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WONDERFUL VARIETIES OF TYPE D

PAOLO BRAVI AND GUIDO PEZZINI

ABSTRACT. Let G be a connected semisimple group over C, whose simple com-
ponents have type A or D. We prove that wonderful G-varieties are classified
by means of combinatorial objects called spherical systems. This is a gener-
alization of a known result of Luna for groups of type A; thanks to another
result of Luna, this implies also the classification of all spherical G-varieties for
the groups G we are considering. For these G we also prove the smoothness of
the embedding of Demazure.

1. INTRODUCTION

Let G be a connected semisimple group over C. In [L3] it is proven that if G is
adjoint of type A, then wonderful G-varieties are classified by means of discrete in-
variants coming from the theory of spherical varieties. These invariants are treated
as combinatorial objects called spherical systems.

In this work we extend this result to the case where G has simple components
of type A or D.

Wonderful varieties were studied at first in the theory of linear algebraic groups as
compactifications of certain homogeneous spaces, precisely the symmetric ones (for
more details, see [DP]). They also appear in the theory of spherical embeddings, as
“canonical” compactifications of particular spherical homogeneous spaces. Actually,
all wonderful varieties can be obtained in this way (|L1]).

Wonderful varieties of low rank have been classified for all G, by Ahiezer (rank
1, in the framework of compact groups, also obtained with algebraic methods by
Brion) and Wasserman (rank 2). Their results have been crucial in establishing the
axioms defining the spherical systems.

The role of wonderful varieties within the theory of spherical varieties has been
made clear in [Kn| and [L3]; their importance has grown up to the point that the
classification obtained in [L3] and in the present work implies the classification of
all spherical G-varieties for the groups G under consideration.

We also prove for these groups a known conjecture of Brion (see [B3]), already
proven by Luna in [L4] for G of type A, which states that the embedding of De-
mazure is smooth.
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WONDERFUL VARIETIES OF TYPE D 579

2. THE CLASSIFICATION OF WONDERFUL VARIETIES

2.1. Wonderful varieties. We recall some basic definitions and known facts about
wonderful and spherical varieties. Let G be a complex semisimple linear algebraic
group, B and B~ two mutually opposite Borel subgroups, and T = BN B~ a
maximal torus.

Definition 2.1 ([DP]). An algebraic G-variety X is wonderful of rank r if:

- X is smooth and complete,
- G has a dense orbit in X whose complement is the union of r smooth prime

divisors D;, i = 1,...,r, with normal crossings,
- the intersection of the divisors D; is nonempty and, for all T C {1,...,r},
i€l i¢I
is a G-orbit.

A wonderful G-variety is always projective and spherical (see [L1]), where in
general an irreducible G-variety X is said to be spherical if it is normal and it
contains an open dense B-orbit. This implies that any B-proper rational function
on X is uniquely determined (up to a scalar factor) by its B-weight; the lattice of
such weights is called Zx. If X is wonderful of rank r, then Ex has rank r ([LI]).

Every Q-valued discrete valuation v of C(X) defines a functional px (v) on Zx
in the following way: (px (v), x) = v(fy) where x € Ex and f, € C(X) is B-proper
with weight x. The application v — px(v) is injective if we take its restriction to
the set Vx of all G-invariant valuations of X. In this way Vx is identified with a
subset of Homz(Ex, Q), and it turns out to be a polyhedral convex cone.

This cone can be described as the set {v € Homz(Ex,Q): v(x) <0 Vy € X} for
a uniquely determined set ¥ of indecomposable elements of Zx called the spherical
roots of X.

If a prime divisor of X is B-stable but not G-stable, then it is called a colour;
the set of all colours is denoted by Ax. The discrete valuation vp associated to a
colour D defines a functional px (vp) which is also denoted by px (D) for brevity.
In general, the application D — px (D) (where D ranges in Ax) is not injective.
The stabilizer in G of the union of all colours is a parabolic subgroup containing B
denoted by Px.

A subgroup H of G is spherical if G/H is a spherical G-variety under the action
of left multiplication, and it is wonderful if G/H admits an embedding which is a
wonderful variety. If H is wonderful, then H necessarily has finite index in Ng(H)
and the wonderful embedding of G/H is unique. Moreover, if a spherical subgroup
H is equal to Ng(H), then it is wonderful ([Kul).

2.2. Relations between spherical roots and colours. If X is a wonderful va-
riety, the set of its spherical roots Y x is a basis of Zx. In this setting one can
also retrieve X x in the following way: let z € X be the unique fixed point of B~
and consider the orbit Z = G.z which is the unique closed orbit in X. Then the
spherical roots are exactly the T-weights appearing in the quotient T, X/T. Z.

One can associate to each spherical root v a G-stable prime divisor D7 such that
~ is the T-weight of T, X /T, D?Y. Consider the intersection of all G-invariant prime
divisors of X different from D7: this intersection is a wonderful variety of rank 1,
having ~ as its spherical root.
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Table 1: Rank one prime wonderful G-varieties for G adjoint of type
A D, up to isomorphism.

| Spherical root | Type | Diagram | G/H
a a g SL(2) / GL()
o1+ ...+ om an @y iiaeemy [ ST(n+1) / GL(n), n > 2
20 al 5 SL(2) / Na(GL(1))
a1 + o) ay X ay (SL(2) x SL(2)) / (SL(2)-Cg),
(or d2) u SL(2) embedded diagonally
a1 + 202 + as ds —_— SL(4) / (Sp(4) . CG)
2014 .. 4+20n 2+ | dn 9—-—< S0(2n) / (SO(2n —1) - Cg),
Ap—1 + [67) n 2 4

The set of spherical roots of all wonderful G-varieties of rank 1 is denoted by
Y(G); our last considerations amount to saying that Y¥x C 3(G) for any wonder-
ful G-variety X. For G of adjoint type the elements of ¥(G) are always linear
combinations of simple roots with nonnegative integer coefficients.

For any given G there exist only finitely many wonderful varieties of rank 1,
and they are classified ([ALl], [B2]). With this regard it is convenient to recall the
following.

Definition 2.2. A wonderful variety X with open G-orbit X¢& = G/H is said to
be prime if H satisfies the following conditions:

- if P is a parabolic subgroup such that P C H C P, then P = G
- ifG=G1XG2 andeHlngwithHigGi7thenG1zGorngG.

See Section 3] for a motivation of this definition. We report in Table [l the list
of rank one prime wonderful G-varieties for G an adjoint group of type A D, up
to isomorphism. Two G-varieties, X and X', are here considered to be isomorphic
if there exists an outer automorphism o of G such that X is G-isomorphic to X’
endowed with the action of G through o.

How to read Table Il For any rank one prime wonderful G-variety X we report,
in Column 4, the homogeneous space G/H = X¢& and, moreover, the following
information: (Column 1) the spherical root as a linear combination of simple roots
denoted as usual, (Column 2) the type of the spherical root (the type will be used
throughout the text to refer to the corresponding spherical root according with to
table), (Column 3) the Luna diagram of the spherical system of X (see Section 2.3]).

Rank two prime wonderful varieties have been classified by Wasserman ([W]); in
Table 2] we report the ones for adjoint groups of type A D (up to isomorphism, as
in Table [J).

How to read Table For any rank two prime wonderful G-variety X we re-
port, in Column 3, the homogeneous space G/H = X¢ and, moreover: (Column 1)
the label according to [W] and the Luna diagram of the spherical system, (Col-
umn 2) the set of spherical roots and the set of colours with the table of values
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taken by the functional associated to each colour on the spherical roots. When
necessary, in Column 3, we describe the subgroup H by providing its connected
center C°, the commutator subgroup (L,L) of a Levi subgroup L and the Lie
algebra of its unipotent radical H* in a rather concise way: in a matrix we re-

port the generic element (cy, ..

-y Crank=()) of C° times the generic element of

(L, L), plus the generic element of Lie(H") delimited by a line. We denote with
7 the usual isogeny 7: SL(2) x SL(2) — SO(4) and with j the usual injection

j:SO(2n —1) — SO(2n).

Table 2: Rank two prime wonderful G-varieties for G adjoint of type
A D, up to isomorphism.

Diagram

X, <p(6az‘)7 7]’)

G/ H(C° (L,L), Lie(H"))

Al

{20(17 20(2},

SL(3) / (SO(3)-Cq)

A2

{a1 +af, az +as},

5a1 = 6&’1 2 —1
day = o, -1 2

(SL(3) x SL(3)) /
(SL(3) - Ca),
SL(3) embedded diagonally

Sy | 1 -1
st, | o 1
o, | -1 1

A3 {oil +2as + a3, as+2a4 + SL(G) / (Sp(G) . CG)
& & a5
P R
Say | =1 2
A4(3) {a1 + a3, as} SL(4) / S(GL(2) x GL(2))
<O S = 0y 2 -1
To ¢ B
oo, | -1 1
A4(iz) {a1 + az, 2a2} SL(4) / Ne(SL(2) x SL(2))
oy =0us | 2 —2
A4(ZZZ) {ar+an, ac+...+ap_1} SL(TL+1) /
. S(GL(2) x GL(n — 1))
TR 5oy =0, | 2 1
wy | -1 1
An—1 -1 1
A5 {1 + az, az} SL(4) / H,
) Goa1 =005 | 2 1 cA 0
Tt o )
6L, | -2 1 for A € SL(2), c € GL(1), M =
M +M" esl(2)dC, M =0
A6(7) {o1, az} SL(3) / H,

C1 0 0
0 C2 0
.

for ¢1,c2 € GL(1)
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Table 2: Rank two prime wonderful G-varieties (continuation).

Diagram 3, (p(0a;),75) G/ H(C° (L,L), Lie(H"))
A6(i4) {a1, as+ ...+ a,} SL(n+1) / H,
O c1 0 0
2 ) a; 0 = 0
O o B c2 A
5:2 Bl i for A € SL(n — 1), ci1,ca €
" GL(1)
A6(4i1) {ar+.. . +am, ampi+...+ | SL(n+1) / H,
.o cee O("} C1 Al 0 0
(B -2 S LO) 5 i 5 0 * 0
o | 1 -1 cz Az
;rm+1 -1 1 for Ay € SL(m), A2 € SL(n —
ox. |0 m), ¢1,c2 € GL(1)
A7(7) {a1, as} SL(3) / H,
53 A I L1 o
5o N =
ay | =2 1 for ¢ € GL(1), m € C
A7(i1) {01 + a2, a2 + a3} SL(4) / H,
5 il 1 c 0 0
A EarTey
ag —1 1 ¢
for A € SL(2), ¢ € GL(1),
My, My € C? =~ (C**, M, +
Ms =0
A8 {1, a2} (SL(2) x SL(2)) / B™,
m ST —5T 1 B~ Borel subgroup of SL(2)
. . 1 532 1 embedded diagonally
O O 5_1 —1 1
ag
Dl(z) {a1, 2az + ...+ 2an_2 + SO(Q’II) /
o On—1+on} (GL(1) x SO(2n — 2))
pdi L1 -1
o o, |1 -1
ap | =1 2
Dl(il) {2a1, 200 + ... + 202 + SO(Qn) / (NSL(Q) (GL(l)) X
an—1+an}t SO(2n — 2))
—_———-- o, 2 -1
O Sag | =2 2
D3 {a1+2az+as, agtastas} SO(IO) / GL(5)
oy | 2 -1
oy | -1 1
bag | —1 1
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Table 2: Rank two prime wonderful G-varieties (continuation).

Diagram 3, (p(0a;),75) G/ H(C° (L,L), Lie(H"))
D4('L) {011 + ...+ an—2, p_1+ SO(?TL) / H,
an} (cA1 (0 )0)
s A27A2 0
@i R [ Vit
Sy = 0oy | =1 2 for A1 € SL(n—2), As € SL(2),
ce GL(1), M = M' + M" ¢
((Cn72)* ® (C4 I~ (Cn72)* ®
(sl(2)8C) = (C" )" @(s1(2))®
(cC"=2)*), M" =0
D4(Z"L) {a1, 2az + ...+ 2an_2 + SO(QTL) / I’]7
an-1+an} c 0 0
o o |1 -2 *
a; 1 9 for A € SO(2n — 3), ¢ € GL(1),
M = M/ +M” c C2n—2 o
cnPeC, M =0
D4(Z"LZ) {a1 4+ ...+ am, 20m4+1 + SO(QTL) / I’]7
oo 2an_2tan—1+an} cA; 0 0
@i, @ .. Say | 1 0 J(Az) S )
o 1 -2
am_:: -1 2 for Ay € SL(m), As € SO(2n —
2m — 1), c € GL(1), M = M’ +
M" € (C™)*®C>"2 = (C™)*®
(C*"2@C) = ((C™)*®C*" %)@
(((:’"L)*7 M// — O
D7 {a1 + ... + an—2 + | SO(2n)/ H,

Qp—1, @1 +...+@pn_2+tan}

6ay | 1T 1

+ _
st 11 1
o | -1 1

cA 0o 0 O
M 1 0 O
-M 0]1 O
* * ok | %

for A € SL(n — 1), ¢ € GL(1),
M € (CmH)*

Now let S be the set of simple roots associated to B and let X be a wonderful
G-variety. For every a € S, let Py, be the standard parabolic subgroup associated
to a; let Ax (c) denote the set of non-Py,y-stable colours. For brevity we say that
a “moves” the colours in Ax(«), and we should point out that a colour is always
moved by some simple root.

Lemma 2.3 ([L2]). Foralla € S, Ax(«) has at most two elements. The following
four distinct cases can occur.

(1) Ax(a) =10, this happens exactly when the open B orbit is stable under Py
The set of all such a is denoted by S% ; we have obviously Pgr = Px.

(2) Ax(a) has two elements, this happens ezactly when o € Yx.
colours in Ax(a) are denoted by DI, D

[

(p(DE), ) + (p(D3),7) = («

The two

and we have

h))

for every v € ¥x. We denote by Ax the union of Ax(«) fora € SN¥x.
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(3) Ax(«) has one element and 2c € Xx. The colour in Ax(«) is denoted by
D!, and

a’

(p(Dg), ) = 5(a”,7)

N | =

for every v € ¥x.
(4) The remaining case, i.e., Ax(a) has one element, but 2ac ¢ Ex. In this
case, the colour in Ax(«) is denoted by D, and

(p(Da), ) = (a*,7)
for every v € ¥x.

Lemma 2.4 ([L3]). For all o, 3 € S, the condition Ax(a) N Ax(3) # O occurs
only in the following two cases:

- ifa, € SNXx, then it can happen that the cardinality of Ax (o) UAx(53)
1s equal to 3,

- if a and B are orthogonal and o + 3 (or L(a + B3)) belongs to Sx, then
Do = Dp.

The relations appearing in these two lemmas have been found using some analysis
of the cases in rank 1 and 2, and they will appear in the next section as axioms
for an abstract combinatorial structure called spherical system. These objects take
into account the set S% of simple roots moving no colour, the set Xx of spherical
roots and the subset of colours A x.

2.3. Spherical systems.

Definition 2.5. Let (SP, X, A) be a triple such that S? C §, ¥ C £(G) and A a
finite set endowed with an application p: A — E*, where 2 = (X) C E(T"). For
every a € XN S, let A(«) denote the set {§ € A: (p(d),a) = 1}. Such a triple is
called a spherical system for G if:

(A1) for every 6 € A and v € ¥ we have (p(d),7) < 1, and if (p(d),y) = 1, then

yeSN;

(A2) for every @ € ¥ NS, A(a) contains two elements and by denoting with §,}
and §, these elements, it holds that (p(61),~) + (p(d5),7) = (aV,~), for
every 7y € X;

3) the set A is the union of A(«) for all « € ¥ N S;

1) if 2a € £N28S, then £(aV,~) is a nonpositive integer for every v € £\ {2a};

2) if o, 8 € S are orthogonal and o+ 3 € ¥ (or %(a—i—ﬁ) € Y), then (a¥,v) =
(BY,v) for every v € 3;

(S) for every v € X, there exists a wonderful G-variety X of rank 1 with v as

a spherical root and SP = S%.

The cardinality (rank) of X is the rank of the spherical system.
Using the finite list of rank one prime wonderful varieties, if the group G is of
type A D, the last axiom can be rewritten as follows:

(S) (type A D) for every v € X,
{a e S: (a¥,v) =0}Nsupp(y) C SP C {a € S: (a¥,7) =0},

where the set supp(y) is the support of v, namely {« € S: (a*,7) # 0} (here {a*}
denotes the dual basis of ).
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WONDERFUL VARIETIES OF TYPE D 585

Remark 2.6. For every spherical system the spherical roots are linearly independent
and Y is a basis of Z.

On a wonderful variety X the information contained in S%, ¥x and Ax is
enough to “recover” the full set of colours Ax at least as an abstract set endowed
with an application px: Ax — Z*. This is easily done Using Lemmas 2.3 and 2.4}
let us see this procedure applied to an abstract spherical system (SP, 3, A). Its set
of colours A is defined as follows:

A=ATUAY UAY

where

A® = A,

AY =85n1ix,

Ab = S%/_, where S* = (S\ (ZU$XUSP)) and o ~ 3 if and only if

alpBanda+BeX (or i(a+p) ).
The set of elements of A “corresponding” to a € S is denoted by A(«), and we say
that these are the colours moved by a. The element corresponding to o € SN %E
in A is denoted by &/, and the element corresponding to € S® in A® is denoted
by 0. The map p: A — =* can be extended to A as follows:

(p(85),7) = 3(a¥,y) YaeSNg%, VyeE;

(p(8a),7) = (a¥,7) Vae S’ VyeE.

The definition of spherical system is such that the following lemmas hold (see

L3)):

Lemma 2.7. For every wonderful G-variety X the triple (S%,Xx,Ax) is a spher-
ical system.

Lemma 2.8. The map X — (S%,Yx,Ax) is a bijection between rank one (resp.
rank two) wonderful varieties (up to G-isomorphism) and rank one (resp. rank two)
spherical systems.

In [L3] it is proven that spherical systems classify wonderful G-varieties for G
adjoint of type A. Our main theorem is the generalization of this result to type
A D.

Theorem 2.9. Let G be a semisimple adjoint algebraic group of mized type A and
D. Then the map associating to a wonderful G-variety X the triple (S%,Xx, Ax)
is a bijection between wonderful G-varieties (up to G-isomorphism) and spherical
systems for G.

Remark 2.10. Obviously, two G-isomorphic wonderful G-varieties have the same
spherical system. If two wonderful G-varieties are isomorphic, namely G-isomorphic
up to an outer automorphism of GG, their spherical systems are equal up to a per-
mutation of the set S of simple roots.

A useful way to represent a spherical system for G is provided by the Luna
diagram constructed on the Dynkin diagram of the root system of G. We focus on
adjoint groups of type A D, following [L3] in type A.

For every simple root «, we draw one or two circles near the corresponding
vertex to represent the colours moved by a. Different circles corresponding to the
same colour are joined by a line. If a; moves two colours, the circles are drawn
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immediately below and above the i-th vertex. If a; moves one colour, the circle is
drawn below or centered on the i-th vertex, when respectively «; is in Sa" or Sb.
In particular, simple roots in S? correspond to vertices without circles.

Each spherical root v € ¥ is coherently denoted as in Table I on the vertices
corresponding to supp(y). Therefore, the set 3 of spherical roots can be read off
from the diagram as follows.

Two circles near the i-th vertex denote the spherical root «; € X, of type a;.
A zigzag line going from the 7 + 1-th to the ¢ + m-th vertex denotes the spherical
root ;i1 + ... + ajrm € X, of type a,, (notice that the zigzag is not drawn to
join the two circles, since they correspond to two distinct colours). A unique circle
below the i-th vertex denotes the spherical root 2a; € X, of type a}. Two circles
joined by a line and centered on two not adjacent vertices, at positions ¢ and j,
denote the spherical root a; + a; € X, of type a; x a;. A shadowed circle on the
i-th vertex denotes the presence of a spherical root of type d,,, whose support is
a Dynkin subdiagram of type D,,. This support starts from the i-th vertex and
covers the vertices, one adjacent to the next one, in all directions until either the
Dynkin diagram ends, or some other circle is found. The spherical root will be
206 + oo + 20 4m—3 + Qjpm—2 + Qipm—1 if m >3 or a;—1 + 20 + ;41 if m = 3.

In order to represent the set A and the map p: A — =*, we arrange the diagram
in such a way that the circle above a simple root « (corresponding to a colour
denoted by 67F) satisfies (p(67),~v) > —1 for all v € 3. Moreover, we draw one
arrow, > or <, near the circle above the simple root o pointing towards the spherical
root v when + is nonorthogonal to o and {p(61),~v) = —1. These data are sufficient
to recover the map p, using axioms Al and A2 of spherical systems. In some cases,
we report the arrows analogously for the circles below the simple roots in order to
avoid confusion.

