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ABSTRACT. In this paper, we prove Lusztig’s conjecture for GF = SL,(Fq),
i.e., we show that characteristic functions of character sheaves of G¥' coincide
with almost characters of G¥' up to scalar constants, assuming that the char-
acteristic of Fy is not too small. We determine these scalars explicitly. Our
result gives a method of computing irreducible characters of GF'.

0. INTRODUCTION

Let G = SL,, be defined over a finite field F, with the standard Frobenius map
F, and let G = SL,(F,) be the finite special linear group. In [S2], a parametriza-
tion of irreducible characters of G was given by making use of modified generalized
Gelfand-Graev characters. Also, the almost characters of G were defined, and it
was shown that the Shintani descent of irreducible characters of G, for sufficiently
divisible m, coincides with almost characters up to scalar. However, as explained
in the remark of the last part of [S2], the relationship of our parametrization of
irreducible characters and the parametrization in terms of the Harish-Chandra in-
duction was not so clear. Now Lusztig’s conjecture is formulated in the form that
almost characters coincide with the characteristic functions of character sheaves of
G under a suitable parametrization.

In this paper we prove that Lusztig’s conjecture holds for G, assuming that
ch F, is not too small so that Lusztig’s results (|[L7]) for generalized Gelfand-Graev
characters are applicable. In the course of the proof, it is shown that almost charac-
ters of G are parametrized in terms of the twisted induction, which is compatible
with the parametrization of F-stable irreducible characters of GF" in terms of the
Harish-Chandra induction for sufficiently divisible m. Thus giving the relationship
between two parametrizations of F-stable irreducible characters of GF" is equiva-
lent to giving the relationship between two parametrizations of almost characters
of GF.

We give a complete description of the relationship between those two parametri-
zations of almost characters, by computing the inner products of the characteristic
functions of character sheaves with various modified generalized Gelfand-Graev
characters. Note that the inner product of characteristic functions with general-
ized Gelfand-Graev characters can be computed by using Lusztig’s formula without
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LUSZTIG’S CONJECTURE 165

difficulty. However, the computation in the case of modified generalized Gelfand-
Graev characters is much more complicated since it involves non-unipotent sup-
ports. Through this computation, we can describe the scalar constants appearing
in Lusztig’s conjecture. Although the expressions of such scalars are not so sim-
ple, they are explicitly computable. (Here we need a result of Digne, Lehrer, and
Michel [DLMI] that the fourth root of unity occurring in Lusztig’s theory in [L7]
is explicitly determined in the case of SL,,.)

The computation of irreducible characters of G is reduced to the computa-
tion of characteristic functions of character sheaves. In turn, the computation of
those characteristic functions is reduced to the computation of generalized Green
functions. Lusztig’s algorithm of computing generalized Green functions contains
certain unknown constants. In the case of SL,,, we can determine such scalars,
which will be discussed in [S3]. Thus our result makes it possible to compute the
character table of SL, (F,).

Some notations. For a finite group I', we denote by Irr I" or I'" the set of irre-
ducible characters of I" over Q;. If F : I' — I is an automorphism on I’, we denote
by I'/~F the set of F-twisted conjugacy classes in I', where x,y € I" is F-twisted
conjugate if there exists z € I" such that y = 27 '2F(2). In the case where I is
abelian, I'/~p is naturally identified with the largest quotient of I" on which F
acts trivially, which we denote by ['r.

For a reductive group H, we denote by Zp the center of H, and denote by Z%
the identity component of Zy.
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1. PARAMETRIZATION OF IRREDUCIBLE CHARACTERS

1.1. Let k be an algebraic closure of a finite field F, with the characteristic p. In
this section and in Section 2, we review the parametrization of irreducible characters
of SL,(F,) (or more generally, its Levi subgroups) following [S2]. We assume that
p is large enough so that the Dynkin-Kostant theory on Lie algebras can be applied.
For example, p > 2n is enough for G = SL,, (See the remark in 2.1).

Let G = GL,, %+ -xGL,, . Weregard Gasa subgroup of GL, (k) withn = > n;
in a natural way, and put G = GNSL,. Thus, G is a Levi subgroup of a parabolic
subgroup of SL,. We consider a Frobenius map F' on G of the form F = o Fy,
where Fj is the split Frobenius map on G with respect to the Fg-structure, and ¢
is a permutation of the factors in G.
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166 TOSHIAKI SHOJI

Put G = GL,,. We choose an Fp-split maximal torus f in é so that T =
T X -+ X T is an F-stable maximal torus in G which is maximally spht with
respect to F'. Let W N&(T )/T be the Weyl group of G. Then W ~ W; x -+ -x W,
where W; = Ng ( )/T is the Weyl group of G;.

Let G* ~ é* - X G* be the dual group of G over F,, and G* the dual group
of G. We denote also by F the corresponding Frobenius actions on G* and G*. The
natural inclusion map G — G induces a map T : G* — G*, which is identified with
the projection G — G* /Z1, where Z; is the center of GL,, under the identification

of G* with the subgroup of GL}, = GL,. Then Zz, and Zg~ are connected, and
Zg+ = Zg./Z1. We have natural inclusions and projections

é — G = Gger = édera
G* — G* — G Zg- = G/ Zz.,
where the dual group of Gaer (resp. Guer) is identified with G*/Zg- (resp. G*/Zz.).

We note that, for a connected reductive group H defined over F, with Frobenius
map F, there exists an isomorphism of abelian groups

(1.1.1) fo(Zg )" 3 (HY JHi,)",

where HE means (Haer)F. Returning to the original setting, let S = T N Gyer
be an F-stable maximal torus of éder. We have G = Z@éder, T = Z&S, and
Z5 N Gaer = Z5 N S is finite. It follows that GF/GE, ~ TT/SF and we have
a natural inclusion map Zg SF/SF — TF/SF which induces a surjective map
(GF/GE )N — (ZgSF/SF)/\. Then we have the following lemma.

Lemma 1.2. Assume that ny=...=n,=d, and put (Z, G- Ya={z € Z~. | 23=1}.

Then there exists an isomorphism fo ZG*/( Zg )k — (ZFSF /SFYN which makes
the following diagram commutative.

Zg* T) (GF/Gder)

(1.2.1) | |

ZE )(Zg.)i — (ZESF /ST,

where the vertical maps are natural surjections.

Proof. By the isomorphism f, the subgroup (Zé*)g of ZE is mapped onto the
subgroup A = {0 € (TF/SF)" | 04 = 1} of (TF /SF)". We want to show that
(1.2.2) A={0e(TF/ST)"| 0l zx e 50 =1}

Let B be the right-hand side of (1.2.2). Note that T = ZzS, and Zg NS consists
of elements z such that 2% = 1 since Gger =~ SLg X - -+ X SLg. It follows that for
20 € (ZéS)F with z € Z5,v € S, we have 2% e Zg,’ud € SF. Hence for § € B,
we have 0%(zv) = 6(z%?) = 1. This implies that § € A, and we have B C A.
Here |A| = [(Zg.)§|. On the other hand, |B| = [T7|/|ZEST| = |25 1 S| since
ITF| = |Zg|\SF\ (cf. [C, Prop. 3.3.7]). Under the identification Zg* o~ Zg, we
have (Zg. )5 ~ Zg N S¥. Tt follows that A = B, and (1.2.2) follows.
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Now we have natural isomorphisms
ZE(Zg.)q = (T7[ST)N A= (TF [ST)" /B ~ (ZEST/ST)",
which makes the diagram (1.2.1) commutative. This proves the lemma. (I

1.3. We fix a dual torus T* of T over F,in G*. Then the Weyl group Ng. (T*)/T*
may be identified with W. For any semisimple element s € 7™ such that the
conjugacy class {$} of § in G* is F-stable, put

Wi ={weW |w(s) = s},

Zs={we W | Fw(s) = s}.

We fix an F-stable Borel subgroup Bof G containing T. Let ¥ (resp. X7T) be a
root system (resp. positive root system) with respect to the pair (E,f) Then Z;
may be written as Z; = w;W; for some wy; € W. The element w; is determined
uniquely by the condition that w; maps Zj into X7, where X; is the subroot
system of X Sorresponding to S.

PutT =TNG and B = BNG. Then T is the maximally split maximal torus
of G, and B is an F-stable Borel subgroup of G containing 7. We identify W with
the Weyl group Ng(T)/T of G.

1.4. The element w; induces an automorphism vy : W — W by v(w) = F (wyww; *).
Let W(~) be the semidirect product of Wy with the cyclic group () generated by
7. We denote by (W{')7 the set of y-stable irreducible characters of W;. Each
E € (W) is extendable to an irreducible character of W;(y). We fix the pre-
ferred extension E of E (see [L3, 17.2)).

Let T,, be an F-stable maximal torus of G obtained from T by twisting by
w € W. Then to any w € Zg, one can attach an irreducible character 6, of
TFw ~ TF (sec e.g., [S2 2]). Let R% (6.) be the Deligne-Lusztig character of GF

associated to 0, € (TF)". For each E € (W))?, put
pas = (=)W ST T (yw, )RS, (Buy)-

wqw
weWy

Then j;, g gives rise to an irreducible character of G¥. The set Irr G¥ is decomposed
as

oGP =[G {5}),
{8}
where {$} runs over all the F-stable semisimple classes in G*. The Lusztig series
E(GF,{3}) associated to the F-stable class {3} is given as

EGF{3)) = {psp | E€ (W)}

1.5.  We now describe the irreducible characters of GI" following [S2]. Let 7 :
G* — G* be as in 1.1. Let T* = n(T*) be the maximal torus of G*. Then
W = Ng. (T*)/T* is naturally identified with Ng-(T%)/T*. As in the case of G,
the set Irr G¥' is partitioned as

Irr G¥ = HE(GF,{S}),
{s}
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where {s} runs over all the F-stable semisimple classes in G*. We fix s € T*
for a given F-stable class {s} C G*. There exists § € T* such that 7($) = s
and that the class {s} is F-stable. One can find w; € Z; and an isomorphism
v = Fw;, : Wy — W; as in 1.4.

Put Wy = {w € W | w(s) = s}. Then W is naturally regarded as a subgroup
of Wy, and we have Wy ~ Wy x €, where {25 is a cyclic group isomorphic to
Zg+(8)/Z2.(s). Wy is characterized as the largest reflection subgroup of Wy, and
sometimes we denote it by W0. Let F’ = Fi;, where ) is the representative of
wy in Ng, (T*). Then m is F'-equivariant, and s € (T*)". So F’ acts naturally on
W, leaving W and Q invariant. We consider the set Q;/~ g of F'-twisted classes
in Q. Since Q; is abelian, Q;/~p is identified with () F/, the largest quotient on
which F’ acts trivially. For each 2 € (€,) v, one can choose $, € (T*)** such that
7m($z) = s, and obtain an isomorphism v, = zF’ : Wy — W;. To each v,-stable
irreducible character E of W;, one can attach the irreducible character p;, g of GF
as before. We denote by 7; g the set of irreducible characters of G¥ occurring in
the restriction of pg, z on GE'. Then by [L5], we can decompose £(G¥, {s}) as

(1.5.1) G A{sh) = ] T

(z,E)
where the pair (z, E) runs over all z € () and E € (W)= /QF (the set of
QF _orbits in (W)").

1.6. Following [S2], we will modify the partition in (1.5.1). For E € W2, let Q4 g
be the stabilizer of E in . (In [S2], the notation Q,(E) is used instead of Q; g). If
the Q,-orbit of E in W{* is F'-stable, then Q; g is F'-stable, and one can consider
the largest quotient (s g)r/ as before. If we put QS,E ={z € Qs | P B = E},
then (NZS,E # (), and one can write it as §~257E = ), gpag for some ap € Q. It follows
that ?25 B/~p can be identified with the set (25, g/~F/)ag and with (Qs g)rag.
We denote this set by (£, E)F. By (4.4.2) in [S2], we have the following natural
bijection

(1.6.1) I ©@eer=~ [ W)=/,

Ec(W{/Q)F 2€(Qs) pr

where (W[ /Q,)" denotes the set of F'-stable Q,-orbits in W) (In 152], Qs k

is used instead of QS g- This is justified since we have a bijection QS E ~ QS E-
However, this bijection depends on the choice of ag, and so the form as in (1.6.1)
is more convenient for our later purpose.)

