, but we may assume that it is an increasing union of K-
manifolds, £ = |J,, Ex, and consider the de Rham algebra of Y, 0y = liink QE, xxX-
The stratification Y = | |, Y; and the divisors D, will be given by a K-invariant
stratification of X and K-invariant divisors. All constructions in this section can
be made K-invariant (if we choose K-invariant functions f; in Notations B9 below,
by averaging under the action of K) and transposed to Y = F x i X.

3.1. System of tubes. Our first task in the proof of Proposition B is to “com-
pute” the global sections I'ng; = RT(¢~ 1 (U;); RHom(Ly, Lg)), fori € I, a,f € A
(to compute just means to find suitable representatives). For this we replace the
strata Y; by a system of “tubes”, T; (with T; closed enough to Y; so that the local
systems L, |y, extend to T;) with the properties:

(i) replacing L, by its extension, say L/, to the union of tubes U{i;YiCZa} T;
doesn’t change the global sections I'y;,
(ii) the complexes RHom(Ly,, Lj) are in fact sheaves.

The precise statement is given in Proposition B.ITlbelow. The first property implies
that the category D(Y)(L,) is equivalent to the D(Y)(L!) (see Corollary
below). The second property will be used to define a sheaf of dg-algebras, B, on
I, such that D(Y')(L!)) is equivalent to a subcategory of Dz (Definition B.I8 and
Proposition [319). The proof of Proposition B will then be achieved by showing
that B and A are quasi-isomorphic.

Notations 3.9. First we assume that the finite set indexing the stratification is
I ={1,...,n}, ordered such that dimY; < dimY;;4, for ¢ = 1,...,n — 1. Recall
that Y is open in an analytic manifold X and Y is compact, with a stratification
Y = ;e Yy, satisfying: Vi € I, Y; = Y NY/. Fori=1,...,n— 1, we choose
a neighbourhood of Y;, Y;, whose closure is a neighbourhood of Y in Y. We
also choose real analytic functions f; : YZ — R, such that fz(f/;) C R>¢ and
Y, = fi_l(O) NY;. For k <n and e1,...,e, > 0, we define

Ti(e) ={y € Vi; fily) <er}roo o, Tulers o) = {y € Vis fuly) <ex}\ || T
i<k

By abuse of notation we will write T;(¢) = T;(e1, .. ., ;) for any g of length greater
than i. We also set T),(¢) = Y \ | |,.,, Ti(g). For a union of strata, Z, we set:

(12) Tz(e) = ;e  Ti(e), where J satisfies Z =1],.;Yi.

Definition 3.10. We call “set of bounds” a subset B €]0, +-0o[* such that 39 > 0,
Ver < €9, 39 >0, Vea < €3, ..., 3 >0, Ve, <€V, (e1,...,ex) € B.
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We note that a set of bounds is non-empty and that the intersection of two sets
of bounds is a set of bounds. The aim of this paragraph is to prove the following
result.

Proposition 3.11. Let Y = |_]i:1)m7n Y; be a stratified analytic manifold as above.
Let Z1,7Z5 CY be locally closed subsets of Y which are unions of strata. Let L1, L?
be local systems respectively defined on neighbourhoods of Zy and Zs. Then there
exists a set of bounds B C|0,+oo[""! such that Ve € B, setting Ty = Tz (g), L is
defined on Tz, and we have:

(i) There exist natural morphisms EiTzi — UZ and they induce isomorphisms

(13) RHom(ElTZ1 , E%«Zz) e RHom(ElTZ1 ,L%.) <= RHom(L},, L7).

(ii) For any locally closed union of strata Z C'Y such that Zy, Zs CY \ Z, we
have an isomorphism

(14) RT(Y; (RHom(Ly, , L7, ))r,) ~ RU(Y; (RHom(LY,, £,)) 7).

(iii) If Zy C Zs, then RHom(.ClTZl,E%ZZ) is concentrated in degree 0.

(iv) Let us assume that Zy and Zy N Zy are smooth and let p : Zo — Zs,
v:Z1N Zy — Z1 N Zy be the inclusions. We assume that Ru.(L?|z,) = w(L?|z,)
and Rv,(L2|z,nz,) = (L2 z,nz,). Then, for any open union of strata V C Y,

(15) RHom(ﬁlz1 lv, /3222 |v) ~ RT(Ty; '}"{om(lllTZ1 , LQTZQ ).

The proof will be given at the end of the paragraph. We first deduce the following
corollary, which gives a category equivalent to D(Y)(Lq).

We consider Y and L, a € A, as in AssumptionsB.Il We choose neighbourhoods
of the Z, on which the local systems L, may be extended to local systems L7}.
For o, € A, we set Z1 = Zo, LY = LY, Zo = Zg, L? = Lg. Then, Z5 and
Z1 N Zgy are open subsets of intersections of some D,,, hence smooth. Moreover,
by Assumptions 3.1 (v), £2 has monodromy —Id around each irreducible divisor of
Z5\ Z5 and the similar property holds a fortiori for £2|7,nz,. Hence, by Lemma[2.6]
the hypothesis of Proposition B.I1] (iv), are verified.

Notations 3.12. We choose a set of bounds, B, such that the conclusions of Propo-
sition BT hold for Z; = Z,, L' = LT, Zy = Zg, L? = L'B", for any pair (a, 3) € A2.
We fix € € B and set:

T;=Tie), Ta=Tz.(e), Ly=(Ly)r.
Corollary 3.13. The categories D(Y)(L,) and D(Y)(L.) are equivalent.

Proof. This is a consequence of the natural isomorphisms (I3)). By definition the
category D(Y)(L,) is the union of the full subcategories D,, of D(Y'), for n € N,
where Dy consists of the L,[k], « € A, k € Z, and D,1; is obtained from D,
by adding objects H appearing in distinguished triangles F* — G — H +—1>, with
F,G € D,,. We write in the same way D(Y)(L) = |JD],. We assume by induction
that we have an equivalence, §,, between D,, and D!, together with functorial
morphisms r, (F) : 6,,(F) — F such that J,, is given on the morphisms by composing
isomorphisms

Homp, (F, F') =5 Homp(y) (0, (F), F') <= Homp, (6, (F), ("))
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induced by r,(F), ,,(F"). (The first step is given by ([3).) Let F % G — H-% be
a distinguished triangle as above, F' = §,,(F), G’ = 0,(G) v’ = 6, (u) and consider

a distinguished triangle F’ “» G’ — H 'L, We extend the square built on u, v/,
rn(F) and r,(G) to a morphism of triangles:

F/ G/ H/ +1
v { v
F G -

We set H = dp41(H), re1(H) = r and we have to define the images of the
morphisms. First, for X € D,,, we have long exact sequences of homomorphisms
groups:

Hom(X,F) ——— Hom(X,G) ———— > Hom(X,H) ———

| | |

Hom(d,,(X), F) — Hom(d,,(X),G) — Hom(d,,(X), H) ——

! ! !

Hom(6,,(X), dn(F)) — Hom(6,,(X), §,(G)) — Hom(d,,(X), 6, (H)) — -

By the five lemma it gives an isomorphism Hom(X, H) ~ Hom(d,(X),d,(H)),
which we use to define ¢, on Hom(X, H). In the same way, we may define 4,
on Hom(H, X), still for X € D,,. Then we may assume X € D,;1 in the above
diagram, and this defines §,, on Hom (X, H) for X, H € D,,11, satisfying the com-
patibility with r,41. O

Now we give some preliminary results before we prove Proposition 3111

Lemma 3.14. Let Y = |—|i:1,.“,nY'i’ fi, be as in Assumptions Bl and Nota-
tions B9 There exists a set of bounds B C|0,+oo[""! such that Ve € B and
for any union of strata Z C Y :
(i) if Z is closed, then so is Tz(g), and Z C Tz(g),
(ii) if Z is open, then so is Tz (g),
(ili) Vi; < --- <ip <n, and y € Y such that f; (y) = &;,, we have df;; A ... A
dfi,(y) # 0. In particular, locally around any point y € Y, the partition
Y = | |T;(g) is homeomorphic to RY = {z; < 0}U{xy > 0, 25 < 0}U{z; >
0,...,2q-1 >0, 2 <0} U{z1 >0,...,24 >0}, for some q.

Proof. Of course (ii) follows from (i) because Ty\z(g) = Y \ Tz(g). We prove
(i) by induction on n, the case n = 1 or 2 being obvious. Recall that Y is open
in a manifold X. For i such that Y1 NY; = 0, we also have ;X N ;X = 0,
because otherwise the stratification of YX would have additional strata. Since Y X
is compact, we deduce d(Y7,Y;) > 0. Hence we may choose r > 0 smaller than
min{d(Y1,Y;); Y1 NY; = 0} and sup{d(Y1,y); y € Y;}, for all j. Then, for £} such
that T1(e9) € {y € Y;d(Y1,y) < r} and for 0 < &1 < &Y, we have Ty (e1) NY; # () if
and only if Y3 C Y; and, moreover, Vj # 1, Y; ¢ T (7).

The induction hypothesis applied to Y’ = Y'\ T} (e1) stratified by the Y/ = Y'NY;
gives a set of bounds B’(g1) CJ0, +oo["~2 for which (i) holds in Y. For i such that
Y1NY;Y = 0 we may choose ¢; small enough so that Ty (e1)N{y € Y;; fi(y) < &} = 0.
In particular, restricting to a smaller set of bounds B” (1), we may assume that

Ti(e1)NTi(e)Y = 0. Let Z C Y be closed.
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If Yy, C Z, then Tz = Ty (e1) UTzny+. Since Tzny- is closed in Y, Ty is closed
inY =Ti(e1) UY’. By induction we also have ZNY’ C Tz NY’ and this implies
Z CTy.

If Y1 ¢ Z, then Z only contains strata Y; such that Y1 NY; = (), so that Ty (1) N

7 = 0. It follows that Z C Y’ (and Z is closed in Y”). This also gives T1(e1) N
@Y = () and, since Tz is closed in Y”, it is closed in Y too. Finally, Z C Ty since
this is already true in Y. In conclusion, the set of bounds B = {(e1,...,e,-1); 0 <
g1 <Y, (e2,...,6n_1) € B"(21)} has the required property.

Now we prove by induction on p that there exists a set of bounds B), such that the
conclusion of (iii) holds for any i1 < --- < i, < n. For p = 1 this is a consequence of
the curve selection lemma: by contradiction, if the closure of {y € Y;,; dfi, (y) = 0}
intersects Y;, then there exists a real analytic curve v :] — 1,1[— Y such that
y(t) € Y\ Y; for t # 0 and v(0) € Y;. But this implies df;, (y(t)) = 0 so that
fir (7(t)) is constant, which is impossible. Hence there exists €} > 0 such that
0 < fi,(y) <e? implies df;, (y) # 0. We take By = [],]0,}].

Assuming (iii) holds for p, we consider, for ¢ € B, and iy < --- < 1ip, the
smooth subvariety of Y, Y’ = {y € Y; f;,(y) = &, = 1,...,p}. For ippq >
ip, the function f; ., is not constant on Y’ and the proof of the first step gives

E?h_“,z»p (€iy,---,€i,) > 0 such that the conclusion holds for (e;,...,&,,,) with

< 8?17”.)%(61-1, ...,€i,). Weset BE = By and, for k=p+1,...,n, Bf = {e €
By N Vin < -o- <y <kyep <€), (€iy,--€0,)} Then By = By is a set of
bounds with the required property for step p + 1 and we take B = B,,_;.

Now, for ¢ € Band y € Y, we let i1 < --- < iy be the indices such that
Ji,(y) = €4, Since df;, A ... Adfi (y) # 0 the functions z; = fi, —e;, L =1,...,q,
may be extended to a coordinates system around y and in any such system the
description of the partition is the one given in the lemma. O

ipt1

Lemma 3.15. Let Y = |—|i:1,.“,nY'i’ fi, be as in Assumptions Bl and Nota-
tions B9 Let Fi,...,Fy € D%_(Y) (i.e., F} is constructible for some stratifica-
tion of Y, not a priori (Y;)ier). Then there exists a set of bounds B C|0,+oo["~!
such that Ve € B, setting for short T; = T;(g), we have isomorphisms Vi =1,...,n,
Vi=1,...,m:

Hy,(Y; F;) = Hr,(Y; Fy), H(Y; (Fy)r,) = H(Y; (F))y,)-

Proof. We prove by induction on k that there exists a set of bounds B C]0, +oco[¥
such that the first isomorphism holds for any j and for ¢ = 1,..., k. For k = 1, this
is a consequence of Lemma [2.5]

Let us assume the result is true for &, and apply it to F; and F]' = RTy, ., F},
j=1,...,m. Let B C]0,+0co[* be the set of bounds obtained and (ey,...,e;) €
B, T;,i=1,...,k as in the lemma. Let us set T = T3 U...U Ty, and U =
Y \T. By Lemma again, applied to f = fr41 and the complexes RI'y(F;),
there exists 52+1~> 0 such that VO < egy1 < sgﬂ we have, setting Tiy1 =
Fi([0,ex41])) N Yiyr N U, Hy,,, (U; Fy) =5 Hyy,,(U; Fy). Since T C U, we
have Hr,, (U;F;) ~ Hr,,,(Y;F;) and we have to prove that Hy,  (U;F}) ~
Hy, ., (Y; F;). Using an excision exact sequence, we are reduced to proving the
vanishing of A; = Hy, ,n7(Y; F}). Now A; ~ Hr(Y; F}) and, for i < k, we have

qu(Y,FJ/) = HTj (Y,FJ/) and Hyl(Y,Fj/) ~ HYiﬁYk+1 (Y;Fj) =0.
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Let us set 7] = T1U...UT;; we have distinguished triangles RI'zy _ (-) — RI'7/(-) —
RI‘Ti(~)+—1>. We deduce by induction on i < k that Hy/(Y; F}) = 0. For i =k we
obtain A; = 0 as desired and this concludes the proof of the first isomorphism.
The proof of the second isomorphism is the same, again using Lemma (we
just note that we apply the induction hypothesis to F; and F}' = (Fj)y,,, and
Lemma 25 to (Fj)v). O

We still consider Y satisfying Assumptions 3.1l and we keep Notations We
consider, moreover, local systems L’ defined on neighbourhoods of Y;. The sheaves
Lg, are well-defined and, for g €]0, +00["~! small enough, the Li;,wi( - are also well-
defined. -

Lemma 3.16. Let Y = |_]i:1)m7n Y;, L?, be as above. Let U C Y be an analytic
open subset, U' a neighbourhood of U and f : U' — R an analytic function with 1
as regular value. We assume that the smooth hypersurface S = {y € U; f(y) = 1}
meets the strata U NY; transversally. Let L be a sheaf on'Y which is a local system
in a neighbourhood of S. We set Uy = {y; f(y) > 1}. Then there exists a set
of bounds B CJ0,+oo[""! such that Ve € B, setting T] = U NT;(g), we have an
isomorphism RHom(Lg, LiT,;‘U) ~ (L* ® L'|y)snr[—1] and the morphisms

RHom(Ls, L/, ) — RHom(Lsg, Ly, ) — RHom(Ls, Ly,)
are isomorphisms.