3. REDUCTION TO THE PRIMITIVE CASES
3.1. Luna’s lemmas.

Localization. (see also [L2]) Let X be a wonderful G-variety, let ¥’ be a subset of
the set Y x of the spherical roots. The variety
x¥= (N D
yE D\
is called the localization of X in ¥'. It is a wonderful G-variety with
St = 5%
XZ' X
EXE/ == E/,
Az = Ax(E'NS), namely the union of Ax(a) for all « € ¥ NS, and
pxx 1s the restriction of px to Ay followed by the projection =* — (X')*.
Let S’ be a subset of the set S of simple roots. Let Pg/ be the standard parabolic
subgroup containing B and associated to S’ and L’ a Levi subgroup. Let C’ denote
the radical of L’ and let X¢ C X denote the fixed-point set of C’. The connected
component of X¢ containing the unique point z fixed by B~ is the localization
X5 of X in §’. The variety X5 is wonderful under the action of L', with
S;S’ - Sg( n S,,

1For the type am, m > 2, we modify the convention of D. Luna and we partially follow that
of R. Camus ([C]).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



WONDERFUL VARIETIES OF TYPE D 587

Sys ={v € Xx: supp(y) C S},
Aysr = A(XNS') and pys is the restriction of px followed by the pro-
jection Z* — (E s )",

In general, let (SP, X, A) be a spherical system for G. Let S’ be a subset of S
and ¥’ a subset of ¥ such that supp(X’) C S’. The localization of (SP,3,A) in
(S7,%') is the spherical system (S'?,¥', A’) where S? = SP NS, A/ =A(SNY)
and p’ is the restriction of p followed by the projection =* — (X/)*.

The variety (X>)5" = (X5)” is a wonderful L'-variety whose spherical system
is the localization of (S%,Xx,Ax) in (S, %).

Quotient. Let (SP,3, A) be a spherical system, let A be its set of colours. Let V
be the Q-vector space Q ® Z*, and let V be the cone {v € V: (v,7) <0 Vy € X}
A subset A’ C A is said to be distinguished if the intersection of the interior of the
convex cone generated by the set p(A’) with the cone —V is nonempty, namely if
there exists a linear combination of the elements of p(A’) with positive coeflicients:

b= csp(d), c>0V5e N,
SEA’
such that (¢,7) > 0 for all ¥ € X. Let £(A’) denote the maximal subset of spherical
roots such that there exists a linear combination ¢ as above such that (¢,~) > 0
for all v € £(A’). The subset A" C A is distinguished if and only if there exists a
vector subspace V' of V' such that the convex cone generated by p(A’) and V' NV
is equal to V'’ and V' NV is a face of V. If such a subspace V' exists, it is unique
and it is denoted by V(A’). We have

V(A") = {p(A) U{y": v € B(AN)}),
where {7*} is the dual basis of X.
Let (S?,3, A) be a spherical system and A’ a distinguished subset of A. Let
=/A’ be the subgroup of E defined by

—
—

2 - G wa=0weva)
= {6 (p(6),6) =0 V8 € A and (17,€) = 0y € S(A')}.
The triple (S?/A’,X/A’, A/A") defined as follows is called the quotient triple of
(SP, %, A) by A’ and it is also denoted by (S?,3, A)/A’.
The set SP/A" is {a € SP: A(a) C A’} C SP.
The set /A’ is the set of the indecomposable elements of the semigroup

{Z cyy €EE/A": ¢y >0Vy € X}
yEX

The set A/A’ C A is the union of those A(«a) which satisfy A(a)NA" =),
and the map p/A’: A/A" — (£/Ar)" is the restriction of p followed by the
projection Z* — (Z/A")*.
In general, the set ¥/A’ is not always a subset of 3. If it is a basis of Z/A’, then
the distinguished subset A’ is said to have the x-property of Luna. In this case the

quotient triple is a spherical system.

Remark 3.1. Tt is not clear whether there exist examples of distinguished subsets
without x-property. All distinguished subsets considered in the following have the
*-property.
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Let ®: X — X’ be a dominant G-morphism between wonderful G-varieties. Set
Ay = {D € Ax: @(D) = X’}

Proposition 3.2 ([L3]). Let X be a wonderful G-variety: the application ® — Ag
is a bijection between the set of dominant G-morphisms with connected fibers of
X onto another wonderful G-variety, and the set of distinguished subsets of Ax
having the x-property.

Moreover, for any such ®: X — X' the spherical system of X' is the quotient
triple (Sg)(, Ex, Ax)/A@

The distinguished subset A’ of A is smooth if the dimension of the space V(A')
is equal to the dimension of the face V(A’) NV of V. Equivalently, if V(A') =
(v*: v € Z(A")) and, hence, B/A’ = ¥\ £(A’) C . In particular, if A’ is smooth,
then it has the x-property.

Proposition 3.3 ([L3]). Let ®: X — X' be a dominant G-morphism with con-
nected fibers between wonderful G-varieties. Then ® is smooth if and only if Ag is
smooth.

The distinguished subset A’ of A is parabolic if V(A') = V, or equivalently if
Y(A") =3, namely 3/A’ = (). In particular, in this case A’ is smooth.

Proposition 3.4 ([L3]). Let X be a wonderful G-variety and let S’ be a subset of S.
The map ® — Ag is a bijection between the set of the G-morphisms ®: X — G/Ps/

and the set of the parabolic distinguished subsets of Ax ; the bijection is such that
S’ =5P/A.

Parabolic induction. Let P be a parabolic subgroup of G and let L C P be a Levi
subgroup. Let Y be a wonderful L-variety. The parabolic induction obtained from
Y by P is the wonderful G-variety G xp Y, where Y is considered as a P-variety
where the radical P" of P acts trivially and G xp Y is the algebraic quotient of
G x Y by the following action of P: p.(g,y) = (gp~,p.y), for all p € P, g € G,
yeyY.

On the other hand, a wonderful variety X is obtained by parabolic induction by
P if and only if P" C H C P, where G/H is the open G-orbit of X.

Proposition 3.5 ([L3]). Let X be a wonderful G-variety and let S" be a subset of
S. Let Pg, denote the parabolic subset containing B~ associated to S’. Then X is
obtained by parabolic induction by Pg, if and only if (supp(X) U SP) C S”.

In this case the G-morphism ®: X — G/Pg, is unique and Ag is equal to the
parabolic distinguished subset A(S").

A spherical system is cuspidal if supp(X) = S. In particular, a cuspidal spher-
ical system cannot be obtained by parabolic induction by any proper parabolic
subgroup.

Direct and fiber product. A spherical system (SP, %, A) is said to be reducible if
there exists a partition of .S into two subsets Sy, .52 such that

S1 L Sy,

Vy € ¥ supp(y) C Sy or supp(y) C Sa,

Vo € A(X N Sy), p(d) is null on Sy, and vice versa.
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In this case (SP, X, A) is the direct product of the spherical systems (SP N Sy, X1,
A(XNSy)) and (SP NSz, %2, A(XNSy)), where ¥; = {y € 3: supp(y) C S;}. For
this notion of reducibility, the obvious statement of “unique factorization” is true.
Let (SP,%, A) be a spherical system. Let Ay and Ay be two distinguished subsets
of A, obviously Az = A; UAs is distinguished. The subsets A; and Ay decompose
into fiber product the spherical system (SP, %, A) if
(1) A17é®, AQ#@&Hd Al QAQZQ),
(ii) A1, Ag and As have the x-property,
(i) (2\ (/A1) N (2N (E/A2)) =0,
(iv) ((SP/A1)\ SP) L ((57/Az)\ S7),
(v) Aj or Ay is smooth.
Notice that ¥\ (X/A’) = Z(A’) when A’ is smooth.

Proposition 3.6 ([L3]). Let (SP, %, A) be a spherical system, let Ay and Ay be two
distinguished subsets that decompose (SP, %, A). Let us suppose that, fori=1,2,3,
there exists a wonderful G-variety X; unique up to G-isomorphism with spherical
system (SP, %, A)/A;. Then there exists two G-morphisms ®1: X1 — X3, ®: Xy —
X3 such that the fiber product X1 X x, Xo is a wonderful G-variety with spherical
system (SP, %, A) and every wonderful G-variety with this spherical system is G-
isomorphic to X7 X x, Xs.

Notice that the above operation of factorization is a particular case of this de-
composition into fiber product. A reducible spherical system, S = S; LI So, is
decomposed by A(S7) and A(Sz), and it corresponds to a direct product of two
wonderful varieties.

Projective fibration. Let X and Y be two wonderful G-varieties. A G-morphism
®: X — Y is called a projective fibration if it is smooth, all its fibers are isomorphic
to a projective space of fixed dimension n and rank(X) = rank(Y) +n. We can
look at the spherical systems in order to characterize these morphisms ® in terms
of conditions on Ag.

Let (SP, X, A) be a spherical system. An element 6 of A is projective if (p(8),7) >
0 for all v € 3. Notice that this condition is equivalent to (p(d),~) € {0, 1}, because
of axiom Al.

Let § € A be a projective element, let S5 denote the set {a € TN S: (p(d),a) =
1}. The subset {4} is distinguished and smooth, the quotient triple (S?,%, A)/{d}
is a spherical system where

SP/{6} = 57,

X/{6} =X\ S5,

A/{0} = A(S\ Ss), and p/{d} is the restriction of p followed by the

projection on (Z/{d})*.
Proposition 3.7. Let G be of type A D. Let (SP,%, A) be a spherical system with
a projective element § € A. Let us suppose that there exists a wonderful G-variety
Y unique up to G-isomorphism with spherical system (SP, %, A)/{6}. Then there
ezists a wonderful G-variety X unique up to G-isomorphism with spherical system
(SP, %2, A) and if P5: X — X5 denotes the G-morphism such that Ag, = {0}, we
have that Xs is G-isomorphic to Y .

In |L3] the above proposition is stated only for the type A, but its proof holds
also in the case of type A D. Indeed, it is enough to notice that the key lemma
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(3.6.2, loc. cit.) is true whenever no spherical root o being also a simple root lies
in the support of any other spherical root v € 3. This occurs in type A as well as
it occurs in type A D, as can be seen from the list of rank two spherical systems.

3.2. Proof of Theorem Reduction. In order to prove that for all spherical
systems (SP, X, A) for G adjoint of type A D there exists a wonderful G-variety
unique up to a G-isomorphism, it is sufficient to prove that this holds for all spherical
systems called primitive, that are:

- cuspidal,

- without projective elements,

- indecomposable, and in particular irreducible.
Indeed, we can proceed by induction on the rank of S and on the rank of ¥ and
we can Use Propositions [3.5] and 3.7 about parabolic inductions, fiber products
and projective fibrations.

The list of primitive spherical systems is contained in TableBl Such a list can be
obtained by a combinatorial reduction, that is explained in the next two paragraphs:
we report some technical definitions and outline the strategy, similar to that of [L3].

How to read Table[3l For any primitive wonderful G-variety X we report the label
and the Luna diagram of the spherical system and the homogeneous space G/H =
X¢&. When necessary we describe the subgroup H, as in Table [2, by providing its
connected center C°, the commutator subgroup (L, L) of a Levi subgroup L and the
Lie algebra of its unipotent radical H*. In some cases, where the component d(n;)
occurs, we use further special notations: if n; = 2 (with d(2) we denote aa(1,1))
¢i(A) =7(A,A) for A e SL(2), m: SL(2) x SL(2) — SO(4) isogeny and V; == s[(2);
if n; > 2 ¢;(A) = j(A) for A € SO(2n; — 1), j: SO(2n; — 1) — SO(2n;) injection
and V; = C?™— 1.

Table 3: Primitive wonderful G-varieties with rank at least three for G
adjoint of type A D, up to isomorphism.

| Diagram, H, (C°, (L, L), Lie(H")) G |
1. ao(n),n > 3. SL(n+1)
O o 0O O
SO(n+1)-Cq
2. ac(n), n > 7odd. SL(n+1)
- e .
Sp(n+1)-Cqg
3.aa(p+q+p),p>2. SL(2p+q+1)

f——

S(GL(p+q) xGL(p+1))

4. aa(p,p),p > 3. SL(p+1)x SL(p+1)
Localization of aa(p + g+ p) in S\ {apt1,...,Qptq}-

SL(p+1)-Cgq, with SL(p 4+ 1) embedded diagonally

5.aa"*(p+1+p),p>2. SL(2p+2)

T T

Ne(SL(p+1) x SL(p+ 1))
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Table 3: Primitive wonderful G-varieties (continuation).
| Diagram, H, (C°, (L, L), Lie(H")) G |
6. ac*(n), n > 4. SL(n+1)
GGG - - - GG
n even: Ng(Sp(n)).
n odd:
. 0 0 n—1 ~ n—1\x*
7 a o |forAdeSp(n—-1),ce GL(1), M1,M2 € C =N (oL
* My + Mz =0.
7.ax(l+p+1+q+1). SL(p+q+4)

é> @ Ly <(5 @O0 L
0 Q B

A 0 0
clo 1 ot 0 for Ay € SL(p+1), A2 € SL(2), A
0 c3 Az Cc1,C2,C3 € GL(l), cicocs = 1.

3 € SL(q + 1)7

8. ax(1+p+1,1).
Localization of ax(1 +p+1+qg+1)in S\ {ap+3,. .., 0ptqt
Na(SL(p+1) x SL(2)), with SL(2) embedded diagonally.

SL(p + 3) x SL(2)
2}

9. ax(1+p+1).
Localization of ax(14+p+14+q¢+1) in {aa,...,apt2}.

C1 A1 0 0
0 | for Ay € SL(p+1), c1,c2 € GL(1).

SL(p+3)

10. ax(1,1,1).
Localization of ax(1 +p+ 1+ ¢+ 1) in {a1, apt2, aprqt3}-
SL(2) - Cg, with SL(2) embedded diagonally.

SL(2) x SL(2) x SL(2)

11. ay(p+q+p),p > 2.

SLZp+q+1)

(L <<£ <0 <G v, <O b )

_<<£ <<L

?O

P e o 9

c1 A 0
( "0 eads 0 ) for Ay € SL(p+q), As € SL(p), c1,¢2 € GL(1).
*

12. ay(p +a+(p—1)),p>2
Localization of ay(p + ¢ +p) in S\ {a2ptq}-

0 co Ag

* 0 0
( c1 Ay 0 for Ay € SL(p+q—1), A2 € SL(p), c1,c2 € GL(1).
0

SL(2p+q)

13. ay(p,p),p > 2.
Localization of ay(p + ¢ +p) in S\ {apt1,..., Qptq}-

((l 3\21|2>7<‘ jﬁlg))forAesL(p),ceGLu),Me

SL(p+1)x SL(p+1)

().

14. ay(p, (P~ 1)),p > 2.
Localization of ay(p,p) in S\ {a}}.

N¢(SL(p)), with SL(p) embedded diagonally.

SL(p+1) x SL(p)
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Table 3: Primitive wonderful G-varieties (continuation).

Diagram, H, (C°, (L, L), Lie(H")) G |

15. ay(n), n > 4 even. SL(n+1)
4) <é> b <b dl>> d=>> ]
T

;/[f} (1) 8 for A € SL(n/2), c € GL(1), M1, M> € ((Cn/Q)*7
« My ]ctat ) Mi+M;=0.

&3
@ 9

16. ay~(p+q+p),p > 2. SL(2p+q+1)

(L<(g } <(5 <(b

-- ey (b> (b> L (b> (b
T == c p 00
c1 Ay 0 0 0
M * 0 0 for Ay € SL(p), A2 € SL(q), c1,c2,c3 € GL(1),
* > 2p+1 2q 2p+1 .
* 1\32 62»:42 cs tgfl clp+ les” =1, My, M € (C7)", My+Ma = 0.
17. ay* (2 +q+2). ST TE)

» & o 0D

OQ QO

g 0 0 0
0*1 ca Aq 0 0 for A; € SL(q—|— 1), As € SL(2), c1,C2,C3 € GL(I),
Mil 0 eads O Jefe=1, My, My €C?2(C*), My + M =0.
* * 2 *
18. az™ (3 +q + 3). SL(g+7)
v, Q> O <O
o ¢ O
0
o | for Ay € SL(2), A € SL(q),
0 |ei,e2,e3 € GL(1), c3ci = i,
8 My, Ma, Ms, My € C* = (C*)*, My +
v ) M2+ M3+ My =0.
19. az™~ (3 + q + 2). SL(q+6)
Localization of az™ (3 4+ ¢+ 3) in S\ {ag+6}-
* 0 0 0 0

for Ay € SL(2), A € SL(q), ci,c2,¢c3 €
GL(1), c§cd = cf, My, My, Ms € C* = (C?)",
M1 +M2 +M3 =0.

20. az(3,3). SL(4) x SL(4)
Localization of az™ (3 + ¢ + 3) in {au1, a2, a3, Qqt4, Qq+5, Agt6}-

( c 0 0 > c 0 0 )) for A € SL(2), ¢ € GL(1),

S) 0, || My, Mo, Ms, My € C* = (C*)7,
c c

My + My + M3 4+ My = 0.

31, az(3,2). SLA) X SL(3)
Localization of az(3,3) in S\ {as}.

AZ o0 2 0 ) for A € SL(2), ¢ € GL(1), My, My, M5 €
. Sne ) cA )| C* = (C?*, M1+ Ms+ Ms =0.
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Table 3: Primitive wonderful G-varieties (continuation).

593

Diagram, H, (C°, (L, L), Lie(H"))

G|

22. az(3,1).
Localization of az(3,

‘\_‘8

SL(4) x SL(2)
in S\ {a1, a5}
(A)> for A € SL(2), c € GL(1), My, M, € C* = (C?)*,

)

My + Mz = 0.
23. aeg(6). SL(7)
> & <0 & 0 <0
O o O O
0
8 for A € SL(2), c1,c2 € GL(1), ¢} = c3°, My, Ms,
o | Ms, My € C? = (C?)*, My + M+ Ms+ M, =0.
*
24. aeg(5). SL(6)
Localization of aeg(6) in S\ {ac}.
P 0 0 0
M | c2A 0 for A € SL(2), c € GL(1), My, M2, M3 € C* = (C?)*,
* M, ¢ 40 M1+M2+M3:0.
* * Mz | c* A
25. aer (7). SL(8)
g O & <> O <0 <D
© Lo 99
Ac;’ o 0 0 \for A € SL(3), ¢ € GL(1), My, Ms € C°,
c
'S ettt o | Me = My 4+ MY o€ (Sym®C*)" @ (A*CP),
* M 3 ) CP = (AN*C3)*, My + MY + Mz = 0.
26. aer(6). SL(7)

Localization of ae7(7) in S\ {ar}.

T ea o forAeSL( ) e1pe2 € GL(1), s = 1, My € C°, My =
i ] eatat ) M+ MY € (Sym? € & (A2CY), My + My =0,
27. aer(5). SL(6)
Localization of ae7(7) in S\ {a1,ar}.
cA 0 for A € SL(3), ¢ € GL(1), M = M’ + M" € (Sym®>C®)* &
( c~ltg—1 ) (/\2 (CS)*, M = 0.
28. af(5). SL(6)
(;> (§><;) <O
(P O @ O O
e 22 ’ for A1, As € SL(2), ¢ € GL(1), My, Ms € C? ® (C?)* =
1
% ta, ) (C)"®C? M+ M =0.
29. af(4). SL(5)
Localization of af(5) in S\ {as}.
c1 0 0 0
* 62_4 0 0 for A € SL(2)7 c1,C2 € GL(I), My, Ms € (C2 = (62)*7
My 0 c2 A 0 My + My = 0.
* My | eyt
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Table 3: Primitive wonderful G-varieties (continuation).

Diagram, H, (C°, (L, L), Lie(H")) G |

30. do(p+q),p >2,9> 3. SO(2p + 2q9)

So oo ® <

SOP+1)x0(2¢+p—-1))

31l. do(p+2),p>2. SO(2p+4)

S(Op@+1) xO(p+3))

32. do(n), n > 4. SO(2n)

O
Ne(S0(n) x SO(n))
33. dc(n), n > 4 even. SO(2n)
e s <%
O
GL(n)
34. dc'(n), n > 4 even. SO(2n)
e o <
O
Ne(GL(n))
35. de(n), n > 5 odd. SO(2n)
— # @—{
GL(n)
36. dd(p,p), p > 4. SO(2p) x SO(2p)

e e

SO(2p) - Cg, with SO(2p) embedded diagonally.

37. ds*(4). SO(8)

={

G - Cso(s)
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Table 3: Primitive wonderful G-varieties (continuation).

Diagram, H, (C°, (L, L), Lie(H")) G |

38. dc*(n), n

n even:

>4 SO(2n)

——

for A€ Sp(n—1), c€ GL(1), M € (C*1)*.

* © O
¥ O OO
N~ —

for A € Sp(n —2), ¢ € GL(1), My, Mz, M3 € C* ™2 =
(C"™3)*, My + M> + M3 = 0.

¥ OO0 O0OO

cA 0 0 O cA O
My |1 0 O Ms |1
My O0]=x O ’ My O
* * * * * *

SO(2p) x SO(2p)

: £
<O <O <O/)

L

(/3
O O ON O ON
O ®

My, My, M3, My € (CP7H*,
My + Mz + M3 + My = 0.

¥ * ©O

8 )) for A € SL(p—1), ¢ € GL(1),
0
*

40. dy(p, (p = 1)), p > 4. SL(p) x SO(2p)
Localization of dy(p,p) in S\ {ap}.

cA 0 Mo 0
a=r )| M o
* *

c? A 0

o= o
* ©O OO

for A € SL(p — 1), ¢ € GL(1),
My, M2, M3 € (CP~1)*, M1+Mo+Ms = 0.

*

41. dy(p, (P —2)),p > 4. (SL(p — 1) x SO(2p))
Localization of dy(p,p) in S\ {ap—1,ap}.

- A 0O O
" jM 1 0 0 \\for A € SL(p—1), ¢ € GL(1),
’ My 0= O M1,M2€((Cp71)*,M1+M2:0.

[}

SO(14)

gy e I
AR

for A € SL(3), c € GL(1), My, Mo, M3 € (C3)* =
/\QCS» My + Mz + M3z = 0.