Let E € (W) /Q)F, ie., the Q.-orbit of E is F'-stable. Then for each y €
(Q.) v, one can associate the pair (z, E'), where x € () pr and E' € (W)= /QF,
by (1.6.1). We denote by 7, g the union of various 7;, g where (z, E’) runs over
all the pairs in the image of (2, g)p under the bijection in (1.6.1). Thus we can
rewrite (1.5.1) as

(1.6.2) G A{shH= ]I T

Ee(W{ /Q)F

For a pair (s, E) with E € (W /Q,)F, put
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(163) ﬂs,E == (QZIE)A X (QS,E)FH

where Qf " is the F’-fixed subgroup of Q, g.

It is known by [L5] that T;, p is in bijection with the set ()" = (QF)".
Hence by (1.5.1), (G, {s}) is parametrized by various (QS;E)A However, this
parametrization of 7;_ g is not canonical. It depends on the choice of an irre-
ducible character py € Irr GI" occurring in the decomposition of p;, . In [S2], a
bijective correspondence 7 g < ﬂ87 g was constructed by making use of general-
ized Gelfand-Graev characters. This bijection is determined uniquely once we fix a
representative v € C'¥ for each F-stable unipotent class C' in G. Thus we have a
parametrization of £(GF, {s}) as

(1.6.4) E(GF {s}) = I M.

Be(W{ /)

In the next section, we will explain this parametrization in detail.

2. GENERALIZED GELFAND-GRAEV CHARACTERS

2.1. In order to explain the bijection 75 g < ﬂs,E, we will review results on
generalized Gelfand-Graev characters following [S2]. (Although no restriction on
p was assumed in [S2], this must be changed. In fact, Kawanaka’s construction
of generalized Gelfand-Graev characters of GL, or SL, requires no assumption
on p. However, our construction ([S2, 2.3]) relies on the Dynkin-Kostant theory,
which requires that p is not too small). We also prove a character formula for
modified generalized Gelfand-Graev characters, which will play an essential role in
later sections.

Let g be the Lie algebra of G with Frobenius map F' = ¢Fy. Let Gup; (resp.
gnil) be the set of unipotent elements in G (resp. nilpotent elements in g). We have
a bijection log : Gyni — @nil,v — v — 1. Let O be an F-stable nilpotent orbit in
g, and choose a representative N € gf". Correspondingly, we consider an F-stable
unipotent class C' containing v = log™* N € C¥. By Dynkin-Kostant theory, there
exists a natural grading g = ;¢ 9: associated to N. Let u; = P,; 9, for j > 1.
Then u; is a nilpotent subalgebra of g, and there exists a connected unipotent
subgroup U; of G defined over F, such that log(U;) = u;. Also, one can find a
parabolic subgroup P = Py and its Levi subgroup L = Ly such that P = LU,
where L is an F-stable Levi subgroup of P with Lie(L) = go and U; is the unipotent
radical of P. Moreover, we have N € go.

Let N* € g, be the element such that {N, N*, H} gives a TDS triple for some
semisimple element H € go. We define a linear map A : u; — k by A(z) =(N*, z),
where (, ) is a fixed G-invariant nondegenerate bilinear form on g. It is known that
the map (x,y) — A([z,y]) defines a symplectic form on g;, and according to [S2,
2.3] one can find an F-stable Lagrangian subspace s of g; satisfying the following
properties. Put u = s+uy (u = uy 5 in the notation in [S2]). Then u is a subalgebra
of u;, and we obtain an F-stable closed subgroup U of U; such that log(U) = u. U
is a normal subgroup of U;. Moreover, U is stable by the conjugation action of L.
(Note that the last property does not hold for a general Lagrangian subspace (see
[S2l 2.6]).) Now the map Aclog : U — k turns out to be an F-stable homomorphism
from U to k. Thus we obtain a linear character Ay on UF by Ax = 1 o X o log,
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where ¢ : F; — Q;‘ is a fixed nontrivial additive character of F,. The generalized

Gelfand-Graev character I'y on G¥' associated to N is defined as I'y = Indgi An.
Following [K3], we construct modified generalized Gelfand-Graev characters. Let
A\ =Z(N)/Z2(N) for A :u — k. Then by [S2] 2.7] we have

(2.1.1) Ay~ Ag(N) = Zg(N)/Z%(N).

Since the latter group is abelian, A, is an abelian group. Moreover, we have a
surjective map Zg — A). Put

(2.1.2) M= (Ay)F x (AN

For each (c,&) € M, one can construct a character I e on G as follows: for
¢ € Ay, we choose a representative ¢ € Zp(A). Then we find «. € L such that
a; F(a.) = ¢. Let us define a linear map \. : u — k by A\. = Ao Ada, !, where
Ad is the adjoint action of L on u. We define a linear character A, on U by
A. = 1o\ olog. If we notice that Zp()\.)¥ coincides with Z;r(A.), the linear
character A, can be extended to the character of Z L()\C)F UF so that it is trivial
on Zr(A.)¥, which we denote by the same symbol A.. On the other hand, by the

isomorphism

ZL(Ne)" 1 ZE (AT = ZL (N ZE (N = ASE = AT,
the linear character ¢ € (A¥)” determines a linear character &% on Z1,(\.)¥ which
is trivial on Z% (A\.)F.

Let P and L be the parabolic subgroup of G and its Levi subgroup associated to
N € g =LieG. Then we have P = PNG and L = LN G, and so Z1(\) C Z;(N).
Let us take a linear character 6 of Zr(A\)¥ of the following type.

(2.1.3) 6 is the restriction to Z,(A\)¥ of a linear character of Z; (A\)¥" which is trivial
on (ZE()\)der)F-

Since ¢ € Z1(X), we have (Z;(A)/Z; (Naer)" = (Z:(N)/Z7 (N)aer)F. Tt follows
that 6 is regarded as a linear character of Zr(\)¢Y', and it determines a linear
character of Zr,(A\.)f' via the isomorphism ada™! : Zp(A)F ~ Z,(A\)*F, which
we denote also by 6. Then 0¢" gives rise to a character on Zp(\.)"U¥ under the
surjective homomorphism Zp (A\)"UF — Zp(A\)¥, which we denote also by #¢8.

Under this setting, we define a modified generalized Gelfand-Graev character I ¢ g
by
F

(2.1.4) Tego =TndG, \ yrpr (088 ® A).
In the case where § = 1, we simply write I, ¢ g as I, ¢.

For later use, we also define a generalized Gelfand-Graev character I, associated

F

toc € Ay by I', = Indgp A.. Under the isomorphism Ay ~ Ag(N) (2.1.1), one
can construct a nilpotent element N, € g& twisted by c. I is nothing but the

generalized Gelfand-Graev character I'y, associated to N.. We remark that I ¢
occurs as a direct summand of I.

2.2. We choose m large enough so that F™ acts trivially on A). Replacing F
by F'™, we have a modified generalized Gelfand-Graev character I f?)g on GF".

Now the parameter set M is replaced by Ay x A{. We denote by M the subset of
Ay x AS defined by
M= AL x (A7,
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where (A{)F is the set of F-stable irreducible characters of Ay. We now construct,
for a certain linear character 8 of Zy(\.)¥", and for each (c,&) € M, an F-stable
modified generalized Gelfand-Graev character I (m et 39, and its extension to G (o),
where o = F|grm. The case where § = 1 is discussed in [S2] 1.8]. For ¢ € AL, we

choose ¢ € L¥. We construct the linear character AS™ of UF™ as in 2.1, i.e., we
choose 3. € L such that 7 'F™(3.) = ¢, and define A\, by A\, = Ao Ad 3!, and
put A&m) = ¥, 0 A¢ o log, where ¢, = ¢ oTr g, /p,. Put ¢ = B.F(B;Y) e LF™.
Then AE’”’ turns out to be ¢F-stable. (Note that it is possible to choose ¢ € TF.
Then we can choose 3. € T'.)

On the other hand, it can be checked that ¢F acts on Zp(A\.) commuting with
F™ and that under the isomorphism

ad ;1 ZL ()T /ZL )T = Zu ()T ZR (N = Ay,

the action of ¢F on Zp,(A\.)F" is transferred to the action of F on Ay. Hence if we
take & € (A\), it produces a ¢F-stable linear character &% on Zz(\.)F"™".
Furthermore, we take a linear character 6 of Zp(\)¥ " of the following type.

(2.2.1) 6 is the restriction to Z1(A\)f" of an F-stable linear character of Z; (A)F"
as in (2.1.3) by replacing F by F™.

Then 6 is regarded as an F-stable linear character of Zp(A\)¢F™. Tt follows,
under the isomorphism ad 8. ' : Zp(A)" =~ Zp(A\)F", that 6 determines a ¢F-
stable linear character of ZL()\C)Fm, which we denote also by 6. Thus ¢ ® A,(:m)
is ¢F-stable for (¢, &) € M, and we conclude that I C(??g is F-stable.

Put ¢g = (¢é0)™ € L¥". Then we have

éo=BFm(B ) =¢t

since 3, and F™(f3.) commutes. We note that ¢y € Z;(\)¥ = ZL(Aﬁm))Fm. In
fact, since A™ is éF-stable, it is stable by (o)™ = é9. Put M, = Z,(A\.)F" and
M? = Z9(\)F". We consider a subgroup MU (¢o) of GF" () generated by
M UF" and éo. Since ¢ € M) is éo-stable, and (éo)™ = ¢y € M., 6£% may
be extended to a linear character 9~§ of M (éo) in m distinct way. The extension
th is determined by the value 9~fh(60) = lc,0e, Where pcge is any m-th root of
Er(e) = 0(¢™h)e(e™).

We fix an extension 9~§h of 0¢% to M.(éo). Since M .UF" (¢0) is the semidirect
product of M,(éo) with UF", 9~fh may be regarded as a character of M .U (¢o).
On the other hand, since A(m is ¢o-stable, it can be extended to a hnear character
AT on MUF™ (éo) by A(m)(ca) = 1. Thus we have a character 95 ® AT o
M. U" (¢o) which is an extension of ¢! ® A on MUF™ . We put

m GF" (o
[l =md 0, (95 ® Am).
Then I:C(Z% gives rise to an extension of Fc(,gm,)e to GF" (o). Note that u_ ¢ ~c colarmo
depends only on the choice of (¢, &) and 6.
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2.3. In [LI], Lusztig defined, for a connected reductive group H with connected
center, a map from the set of irreducible characters of HF to the set of F-stable
unipotent classes in H. It is shown in [L.7] that this map coincides with the map de-
fined by Kawanaka [K1l, [K2] [K3] in terms of generalized Gelfand-Graev characters.
We denote by C, (resp. O, ) the unipotent class in H (resp. the nilpotent orbit in
Lie H) corresponding to p € Irr H under this map. We call C, the unipotent class
associated to p (the wave front set associated to p in the sense of Kawanaka).

In the case of G, this map is given as follows. Let p = psE € E(GF {s}).
Put B/ = E ® ¢ for the sign character € of Ws. Then Indws_ E’ contains a unique
irreducible character £ of W such that bpr = bp. Cj is defined as the unipotent
class in G corresponding to E under the Springer correspondence. More precisely,
we have the following. Assume that G = GL,,. Then Wj; is a product of various
symmetric groups. Accordingly, E € W/ is parametrized by a multipartition 8 =
(b1, .., 0k) of n. By mixing and rearranging the parts in f1,..., Bk, we regard g
as a partition of n which we denote by 3. Let 3* be the dual partition of 3. Then
(5 is the unipotent class in G corresponding to 3* through Jordan’s normal form.
For general C~¥, the description of Cj5 is reduced to the case of GL,, through the

decomposition G = GL,,, X -+ X GL,,..