Proof. We have RHom(Lg,Cy) ~ L%[—1] because S is a smooth, relatively ori-
ented, hypersurface. The micro-support of Lg is SS(Ls) = T&U and we also
have the bound SS(L}.) C |J;Ty,U. By the transversality hypothesis, we have
SS(Cs)NSS(Ly,) € TjU. Hence, by Lemma 24, we have isomorphisms

RHOm(Ls, L§/1|U) ~ RHom(LS, CU) ® L%/:i|U ~ (L* ® Li|U)Snyi[—1].

For ¢; small enough, 977 also is transversal to S and, since SS (LiTi/) is the outer
conormal of T} in U, we obtain similarly RHom(Lsg, L |v) ~ (L*®L'|y) sarr[—1].

Hence, to show the last isomorphism, it is sufficient to find a set of bounds
such that the morphisms H(S;(L* ® L'|v)snr) — H(S;(L* ® L'|v)sny,) are
isomorphisms. But this follows from Lemma applied to the stratification
S=1],5nY;.

Let us prove that the remaining morphism also is an isomorphism. Let us set
U_ = f~}(]—o0,1[). We have RHom(Cy_,Cy) ~ Cy_ and SS(Cy_) is the inner

conormal to U_. We deduce as above RHom(Cy_, Lk, ) ~ L;/nﬁ_ and
RHom(Lsg, L;/mﬁ_) ~ RHom(Lg, RHom(Cy_, iT;)) ~ RHom(Lsnu_, LiTi/) =0.

Using the distinguished triangle L} S LiT, — L} +—1>, we conclude that

T/NU -
RHom(Ls, Ly, ) = RHom(Ls, L) as desired. O

Proposition 3.17. Let Y = |_|i:17,..,nYi7 L, be as in Lemma B16l For € €
10, +00["" and a union of strata Z C'Y, we set:

T, =Tie), Tz=Tze), fori<j: Tyy=TiNTH)\ Uicie; Tr)-
There exists a set of bounds B C]0, +oo["™1 such that Ve € B:
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(i) for any i < j, the morphism o : (L™ @ L7) g, [-1] — RHom(L}i,LjTj) is an
isomorphism,
(i) for any i, j, the natural morphisms

Qg

RHom(L,, L, ) == RHom(L, , L3, ) 27 RHom( Vo I3)
are isomorphisms,
(#i) for any i, j,p with i j > p, we have an isomorphism

RT(Y; (RHom(Ly,, L, )1y, ) = RT(Y; (RHom(L,, L}, )y, )-

Proof. (i) and (ii). By Lemma BI85 we know that the b;; are isomorphisms for ¢
in a suitable set of bounds. We prove by induction on k that there exists a set of
bounds B C]0, +oo[*~! such that, for i = 1,...,k and j = 1,...,n, the morphisms
a;j and a;; also are isomorphisms. For k = 1, we set for short K7 = L'* @ L7 and
we note that
RHom(Ly,, I3, ) ~ RU'r, (Y; K3, ), RHom(LlTl ,LY.) ~ RI(Y; K#),
RHom(Ly,, Ly, ) ~ RT(Y; Ky,), RHom(Li 1, ), L} v,) = RT(Int(T1); K{,J ).

Hence by Lemma 5] we may choose €7 such that V0 < ¢; < £, a1; is an isomor-
phism and

(16) RHom(Li, 1), I3, ) = RT(Y3; K7, ).

Let us prove that we may also find a set of bounds B’ C]0,+oo[""2 such that
for (51,..:,571,1) € {e1} x B’ the ai; are isomorphisms. For j > 2, we have
RI'(Yy; K3, ~) = 0 because Y1 NY; = 0. Hence the identity (I6) and the distinguished

+1. . j j
Tnt(T1) Ly, — Ljp, — imply RHom(L%«l,L%) ~ RHom(L})Tl,Li,j).
We may also assume since the beginning that €{ is small enough so that 9T} is
smooth. Then Lemma BT6] applied with S = 977, yields a set of bounds B’ C
10, +00["~2 such that V(eg,...,e,—1) € B’, we have isomorphisms:
RHom(Lyr,, L},) ~ K7, [=1], RHom(Ljy,, I, ) ~ RHom(Ljy, , I3,).

(With the notation of Lemma[3.16] we have T; = Tj N Uy and T1; = SN Tj.) Now

we just have to note that RHom (L} Tt (T3)? 7 ) = 0, because T; N Int(71) = 0, and
use the same distinguished triangle as above to conclude.

triangle L1

Now let us assume the conclusion is true for k. Let B be the set of bounds
given in the statement and (£9,...,e2 ;) € B. Let us set T = Ty U ... U Tk,
U =Y \T. Arguing as in the case k = 1 on the open subset U, we find a set of
bounds B’ C]0, +oo[*~*~1 such that V(e1,...,e,—1) € BN({(eY,...,€0)} x B') we
have, with the “new” T; (but the T; for i < k stay the same):

RHom(L ! (v, LY |v) = (LM @ L)gy | [=1] for j > k+1,

Th41
RHom(Ly! v, LY, [v) = RHom (L |v, LY, |v) - for j >k +1,

where T}, ; = U N 0Tjy1 N (Tj \ Uici<; T1). Since Tj41 C U, we have in fact
RHom(LEL |1/, LjTj lv) = RHom(Lﬁrjl,ij) and the same with Y} instead of 7.

Try1
Hence aj41,; is an isomorphism, for j > k+1. Since we have chosen (e1,...,6,-1) €
B, a;; is an isomorphism for ¢ < k and any j. It just remains to check the case

t=k+1and j <k. But Ty is contained in the open set U which does not meet
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T; and Y;. Hence RHom(L?jjl,L] ) = RHom(Lf};;1 L -) = 0 and the assertion is
trivially true.
Now let us consider ag1,;. Let u: U — Y be the embedding. Since T4, C U,
we have:
RHom(L%!! , L}.) ~ Ru.RHom(L5!! |u, LY. [v) ~ Ru (L** @ LY)gy | [—1].

Trt1? Tht1

We may assume, moreover, up to shrinking B, that the conclusions of Lemma [3.14]
hold. Hence we have local coordinates (x;) such that U = {a; > 0;i =1,...,m} and
C=T 41, Is a convex locally closed subset of U. It follows that Ru,C¢c ~ Cp
for some locally closed subset D C Y. More precisely, if C is closed in U, we
check that (Ru.Cc), = C if z € CY and is 0 otherwise. Hence D = CY. If
we write C = CY \ Oy, with C; closed in U, we obtain, by the distinguished
triangle Cc — Cov — Ccli, that D = CY \ C1Y. When applied to Tlg+1,j =
Tk N (Tj\Uic1; 1) = (T N T5) \ (U, <;<; Th), this formula for D gives the
expression of the proposition.

(iii) We first consider p < i < j, fixed. We set F = R’Hom(Lg/,Lj ) and
G= RHom(LT ,LJ ) By Lemma applied to F', there exists a set of bounds
By, such that, V( ) € By, we have RI(Y; Fr,) ~ RI‘(Y, Fy,). Let us also consider
the Verdier dual DF = RHom(F,Cy|dy]) (where dy is the real dimension of Y).
In the proof of Lemma [3.I5 at the p* step, when (e, ... ,Ep—1) are fixed, we can
choose €, so as to have, moreover, RI'(Int(T},); DF') ~ RI'(T,NY,; DF) (for this we
apply Lemma 28l to DF restricted to Y \ | |, _, T)). We also set S, =T}, \ Int(T},).
Let us prove that

(17) RT(Y; Fy,) ~ RT(S; Fs, ).

We note that RI'y, (F) ~ RHom(L %,m, ,L{/]) = 0. Since F is constructible we
get (DF)y, ~ D(RI'y,(F)) = 0, so that RT(Int(7T,); DF) ~ RI(T, NY,; DF) =
0. By Poincaré-Verdier duality, this gives the vanishing of the cohomology with
compact supports, RI.(Int(7},); F) = 0. Since T, is compact, this is equivalent
to RU(Y; Fin(r,)) = 0. By the distinguished trlangle Froy(r,) — Fr, — Fs, *,
we deduce RI(Y; Fr,) ~ RI(Y;Fs,). This yields (IT) because RF(Y FTP) ~
RU(Y; Fy,,) and RT(Y; Fs,) ~ RT'(S,; Fs).

On the other hand, suppG C T; N T} and, for k > p we have T, N T, C S, so
that RI'(Y;Gr,) ~ RI(Sy; Gs,). Together with (IT), this shows that (111) for our
P, 1,7, is equivalent to

(18) RT(Sp; Fs,) = RU(Sp; Gs, ).

We let S, be the smallest set of subsets of S, stable by taking intersections and
complements and containing the S_p N Ty, for k < p. This set S, is finite and we
denote by Sy min the set of its minimal elements (for the inclusion relation); then
any element of S, is a union of elements of Sy min. By Lemma B.I4] (iii), up to
shrinking the set of bounds By, any S € Sp min is a locally closed submanifold of
Y, transversal to every stratum Y; that it meets. Let us first prove:

(19) VS € Spmins RT(S; F) ~ RI'(S;G).

By part (i) of the proposition, we have G|g ~ (L"™* ® L’)p,,ns[—1]. Let us stratify
Sby S= |_|k>p(5'ﬂ Yy) and define T}7, T}, similarly as Ty, Tk, with the functions
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fmls. We have TS =Tj, N S. Hence (i) applied to S gives
RHom(LiTi;,LZ‘}]S) ~ (L* ® Lj)Tg (1] = (L* @ L)z, |s[-1] = Gls.
Now, part (ii) of the proposition applied to S gives, up to shrinking By again:
RI'(S;G) ~ RHom( ;E,L;JS) ~ RHom(L}, s, I}, g) =~ RT(S; F),

where the last isomorphism follows from the transversality of S and Y;, Y;. This
is (I9). We will deduce:

(20) YV €S, V closed in S, RI(V;F) ~ RI(V;G).

Since F' is constructible with respect to the stratification | |Y; and any S € Sp min
is transversal to every stratum Y;, we have the isomorphisms, V.S € Sp min, us :
RT(S; F) =% RI(S; F).

Recall that G ~ (L™ ® L?)7,,[—1]. For any S € S, min, the inclusion (T;;NS) C
T;; N S is an equivalence of homotopy (by Lemma B.I4 (iii)), so that we also have
an isomorphism vg : RI'(S;G) == RI'(S;G).

Now let us prove (20). Let us write V- = Vi U...UV,, with V; € S, i, and argue
by induction on r. For r = 1, our assertion is (I9). We may assume that V. is of
maximal dimension (among the V;), so that V' = V'\ V. is closed and the induction
hypothesis applies to V/. We have V,, = V or V" = VNV’ is a closed union of less
than r subsets V; and the induction hypothesis also applies to V”. By ([[d) and
the isomorphisms uy., vy, we have RT(V,; F) ~ RI'(V,;G). We conclude by the
Mayer-Vietoris distinguished triangle that

RU(V;F) — RU(V,; F) @& RT(V'; F) — RT(V"; F)*L,

and a similar one for G.
Now we can prove ([I8) (and thus (iii) for our 4,j,p). We have an excision
distinguished triangle,

RT(S,; Fs,) — RU(S,; F) — RT(S, \ Sp; F) 1,

and a similar one for G. The last two terms of these distinguished triangles are
isomorphic because of (20) applied to V =5, and V = S, \ S,. Hence the first
terms are also isomorphic, as desired.

For i = j, the same proof works, replacing the isomorphism G ~ (L*®L7)z,,[—1]
by G ~ (L™ ® L')7: we still have RHom(L%.s, Lt.s) ~ G|s and (T;NS) c ;NS is
an equivalence of homotopy. For j < ¢, we have F' = RHom(L’i,i, L{,j ) = 0 because
Y; is open in Y; and Y; C (V; \ Y:). In the same way G = 0 and (iii) is trivial.

We let B; ;, be the subset of By formed by the € such that (iii) holds for p, 1, j.
This is a set of bounds and the intersection of all B; ;,, for i,j > p, gives us the
desired set of bounds. O

Proof of Proposition B11l Let usset, fori=1,...,n,k=1,2, LF = LFifY;, C Z,
and L* = 0 otherwise. We set L’ = L'* @ L?'; this is a local system defined in a
neighbourhood of Y;. We first choose a set of bounds B such that the conclusions
of Lemma [3.14] and Proposition [3.17 hold.

(i) Let us prove ([I3]). We begin with the case where Z; = Y] is a single stratum.
Let Z' C Z5 be a closed subset of Zy (which is a union of strata). Set W = Zy\ Z".
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We have Tz, = Tz UTw and Ty is closed in Tz,. This gives a morphism of
distinguished triangles:

CTW CTzz CTZ/ +1
| V Vo
Cw C22 C,/

Tensoring this diagram by £2 and applying the functor RHom(L%7 -), where Y; is
any stratum of Y, we obtain the morphism of distinguished triangles:

RHom(L%. , L7, ) — RHom(L7,, LZ%Zz) —— RHom(L%,, E%Z,) _t

¢ g P

RHom(L%. , £3,) — RHom(L%, , L% ) — RHom(L%. , £3,) —— -

It follows that the morphism f; in this diagram is an isomorphism, for any ¢ =
1,...,n. Indeed this is true if Z, consists of one stratum, say Y;, by Proposi-
tion 31Tk we have here L7 = LY @ L2/, and f; is the L?/-component of isomorphism
a;; of this proposition. Then the above diagram allows an induction on the number
of strata of Zs.

The same reasoning, on the first argument of RHom(-,-), gives the similar iso-
morphism with LzT replaced by E%«Zl . The same proof, using the isomorphisms b;;
of Proposition B yields the second isomorphism of ([I3)).

(ii) We prove (I4)) first in the case where Z; = Y; and Z, = Y;. Let us set
F = R'Hom(ﬁ%,ﬁ%), G = R'Hom(ﬁlTi,EQTj) and Z' = Z ﬁ?iﬂ?j. We see that
Fz = Fz: and Gr, = Gr,,, hence we may assume that Z consists of strata Y, with
p <1i,j (recall that Z;, Zo C Y \ Z, so that p # i, p # 7).

Let us argue by induction on the number of strata of Z. By Proposition 317,
(I4) is true when Z =Y, with p < 4,j. Let us choose Y, C Z such that it is open
in Z. We have an excision distinguished triangle RT'(Y; Fy,) — RI'(Y;Fz) —
RF(Y;FZ\yp)Jr—1>, and a similar one with Gr,. By induction RI'(Y;Fyz\y,) =~
RI(Y;Gry,,, ), and by the first step RI'(Y; Fy,) ~ RI'(Y;Gr,). Hence we obtain
RT(Y;Fz) ~ RT'(Y;Gr,) as desired.

Going from a single stratum to arbitrary locally closed sets Z1, Zs, is the same
as in the proof of ([I3).