* OO0 O OO
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H"))

13. dz(4,4).
i L5 4
@ @
> Q o> Q
O N O N
O O

*¥ OO0 O OO
¥ OO0 OO0 OO

Mg = 0.

SO(8) x SO(3)

for A € SL(2), ¢ €
GL(1), My,...,
C* = (CH*, My +...+

Ms €

14. dz(4,3).
Localization of dz(4,4) in S\ {aa4}.
2

¥ OO0 OO0 OO

SL(4) x SO(8)

45. dz(4,2). SL(3) x SO(8)
Localization of dz(4,4) in S\ {as, a4}
c® 0 0 0 0 0
PN (1) 8 8 8 for A € SL(2), ¢ € GL(1),
c 2 ~ 2\ *
CA>7 0 « 0 0 Ml,. 7]\4‘46([? :((C)7
* * ] % 0 Mi+...+My=
k k ok | ok
46. dz(4,1). SL(2) x SO(8)
Localization of dz(4,4) in S\ {a1, as, as}.
0 0 0 0 0
0O 0 0 O 5
1.0 0 O for A € SL(2), c € GL(1), My, Mz, M3 € C* =
Ol 0 0 1] (C M+ Mo+ Ms =0.
ok ok | ok

<£>o<<£ o><£/bO

09009\
O

M1,...,M5 c C
My +---+ Ms =0.

¥ ¥ ¥ ¥ QPO O OO
* ¥ ¥ ¥|¥ OO O OO
*¥ ¥ ¥[¥x coocoococ oo
¥ ¥ ¥ OO O OO OO
¥|¥ OO0 O0OC OO
¥ OO0 O OO OO OO

O % ¥ ¥ ¥ ¥ ¥ %

for A € SL(2), ¢ € GL(1),
2 o~ ((CQ)*

)

SO(14)
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Table 3: Primitive wonderful G-varieties (continuation).

Diagram, H, (C°, (L, L), Lie(H")) G |
48. deg(6). S0(12)
Localization of deg(7) in S\ {a1}.
AA 0 0 0 0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 o |for A€ SL(2), c € GL(1), My,..., My €
0Ol 0 8 (CQ%((C2)*7M1+--~+M4:O.
* * * 0
* * * *

49. der(8). SO(16)

é)>é|)>o<é|)>é)<£/bo
O L(ﬁ o 9 j)\

c? 0 0 0 0 0 0 O
M A
i 00 00 o lfor A e SLEB), ¢ € GLO),
» 1 0 0 0 0 | M,Ms,My € C3, My = M) +
i 2 : 2 8 8 Mé/ E(/\2 (CS)* @ (Sym2 C3)*, C3 o~
* * * * * 0 (AQCS)*7M1+M£+M3+M4:0
0 * ok ok k| ok
50. der(7). SO(14)
Localization of de7(8) in S\ {a1}.
c? A 0 0 0 0 O
0 0 0 0 |for Ae SL(3), c € GL(1), My, M3 € C3,
Fle 0 0 | Mi=M{+ MY € (AT (Sym* T,
* % | x 0 (Cs%(/\2(C3)*,M{+M2+M3:O
* * * *
51. des(8). SO(16)
—|—=©

O (g> O> <<£> <O> <5/>_
o O

T T TN\e

O

for A € SL(4), c € GL(1), My € C*, My =

Mé‘f’Mé, c C6®(C4)* I~ (/\2 C4)®(C4)* I~ V@

C*, My + M} =0 (n: SL(4) — SO(6) isogeny,
V Cartan product of (A*C*) and (C*)*).

52. des(7). SO(14)
Localization of des(8) in S\ {a1}.
A o o forAeSL4),ceGL(1), M =M +M"eC’®(C')" =
m tr(A)~! 0 ) (NCH @ (CH 2 VeChH M =0 (x: SL(4) — SO(6)
* /) isogeny, V Cartan product of (\*C*) and (C*)*).
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H")) G |
53. aa(1) +ds(n),n > 3. SO(2n + 2)
O>
—%--{
o>
C1 0 0 0
0 4 090 ) for A € SL(n), c1,c2 € GL(1).
0 0 0 %
54. aa(1) + ds*(4). SO(10)
O>
O>
SO(2) x Spin(7)
55. ac*(n) + aa(1),n > 3. SO(2n + 2)
(PRGN .-«
Ye)
o)
c1 0 0 0
2 CzoA 2 8 ) for A € SL(n), c1,c2 € GL(1).
0 * 0| =
56. 2—comb + ac*(3). SO(10)

>
©)

LO

(A>C3)*, My + Ms = 0.

for A € SL(3), c1,ca € GL(1), My, M> € C?

1%

c Ay 0 0\ for Ay € Sp(n1), c € GL(1), M = M'+ M" ¢
npevens [T LR 9 J e g (o) = (Ve (€)) @ (C)7, M7 =0,
c? 0 0 0 0 for A; € Sp(n1 — 1), c € GL(l), M, €
M; | cAy 0 0 0 cne—l M, = Mé + Mé/ c
dd: * M. A 0 0 1 * n1—1\* niy—
ni1 o . *2 ¢(*2) . 0 (Cnl—l) o~ (V®((C 1 1) )EB(C 1 1,M1+
0 * * * * M“ =0.

SO(2n1 + 2n2)

C2n2 ®

gp),

——- Vo va'a Gl 44 7. -
? O Q O
1 A 0 0 0 0
0 a0 0 o |for Ay € SL(p+q), A2 € SL
M * [ 6(A) 0 0 | M=M+M'eC"R(CI)" =2 (Ve (Crt)" e
N P A AR

SO(4p+2q +4)

c1,c2 € GL(1),
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H")) G |
59. ay(p,p) + d(n1) + d(nz2), p,n1,n2 > 2. SO(2p + 2n1) x SO(2p + 2n2)
o b 3 b
—_——— @ --- —_———— @ ---
ﬁ) . O ﬁ) 0
CA1 0 0 CAl 0 0
$1(A2) 0 |, $2(As)
for Ay € SL(p), c € GL(1), M1 = Mj + M{ € C*™ @ (CP)* = (V1 ® (CP)*) & (CP)*,
Mz = Mj + My € C*"2 @ (CP)* = (Va ® (CP)") ® (C”)*, M} + M3 = 0.
60. ay(p,p) +d(n), p,n > 2. SL(p+1) x SO(2p + 2n)
Localization of ay(p + g +p) + d(n) in S\ {ap+1,-- -, Qping }-
cAl 0 A 0 o0\ forAi € SL(p), c € GL(1), My € (CP)",
( -2 ) m B(As) g )) My = M5+ My € C*" @3/(@?)* =~ (Ve®
(C)) e (C)", My + My =
61. ay(p, (p— 1)) + d(n), p,n > 2. SL(p) x SO(2p + 2n)
Localization of ay(p,p) + d(n) in S\ {ap}-
A 0 O
(A1), T (Az) fernA1 € 5;[, p), ¢ € GL*(I), M = M:/—l— M" €
* CT"EC) =V () )a(CP)", M =0.

62. ay(p+q+ (p— ))—i—d(n),p,nZQ. SO(4p+2q+2n — 2)
(.g____ <<5 (W LN Q _i_ < 8_
I S
1 A 0 0 0 0
Y0 A, 0 o o | forAr €SL(p), As € SL(p+q-1), c1,c2 € GL(1),
s * [ ¢(A3) 0 0 | M=M+M cCme(CP) = (Ve (C)e
Pt l)erwr=o
63. dy(p+q+(P—-1)),p>3 O(4p +2q — 2)

| T <<5i j
¢ TE

for A; € SL(p—{—q—l)7 As € SL(p—l), c1,C2 €
GL(].), My, My € (Cp+q)*7 Mi + Ms = 0.

O*x OO0 OO
¥ Oo0o0O0OO0O
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H")) G |
64. dy(p,(p—1)) +d(n),p>4,n > 2. SO(2p) x SO(2p + 2n — 2)

5
0

O <O, <O <O

—_—— —_—— e ®—---

0 AN\ 0 O
O

0 for A1 € SL(p — 1), ¢ € GL(1),
0) <CA1 <2\> 0 )M“MQG(CP)*, Mz = Mj + My €
0 ) 2

cA; 0 O

M1 0 4 0

ol o (TR L0 el o o) = (Ve (@)) 8 (C))
My + My + M3 =0.

65. dy'(p+aq+ (p—2)),p > 4. SO(4p +2q — 4)

15

T D %

LEIN NI

S T—

O

for Ay € SL(p—1), A2 € SL(p+q — 2), c1,¢2 €
GL(].), M1,M2 S (Cp)*7 Mi; + My = 0.

O *¥ OO0 O
¥ Oo0o0Oo0Oo

SO(4p +2q + 4)

for A; € S’L(q—|— 1), Aq € SL(Q), c1,C2 €
GL(1), My € C*, My = Mj+ M5 € C**®
(CH* = (Ve (CH")®(C?), My +Mj = 0.

¥ OO0 OO OO

S0(2q + 12)

for A; € SL(q—i—Z), A € SL(S), c1,C2 € GL(l),
M, Ms € C3 = (A\*C?)*, My + M, = 0.

¥ OO0 O0OO

68. dy* (3 + q+ 2). SO(2q + 10)
Localization of dy*(34+ ¢+ 3) in S\ {a1}.

c1 Ay 0 0 0
(lg—wé“?‘ 8 (OJ ) for Ay € SL(q+2), A2 € SL(3), c1,c2 € GL(1).
* * 0 *
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Table 3: Primitive wonderful G-varieties (continuation).

Diagram, H, (C°, (L, L), Lie(H")) G |

69. dy”~ (4 +q + 3). SO(2q + 10)

—010—
—ot6-|
~H-o18

\

:

5
velte
oAG—
e

‘ O
c5 Ay 0 0 0 0 0 0 0
c1 Az 0 0 0O 0 0 O
0 0 0 0 0 0 |for Ay € SLB3), A2 € SL(q),
* M 02]\?1 0 8 0 (0) ci,c2 € GL(1), M, My, M3 €
* * * 3 * 0 3k 2 3 S
* * 0 * * |« 0 O (C) —/\ C 7M1+M2+M3—0~
* * * * * [0 =x 0
* * * * * * * *
70. ay(2,2) + 2—comb. S0O(12)
[
O <O <O (q

[T

for A1 € SL(3), A2 € SL(2), c1,c2 € GL(1),
My, My € C3 = (A*C3)*, My + My = 0.

¥ Oo0o0o0Oo

71. ay(2,1) + 2—comb. SO(10)
Localization of ay(2,2) + 2—comb in S\ {a1}.

c1 Ay 0 0 0
( 0 i 09 ) for Ay € SL(3), As € SL(2), c1,¢2 € GL(1).

*

+

*
0 * 0
72. az(3,3) +d(n1) + d(nz2), ni,n2 > 2. SO(2n1 4 6) x SO(2n2 + 6)

o &b & O <O
&0 o W<

c? 0 0 0 0 2 0 0 0 0
M1 CA1 0 0 0 M3 CA1 0 0 0
* Mz | ¢1(A2) 0 0 |, * My | ¢2(A3) 0 O
* * * * 0 * * * * 0
0 * * * * 0 * * * *

1%

for Ay € SL(2), ¢ € GL(1), My, Mz € C?, My = M} + MY € C*™ ® (C*)* = (W,
(CH"®C?, My = Mi+M} € C*2®(C?)* = (Va®(C?)*)®C?, My+My +Ms+M)
0

73. az(3, 2) + d(nl) =+ d(nz), ni,ng > 2. SO(2n1 + 6) X SO(Q’RQ + 4)
Localization of az(3,3) + d(n1) + d(n2) in S\ {a]}.

2 0 0 0 0
Afl CAl 0 0 0 CA1 0 0
Mz | ¢1(A2) O 0 |, -m ¢2(A3) 0
* * * * 0 *
0 * * * *
for Ay € SL(2), c € GL(1), M1 € C?, M> = Mj+ MY € C*" ®(C*)* = (1 ®(C?)")
C?, M3 = Mj+ M§ € C*" ® (C*)* = (1, ® (C*)*) ® C?, My + MY + M4 = 0.
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H")) G |
74. az(3,3) +d(n),n > 2. SL(4) x SO(2n + 6)
Localization of az(3,3) + d(n1) + d(n2) in S\ {a4,...,an, +3}-

o2 0 0 0O 0 for Al S SL(2), c € GL(l),

c 0 0 Mz |cAr 0 0 0 ||M;, My, M3 € C* = (C?)*,
g 0 )| e b8 L Sy € o
0 * * * | o* (CQ)* = (V® (CZ)*) D (CZ)*’

My + Mo + M5 + My = 0.
75. az(3,2) +1 d(n),n > 2. SL(3) x SO(2n + 6)
Localization of az(3,3) + d(n) in S\ {a1}.

for Ay € SL(2), ¢ € GL(1),
My, M, € C* = (CH*, M3 =
M;+ Mg € C" @ (C?)" = (Ve
(CH"B(C*)*, My+Mo+MY = 0.

SL(4) x SO(2n + 4)

CA1 0

¥ OO0 OO

76. az(3,2) +2 d(n), n > 2.
Localization of az(3,3) +d(n) in S\ {a]}.
for A; € SL( ), c € GL(1), M1, M- €

c 0 0 cAy 0 (C2N((C2) — M. —‘,—M” (C2n®
A 0 . A 0 3 3
( )( )) () & (V@) 68 1+ M s
MY =0.

3 =

77, az(3,1) + d(n), n > 2. SL(2) x SO(2n 1 6)
Localization of az(3,3) + d(n) in S\ {a1, as}.
2 0 0 0 0
T ledA, o o o )| for A € SL(2), c € GL(1), My € C*, M; =
(A, || * TAMz | é(42) 0 0 My + MY € C"®(CH* = (Ve (C*)*)eC?
e o
78. az~(84+q+3)+d(n),n > 2. S0O(2q + 2n 4 12)
O O <O gy > O <O
©) Q O ©) (P O
ch 0 0 0 0 0 0 0 0 0 0
e 0 0 0 o o0 0 o o o|ford€sL@), 4«
x 2 0 0 o o0 0 o0 o o |SL)cr,c2€GL(1),
x X 0 A. 0 0 0 0 0 0 | M,My,Ms € C> =
* * 1. * 0 0o 0 0O 0 O ((CQ)* M, = Mi +
Ag) 0 0 0 0 0 ’
. \ . . * 1% 0 0 0 0 [ € C g (C) =
* * * * * * * | % 0 0 O (V X (CQ)*) (CQ) y
oL L r iRl o | MMk My MY =
0 * * * * * * * * * * 0.
79. az~ (3 +q+2) +d(n),n > 2. 50(2¢ + 2n + 10)
Locahzatlon of az¥(3+q+3)+d(n)in S\ {ai}.
cs Ay 0 0 0 0 0 0 0 0
% g g g 0 g for Ay € SL(2), As € SL(q),
M. 0 ) 0 61,626GL( ), M1, My € C* =
. As) 0 0 0 (C?)*, M3 = M5+ M§ € C*"®
\ © Se 0 0 | @)= /(/V®<<c2> )&C?, My +
0 * x| 0 0 MQ + M5 =0.
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Table 3: Primitive wonderful G-varieties (continuation).
| Diagram, H, (C°, (L, L), Lie(H")) G |

80. dz(4,3) + d(n),n > 2.

> O, © O> O <
.—.—.—@—---
O AN | O O O
O

0 0

0 O 8

0O 0 0

i o

* * *
for A; € SL(2), ¢ € GL(1), My, My, M3, My € C* == (C?)
C*" @ (C*)* = (Ve (C**) @ (CH*, My + My + My + My + MY =0.

S0(8) x SO(2n + 6)

Y, Ms = Ms + Mg €

for Ay € SL(2), ¢ € GL(1),
My, My, Ms € C? (CQ)*,
My = Mj +Mj € C"
C) = (Ve lC)He
M1+M2+M3+Mé,:0.

SO(8) x SO(2n + 4)

(),

SO(2q + 14)

o

@
¥ ¥ ¥ ¥ ¥ OO0 OO O
¥ ¥ ¥ ¥ ¥|ImMOO0OO0 OO0 O
*¥ ¥ ¥ ¥[¥x O0oococ o0 O
¥ ¥|O%¥ OO OO0 OO O
¥ ¥|¥ OO0 OO O
¥ O oo OO OO O
*¥ OO0 000000 OO O

o*********i
%%%o*%%i

for Ay € SL(Q), Ay €
SL(q), c1,c2 € GL(1),
My, Mo, Mg, M4, Ms €
C? = (CH*, My + Mz +
Ms + My + Ms = 0.

83.dz~(44+q+2
Localization of dz™
cs Ay 0

—

44¢+3)in S\ {a

oo ©

fOI‘ A1
SL(q),

%)

* % ¥ ¥ O= OO OO
¥ ¥ ¥ ¥*|lmOOO OO
* ¥ ¥|¥ OO0OO0CO OO
¥ O%¥ ocoocococ oo
¥ ¥ OO0OOOOCO OO
¥ Ooooco0oo0o0 o0

1
My, M, M3, M, € C? = (C?)*,
My + My + M3 + My = 0.

SO(2q + 12)

As
GL(

S
C1,C2

€

27

SL(2),
€
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H"))

84. dz(3+q+2).

SO(2q + 10)

:

§

O10—
v

rOtO
Lo
4

o
NIV

for A; € SL(q + 1), Ay € SL(Q), c1,C2 €
GL(1), My, Ma, M3 € C* = (C?)*, M1 +
Ms + M3 = 0.

¥ ¥ ¥ O O OO
* ¥ ¥[mrO O OO
¥|O%x Ooocoo
¥|l*¥ OO0 O OO
¥ OO0 O0OO

*
M
*
*
*
*
0

85. dz(3 + q+ 1).
Localization of dz(3 + ¢+ 2) in S\ {a1}.

SO(2¢ +8)

c1 Ay 0 0 0 0 O
0 c2Ay 0 0O 0 O
* 1 0 0 0 |for Ay € SL(¢+1), As € SL(2), c1,¢c2 € GL(1),
* OLL 0 0 f A My e (C?)*, My + M, =0.
* * * * 0
* * 0 *
86. az(3,2) + 2—comb. SO(14)

3 0 0 0 0 0 0 0 0
2c 0 00 0 0 0
0 0 0 0 0 O
o o 0 0 o0 o for A € SL(2), 0172@5 GLSIB,
y T 00 0 0 o |M,MMy € C° = (C),
% * 00 0 0 | My, MseC==(A>CH*, My +
: Pl 0 0 | M+ My=0, Ms+ Ms = 0.
* * % * |« 0
* * * * * *
87. aeg(6) +d(n),n >2 SO(2n + 12)
& & <0 & 6 <
@_---
O o O O
c* 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0
. 0 0 o 0 0 o for Ay € SL(2), K S GL§127
Ms]cAr 0 0 0 o0 o |M,Mx,My € C° = (C°)",
My [ ¢(A3) 0 0 0 0 | My=Mi+M; eC®(C*)" =
P Y0 b [ ve@))e (), M+ Me+
* * * * * 0 M3+M// =0.
* * * * * *
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Table 3: Primitive wonderful G-varieties (continuation).

Diagram, H, (C°, (L, L), Lie(H")) G |
88. aeg(5) +d(n),n > 2. SO(2n + 10)
Localization of aeg(6) in S\ {a1}.
A4 0 0 0 0 0 0
o o |for Ay € SL(2), ¢ € GL(1), M1,M, €
8 8 CQ o~ (CQ)*, M3 _ M?/) —|—M9l,l c (C2n ®
0 o [ (@) =V (C))a (€, M+ M+
x 0 Mé/ =
* *

SO(2n + 14)

O <O
=D

for Ay € SL(3), ¢ € GL(1), M, €
C3 My = M} + My € (Sym?C3)* @
(A*C%)", (N*C?)* = C°, My = M5 +
M € C"@C?® = (V®cCocC?
My + MY + M4 = 0.

90. ae7(6) +d(n),n > 2. SO(2n + 12)
Localization of ae7(7) in S\ {a1}.
2 Ay 0 0 0 0 , ”
o | for Ay € SL(3), c € GL(1), M1 = M{ + M €
0 | (Sym®C) e(APCY), (N CP) > €, A = M+
O My eCmRC*= (VeC)@C® M{ + My =0.

SO(2q + 6)

ccA 0 0 0 0 O
0 ¢ 0 0 0 0 L
1 0 0 o |forAeSL(g+1),c1,e2 € GL(1), My, My € (CTH)*,
0|1 0 0 My + Ms = 0.
* % * 0
* * 0 *
. 3—comb + 2—comb. S0O(10)
c? 0 0 0 0 0 0 O
0 0 0 0 0 0
00 0 0 O
1 0 0 0 0 |forAeSL(2),ci1,c0 € GL(1), My, M2, M3 €
OLL 0 0 01 C?=(C** M+ Mz + M; =0.
* x| x 0 0
* x| 0 *x O
* * * * *
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Table 3: Primitive wonderful G-varieties (continuation).

| Diagram, H, (C°, (L, L), Lie(H")) G
93. ax(1+p+1)+d(n),n>2. SO(2p + 2n + 4)

6> LN NI <é ®—---
O ©)

0

0

0

*

0

C1 Al 0 0 0
0 ¢ 0 O | for Ay € SL(p+1), ¢1,¢0 € GL(1), M = M' + M" €
M * $(A2) 0 2 +1 +1 +1 "
* 0 % o |CTe @) = (Ve (CT)) e (€T, M7 = 0.
* * * *
94. af(4) +d(n),n > 2. SO(2n + 8)

> O><0 <O $_<
©)

for Ay € SL(2), c1,c2 € GL(1), M, €
My = M} + Mj € C" ® (C*)* = (
(CHYOC?, My + MY =0.

c?,
V&

¥ OO0 0000 O

Remark 3.8. Some primitive spherical systems reported in Table Bl are associated
to the wonderful embedding of symmetric varieties (see [4]). In Table dl we report
the corresponding Satake diagrams [Ar].