2.4. Let g = LieG. For a nilpotent element N € g%, we denote by On the
nilpotent orbit in g containing N. Let P = LU; be as in 2.1, and let L C P be
as before. For each irreducible character ¢’ of Z> ()\)F the modlﬁed generalized
Gelfand-Grave character FN o 1s defined as FN o = IndZ ()\)FUF( ® AN).

Let p = ps. g be an irreducible character of GF , such that Oz = On. Then it is
known by [S2, Prop. 2.14] that there exists a unique linear character ¢ of ZE(A)F
such that

1 if 0 = o,

P g P)or =
(.o Plar {0 it 0" 4 .

We denote by A(p) the linear character ¢ determined as above. We note that
(2.4.1) A(p) is a linear character of Z3 (A\)¥ which is trivial on (ZZ()\)der)F

In fact, by [S2, 2.13], ¢ = A(p) is determined in the following way. There exists
an F-stable Levi subgroup M of a parabolic subgroup of G such that Z- (A C M
and that $ € Z;., where M* C G* is the dual group of M. We choose an integer
m > 0 such that § € Zz\%* , and let @ be a linear character of Z; (A )E™ obtained by
restricting the linear character of ME" corresponding to $. Then ¢ is F-stable, and
the Shintani descent Shpm/p () coincides with A(p). Since the linear character
of MF™ corresponding to $ has a trivial restriction on Mé‘;r, we see that @ has a
trivial restriction on (Z; (N)der)? ", and so ¢ is trivial on (Z7 (A)aer)”". This shows
(2.4.1).

In view of (2.4.1), the restriction § of A(p) to Zr(\)¥ satisfies the property in
(2.1.3). Hence we can consider I, ¢g as in 2.1, which turns out to be a direct

summand of I'y ¢/ |gr.
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2.5. Let (s, E) be as in 1.6. Then § € G* = GL,, x -+ x GL,, is written as
$=(%1,...,8) with $; € GL,,, and we have W; = Wy 4, X --- x W,.; . We now
consider the following special setting for the pair (s, E).

(2.5.1) Let t be a common divisor of nq,...,n, which is prime to p. We have
Qs ~ (wp), where wy € Wy is an element of order ¢ permuting the factors of W; ;,
transitively, and W, ;, is isomorphic to Gy, x - -+ x &y, (¢ times) with b; = n;/t.
Moreover, E € (W) is of the form

E=ER---RE, where E; ~E/RX---KE/ e W/, with E/ € &.

Assume that the pair (s, E) satisfies the condition (2.5.1). Then F is Q-
stable, and in particular, y,-stable for z € ;. Since E is Qs-stable, we have
Ec (W/Q)" and (.g)r = (Qs)p with ag = 1. Hence the bijection in (1.6.1)
leaves the pair (z, E) invariant for z € (). It follows that the set 7, g coincides
with the disjoint union of 7;_ g for x € (£25)pr.

Let p = ps,g. It is known that p|gr is multiplicity free. Let 7; = 7; g be as in
1.5. Then 7 consists of ¢’ elements, where ¢’ is the order of QF = QF Tt follows
from [S2] that (Ax)r acts transitively on the set 7;. Thus there exists a quotient
(A))'p of (Ax)F such that (Ay)} is in bijection with 75. (Ax)} can be written also
as (A))r with some quotient Ay of Ay, where A, is a cyclic group of order ¢ (see
[S2| 2.19]). It can be checked from the proof in [S2, 2.21] that the map Ay — Af
is surjective. Let us define a set M n by

(2.5.2) Moy = (A)F x (A"

The set (AE)" is regarded as a subset of (AF)" through the map AY — AF.
Also, we have a surjective map (A))r — (Ax)p. We define a subset My of M by
Mo = (A))F x (AE)N. Thus we have a natural surjective map f : My — M, y.
The following result, which gives a parametrization of 75 g in terms of generalized
Gelfand-Graev characters, is a generalization of the results 2.16 and 2.21 in [S2].
The proof is done in a similar way as in [S2].

Theorem 2.6. Assume that the pair (s, E) satisfies (2.5.1). Let p = p; g € Irr GF.
Let Oy be the nilpotent orbit in'g containing N. Let 0 be a linear character of
Z (M) as in (2.1.8), and Oy the restriction of 0 to Z9(N\)¥'. Then for each pair
(c,&) € M, the following holds.
(1) <chg79,ﬁ|GF>Gp =0 unless ON Q 65,
(i) Assume that Oz = Oy, and let A(p) be as in 2.4.
(a) If A(ﬁ)‘zg(/\)p # 0, then <Fc’5’9, ﬁ]GF>Gp =0.
(b) If A(p) 29 (xyr = 0o, then there exists a bijection T g < M N satis-
fying the following; Let p.¢ € Ts g be the character corresponding to
(c,€) € My . For each pair (¢, ¢') € My we have

1 if F((¢,¢) = (¢,€),
0 if F((/€7)) # (¢, €).

We have (I'w ¢r.0,p1)qr = 0 for any p1 € T, g, if the pair (', &) € M

s not contained in My.

(Lergr,05 Peg)gr = {
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Furthermore, A(p)|z, (\r is expressed as 05? for a character & of
AL, Then & is contained in (AY)", and we have

ﬁ‘GF = Z Pe,tr-

ce(Ax)r

2.7.  The above parametrization of 7 g is also interpreted in terms of (not modi-
fied) generalized Gelfand-Graev characters of GF as follows.

(2.7.1) Foreach z € (Q)p and ¢ € (Ax)F, we have(I;, ps, g|lgr)qr = 1, i.e., there
exists a unique irreducible character of G¥ which occurs both in the decomposition
of ps, rlgr and of I'.. Under the parametrization in Theorem 2.6, this character is
given by p¢, for some &, € (AF)N. In particular, we have

Ps..Elar = Z Pe,ge -
ce(Ax)r

By using (2.7.1) we can identify M, y with My g in (1.6.3). Note that in this
case, M g is nothing but the set (Qf/)A x (Qs)Fs. Also note that the map z — &,
gives a bijection h : (Q)p — (A{)", where &, is given by A(ps, . 5)|z, (\r = 0&.
By the discussion in 2.4, we can choose 6 such that A(pg r)|z, (\yr = 0. Then &
(the case where z = 1) is the trivial character of AL, Let us write $, = $z, with
Zy € Zg.. Since §; is o F’-stable, we have
(2.7.2) §7Visa Tl = 2, F(2,) 7Y,
where & € Ng«(T*) is a representative of x € (s)p. We may assume that z, €
Zg for a large m. Let 12; be the linear character of G*F™ corresponding to z,.
Since &,,$ € T*, and &, is 2F’-stable, § is F'-stable, we see that 1//)\/1 is also F'-
stable. As explained in [S2] 2.13], there exists an F-stable Levi subgroup M of
G containing T such that M contains Z;7(A) and that 5 is contained in the center
of the dual group of M. This implies that the restriction 1@5 of @Z'x on ZZ()\)F
is F-stable (cf. [S2, Prop. 2.14]). We define a linear character ¢, of Z;(A\)¥ by
Py = ShF7,L/F(@Zx). Since & = 1, we see that &, is obtained from the restriction of
e to Zp(N)E.

Next, we shall describe the bijection between (Ay)r and (QF)A. There exists a
surjective homomorphism f; : GF/GF — (A,)p defined as follows (cf. [S2, 2.19]).
For g € GF, we can write g = q12, with g1 € G,z € Zg. Then g7 F(g1) € Zg, and
it determines an element in Ay = Z1,()\)/Z%()\), and so an element in Ay, which is
unique up to F-conjugacy. On the other hand, we construct fs : éF/GF — (Qfl)/\

as follows. From (2.7.2), we have §~1isi~! € Zg* (we may choose & € Ng-(T*)F),

and this defines a well-defined injective homomorphism f; : QF — Zg*,x —

§71si!. Since Z5, ~ (GF /GF)™, we have a surjective map f; as the transpose of

f. Then Ker f; = Ker fo, and these maps induce the bijection f : ()" — (4y)p.

Now the parametrization is given as follows. There exists a unique pg € Irr G¥
such that py occurs in p;, g|lgr and in I'y. In our parametrization, then py =
Pre. =Pz (1,&) € Mg n, (1,2) € Mg g). Then any p contained in ps, g|gr is
obtained as 9py with g € GF/GF. We then have p = p.e, = pyo with ¢ = f1(g)
and n = fa(g).
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By summing up the above argument, we obtain a bijection

Q)" x () p — (A)r x (A" (n,2) = (F(1),&).
This gives the required bijection Ms’ E Ms, N-

2.8. Slightly modifying the arguments in [S2, 4.5], (see the remark below), we
establish a parametrization of £(G¥, {s}) as in (1.6.4). We give a bijection 7; <

M, p for each pair (s, E) such that E € (W /Q,)F .

(a) First we consider the case where the pair (s, F') satisfies the property (2.5.1).
If we put 6 = A(ps,g)|z, (r)F, then 0 satisfies the property (2.1.3). Hence we have
a natural bijection 7, g <> My n < M, g by Theorem 2.6(ii), (b) together with
the argument in 2.7.

(b) Next we consider the case where W satisfies the same assumption as in
(2.5.1), but E is not of the form there. So we assume that Qs(F) # Qs, and put
t' = |Qs(F)|. Replacing (s, E) by a certain Ny (W;)-conjugate, we may assume
that E can be written as £ ~ Fy X ---X E,., (E; € W) with

El - (Ezlg"'&Ell)g"'&(Ezk&"'&Elk),

where Ej1,. .., E;j, are distinct irreducible characters of &, with k = t/t, and Ej;
appears t’ times in the components of E;. Moreover, Q,(F) acts transitively on the
factors Ej;j. Since E € (WA/Q )F', there exists ap € Q, such that F € (WA)F”
with F" = agF’. Let L = L1 X oo X L be an F-stable Levi subgroup of G
according to the decomposition of E, where L = Lzl X oo X sz with L;; o~ G Ly, .
Then W; coincides with WL* ., the stabilizer of s in WL*, and F” can be written
as F" = Fwy with wy € W;... Moreover, we have Qg (E) = 1, a similar group as
Q, for L = LN @, and the pair (s, E) satisfies the condition in (2.5.1) with respect
to L. Hence by (a), the set T.%y is parametrized by ﬂﬁ g (the superscript L
denotes the correspondlng object in L) Let P be the standard parabolic subgroup
of G contalmng L and put P = PN G. Then by Lemma 4.2 in [S2], the map

Po — Indpp po gives a bijection between T&E and 7 g. Since

M& B =(Qf /) x (Qs,1)pr = (QflE‘)A X () r = M.,
this gives a bijection 75 g < MS,E.

(c) We consider the general case. Let Wy = Wy 4, x---x W, ; , and Wy = W;Q,.
Here we assume that there exists ¢ such that 2, acts non-transitively on W;;,. In
this case, there exists a proper Levi subgroup L* of G* such that Wj is contained
in W« and that L* is both F-stable and F’-stable. Then Zg+(s) is contained in
L*. Under this condition, it is known that the twisted induction RY (1) (see, e.g.,
[S2, 3.1]) induces a bijection between (LT, {s}) and £(GF,{s}). By induction
hypothesis, we may assume that there exists a bijection ’TSLE - MS, g. Since

Q(E) = Qs 1, MSLE is identified with MS)E. Hence we have a bijection 7; i <

M, g as asserted.
Remark 2.9. In [S2], 4.5, the parametrization is done through three steps as above.

However, in the step (a), only the pair (s, E) such that A(ps g) = 1 is treated,
and it is stated that other cases are reduced to this the case by considering the
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linear character 6 of G corresponding to the central element 2 € ZE.. But this is
not true in general. In fact, if the F-stable class {$'} in G* satisfies the property
in (2.5.1), then § can be written as §' = £$ for an F-stable class {$} such that
A(ps g) = 1 with 2 € Zg«. However, it occurs that z ¢ ZE. even if the classes
{5} and {#5} are F-stable. In that case one cannot find a linear character 6 of G’
corresponding to Z. Hence the step (a) in [S2] does not cover all the cases, and one
needs to consider the cases where A(p; g) # 1 discussed as in 2.8.