(iii) Let us first assume that Z; consists of a single stratum. Since the statement
is local on Y, we may take coordinates as in Lemma B.14] and assume £! = £2 =
Cra. Weset Cp = {z1 >0,...,2y-1 > 0, z;y < 0} and assume that Z; = C;. We
set U= {x; >0,...,2,_1 >0} and let u : U — R? be the inclusion. Since Z, is
locally closed and Z; C Zs, there exists [ > ¢ such that UNTz, = C; U...UC.
Since C; C U, we have

RHom(Cg¢,, Cr,,) ~ Ru.RHom(Cc;, Cr,,|v) ~ Ru.(Cc,\c,),

where C;; = Cip1U...UC;. Now Ru*(Cci\Cu) ~ CE\CH is concentrated in
degree 0.

We deduce the result for an arbitrary locally closed subset Z; C Z; using an
excision distinguished triangle.

(iv) We first note that we may assume V =Y. Indeed, by Lemma BIH applied
to the complex G = R’Hom(EIZI,EQZQ), we may choose a set of bounds such that
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RHom(LY |v, L% |v) ~ RHom(LYy |7, L% |1, ). Hence, if ([I5) is true for global
sections, applying it to Y = Ty, with the induced stratification and local systems,
gives the result for any open V.

Let us set F' = Hom(ﬁ%ﬂzl , £2T22 ), U =Y \(Z1\Z1) and show that we may replace
Y by Ty. Since Tz, C Ty, we have F ~ 'y, (F). But Flp, ~ (L™ ®L3?)
locally around any point of Tys, the inclusions T, nz, C Ty C Y are homeomorphic
to inclusions of convex subsets of R?. Hence I'r,, (F) ~ RI'r, (F) and RT(Y; F) ~
RI(Ty; F). We also have G ~ RI'y(G), hence RHom(L} , L% ) ~ RI'(U;G). By
Lemma 315 applied to G, we have, up to shrinking the set of bounds, RT'(U; G) ~
RT(Ty; G) ~ RHom(LY, |1, L%, |1, ). Hence we may replace Y by Ty and assume
77 is closed.

By assertion (iii) proved above, we have, setting F’ = R?‘lom(ﬁ%pz1 , E%Zz ),

Tz1nzy and

F}Z2 ~ FTZQ. Since Z7 is closed, we also have an exact sequence 0 — I‘TZ1 C%«ZZ —
E%Z2, so that I, = 0 for z ¢ Ty,, and Fr, ~ F. Hence RI'(Y; F) ~ RI'(Y; FT/“ZZ)
and, setting W = Zy \ Z, (which is closed), we have the distinguished triangles:

RU(Y;Fy,) — RU(Y; F') — RU(Y; F)*5,

+1

RHom(ﬁlTZmW,LQTZ2) — F' — RHom(ﬁlTZm(Y\W), 2T22)—>.

By @3), RU(Y; F') ~ RHom(L} ,L£%,), thus the first triangle implies that (I5) is

equivalent to the vanishing of RI'(Y’; F, ). Using the second triangle, this vanishing
follows from the two sequences of isomorphisms below:

(21) RI(Y; RHom(ﬁlTZmW , £2Tz2 V) = RHom(ElTZmW , £2T22)
(22) ~ RHom(ﬁlzan, £2Z2)
(23) ~ RHom (LY, ~y, Rl 7,(£3,)) =0,

RI(Y; RHom(ClTZm(Y\W) »CQTZ2 )Tw )

(24) 1 2
~ RT(Y; RHom(/SZm(y\W), Ly )w) = 0.

Let us explain these isomorphisms: (2I)) is true because the application of the
functor (-)py, does not change anything (since the support of the complex of
sheaves is included in Ty ), ([22) follows from ([I3]), 23] comes from the hypothesis
Ry (L2 z,) = m(£L?|z,) and the vanishing follows from (Z3 N W) N Zy = 0.

The first isomorphism in (24]) follows from (I4)). The smoothness hypothesis
gives R'Hom(ﬁlzm(y\w), L%) ~ Rv. (LY ® L?)|2,nz,). Since L' is defined on Z;,
which is closed, we also have Rv.((LY* ® £2)|z,nz,) =~ n((LY* & £L?)|z,nz,); this
implies the desired vanishing and concludes the proof of (5. O

3.2. Direct image to I. We consider a stratified analytic manifold Y = | |;.; Y;
endowed with normal crossings divisors (D,)ycy and sheaves (Ly)aca, satisfying
Assumptions 31l As in Notations .12 we fix € in a set of bounds such that the
conclusions of PropositionB.IThold for any pair («, 3) € A2. We keep the notations
T;, fori € I, and T,, L, for « € A. We will give an equivalence between D(Y')(L’))
and a derived category of dg-modules on I following the construction of [I3].
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Definition 3.18. We define a sheaf of dg-algebras on Y, Q, by

Q= P Qus, where, fora, B A, Qag = Qy @ Hom(L,, Lj).
(a,B)€ A2
The product magy : 5y @ Qag — Qany, for a, 8,7 € A, is induced by the product
of forms and the composition in the endomorphisms sheaves.
Considering the partition Y = | |..; T;, we define ¢/ : ¥ — I (like ¢ : ¥V =
Llic; Yi — 1) by ¢'(T3) = {i}. We set

B = ¢ (Qp),  B=¢.()~ P B
(a,B)€A?

These are sheaves of differential graded C-vector spaces on I, and B is a sheaf
of dg-algebras. We also define a direct image functor v : D¥(Y) — Dp. For
F € D(Y), we choose an injective resolution of F, say F — Rp (Rp and the
morphism F — Rp depending functorially on F'), and we set

Y(F) = ¢.(D Qv ® Hom(L,,, Rp)).

acA

icl

We note that v(F') has a natural structure of B-dg-module, defined by multipli-
cation of forms and composition of homomorphisms sheaves, like the multiplicative
structure of B.

We also have the following description of the cohomology of the sections of B.
Since Qy is a soft resolution of Cy, Qg is a soft resolution of Hom(Ly,, Lj3). Let
U C I be an open subset, V = ¢~ 1(U), V' = ¢/ ' (U) = Ty, and let o, § € A. By
(iii) and (iv) of Proposition Bl we obtain:

(25) H'(6.(Qap)(U)) = Ext'((Lo)|vr, (L) vr) = Ext'((La)lv, (Lg)[v)-
Proposition 3.19. With the above notations, we set, for « € A, M, = ~v(L,,) and
M =@, ca B¥®. Then the natural morphism MO — M, is an isomorphism (in

D(Y)). The functor ~ induces an equivalence of categories between D(Y)(L.) and
DB<Ma> ~ DB<M2>.

Proof. For a € A, we denote by L, — R, = Ry, the chosen injective resolution of
L.
The first assertion follows from the definitions of M,, M2 and the isomorphisms
RHom(L,,, L) ~Hom(L,,, L), RHom(L,,,L,)~Hom(Ly,Ry).

The first of these isomorphisms follows from Proposition B11] (iii), and the second
one follows from the injectivity of R,,.

Let us prove the second assertion. Since our categories are respectively generated
by the L/, and the M, it is sufficient to prove that 7 gives isomorphisms, Vo, 5 € A,
Vp € Z:

(26) HomD(y) (L/ou Llﬁ [p]) ~ HOInDB (Ma, Mﬁ [p])

Indeed an inductive argument as in the proof of Corollary B3] (but easier because,
here, the functor giving the equivalence is a priori defined) implies that v also gives
a bijection between Hompy)(L1,L2) and Homp,(y(L1),7(L2)) for any objects
Ly, Ly of D(Y)(L.)). Let us prove (28). We set L' = @4 L), and M =~(L') =
@D.ca Ma. Then (20) is equivalent to

(27) Vp e Z Hompyy (L', L'[p]) ~ Homp, (M, M(p]).

a€cA
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The morphisms L/, — R,, induce morphisms of differential graded sheaves, %,
from B = ¢/ (Qug) to B'*P = ¢/ (Qy @ Hom(L',, Rg)). Since R is injective we

*

have the isomorphisms below in D(Y’), which give the cohomology of sections of
B for an open set U C I, and V' = ¢/~ (U):

Qy ® Hom(L.,, Rg) ~ Hom(L.,, Rz) ~ RHom(L.,, Rg),
H (B*°(U)) = H (V';Qy ® Hom(Ll,, Rg)) ~ Ext’((L,,)|v+, (Lj)|v').

By (25) this means that £ is a quasi-isomorphism of differential graded sheaves.
Summing over all pairs («, (), we obtain a quasi-isomorphism of B-modules between
B and y(@sc 4 L) = M. Hence we obtain:

(28) Homp, (M, M[p]) ~ Homp, (B, B[p]).

We have seen that Vi € I, By, is K-projective. By (i) of Assumptions B any
intersection of open sets of the type U; still is of this kind, hence Viy,... %, € I,
BUilm.ﬁUin is K-projective. Let us put any total order on I; we obtain a K-
projective resolution of B by taking the total complex of the following Cech-like
complex of complexes:

T @ BUilmUiszis - @ BUﬁmUiz - @BUH - 0’

i1 <ig<iz€l i1<ig€l inel

with the usual differential (da);, . . = Zi1<”'<ik<j<ik+1<"-<i.,v(_1)kai17-~7j7-~7ir'
For an open set U C I, we have RHom(By, B) ~ RI'(U; B) and, for U = U,, the
functor T'(U;;-) = (+); is exact. Hence:

Homp,, (By,, Blp]) ~ H?(RHom(By,, B)) ~ H?(RT'(U;; B)) ~ H?(T'(U;; B)).

By definition T'(U;; B) = I'(¢'~1(U;); Q) and we obtain that Homp,, (M, M [p]) is the
pth cohomology group of the total complex of the double complex:

0 Pr@ "(U,):;)— P T ' Uy)N¢  (Us,); Q) — -

1€l i1<iz€l

This is a Cech resolution of the complex €, which is formed by soft sheaves.
Hence Homp, (B, B[p]) ~ HP(Y;Q), and, by (25), this last group is isomorphic
to Ext?(L', L"). In view of (28)), this gives (27) and concludes the proof. O

3.3. Gysin isomorphism and product. In the previous paragraph, we have
obtained a sheaf of dg-algebras, B, on I such that D(Y)(L,) is equivalent to a sub-
category of Dg. In section Bl we will construct a sequence of quasi-isomorphisms
between B and its cohomology. For this we will, in particular, replace sets like
Uiap = {x € ¢'""(Ui); Hom(L},, L;) # 0} by homotopy equivalent ones. But be-
fore that, we note that B; is not immediately quasi-isomorphic to sections of 1y, , ®
Hom(Ly,, Lj). Indeed, the cohomology of B; is Ext'(Lgly-1(v,), Lle-1vy) =
Ext'(Lalg-1v,), Lslg-1(v,)), whereas the cohomology of Qu,,, ® Hom(Ly,, Lj) is
Ext (Lo |Uings L5lUins) = Ext'(Laly:, Lgly;). In our situation they are isomorphic
under a “twisted” Gysin isomorphism. We build this isomorphism at the level of the
de Rham algebras and describe the algebra structure. Then we use this description
to obtain a quasi-isomorphism between B and the sheaf A defined in
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3.3.1. Gysin isomorphism. Let us first consider the usual Gysin isomorphism. If
M is an oriented manifold and N a closed oriented submanifold of codimension c,
we have an isomorphism RI'n(Cjs) ~ Cy[—c]. On the global sections it induces
H'(N;Cy) ~ Hy°(M;Cps). Let us choose, by Lemma EF two open tubular
neighbourhoods U, V of N, such that U C V and

H(V, Cv) RAS H(U, CU) = HA(N; CN), HN(M, CM) = HU(M’ CM)

If we assume, moreover, that the boundary of U is smooth, we have RI';zCys ~ Cy,
so that Hy(M;Cypr) ~ H (M;Cy). Let §(N,M) € H§(M;Cys) be the funda-
mental class of N in M. We may choose a representative {(N, M) € T'(M;Q5,)
such that supp&(N,M) C U. Then, the multiplication by (N, M) induces a
well-defined quasi-isomorphism of T'(IV;Qy)-dg-modules between I'(V;Qy ) and
T'(M; (Qr)u)[c]. More generally, given local systems Ly on M, and Ls on V,
we obtain isomorphisms between extension groups and a corresponding quasi-
isomorphism between de Rham complexes:

(29) 5(N, M) : Eth(N) (L2|N, L1|N) = EXtBr(CA/I)((LQ)N, Ll),
(30) Extpvy (L2, Lilv) = Bxty Gy (L2)g, L),

E(N, M) : T(V; Qu@Hom(La, L1|v))
(31) qis

—T(M; Qn @ Hom((La)g, L1))le].

We will use [BI) to build a second sheaf of dg-algebras on I, quasi-isomorphic
to B. For this we also need to describe the product structure: the composition
Hom(Lo, L1) ® Hom(Ls, Ls) — Hom(Ls, L) induces a product on the right-hand
side of the above isomorphisms and we want to understand the corresponding prod-
uct on the left-hand side.

3.3.2. Algebra structure. This paragraph mainly has an heuristic purpose, in order
to justify the definition of the product m of the sheaf of dg-algebras A introduced
in [3.5] above. We consider a complex manifold Y, endowed with normal crossings
divisors D,, v € V, and sheaves L, a € A, satisfying Assumptions B.Il We keep
the notations of B.I] in particular, for Za, A € S, Zo = Za, \ Uyeas Do, for
a € A. We set also: :

ZaﬁZZaﬂZﬁ, ZaﬁVZZaﬂZﬁﬂZA/.

We fix a, 3,7 € A and, up to restricting ourselves to an open subset of Y, we
assume that Z,, Zg, Z, are closed.

For v € V, D, has a fundamental class ¢, € H,%U (Y;Cy). For A € S the
fundamental class of Za in Y is dn = [[,ca 0u. It belongs to H;LA‘(Y; Cy). For
A’ C A, wehave Zn C Zar and Za is the transversal intersection of Za, and ZA\A'-
Hence the fundamental class §(Za, Za/) € HZ (Zar; Cz,,), with d = [A| — A7),
is the image of da\as € H%‘i\A, (Y;Cy) in HZ (Za;Cyz,,). By abuse of notation
we will write da\as for 6(Za, Zar).

We define €43 = 6(Zag, Z3). We have:

€aB = 5Aa\Aﬁ S H;i(;ﬁ(Zg, CZB)7 with dag = |Aa \ A5|
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We remark that Extpyy(La, Lg) ~ Extpy)((La)z
plication by €, gives an isomorphism:

Lg), so that, by ([29)), multi-

aB?

i ~ i+2dq
(32) €af : EXtD(Zaﬁ)(LOt|ZaB’L,3|Za[3) — EXtD(Y) B(La, Lﬁ).

From now on we forget the subscripts D(Z.) if there is no ambiguity. We want to
understand the product of two extension classes in Ext'(Lq, Lg) and Ext’(Lg, L)
in terms of the corresponding classes on the left-hand side of the above formula (see
diagram (37) below). Let us introduce some notation:

(33) A=A \ (A U AV)’ dy = |Aq], Eafy = (5(Za,gry, Za7> =0A,,
(34) AQ = (AaﬂAv)\Ag, d2 = |A2‘, 8—055’)’ :5A2.