Table 4: Symmetric cases.

| Spherical system, G, H ‘ Satake diagram
ao(n), G=SL(n+1),
H=50(n+1) Cq¢ —— e

ac(n), G=SL(n+1),

H=Sp(n+1)-Cq . o — > e > o

aa(p+q+p), q>2,

G:S’L(Zp—&—q—l—l)7 T7° \"'/, Tt
H=S(GL(p+q) x GL(p + 1)) \/
aa(p,p),

G:SL(p—Fl)XSL(p—Fl), O_____O\_/O_____O
H=SL{p+1) Cq

aa’(p+1+p), G =SL(2p+2),

H = Ng(SL(p+1) x SL(p+ 1)) \\_//
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do(p+4q), G =SO(2p+ 2q),

H=S0({p+1)x0(2q+p—1)) <

do(p + 2), G = SO(2n),

o)

H=50(n-1)x0(n+1)) />
N\
do(n), G = SO(2n),
H = Ng(SO(n) x SO(n)) /O
dc(n), n odd, G = SO(2n),
H = GL(n) >
dc'(n), n even, G = SO(2n),
H = Na(GL(n)) /‘

dd(p,p), G = 50(2p) x SO(2p),
H=50(2p)- - Cq

-
\)
AV
AN

Strong A-connectedness. Let (SP,%, A) be a spherical system and let A be its
set of colours. Two spherical roots 71,72 € 3 are said to be strongly A-adjacent
(IL3]) if for all 6 € A({suppv1}) we have (p(d),¥2) # 0 and, vice versa, for all
0 € A({supp2}) we have (p(d),71) # 0.

See Column 2 of Table [21 and notice that, in type A D, two spherical roots with
overlapping supports are strongly A-adjacent.

Let ¥’ be a subset of ¥. The localization (S? N supp(X'), %', A(S N Y)) of
(87,3, A) in Y’ is said to be strongly A-connected if for every couple of spherical
roots 1,72 € X/ there exists a finite sequence of spherical roots in ', one strongly
A-adjacent to the next one, starting with v; and ending with vo. If ¥ C ¥ is
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maximal with this property we say that (SP Nsupp(X'), X', A(SNX')) is a strongly
A-connected component? of (SP, %, A).

Let (SP,%, A) be a spherical system. Let X’ be a subset of spherical roots.
Let A(X') denote the subset of colours § € A(supp(X’)) such that (p(d),y) = 0
for all v € ¥\ ¥'. We say that the localization (S? Nsupp(¥’),%’, A(SNY)) of
(SP,%,A) is erasabldd if there exists a nonempty smooth distinguished subset of
colours A’ included in A(X'). Notice that such a subset is smooth and distinguished
with respect to the spherical system (SP,3, A) if and only if it is smooth and
distinguished with respect to the localization (S? Nsupp(X'),¥’, A(SNX')).

Weakening this requirement, we say that the localization (S? N supp(X’), ¥,
A(SNY)) is quasi-erasable if there exists a nonempty distinguished subset of
colours A’ included in A(X') and satisfying the *-property.

Lemma 3.9. Let (SP, X, A) be a spherical system. Let X1 and Yo be two disjoint
subsets of 2 giving two quasi-erasable localizations such that at least one of them is
erasable. Then the corresponding subsets A} C A(X1) and Ay C A(X2) decompose
the spherical system (SP, X, A).
Proof. By definition, the subsets A} and A} are distinguished.
(i) They are different from the empty set as required and no colour can be in
the intersection of A(X;) and A(X3) thanks to Lemma 241
(ii) The subsets A} and A/, satisfy the #-property. Their union also satisfies
the x-property since

A UA, A 'Ap

o~

and
b)) X1, 20

AUA, (E\(21U22)> U Al UA,2.

(iii) The subsets ¥; and ¥y are disjoint.

(iv) Let us suppose that o € supp(X1) and § € supp(X2) with o nonorthogonal
to B: analyzing all the cases for a, 3 of type a,a’,b,p we get that neither
A(a) can be included in A(X;) nor A(f3) can be included in A(Xs).

(v) By the hypothesis, A} or A} is smooth.

U

A localization (S? Nsupp(X’), ¥, A(SNY)) of a strongly A-connected compo-
nent is said to be isolated if the partition supp(X’) U (supp(X) \ supp(X’)) gives a
factorization of the localization in supp(X) of the spherical system (57, %, A). An
isolated localization is a fortiori erasable.

Reduction. The aim of this paragraph is to list all primitive spherical systems up
to an automorphism of the Dynkin diagram of G.

The list of the primitive spherical systems of type A can be taken from [L3] and
it is included in Table [3} we have added two further cases which were missing in
[L3]. Moreover, the case aeg(4) in [L3] is labeled here with ay(4).

The first step to obtain the complete list in type A D consists in finding all
the cuspidal strongly A-connected spherical systems. One can proceed by taking

2There exists a weaker property called A-connectedness also introduced by Luna in IL3], but

its generalization to type A D doesn’t seem to be as useful as in type A.
3This requirement is slightly weaker than that found in [L.3].
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a spherical root, attaching to it any other spherical root to obtain a strongly A-
connected pair and going on recursively by attaching a new spherical root anywhere
it is possible.

We obtain the following, where the labels are those of Table Bl Starting from
a spherical root of type d,,: ac(n) n > 3 odd, d(n) n > 4 with only one spherical
root of type d,, (ac(3) will be denoted also by d(3)), do(p + q) g > 3, dc(n) n even,
dc'(n) n even, de(n) n odd, dct(n) (the case D1(i) of Table[). Starting from a root
of type a; X a; without roots of type d,: aa(p + ¢+ p), aa(p,p), aa*(p + 1 + p),
do(p + 2), dd(p,p) p > 4. Starting from a root of type a)j without roots of type d,,
and a; X ap: ao(n), do(n). Starting from a root of type a,,, m > 2, with only roots
of type an,: aa(n) n > 2 with only one spherical root of type a4, ac*(n) n > 3,
dc*(n), ds(n), ds*(4).

Now we must find all cuspidal strongly A-connected spherical systems with X
containing only spherical roots of type a;. In this case we have S? = ) and ¥ = S.

Lemma 3.10. If such a spherical system has a projective element §, then (p(9), &)
=1 for all « € X, namely,

se [ Ala).

aEX

Proof. Two spherical roots o and § of type a; are strongly A-adjacent if and only
if there is a colour ¢ in A(a) N A(f), namely we have the cases A7(i) and A8
of Table Bl If o and [ are spherical roots of a spherical system with the above
properties, this colour ¢ is the unique element of A that can be projective. ([

We will call n-comb a spherical system of rank n satisfying the hypotheses of the
above lemma.

In order to obtain all cuspidal strongly A-connected spherical systems with only
spherical roots of type a; without projective elements, one can proceed analogously
as above. The list is the following: aa(1) with only one spherical root of type ay,
az(1,1,1), ay(p,p) p > 2, ay(p,(p — 1)) p > 2, ay(n) n > 4 even, az(3,3), az(3,2),
az(3,1), aeq(6), aes(5), aer(7), aez(6), aer(5), dy(p,p) p > 4, dy(p,(p — 1)) p > 4,
dy(p, (p—2)) p > 4, dz(4,4), dz(4,3), dz(4,2), dz(4,1), des(7), deg(6), dy(7), dez(8),
d67(7), d€8(8), d€8(7)

The next step will consist in gluing two or more strongly A-connected compo-
nents together. The following consideration about the properties of being erasable
or isolated will be useful to simplify this procedure.

Let (S?,3,A) be a cuspidal spherical system and let ¥’ give a strongly A-
connected component (S? Nsupp(X’),>’, A(SNX’)). There are only the following
two situations where an element § € A may correspond to a colour not belonging
to A(Y):

- The colour § is said to be external if there is a unique simple root a with
0 € A(«) and it is not in A(X') since it takes a negative value on a spherical
root «y outside X’. Then the root « is nonorthogonal to ~.

- The colour § is said to be a bridge if there are more than one simple root,
let us say «; for @ = 1,...,r, such that ¢ is in A(w;), and it takes a
negative value on a spherical root v outside ¥’. Then all the roots «a; are

nonorthogonal to «, which is necessarily of type a,,, and r is equal to 2 or
3.
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In most cases a look at the set of colours of a strongly A-connected component
easily shows that it is necessarily isolated, erasable or quasi-erasable.

The strongly A-connected component (S? Nsupp(X'), ¥/, A(S N X)) is isolated
if it is isomorphic to one of these: do(p + ¢q), de(n) for n > 6 even, dc'(n), de(n) for
n odd, aa(p+ q+p) for p > 2, aa(p,p) for p > 2, aa*(p+1+p), do(p+2), dd(p, p),
ao(n), do(n), ay(n) for n > 6, dy(p, p) for p > 5, deg(6), dy(7), dez(7), des(7).

If the strongly A-connected component (SP Nsupp(X'), X', A(SNY)) is isomor-
phic to ac(n) for n > 5, aa(l + g + 1) for ¢ > 2, ay(4) or ae7(5), then either it is
isolated or supp(X’) is nonorthogonal to the support of an n-comb and (S?, %, A)
has a projective element.

The strongly A-connected component (S? Nsupp(X'), X', A(S N ') is erasable
if it is isomorphic to one of these: dcf(n), aa(1+ 1+ 1), n-comb for n > 4, az(3,3),
aeg(6), aes(5), aer(7), aer(6), dy(4,4), dz(4,4), dz(4,3), dz(4,2), dz(4,1), des(7),
d67(8), d68(8)

The strongly A-connected component (SP N supp(X'),¥, A(S NY)) is quasi-
erasable if it is isomorphic to one of these: dc*(n), ds(n), ds*(4).

We examine the remaining strongly A-connected components case by case:

- d(n) for n > 3. If it is not isolated, it is neither erasable nor quasi-erasable.

- aa(1,1). Analogously, if it is not isolated, it is neither erasable nor quasi-
erasable. The strongly A-connected component aa(1,1) will be denoted
also by d(2), since it can be considered as a limit case of d(n) for n > 2.

- aa(n) for n > 2. Tt is erasable only if it lies at one end of a connected
component (in the usual sense) of the Dynkin diagram.

- aa(1). If it has no projective elements, then the functionals of its two
colours take a negative value respectively on two distinct spherical roots.
Hence, it does not lie at the end of a connected component of the Dynkin
diagram or the spherical system admits the following erasable localizations:
aa(1) + ac*(n), aa(1) + ac’(n), aa(1) + ac”(4) (see Table ).

- ac*(n). In case its support contains a “bifurcation” of the Dynkin diagram,
i.e., a simple root nonorthogonal to three simple roots, and there are no
projective elements, we have necessarily one of the following two erasable
localizations: ac*(n) + aa(1), ac*(3) + 2—comb (see Table ). In case it
does not lie on a bifurcation, it is erasable if at the end of a connected
component of the Dynkin diagram or if n is odd, it is quasi-erasable if n is
even.

- 3-comb. It has a projective element or its support is made of three mutually
orthogonal simple roots joined by a bridge. In the latter case it is part of one
of the following erasable localizations: 3—comb + 2—comb, 3—comb + aa(n)
(see Table [3]).

- 2-comb. Analogously, it has a projective element or its support is made of
two orthogonal simple roots joined by a bridge.

- az(1,1,1). If there are no projective elements, then either it lies at the end
of a connected component of the Dynkin diagram and it is quasi-erasable,
either it is part of az(14+p+1, 1) that is quasi-erasable or it is part of af(5)
that is isolated.

- ay(p,p). There are different colours that may be a bridge. If there is no
bridge, then it is erasable. Otherwise, it is part of one of the following
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erasable localizations: ay(p+ q+p), dy*(3+ ¢+ 3), ay(2,2) + 2—comb (see
Table B)).

- ay(p,p — 1). If there is no bridge, then it is quasi-erasable, or erasable
if at the end of a Dynkin diagram. Otherwise, it is part of one of the
following localizations: ay(p+q+ (p— 1)) erasable, dy*(3 + g+ 2) isolated,
ay(2,1) + 2—comb isolated (see Table [)).

- az(3,2). If there is no bridge, then it is erasable. Otherwise, it is part
of one of the following localizations: dy(3 + g + 2) isolated, dz(3 + q + 2)
erasable (see Table ().

- az(3,1). There is only one colour that may be a bridge and in this case we
can have only dz(34¢+1) that is isolated, if this colour is not a bridge, then
az(3,1) is quasi-erasable or even erasable if it does not lie on a bifurcation.

- dy(p,p—1). There is only one colour that may be a bridge and in this case
we can have only dy(p + g + (p — 1)) that is isolated, if this colour is not a
bridge the strongly A-connected component itself is erasable.

- dy(p,p—2). There is only one colour that may be a bridge and in this case
we can have only dy'(p+ g+ (p — 2)) that is isolated, if this colour is not a
bridge the strongly A-connected component itself is quasi-erasable.

We are ready to complete the list of primitive spherical systems: we have to “put
together” the components obtained above in all possible ways such that the obtained
system turns out to be indecomposable, without projective colours. Thanks to
Lemma and subsequent considerations, the procedure is quite straightforward
and leads to the list of Table

Ezample. Let us start with az(3,3): first of all, it is a primitive system itself.
We go on adding other components, taking into account the fact that az(3,3) is
erasable whenever it is a part of a larger system. Therefore, we may suppose that
there is no other strongly A-connected component (more precisely, no union of such
components) being quasi-erasable.

The list at the end of the preceding paragraph gives us the other possible com-
ponents: d(n), aa(n), 2-comb. A copy of d(n) or aa(n) can be added to az(3,3),
obtaining the systems: az™~ (34 ¢+ 3), az(3,3) + d(n). An additional copy of d(n)
gives the systems az™ (3 + ¢+ 3) + d(n) and az(3,3) + d(n1) + d(n2).

All other possibilities (including those containing a 2-comb) bring some union of
the added components being quasi-erasable.

4. THE PROOF OF THE PRIMITIVE CASES

In this section we complete the proof of Theorem [2.9, checking that every
primitive spherical system corresponds to a wonderful variety, unique up to G-
isomorphism. We divide the proof for each case in two parts. In the “uniqueness”
part we suppose that there exists a wonderful subgroup H such that the wonder-
ful embedding of G/H has the required spherical system, and we prove that H is
uniquely determined up to conjugation. This will provide a candidate H and in the
“existence” part we prove that it is wonderful and that it actually corresponds to
our spherical system.

For all cases where G is of type A this has already been proven in [L3], thus we
suppose G to be semisimple adjoint of mixed type A D, not of type A. Wherever it
is convenient, we will work on a covering of G rather than on G itself.
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The next two technical lemmas will be widely used through all proofs.

Lemma 4.1 (|[L3]). Let H be a wonderful subgroup of G and let (SP, %, A) be its
spherical system. Then the following identities hold:

(i) dimG/Psr +rank¥ = dimG/H,

(ii) rankZE(H) = rank A — rank X.

Lemma 4.2. Let (SP,%, A) be a spherical system of type A D.
(i) In general, rank ¥ < rank .S and dim G/Psr = dim Pg, < dim B*.
(ii) If ¥ contains a spherical root of type d,, or a; X ay, then rank ¥ < rank S.
(iii) If ¥ contains a spherical root of type a,,, for any m > 1, then rank ¥ <
rank A or (SP, %, A) can be localized to ax(1,1,1) or ds*(4).
(iv) Ewery strongly A-connected component with only spherical roots of type a;
different from ax(1,1,1) and ds*(4) is such that rank A —rank ¥ = 1.

Proof. All the statements are quite obvious; in order to prove (@) in the case of
m =1 and () it is sufficient to check them for all cuspidal strongly A-connected
spherical systems with only spherical roots of type a;. (I

4.1. Reductive cases. Let H be a spherical subgroup of G. Then the homoge-
neous space G/H is affine, or equivalently the subgroup H is reductive, if and only
if there exists a linear combination

£= Z Cy 7Y
Y€Xc/H

with ¢, > 0 such that (p(6),£) > 0 for all 0 € Ag/y. The primitive systems
which satisfy this property are: do(p+ q), de(n) for n even, dc’(n), de(n) for n odd,
do(p +2), dd(p, p), do(n), ds*(4) and aa(l) + ds*(4).

On the other hand, reductive spherical subgroups are classified ([Kz], [B1]); we
report in Table Bl the list of the indecomposable connected reductive spherical sub-
groups.

Table 5: Indecomposable connected reductive spherical subgroups of
semisimple groups.

I ¢ |
SO(n) SL(n) n>2
S(GL(n) x GL(m)) SL(n+m) n>m>1
SL(n) x SL(m) SL(n+ m) n>m>1
Sp(2n) SL(2n) n>2
Sp(2n) SL(2n+1) n>1
GL(1) - Sp(2n) SL(2n+1) n>1
GL(n) SO(2n) n>2
SL(n) SO(2n) n > 3 odd
GL(n) SO(2n+1) n>2
SO(n) x SO(m) SO(n +m) n>m>landn+m>3
Spin(7) SO(8)
Spin(7) S0O(9)
Ga SO(7)
Go SO(8)
SL(2) - Sp(4) S0(8)
S0(2) x Spin(T) S0(10)
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Table 5: Indecomposable connected reductive spherical subgroups of
semisimple groups (continuation).

LH G |
GL(n) Sp(2n) n>1
Sp(2n) x Sp(2m) Sp(2n + 2m) n>m>1
GL(1) x Sp(2n — 2) Sp(2n) n>1
Ao G2
A1 X A1 G2
B4 F4
03 X Al F4
C4 EG
Fy Es
D5 EG
GL(1)- Ds FEs
A5 X Al E6
GL(1)- FEs Er
A7 E;
Dﬁ X Al E7
Dg Eg
A1 X E7 Es
H HxH H simple group embedded

diagonally in H x H
embedded diagonally

SL(2) SL(2) x SL(2) x SL(2)

SL(2) x Sp(2n)

SL(2) x Sp(2n + 2)

(u,v) — (u,u B )

Sp(4) x Sp(2n)

Sp(4) x Sp(2n + 4)

(u,v) — (u,u ®v)

SO(n) SO(n) x SO(n+1) u— (u,i(u))

Spin(7) Spin(7) x SO(8) u— (u,i(u))

SL(2) x Sp(2m)x Sp(2m +2) x Sp(2n+2)  (t,u,v)— (tDu,t Do)
xSp(2n)

SL(2) x SL(2)x Sp(4) x Sp(2m + 2)x (t,u,v,w) —

xSp(2m) x Sp(2n) xSp(2n + 2) — (t®u,tdv,udw)
SL(2) x Sp(2l)x Sp2l +2) x Sp(2m +2)x  (t,u,v,w) —
xSp(2m) x Sp(2n) xSp(2n + 2) — (t®u,tdv,tPw)

SL(n) x GL(1)
SL(2) x SL(m)x
x Sp(2n)
SL(2) x SL(m)x
xSp(2n) x GL(1)

SL(n) x SL(n+1)
SL(m+2) x Sp(2n + 2)

(u, A) = (U, Au® A7)
(u,0,w) = (u®v,u®w)

SL(m+ 2) x Sp(2n + 2) (u, v, w, A) —

— (AU ® A 20, u @ w)

In particular, for G' of type D we have the following indecomposable connected
reductive spherical subgroups:

- GL(n) C SO(2n),n >2,dimG/H =n(n —1), rank E(H) = 1.

- SL(n) C SO(2n), n > 3 odd, [N(H) : H] infinite.

- 50(n)xSO(m) C SO(n+m),n >m > 1,n+m > 4 even, dim G/H = nm,
rank=(H) equal to 0 if my,n#2, lifm=2o0rn=2,2if m=n=2.

- Spin(7) C SO(8), dimG/H =7, rank=(H) = 0.

- G2 C SO(8), dimG/H = 14, rank Z(H) = 0.

- SL(2)- Sp(4) C SO(8), dim G/H = 15, rank =(H) = 0.

- S0(2) x Spin(7) C SO(10), dimG/H = 23, rank Z(H) = 1.
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- SO(2n) C SO(2n) x SO(2n) embedded diagonally, n > 2, dimG/H =
n(2n — 1), rank ZE(H) = 0.

This table provides a candidate H for each of the above primitive systems, or at
least a candidate for the connected component H® of H containing the identity. In
the latter case we have to guess H, knowing that H°® C H C Ng(H) = Ng(H°®),
where the last equality is known from the theory of spherical varieties.

In general, the normalizer Ng(H) of a wonderful subgroup H acts on the colours
of G/H and the set of the colours of G/Ng(H) is a quotient of the set of the colours
of G/H such that the colours permuted by Ng(H) are identified. The normalizer
N¢(H) can permute only the colours having the same associated functional, and we
have that the only case where two colours can have the same functional is the case
of two colours §} and J, moved by the same simple root « being also a spherical
root.