3. CHARACTER FORMULA FOR GENERALIZED GELFAND-GRAEV CHARACTERS

3.1. For later use, we shall prove a character formula for I ¢, which is a variant
of the formula given in [K3]. Note that I.. is constructed by using a specific
Lagrangian subspace s of u;. Following [S2], 2.3], we recall the construction of s.
Assume, for simplicity, that G = SL,,. The weighted Dynkin diagram of N is given
as follows. Let II C X be the set of simple roots and the set of positive roots of
G, which is written in the form X+ = {e; —¢; | 1 < i < j < n} for certain basis
vectors €1,...,&, of R", and II = {ay,...,a,—1} with o; = &; — €;41. Assume
that N corresponds to a partition p = (ug > g > -+ > . > 0) of n via Jordan’s
normal form. For each p;, put

Yi={pi— 1, —3,...,—pi+1}

consisting of yi; integers. Then Y =[], Y; is a set of n integers (with multiplicities),
and we arrange its elements in a decreasing order,

(3.1.1) Y={n>vr> >}

The weighted Dynkin diagram h : I — Z is given by h(a;) = v; —viqq for 1 <i <
n — 1. Let IT; (resp. Y1) be the set of a € IT (resp. o € Y1) such that h(a) = 1.
Clearly, we have g1 = @, 5, a- The set X is described as follows. For a given
a; € II4, let j be the smallest integer such that j > ¢ and that h(a;) > 0, and let
k be the largest integer such that k < i and that h(ag) > 0. We define a subset ¥,
of X by
U, ={ep, -4 |k+1<p<ii+1<q<j}
(If j or k does not exist, we put k =0 or j = n.) Then it is easy to see that U; are
mutually disjoint and that
X = ]_[ v,

a; €Il

For o, o; € II such that i < j, we say that ¥; and ¥; are adjacent if oy, ¢ II; for
1 < k < j. There exists a subset ¥ of Y, satisfying the following properties; ¥ is a
union of the ¥; which are not adjacent to each other, and Xy = U ][ o (¥), where
o is the permutation of X+ induced from the graph automorphism of II. Note that
VU is uniquely determined up to the action of 0. Put s = @,y go. Then it was
shown in [S2] 2.3] that s is a Lagrangian subspace in g;, stable by the action of L.

In the discussion below, we follow the notation in 2.1. Let V' be an n-dimensional
vector space over k on which G acts naturally. We can find a basis {N7v; | 1 <
i <r0<j<p;} of Vsuch that N*iv; = 0 and that H acts on Niv; by a scalar
multiplication —pu; + 1 4 25.

Put M = Z;(\). Take t € M such that ¢ stabilizes each basis vector N7v; up
to scalar. It follows that ¢ € T7, where T} is a maximal torus in L related to the
weighted Dynkin diagram of N. Since G is simply connected, Zg(¢) is connected.
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Put 3 = Lie Zg(t). Since M = Zg(N) N Zg(N*), 3+ contains N, N*, and so it
contains H. If we put (3¢); = 9;M3¢, 3t = €D;(3¢); gives the grading of 3; associated
to N € 3:. Put (w); = €D;5,(5¢);. Then we have (ur); = u; N3 In particular,
P, = PN Zg(t) (resp. Ly = LN Zg(t)) is the parabolic subgroup of Zg(t) (resp.
its Levi subgroup) associated to N. Moreover, the restriction of A : u; — k to (u)1
coincides with the corresponding linear map A; with respect to N. We have the
following lemma.

Lemma 3.2. s, = s N 3; is a Lagrangian subspace of (3¢)1, which is stable by L.

Proof. From the above discussion, the symplectic form on (3:); is obtained as the
restriction to (3;); of the symplectic form on g;. Hence s N 3; is an anisotropic
subspace of (3:);. Also, it is clear that s N 3; is stable by L;. Note that T; is a
maximal torus on which the root system X' is defined. Then the subroot system
X, of X associated to the group Zg(t) consists of roots €, — g, € X such that the
corresponding basis vectors N*v; and N* v in V have the eigenvalue 0 for t. (We
identify the basis {g;} and {N7v;} via the total order vy,...,v, in (3.1.1).) Since
t € M, N7v; have the same eigenvalue for all 1 < j < p; — 1 (i is fixed). It follows
that the subroot system X is invariant under the action of ¢. Hence X N X} is
also o-invariant. If we put ¥; = ¥ N Xy, then we have Xy N X = U [[o(Ty). In
particular, [W;| = |X1 N X[/2. Since s N3 = P ey, Ja, We see that s N3, is a
Lagrangian subspace of (3;);1. The lemma is proved. O

3.3. Forc € Ay, wechoose ¢ € Zr, C Ty, and take .. € Ty such that o ' F(a.) = é.
We consider the c-twisted version of the previous results. In the following, we
denote by X, the object obtained from X related to G or g by the conjugation or
adjoint action by a.. Then M. = a.Ma_ ' coincides with Z()\.), and we have
M. = Zg(N;)NZg(N}), where N, N}, H, are F-stable TDS-triple. Since a. € L,
we have 5, = 5 and up . = uy. It follows that u, = u for u =s+uy, and so U, = U.
Let t be a semisimple element in M. Put 3; = Lie Zg(t), etc., as before. If we
put t' = a_ta, € M, t' is conjugate to an element in 7} under M° C L (since
M. = M?Zg). Tt follows that s N 34 is a Lagrangian subspace of (3¢)1, and so
sN3 = “(sN(3+)1) is a Lagrangian subspace of (3¢)1, which is stable by F. We
put 5; = sN3;. Let u; = 54+ (1z)2. Then we have an F-stable subgroup U; of Z(t)
such that Lie Uy = u;, which is stable by L;. Moreover, u; = unj3;. It follows from
this that

(3.3.1) UNZa(t) = U,

Now A. : u; — k is the linear map defined as A, by using N, instead of N.
Then Acy = Acl(y,), is the linear map on (u;); defined by N, € 3;. It follows that
the restriction of A, : UF — Qj on UF coincides with the linear character of UF’
defined in terms of N., which we denote by A, ;.

3.4. Take a semisimple element s € G, and assume that there exists g € GF
such that g~ 'sg € MF. (Do not confuse s with an element in the dual group G*.)
By fixing s, we put P, = gPg ' N Zg(s) and L, = gLg~' N Zg(s). We apply the
previous argument for ¢ = g~'sg. Then N, = 9N, is an F-stable nilpotent element
in Lie Zg(s), and U, = gU;g™' is the unipotent subgroup of Zg(s) associated to
Ny. We have P, = gP,g~! and L, = gL,g~*. Moreover, A\, = Adgo A, is the
linear map of 9(u;)1 = (us)1, and A, = ad go A, coincides with the linear character
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of UF associated to Ny. We define a modified generalized Gelfand-Grave character
e of Za(s) by

)F

(3.4.1) rge = Indgf:;g)mgp(l ® Ay)

associated to N, € Lie Zg(s).

The following result gives a description of modified generalized Gelfand-Graev
characters in terms of various modified generalized Gelfand-Graev characters of
smaller groups, which is an extended version of the formula stated in [K3, Lemma

2.3.5].

Proposition 3.5. Assume that s,v € G such that sv = vs, where s is semisimple
and v is unipotent. Then we have

r 9(80) _ 1 Z ‘ZLg()\Q)F|eé-h(g—lsg)[vZG(s) (v)
BT 2 T2 Vo (0
geG
9 'sg€Zr (A"
Proof. By definition,
(3.5.1) It o(sv) = (IndgngF 0" ® Ac)(sv)
= [MIUTITE Y (08 @A) (g svg).
geG*

gflsvgeMcFUF
Here the condition g~'svg € MFUY in the sum is equivalent to the condition that
g tvg € MFUY and g='sg € MFUY. We note that

(3.5.2) Any semisimple element in M U is contained in |, cpr aMEF2™t.

In fact, let T7 be an F-stable maximal torusin L asin 3.1. Then T, = T1NM is a
maximal torus in M. Since we can choose ¢ € TY, Ty is also contained in M,.. Thus
T5 is a maximal torus in M.U. We have Ny (Ts) ~ Ny (T2)Zy (Tz). Since U is
a product of one-parameter subgroups U, associated to roots a with respect to 77,
Zy (T3) is a product of U, such that a|r, = Id. Tt follows that Zy(T3) is connected,
and NMCU(TQ)O = TQZU(TQ). We see that NMCU(TQ)/NMCU(TQ)O ~ NMC(TQ)/TQ.
This implies that any F-stable maximal torus in M. U is taken from M, up to
UF-conjugate. Since any semisimple element in M} U¥" is contained in an F-stable
maximal torus, we obtain (3.5.2).

It follows from (3.5.2) that g~ 1sg € xMFz~1 for some x € UF, i.e., (g2) 1s(gx)
€ MF. Tt is easy to see that the set {z1 € UY" | (gz1) ts(gx1) € M} is given by
7y ((gz) " 1s(gx))F for some x € U such that (gz)~'s(gr) € ML. Hence the last
formula in (3.5.1) implies that

Fego(sv) = MU > |Zu((g2) ™ s(g2)) 7|71 (0€F @ Ac) (g™ sug).

geGF zeU¥
g_lvgerUF
gflngszrfl
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By replacing gz by g, we have
Toeo(sv) = IMEI™0 Y 1Z( (g sg)| 7 0€% (g™ 59) (6% @ Ac) (g vg)

geG”
g’l'UgEMCFUF
g_lngMF

= |M|” 12 Yo 1ZE@ITeE M) (6¢F @ Aoy ory),

y€ZG(t)
Yy~ vlyeMFUF

where in the first sum in the last formula, ¢ runs over all the semisimple elements
in MF such that t = g~ 'sg for some g € G¥'. We fix such g for each ¢, and put
v1 = g 'vg. Hence we have v; € Zg(t)!'. Since t normalizes M} and UF we have

)"
Ze)" N MIUT = (Za(t)" N ZL(A)")(Za(t)" NUT)

= Zu.()FUF
by (3.3.1). Also, we have Zy(t) = U; by (3.3.1). It follows that we have
(3.5.3)
Zu, (T
Foeo(sv) = Y I‘X}Qé)fh(t)

teMF ¢

gilsg:t

R T A D DI ULV I

yeZa(®)”

y uiy€Za, () FUF

1 1

Here we note that y~ vy is unipotent. Hence the component of y~lvyy in Zys (t)F
is unipotent. Since ¢% is a character of M} which is trivial on M9¥, it is trivial
on the set of unipotent elements in M. Also, by (2.1.3) @ is trivial on the set of
unipotent elements in M. Tt follows that

(067 @ Ae)(y~tory) = (1@ Ac)(y~ Hory).

Then the expression in the parenthesis in (3.5.3) coincides with

mdZe0" (19 A) () = 150 w)

under the conjugation by g € G¥. Substituting this into (3.5.3) we obtain the
proposition. O

4. SHINTANI DESCENT AND ALMOST CHARACTERS

4.1. We consider the group GF™ for a positive integer m. We denote by GF™ /~F
the set of F-twisted conjugacy classes in G*". (In the case where m = 1, the set
of F-twisted classes coincides with the set of conjugacy classes, which we denote
simply by G¥' /~.) A norm map
Npmp: GF" Jmp — GF [~

is defined by attaching z = F™(a)a"! to 2 = a~'F(a) where z € G,z € GF'"
and a € G. Let C(GF" /~p) (resp. C(GF/~)) be the space of F-twisted class
functions on GF™ (resp. class functions on G¥'). A Shintani descent map

Shpm/p : C(GFM/NF) — C(G"/~)
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is given by Shpm,p = (Njmn / #) 1, which is a linear isomorphism of vector spaces.