We first restrict the classes in Ext'(La|z.,, Lglz.,) and Ext (Lg|z,., Ly|z,,) to
Zp3~ and make the product, obtaining a morphism:

T EXti(La|ZQ5aL5|ZULg) ® Eth (L5|Z575L’Y|Zg»y) - EXtH_j (LO(|Zaﬁ7’L’Y|Zaﬁ’y)'
Now L, and L. both restrict to local systems on Z,, (and Z,gy), so that we

may identify Ext'(La|z, ., Ly|z,.) with H (Zay; L}, ® L) (and the same on Zug-).
Hence multiplication by €43, gives a morphism:

Capy  EXt (Lalz.y,, Lyl 2.,) = Ext T2 (Lol 2, Lyl z,.,).

The “correcting term” aiﬁ,y is introduced to have the identity (30) below (in
Hy, . (Y;Cy)). Multiplication by E;rﬁ,y gives morphism (BG]).

(35) Eaf " Epy = 5Iﬁy “Eapy tEays
(36) .8—a~_ﬂy : EXt.(LCE|Zaw7L’Y|Za«,) - EXt.+2d2 (L04|Zaw’L’Y|Za"r)'

Because of (B3), the composition of ([B8) with €,3, o r gives the commutative
diagram

Ext’(La|zuss Lgl 2.5) @ Ext? (Lglz,,, Lo l2,,) —5> Ext*(Lalz,.,: Lyl 2..,)

(37) Eaﬁ@eﬁ”’lz Zlaaw

i+2dq +2d l

EXt;D(Y) (Lo, Lp) ® EXt{j(Y)BW(Lﬂ’ Ly) ——— Extp(yy(Las L),
where k =i+ j +2(d1 + da), | = i+ j + 2(dap + dp), p = (-€55,) © (€apy) O
and the bottom arrow is the composition of extension classes. This diagram gives
us the composition of extension classes, through isomorphism (29). The definition
of the product of A in is copied from the definition of p above.

3.4. Proof of Proposition B.7l Recall that quasi-isomorphic sheaves of dg-alge-
bras have equivalent derived categories (see [13], Proposition 1.11.2). Hence, by
Corollary and Proposition B.19 the proof of Proposition 3.7 will be achieved
if we show that B and A are quasi-isomorphic.

We still consider Y = | |;c; Vi, (Dy)vev, (La)aca satisfying Assumptions 3.1
We keep the notation L, ; for the local system on ¢~!(U;) extending L,ly;, and
also Notations for T;, T, L., as well as the notations of paragraph for
0y, On, A1, As.

We choose representatives, £, € T'(Y;02), of the d,, such that suppé, C
Int(Tp,) (remember that Tp, = |l y,cp,3Ti)- For A C V we define {ao =
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[Toea & € D(Y;03%); it is a representative of o with supp&a C Int(Tz,). For
a, 3,7 € A we define forms 7,3, a3, representing the classes a3, (€agy - E;rﬁ,y):

Nas = §(Aa\Ap)s Nagy = Ea, *EA,-

The forms 7,3, were already introduced when we defined the product of A. By
Lemma below, the multiplications by the forms 1,3 give quasi-isomorphisms
of sheaves g®# : A%? — B3, By the definitions and the identity (similar to (BH)
NaB - N8y = NaBy * Navy, the morphism g = @ g*” : A — B is a morphism of sheaves
of dg-algebras.

We have thus obtained a quasi-isomorphism between B and A, and hence an
equivalence of categories between Ds(M2) and D 4(A ®@% M2). We remark that
MY is B-flat because B ~ @, ., M. It follows that A ®f M2 ~ N,, for the

A-module No, = @, c 4 A% This concludes the proof of the proposition.

Lemma 3.20. Let us set, fori € I, V; = ¢ Y(U;), V! = ¢~ 1(U;) =Tv,.
(i) For o, 0 € A, i € ¢(Zop), we have a well-deﬁned morphism of sheaves on V:

Fig Qs ® Hom(Looi, L) — Q02" @ Hom(L,,, L}), (0 ®u) = (nago) ®u,

where o € Qyr, u € Hom(Ly,, Lj). On the global sections, it induces a morphism
gAY — B

(ii) The morphisms giaﬁ, i € ¢(Zap), extend to a morphism of differential graded
sheaves on I, g®P : A*P — BB which is a quasi-isomorphism.

Proof. Since U; is open, we have, by Lemma [3.14 (i), Y\ V; C Ty\y;, = Y\ V/. By
definition of Ty~\y;, this implies in fact Y\ V; € Int(Y \ V7), or, as well, V/ C V;.

(i) We consider i € ¢(Zap) and set T)5 = (Ta N Tp) \ (T \ Ta)) N V/. We first
prove the isomorphism:

(38) Hom(Lly, Ly)ly; = (Hom(Lai, Ls.))s -

We have by definition L, |y =~ (Lai)1.Avy- Since i € ¢(Zag), Zo NV is closed
in V; and, by Lemma 314 (i), (ii), T, N V; is closed in V;. The same holds for (.
Since ([B8) can be checked locally, we may assume L, ; = Lg,; = Cy,. Now, for two

closed subsets M, N of a manifold X, and iy the inclusion of N in X, we have
Hom(Cps,Cn) ~ (iN)*'Hom(iX,lCM, Cn) = (in)Hom(Cpran, Cn).

One checks that Hom(Cpnn, Cn) ~ Cy, where U is the interior of M NN in N.
This gives the formula for Ti

We may write as well T7 o = (TaNTp)\(Tp \ Tz, )NV Aformw € I'(V/;Qy)
such that suppwNTp \ TZA = () belongs in fact to T'(V}; (Qy)vy \(Tg\T) Since
T, NTs is closed in we have a natural morphism from (Qy)v N\(Tp\Tz,) O
(Qy)Tl , and w mduces an element of I'(V/; (Qy)Tl ). This condition on the sup-
port is satlsﬁed by nas. Indeed, we have supp 77a,8 C In‘c(TZA \ag ), hence it is
sufficient to check that Tz, | ay NTz5\24, = = (. This is equlvalent to Za\a, N
(Zg \ Za,) = 0, which is obvious. Hence the multiplication by 743 sends Qy; into
(Q%)T7ﬁ [2da]. Tn view of (BE), this gives the morphism f? 5. Now, remember that

B =T(V/;Qy @ Hom(L,, L};)),
AP = D(Vi; Qy @ Hom(Lai, Lp)) [~2dags).
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Hence the restriction from V; to V;/, composed with T'(V/; fZ 5) gives gf‘ﬁ .

(ii) Let us first see that the g™’ extend to i & ¢(Zag). In view of the definition
of A (see B.9), for i & ¢(Zap) U d(Za,uns N (Upeas Ay D,)), we have A;Xﬁ =0
and ¢ is trivially defined. So we assume i € ¢(Za,ua, N (Uyearnay Do)- We

let j be such that V; \ (U,ca A/, D,) =V;.
Let us first extend (B8]) to the case

(39) Hom(L;,L’B)h/Z/ ~ (Hom(La,i,LW))UéB,

where Ul 5 = ((To N Tp) \ (T \ To)) N'V;. By definition, L}, |7, =0 for v € A,
hence we have Ly, |v; = (Lg,)v;. Denoting by u : V] — V{ the inclusion, we deduce,
in view of ([B8):

(40) Hom(L., L,/B)‘V{ ~ u,(Hom(L.,, Llﬁ)|\/j’) ~ u,(Hom(Lq 4, Lﬁ’i)Tia)'

By Lemma B4 (iii), the inclusions Tiﬁ C V; C V/ are locally homeomorphic to
inclusions of convex subsets of R?, and (B9) follows.
Now we define ¢*”. Since A = A}Xﬁ , we just have to check that gjo-‘ﬁ factors

through the restriction morphism Bia’a — B?’B . As in (i), formula ([B9) implies the
existence of a morphism

«

fhs Q@ Hom(Lay, Lg,i) — Q;,zdaﬁ ® Hom(Ly,, Lj).

We also note, by ([#0), that supp Hom(L,,, L3)[v; C VJ’ Since VJ’ C Vj}, we obtain
B =T (V] NVj; Qy ® Hom(L,, L))

Hence I'(V/ N'V}; f(iﬁ) yields a morphism from

wpj = LV NV Qy @ Hom(La, Lpi)) [—2dag]

!/

to B} A, Composed with the restriction morphism from .A?B to By,

it gives the
required morphism .A?ﬁ — B,
Since g # is defined by factorising g?’a , it is clear that the ¢ commute with
the restriction maps and define a morphism of sheaves, g*? : A% — BB,
Now, let us check that g®? is a quasi-isomorphism. We have to prove (with the
Notations B.4]):
(a) for i € Iyg, H'(g?ﬂ) is an isomorphism,
(b) for i € Iz and j € Inp such that Vi \ (U,ca: nay, D,) = V;, we have
H (B]) = H (B]"),
(c) fori & Ing U I 4 H (BM) = 0.
By the definition of g;* A (a) follows directly from quasi-isomorphism (3I)). Let us
verify (b). Since Lo|p, = 0 for v € Al,, we have L, |y, = (La)v,. Hence, using (25),
we have the required isomorphism:

H (B*P) ~ Ext' (L,
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Let us prove (c). We first note that Assumption B] (ii) implies, for F' € Db(Y),
constructible with respect to the stratification Y = | |,.; Y;, Vi € I, H (V;; F) ~
H (Y;; F). By (23], it follows that

H (B;”) = Ext (Lalvi, Lslv,)
~ H (Vi RHom(La, L)) ~ H'(Yi; RMom(La, Ly)ly,).
Now, we have either i  ¢(Za,ua,) or there exists vg € A, 5 = (A, UAR) \ (A, N
Aj) such that Y; C D,,. In the first case Y; doesn’t meet supp(RHom(Lq, Lg))

and the vanishing of H'(B") is clear. Let us assume we are in the second case. For
ac A weset Vo =Y \U,ca, Dv. By LemmaZ@we have Lo, >~ (La)v, ~ T'v, (La)-
Let usset V =V,NVg and let j : V — Y be the inclusion. We obtain:
RHom(Ly, Lg) ~ RHom((La)v,, RT'v,(Lg))
~ RT'v RHom(Ly, Lg) ~ Rj.RHom(Ly|v, Lglv).
Now Z, NV and ZgNV are closed in V' and their intersection Z,g NV is empty or
a smooth submanifold of Zg NV of codimension 2d,3. Hence RHom(La|v, Lg|v)

is isomorphic to K,3[2dg], where K,g is a local system on Z,3NV. By Assump-
tion 311 (v), the monodromy of K,g around D,,, is —Id. By Lemma 2.6 we obtain

Rj.Kop|p,, =0 and, a fortiori RHom(La, Lg)|y, = 0 and H*(B{") = 0. O

i€l

4. SYMMETRIC VARIETIES

We recall some results of [2] on regular compactifications of homogeneous sym-
metric varieties, in particular, the structure of the decomposition by the K-orbit
types, for a suitable maximal compact subgroup K. Then we show that the hy-
pothesis of Proposition B.7] are satisfied.

Let G be a semi-simple algebraic group of adjoint type over C, o an automor-
phism of order 2 of G and H = G?. Let T be a o-stable maximal torus of G
containing a maximal o-split torus S (i.e., Vt € S, o(t) =t~ !). The corresponding
root system ® = ®(G,T) decomposes as & = &y LI &1, where Py denotes the set of
roots fixed by the action of 0. One may choose a basis of simple roots ¥ such that
o exchanges the corresponding positive roots of ®; with the negative roots of ®;.
The non-fixed roots ®; induce a root system on S with basis {y1,...,7} given by
the restriction of ¥ N ®;. The corresponding Weyl group is denoted by W'. We set
D = HN'S, the subgroup of S of elements of order 2, and 8" =S/D ~T/(TNH).
The natural map S — S’ gives an identification between the Lie algebras Lie(S)
and Lie(S’). Let HY be the identity component of H. By Proposition 1 of [12]
(see also Proposition 7 of [I7]), we have H = D - H°. In particular, the group of
components of H is a quotient of D, hence of the type H/H° ~ (Z/2Z), for some
a € N.

Regular compactifications. Let X be the canonical compactification of G/H
described in [6] and [7]. It can be defined as follows: let Gr, be the Grassmann
variety of n-dimensional subspaces of Lie(G), for n = dim(H), with the G-action
induced by the adjoint action. Let # € Gr, be the point associated to Lie(H).
One can show that G - ~ G/H and that X is isomorphic to the closure of G - x
in Gry,. Tt is proved in [6] that X is smooth, X \ (G/H) is the union of I smooth,
normal crossings divisors, say D;, i = 1,...,l, which are closures of G-orbits, and
any G-orbit closure is the intersection of the D; containing it. More precisely,
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the decomposition into G-orbits is identified with the decomposition of the toric
variety C! into orbits for the action of (C*)!, as follows. The inclusion S C G
gives an embedding of S’ in G/H, and hence in X. The closure of S in X is a S’-
toric variety, whose fan can be identified with the subdivision of Lie(S’) into Weyl
chambers under the action of W'. We consider the affine space C! associated to the
negative Weyl chamber. Then the G-orbits in X correspond bijectively (by taking
the intersection with C') to the S’-orbits in C'. In particular, there are 2!-orbits
and one single closed orbit. Let O C X be a G-orbit. Then its closure is fibred
over a variety of parabolic subgroups of G, with fibre a symmetric variety. More
precisely, there exist a parabolic subgroup P C G, and a G-equivariant fibration
O — G/P, whose fibre, say Xo, has the following description. There exists a o-
stable Levi subgroup L of P, such that, denoting by L’ the quotient L/Z(L) (Z(L)
is the centre of L), X is the canonical compactification of L’'/L.

In [7] there is a description of the embeddings of G/H over X. If Y is such an
embedding, with a map 7 : Y — X, the closure of S’ in Y gives a toric variety, say
Z',and Z = Z' N7~ 1(C') is a toric variety over C!. It is shown in [7] that this
gives a bijection between the embeddings of G/H over X and the toric varieties
over C!. For Z — C! a morphism of toric varieties, let 7 : X; — X be the
corresponding embedding of G/H. Then Z = 7~ 1(C!) and the G-orbits in Xz
correspond bijectively (by taking the intersection with Z) to the S’-orbits in Z.
Moreover, Xz is smooth if, and only if, Z is smooth and X, is complete if, and
only if, Z — C! is proper. From now on we assume that Xz is smooth and complete.
These are the symmetric varieties we consider here.

Notations 4.1. We denote by V the set of irreducible G-stable divisors, D,,, v € V.
Any G-orbit closure is the intersection of the D, containing it. For A C V such
that (,cp Do # 0, we let Oa be the G-orbit such that Oa = MNvea Dy We denote
by S the set of G-orbits; hence S is identified with a set of subsets of V.