This fact can be easily deduced from the list of the rank two wonderful varieties,
and in type A D it holds that the spherical system associated to Ng(H), if it is
different from the spherical system associated to H, can be obtained from the latter
by substituting some spherical roots a € SNY with the spherical roots 2« (see also
Proposition [5.1]).

Now, once we have a candidate H, ad-hoc considerations are needed in order to
prove that H satisfy our requirements, with the help of Lemmas [£.1] and and
the stringent restrictions imposed by the axioms of spherical systems.

do(p+4q) (p > 1, ¢ > 3). To see that H must be reductive here we can
take £ = ¢12a1 + ... + ¢p 20 + Cpr1 Ypt1, Where ¥ = {204, ..., 2ap, Yp+1}, with
¢; = f(4) for any concave function of the interval [1,p + 1] with 2f(1) > f(2) and
f(p) < f(p+1), for example, ¢; =i+ 1— (1/(p+2 —1)). For the next cases we
will omit this easy check that H is reductive.

Uniqueness. We have here G = SO(2p + 2¢). The spherical system is such that
dimG/Pgr = dimPY, = (p+ 1)(2¢ +p — 2), rank¥ = p+ 1 and rank A = p + 1.
Hence by Lemma [T we have dimG/H = (p+1)(2¢ + p — 1) and rank Z(H) = 0.
Looking at Table Bl we see that these conditions force the connected component H°
of the identity in H to be conjugated to SO(p+1) x SO(2¢+p—1), or GL(p+ q)
if p+q = (¢—1)2. Let us prove that the latter choice is impossible. If p+ ¢ is even,
then [Ng(GL(p+q) : GL(p + q)] = 2. Now H cannot be isomorphic to GL(p + q)
since rank Z(GL(p+q)) = 1. The only other chance would be H = Ng(GL(p+q) up
to conjugation, but the existence part of the proof for dc’(n) (page 616) shows that
Ng(GL(p+q)) is wonderful and the associated spherical system is of type dc¢/(n). If
p+qisodd Ng(GL(p+q)) = GL(p+q) and rank Z2(GL(p+q)) = 1. Therefore, H® is
conjugated to SO(p+1)x SO (2¢+p—1). The normalizer is S(O(p+1)xO(2¢g+p—1))
and [N(H®) : H°] = 2, hence H can only be H® or N(H°). Now, we will see in the
existence part of the proof that N(H®) is wonderful and the associated spherical
system is actually do(p + ¢). By the results on spherically closed subgroups in [L3]
the lattice Z¢ /o properly contains Z¢ /g, hence H® and N(H®) cannot have the
same spherical system. This forces H = N(H®).

Ezistence. Let us put H = S(O(p+ 1) x O(2¢ + p — 1)). Since rankZ(H) = 0,
we have rank 3 = rank A, hence the associated spherical system is cuspidal and,
by Lemma [£2], the set ¥ does not contain roots of type a,, for m > 1. Indeed, the
case of a component of type ds*(4) can be excluded directly by noticing that there
is a spherical root of type as that can be nonorthogonal only to a spherical root
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of type a,, (see Table 2)). Moreover, dim P¥, 4+ rank® = dimG/H = (p+ q)(p +
q—1) — q(g—2). In the case of S? = (), we would have rank X = p + q — q(q — 2)
since P§, = B* and no roots of type d,,, but this is impossible. Hence, we have
that S? # () and ¥ contains at least one root of type d,,. If this root does not
lie at the end of the diagram as in do(p + q), we get dc’(p + q), since a spherical
root of type d3 on a Dynkin diagram of type A can be nonorthogonal only to a
root of the same type. The case d¢’(p + q) can be excluded since it is not invariant
under the exchange of the simple roots a,4q—1 and apyq, while if we consider the
corresponding outer involutive automorphism o, we have o(H) = H. Hence, there
is only one root of type d,,, it lies at the end of the diagram and the unique possible
spherical system is do(p + q).

do(p + 2). Suppose at first n = p+ 2 > 4. Uniqueness. This case is similar
to do(p + q); here we can take p = n — 2 and ¢ = 2. The subgroup H must be
reductive. We have dimG/H = (n—1)(n+1) and rank Z(H) = 0. If G = SO(2n),
by Table Bl we get that H° = SO(n—1) x SO(n+ 1), and analogously to do(p+ q)
we get that H = Ng(H®) = S(O(n—1) x O(n + 1)).

Ezistence. H is wonderful. The identities dim Pg, +rank® = (n —1)(n+1) and
rank A — rank ¥ = 0 force rank ¥ > n — 1. In general, rank > < n. If rank 3 = n,
then rank S? = 1, but no root of type a,, can belong to ¥, hence rank¥ =n — 1
and S? = (). We obtain the spherical system do(p + 2).

Let n = 4. Notice that in this case we have three different spherical systems of

rank 3.
O
O O @)

O

We have dimG/H = 15 and rankZ(H) = 0. Our G is SO(8), and by Table
we get that H° can be isomorphic only to SO(3) x SO(5) or SL(2) - Sp(4). In
the first case we have that Ngo(s)(SO(3) x SO(5)) = (SO(3) x SO(5)) - Cso(s)
as above. In the second case we have that SL(2) - Sp(4) = Spin(3) - Spin(5) C
Spin(7) C SO(8) is equal to its normalizer. Let us consider the outer involutive
automorphism o of SO(8) that exchanges the simple roots ag and ay: we have
that o(S(O(3) x O(5))) = S(O(3) x O(5)) while o(SL(2) - Sp(4)) is isomorphic
to SL(2) - Sp(4) but they are not conjugated. Therefore, we have three possible
subgroups up to conjugation: S(O(3) x O(5)), SL(2) - Sp(4) and o(SL(2) - Sp(4)).

They are spherical and hence wonderful, and their spherical systems are all of
type do(p + 2) (one proceeds as in the case n > 4). The first subgroup has the
first spherical system of the above figure, since it is the unique one fixed by o. The
other subgroups are analogously in correspondence with the remaining two cases.

do(n). Uniqueness. We have dimG/H = n? and rankZ(H) = 0. If G =
SO(2n), by Table Bl we get H® = SO(n) x SO(n), and [Ng(H®),H°] = 4. The
subgroup Ng(H®) is wonderful and, thanks to the existence part, the spherical
system associated to it is do(n); we conclude that H must be Ng(H®) as in case
do(p+q).

Eristence. From the identities dim P¥, + rank ¥ = n? and rank A — rank ¥ = 0
we get SP? = (), rank ¥ = n and rank A = n. Therefore, we get the spherical system
do(n).
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dc(n) (n > 4 even). Uniqueness. By Lemma [l we have dimG/H = (n(n —
1)—n/2)4+n/2 =n(n—1) and rank E(H) = 1. Our G is SO(2n), from Table [ we
see that if n > 4, then H° =2 GL(n) and H = H°, since rank E(Ng(GL(n))) = 0.

Existence. The spherical subgroup H has index 2 in its normalizer Ng(H).
Let us consider the functions fi, fo € C[SO(2n)] defined by the minors (n +
1 ...2n|1 ... n)and (n+1 ... 2n|n+ 1 ... 2n), respectively. Since they
are (B x H)-proper and they are exchanged by the right action of Ng(H), there
are two colours of G/H exchanged by N(H). Therefore, H is spherically closed
and hence wonderful ([L3], [Kn]). We have dim P§, + rank® = n(n — 1) and
rank A — rank ¥ = 1. Hence, S? is nonempty and there exists at least a spherical
root of type d,,, since by the above identities any root of type a,, with m > 3
cannot be in ¥. It remains only the spherical system dc(n).

dc'(n) (n > 4 even). Uniqueness. Analogously, dimG/H = n(n — 1) and
rankZ(H) = 0. Here G = SO(2n); by Table [l and, by the existence part of the
proof for the case do(p + q), we get H = Ng(GL(n)).

Ezistence. The subgroup H is wonderful, since it is equal to its normalizer.
Moreover, we already know the spherical system of H° and hence we get the case
dd (n).

dc(n) (n > 5 odd). Uniqueness. We have dimG/H = n(n—1) and rank Z(H) =
1. Here G = SO(2n); by Table [l we get H° = GL(n). Moreover, if n is odd, then
GL(n) = Ng(GL(n)), hence H = H°.

Ezistence. H is wonderful. We have dim P§, +rank ¥ = n(n — 1) and rank A —
rank ¥ = 1. Hence, S? # ) and there exists at least a spherical root of type a,, with
m > 3, since we cannot obtain any spherical system satisfying the above identities
with only roots of type d,,. There are no other choices than the spherical system
de(n).

dd(p,p) (p > 4). Uniqueness. We have dimG/H = p(2p — 1). We have
G = SO(2p) x SO(2p), by Table Bl we get that H® is equal to SO(2p) embed-
ded diagonally in G. The normalizer Ng(H®) of H® is C¢ - H®, therefore H is
Ne(SO(2p)).

Ezistence. From rank A = rank ¥ it follows that the spherical system of H is
cuspidal and without any root of type a,,. Since H is not a direct product, there
exists a root of type a; X a; whose support is not included in one single connected
component of the Dynkin diagram. The spherical system is forced to be dd(p, p).

ds*(4). Uniqueness. We have dimG/H = 14 and rank=(H) = 0. Our G is
SO(8), by Table Bl we get H° = (5. Moreover, we have Ngo(s)(G2) = G2 - Cso(s)-

Ezistence. By the identities dim Pg, +rank ¥ = dim B* +2 and rank A = rank X
we get rank SP = 1 and hence at least one root of type az. Therefore, as seen in
Lemma (2] we get the spherical system ds*(4).

aa(l) +ds*(4). Uniqueness. We have dimG/H = 15 and rankE(H) = 1. If
G = S0(10), by Table Bl we get H® = SO(2) x Spin(7). Moreover, we have
Nsoqo)(H?) = H®.

Ezistence. By the identities dim Pg, + rank¥ = dim B" + 3 and rank A =
rank Y + 1 we get that rank S? = 1 and there are roots of type a,,. In particular,
the only possibility is to take three roots of type as and one root of type a;. Hence,
we must attach to ds*(4) a root of type a;. There are two possibilities: in one case
H would be included, by Proposition 3.2 in the parabolic induction of Gz, but this
is false. We get the spherical system aa(1) + ds*(4).
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4.2. Nonreductive cases. As above, for each case we prove uniqueness and exis-
tence of the associated wonderful subgroup H. For the uniqueness part we use the
following strategy, with some marginal changes. It is the typical argument used by
Luna in [L3].

Let (SP,%, A) be a primitive spherical system for G and let us suppose that
there exists a subgroup H of G such that the wonderful embedding of G/H exists
and has (SP, X, A) as its spherical system.

First step. We find a distinguished subset A’ of A with the x-property such
that (SP,%, A)/A’ is a parabolic induction of a reductive case and there exists a
minimal parabolic distinguished subset A” such that it contains A’.

The quotient (SP, %, A)/A’ corresponds to a unique wonderful variety X; thanks
to the previous paragraph, and we have G-morphisms:

x 2 x, Yoq/p
where Wo® A, = ®ar and P is the parabolic subgroup containing B~ and associated
to the subset of simple roots SP/A".

Let H; C G be a subgroup such that X; is the wonderful embedding of G/Hj:
we may suppose that H C Hy C P.

P is a minimal parabolic subgroup containing H thanks to the properties of A”.
We have also the inclusion H* C P" between the unipotent radicals: indeed, the
morphism

H— P— P/P"

yields the inclusion
H/(HNP")— P/P".

P/P* is reductive and its subgroup H/(H N P") is not included in any proper
parabolic subgroup, hence it is reductive and this implies H* C P". Therefore, we
may suppose to have two Levi decompositions H = L - H* and P = L(P) - P%,
where L C L(P) and H* C P"; this also implies that L is spherical in L(P) and not
contained in any proper parabolic subgroup. Moreover, we may suppose to have a
Levi decomposition Hy = Ly - H}*, where L C L;.

The commutator subgroup (L, L) is a reductive spherical subgroup of (L, Ly).
Let @ be the minimal parabolic subgroup containing B~ such that Q" C H; C Q;
in such a case we have Q% = H{*. In many cases @ is equal to P.

Second step. We show that (L, L) is forced to be equal to (L1, L1), so that we
also have H* C Hj'. This is proven checking all possible candidates for (L, L)
provided by the list of reductive spherical subgroups in Table Bl For each such
candidate, we consider H' = P" - (L, L), which will always be wonderful. The
inclusion H C H' would induce a G-morphism ® with connected fibers from X
onto the wonderful embedding of G/H’, whose spherical system is known thanks
to the previous paragraph. But now the associated distinguished subset of colours
Ag will not exist, unless we had chosen (L, L) = (Ly, Ly).

Therefore, we are in the following situation:

H = C - (L,L) - H"
n [ n
H = ¢ - (I.,Ly) - Hv

where C and C; are the connected centers of H and H1, respectively. We have that
the Lie algebra of H* is an (L, L)-submodule of the Lie algebra of H{*. Moreover,
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since we know C; and dim C, we can compute the codimension of H* in H{* using
Lemma [£.1]

Third step. We analyze the decomposition of the Lie algebra of Hj' into simple
Li-modules: ad-hoc considerations about the spherical system yield conditions on
C and the Lie algebra of H" in such a way that H is uniquely determined up to
conjugation.

For the existence part of the proof, namely once we have a candidate H, we
prove it is spherical and then we use the same kind of indirect arguments of those
in the previous section. To prove that H is spherical we use the following:

Lemma 4.3 ([Bl]). Let Q and L(Q) be the above defined subgroups of G, let nq
and n denote the Lie algebras of Hi* and H", respectively. If there exists a Borel
subgroup B’ of L(Q) such that B' L is open in L(Q) and B’ N L has an open orbit
inny/n, then H is spherical.

Moreover, notice that the proof of the existence for a primitive spherical system
implies the existence for everyone of its localizations. Therefore, for any localized
case it is necessary to provide only the uniqueness part of the proof.

Strongly A-connected cases. In the following strongly A-connected cases we get
always that P = Q.

dc*(n). Wehave S? =0, ¥ = {a1+ g, ..., ap_3+an_2, @p_2+Qn_1, Gp_o+
oy} and A = (. The set of colours is A = {64, --,0a, }-
Uniqueness. Suppose n odd. The set A” = {4,044, - - - 0a,_, } 1S the minimum

parabolic subset of colours, and it is associated to the parabolic subgroup Psp/ar
where SP /A" = S\ {a,_1, @, }. The Luna diagram of the quotient spherical system
(SP,%, A)/A" is the following.

Consider the distinguished set of colours A" = {04, ..., 0a0,4 150, o} C A”: it
is such that SP/A/ = {011, 6 7 Y I P Oén_g} and E(A/) = {an—Z +op—1,0p—2+
oy, }. We have

/A = {€: (p(6),€) = 0 V6 € A and {y",€) = 0 ¥y € Z(A)},
so the spherical roots of the quotient are the indecomposable elements of the semi-
group

n—3
{Z ci(a; + aiy1): ¢ > 0 Vi and ¢; — ¢;41 = 0 Vi odd},
i=1
ie, B/A ={a; + 209 + ag,. .., a0i-1 + 200; + @241, -+, g + 20,3 + Qp_2}.
The quotient spherical system (S?, %, A)/A’ is a parabolic induction of ac(n — 2).

cere e

Our G is SO(2n). Let @ denote the parabolic subgroup PST,,/A,,, we have @ =
Q" L(Q), where L(Q) = GL(n—1) x GL(1). Let H; denote the wonderful subgroup
associated to the spherical system (S?,%, A)/A’. It is equal to H}* Ly, where H}* =
Q", (L1, Ly) = Sp(n — 1) and C is the connected center of L(Q), where dim C; =
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2 = rank(A \ A’) — rankX/A’. Indeed, the wonderful subgroup of SL(n — 1)
associated to the spherical system ac(n — 2) is isomorphic to Sp(n — 1) - Cspn—1)-
So (Ly, Lq) is the subgroup of the matrices

Alo]|oO 0
010 0
001 0
olofo|Jta"ts

where A € Sp(n — 1), and C is the subgroup of the matrices

e I 0 0
0 [eca| O 0
0 [0 ]et 0
0 [ o] 0 |e'r

where ¢1,c2 € GL(1). The Lie algebra ny C so(2n) of Hj" is the subalgebra of the
matrices skew symmetric with respect to the skew diagonal

0 0 0 0
M 0 0 0
M, 0 0 0
Ms | —JMy | —J™M, | 0

where M7 and Mj are row (n — 1)-vectors and M3 is a square (n — 1)-matrix skew
symmetric with respect to the skew diagonal.

Let H = H“ L be a wonderful subgroup with spherical system dc*(n). We can
suppose H C Hy; and L C L;. By Lemma [T we have that dim H; —dim H = n
and dimC = 1. The subgroup (L, L) of (L1, L;) is spherical; it is also reductive
because it is contained in no proper parabolic subgroup (thanks to the minimality
of A”). By Table[ (L,L) can be isomorphic only to Sp(n — 1) and hence it is
equal to (L1, L1). In particular, dim H}* — dim H* =n — 1.

Call m; the subspace of n; given by the condition M; = 0 for all j # i. As a
(L, L)-module, n; has three isotypic components: the first component is m; + mqy
where m; and my are simple Lj-submodules of dimension n — 1 (two copies of the
dual of the standard representation C"~1!), the second component is a simple L-
submodule of dimension ((n—1)(n—2)/2) — 1 and the third component is a simple
Li-submodule of dimension 1. The sum of these two last isotypic components is
m3 = (A\?C"~1)*. The Lie algebra n C ny of H" is an L-submodule of codimension
n — 1. Being a Lie subalgebra, it must be the sum of ms and a submodule m C
m; + mo of codimension n — 1. The subgroup C acts as follows, for all ¢ € C;
and for all M; € m;: c¢.M; = ¢o 01_1 My, c.My = (32_1 c1_1 Ms. Moreover, H must
be wonderful, hence of finite index in its normalizer. Therefore, C' = {co 01_1 =
eyt e;1}° = {cz = 1} and m is diagonal in m; +my, namely defined by an equation
w1 My 4+ paMs = 0 with p; # 0. This determines C' and H* up to conjugation.
Since H contains the center Cg of the group G, the Levi subgroup L is isomorphic
to Cg - C - Sp(n — 1). Moreover, H = Ng(H), hence it is uniquely determined up
to conjugation.

Now suppose n even. The subset A” = {45,004, - - - 0a,_, } IS @ minimum para-
bolic subset and SP /A" =S\{a1, an—1,an}. Theset A" = {6ays- - 0005+« 00,_s}
is distinguished, with S? /A’ = {aa, ..., a2, ..., an_o} and (A" ) ={a1+a2, an_o+
Qp_1,0np_2 + Oén}, so that E/A/ = {0[2 + 2a3 + g, ..., Qo + 20[21'_;,_1 + agito,. ..,
Qp—a + 203 + a2} If n > 4, the quotient spherical system is a parabolic
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induction of ac(n — 3), if n = 4 it has rank zero.

C, ® & ®—<

Again, G = SO(2n). Set Q = Pg, an, we have L(Q) 2 GL(1)xGL(n—2) x GL(1).

Here H; is such that (L, L) = Sp(n —2) and Cj is the connected center of L(Q),
where dimC; = 3. Let I and J denote the diagonal and skew diagonal unitary
(n —2) x (n — 2) matrices; we have that (L1, L1) is the subgroup of the matrices

1]0]0]0 0 0
0O[A[0]O 0 0
0]0]1]0 0 0
0]0 0|1 0 0
oloJoJo|Jgta"ts]o
0] 0|00 0 1

where A € Sp(n — 2). The connected center C; is the subgroup of the matrices

O
[y

M =li=}

=

Ho|o|o|o

cy 1
0 c

o|o|o|o|o
o|lo|o|oV |o
o|lolo|8

o|oFl|o|o|o

T

Hllo|lolololo

where ¢y, ¢a,c3 € GL(1). The Lie algebra ny C so(2n) of H}* is the subalgebra of
the matrices skew symmetric with respect to the skew diagonal

0 0 0 0 0 0
M, 0 0 0 0 0
M M 0 0 0 0
Ma M 0 0 0 0
Me M- —J M5 | —J M; 0 0
0 | —"MeJ | —M; —Ms | —'MiJ | O

where My is a square (n — 2)-matrix skew symmetric with respect to the skew
diagonal.

Let H be a wonderful subgroup with the given spherical system, H = H" L,
H C Hy and L C L;. Analogously to the odd case we have that dim H; —dim H =
rank ¥ — rank ¥ /A’ + rank SP /A’ = n. Moreover, dim C = 1. The subgroup (L, L)
of (L1, L1) can be isomorphic only to Sp(n — 2) and hence it is equal to (L1, L1).
In particular, dim H}* — dim H* =n — 2.