Let ¢ = F|grm. We consider the semidirect product G¥" () of GF" with
the cyclic group (o) of order m generated by o. Then the coset G "¢ is invariant
under the conjugation action of GF", and the set GF" ¢/~ is identified with the set
GF" /~p via the map zo < x. Now each F-stable irreducible character p of GF"
can be extended to an irreducible character p of GF™ (o) (in m-distinct way), and
the restriction p|grm, to the coset G¥" o determines an element in C(GF" /~p)
under the above bijection. The function p|grm, does not depend on the choice
of the extension up to a scalar multiple, and the collection of those p|grm, for

€ (Irr GF™)F gives a basis of C(GF" /~p). In what follows, we often regard a
character f of G (o) as an element in C(G¥™ /~p) by considering its restriction
to GF" o, if there is no fear of confusion.

4.2.  We will describe the Shintani descent of the modified generalized Gelfand-
Graev characters. We follow the setting in 2.2. Recall the set M in (2.1.2) and
M in 2.2. Let 6 be as in (2.2.1). Hence it is the restriction to Z,(A\)¥" of an
F-stable linear character ¢’ of Z; (A\)"". We denote by 6 the linear character of
Z(M\)F obtained by restricting the linear character Shpm/p(6') of Z; (A)F. Hence
o satisfies the condition in (2.1.3). We consider the modified generalized Gelfand-
Graev characters F(§ p and I, ¢ g, for (c,€) € M and (c1,&1) € M.

Let us Con81der an extension F( vt )9 as in 2.2, which is determined by the choice of

an extension 05 of 0% to M.(¢o). Since ¢ € AL, we may choose ¢ € Z1,(\)¥. Note
that, under the isomorphism ad 8! : Zp(A)"" =~ Zp(A\)F" | the linear character
¢ corresponds to a linear character 0¢ of Zp ()% " and 9~§ corresponds to its
extension 9~§ to Zp (A" (o). Take ¢; € (A))p. As Ay = Afm, we may choose an
element ¢; € ZL()\)Fm whose image on Ay gives a representative of ¢; € (A4))p.
Now the following proposition describes the Shintani descent of I, e 539 in terms of
I, ¢ 6,- The proof is done in a similar way as in [S2]. In fact, Theorem 1.10 in
[S2] can be extended to our setting, and the proposition is the direct consequence
of the theorem (cf. [S2] 4.11]).

Proposition 4.3. Let the notations be as above. Assume that m is sufficiently
divisible. Then we have

Shimp(oseliin) = AL 7€) D €(en)€a(e) ey 600
(c1,61)EM

4.4. We will describe the set of F-stable irreducible characters of GF™ in the case
where m is sufficiently divisible. Let {s} be an F-stable class in G*, and we assume
that s € T*. As in the case of GF', one can find § € T* such that 7($) = s and
that the class {s} is F-stable. Hence F'($) = s for F/ = Fw;. We choose m large
enough so that § € T*F™ and that F™™ acts trivially on ,. For each F € W, we
denote by Min;) and 7 (m E) the set M g and 7 g as given in 1.4, but replacing F’
by F™. Then £(GF™,{s}) is a disjoint union of various ’];()E), and the latter set is
in bijection with M(m) By our assumption on m, we have ﬂin,;) =W pxQE.

Let us define a subset M, g of ./\/l( by Mg g = (2 g ) % Qf/E, where (QQE)F
means the set of F/-stable 1rreduc1b1e characters of Qg g. Then by [S2] (4.6.1)], the

’
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set (7;(7,3))F of F-stable irreducible characters in TS(’E) is parametrized by M g,
and so E(GT", {s})¥ can be described as

(4.4.1) EGF" {s)HF = I M.e
Ee(W(/Qa)"
In the case where (s, E) is of the form 2.8 (a), the set 75 g is also parametrized in
terms of M n. Since m is large enough, ’];(7;) is parametrized by ﬂiﬂ;\; = A\ x A}.

Then under this parametrization, (TS()%L))F is parametrized by AY x (A{)F.

4.5.  We define a pairing { , } : My g x My g — Q} as follows. For x = (n,2) €
Mspandy=(n,2) e Mg,

(4.5.1) {wy} = 106 () (2).

(Note that n € (QQE)F/ can be viewed as a character of the group (Qs.g)r.)
We define a function R, € C(G¥'/~) for each x € M, g by

(4.5.2) Re= > A{z,y}py.

yeﬂs,E

In the case where (s, E) satisfies the property in 2.8 (a), the set 75 g is also
parametrized by My n = (A\)r x (A})”, and we have a bijection between M, g
and M,y by 2.7. Put M, x = Af x (A})F. Then the set (7,'5))F is parametrized
by M n. By modifying the argument in 2.7 appropriately to the situation in
GF™ | we have a bijection between M, g and M, . Let 6y be the linear character
of Zr,(A\)¥ obtained by restricting A(ps r) to Zr(A\)F". The linear character 6 of
Zp(M)F™ is also defined by using the Shintani descent of Z; (\) (cf. 4.2). We say
that 0 (resp. ) is the linear character associated to M n (resp. M; y).

We define a pairing { , } : My n X MS,N — Q;‘ for z = (¢,§) € My n and
Y= (Clagl) € MS,N’

(4.5.3) {z,y} = |AL71E()E (o).

Then the bijections M g ~ M, y, etc., are compatible with those pairings. This
property was used in [S2| 4.11] to connect almost characters defined in terms of
MS,N to that of WS,E (in the case where 6 = 1, but the proof was omitted there).
We give a proof of this property.

Lemma 4.6. Assume that (s, E) is as in 2.8 (a). Then under the bijections
MS,E = Ms,Na (77,2) Ad (Ca 5) and MS,E = Ms,N; (77/32/) hd (6/75/); we have

QF " (=) (2) = | AR |7 ()E (c).

Proof. By our assumption, we have Qf ;E =0F " It follows from the parametrization

of Irr GF in 1.6 and 2.7, we see that |QF| = |A¥|, which coincides with the number
of irreducible components in p; g|gr. Thus, in order to prove the lemma, it is
enough to show that

(4.6.1) n(z') =¢'(c), n'(z) =¢(d).
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We recall the bijection Mg ~ M,y given by h : (Q5)p — (AD) and f :
Q)N — (A\)p in 2.7. A similar construction gives bijections

hoQs — fl;\\, h' (QS)F/ - (A;\\)F’

0 — Ay, f”:(QQ)F/—Jf,
and B x f" ()T x QF — AF x (A3)F gives the bijection M, g — M y.
We have inclusions (€2,)F < Q,, (Q))F < Q) and natural surjections Q, —
(Qs)p, Q) — (QF)*. Also, we have inclusions (ANF — ALY AF — Ay, and
natural surjections (Ay)" — (A{)N, Ay — (A))F.

We want to show that the maps h, b/, h” and f, f/, f" are compatible with various

inclusions and surjections given above. First we note that the map h : (Q)p —

(AF)N is compatible with the extension of the field, i.e., the following diagram
commutes:

Q) —— (A"

(4.6.2) T T

() — (AF,

where F* is the map such that F*(3) = s and that F* acts trivially on €, and on
Ay. h0is a similar map as h defined by replacing I’ by F*.

We show (4.6.2). We choose m large enough so that m is divisible by k. Let
Y, Yz, Yl be the maps given in 2.7 with respect to F'. Let y € () g+ such that its
canonical image in () g coincides with . We may assume that © = ¢ € Ng«(T).
We denote by ¢y,1/)y,¢’y similar maps constructed by using F* instead of F’. In
particular, @Zgj is the linear character of GF™ corresponding to z, € Z g:ﬂ such that
§7Yisi™ = 2, F*(z,71). Since z,F*(2,7!) = 2, F(2; 1), one can choose z, and z,
so that they satisfy the relation

zp = 2y F(z) - F*71(2,).

It follows that

e = wyF71(¢y) B 'FﬁkJrl(wy)'
Put 4, = Shpm g (). Since ¢, = Shym /pr (1), we have

w; = %F*I(%) o 'FﬁkJrl(wy)a
and ¢, = Shpkp(1)). We shall compute the value 1, (t) for t € TF. Take a € T
such that t = F*(a)a™!, and put £ = a~*F(a). Then f € TF" and we have

Ve (t) = () = Yy (FF (1) - F* (D) = ¢y (a7 F¥(a)) = ¢y (1)

since a1 F¥(a) = FF(a)a™! = t. It follows that
(4.6.3) Valrr = Yylrr.

Now for ¢ € ALY one can choose a representative ¢ € Z1,(\)F of ¢ so that ¢ € TF.
Then by (4.6.3), we have

h(@)(c) = a(¢) = 1y (¢) = h"(y)(c).
This proves the commutativity of (4.6.2).
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Next we show that the map f : () — (A\)p is compatible with the extension
of the field, i.e., the following diagram commutes:

@ L (Ayp
(4.6.4) T
(@) L (Ao,

where f0 is a similar map as f defined by replacing F’ by F*.
In fact, we consider the following diagram:

GF/GF s Zp —T2 (A)F

(4.6.5) Newe | | |
Gt art Tz (Ax)pe,

where T3 0 11 = fa, ) o) = 9 and the second and the third vertical maps are
natural surjections. This diagram turns out to be commutative. In order to show
this, it is enough to see the commutativity of the left square. Take g € GF and
write it as g = g1z with g1 € G,z € Zz. Then one can find 8 € G,y € Zz such that
g1 = F¥B)B7Y, 2 = FF(y)y~t Put gy = B71F(B),2 = v~ F(v). Since v € Zg,
we see that § = g2 satisfies the condition that Npk/p(g) = ¢g. Hence we have
m1(9) = g1 'F(g1) = 2F(z7") and 79(g) = 2F*(¢7"). But by using 2 = 7~"F(v),
we see easily that zF(z71) = 2FF(271). This shows that the diagram (4.6.5) is
commutative.

On the other hand, since the map f5 : QSF/ — Zg* is compatible with the

0
o

inclusions QSF/ — ka’ Zg* — ng', we have the commutative diagram:
GFIGF —— (@F)
(4.6.6) NF,C/FT T
CN;F’“ /GFk - (QF’“)/\.

The commutativity of the diagram (4.6.4) follows from (4.6.5) and (4.6.6).
Finally, it is easy to check that the maps h’, h” are compatible with (Q4)% "0,
and (A{)F — A% and the corresponding results hold also for f’, .
Now by using the commutativity of h,h’,h” and f, f’, f”, one can check that
(4.6.1) is reduced to showing that

(4.6.7) Assume that F(s) = s, and that I acts trivially on {2, and on Ay. Then,
for (n,z) € Q) x Qg and (¢, &) € Ay x AL, we have n(z) = £(c).

But (4.6.7) is proved in a similar way as the proof of Lemma 3.16 in [ShS], where
a similar problem for (Ts(yg))F * is discussed. Thus Lemma 4.6 is proved. d

The following result gives a description of the Shintani descent of G¥" in the
case where m is sufficiently divisible. In the following, we denote by p&m) the F-
stable irreducible character of G belonging to the set (7;(23))1? corresponding to
S MS,E-
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Theorem 4.7 ([S2| Theorem 4.7]). Assume that m is sufficiently divisible. For
each pS!") € (r GF™)F corresponding to © = (1,2) € Mg g, we fir an extension
™ of p™ to GF" (o). Then we have

ShF’"/F(p(m) lgrm o) = palla,

where i, is a certain rot of unity. In the case where (s, E) is in (a) of 2.8, py i
given by an m-th root of unity of 0(¢=1)&(c™t) under the correspondence (1, z)
(¢,€) (see 2.2 and 4.5 for the notation).

Remark 4.8. p, is not given explicitly in [S2]. But the determination of y, is

reduced to the case where (s, F) is in (a) of 2.8. In this case the extension [)ém) of

pé’") is determined by the extension 1:0(?)9 of Fé??g for x = (¢, &) € M n, which is
determined by the choice of p. g¢ as in 2.2. Then the argument in 4.11 in [S2] gives

the description of i, = pic 0.