Fundamental domain. In [2], we also have a description of the orbits of a suitable
maximal compact subgroup of G. Let K be a compact form of G such that the
Cartan involution of G corresponding to K commutes with o and such that KNT is
a maximal compact subgroup of . We set S¢ = KNS. Let t; =t 2%, i=1,...,1,
be the characters of S’ associated to the simple roots v;, extended to a coordinates
system on C!. We set C' =]0,1]' € S’ € G/H. We consider the closure of C' in
Xz, Cx, = C. In particular, Cx = [0,1]!. Note that (m|z)~%([0,1]!) is closed and
contains C, so that Cx, is in fact contained in Z. Hence Cx, is mapped to Cx by
m. This is a fundamental domain for the action of K on Xz (see [2], Theorem 27).

Stabilisers. The stabiliser in K of a point of C'x,, is described in [2], p. 27, as follows.
For a point ¢ € Cx = [0,1]!, we call its J-support the subset of {1,...,1} defined
by J(q) = {i; q; # 1}. Let 7 : S — S’ denote the quotient map. For q €]0,1)' C .,
let § € 77!(q) be in the connected component of 771(]0,1]) containing 1. Then
the centraliser of ¢ in G only depends on J = J(q); we set:

K; = K° N Za(d).
For J C {1,...,l}, we denote by Cx, s, or simply C; if there is no ambiguity,
the subset of Cx, formed by the p such that J(w(p)) = J. By definition this

decomposition of Cx, arises from the decomposition of Cx = [0, 1] according to
the set of coordinates equal to 1: Cx, j = (W\CXZ)_l(Cx,J).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EQUIVARIANT DERIVED CATEGORY OF A COMPLETE SYMMETRIC VARIETY 559

We also consider the partition of C'x, given by the G-orbits: Cx, = |_|A€S OaAN
Cx,. All points p € Oa N Cx, have the same stabiliser in S¢. Indeed Cx, C Z,
and Oa N Z is a single S’-orbit of the toric variety Z, so that all points of Oa N Z
have the same stabiliser in S’. We set S3 = S, for any p € Oa N Cx,,.

Now we mix the two partitions above and set, for A € S and J C {1,...,{}:

FAJ:OAQCJ.

The Fa,; are called the “faces” of Cx, (if Xz is projective, the moment map for
the K-action identifies C'x, with a polytope, and the “faces” are the usual faces of
this polytope; see [2], p. 25). We have the following description of the stabilisers:

Theorem 4.2 (Theorem 32 and Corollary 35 of [2]). Forp € Cx, let Fa, y be the
face containing p, and let K,, be the stabiliser of p in K. Since Op is K-stable, K,
acts on Np =T,X7/T,0a. We have

(41) K = ker(K, — GL(N,)),
(42) K,=S% K;, SinK;=D.

In particular, K, only depends on the face to which p belongs. For a face F', we
set Kr = K, for any p € F. Let us make some remarks on the decomposition of
Cx, into faces.

For X7z = X, we have Z = C!, Cx = [0,1)!. We may identify V with {1,... 1}
so that, for A C V, Oa NCH = {(t1,...,t;); t; = 0iff i € A}. Hence:

for Xg=X: Fayj={(ts,....,t) €[0,1]; t;, =0iff i € A and t; = 1 iff i ¢ J}.

The image of a G-orbit of Xz, say Oa, A C V, by 7 is a G-orbit of X, say Oy,
¥ c{1,...,1}. The restriction 7|p, : Oa — Osx is a fibration, and gives a bijection
between the faces Fa j of Cx, NOa and the faces Fx ; of Cx NOyx. In particular,
Cx, NOx has a unique closed face, Fa 5, and a unique open face, Fa (1,..11- We
also deduce that Fa j C Fa y if and only if J C J'.

We have similarly Fa ; C Fas j if and only if A’ C A. Indeed, if Fa j C Far s,
then certainly Oa N Oas # 0 and hence A’ C A. Conversely, assume A’ C A and
let p € Fa ;. Since p € Oas, we may write p = lim,, p,,, with p, € Oas. Now each
Py, is itself a limit of points of Oy, which is identified with (C*)! by 7. Let us write
pn = lim; g, with ¢ = (¢7,,...,%};). Since p € Cy, for any £ > 0, there exists a
neighbourhood U of p, such that ¢i* € U implies [t}, —1| <, Vj ¢ J. Hence, up to
restricting to a subsequence, we may assume that, for each n great enough, Vj & J,
lim; t7, = s for some s7, with [s} — 1| <e. We set s} =1 for j € J. Then, for the

element g,, = (s") € (C*)!, the point p/, = g, ' - p, = lim; g;;* - ¢ is in Oa N Cj.
The p), converge to p, and we have p € Fas_y, as required.

Combining both characterisations for the inclusions of closures of faces, we have:
Fa.j C Far g is equivalent to A’ € A and J C J'. Now we summarise the
notations and properties introduced so far and add some others.

Properties 4.3. For A € S, J C {1,...,1l}, wehave Fa j = OaNCx, ;. Welet F
denote the set of faces, F = {Fa,s; Fa,j # 0}. Welet ¢ : Cx, — F be the natural
map induced by this partition and endow F with the quotient topology. For A € S,
Oa N Cx, has a unique closed face, which we denote by Fa j,, Ja C {1,...,1}.
As in section 2] for a face F' of Cx,, we let Ur be the smallest open subset of F
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containing F. We set Uj. = ¢~ (Ur); this is an open subset of Cx, which contains
F' as its unique closed face.

(43) Kp,, =5Sx Ky,

(44) A CcA = S% C 5%, JcJ = Ky C Ky,
(45) Fany CFany = A'CA and JCJ,
(46) Up ={F' € F; F C F'}, Up =Upcs F',

(47) U%A,J = UA’CA,J’DJ Fargr = (l—lA’CA Oa)N (l—lJ’DJ Cr),
(48) Urs.s NUFs 50 = Ubsoar somr-

The first equality in ([@7) follows from ([@3]). The second follows directly by applying
the definition of the faces, and it implies ([@8]).

4.1. Stratification by the faces.

Lemma 4.4. We keep the notations introduced above. Let X, = Xz /K be the
topological quotient, pz : Xz — X, the quotient map and qz; = pZ|CxZ' We
consider on Cx, the topology induced by its inclusion in Xz. We have:
(i) the map qz is a homeomorphism,
(ii) the partition of Cx, by the faces, Cx, = | |pcr F, satisfies: if FOF' #,
then F C F/,
(iii) the induced partition of Xz, Xz = | |pcr K - F, is a p-stratification; it sat-
isfies the same inclusions relations for the closures of strata as the partition
of Cx, by the faces.

Proof. (i) Since Cx, is a fundamental domain for the K-action, gz is bijective. It
is continuous by definition. For an open subset U C Cx,, Cx, \ U is compact
because Cx, is. Hence ¢qz(Cx, \ U) is compact too, and gz (U) is open. This
proves that qgl is continuous too.

(ii) Let Fa, s, Far,j be two faces such that Fa y N Eas, ;o # 0. By definition of
the faces, this implies Oa NOas # 0 and C;NCy # 0. Hence A’ C A and J C J';
we conclude by (45]).

(iii) By (i), we have for any subset C C Cx,:

K-C=p;'(r2(K-C) =p;'(42(C)) = p;'(az(C)) = K - C.
This implies that our partition of X is a stratification and the last assertion. Let
us verify the “u-condition” for two strata K-F, K-F', with F C F” (see section Z3).
This condition is local around a point of K - F' and we may restrict ourselves to
K -Uj. In K - Uy, our stratification coincides, by ([@3), with the partition by the
K-orbit types. By the existence of slices for action of compact groups this partition
is locally trivial: a point z € K - F has a neighbourhood of the type R? x Ej,
where F) is a representation of K, with 0 as unique fixed point, and the partition
is induced by the partition of E) in K -orbit types. In E), the p-condition for
the strata {0} and (K - F') N E} is trivially satisfied; hence it holds for K - F' and
K- F'. O

Notations 4.5. We stratify Xz as in the above lemma. We denote by ¢ : Xz — F
the continuous map defined by ¢(K - F) = F, for F € F. Weset Vp = K - Up =
¢ Y (Ur). From now on we denote by E a universal bundle for K which is an
increasing union of manifolds, £ = |J, Ex. Since m1(E) = 1, for any subgroup

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EQUIVARIANT DERIVED CATEGORY OF A COMPLETE SYMMETRIC VARIETY 561

H C K we have m(E/H) ~ H/H". Welet ¢ : E x ¢ Xz — F be the map induced
by ¢.

We are in the setting of Assumptions Bl with Y = Xz in a K-equivariant way,
or Y = E xg Xz (see Remark BH), I = F, and a set of normal crossings divisors
D, = Oy, v € V (we will introduce local systems L, in the next paragraph). Let
us verify conditions (i)—(iii). The first condition follows directly from [@8]). By (&1),
we have, for A € S and v € A,

U%A,J \Dv = ((I_lA/CA OA’) \Dv) n (|_|J'3J CJ’)
= (UygA’CA OA’) N (UJ’DJ CJ') = UI,;'A\{U},J’

and this gives condition (iii), the case v € A being trivial. Condition (ii) of As-
sumptions [B.1] follows from the next lemma.

Lemma 4.6. Let F be a face.

(i) There exists a homotopy h : [0,1] x Up — U, such that hy = id and hg is
the projection of Up to a point of F', with the property that the closures of the faces
of U are stable under hy, ¥t € [0, 1].

(ii) It induces a K -equivariant homotopy h : [0,1] x Vi — Vi contracting Vg to
a K-orbit K/Krp C K - F and preserving the closures of strata.

Proof. (i) By definition, the faces of C'x, are contained in S’-orbits of Z. Let YV
be the S’-orbit containing F and let U be the union of the S’-orbits whose closure
contains Y. Then Uy is included in U. There exists a one-dimensional subtorus
i:C* — 8§ of S contracting U to Y, i.e., Vy € U lim;_.gi(t) -y € Y. Note that
for t €]0,1], x € UN Cx,, i(t) -z still is in U N Cx, and belongs to the same
face as @. Hence the homotopy hy : [0,1] x Up — Up, (t,x) — i(t) -z if ¢ # 0,
(0,2) +— lim;_,gi(t) - =, contracts U to Ur N'Y and preserves the closure of the
faces.

Now Y is fibred over 7(Y) with fibre (C*)*, a quotient of S’. Tt follows that
Cx,NY is fibred over CxNn(Y'), with fibre W, where W is a subset of R’;O stable by
multiplication by ]0,1]*. In particular, W is contractible. Moreover, this fibration
is a bijection on the faces. Hence there exist sections s : Cx N7w(Y) — Cx, NY
of W\CXZ Ay, and for any such s, we may find a homotopy contracting Cx, NY to
im(s), which preserves the fibres and thus the faces.

Finally, im(s) ~ Cx N 7(Y) is a union of standard faces in [0, 1]’, isomor-
phic to ]0,1]™ x {0}'=™, up to a permutation of coordinates. Then im(s) N F =~
10, 1" x{1}m=" x {0}'=™ and im(s) N U} =)0, 1["x]0,1]™~™ x {0}!~™. Hence there
exists a third homotopy contracting im(s) N U to a point of F' also preserving the
closure of the faces.

(ii) By (@) and (@3], for any faces Fy, Fy with F; C Fy, we have Kg, C Kp,.
Since YF' € Up, h([0,1] x F') C F’, we obtain V(t,z) € [0,1] x Uy, Ky C Kp(t,2)-
Hence it makes sense to define h : [0,1] x V@ — Vg, (t,k - x) — k- h(t,z), for

€ [0,1], k € K, z € Up. It is clear that ho = id and hy is a K-equivariant
projection to K/Kp. Let us verify that h is continuous.

Let (t,,yn) be any sequence in [0,1] X Vp converging to (¢,y). Let us see that
a subsequence of h(t,,y,) converges to h(t,y). For each n there exists a unique
xn € Up such that y, € K - z,. With the notations of Lemma 4] we have
Ty = q}l(pz(yn)). Since these maps are continuous, the sequence x,, converges
tox = qu(pz(y)). Let us write y, = kyn - xn, k, € K. Since K is compact, we

(49)
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may assume, up to restriction to a subsequence, that k, converges to k € K. Then
h(tn,yn) = kn - h(tn,x,) converges to h(t,y) = k- h(t,z), as desired. O

Let us give some immediate consequences of this lemma. We consider the map
pr: Ve — K/Kp, k-2 — k, where k € K, x € Uy. This makes sense because Vz €
Up, Ky C K (recall that U, = | |5 F'). With the notations of Lemma [.6]
let zy € F, be the point of F' such that h(1,U) = {zo}. By definition, we have
in fact pr = h(1,-) modulo the identification K - o = K/Kp. In particular, pr
is continuous. Since it is K-equivariant, it is a fibration over K/Kp, with fibre
Kp - Up. The homotopy h also is K-equivariant and hence contracts each fibre
pr(y), y € K/KF to the point y. We let

(50) qFIEXKVF%E/KF

be the map induced by pp. This also is a fibration with contractible fibres.

For a G-orbit Oa, with closed face Fa j,, and a face F/ = Fa j such that
F' C Oa (ie., Jan C J'), Oa N Vg is closed in Vo indeed if a face Fa, g, is
included in Op it satisfies A C Ay, and if it is in Vpr it satisfies A1 C A; hence
any face of Oa N Vg is in Oa. Since the homotopy h of Lemma preserves the
closures of faces, it follows that h contracts Oa N Vg to K/Kp. Hence the maps

(51) EXK(OAQVF/)—)EXKVF/—)E/KF/

are homotopy equivalences. In particular, the fundamental groups are the same:

(52) 7T1(E X K (OAQVF/)):Wl(E/KF/):KF//K%/.

4.2. Equivariant local systems on Xz. Remember that G-equivariant local sys-
tems on a homogeneous variety G/G’ are in bijective correspondence with repre-
sentations of the components group G’'/G™ of G'. For a G-orbit O, we denote by
To the group of components of a stabiliser, 7o = G,/ Gg, for p € O. We introduce
similar notations for the groups of components of the groups defined up to now:

S8 = (S4)", Dy =DnSE,
77 =K;/Kj,  ta=S8i/S8=D/Ds,  1r=Kp/Kp.

For a G-orbit Oa, remember that Fa ;, denotes the unique closed face of OaNCx,,.
Forp € F = Fa, j,, K, is a maximal compact subgroup of G, (see [2], p. 31), hence
To ~ 7F. Let us remark that 7; ~ (Z/2Z)%, for some a € N. Indeed, by [@2), we
have Kr = S - K, but K is connected and S{ and K; are compact, so that we
have as well Kr = SQ - Kf}. Hence, for k € K, there exist s € SL, k' € K9 such
that k = sk’. Applying o we find k = s~ 'k, so that s = s~! and s € D. Thus we
have proved that K; = D - K9, and the claim follows.