The (L, L)-module ny decomposes into three isotypic components: the first one is
my +mz+ms+mg where these modules are all simple Lq-modules of dimension n—2
(the standard representation C"~2 or its dual), the second component is a simple
L;-submodule of dimension ((n — 2)(n — 3)/2) — 1 and the third component is a
direct sum of three simple L;-submodules of dimension 1 (the sum of these two last
isotypic components is my+my+my7). Notice that if n = 4, the second component is
zero. The Lie subalgebran C ny is an L submodule of codimension n—2. Since it is a
Lie subalgebra, it is the sum of my+my+mg+m; and a submodule m C m;+m3+ms5
of codimension n — 2. The subgroup C; acts as follows, for all ¢ € C; and for all
M; € my: ¢.M; = co 01_1 My, c¢.Ms = c3 02_1 Ms, c.Ms = cglcz_1 Ms. Therefore,
C = {e cfl = c3 cgl = cgl cgl}" = {c3 = 1,¢;1 = 3} and m is diagonal in
m; + mg + my, namely defined by an equation py My + pusMs + usMs = 0 with
wi # 0, hence unique up to conjugation. Therefore, L = Cq - C' - Sp(n — 2), and
analogously to the odd case H is determined up to conjugation.
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Ezistence. We can suppose n odd, the even case follows by localization. The
subgroup H is spherical. Indeed, consider

A 0
9= ( 0 JA T
where A € GL(n) is the following:

In_1 | O 0

2
A= 0 T 0 ,
J'nfl 0 I'nfl
2 2

then BgHg~" is open in G, since b + ghg~—! = s0(2n). Moreover, H is wonderful,
because H = Ng(H). We have dim P, + rank® = dimG/H = (n+ 1)(n — 1)
and rank A —rankY = dim C = 1. Since rank ¥ < n, we have rank S? < 1, but
the case of rank S? = 1 gives rank ¥ = n and hence SP = (), i.e., a contradiction.
Therefore, S? = () and rank® = n — 1. The spherical system must be cuspidal,
hence ¥ contains a root of type as and it remains only the case of dc*(n).

dy(p,p) (p > 4). Uniqueness. We have ¥ = S. The set A” = A\ {5;1)71, 5gp,
O K 0., } is the minimum parabolic subset of A, associated to Pg» A, where
p— P
SPIA" ={an,...,ap-2, o, ... 0, o} Wetake A" = {d5, o, ..., 64 ,, 0% }

C A”. Now SP/A" = () and B(A') = {ap_1, op, «
/A ={o1+a, o ooy aitag g,
induction of aa(p — 2,p — 2):

e

Our G is SO(2p) x SO(2p). Consider Q = PST,)/A,,: we have Q = Q% L(Q) where
L(Q) =GL(p—1)xGL(1)xGL(p—1)xGL(1). Also, Hy = H{ Ly, where H}" = Q*,
(L1,L1) = SL(p—1) embedded diagonally in GL(p—1) x 1 x GL(p—1) x 1 C L(Q)
and C is the connected center of L(Q), and dim C; = 4. The elements of (L, L)
have the form

p—15 @}, and so we have that
, ap_2+ai}. The quotient is a parabolic

Alo]o 0 Alo]|o 0
010 0 0110 0
0101 0 0T 0
ololo (J‘A—lJ) ololo (JtA_lJ)

where A € SL(p — 1), while C is the subgroup of the couples

il 0] 0 0 eI 0] 0O 0
0 || O 0 0 |ca| O 0

(( 0 | 0]et 0 )( 0 | 0]t 0 ))
0 |o]| o |etrI 0 | 0| 0 |eztr

where ¢q,c2,c3,c4 € GL(1). The Lie algebra ny; of H{ is the subalgebra of the
couples of skew symmetric matrices with respect to the skew diagonal

0 0 0 0 0 0 0 0
M, 0 0 0 M, 0 0 0
M 0 0 0 || s 0 0 0
Ms | —J™™Ms | —J'M; | 0 Mg | —T'Ms | —TMy | 0

where My, Mo, My, M5 are row (p — 1)-vectors and Ms, Mg are square (p — 1)-
matrices skew symmetric with respect to the skew diagonal.

As usual we take H = H* L with H C H; and L C L;. We have that dim H; —
dim H = p+2. Moreover, dim C' = 1, hence dim(L;, L;)—dim(L, L) < p—1. Table[l
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shows that (L, L) can be isomorphic only to SL(p—1), SO(p—1) or Sp(p—1) (if p—1
is even), but from the above inequality we get that (L, L) = (L1, L1) =2 SL(p —1).
In particular, dim H* —dim H* =p — 1.

The (L, L)-module ny decomposes into two isotypic components: the first one
is my + my + my + m5 where each of these is a simple Li-submodule of dimension
p — 1 and of highest weight Ay (the dual of the standard representation CP~1), the
second component is ms + mg where these are simple Li-submodules of dimension
(p—1)(p — 2)/2 and of highest weight A; (the dual of A\”CP~1). The Lie algebra
n C ny of H* is an L-submodule of codimension p — 1. Since it is a Lie subalgebra,
it is the sum of mz + mg and a submodule m C m; + my + my + my of codimension
p — 1. The subgroup C; acts as follows, for all ¢ € C; and for all M; € m;:
c.My = co cl_1 My, c.My = c2_1 cl_1 My, c. My = ¢4 03_1 My, c.Ms = ch c3_1 Ms.
Therefore, C = {cac;' =yl e;t =cacyt =c;ltez'} = {e1 =c3, ca =4 = 1}
and m is diagonal in m; + ms 4+ my + m5, namely defined by an equation My +
oMo 4+ paMy + psMs = 0 with u; # 0, hence unique up to conjugation. Since
H contains the center Cg of the group G, we have L = Cg - GL(p — 1), where
GL(p+1) is embedded diagonally in L(Q). Moreover, H = Ng(H) so it is uniquely
determined up to conjugation.

Ezistence. L° is isomorphic to GL(p — 1). Now B’ = Bgprp-1) x GL(1) x
B&L(pil) x GL(1) is a Borel subgroup of L(Q) that satisfies the hypothesis of
Lemma B3l Indeed, B’ N L° = Tgpp—1) has an open orbit in CP~!. Hence, H
is wonderful, since it is spherical and equal to its normalizer. By Lemma H1]
dimG/H = 2p? and dimC = 1. Since dim B* = 2p? — 2p, we have SP = () and
rankY = 2p = rank S. The spherical system is hence cuspidal and ¥ does not
contain roots of type a,, for m > 2, nor roots of type a; X a; or d,,. A root of
type a} would cause the spherical system to be decomposable, since it cannot be
nonorthogonal to any root of type ai, but this is not the case, since H is not a
direct product. Therefore, ¥ = S and by Lemma 2] the spherical system is
strongly A-connected. Since H is not solvable, by Proposition the spherical
system cannot be a comb, hence we have dy(p, p) or dz(4,4) if p = 4. The latter is
excluded by the corresponding uniqueness proof.

dy(p,(p—1)) (p > 4). Uniqueness. The set A” = A\ {d, 57; 1,5;;} is

ap—17 "«
the minimum parabolic subset of A and SP/A" = {ay,...,p2, a],..., 0} o}
Set A" = {67, 64,, ..., 0L ,, o5 } C A”. We have SP/A’" = ) and /A" =
{ar+ag,_9, ..., @i +aj,_; 4, ..., ap_a+aj}, the quotient spherical system is a

parabolic induction of aa(p — 2,p —2). Let us pose G = SL(p) x SO(2p). We have
L(Q) = GL(p—1)xGL(1)xGL(p—1)xGL(1). Here (L1, L1) = SL(p—1) embedded
diagonally in GL(p—1) x 1 x GL(p—1) x 1 C L(Q) and dim C; = 3. We have that
dimH; —dimH = p+ 1 and dim C' = 1, hence dim(L;, L1) — dim(L,L) < p — 1.
As for dy(p, p), the subgroup (L, L) can be isomorphic only to SL(p — 1) and hence
it is equal to (L, L1). In particular, dim H{ — dim H* = p — 1.

The (L, L)-module ny decomposes into two isotypic components: the first one
is m; + my + mg3 (three simple Lj-submodules of dimension p — 1), the second
component my is a simple L;-submodule of dimension (p — 1)(p — 2)/2. The Lie
algebra n C ny of H" is then my + m where m C m; + my + m3 has codimension
p — 1. As usual, C is determined and m is diagonal in my + ms + mz. And L is
determined too, since H D Cg. We have H = Ng(H), hence determined up to
conjugation.
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dy(p, (P —2)) (p > 4). Uniqueness. The set A" = A\ {5, } is the
minimum parabolic subset of A and SP/A" = {a4,...,0p2, a’l,z.j. - p—Z}' We
take A = {5}, 5;2, c 0E 5;’,1} C A", so SP/A" = () and B/A" = {a1 +
9y ooy Qi+ g, ..., apg + ajf. The quotient spherical system is a
parabolic induction of aa(p — 2,p — 2). Let us pose G = SL(p — 1) x SO(2p). We
have L(Q) = SL(p—1) x GL(p—1) x GL(1). Here (L1, L;) = SL(p—1) embedded
diagonally in SL(p — 1) x GL(p — 1) x 1 C L(Q) and dim Cy = 2. We have that
dim H; — dim H = p and dimC = 1, hence dim(Ly, L;) — dim(L,L) < p—1; so
(L,L) = (L1, L) and dim H{* —dim H* = p—1. The (L, L)-module n; decomposes
into two isotypic components: the first one is m; + my where these are simple L;-
submodules of dimension p — 1, the second one mg is a simple L;-submodule of
dimension (p—1)(p—2)/2. The Lie subalgebra n is mg +m where m C my +my has
codimension p — 1. Hence, C' is determined and m is diagonal in m; 4+ my. Finally,
H = Ng(H) and it is uniquely determined up to conjugation.

aa/

dy(7). Uniqueness. Take A" = {6} ,0; ,0%,,0,,,0,,}: we have SP/A" =
{on, a0, 05,06}, If A" = {67,0,,,0,,}, then SP/A" = @ and B/A" = {og +

a, a2 + ag}. The quotient spherical system is a parabolic induction of aa(2,2).
Our G is SO(14), so L(Q) = GL(3) x GL(1) x GL(3) and (L1,L1) = SL(3)
embedded skew diagonally in GL(3) x 1 x GL(3) C L(Q), with dimC; = 3. We
have dim H; —dim H = 5 and dim C' = 1, hence dim(Ly, L) —dim(L, L) < 3. (L, L)
can be isomorphic only to SL(3) and hence it is equal to (L1, L;1). In particular,
dim H{* — dim H" = 3. The Lie subalgebra n C n; is the sum of a codimension 3
submodule m diagonal in m; +my +m3 and the rest of the simple L;-submodules of
ny; C is determined, H = Ng(H) and it is uniquely determined up to conjugation.

Ezxistence. By Lemma B3] the subgroup H is spherical and wonderful. By
Lemma 1] we have S? = () and rankX = 7. The spherical system is cuspidal
with only roots of type a;. Therefore, ¥ = S, the spherical system is strongly
A-connected and it is not a comb, so it is deg(7), dy(7), de7(7) or des(7). We can
exclude the other cases by the corresponding uniqueness proofs.

dz(4,4). Uniqueness. Take A" = {65 6% ,0,,}, A’ = {5;2,5&}, so SP/A" =
{ag,ab} and SP/A" =0, /A" = {az + a4}. The quotient by A’ is a parabolic
induction of aa(1,1). G is SO(8) x SO(8), so L(Q) = GL(1) x GL(2) x GL(1) x
GL(1) x GL(2) x GL(1). (L1, L1) = SL(2) embedded diagonally in 1 x GL(2) x 1 x
1x GL(2) x 1 C L(Q) and dim C; = 6. Here dim H; — dim H = 7 and dim C = 1,
hence dim(L, Ly) — dim(L, L) < 2. Thus (L, L) can be isomorphic only to SL(2)
and hence it is equal to (L1, L1). In particular, dim H} — dim H* = 2. Here n; has
two isotypic components: the first one is the sum of eight simple L;-submodules of
dimension 2 and the second component is composed by six summands of dimension
1. n C ny is the sum of m diagonal in m; + my + m3 + my + ms + mg (Table B))
having codimension 2, and the rest of the simple Li-submodules. C' is analogously
determined. H = Ng(H) and uniquely determined up to conjugation.

Existence. By Lemma [£3] H is spherical and wonderful. By Lemma HT]
dim Pg, +rank ¥ = 32 and rank A —rank ¥ = 1, thus S? is empty and rank ¥ = 8.
The spherical system is hence cuspidal, without roots of type a,, for m > 2, nor
a1 X a1 nor d,,. Being irreducible, there are also no roots of type a}. So ¥ = S and
the spherical system is strongly A-connected. It cannot be a comb, thus we have
dy(4,4) or dz(4,4). The former is excluded by the corresponding uniqueness proof.
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dz(4, ) Uniqueness. Take A" = {6F ,0% ,0,,} and A" = {5f 6%}, so
SP/A" = () and £/A" = {az2 + a4}. The quotlent by A’ is a parabolic induc-
tion of aa(1,1). G is SL(4) x SO(8) and (L1, L1) = SL(2) embedded diagonally
in L(Q). We have dimCy = 5, dimH; — dimH = 6 and dimC = 1, hence
dim(Lq, Ly) —dim(L, L) < 2. As usual, (L, L) = (L1, Lq) so dim H{* — dim H" = 2.
The Lie subalgebra n C n; is the sum of a codimension 2 submodule m diagonal
in the direct sum of five simple Li-submodules of dimension 2, plus the rest of the
simple Li-submodules. C'is determined, H = Ng(H) and it is uniquely determined
up to conjugation.

dz(4,2). Uniqueness. Take A" = {6% 0% .05}, A" = {0}, ,6%,}. The quo-
tient by A’ is a parabolic induction of aa(1,1). Our G is SL(3) x SO(8) and
(Ly,Ly) = SL(2); also dimC; = 4 and dim(Ly,L;) — dim(L,L) < 2. Again,
(L,L) = (L1, L1) hence dim H}* — dim H* = 2. The Lie subalgebra n C n; is the
sum of a codimension 2 submodule m diagonal in the direct sum of four simple
Lq-submodules of dimension 2 and the rest of the simple Li-submodules. C is
determined, and H = Ng(H) so it is uniquely determined up to conjugation.

dz(4,1). Uniqueness. By renaming the simple roots as usually, A” = {67 , d ,
67, } and A" = {0/, 07, } The Lie subalgebra n C nj is the sum of a codimension 2
submodule m dlagonal fn the direct sum of three simple L;-submodules of dimension
2, plus the rest of the simple L;-submodules. C' is determined and H = Ng(H), so
it is uniquely determined up to conjugation

deg(7). Uniqueness. Take A" = {§F 61,0, }and A’ = {5&,5;[2}, so SP/A" =
{ag, a5}, SP/A" = ) and /A" = {as + a5}. The quotient by A’ is a parabolic
induction of aa(1,1). Let G be SO(14). We have L(Q) = GL(1) x GL(2) x
GL(1)xGL(2)xGL(1), with (L1, L1) = SL(2) embedded diagonally in 1 x GL(2) x
1x GL(2) x1 C L(Q) and dimC; = 5. We have dimH; — dimH = 6 and
dim C = 1, hence dim(L;, L) — dim(L,L) < 2. (L,L) can be isomorphic only
to SL(2) and hence it is equal to (Ly, L1). In particular, dim H}* — dim H* = 2.
The Lie subalgebra n C n; is the sum of a codimension 2 submodule m diagonal in
my +ms+ms+my+ms, plus the rest of the simple Lq-submodules. C' is determined,
and H = Ng(H) so it is uniquely determined up to conjugation.

Eristence. By Lemmas 3] and 1] H is spherical and wonderful, with S? = ()
and rank ¥ = 7. The spherical system is cuspidal and with only roots of type a;.
Therefore, 3 = S and the spherical system is strongly A-connected. It cannot be a
comb, and we have deg(7), dy(7), dez(7) or des(7). We can exclude the other cases
by the corresponding uniqueness proofs.

deg(6). Uniqueness. By renaming the simple roots, A” = {671 ,0, .05}, A’ =

a1 Vo)
{04,,64,}. The quotient by A’ is a parabolic induction of aa(ll 1)1 Here G =
SO(12), (L1,L1) = SL(2); also dimCy = 4, dim H; — dim H = 5 and dimC = 1.
Since (L, L) = (L1, L), dim H{* — dim H* = 2. Here n C ny and C are determined

as before, H = Ng(H) and it is uniquely determined up to conjugation.
de7(8). Uniqueness. Take A" = {0} ,6%,,0,,,0%,, 043} and A'={6% ,0% 0%},
so that SP/A" = {as, a3, a5, a6} and the quotient by A’ is a parabolic induction
of aa(2,2). Our G is SO(16), so L(Q) = GL(1) x GL(3) x GL(3) x GL(1) and
(Ly,L1) = SL(3) embedded skew diagonally in 1 x GL(3) x GL(3) x 1 C L(Q).
We have dimCy = 4, dim H; — dim H = 6 and dim C = 1; since dim(Ly, L1) —
dim(L, L) < 3, then (L,L) = (Ly, L1). Therefore, dim H} —dimH* =3. n C my
is the sum of a codimension 3 submodule m C m; + my + m3 + my4 and the rest of
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the simple Li-submodules. Also, mo = mf) + mJ: now m) = my; = mg = my are all
isomorphic to the dual of A®C?, while mJ is isomorphic to the dual of Sym? C?.
So m is the sum of m) and a submodule diagonal in m; + m} + m3 + my. C is
determined and H = Ng(H), so it is uniquely determined up to conjugation.
Eristence. By Lemmas 3 and 1], H is spherical and wonderful with ¥ = S,
the spherical system is strongly A-connected and it is not a comb. We have de(8)
or deg(8). We can exclude the latter by the corresponding uniqueness proof.
de7 (7). Uniqueness. Take A" = {61 .0, ,0%,,0,,.0%.}, A" = {0% ,6%,,0%,}.
The quotient by A’ is a parabolic induction of aa(2, 2). Let G be SO(14): (L1, L) =
SL(3) and dimCy = 3. We have dim H; — dimH = 3 and dimC =1, (L,L) =
(L1, L) and dim H} — dim H* = 3. The Lie subalgebra n C ny; and C are deter-
mined as usual; H = Ng(H) and it is uniquely determined up to conjugation.
des(8). Uniqueness. Take A" = {67 ,0%,,0,,,0%..0,,,0% .05, } and A = {6,
0k, 04, 05}, so SP/A" = {as, a3, a4, 06, 07,8} and the quotient by A’ is a
parabolic induction of aa(3,3). Here G = SO(16), L(Q) =2 GL(1) x GL(4) x SO(6),
(Ly,Ly) 2 SL(4) and dim Cy = 2. We have dim H; — dim H = 5 and dimC = 1,
hence dim(Lq, L1) — dim(L, L) < 4. (L, L) = (L1, L) thus dim H}* — dim H* = 4.
The Lie subalgebra n C n; is the sum of a codimension 4 submodule m C m; + my
and the rest of the simple Lj-submodules. Now mg =2 (/\2 (C4) ® ((C4) =m5 +
m4 where m, & m; = C* (the standard representation), while m} is simple with
dimm} = 20. So m is the sum of mj and a submodule diagonal in m; + mj. C is
determined, H = Ng(H) and it is uniquely determined up to conjugation.
Existence. By Lemmas 3] and 1], H is spherical and wonderful with ¥ = S,
the spherical system is strongly A-connected and it is not a comb. We have de7(8)
or deg(8). We can exclude the former by the corresponding uniqueness proof.
des(7). Uniqueness. We take A” = {6% ,0; ,0%,,05,,0%. 05,04}, A =
{04,,0%,,05,,04 }. The quotient by A’ is a parabolic induction of aa(3,3). Let G
be SO(14): (L1,L1) =2 SL(4), dimC; = 1, dimH; —dimH = 4 and dimC = 1.
(L,L) = (L1, L) thus dim H{* — dim H* = 4. Here ny = my +my + m3 where these
are simple L; modules, of dimensions 4, 6, 20; n is obtained from n; by removing

my and C' = C;. Therefore, H is uniquely determined up to conjugation.

Remaining cases. For the following cases with more than one strongly A-connected
component we use the same arguments as above.

As in type A, the following lemma is useful for the existence parts. We maintain
the above notations.

Lemma 4.4 ([L3]). If ¥’ C /A’ gives an isolated strongly A-connected compo-
nent of the spherical system (SP, X, A)/A" such that its localization in supp(X') is
isomorphic to aa(p + q + p) or aa(q), then:
- if ¢ = 1, the corresponding spherical root o of type ay belongs to ¥ and
A(a) NA(B) =0 for all B € S,
- if ¢>1, the localization of the spherical system (SP, %, A)/A in supp(X/A’)
is associated to Ly with (L1, L1) =2 K'x K", where K’ =2 SL(p+1)x SL(p+
q), and if the factor of K' isomorphic to SL(p + q) acts trivially on ny/n,
the corresponding spherical root v of type aq belongs to X.

aa(1l) +ds(n), n > 4. Uniqueness. Choose A" = {61 ,0; ,0q,} and A’ =

{0400, }, so that SP/A" = S\ {ap,anq1} and B/A" = {og + ... + o, }. The
quotient by A’ is a parabolic induction of aa(n). Let G be SO(2n + 2). In this
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case we have P C @, since Q = N(H{') is the parabolic subgroup containing B~
associated to S? /A" U{a,, }, while P = P_gp/a». We have L(P) = GL(n) x GL(1),
and (L1, L) 2 SL(n) with dimCy = 2. Also, we have dim Hy — dim H = n and
dim C' = 2. By Table Bl the subgroup (L, L) can be isomorphic only to SL(n),
SO(n) or Sp(n) (if n is even). If (L, L) = SO(n), respectively Sp(n), we have that
H is included in a parabolic induction of SO(n), respectively Sp(n). In both cases
we get a contradiction, since there are no distinguished subsets of A giving rise to
the corresponding quotients. Therefore, (L, L) = (L1, L1) and dim H{ — dim H* =
n. The Lie algebra n; decomposes into two simple Li-submodules m; 4+ mo of
dimensions n and n(n — 1)/2. The Lie subalgebra n is equal to my and C' = C4.