4.9. Let L be a Levi subgroup of a standard parabolic subgroup P of G containing
T. Let § = 6™ be an irreducible cuspidal character of L¥". Let W = N¢(L)/L,
and put

Ws = {w e W | "5 =6},
Zs={weW|F*s =5}

W; is naturally regarded as a subgroup of W, and according to Howlett and Lehrer
[HL], W5 can be decomposed as W5 = W9, where WY is a normal subgroup of
Ws which is a reflection group with a set of simple reflections associated to some
root system I' C X, and {25 is given by

ng{w6W5|w(F+)CF+},

where I't = I' N X7 is the set of positive roots of I'". Assume that Z; # 0.
Then Zs can be written as Zs = wsWs for some ws € W. We choose ws so that
Fws(I't) € I'", and let ws € Ng(L) be a representative of ws. Note that this
condition determines ws only up to the coset of Q5. Let v5 : Ws — Ws be the
automorphism induced by the map Fwgs. Then 74 stabilizes Wg. Let )7\75 = Ws(vs)
be the semidirect product of Ws with the cyclic group generated by 5. We denote
by (Wj4')7 the set of vs-stable irreducible characters of W.

Let Ps = Indgim § be the Harish-Chandra induction of §. We review the results
from [S2, 3.5, 3.6]. The irreducible characters of G¥" appearing in the decompo-
sition of Pjs are parametrized by Wj. We denote by pgp = pfgm) the irreducible
character of G¥" corresponding to E € W{. Let M be the subgroup of Ng(L)
generated by L and w € Ws. Then it is known ([G] [Le]) that § can be extended
to a representation 5 of MF™ . Fig stabilizes M¥"™ , and the restriction of Fis on
MF™ is written as owgs. Fibs stabilizes 5 and one can extend ¢ to a representatlon
of MF" (o1irs). We fix such an extension of 5 and denote it also by 5.

Now we have an action of F' on Ps. pp is F-stable if and only if E € (Wi)s.
The choice of an extension E of E to Ws-module (and of 0) determines an extension
of pg to GF™ (o), which we denote by pz. We consider the Shintani descent of p.
Then by Theorem 3.4, one can write Shpm/p(pglarmo) = ppRE, where Rp is a
certain almost character of GF', and 7 is aroot of unity depending on the choice of
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E. Similarly, for each y € W, 6 is a character of LF™ (ocwsy). Hence the Shintani
descent of § can be written as

S'hpm/pwéy(é\megww) = /J/&yR(S’y
where R, is the almost character of LF®s9  and 15 is a root of unity depending

on the choice of § and on .

Now the twisted induction Rf(w) : C(LF% /~) — C(GF /~) is defined as in [S2]
3.1]. By using the specialization argument of the Shintani descent identity (see [S2,
Remark 4.13]), we obtain the following.

Proposition 4.10. For each w = wsy € Zs, we have

Rg(w)(ﬂg,ypté,y): (Z TI"(W’(S%E)NERE
Ee(W§)7s

Remark 4.11. The formula in [S2, Remark 4.13] contains a linear character ¢ :
Ws — {%£1},y +— &, which is trivial on 5. However, we have ¢ = 1 in our
case. In fact, since € is a character of Wg, € is determined by the corresponding

formula for Rg(w with y € Wg. In that case, the formula is nothing but the

) -
decomposition of the Deligne-Lusztig character Rg (0) into irreducible characters

for some 6 € (T;F )N, and the assertion is verified by using the explicit description
in 1.4.

5. UNIPOTENTLY SUPPORTED FUNCTIONS

5.1. Let Gupni be the unipotent variety of G. Let Zg be the set of all pairs (C, €)
where C'is a unipotent class in G and £ is an irreducible G-equivariant local system
on C. If we fix u € C, the set of G-equivariant local systems on C'is in bijection with
Ag(u)™. Thus the pair (C,£) is represented by the pair (u,7) for 7 € Ag(u)”. Let
M be the set of triples (L, Cy, &), up to G-conjugacy, where L is a Levi subgroup
of some parabolic subgroup P of G, and & is a cuspidal local system on a unipotent
class Cy in L. It is known by Lusztig [L.2, 6.5] that there exists a natural bijection

(5.1.1) Ig~ I e/,
(L,Co,E0)EMg

which is called the generalized Springer correspondence between unipotent classes
in G and irreducible characters of various Coxeter groups. (Note that Ng(L)/L
is a Coxeter group for any (L, Cy, &) € Mg.) The set M gives a partition of
Za. A subset of Zg corresponding to some triple (L, Cy, &) € Mg is called a
block. The correspondence in (5.1.1) is given more precisely as follows. For each
triple (L, Cy, &), one can associate a semisimple perverse sheaf K on G such that
End K ~ QW] with W = Ng(L)/L. Let Kg be the simple component of K
corresponding to £ € W. Then

(5.1.2) Kgla,,, =1C(C,&)[dim C + dim Z?]
for some pair (C,€) € Ig. The correspondence (C,€) < E gives the required
bijection.

Now F acts naturally on Zg and Mg by (C,€) — (F~1(C), F*€), (L, Co, &) —
(F~YL),F~YCy), F*&). Let (L,Co,&) € ME and Iy the block corresponding
to it. Then one can choose L an F-stable Levi subgroup of an F-stable parabolic
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subgroup P of G. In that case, Cy is an F-stable unipotent class and & is an
F-stable local system. Then F' acts on W, and we consider the semidirect product
W= W(c) , where ¢ is the automorphism on W induced by F'. For eacht = (C,€) €
Ty, we put K, = Kg if 1 = (C, &) corresponds to £ € W” under (5.1.1). Then K,
is F-stable if and only if F is F-stable. We choose an isomorphism ¢g : F*&y ~ &
so that it induces a map of finite order at the stalk of each point in CZ'. Then it
induces an isomorphism F*K ™~ K, and by choosing a preferred extension of F to
W, induces an isomorphism ¢g : F*Kg ™~ Kg. Since H* (Kg)|c = £ with ag =
—dim C—dim Z?, ¢ induces an isomorphism F*& ~ €. We define ¢, : F*€ ~ € by
the condition that ¢(®0+7)/24), coincides with the map ¢ : F*H% (Kg) ~ H (Kg),
where r = dim supp Kg. Note that we have

ap +r = (dimG — dim C) — (dim L — dim Cj).

Then by [L3, 24.2], ¢, induces a map of finite order at the stalk of each point in
CcF.

5.2. Let Vg = C(G¥ /~) be the space of GF-invariant functions on G, and Vy;
the subspace of V¢ consisting of functions whose supports lie in GZ .. For each pair
1= (C,€) € Ig, we define Y, € VI . by

uni

Y,(v) = {ﬂ(m,a,) o CF,

0 otherwise,

where &, is the stalk of £ at v. Then {)), | « € Zg} gives rise to a basis of Vy,;. We
have a natural decomposition

(521) Vuni - @VIW
Zo

where Zy runs over all the F-sable blocks, and Vz, is the subspace of Vy,; spanned
by Y, for ¢ € Z.

Let Zp be an F-stable block associated to the triple (L, Cy, &). We assume that
L is an F-stable Levi subgroup of an F-stable parabolic subgroup of G. We denote
by L, an F-stable Levi subgroup twisted by w € W = Ng(L)/L. For a pair
1= (C,&) € Ig, we put supp (1) = C. For each ¢,// € I, put

_ —1_—(codim C+codim C’)/2+dim Z9
W, =W| ¢ ( )/ L

5.2.2 _
(5:2.2) <GP ST (297 17 T (w, B,) T (w, By,

weW
where C' = supp (+),C’ = supp (V), and E,, E,, € W" are the ones corresponding
to ¢, via the generalized Springer correspondence. If ¢,i/ € ZE are not in the same

block, we put w, ,» = 0.
For K, = Kg, put ¢, = ¢ . We define X, € Vi by

X(g) = D (=T Tr (¢, Hy (K))g 2 (g€ GLy).
a
We define an equivalence relation ~ in Zg by ¢ ~ «/ if supp ¢ = supp /. Also
we define a partial order on Zg by « </ if supp ¢ C supp ¢/. Assume that ¢ € ZF'.
Then it is known that X, can be written as

(5.2.3) X, => PuY,

VETy
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where P,/ , € Z. Actually there exists a polynomial P, ,(t) € Z[t] such that P, , =
P, .(q). Moreover, Py, =01if o/ L vorif /' ~¢,// #¢. P,, = 1. In particular,
{X, | v € IL'} gives rise to a basis of Vz,. Moreover, we have

(5.2.4) (X, XY gr = |G|l .

5.3. Take (L,Co, &) € MF. In our case (i.e., G is given as in 1.1), Cy is the
regular unipotent class in Ly. We choose ug € Cf as Jordan’s normal form, and
define ¢g : F*Ey ~ &y by the condition that it induces the identity map on the stalk
at ug. Let Zg be the block corresponding to (L, Cy, &). For v = (C,€) € I, we fix
u; € CF in Jordan’s normal form. Ag(u1) is abelian, on which F acts naturally.
The set of G¥-conjugacy classes in C* is in bijective correspondence with the group
Ag(uy)p. We denote by u, a representative of the G¥-class in CF corresponding
to a € Ag(u1)r. Assume that £ corresponds to an F-stable irreducible character
7 € Ag(u1)”. We define a function Xy, » € Vuni by

(g) = 7(Uqa) if g ~gr Ug,
Xunrl9) =1 ifgdCF.

The following result determines the function ), explicitly.

Proposition 5.4 ([S3]). Assume that c = (C,&) is represented by (u1,7) as above.
Then we have Y, = Xy, -

5.5. By making use of the map log : Guni — gnil (see 2.1), we identify Vyp; the
space of GF-invariant functions gfj,. Then the function ), can be regarded as
a function on OF, where O is the nilpotent orbit corresponding to C' such that
C = supp (¢). For each F-stable nilpotent orbit O, we choose a representative
N € OF via Jordan’s normal form corresponding to u; € C¥. Let {N, N* H} be
the TDS-triple. Then the associated parabolic subgroup Py and its Levi subgroup
Ly are defined, and we have the group A\ = Zp,(\)/Z] (\) as in 2.1. For
¢ € (A))r, we consider the twisted element N.. Then the generalized Gelfand-
Graev character I, associated to IV, is defined as in 2.1, which gives an element of
Vuni- Now Lusztig gave a formula expressing I in terms of the linear combination
of X, as follows.

Theorem 5.6 ([L7, Theorem 7.3]). Let Zy be an F-stable block corresponding to
(L,Co,&0). Let (I,)z, be the projection of I, onto the subspace Vg, in (5.2.1).
Then

L)z = Y. /“IGHIWIT D Tr(w,B,) T (w, B, ®¢)
(561) Lyt L1 €Ly weWw
X |Zg§|PLI7L(q_1)ny(—NC*)XL1,
where
f(t,01) = — dimsupp (¢1)/2 + dim supp (¢)/2
—dim Oy /2 + dim(G/Z}) /2,
and (z, is a fourth root of unity attached to the block Iy. ¢ is the sign representation

of W (cf. |LT, 5.5]).

Remark 5.7. The restriction of the Fourier transform of X, (¢ € Zy) on gp; coincides
with &, up to scalar. The fourth root of unity {7z, occurs in the description of this
scalar (JL7, Proposition 7.2]). (z, depends only on the pair (Cy, &) and does not
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depend on G. In our case, Zj is always a regular block, i.e., Cy is the regular
unipotent class in L. In such a case, Digne, Lehrer and Michel [DLMI], Proposition
2.8] determined the value (7, explicitly.