Let us fix a face F = Fa j. By ), K is a normal subgroup of Kp. In fact,
the identity component S of S§ centralises K ;. Indeed, Vs € S%, Vk € K, we
have k' = sks™! € K;. Since K; C K%, we deduce k' = (k') = s™! ks and then
k=sk's™! = s?ks 2. Since any element of the torus SY is a square, our claim
follows. Then ([@2) gives the exact sequences (53), (in which S x K is a direct
product). We deduce the exact sequences (54).

(53) 1—D—SixK;— Kp —1, 1—Dp— SV XKy — Kp— 1,

(54) D—oTAXTy =T — 1, DA — 715 — 71 — 1.
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In particular, the groups 7r (and then 7¢) are quotients of the 7, hence of the
type (Z/2Z)*, for some a € N.

Let us consider more precisely the group 7a. Remember that S§ is the stabiliser
of a point p € Cx, C Z in §° = K NS, which is the maximal compact subgroup
of S (hence connected). Moreover, D = {t € S; t? = 1} ~ (Z/2Z)!, S acts on Z
via 8" = §/D and Z is toric for ', so that S, is connected. Let S = S¢/D be
the maximal compact subgroup of S’. Then S;° is connected too and the exact
sequences

1-D— S —87—1, 1—>(Z/2Z)l/—>S;0—>S;C—>1,

where ' = dim S0 = |A|, show that 7o ~ (Z/2Z)'~14l and Da ~ (Z/2Z)?I. For
A; € S, such that A C Aq, we have S§ C S} and a natural morphism 7A — 7a,
which is surjective with kernel (Z/2Z)I411-141,

Lemma 4.7. Let Oa be a G-orbit of Xz and L, a G-equivariant local system on
O, corresponding to a representation p : To, — GL(V,) of To,. We assume
that L, is irreducible. We set I' = Fa j. and let ip : TA — Tp = To, be the
morphism induced by (B4l). For v € V' \ A such that Ay = AU {v} € S, we have
ker(ta — Ta,) = Z/27Z. We let s, € Ta be the generator of this kernel.

Then p(ir(sy,)) = Fldy, and this is the monodromy of L, around D,. If
plir(sy)) = Idy,, then p induces a representation, p1, of 7o, and L, extends
to a local system, L1, on Oa U Oa,, such that L1|OAl corresponds to p;.

Proof. Recall that the variety Xz comes with a morphism © : X; — X. The
G-orbits of X are parameterised by subsets of {1,...,l} and Ja C {1,...,{} is
determined by 7(Oa) = Oj,. The hypothesis gives 7(Oa,) C 7(Oa), so that
JAn C Ja,. We set F} = FAhJAl. By {8) we deduce that Up, N Up = Ug,, where
Fy = Fa g\, - We obtain the following commutative diagram:

E xg VJL«“AIJAl <~ DOEXxg VFA‘JAIC—>E XK VEa .
@) U U

E xg Op, < F XK (OaN Vi 5, J—E xx Oa

V | '

E/Kpy, .y, E/Kry,,, E/Krp, ,, .

where the vertical arrows are homotopy equivalences, by (BI]). Let us consider a
“small” loop v in E X Oa around E X g Oa,, as in section 2.4l Since « is small,
we may assume that it is included in the neighbourhood E X i Vg, of E X g Oa,.
Since v doesn’t meet E X i D,, and Vg, \ D,, = Vg, by [@), v is in fact contained in
E x k Vp,. Hence it represents a generator of the kernel of 7 (i), the map induced
on the fundamental groups by the inclusion i of the above diagram.

Let j : 7w, — 7p, be the morphism induced by 7o — 7a,. By B2), 7 = m1(7)
and by (54)) we have the commutative diagram:

D——TAXTjy, ——TF —1

| L oo

D——TA X Tjp, ——TF ——1.
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We have already seen that ker(ta — 7a,) =~ (Z/2Z)/*11=1A1 ~ Z/2Z. The above
diagram implies that ker(j) is 0 or Z/2Z and is generated by ir(s,). Since s2 = 1
and V,, is irreducible it follows that p(ir(s,)) = £1dy,.

We consider L, as well as a G-equivariant local system on Oa or as a local
system on E X g Oa. Then L,|gx x Vi, corresponds to the representation py of 7p,
given by j and p. The representation py gives a representation py of 7p, = 70, if
and only if it sends ker(j) to Idy,, i.e., p(ir(sy)) = Idy,. This also is equivalent to
the fact that L, extends to Oa L Oa,, with a restriction to Oa, corresponding to
P1- U

Definition 4.8. We let A be the set of pairs a = (O, p), where O is a G-orbit and
p: 1o — GL(V,) an irreducible representation of 7. For a = (O, p) € A, we let
A, € S be such that O = Oa,, and, with the notations of the previous lemma, we
set

Al ={veV\Ay; Ay u{v} € Sand p(ip(sy)) = —Id}, Zo= @\U%A/ D,.
By the lemma, the G-equivariant local system on O corresponding to p extends to
a G-equivariant local system LY on Z,. We extend it by 0 outside Z, (keeping

the notation LY also for the extension). We denote by L, the corresponding local
system on E X Xz.

4.3. dg-algebras on the set of faces. By section 2] we have the equivalences
of categories:

DY (X2) 2 Da(X2)(LY, o € A) ~ D(E x i Xz)(La, a € A).

We are in the situation of Assumptions BIlwith Y = E X i Xz, stratified by the set
of faces F, the subspaces E X i D,, and the local systems L, a € A. Conditions (i)—
(iii) were verified in section [4.1] and (iv), (v) follow from Definition 4.8 Hence we
may apply Proposition Bt the category Dg(Xz)(L2) is equivalent to a category
of dg-modules over F, Dr(N,), where R is a sheaf of dg-algebras on F, whose
description is recalled below, and the N, are R-modules.

First, for a = (O, p), 3 = (O, p') € A, we define a sheaf R*? on F by its stalks
at any face F'. We have

#(O) ={Faj €F; Ay CA} and ¢(Z,) ={Fa s €F; Ay CAC(V\A))}.
We recall the Notations B4l (with F,g instead of I,3):
Fap = (ZaNZg) ={Fas € F; (AaUAg) CAC(V\ (A, UAR))},
(55) dag = |Aa \ Agl, ap = (A \ AB) U (A5 \ Ay),
ap = 0(Za.vas \ Useay, Do) \ Fap
={Fa s €F; (AaUAR) CAC(V\ALz) and ALNAZNA#D}.
For F' € ¢(Z,), the restriction to E xx K - F of the local system L, has an
extension to E X x V (recall that Vi = ¢~ !(Up)—Notations [LH); we denote it by
L, . According to the defining formula (8) we consider three cases: (i) F' € Fag,
(i) F € Fly, (ill) F & Fap UF,,. For F € Fog, we have
'R%’g =T(E Xk Vi; Qpxeve @ HO’ITL(LOC’F, L/g,p)) [—Qdag].
Case (ii) is reduced to (i) as in Definition B3] and in case (iii) we have R;’B =0.

We set R =D, sca R,
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We denote by §, € Hf( p,(Xz;Cx,) the K-equivariant fundamental class of
D, in Xz. We choose forms &, € I'(E xx Xz;Q%, _x,) representing the ,, and
use them to define a product on R, as in Definition [3.5] turning R into a sheaf of
dg-algebras on F.

The R-dg-module N, is No = €D, , R with a R-structure defined like the
product of R. Let us set L = @, .4 Lo. By 5) and Lemma (ii), we have,
for a face F' € F, the isomorphism of algebras:

(56) H'(Rp) ~ H(T(Ur; R)) ~ Extp g vy (Llve, Llvie)-

We also introduce the sheaf H on F given by the cohomology of R, i.e., the sheaf
associated to the presheaf U — H (I'(U;R)). This is a sheaf of dg-algebras on F,
with differential 0. For a face F' € F we have I'Up;H) = Hp = H (Rp). We
define in the same way the H-module H,, associated to U +— H (I'(U; Ny)).

5. FORMALITY OF THE DE RHAM ALGEBRA

We keep the notations introduced in the previous section. Our aim is to prove
the following result.

Proposition 5.1. There exists a sequence of quasi-isomorphisms of sheaves of dg-
algebras on F, R — RA «— RB — RC «— RD — RE ~ H, relating R and H. It
induces an equivalence of categories between D%)C(XZ) and Dy (Ho, o € A).

We know from the previous section that DI&C(X z) is equivalent to Dg (N, ). Now
a quasi-isomorphism between sheaves of dg-algebras induces an equivalence between
their derived categories of dg-modules. Hence the first part of the proposition
implies that D%,C(XZ) is equivalent to Dy (M,), where M, is the image of N,
by the chain of equivalences. The remainder of this section is devoted to the
construction of a sequence of quasi-isomorphisms as in the proposition. It will
follow from the construction that M, is indeed isomorphic to H,,.

5.1. Decomposition of the cohomology. By Theorem 2] the isotropy group
K almost decomposes as a product, up to a finite subgroup. We deduce a decom-
position for H (R%7).

For F € F, we have defined in (B0) a fibration g : E Xg V@ — E/Kp, with
contractible fibres Kp - U. In particular, g gives an isomorphism between the
fundamental groups. Hence, for o € A such that F' C Z,, the local system L, r
on E xx Vg is the inverse image of a local system L/oz,F on F/Kp. Setting M =
Hom(Ly, p, L3 ), for another 3 € A with F' C Zg, we obtain

H (R$?) ~ Extiy gy vy (Lo, L, )

(57) . .
~ Extp g/ xp) (La,r, L p) = H (E/Kp; M).

The following lemma describes more precisely H (E/Kp; M).

Let us introduce some notation. For a face F' = Fa j, we recall that SZO and
K; commute and we consider the action of S x K; on E? by (s,k) - (e1,e2,e3) =
(sk-e1,5-e2,k-e3). Let also ar be the group morphism S x K; — Kp, (s, k) —
sk. The first projection E* — E is ap-equivariant and induces the morphism 7%
below. In view of (53), 71 is a fibration with fibre E?/Dx, which is acyclic (i.e.,

HO(E?/Da;C) = C and, for i # 0, H(E?/Da;C) = 0). The projection to the
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last two factors E® — E? induces in the same way the morphism r% below, which
is a fibration with acyclic fibre F.

(58)  B/Kp o BY(SE % Ky) —— (B/SK) x (B/Ky).
A

Lemma 5.2. We consider a face F = Fa ; € F, p: 77 — GL(V,) a representation
of Tr, and M the local system on E/Kp corresponding to p. We let py : 77 —
GL(V,) be the representation obtained from p and the morphism 17; — Tp. We let
My be the local system on E/K; corresponding to py. Then

H(E/Kp; M) ~C[X,; ve Al® H(E/K;; My),
where the X, are indeterminates of degree 2.

Proof. Since rl is a fibration with acyclic fibres, we have M ~ R(rk).(rk) 1 M.

Hence H (E/Kp; M) ~ H (E3/(S& x Kj); (rk)"*M). We have 71 (E/Kp) = Tp,
m(E3/(SY x K;)) = 77 and the morphism induced by 7} on the fundamental
groups is the morphism of the lemma 7; — 7. Hence (rk) "' M is the local system
corresponding to p.

Since r% has a contractible fibre, it gives an isomorphism on the fundamental
groups. Hence (rk) 1M =~ (r%)_l(CE/ScAo X M ). This also gives an isomorphism
on the cohomology groups of (rk)"'M and Cg /50 ® M. We conclude by the

Kiinneth formula and the fact that S is the torus (C*)4!, so that H (E/SQ; C) =
H.,({pt}; C) is a polynomial algebra in |A| variables. O

c0
SA

We describe the local systems Lo p on E X g Vp, L;,F on E/Kp and (L;,F)J
on E/K, in terms of representations.

For a = (O,p) € A, let Fy = Fa, ., be the closed face of O N Cx, and V,
be the representation space of p. We have seen that 7o = 7, so that we have a
morphism 7;, — To. Let Oa be a G-orbit such that Oa C O and with closed
face Fa .. We recall that 7(0) = O;, and 7(Oa) = O, (where 7 is the map
from Xz to X). Hence Ja, C Ja. If F = Fa ; is another face of Oa, we have
Ja C J. Finally, for any face F = Fa ; such that F C O, we have Ja, C J, so
that K; C K, and we obtain a group morphism:

59 for Fa ; C O, t9 15 — 10.
( : 7

We let p; be the representation of 7; given by V, and t9, and we let La’F be the
corresponding local system on E/K ;.

Now we assume, moreover, that F' C Z,. This means, by Lemma E7], that p
induces a representation, say p’, of 7o,. Then the representation p; of 7; is given
by p’ and the morphism 7; — 75, — To,. Since the morphism induced by 7} on
the fundamental groups is 77 — 7, we obtain the following relations:

(60) Lo =~ QEI(L:LF)v (Tzlr)_l(Lla,F) ~ (T%‘)_I(CE/S‘AO X L(le)
In Lemma[5.2] we have used HSZO({pt}; C) ~ C[X,; v € A]. The choice of indexing
the indeterminates by A is not arbitrary, as explained in the next lemma.

For v € V, we have denoted by 4, the G- (or K-) equivariant fundamental class
of D, in Xz, §, € H12<)Dv (Xz;C). Let us also denote by §, its “restriction” to
any K stable open subset of Xz. The following lemma describes the image of
8y € H?-(Vp; C) by the isomorphism Hj; (Vr; C) ~ H (E/Kp; C) composed with
the isomorphism of Lemma
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Let us first recall the construction of the isomorphism
(61) H (BE/SY;C) = Hyo({pt}; C) = Sym(Lie(SK)"),

where the elements of Lie(SQ)* have degree 2. A character x : S — C* gives
an element d, € Lie(S%)* by differentiation. It also gives a one-dimensional rep-
resentation of S, Cy, and a line bundle [, = F X gg0 Cy over E/S. The above
isomorphism sends d, to the Chern class ca(l,). We note that this Chern class is
nothing but the SC-equivariant fundamental class of {0} in C,,.

Lemma 5.3. Let v € V and F = Fa j be a face such that F' C D,. For a point
peF, SY acts on T, Xz/T,D, ~ C. Let x, be the corresponding character of S
and X, € H;Zo({pt}; C) the associated equivariant class. We have

Hi(Vr; C) ~ Hi, ({pt}; C) ~ Hgeo ({pt}; C) ® Hy,({pt}; C)
and this isomorphism sends 6, to X,®1. Moreover, Hszo({pt}; C)~C[X,;veA]

Proof. We have seen that the first isomorphism follows from the homotopy equiv-
alence gr (see (B0)). The second one is a special case of Lemma (2] with M =
Ce/Kp-
We have an action of Kg on N, , =T, Xz/T,D, and natural isomorphisms:
Hie(Vp; C) = Hi, (Np.o; C) = Hie, ({pt}; C).