Ezistence. The subgroup H is spherical and equal to Ng(H), hence wonderful.
We have dim PY, +rank ¥ = dim B¥ — (n—2)(n—3)/2+3 and rank A —rank ¥ = 2.
Hence, S? # () and it can be proven that there are no roots of type d,, and that
there is at least one root of type a,,. Now it is possible to see that S? is equal to
{as,...,an_1} or {ag,...,a,_o} with at least a root of type a,_;. One can easily
prove that there cannot be a projective colour, by looking at the projective fibration
it would be associated to, hence we have aa(1) + ds(n) or aa(n — 1) + (2—comb).
The latter can be excluded since it admits a morphism into a rank zero spherical
system whose set of simple roots of type p is equal to {a1,...,a,_2} C SP/A".

ac*(n) +aa(1). Uniqueness. Let n be even. Take A" = A\ {dq,,6,, ,,} and
A" ={ny,- 3005,y --30a,}, so that SP/A" = S\ {a1,an1} and T/A" = {ag +
2034y, ..., a0+ 200,11 F Q42,2+ 20,1+, iy p1 ;. The quotient by A’
is a parabolic induction of de(n). Let G be SO(2n + 2), we have that N(H{') is the
parabolic subgroup containing B~ associated to S\ {a1} = SP/A” U{ay+1}. Here
(L1,L1) 2 SL(n) and dim Cy = 2. We have dim H; — dim H = n and dim C = 2,
hence (L, L) = (L1, L1). The Lie algebra n; decomposes into two conjugated simple
L;-submodules of dimension n. The Lie subalgebra n is equal to one of them, and
H = Ng(H) so it is uniquely determined up to conjugation.

Let n be odd and greater than 3. Take A” = A\{d,,,, 04 ,, } and A" = {da,, - -,
Oam_1» 0q, .}, 50 that SP/A" = S\ {ay, any1} and B/A" = {a1 + ...+ a,}. The
quotient spherical system is a parabolic induction of aa(n). Let G be SO(2n + 2),
we have that N(H}") is the parabolic subgroup containing B~ associated to S\
{an} = SP/A" U{an+1}; moreover, (Ly,L1) = SL(n) and dim Cy = 2. We have
dim H; —dim H = n(n—1)/2 and dim C' = 2, hence (L, L) is equal to (L1, L1). The
Lie algebra n; decomposes into two simple L;-submodules m; + my of dimension n
and n(n — 1)/2, respectively. The Lie subalgebra n is equal to m;. The subgroup
H is equal to its normalizer and uniquely determined up to conjugation.

Ezistence. The subgroup H is wonderful, we have dim Pg, +rank ¥ = (n—1)(n+
1) and rank A — rank > = 2. Hence, S? = ), rank¥ = n — 1 and rank A = n + 1.
We have two cases with two strongly A-connected components of type ac*(n) and
aa(l). One such case has a projective element and it can be excluded as in the
previous case.

Let n be equal to 3. We have three different spherical systems of type ac*(3) +
aa(l). The proof is analogous to the case of n > 3. In this case we have n =
n(n — 1)/2 and we have three subgroups up to conjugation: H’' with n = my,
H" = o(H') and H"” with n = my (6(H"") = H""). We can conclude analogously
to the case of do(p + 2).
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2—comb + ac*(3). Uniqueness. Here A" = {0} ,0a,,0,,} and A" = {0}, 00, },
and the quotient by A’ is a parabolic induction of aa(3). Our G is SO(10), and
(Ly,Ly) = SL(3) with dimC; = 3. We have dimH; — dimH = 4 and dimC =
2, hence (L,L) = (L1,L1) and dim H}* — dim H* = 3. The (L, L)-module n4
decomposes into three isotypic components, one is the sum of two L;-submodules
my + my of dimension 3 and of highest weight A\;. The Lie algebra n C ny is the
sum of a codimension 3 submodule diagonal in m; + my and the other two isotypic
components. Therefore, C' is determined, H is equal to its normalizer and uniquely
determined up to conjugation.

Ezistence. The subgroup H is wonderful. We have dim P§, +rank > = dim B“+4
and rank A — rank ¥ = 2. Hence, S? = () and there are two strongly A-connected
components. We know that G/H — G/H; extends to a dominant G-morphism with
connected fibers between the two wonderful embeddings: now 2—comb + ac*(3)
is the unique spherical system satisfying the above requirements and admitting
(SP,X,A)/A’ as the quotient.

ac*(ny) +d(ng), na > 2. For ny = 2 we have ac*(n1) + aa(1l,1). Unique-
ness. Let n1 be odd and ny be equal to 2. Take A” = A\ {d4,,0q,, } and
A" ={8ays-++s00as-,0a,, ,}; the quotient by A’ is a parabolic induction of two
factors respectively of type ac(n; — 2) and aa(1l,1). We have G = SO(2ny + 4)
and L(Q) =2 GL(1) x GL(n; — 1) x SO(4). The universal cover of (L, L) is iso-
morphic to Sp(ny — 1) x SL(2). The connected center C; has dimension 2. We
have dim H; — dim H = n, dimC = 1 and dim(L;, L;) — dim(Z, L) < n — 1. Also,
(L,L) = (L1, Lq) and dim H{* —dim H" = n; — 1. The Lie subalgebra n C n; is the
sum of a codimension n; — 1 submodule m C m; 4+ my and the rest of the simple
Li-submodules. The submodule ms decomposes into two simple Li-submodules
my = mj + my, with m§ = m; as (L, L)-modules. The submodule m is the sum of
m) and a submodule diagonal in m; + m{.

Let ny be odd and ny be greater than 2. The proof is completely analogous;
the quotient by A’ is a parabolic induction of ac(n; — 2) and d(ng). We have
G = S0(2n1 + 2n9) and L(Q) = GL(1) x GL(ny — 1) x SO(2n3). The subgroup
(L1, Ly) is isomorphic to Sp(n; —1) x SO(2ng —1). As above, dimCy = 2, dim H; —
dimH =n,dimC =1, dim(L;, L) —dim(L, L) <n—1and (L, L) = (L1, L1) with
dim H} — dim H* = ny — 1. The Lie subalgebra n C ny is the sum of m C m; +my
and the rest of the simple Li-submodules. The submodule my decomposes into
mg = mb +my), with m) 2 m; as (L, L)-modules. The submodule m is the sum of
mj and a submodule diagonal in m; + mf.

Let ny be even. Let us treat together the cases no = 2 and ny > 2. Take
A" = A\ {ba,, } and A" = {day, -+, 0an;415- -5 0a,,_, }; the quotient by A’ is a
parabolic induction of two factors respectively of type ac(ny — 1) and d(nz). Here
(L1, L1) =2 Sp(ny) x SO(2ny — 1) (if ng = 2, its universal cover is Sp(ny1) x SL(2)).
Again (L,L) = (L1, L;), and here dim H} — dim H* = n;. The Lie subalgebra
n C ny is the sum of a codimension n; submodule m’ C m and the complementary
Lq-submodule of m. The submodule m decomposes into two simple L;-submodules
m=m'+m", with m” of dimension n;.

Ezistence. We have dim Pg, + rank® = dim B* — (ne — 1)(ne — 2) + n; and
rank A —rankY = 1. If no = 2, SP = (), rank> = n; and rank A = nq + 1. The
spherical system is cuspidal and there is a spherical root of type aa(1l,1) on the
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bifurcation. If ny > 2, analogously there is a spherical root of type d(nz) on the
bifurcation and S? is determined.

ay(p+d+p)+d(n), n > 2. Uniqueness. Here A" = A\ {bq,,,,04, ..}, and
A" = {6%,...,0% } is such that the quotient is a parabolic induction of aa((p —
1)+ (¢+ 1)+ (p—1)) and d(n). Let G be SO(4p + 2q + 2n). In this case N(H}")
is the parabolic subgroup containing B~ associated to S\ {ag,+q} = SP/A" U
{aptq}. In this case (Li,L1) = SL(p + q) x SL(p) x SO2n — 1) (if n = 2,
its universal cover is SL(p + q) x SL(p) x SL(2)) and dimC; = 2. We have
dim H; — dim H = p + g and dim C = 2. By Table [ the subgroup (L, L) can be
isomorphic only to SL(p+¢q) x SL(p) x SO(2n—1), SL(p+q) x SO(p) x SO(2n—1),
SL(p+ q) x SO(p) x SO(2n — 1) (for p even), SL(p + q) x SL(2) (for p =n = 2),
SL(p+q)xSL(p) x SO(r) x SO(2n—1—r), SL(p+q) x SL(p) x Spin(7) (for n = 5),
SL(p+ q) x SL(p) x Gy (for n = 4) and some intersections of two of them. Any
choice with (L, L) # (L1, L1) produces a H contained in a parabolic induction, and
none of these cases correspond to any quotient of our spherical system. Therefore,
(L,L) = (L1, Ly) and dim H}* — dim H* = p + ¢q. The Lie subalgebra n C n; is
the sum of a codimension p + ¢ submodule m’ C m and the complementary L;-
submodule of m. The submodule m decomposes into two simple L;-submodules
m=m'+m”, with m” of dimension p + q.

Ezistence. We have dim PY, +rank® = dimB* — (¢ —1)(¢—2)/2— (n—1)(n—
2) + 2p + 2 and rank A — rank ¥ = 2. We know that G/H — G/H; extends to a
dominant G-morphism with connected fibers between the corresponding wonderful
embeddings, hence SP C SP/A’. If ¢ > 2, it can be shown that the inclusion is
proper, there is exactly one root of type d,, on the bifurcation and one root of type
aq. The rest is a strongly A-connected component of roots of type a;. We have
only three cases: ay(p+q+p)+dn),if p=3az~B+q¢+3)+dn)orif p=2
ay*(24+ g+ 2) + d(n). The proof can be concluded thanks to the corresponding
uniqueness parts. If ¢ < 2, we know analogously that there are three strongly A-
connected components and the proof ends by noticing that ay(p + g + p) + d(n) is
the unique spherical system admitting (S?, %, A)/A” as the quotient.

ay(p,p) + d(n1) + d(n2), n1,ne > 2. Uniqueness. Here A” = A\ {5;1],5;;},

and A" = {37, ...,07 } is such that the quotient is a parabolic induction of aa(p—
1,p—1), d(n1) and d(ns2). Let G be SO(2p+2n1) X SO(2p+2ns2); we have (L1, L) =
SL(p)xSO(2n1—1)xS0O(2ny—1) and dim Cy = 2. We have dim Hy —dim H = p+1,
dimC = 1 and dim(L;, L) — dim(L,L) < p. As usual (L,L) = (Ly,L;) and
dim H} — dim H"* = p. The Lie subalgebra n C ny is the sum of m C m; + my
and the rest of the simple Li-submodules. The submodules m; and my decompose
into m; = mj + m{ and my = m}), + mf), with m{ = m{ as (L, L)-modules. The
submodule m is the sum of m}j + m} and a submodule diagonal in m{ + mJ.
Existence. We have dim Pg, + rank¥ = dim B" — (n; — 1)(n1 — 2) — (ng —
1)(ny —2) 4+ 2p + 2 and rank A —rank ¥ = 1. If ny = ny = 2 the unique possibility
isrank ¥ = 2p + 2 and SP = (). Moreover, we can deduce that the spherical system
consists of a strongly A-connected component with roots of type a; on a Dynkin
diagram of type A, x A, plus two roots of type a1 x a; on the bifurcations. We
can easily exclude the case of comb + aa(1,1) + aa(1,1). The are only two other
possibilities: ay(p, p) +aa(l,1) +aa(1,1) and az(3,3) +aa(1,1) +aa(1,1) if p = 3.
The latter can be excluded by uniqueness. If n; > 2 or ng > 2, we can deduce
that SP? # @ and hence that ¥ contains at least one root of type d,,. Moreover,
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no root of type a,, with m > 2 or a} can occur. We can have two roots of type
dpm, or one root of type d,, and one root of type a; X ai, in both cases both roots
on the bifurcations. All the other spherical roots are of type a; lying in a strongly
A-connected component.

ay(p,p) +d(n), n > 2. Uniqueness. Take A” = A\ {6, ,6_,} and A’ =

{od.,..., 5;;}. The quotient by A’ is a parabolic induction of aa(p — 1,p — 1) and
d(n). Let G be SL(p+ 1) x SO(2p + 2n). The subgroup (L;, Ly) is isomorphic
to SL(p) x SO(2n — 1) and dimCy; = 2. We have dim H; — dimH = p + 1,
dim C = 1. The subgroup (L, L) is equal to (L1, L;) and dim H}* — dim H* = p.
The Lie subalgebra n C ny is the sum of m C m; 4+ my and the rest of the simple
Ly-submodules. The submodule my decompose into my = m), + m}, with my; & mf
as (L, L)-modules. The submodule m is the sum of m} and a submodule diagonal
in my +mj.

ay(p,(p—1)) +d(n), n > 2. Uniqueness. Analogously, set A” = A\ {5;;)}.
The distinguished subset A’ = {5‘;,1 ey 6;2)} is such that the quotient spherical

system is a parabolic induction of two factors respectively of type aa(p —1,p — 1)
and d(n). Let G be SL(p) x SO(2p+ 2n). The subgroup (L1, L) is isomorphic to
SL(p)xSO(2n—1) and dim Cy = 1. We have dim H; —dim H = p, dim C' = 1. The
subgroup (L, L) is equal to (L1, L1) and dim H} —dim H* = p. The Lie subalgebra
n C ny is the sum of m’ C m and the complementary L;-submodule of m. The
submodule m decomposes into two simple Li-submodules m = m’ +m”, with m” of
dimension p.

ay(p+da+(p—1))+d(n),n>2. Uniqueness. Take A" = A\ {bq,, 05, ..}
and A" = {0F . ,..., 6%, . }. The quotient by A" is a parabolic induction of two

factors respectively of type aa((p—1)+qg+(p—1)) and d(n). Let G be SO(4p+2¢—
2+2n). The subgroup (L1, Ly) is isomorphic to SL(p) x SL(p+q—1) x SO(2n—1)
and dimC7; = 2. We have dim H; — dim H = p and dimC' = 2. The subgroup
(L,L) is equal to (Ly, L1). The Lie subalgebra n C ny is the sum of m’ C m and
the complementary Li-submodule of m. The submodule m decomposes into two
simple Li-submodules m = m’ +m”, with m” of dimension p.

Ezistence. By Lemmald 4] the root aq+. ..+ aq13 belongs to . Moreover, SP D
{as, ..., aq12} and there is a root of type d,, (a1 X a; if n = 2) on the bifurcation.
We obtain two cases: az™(3+q+2)+aa(1,1) if p = 3 and ay(p+q+(p—1))+aa(l,1).
The former can be excluded by the corresponding uniqueness proof.

dy(p+a+(p—1)), p > 3. Uniqueness. Here A" = A\ {da,,, 1+ 00,0 s
Oaprg_r and A" = {0k, 5;;71, 0, }; the quotient by A’ is a parabolic induction

of aa((p—2)+ (¢+ 1)+ (p — 2)). Let G be SO(4p + 2q — 2). In this case N(H})
is the parabolic subgroup containing B~ associated to S \ {a2piq—2,02p1gq—1} =
SP /A" U{apsq—1}. The subgroup (Lq, L1) is isomorphic to SL(p+g—1)x SL(p—1)
and dim Cy = 3. We have dim H; — dim H = p + ¢ and dim C = 2. The subgroup
(L, L) can be isomorphic only to SL(p+¢—1)xSO(p—1), SL(p+q—1) x Sp(p—1)
(for p odd) and SL(p+¢—1)x SL(p—1). If (L, L) is isomorphic to one of the above
proper spherical subgroups, H is contained in a parabolic induction, with connected
quotient. From both cases we get a contradiction. Therefore, the subgroup (L, L)
is equal to (L1, L1) and dim H}* —dim H* =p+q — 1.

Ezistence. We have dim P¥, + rank® = dim B* — (¢ — 1)(¢ — 2)/2 + 2p and
rank A — rank ¥ = 2. We know that H C H; and that the quotient G/H — G/H;
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extends to a dominant G-morphism with connected fibers. If ¢ > 2, there are no
roots of type d,, and there is exactly one root of type aq. The rest is a strongly A-
connected component of roots of type a;. We have only three cases: dy(p+g+(p—1))
and, if p =4, dy~(4+ ¢+ 3) or dz~(4 + g + 3). The proof can be concluded by
uniqueness. If ¢ < 2, we know analogously that there are two strongly A-connected
components and the proof ends by noticing that dy(p + ¢ + (p — 1)) is the unique
spherical system admitting (57,3, A)/A" as the quotient.

dy(p,(p—1))+d(n), p > 4 and n > 2. Uniqueness. In this case A” = A\
{0a,_ 1,5; o a,} and A’ = {§F 64 .} is such that the quotient spherical
system is a parabohc induction of aa(p — 1,p — 1) and d(2). Let G be SO(2p —
2+ 2n) x SO(2p). The subgroup (L1, L1) is isomorphic to SL(p — 1) x SO(2n — 1)
and dimCy; = 3. We have dimH; —dim H = p+ 1, dimC = 1 and dim(Lq, L) —
dim(L, L) < p—1. The subgroup (L, L) is equal to (L1, L) and dim H}* —dim H* =
p— 1

Ezistence. We have dim Pg, 4+ rank ¥ = dim B* + 2p and rank A —rank ¥ = 1.
Analogously, we get only the cases dz(4, 3)+d(n) (if p = 4) and dy(p, (p—1))+d(n).
The former is excluded by the corresponding uniqueness proof

dy’(p+Q+ P—2),p=4 A" =A\{0a, 1, 0ay,., s Oagy, ot and A" =
{08, 0% .+ apiy 1} The quotient by A’ is a parabolic mductlon of aa((p —
2)+q —|— ( 2)). Let G be SO(4p + 2q — 4). In this case N(H{') is the parabolic
subgroup containing B~ associated to S\ {aaptq—3, @2ptq—2} = SP/A"U{apiq2}.
The subgroup (L1, Ly) is isomorphic to SL(p—1) x SL(p+ ¢ — 2) and dim C; = 3.
We have dim H; — dim H = p and dimC' = 2. The subgroup (L, L) is equal to
(L1,L1) and dim H{ — dim H* = p — 1.

Existence. By Lemma 4] the root a1 + ...+ apyq—1 belongs to £. We get
two cases: dy'(p+q+ (p—2)) and dz™~(4+ g+ 2) (if p = 4). The latter is excluded
by the corresponding uniqueness proof.

ay*(24+q+2)+d(n), n > 2. Uniqueness. Set A" = {6F 0% .0 ,0as,00,.5}
and A" = {§F ,61 }. The quotient by A’ is a parabolic induction of two factors
respectively of type aa(1+¢+1) and d(n). Let G be SO(2¢+8+2n). The subgroup
(L, Ly) is isomorphic to SL(2) x SL(g+1) x SO(2n—1) and dim C; = 3. We have
dim H; — dim H = 3 and dim C' = 2. The subgroup (L, L) is equal to (L1, Ly).

Ezistence. By Lemma (4] the root ag + ... + ag42 belongs to X. Moreover,
SP D {ay,...,aq41} and there is a root of type dy (a1 % a1 if n = 2) on the
bifurcation. We obtain two cases: ay(2 + q + 2) + d(n) and ay*(2 + g + 2) + d(n).
The former can be excluded by the corresponding uniqueness proof

dy*(3+a+3). Uniqueness. Choose A" = A\ {6} ,0a,,5,04 ,} and A" =
{05,504, 04, }; the quotient by A’ is a parabolic induction of aa(2 + ¢ + 2) Let G
be SO(2q + 12). The subgroup (Li, L;) is isomorphic to SL(3) x SL(g + 2) and
dim C; = 3. We have dim Hy —dim H =4 and dim C' = 2. The subgroup (L, L) is
equal to (L1, Ly).

Ezistence. By Lemma (4] the root a4 + ... + ag+3 belongs to X. Moreover,
SP = {as,...,qq+2}. The unique possible spherical system is dy* (3 +q+3).

dy*(3+q+2) Uniqueness. Choose A" = A\ {d4,,,,04 .}, and A" =
{05,,04,,04 . .} is such that the quotient spherical system is a parabolic induc-
tion of aa(2 + ¢+ 2). Let G be SO(2q + 10). The subgroup (L1, L) is isomorphic
to SL(3) x SL(g+2) and dim Cy; = 2. We have dim H; —dim H = 3 and dim C' = 2.
The subgroup (L, L) is equal to (L1, L1).

FIREERR)
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dyN(4+q+3) Uniqueness. Choose A" = {61 .05 ,02,,0,,.0,,,0a,} and

= {04,,00,,00, - The quotient by A" is a parabolic induction of aa(2,2) and
aa(q). Let G be SO(2q + 14). In this case N(H{) is the parabolic subgroup
containing B~ associated to SP /A" U{cgy+3}. The subgroup (L1, L1) is isomorphic
to SL(3) x SL(q) and dim C; = 4. We have dim H; — dim H = 5 and dim C = 2.
By Table [l the subgroup (L, L) is equal to (L1, L) and dim H}* — dim H" =
If ¢ > 2, the Lie subalgebra n C n; is the sum of a codimension 3 submodule
m C m; + mo + m3 and the rest of the simple Li-submodules. If ¢ = 1, we
can substitute the colours d,, and 04,43 with 6a and ¢, , respectively. In the
decomposition of n; we get two other submodules, my and ms, isomorphic to my,
mg, mg as (Lq, L1)-modules. As above we need three of them where to take a
codimension two diagonal submodule. If n contains ms we have that H* contains
the unipotent radical of a proper parabolic subgroup and it is associated to a
parabolic induction, but this is not the case. The same thing occurs if n contains
my + my or ms + ms. Analogously, if n contains my + ms or my; + ms, we have that
H is equal to a wonderful subgroup associated to the following,

$<J)<O>O<O<é/bo
TRoe R

but this is not the case; moreover, notice that in A(ay) there is a projective element
and in this case H would be included (with connected quotient) in a wonderful
subgroup associated to a parabolic induction of dy(4,3). Therefore, there are only
two other conjugated cases, where m is included in m; + ms + mg or my + ms + mgs.