5.8. In order to apply the formula (5.6.1), we need to describe —N for a nilpotent
element N € gf'. Since —N* € g¥" is G-conjugate to N, one can write —N* = N,
for some ¢y € (Ax)F, i.e., Ngy = Ad(ag, )N with a;olF(aCO) = ¢o. We consider
N, for ¢ € (A))p. Then N, = Ad(a.)N with o 1F(a.) = ¢. Since Zg — A, is
surjective, we may choose ¢ € Zg. Now —N[ is obtained as —N} = Ad(a.)(—N*).
Hence —N/ is G¥-conjugate to Ad(a.ae,)N. But since ¢ € Zg, we have
(etiey) L F (e, = ozgolc'F(ozco) = ¢ép,
It follows that —N is GF-conjugate to N,

5.9. Following [L2l [LS], we describe the generalized Springer correspondence for
G explicitly. Let n’ be the largest common divisor of n1,...,n, which is prime to
p. Then Zg is the cyclic group of order n’. Let u = u, be a unipotent element in
G corresponding to p = (u1, ..., ), where p; = (i1 > pui, > -+ ) is a partition of
n;. Put nj, be the greatest common divisor of n’ and {y;;}. Then Ag(u) is a cyclic
group of order n/,. For each 7 € Ag(u)", Za/Z¢ acts on the representation space
V; of 7 via the homomorphism Zg/Z2 — Ag(u). For each n € (Zg/Z&)", we
denote by Ag(u); the set of irreducible characters 7 € Ag(u)" such that Zg/Zg
acts on V; via the character n. We have

1 if d|n),,
0 otherwise,

(5.9.1) Ag(u))| = {

where d is the order of . Now the generalized Springer correspondence in (5.1.1)
is described as follows: We have a partition

Ig = H (Zg)n,

ne(Za/28)"

where (Zg)y, is the set of pairs (u,7) with 7 € Ag(u);. Note that 7 is uniquely
determined by w if (u,7) € (Zg), by (5.9.1), which we denote by 7(u). For each
n € (Za/ Zg)A of order d, there exists a unique Levi subgroup up to conjugacy such
that the type of L is Ag—1+---+A4—1, and a unique cuspidal pair (L, Cy, &). Here
Cp is regular unipotent in L and for ug € Co, Ap(ug) ~ Z1,/Z2. & is the unique
local system on Cj corresponding to ng € (Z1,/Z%)" such that ngo f = n for a natural
homomorphism f : Zg/Z% — Z1,/Z?. Then Ng(L)/L ~ Spya X x 6, /g, and
the map E, — (uqu, 7(uqu)) (dp = (dpgj) for p = (pi;)) gives the generalized
Springer correspondence

(5.9.2) (Na(L)/L)" ~ (Za)y-

5.10. Assume that G = él X - X ér with ny = --- = n, = t. In this case, n’ is
the largest divisor of ¢ which is prime to p. From the description of the generalized
Springer correspondence, the partition of Z¢ into blocks is nothing but the partition
of Z¢; into (Z¢),. Assume that Zy = (Zg), with n € (Z¢/Z2)" of order d. We shall
make the formula (5.6.1) more explicit in the case where N is regular nilpotent,
i.e., where I, is the modified Gelfand-Graev characters.
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Lemma 5.11. Let G be as before. Assume that N is reqular nilpotent. Then for
any v € Iy = (Zg)y,

q(dim Z9 —codim supp (L))/2<1T0177(CCO)71 ’Lf E, =e¢,

0 otherwise.

(Te)zy, Xo)gr = {

Proof. We apply the formula (5.6.1). Since —N} is regular nilpotent, the nonzero
contribution of Y,/(—N}) occurs only when supp (¢') = O, the regular nilpotent
orbit. By 5.8, =N} is GF'-conjugate to N,.,. Since Ag(N) ~ Zg/Z%, we see that
/' = (N,n) under the identification n € Ag(N)". This implies that V,/(—N}) =
n(cco) by Proposition 5.4. On the other hand, since supp (¢') = On, Py, = 0
unless ¢ = ¢/, and we have P, , = 1 by the property in 5.2. Moreover, under
the generalized Springer correspondence, F,: is the identity character of W. Thus

(5.6.1) can be written as

(Ie)zy = nleeo)™ Y g/ IWIT S | 298| Tr (w, B, @)X, .
11€Zo weW

Now by (5.2.2) and (5.2.4), we have
<(FC)I()7XL>GF _ Cz_oln(CCO)71|W|72 Z q(dimngcodimsupp(L))/2

11€7Zo
x> 2PN ZRE | e (w) T (w, E,) Tr (W, E,,) Tr (w', B,)
w,w' EW
i 9 _codim su L — — —
= qldim Zz —eodimsupp ()2 U (ceo) W[ Y e(w) Tr (w, E,).
weW
The lemma follows from this. O

For later applications, we also consider the general case where N is arbitrary.

Lemma 5.12. Assume that N is an arbitrary nilpotent element.

(i) For any v € I{', we have
<ch XL>GF - g(b/’L)CI;lPL”,L’ (q_l)yL”(_N:)a
where
g(¢',1) = (= codimg supp (') + dim Z1,) /2 + (dim supp (¢) — dim Oy) /2

and ' € Ty is such that E, = E, ® ¢, " is the unique element in Iy such
that supp (¢") = On.

(ii) ¢(dimsupp () =dimsupp ()2, (+-1) is a polynomial in t. It is divisible
by t if " £

(iii) There exists the ring of integers A of some fized cyclotomic field indepen-
dent of the field Fy such that

<FC7XL>GF c q(dim Z1,—codimg supp (L))/ZA
Proof. First we show (i). By applying Theorem 5.6, we have
(Lo Xdgr =Lz X)r = 3 a0 W

LRt

X Z Tr (vaL’)Tr(waEb1)5(w)|Z05|PL”,L’(q_l)yL”(_Nc*quaXL>GF'
weW
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Substituting (5.2.4) into (X,,, X,) ;r, we have

<FC7XL>GF — qu(U’L)Ci)l‘W‘_Q

P

x> 1298298 _I(ZTr(w,Ebl)TT(w’,Ebl))

w,w’ EW
x e(w) Tr (w, B,) Tr (w', B,) Py (g~ )V (= NF)

_ qu("’%‘%l(lwll Z Tr (w, B,/ ®a)ﬂ(w,Eb)>

weW
X Py (@) (—N7)

with g(¢/,¢) as in (i). Hence in the sum, the only ¢/ such that E, = E, ® ¢ gives
the contribution. On the other hand, the condition Y,»(—N}) # 0 implies that
supp (¢") = On. It follows that

<-rca XL>GF = qg(L/’L)CfOlPL”,L’ (qil)yﬂ/ (=Ng),

where ¢ is the unique elements in (Zy)¥" such that supp (:”) = On. This proves
the first statement.

Next we show (ii). We may assume that G = SL,,. By the generalized Springer
correspondence (Zg), < &,,/4, we have supp () = Oy and supp (+") = O, where
A, v are partitions of n such that each part is divisible by d. Put ¢/ = vy, = ¢,.
We denote by A/d, ;1/d the partitions of n/d obtained from A, p by dividing each
part by d. We consider the group GL,/q and nilpotent orbits Oy /4,0, /q of gl, /4
We have a polynomial P, ., , associated to GL, 4, defined in a similar way as
P,, .., where ¢,/4,t5/q4 are elements in Zgy,, ,, corresponding to Oy /4, O, ¢ under
the Springer correspondence. Then it is known by [DLM2], Theorem 8.1] that

V! ,L”

t(dim O, —dim OA)/QPL N (t) _ t(dimO“/d—dim Ok/d)/QPL P L,\/d(t)~
oy w/ds

It follows that

4(dim Oy —dim O“)/QPL;“L)\ (171) = ¢(dimOx/a=dim O,a) /2 p ).
But the right-hand side of this formula coincides with the Kostka polynomial
K/ dua(t) associated to partitions A/d, pu/d of n/d (cf. [M] III]), hence it is a
polynomial in ¢. Then the second assertion of the lemma follows from the well-
known properties of Kostka polynomials.

Finally, we show (iii). We may assume that {z, € A and Y,»(—N}) € A. Thus
(iii) follows from (i) and (ii). The lemma is proved. O

L,u/deA/d(

6. CHARACTER SHEAVES

6.1. Following [L3], IV], we review the classification of character sheaves in the case

of type A. So let G be as before, and we denote by G the set of character sheaves
on G. Let S(T') be the set of local systems of rank 1 on T such that L& ~ Q; for

some m prime to p. Then for each £ € S(T), the subset Gr of G is defined, and

we have
¢= [ G-
L£ES(T)
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For each £ € S(T), we put Wy = {w € W | w*L ~ L}. Then there exists
a subroot system X, of Y, and W, can be written as W, = Q, X Wg, where
Wg is the reflection group associated to the root system X, and Q, = {w €
We | w(Ef) = Xt} If £ € S(T) is F™-stable for some integer m > 0, we fix
an isomorphism ¢ : (F™)*L£ ~ L so that it induces an identity map on £; (the
stalk at 1 € TF m). Then the characteristic function x4 gives rise to a character
6 € (T*™)", which induces an isomorphism between S(T)" and (77" )". Thus we
have S(T)F" ~ (T*)F™. Since this isomorphism is compatible with the extension
of the field Fym, we can identify S(T') with 7™ in this way. Now assume that
L € 8(T) corresponds to s € T*. Then we have W, = Wy, W2 = W2 and Q, = Q4
in the notation of Section 1.

In [L3} 17], families in (W2)" and in W) were introduced. In our case, W2 is
a product of symmetric groups and a family F in (W2)" is of the form F = {E}
with E € (W2)". Let Qz g be the stabilizer of E in 2. Then E can be extended

to a character E on Qr, pW2. (We choose a canonical extension so that for each
o € Q¢ g, E gives the preferred extension of E to (o) W.) For each 6 € Q} p,

put Ep = IndQﬁWL (9 ® E). Then Ey is irreducible, and the family F’ in W,
associated to F con51sts of {Ey| 0 ¢ Q7 g} Put

M[;’E = Q[;’E X QQ,E'
We have an embedding F/ < M g by Eg — (1,6).

6.2. For each £ € S(T) and w € W, we choose a representative w € Ng(T).
By L3, 2.4], a complex K% € DG is defined. The set G is defined as the set of
character sheaves A such that A is a consistuent of ? H(KZ%) for some w € W, and

some i € Z. Let E € (W2)" and Ey € W) be as in 6.1. We define
S WY Ty By Y (1) (),
yeW, 1

which is an element of the subgroup of the Grothendieck group of the perverse
sheaves on G spanned by the character sheaves of G.

By [L3l Corollary 16.7], a natural map from G to the set of two-sided cells of
W, was constructed. We denote by G .7 the set of character sheaves A € G ¢ such
that the corresponding two-sided cell coincides with F'. In our case, the family 7’
is determined by the choice of E € (W2)". Thus, we write GL Fr as GL g. We
have the following partition of G c

Ge= ] Gew
Ec(W)"N/Qr

The following result gives a parametrization of G.

Proposition 6.3 (|L3| Proposition 18.5]). There ezists a bijection @L,E — M¢ g,
A & (z4,04) satisfying the following property: for any 6 € QQ,E,

(A: Rée) = Q. p| teab(za)t,

where e 4 = (—1)!®4) (1 is the restriction of the length function of W to Qr ).
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6.4. Let Go be the set of cuspidal character sheaves on G. We shall describe the
set Go explicitly. By Lemma 18.4 and by the proof of Proposition 18.5 in [L3], G C
contains a cuspidal character sheaf if and only if W2 = {1} and Q, = W, is a cyclic
group generated by a Coxeter element in W, which is isomorphic to Zg/Z2. They
are indexed by the pair (z, z) where x is a generator of Oy and z is a representative
of Zg/Z2. In particular, G is of the form G = G1 X oo X GT, where G ~ GL;
with ¢ = n/r. Also we note that the character sheaf A, , corresponding to the pair
(z, z) has its support in ZZ% X Guni- Under the parametrization in Proposition 6.3,
this is also given in the following form.

(6.4.1) Let G be as above. Assume that W2 = {1} and that Q. is a cyclic
group generated by a Coxeter element, which is isomorphic to Zg/Z2. Hence
Me g =QrxQp. Let (CA?L)O be the set of cuspidal character sheaves in @5. Then
we have R

(Gﬁ)o = {Am,e | X € Q[;’o,@ S Qg},

where {1z o is the set of € Q0 such that z is a generator of €.