The class 0, € Hy (Vp; C) can be identified with the Kp-equivariant fundamental
class of {0} in Ny, dg03/n,., € H?(F’{O} (Np,»; C). Hence its image by the natural
morphism from Hy ({pt}; C) to Hy.o ({pt}; C) is the SL-equivariant fundamental
class of {0} in Np,, i.e., X,. By (III]),%J acts trivially on IV, so that the image of 4,
by Hy, ({pt}; C) — Hy ({pt}; C) is 0. Since Hi (Vp; C) only has the components
H;CAO({pt}; C) and Hi ({pt}; C), we deduce that §, is sent to X, ® 1, as claimed.

Let us set N, = T,X7/T,0Oa. By Theorem E2] the kernel of S — GL(N,)
is finite. Since N, ~ ®ycaNp .y, it follows that the characters x,, v € A, are
independent. Since dim S = |A| we obtain the last assertion. O

5.2. Decomposition of the dg-algebras. We would like to decompose the de
Rham complex R;’B as we have decomposed its cohomology in Lemma How-
ever, in the sequence of fibrations,
’I"1 7‘2
Exg Ve 2 EB/Kp £ E3/(SQ x K;) =5 (E/SQ) x (E/K ),

the morphism 7} goes in the wrong direction, i.e., we have no natural map from
D(E/K7;Qp/k,) to T(E Xk Vi Qex v ). Hence we first replace £ x i Vi by the
fibre product built on ¢r and 7.

5.2.1. Pull-back to a fibre product.

Lemma 5.4. We keep the notations qp, 7, r% defined in (B0) and [BEI). For a
face F' = Fa j € F, we set:

Vi = (E Xk Vi) Xg/k, (B°/(SR x KJ)).
(i) For any face F = Fa j € F, we have fibrations
vp Vi — E Xk Vp, re: Vi — (BE/SR) x (E/K)),

vr has fibres homeomorphic to E2/DA and rr has contractible fibres.
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(ii) For F; = Fa, ,, i = 1,2, with Fy C Fy, we have a natural morphism
VR Fy V;; — V}E and a commutative diagram

FE xg VF2 <y—VF (E/S (E/KJZ)
(62) ! J i
E xg VF1 <—V+ (E/S (E/KJl)'

(iii) For a third face F3 with Fy C Fy C F3, we have vp p, = VF, F, © VR, Fy -

Proof. The proof is more or less tautological. By definition, VFJF comes with two
fibrations, vp : V;I — E X Vi, with fibre E2 /D, and pp : Vi — E3/(SP x K ),
with contractible fibre Kp-Uf. We set rp = r%o,up; since pp and r% are fibrations
with contractible fibres, so is rp. This gives (i).

For (ii), we have the inclusions Kp, C Kp,, K;, C K, S§, C S, and they
induce commutative squares of fibrations:

E3/(SCAZXKJ2)—1>E/KF2 EXKVFQWE/KF2
TF.
(63) | S [ !
B3/(8%, x Kz,) — > E/Kp, E xx Vi, — > B/Kp,,

and a similar square corresponding to 7"12, Now (ii) follows from these diagrams

and the definitions. The proof of (iii) is similar. ]

Definition of RA. Now we pull back the construction of R to the V+ For
a=(0,p) € A, and F € F, we set L} F_z/FlL . ForvelV, webetﬁ’F—
Vi (&lExcve) € D(Vi; Q2 Vit +). For two faces Fy C Fy, we have

(64) UFIFZ (L;)l; Fl) Li)FQ? v}k;'le (g’:),Fl) = é-'l/.),FQ'

We introduce a sheaf RA on F, copying the definition of A in For o, € A,
we define the sheaf RA“? by its stalks at a face F € Fap:

RAY = DV Q vi ® Hom(L] F,L+ ) [=2dagl,

and we reduce the case F' ¢ F,z to this one, as in Definition[3:5l The only difference
is that the restriction maps, say from RA?,? to R.A%f , for Fy C F;, are induced by
VR, Vg — VFJ,E , instead of the inclusion E xXx Vi, C E X Vp,. This gives a
sheaf by (iii) of Lemma 54

We set RA = @(% 8)e Az RA*? and endow it with an algebra structure as R;
more precisely, we define the product on the stalks at a given face F' by replacing
the &, in the definition of R by the E; - The compatibility of the product and the
restriction maps follows from (64)).

For a face F, the inverse image by v induces a natural morphism v} : Rp —
RAp. Since & p = vp&,, we see that the v} are morphisms of dg-algebras.
The commutative squares in Lemma [5.4] imply that the v induce a morphism
of sheaves on F, say v*: R — RA. Let us verify that it is a quasi-isomorphism.
We have Hom(L] F,Lﬁ P~ Vg "Hom(L a,F, L F). Since vp is a fibration with
fibre E?/Dp, which is acyclic over C, we have, for any sheaf L on E x Vp,
R(vp)wwptL ~ L. Hence H (RASY) = H'(R%ﬁ), as required.
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5.2.2. Decomposition. For a = (O,p) € A and F = Fay; € F with F C Z,,
let L}X,  be the local system on (E/K ), corresponding to the representation of
77 given by p and t§ : 7; — 7o (see (B9) and after). Then, by (60), L:’F o~
e (Cpyso B LL 1)
For a, 3 € A and F € F,3, we have, by Lemma [5.2}
H (RAY) ~ H(E/SX; Cpys) ® H (E/K 5 Hom (LY g, L} ).

This isomorphism corresponds to a quasi-isomorphism at the level of de Rham
complexes. The product of forms, composed with the inverse image by rg gives a
quasi-isomorphism:

(65)  T(E/S;Qp/s0) @ T(E/K 5 Qpyre, ® Hom(LL o, LY 1)) 25 RAG.

However, the forms ﬂh r € Q%/Jr do not have to be pull-backs of forms by rg
and we have no natural algebrg structure on the sum over (a,3) € A? of the
groups appearing in the left-hand side of (G3). For this we will replace the factor
D(E/SQ; Q) s) by a free anti-commutative algebra quasi-isomorphic to it. We
will define a sheaf RB on F (see (7)) below) as the product of two sheaves: RS,
quasi-isomorphic to the de Rham algebra of E/S% appearing in (G3)), and RK,
given by the twisted de Rham complex on E/K .

For A C V, we introduce the dg-algebras A(A), B(A) below, which are free
anti-commutative algebras, and a quasi-isomorphism, b(A), between them. (The
reason for introducing B(A) is to be able to define morphism f below, which would
be impossible with A(A) instead of B(A).)

A(A)=C[X,; ve ], B(A)=C[X,,Y,;veV,weV\A]
(66) deg X, =2, degY, =1, dX, =0, dY, =X,
b(A) : B(A) — A(A), Voe A, X, — X,, YweV\A X, —0,Y,—0.

For (o, 3) € A%, and a face F = Fa j € Fop we set
RS = B(A) [~2dags).

For other faces, we reduce to the case F' € F,g, as in Definition 35 The restriction
maps are given by the inclusions B(Ay) C B(Ay) if Ag C A;. We have a product
similar to the product in R, as follows. For o, 3,7 € A, we set eapy = [[cv Xos
where V is defined in (I0). We define mgﬁ’y : RS @ RSP = RSV, PR Q —

Eag,y PQ
In a similar way, for (o, 8) € A%, and a face F' = Fa j € Fap we set
RKY =T(E/Kj;Qp/x, ® Hom(LL g, Ll p).
For other faces, we reduce to the case F' € F,g, as in Definition 3.5 The restriction
maps are the following ones: for Up, C Up, we have a map r12: E/K;, — E/K,
and L}, p, = rleLa’ ,» hence an inverse image morphism RIC‘;IB — RIC’IX:f . We also
have an obvious product m?f 7 RKY @ RKPY — RK given by the product of

forms and the composition of morphisms.
Definition of RB. Now we set

(67) V(e,B) € A%, RBY =RS@RK*, RB=  RB*.
(a,B)€A2
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We let m®P7 be the tensor product of mgﬂ " and m%77. Since, by definition, the
€apy satisfy the same identity (II) as the 743, we obtain a product on RB defined
by the sum of the m®?#7.

Definition of f : RB — RA. For F € F, we note that RA is an algebra
over I'(V;; QV;). We define a morphism f;ﬁ : RB%B — RA;B as the product of
foh RSP — F(V;;QV;) and fE*7 : RKYP — RASP, which are obtained as
follows.

For a face F, let sg : VF+ — FE/K; be the composition of rr and the projection
to E/K;. For a form o and a sheaves endomorphism u, we set f?aﬁ(a ®u) =
50(0) © 57 (u).

Now we define fﬁ“ﬁ . For v € V, the fundamental class, d,,, of D,, in Xz restricts
to 0 on Xz \ D,. Hence the restriction of &, on E x g (Xz\ D,) is a boundary. Let
us choose a form ¢, € ['(E x g (Xz \ Dy); Qf,, x,) such that, on E x g (Xz\ Dy)
we have &, = d({,. We set (L’F = V5(ColEx Vi) (we note that, for F' = Fa j and
v € V such that v € A, we have Vi N D,, = (), so that (, is defined on E x g Vp).
We set

YoeV, (X)) =€,  YweV\A, f2(Y.) =

Using Lemma [5.4], one checks that fﬁaﬁ and fgaﬁ give morphisms of sheaves, say
528 and fKo. We define f*8 = f98 @ fKof and f = @ f*P. In view of the
definitions of the product and the differentials, f is a morphism of dg-algebras. By
Lemmas and [5.3] it is a quasi-isomorphism.

5.3. Formality of the toric part. We define a sheaf quasi-isomorphic to RS but
with differential 0 as follows. For (a, 3) € A2, and a face F = Fa j € Fop, We set

(68) RTY = A(A) [~2dap)-

with the following restriction maps. For two faces F; = Fa,,j,, ¢ = 1,2, such that
Fy C F, (i.e., Ur, C Up,), we have Ay C Aq, and the restriction A(A;) — A(Az)
sends X, to X, for v € Ay and to 0 for v € Ay \ Ay. As for RS, other faces are
reduced to this case.

We define a product, m9”, similar to the product of RS. For a, (3,7 € A,
we let eq3, be the section of RTY defined by (eapy)ra, = b(A)(apy). We set
miPT RTP @ RTH — RT, P2 Q — eapy PQ.

Definition of RC. We set, as in (@),

(69)  V(a.B) €A’ RC¥=RT"@RK*  RC= @ R
(a,B)€ A2

We let mg’g7 be the tensor product of m%”" and m$””. The sum m¢ = @mgﬁv

defines a product on RC. The b(A) defined in (B0) give a quasi-isomorphism of
sheaves of dg-algebras RS — R7 . This induces a quasi-isomorphism of sheaves of
dg-algebras RB — RC.

5.4. Formality of RIC and conclusion. It remains to prove that the factor R
of RB also is quasi-isomorphic to its cohomology. For this we first give a more
convenient expression for RIC;B (see formula ([72)) below).

For J C {1,...,l},let 7y : E/KY — E/K; be the covering map, with group 7,
and set Ay = (77).(Cpg ko). Then A; is alocal system on E/K, considered as a
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right module over CJ[r,], locally free of rank one. It is also a sheaf of algebras. For
a=(0,p) € A, F = Fa ;€ F,such that F C Z,, we have, by (9),

Lap = A1 @iy Ve
Hence, for another element § = (0, p’) € A, with F' C Zg, we have
Hom(Ly g, L ) = Hom(A; @ciry) Voy As @ciry) Vir)-
We want to “factorise” the local systems A; and the representation spaces V,, V,»

in this last formula. We will use the following definition (see [15]).

Definition 5.5. For a group W and a C-algebra A with a right W-action by
algebra automorphisms, we set A'[W] = A ® C[W|] with the product, for a € A,
weW, (a@w)- (d®@w) = (ald-w))® (ww). We have a natural embedding
C[W]? — A W], w — a, = 1®@w. It induces a structure of right C[W]® C[W]°P-
module on A'[W]: for x € A' W], w,w’ € W, z- (w @ w') = Ty

We set By = C[15] ® C[1]°P. We consider Hom(A;, Ay) as a sheaf of algebras,
where the product is the composition, and right By-module by (¢ - (t ® t'))(a) =
(p(a-t")-t, for ¢ a section of Hom(A s, Ay), a a section of Ay and ¢,t' € 7;. With
these definitions, one can check that the map

(70) ATl — Hom(Ay, Ay), a®t— (a—ala-t)),

where a, « are sections of Ay and ¢ € 7y, is an isomorphism of (sheaves of) algebras
and right Bj-modules.

Lemma 5.6. For J C {1,...,l}, a,f8 € A, F = Fa j € Fap, we have, with the
above notations:

(71) Hom(LY, p, L p) = Hom(A;, A;) ®p, Hom(V,, V),

(72) RKG ~T(E/KS;Qp)x0)'[rs] @5, Hom(V,, V).

Proof. Let us prove ([[I]). We will use the following fact. Set R = C[W] for a finite
group W and consider left and right R-modules, M, N, of finite ranks. We have a

right R-module structure on M* = Homg (M, C) and a left one on N*. Then the
composition of (vector spaces) morphisms

(73) (N@RM)*—)(N@CM)*&M*(@CN*—)M*@RN*

is a canonical isomorphism. Indeed, it is compatible with direct sum, and any R-
module is semi-simple. For N, M irreducible with N # M™* both N ® g M and
M*®r N* are 0. For N = M*, both N ® g M and M* ®p N* are canonically
identified with C by the duality contractions N ® M — C and M* ® N* — C.
Since the three morphisms in (73) commute with the duality contraction their
composition corresponds to idg. Using this we deduce canonical isomorphisms for
left and right R-modules, M;, N;, i =1, 2:
Homc (N ®@g My, Na @ Ma) == (M{ @r NY) ®@c (N2 ®r M)
(74) ~ (N{ ®c N2) @rgror (M ®c M>)
~ HOmc(Nl, N2) ®R@RoP HOIIlC(]\417 Mg).

Since isomorphism ([74]) is canonical, it works as well for sheaves and we obtain (71]).
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Now we deduce the second isomorphism. We remark that Qg gk, @ A is iso-
morphic to (7)., K9- This isomorphism respects the 7;-action and we have, by

isomorphisms (71)) and ([70):
Qp/i, ® Hom(Ly, g, Ly p) = (7)) 3" [75] ® 5, Hom(V,,, V).

Since ®p, is exact for Bj-modules, the constant sheaf Hom(V,,V, ) factors out
when we take global sections, and we obtain (2. g

Remark 5.7. On the right-hand side of formula (72)), the restriction maps are given
as follows. For another face F' = Fa/ ;o € Fop such that F' C F’, we have Ky C
K7, hence a groups morphism a : 75 — 77 and a quotient map p : E/KS, — E/KS
The inverse image of forms by p is compatible with the action of 7, 75 (via a) and
we obtain a dg-algebras morphism:

b:T(E/KJ; Qg x0) [r] = T(E/KY; Qp/is,) 0] ©8,, By,

by blw®t) = (p*(w)®1)® (1 ®t), for a form w and ¢ € 7;. Tensorisation with
Hom(V,, V) gives the desired restriction map from RKS’ to RA .