Ezistence. We have dim P¥, 4+ rankY® = dim B* — (¢ — 1)(¢ — 2)/2 + 8 and
rank A —rank ¥ = 2. By Lemma [£4] we get that the root ay + ...+ a443 belongs
to X. Moreover, S? = {as, ..., aq+2} and we get only three cases: dz™~ (4 + ¢+ 3),
dy(4+ g+ 3) and dy™~(4 + ¢ + 3). The former two cases can be excluded by the
corresponding uniqueness proofs.

ay(2 2)+ 2—comb Uniqueness. Choose A" = {6 ,6%,,0.,,6%,,0,,} and

=1{05,,04,,04,}- The quotient by A" is a parabolic induction of aa(1 + 2+ 1).
Let G be 80(12) The subgroup (Li,L;) is isomorphic to SL(2) x SL(3) and
dimC; = 3. We have dimH; —dim H = 4, dimC = 2, (L,L) = (L1,L1) and
dim A} — dim H* = 3.

Ezistence. From dim P§, + rank ¥ = dim B" 4+ 6 and rank A — rank® = 2 we
get SP = (), ¥ = S. We have two strongly A-connected components. The unique
spherical system admitting (S?,3, A)/A” as quotient is ay(2,2) + (2—comb).

ay(2,1) + 2—comb. Uniqueness. We take A" = A\ {6f ,0% } and A" =
{05,504, 04, }; the quotient by the latter is a parabolic induction of aa(1 + 2+ 1).
Let G be SO(10). The subgroup (L1, L;) is isomorphic to SL(2) x SL(3) and
dimC; = 2. We have dimH; — dim H = 3, dimC = 2, (L,L) = (L1,L1) and
dim A} — dim H* = 3.

az(3,3) +d(ny) + d(ng), n1,n2 > 2. Uniqueness. Choose A" = {6} , 6%, 0.,

Oas> 0oy} and A" = {0} , 61}, so that the quotient by A’ is a parabolic induction of

a1 Y

three factors of type aa(1,1), d(ny) and d(nz). Let G be SO(6+2n1) x SO(6+2ns).
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The subgroup (L1, L) is isomorphic to SL(2) x SO(2n; — 1) x SO(2ny — 1) and
dim C; = 4. The subgroup (L, L) is equal to (L1, L1) and dim H}* — dim H* = 2.

Eristence. If ny = ng = 2, we have dim Pg, + rank} = dim B* + 8 and the
unique possibility is rank ¥ = 8 and S? = ). Moreover, we can deduce that the
spherical system consists of a strongly A-connected component with roots of type
a1 on a Dynkin diagram of type Az x As plus two roots of type a; X a; on the
bifurcations. There are only two other possibilities: az(3,3) + aa(1,1) + aa(1,1)
and ay(3,3) + aa(l,1) 4+ aa(1,1). Analogously, if ny > 2 or ny > 2, we can prove
that there are two roots of type d,, and d,, on the bifurcations and all the other
spherical roots are of type a; lying in a strongly A-connected component.

az(3,2) + d(ny) + d(nz), n1,ne > 2. Uniqueness. We can take A" = {67 , 6, ,
08+ Oass 0oy} and A = {0} ,67,}.

az(3,3) +d(n), n > 2. Uniqueness. Here A" = {67 ,0%,,0,,,04,} so that

a1 Yag? o)

SPIA" = {ag, ah, aly,ap}, and A = {61,607 } is such that the quotient spherical
system is a parabolic induction of two factors of type aa(1,1) and d(n).
az(3,2) +' d(n) n > 2. Uniqueness. Here A" = {6} ,6, ,6% 04} and A" =

a1 %ars Yays
{64, ,64,}. The quotient by A’ is a parabolic induction of two factors of type
aa(1,1) and d(n).

az(3,2) +2d(n), n > 2. Uniqueness. Here A" = {6} ,67,,6,,,60,} and A’ =
{64,,6%,}. The quotient by A’ is a parabolic induction of two factors of type
aa(1,1) and d(n).

az(3,1) +d(n), n > 2. Uniqueness. Here A" = {6} ,d7 5;2,5%} and A" =

ay?
{5;[1,5:,2}. The quotient by A’ is a parabolic induction of two factors of type
aa(1,1) and d(n).

az~(3+q+3) +d(n), n > 2. Uniqueness. Here we choose A" = {67, 67 ,
Oays Ocrgsss Oagss y and A" ={6F 6% }. The quotient by A’ is a parabolic induction
of three factors of type aa(1,1), aa(q) and d(n). Let G be SO(2q + 12 4+ 2n). We
have dimCy = 5, dimHy — dimH = 5, dimC = 2 and (L,L) = (L1,L1). In
particular, dim H} — dim H* = 2. If ¢ > 2, the Lie subalgebra n C n; is the sum
of a codimension 2 submodule m C m; + ms + m3 + my and the rest of the simple
Lq-submodules. If ¢ = 1, in the decomposition of n; we get two other modules
isomorphic to my, mg, m3 and my as (L1, L1)-modules. The proof is completely
analogous to that of dy™(4 + ¢ + 3).

Ezistence. By Lemma 4] we get that the root as + ... + agz13 of type aq4
belongs to 3. Therefore, if n = 2, we have S? = {as, ..., g2} and there are two
cases: az(3,3) + aa(1,1) and ay(3,3) + aa(1,1). The latter can be excluded by
the corresponding uniqueness proof. If n > 2, it can be deduced that S? properly
contains as, ..., g2 and there is a root of type d,, on the bifurcation.

az™(3+q+2)+d(n), n > 2. Uniqueness. We can take A” = {67, 0, 6%,
Oags Oagyey and A = {65,607}

a1’ Qg

dz(4,3) +d(n), n > 2. Uniqueness. Here A" = {61 ,0% ,0,,,04,} and A" =

a1 %asr Yagys
{04,624, }. The quotient by A’ is a parabolic induction of two factors of type aa(1,1)
and d(n). Let G be SO(8) x SO(6+ 2n). The subgroup (Ly, L1) is isomorphic to
SL(2) x SO(2n—1) and dim Cy = 5. We have dim H; —dim H = 6 and dim C = 1,
hence dim(Lq, L1) — dim(L, L) < 2. The subgroup (L, L) is equal to (L1, L) and

dim H}* — dim H* = 2.
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Ezistence. If n = 2, dim Pg, + rank® = dim B" + 8 and rank A —rank > = 1,
hence SP = (). We have the following cases: dz(4,3)+aa(1,1) and dy(4,3)+aa(1,1).
The latter can be excluded by the corresponding uniqueness proof. If n > 2, SP # (§
and there is only one root of type d,, on a bifurcation.

dz(4,2) +d(n), n > 2. Uniqueness. Here A" = {61 ,0% ,0,,,04,} and A" =
{64, ,64,}. The quotient by A’ is a parabolic induction of two factors of type
aa(1,1) and d(n).

dz™(4+ q+ 3). Uniqueness. Here A" = {0} 6% ,0,, .00, and A'={67 , 071 }.
The quotient by A’ is a parabolic induction of two factors respectively of type
aa(1,1) and aa(q). Let G be SO(2q + 14). The subgroup (L1, L) is isomorphic to
SL(2) x SL(q) and dim C; = 6. We have dim H; —dim H = 6 and dim C' = 2. The
subgroup (L, L) is equal to (L1, L1) and dim H{ — dim H* = 2.

Ezistence. The root ay + ... 4+ o443 belongs to ¥. Since dim Pg, + rank ¥ =
dim B*+ (¢ —1)(¢—2)/2+8 and rank A —rank ¥ = 2, we get S = {as, ..., 42}
We have the following three cases: dz™~ (44 ¢+ 3), dy(4+q+3) and dy™~(4+q + 3).

dz™ (44 q+2). Uniqueness. Set A" = {6}, ,0%,,0a,}. The distinguished
subset A" = {6} ,01 } is such that the quotient spherical system is a parabolic
induction of two factors respectively of type aa(1,1) and aa(q).

dz(3 4+ q+2). Uniqueness. Take A" = {6} ,07 ,6,,,0a,}. The distinguished
subset A" = {6} ,01 } is such that the quotient spherical system is a parabolic
induction of aa(l + ¢ + 1). Let G be SO(2¢q + 10). The subgroup (L1, L;) is
isomorphic to SL(2) x SL(¢+ 1) and dim Cy; = 4. We have dim H; — dim H = 4
and dim C' = 2. The subgroup (L, L) is equal to (L1, L) and dim H} —dim H" = 2.

Ezistence. The root ag+. ..+ g2 belongs to X. We get two cases: dy(3+¢+2)
and dz(3 + ¢+ 2).

dz(3 +q+1). Uniqueness. Take A" = {67 ,0,,0a,,0% ,,}. The distinguished
subset A" = {0J,,d% .} is such that the quotient spherical system is a parabolic
induction of aa(l + ¢ + 1).

az(3,2) + 2—comb. Uniqueness. Set A" = {6,671 ,0,,,0,, }. The distin-
guished subset A" = {4 ,0,,,0,,} is such that the quotient spherical system is a
parabolic induction of aa(1,1). Let G be SO(14). The subgroup (L, L;) is iso-
morphic to SL(2) and dimCy; = 5. We have dim H; — dim H = 6, dimC = 2,
(L,L) = (L1, L1) and dim H* — dim H" = 3.

Ezistence. From dim P§, 4+ rank¥ = dim B* 4+ 7 and rank A — rank ¥ = 2 we
get SP =), ¥ = 5. We have two strongly A-connected components. The proof can
be concluded by noticing that az(3,2) + (2—comb) is the unique spherical system
admitting (SP, %, A)/A" as quotient.

aeg(6) +d(n), n > 2. Uniqueness. Take A" = {0} ,0%,,0,,,0a,}. The dis-
tinguished subset A’ = {67 ,6F,} is such that the quotient spherical system is a
parabolic induction of two factors of type aa(1,1) and d(n). Let G be SO(12+2n).
The subgroup (L1, L1) is isomorphic to SL(2) x SO(2n — 1) and dimC; = 4. We
have dim Hy —dim H =5 and dim C = 1, hence dim(Ly, Ly) — dim(L, L) < 2. The
subgroup (L, L) is equal to (L1, Lq) and dim H{ — dim H* = 2.

Ezistence. If n = 2, we have dim P§,+rank ¥ = dim B*+7 and rank A—rank ¥ =
1, hence SP = (). We have the following cases: aeg(6)+aa(1,1) and aez(6)+aa(1,1).
If n > 2, SP # () and there is a root of type d,, on the bifurcation.
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aeg(5) +d(n), n > 2. Uniqueness. Take A" = {0} ,0, ,0% ,0a5}. The dis-
tinguished subset A" = {67 ,0, } is such that the quotient spherical system is a
parabolic induction of two factors of type aa(1,1) and d(n).

ae7(7) +d(n), n > 2. Uniqueness. Take A" = {6} ,67 ,6,,00.,0,,,0as}. The
distinguished subset A" = {67 , 0. 67, } is such that the quotient spherical system
is a parabolic induction of two factors respectively of type aa(2,2) and d(n). Let G
be SO(14 4 2n). The subgroup (L1, L1) is isomorphic to SL(3) x SO(2n — 1) and
dim C; = 3. We have dim H; — dim H = 5 and dim C' = 1, hence dim(Lq, L1) —
dim(L, L) < 3. The subgroup (L, L) is equal to (L, L) and dim H} —dim H* = 3.

Ezistence. If n = 2, dim Pg, + rank® = dim B" + 8 and rank A —rank > =1,
hence S = (). It remains only the case of aez(7) + aa(1,1). If n > 2, SP # () and
there is a root of type d, on the bifurcation.

ae7(6) +d(n), n > 2. Uniqueness. Take A” = {6} ,65 ,6%,,05,,0% ,0a,}. The

distinguished subset A" = {67 , 0. ,67,} is such that the quotient spherical system
is a parabolic induction of two factors respectively of type aa(2,2) and d(n).
3—comb + aa(q). Uniqueness. Set A” = {6} ,6, ,0a,}. The distinguished

a1 Yoy
subset A" = {0} ,04,} is such that the quotient spherical system is a parabolic
induction of aa((¢+1)). Let G be SO(2g+6). The subgroup (L1, Ly) is isomorphic
to SL(¢ + 1) and dim C; = 3. We have dim H; —dim H = ¢+ 2 and dim C = 2.
The subgroup (L, L) is equal to (L1, L1).

Ezistence. We have dim P§, + rank® = dim B" — (¢ — 1)(¢ — 2)/2 + 4 and
rank A —rank ¥ = 2. We know that H C H; and that the quotient G/H — G/H,
extends to a dominant G-morphism with connected fibers. If ¢ > 2, there are no
roots of type d,, and there is exactly one root of type a,. The rest is a strongly
A-connected component of roots of type a1. If ¢ < 2, we know analogously that
there are two strongly A-connected components.

3—comb + 2—comb. Uniqueness. Set A" = {6 ,6%,,0,,}. The distinguished
subset A" = {0 ,67,} is such that the quotient spherical system is a parabolic
induction of aa(2). Let G be SO(10). The subgroup (L1, L;) is isomorphic to
SL(2) and dimCy = 4. We have dimH; — dimH = 4 and dimC = 2. The
subgroup (L, L) is equal to (L1, L1).

Ezistence. We have that SP = () and there are two strongly A-connected com-
ponents. The spherical system (3—comb) + (2—comb) is the unique that admits
(SP, %, A)/A" as quotient.

ax(1+p+1)+d(n), n > 2. Uniqueness. Set A” = A\ {6 }. The
distinguished subset A" = {6} ,dq4,} is such that the quotient spherical system is
a parabolic induction of two factors respectively aa((p 4+ 1)) and d(n). Let G be
SO(2p + 4+ 2n). The subgroup (L1, Ly) is isomorphic to SL(p+ 1) x SO(2n — 1)
and dim Cy = 2. We have dim H; —dim H = p+ 1 and dim C' = 2. The subgroup
(L, L) is equal to (L1, L1).

Ezistence. We have dim P§, +rank ¥ = dim B*—(p—1)(p—2)/2—(n—1)(n—2)+4
and rank A — rank ¥ = 2. We know that H C H; and that the quotient G/H —
G/H; extends to a dominant G-morphism with connected fibers. If p > 2, there is
exactly one root of type d,, on the bifurcation and one root of type a,. The rest is a
strongly A-connected component of roots of type a;. If p < 2, we know analogously
that there are three strongly A-connected components.

Qp+1) 50¢p+2
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af(4) +d(n), n > 2. Uniqueness. Set A" = {0} ,0%,,0,,0a5}. The distin-

guished subset A" = {6} , 0. } is such that the quotient spherical system is a par-

abolic induction of two factors respectively aa(2) and d(n). Let G be SO(8 4 2n).

The subgroup (L1, L1) is isomorphic to SL(2) x SO(2n — 1) and dimC; = 3. We

have dim H; — dim H = 3, dimC = 2 and dim(L;,L;) — dim(L,L) < 2. The
subgroup (L, L) is equal to (L1, L1).

Existence. We have dim P§, +rank > = dim B* — (n—1)(n—2)+5 and rank A —
rank ¥ = 2. We know that H C H; and that the quotient G/H — G/H; extends
to a dominant G-morphism with connected fibers. There is exactly one root of type
d, on the bifurcation and two strongly A-connected components of roots of type
aj.

5. NORMALITY OF THE DEMAZURE EMBEDDING

In this last section we show that the proof of D. Luna (|L4]) of the conjecture
of M. Brion ([B3]) on the normality of the Demazure embedding holds also in type
A D.

Let us report some notations from [L4]. Let g be a semisimple complex Lie
algebra, and let h be a Lie subalgebra of g equal to its normalizer. Moreover, G
denotes the connected component of the identity in Aut(g) and H the stabilizer of b
in G. If m = dim b, Gr,,(g) denotes the grassmannian of m-dimensional subspaces
of g. The Demazure embedding of G/H is the orbit closure G.h in Gr,,(g).

Rigid wonderful varieties. A wonderful G-variety is said to be rigid if it is an em-
bedding of G/H where H = Ng(H). In case of an adjoint semisimple group G of
type A D, the rigidity of a wonderful variety can be characterized, as for type A,
using the classification:

Proposition 5.1. Let G be an adjoint semisimple group of type A D, a wonderful
G-variety is rigid if and only if the set Ax of its spherical system (S%,Yx,Ax)
does not contain two elements giving the same functional on Zx.

Proof. If Ng(H) and H are different, then they are the stabilizers of two points in
the open G-orbits of two different wonderful G-varieties X’ and X associated to
different spherical systems.

The normalizer Ng(H) acts on the set of colours of X, and this action is non-
trivial because otherwise the spherical system of X’ would be equal to the one of
X. This comes from the fact that S%, = S% and Ax, = Ay, in type A and D,
implies X x» = X x.

But now the action of Ng(H) can only exchange couples of colours X moved by
the same set of simple (spherical) roots and giving the same functional on Zx.

Vice versa, the spherical systems with two elements of A giving the same func-
tional can be easily treated. They are parabolic inductions of spherical systems
with at least one irreducible component equal to one of the following three spheri-
cal systems: aa(p+ 1+ p), D1(i), de(n) for n even. Each one of them is associated
to a nonrigid wonderful variety, embedding of G/H that is respectively equal to
SL(2p+2)/S(GL(p+1)xGL(p+1)), SO(2n)/(GL(1)xSO(2n—2)), SO(2n) /GL(n).
Therefore, every spherical system with two elements of A with the same functional
is associated to a nonrigid wonderful variety. O
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Normality.

Theorem 5.2. Let g be of type A D, for every spherical Lie subalgebra b equal to
its normalizer, the Demazure embedding G.h is wonderful.

It is known that under these hypotheses, for g of any type, the normalization of
the Demazure embedding is wonderful ([B3], [Kn]). Therefore, for us it is sufficient
to prove that the Demazure embedding itself is normal.

As in [L4] the matter can be reformulated as follows. Let X be a wonderful
G-variety, embedding of G/H, m = dim H. The morphism z +— g,, where x €
G/H and g, is the Lie algebra of the stabilizer of =, extends to a G-morphism
0x: X — Gry,(g) (the Demazure morphism). If X is a rigid wonderful variety, the
morphism dx: X — dx(X) is birational and finite ([B3]). If 0x(X) is normal, then
d0x: X — dx(X) is an isomorphism.

Let z € X denote the unique point fixed by B~, and let T,(X), be the 7-
eigenspace inside the tangent space of X at z, for v any spherical root. In [L4] it
is shown that to prove the normality of §x (X) is enough to prove the following.

(xx) The differential of dx, restricted to T,(X),, is injective for all ~.

Finally, we generalize the proof in [L3] of (xx) for the type A D.

A wonderful G-variety is said to be critical if it is rigid, it is not a parabolic
induction (i.e. supp(X) U SP = S) and it is either of rank 1 or of rank 2 with at
least one simple spherical root (i.e. X NS # ().

Let X be a rigid wonderful G-variety. For every spherical root v there exists a
subset S’ of simple roots such that supp(vy) U S? C S’ and the localization of X in
S’ is critical.

For this, if v ¢ S, then it is sufficient to consider the localization in supp(vy). We
have five cases, corresponding to rank one spherical systems, four of which occur
in type A (where v is a spherical root of type a,, m > 2, a}, a; X a1, d3) plus one
corresponding to y being a spherical root of type d,, m > 4. Each of these spherical
systems is associated to a rigid wonderful variety.

If vy = a € ¥NS, then there exists a spherical root 7/ # « such that (p(61),~') #
(p(65),7"). Therefore, it is sufficient to consider the localization in supp{a,y’'}.
From the list of rank two prime wonderful varieties ([W]), we have five cases, four of
which occur in type A plus one corresponding to ' of type d,,, m > 3, {p(6F),7') =0
and (p(d,),7') = —2, namely the rank two spherical system D4(ii). Each of these
spherical systems is associated to a rigid wonderful variety.

Therefore, it is enough to prove (xx) for the critical varieties.

The rank one cases are symmetric varieties, hence the theorem follows from [DP].
It remains to deal with the above critical cases of rank 2, ¥ = {«,~'}, and prove
the injectivity of the differential of dx only on T,(X),. In [L4] this is reduced to
verify that sa - (7' — (p(6),7')a) # (7' — (p(8),7'}), for & € A(a).

Hence, we have only to check the last of the five above rank two spherical systems:
Y ={a=a1,7 =2as+...4+2a,_2+a,_1+ay,}. Here we have v —(p(6F),7)a =
v and v — (p(6),7 ) = 7' + 2a, while s, -7 = — {(a¥,7)a = v + 2a and
Sa - (Y +2a) =7
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