Let us explain how to recover the product RK*? x RK?' — RK*’ in the
right-hand side of ([72)). First we consider isomorphism (74)). For u : Ny — Na,
v: My — Moy, let us denote by u-v : N1 ®g M1 — Ny ®g My the image of u ® v
by ([4). For left and right R-modules, M3, N3, u’ : No — N3, v' : My — Ms, we
see that (v -v')o (u-v) = (v ou) - (v ow).

Hence the product in the right-hand side of (1)) is given by the composition
in Hom(Ay, Ay) and in Hom(V,,V,,). When we replace Hom(A, A;) by another
algebra, say Ry, as in ([72)), we use the following lemma (with Ry = Hom(V, V), V
being the sum of irreducible representations of W and ¢- the action of W on V).

Lemma 5.8. Let W be a finite group, R = C[W] and R;, i = 1,2, algebras. Let
¢1: RP — Ry, ¢2 : R — Ry be algebras morphisms. We consider the right RQ R°P-
module structure on Ry given by a-(w@uw') = ¢1(w)ady(w'), forw,w’ € W, a € Ry,
and the left structure on Ry, (w @ w') - a’ = ¢a(w)a’da(w’).

Then the formula (a ® a’,b®b') — ab® 'V, for a,b € Ry, a/,b’ € Rs, gives a
well-defined product on (R1 ® pgror R2).

Proof. By symmetry, it is sufficient to prove, for a,b € Ry, a/,b' € Ry, ww' € W:
(¢1(w)agr (w)b)®a'b = ab@(pa(w)a’d2(w')b"). The tensor product is over RQ RP,
so that we are reduced to

(75) (a1 (w')b) ® a'b' = ab @ (a’p2(w" V).

Let us consider the subgroup W’ C W generated by w’, and R’ = C[W']. Then it
is sufficient to prove that (7)) holds with a tensor product over R’ ® R'°P. Hence,
replacing W by W’ we may assume from the beginning that W = (w’) is commuta-
tive. We decompose R; under the action of w’: R; = @/\,uec R?”, where Va € Rf‘“,
¢di(w)a = Aa, ap;(w') = pa. By additivity, we may assume that a,b,a’,d’ are el-
ements of some R;‘“. But R} @pgrer Ry " is 0 unless A = N and p = p'.
Similarly, for a € Ri‘“, b e RY'Y, the product ab is 0 unless uu’ = 1. Hence we may
1 —1
assume a € R}, b e R* ¥, d' € R)*, b € RY V. In this case formula (75) is
obvious. O
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5.4.1. Formality of RK. Using ([2) we will deduce the formality of RK from the
formality of the de Rham algebras of E/KY obtained in Lemma 2.3
Let us denote by ¢, £;, the Lie algebras of K, K, for J C {1,...,l}. Let us
set for short HY = (S°(8))%7, viewed as a dg-algebra with differential 0; it is
isomorphic to the KY-equivariant cohomology algebra of the point, Hieo ({pt}).
By Lemma[2.3] the choice of a connection on I'(E; Q) (in the sense of () gives
functorial quasi-isomorphisms:

D(E/KS: Qpyi) <= W(€)e,—p 25 HY.

The normaliser N, K(Kg) acts on the above dg-algebras and K9 acts trivially, so
that 7, = K /K?, also acts. The morphisms f; and g; are 7j-equivariant and
yield quasi-isomorphisms:

/

(76) T(E/KS: Qi) 75 2 (W(®)e, )" [1] 22, (HY)[rs).

Definition of RD. For (a, ) € A2, we define RLY similarly as RK*?, replacing
the forms over E/KY in expression ([2) by a quasi-isomorphic dg-algebra. The
stalks at a face I' = Fa j € Fup are given by

RLY = (W(®)e,—0)'[rs] @5, Hom(V,, V),

with restriction morphisms defined as in Remark [5.7] and product as in Lemma 5.8
As for RK, other faces are reduced to this case. In view of the isomorphism (72)
and the quasi-isomorphism f; of (@), we have a quasi-isomorphism of sheaves
RLY — RK*P. Setting

RD =RT*’ o RL, RD= H RDY,
(a,B)€A2
with the product defined as the product of RC, we deduce a quasi-isomorphism of
sheaves of dg-algebras RD — RC.

Definition of RE. We define RM®? similarly as RLY, with stalks at a face
F = FA)J € .7:(15:

(77) RMGE = (HS)'[r)] @, Hom(V, V).

Then the ¢; induce a quasi-isomorphism RLY — RM? and, setting

(78) REVW =RTP@RM*,  RE= P REY,
(a,8)€A?

we obtain a quasi-isomorphism of sheaves of dg-algebras RD — RE.

5.4.2. End of proof. Since the differential in RE is 0, RE coincides with its coho-
mology algebra H. Finally, we have built a sequence of quasi-isomorphic sheaves
of dg-algebras R — RA «— RB — --- — H, as required.

To conclude the proof of Proposition [5.1] we remark that in the above sequence
of quasi-isomorphisms, each of the intermediate sheaves, say A, is defined as a sum
A =@ (4 5)caz A, s0 that, for € A, Ay = @, A*'* has a natural structure of
A-module. It follows that, for a quasi-isomorphism A — A’ in the above sequence,
the equivalence of categories between D4 and D 4 sends the A-module A, to a
A’-module isomorphic to A/ . This shows that N, corresponds to H,,.
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6. PROOF oF THEOREM [I.1]

Now we prove Theorem [[.]] using the equivalence of Proposition (.1l between
D% (Xz) and Dy (Ha, o € A). In view of this equivalence and the equality H =
@D,ca Ha, the algebra & of the theorem is isomorphic to Extp  (H,H) and £f ~
Extp, (H,Ha), for a = (O, p). We have to prove that Dy (H,) is equivalent to
Dg(E5). We recall the following construction:

1) Let A be a sheaf of dg-algebras on a finite set I (hence, by [I3], M 4 has enough
K-projectives). Let M!,..., M" be A-modules, P* — M a K-projective resolution
of M" and P = @, P'. The composition of morphisms induces a structure of dg-
algebra on R = Hom (P, P) (see section 2.1] for the definition of Hom'(-,-)). We
have a functor F': M4 — Mg, M — Hom (P, M), which sends quasi-isomorphisms
to quasi-isomorphisms because P is K-projective. Hence it induces F': D4 — Dg.
We set N* = F(M?%). Then F restricts to an equivalence of categories between
D4 (M%) and Dr(N?) (for example, this is a very special case of [I1], Theorem 4.3).

2) We apply this to Dy (Ha). Since H, is a direct summand of H, (Ha)u, is
K-projective, for any F' € F. Moreover, since F satisfies (i) of Assumptions [31]
we see, as in the proof of Proposition B.I9, that the Cech resolution (where we fix
a total order on F):

(79 Po = = P  Holupn.rve, = — P Ha)v, — 0.

P <--<FreF FeF
is a K-projective resolution of H,. We set P = @, P, and R = Hom'(P, P).
Following [I3] we use the fact that the differential of H is 0 and define H’ to be
the sheaf of non-graded algebras underlying H. Replacing H by H’, we define
similarly H.,, P.,, P’, R’ (we note that P/ still is a K-projective resolution of
H!)). The algebras R and R’ are canonically isomorphic as differential algebras,
but they do not have the same graduation. If we write P as a double complex
P =@, ; PY and set Qjf = Homg(PY, P"), then R* = RN (@ 1—i1 ;14 Q%))
and R = RN (@k:i+d ijl)
Claim 6.1. the dg-algebra R’ is concentrated in degree 0.

We will prove this below. Let us see why it implies the theorem. We set Ry =

T<oR' = - ® R~2® R~! ®kerdy. This is a differential sub-algebra of R’ (or of
R as well) and the claim implies that we have quasi-isomorphisms of differential
algebras:

R & Ry % H(R), R Ry % H(R).

In view of the decompositions of R and R’ above, we have R4 = @ _(R" N R'?).
Hence we may endow Ry with the graduation induced by the embedding u’. Then
v’ is a graded morphism: indeed v’ is the composition of the projection from Ry
to R® N Ry and the projection from ker dr to H(R); both morphisms are graded
and so is v'. Now we just remark that H(R) = &£ by definition. Moreover, the
functor from Dy to Dy sends P, ~ H, to Hom (P, P,). Since this last object is
a summand of R, we see that, in the equivalence from Dg to Dy, it is sent to
its cohomology, Extp, (P, P.) ~ Extp, (H,Hs) = £5. Summing up we obtain an
equivalence between Dy (H,) and Dg(EQ), as desired.

Proof of Claim [61. We have to prove that Homp_, (H', H'[p]) is 0, for p # 0. We
use the Cech resolution (T9), with M’ instead of H,. Since Hom'(Hy,, H') =~
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I'(Ur;H'), we obtain

RHom(H,H') ~ 0— PTUmH)— P TUrNUpH)— -
FeF FI<F,eF
Since the open sets Ur, N...NUg, are fundamental open sets, the functor of sections
over them is exact. Hence the above resolution computes H (F; H’) and the claim
follows from the next lemma. (I

Lemma 6.2. For any G-stable open subset V. of Xz, and U = ¢(V), we have
HYU;H') =0 fori>0, where H' is the non-graded sheaf underlying H.

Proof. By Proposition 5.1} we have an isomorphism H’' ~ RE, and, by definition,
RE =B np)caz REP. Hence it sufficient to prove the vanishing of H'(U; REY).
We fix (a, 3) € A? for the remainder of the proof and set for short A = REX,

1) Let us set V, = XZ\UveA; D,, V3 = XZ\UUEA’ﬁ Dy, Vo =VoNVp, Usp =
¢(Vap). Welet j : Uyp — F be the inclusion. We first prove that A = j.(A|v, ;).
For a face F' € F, repeated applications of hypothesis (iii) of Assumptions 3] show
that there exists a face F’ such that Up N Uy = Ups. Our claim is equivalent to
the fact that for any F, the restriction map Ar — Ap/ is an isomorphism. We have
already seen, by definition of A/ A,’G and Lemma [Z6] that L, ~ (La)v,, Lg ~
RI'v,(Lg). Tt follows that RHom(Le,Lg) ~ RI'y,,RHom(Ly,Lg). Using (58],
this implies the desired result

Ap ~ Extp, x,) (Lalve, Lglvy) ~ Hg(Ve; RHom(La, Lg))
= HG(VF N Vag; RHom(La, Lﬁ)) ~ Ap.

Now we remark that the functor j, is exact, because, for any sheaf B on F, any
face F, we have (j.B)p ~ B, for F’ satisfying Up N U,3 = Up+ as above. Hence
we have H'(U; A) ~ H'(U NUyg; A).

2) This means that we may assume V' C V, 3. We prove the result by induction
on the number of G-orbits in V. If V consists of the open orbit of Xz, then U is
the fundamental open set Up, with F' = Fj y. Hence I'(U;-) = (-)p is exact and we
are done.

Now let us assume that V = WL Oa, where W C V is a G-stable open subset of
Xz. By induction the result is true for W. Let Fa j, be the closed face of Oa. Since
Ur, ,, contains Oa, we have ¢(V) = ¢(W)UUF, ,, . Setting U’ = ¢(W)NUk, ,
and using the Mayer-Vietoris sequence, it is sufficient to prove:

(80) Vi>0, H(U'; A)=0 and HO(UFAJA;A) — HY(U’; A) is surjective.

3) We compute H' (U’; A) with the help of a Cech covering. Remember that
Ur,, ,, C Ur, , if and only if A" € A and J C J'. For A’ C A, we have Oa N
Uryi y = () if and only if A’ # A; but this implicitly assumes that Fas ;- is a face,
i.e., Oar N Cys is non-empty. For any A’ C A, we have indeed Fas j, # 0: this is
easily seen if Xz = X, in which case F is the set of faces of [0,1]'. This implies
the general case because Cx, j, = 7 'm(Cx, j,) (where 7 is the map Xz — X).
It follows that

(81) U = UA'gA UFA’,JA'

By (@), this covering is stable by taking intersections. Since it consists of fun-
damental open sets, on which the functor of sections is exact, it can be used to

J!
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compute H (U’;-). For this, we have to know A(Ur). By definition (see (78)), for
any face F'= Fa, g, € F:

A(Up) = Ap = RTY? @ RM2P.
Let us describe more precisely the components of the tensor product. Recall that

F' € Uyp; hence either F' ¢ Fog UF 5 or F € Fop (see (B3)). In the first case we
have RM% = RT%’ = 0. In the second case, by Definition (68) we have

RTG. |, =C[Xy; v e Al

and, by (77), RM%ﬁ only depends on Ji, say RM%ﬁ = Mj,. These descriptions
of RTS’ and RMS assume that Fa, s, is a face. We have seen that this is the
case for Fas j, with A" C A.

4) Since, in the covering (B, all faces have the same “J-index”, we obtain
HY(U'; A) = M(Ja)® H(C"), where C" = C"(Sa) is the following complex. We let
Sa be the set of subsets A’ of A such that (A, UAg) C A’ C A and we consider
any total order on Sa:

C'(Sa) = OH@C[XU; veAg]a@c[xv; ve AN NAY — .
AleSa Aj<ALeSA

We have a bijection between Sa and the set, S, of strict subsets of ® = A\ (A, U
Ag). Setting C1 = C[X,; v € AyUAg] and Cy = C'(Ss), we obtain C" = C; @ Cs,.

Hence H'(U'; A) = M(Ja) ® Cy @ H'(C3). Since HY(Up, ,,;A) ~ M(Ja) ®
C[X,; v € A], (B0) will follow from

(82) Vi >0, H(C;) =0 and C[X,; ve ®] — H(C,) is surjective.

5) We may interpret C; as another Cech complex: we consider the following
sheaves on the quadrant Q = R,

M, = @ Clap=0}, My associated to O — Sym(M;(0)),
ked

where O C Q is open and Sym(-) denotes the symmetric algebra. We also consider
the open subsets of Q, for & C &, Upr = {a, > 0; k € &\ ®'}. The Uy, for
@' C @, give a covering of @\ {0}, and

F(Uq,/; MQ) ~ C[Xv, v E (P/]

Hence C; is isomorphic to the Cech complex C'((Us)a ca; Ma). Now My is con-
structible for the stratification of Q by the strata Q¢ = {xp = 0, k € &'; z;, >
0, k ¢ o'}, ® C ®. Each open Ug is contractible to a point by a homotopy pre-
serving the closures of strata; hence H*(Ug:; My) = 0, for i > 0. It follows that Vi,
H'(Cy) ~ H'(Q\ {0}; My).

For ®; C ® we have of course ®k€¢1 Cion=0y = Cizp—0;ked,}- Hence M is a
sum of sheaves of the type Cy,, —o;ke®,}- For each of them, say N = Cy,, —o:keca,},
we have

(i) Vi >0, H(Q\ {0};N) =0,

(ii) the map H°(Q; N) — H°(Q\ {0}; N) is surjective.
By additivity, both assertions are true with M, instead of N. We also have
H°(Q; M) ~ C[X,; v € ®]. Hence we obtain (82) and the lemma is proved. O
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