6.5. The set (@ £)o is also given in terms of intersection cohomology complexes as
follows. Let C' be the regular unipotent class in GG, and we choose a representative
u; € GF. For each z € ZG/Z?;, we choose a representative z € Zg. Then 2C is a
conjugacy class of G containing Zu; and the component group Ag(Zuq) coincides
with Ag(u1) ~ Zg/Z%. We denote by &, the irreducible local system on 2C
corresponding to n € Ag(3up). Put ¥ = 2Z2C = Z2 x :C, and consider a
local system Q; K &, on X associated to (z,1) € Zg/Z2 x Ag(3u1)". We define a
perverse sheaf A, , on ¥ by

6.51) A, =1C(¥,Q KE,)dimX] = Q, KIC(:C,&,)[dim Z2 + dim C].

Then A, € G. Let € be a local system of G of rank 1 obtained as the inverse
image under the map G — G/Gqer of a local system & € S(G/Gaer). We have
E®A,, € G. Let Ag(Zuy)) be the subset of Ag(Zuq)” consisting of faithful
characters of Ag(2u;1). Then we have

(6.5.2) Go={E®@A.,|z€Za/2% n€ AcGur)}),E' € S(G)Gaer)}-

We now consider the F,-structure of G, and let GF (resp. @5) be the set of
F-stable character sheaves (resp. F-stable cuspidal character sheaves) of G. The
regular unipotent class C is F-stable, and we choose u; € C* such that u, is given
by Jordan’s normal form. Also, we can choose a representative z € Zg . Then (/?\g
is given as

(653) G ={E@A., | 2€(Za/28)" 0 € (Aa(2u1)) €|z F-stable}.

Put y = (2,7), and assume that A, = A, , is F-stable. We have F*&, ~ &,, and
choose an isomorphism ¢q : F'*&,, ~ &, by the requirement that (g induces an iden-
tity map on the stalk at Zuq € (20)F. o induces an isomorphism @y : F*A, ~ A,.
Note that ’H*d(Ay)|ngc = QX &,, where d = dim Z2 + dim C. Then we define
¢y : F*Ay > A, by the condition that ¢, = g AimG=d)/25, — g(codim C—dim Z%)/2g50
on Hy4(Ay) (9 € (22%C)F). We denote by x, the characteristic function x4, .4,
associated to A, and ¢,. Now, for each ¢ € Zk, the left multiplication # :
C — zC induces, under the identification Ag(Zu;) ~ Ag(uy), the isomorphism
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*1C(2C, E,) = IC(C, E,) compatible with the Fg-structure. Recall that for the
cuspidal pair (o = (C,&,) € Zg, one can attach the function &,; € Vun; as in 5.2.
Then we see easily that

(6.5.4)

g(codim C—dim Z%)/2XLO (v) if g = Z2z1v with z; € ZgF,U € éF,

Xulg) = 0 otherwise.

More generally, we consider £ ® A, with £’ € §(G/Gqer) such that £[; 50, is
F-stable. Put & = 5|z'zg- The isomorphism ¢ : F*& ~ & is described as
follows. Put & = E|r. There exists an integer m > 0 such that & is F™-stable.
We choose s : (F™)*Ey ™, & so that it induces the identity map on the stalk at
1 € TF". Then the characteristic function xg, ., coincides with a linear character
e (TF m)A. Let V be a one-dimensional TF " -module affording 1. We consider
the quotient T xT* V of T x V by TF" under the action ¢, : (t,v) — (t7", t10).
Then &; is realized as the local system associated to the locally trivial fibration
FoT TV =T, (t,v) — t" 1. For # € TF, one can choose o € T such that
a?" =1 = 2. Now f~1(£Z2) can be identified with aZ2, <z V, and & is the local
system associated to fi : a«Z2 <2 v 22 with fi = flp-1(:20). Since &|:z,
is F-stable, the restriction of 1 on 222" is F-stable. Since z € ZF, ¢\ngm is
also F-stable. Hence we may assume that V' satisfies the property that F'(t)v = tv
for t € Z°F™ v € V. Moreover, since 2 € TF, we have 2 = a 'F(a) € TF" . Tt

follows that we have a well-defined automorphism F on aZ2 xZ&"" V given by
(6.5.5) F(at,v) = (F(at),v) = (aF(t), 2v)

for (at,v) € aZ xZ2&" V. The map f; is compatible with the actions of F' on
aZl x2&"" V and on 272 (the natural action). Hence F' defines an isomorphism
(pl . F*gl :) 81.

We define a character 6y € (Z2F)" by 6y = Shpmr(| zorm). Then the previous
argument implies, in view of (6.5.5), that

(6.5.6) Xer,on (221) = 0(2)00(21) (21 € Z&F).

We now define an isomorphism ¢ : F*(& ® Ay) =& @ Ay by 9o = ¢1 ® ¢y,
which is regarded as an isomorphism F*(€® A,) ~ € ® A,. We denote by x¢ , the
characteristic function xega,,g,- It follows from (6.5.6) that we have

(6.5.7) Xew(219) = V(2)00(21)xy(9) (21 € 29, gesC).

6.6. We consider the map f: Z2 < G — G/Gaer- Then f(Z2) can be identified
with Z2/Z% N Gaer, and ZQ — Z2/Z2 N Gaer is a finite étale covering. It follows
that we have an isomorphism S(Z2) ~ S(Z2/Z% N Gaer) and a surjective map
S(G/Gaer) — S(22/Z2 N Gaer). This implies that all the tame local systems (resp.
F-stable tame local systems) on Zg are obtained as the pull back from tame local
systems on G/Gqer (resp. tame local systems on G/Gger such that its restriction
on Z2 is F-stable) by the map f.

This fact can be explained in the following way from a view point of Shintani
descent. We consider a map f : ZF" — GI" — GF"/GL" for sufficiently
divisible integer m. Let 6’ be a linear character of GF'" /G4.". Then 6, = ¢’ o f

is a linear character of Z2F " whose restriction to Z "N Gget' is trivial, and all
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such characters of Z2F' " are obtained by the pull back by f from a linear character
of G /GE". We now consider the norm map Npm,p : Zof " — Z2F, which is a
surjective homomorphism with kernel K = {z € ZF" | 2F(2)--- F™ 1(z) = 1}.
Now the Shintani descent gives a bijection between the set of irreducible characters
of Z2F and the set of irreducible characters of Z%" whose restriction on K is
trivial. Since Z2 N Gqer is an F-stable finite set, we see that Z2 N Gaer C K if m
is chosen large enough. In particular, any irreducible character 8y of ZgF can be
obtained as Shpm /p(61) with 61 = 6’0 f, where 6’ is a linear character of G¥™ /GE"
such that 6; is F-stable.

6.7. Let L be a Levi subgroup of the standard parabolic subgroup P of G contain-
ing T, and put L = GNL. Assume that L contains a cuspidal character sheaf. Then
by 6.4, L is of the form L = L1 XX Lr, where L ~ GL4g %+ xGLg (n;/d-times)
for a ﬁxed d. Under the notation of 6.5 applied to L, let Ao =E&®A,, be the
cuspidal character sheaf on L, where z € Z1,/Z? and n € Ar(3u1)" with u; € C
(C is the regular unipotent class in L), and & € S(L/Lger). Let K = ind$ Ay be
the induced complex of G. Then K is a semisimple perverse sheaf whose simple
components are character sheaves on G. All the characters sheaves on G are ob-
tained in this way by decomposing a suitable K. Let & be the tame local system
on zZ? obtained by restricting £ on zZ?. Let Wj, be the Weyl subgroup of W
corresponding to L, and put

ng = {U) € Nw(WL) ‘ U)*Sl ~ 51}/WL.

Let End K be the endomorphism algebra of K in MG, and Q;[Wk, ] be the group
algebra of Wg, over Q;. We note that

(6.7.1) End K ~ Q;[Wg,].

In fact, it is known by [L3, 10.2] that End K is isomorphic to the twisted group
algebra of We,. By a general principle, we have only to show that K contains a
character sheaf with multiplicity one. Let Ay =& ® Ay, be the cuspidal character
sheaf in the case where z = 1, and put K; = = ind% P A1. We may choose a represen-
tative Z of ZL/Zg so that 2 € Zg. Then we have 2*K ~ Ki, and it is enough to
consider the case where z = 1, i.e., K = K;. But in this case, it is known by [L4]
2.4] that End K ~ Q;[Wg,]. This shows (6.7.1).

In view of the discussion in 6.6, (6.7.1) is interpreted also in the following form.
Take m large enough so that £ is F™-stable. Let 6’ be the linear character of
(L/Lger)™™ corresponding to £, and 6 the linear character of L™ obtained by the
pull back of #’. Let 6; be the restriction of # on Z%"" and put

ng = {U) S Nw(WL) | w91 = 91}/WL
Then we have

(6.7.2) We, = W, .

6.8. We keep the notation in 6.7. We denote by Ag the character sheaf occurring
as the simple component in K corresponding to E € End K. For each Ar € GF,
we shall determine ¢4, : F*Ag ™ Ap. Assume that A, , is F-stable, and put

Ze, = {w e Nw(Wr) | (Fw)"& =~ & }/WL.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LUSZTIG’S CONJECTURE 195

By [L3} II, 10.2], we see that
Ze, = {w € Nw (W) | (Fw)*Ag = Ao}/ Wy.

Now any w € Z¢, can be written as w = wg,y with y € We,. Fwg, induces an
automorphism ~g, : Wg, — Wk, . For each w € Z¢,, let L C P" be the F-stable
Levi, and parabolic subgroup of G obtained from L C P by twisting w, so that
(LY)F ~ LF% etc. (Note that this definition of L* etc. is not the same as LY given
in I3, 11, 10.6]. L* defined there coincides with our L* with w’ = F~!(w™'). The
formulas below are derived from [L3] IT] under a suitable modification.) We denote
by Ay, K" the corresponding cuspidal character sheaf on L™ and the induced
complex on G. Then we have K" = indgw Ay . By applying the arguments in 6.5 to
the Frw-stable subgroups L* C P™, one can construct g = ¢’ @@y : F*Ay ~ Ay,
where ¢V, @f are constructed from ¢ : (Fw)*&1 &1, @o @ (Fw)F*Ay ~ A, as in
6.5 (replacing F' by Fw). Put ¢¥ = ¢" ¥, where

bo = (codimy, Cy — dim Z?)/2
with the regular unpotent class Cp in L. Now ¢f : F* Ay ~ Ay induces an isomor-
phism v : F*K" ~ K™.

We look at the special case where w = wg,. Then Ag occurring in K" is F-stable
if and only if E € Wg, is vg,-stable. We fix a preferred extension E of E for each
E € (Wg )¥¢1. Then " : F*K" ~ K" induces an isomorphism ¢4, : F*Ap ~ Ag
satisfying the following formula (cf. [L3, 10.4, 10.6]). For each w = wg,y € Z¢,, we
have

(6.8.1) XKvgw = Y Tr(1e,9, E)Xappa,
Be(Wg)51

We define a normalized isomorphism ¢4, : F*Ag > Ag by ¢a, = gbo YA, In
general, for an F-stable character sheaf A = Ag, we put ¢4 = ¢4,, and we denote
by x4 the characteristic function ya 4, for A € G¥.

7. LUSZTIG’S CONJECTURE

7.1. We give a description of cuspidal irreducible characters of G¥. Assume that
MS, g contains a cuspidal character. Then there exists s, € T such that m(8z) = s,
S5 is a regular semisimple element such that Z; consists of a Coxeter element in
W. W;, = {1}, and p;, g gives a cuspidal character of GF, where E is the trivial
character of W;, = W?. We assume further that the pair (s, E) = (s, 1) is of the
form as in (2.5.1). Then W, = Q,, and €, is a cyclic group generated by wy. G is of
the form G = 61 X oo X C:’,», where éi = GL; with t = n/r for an integer ¢ prime to
p. Moreover, wg = (we, ..., w.) with a cyclic permutation w, = (1,2,...,t) € &;.
Then {s} is an F-stable regular semisimple class in G* such that Qg ~ Z/tZ, which
is unique modulo Zg~. We make the following specific choice of s.

(7.1.1) Let $ = ($1,...,5,) € T* = Ty x---xT}* such that §; = Diag(1,¢,...,¢" 1),
where ¢ is a primitive t-th root of unity in F,. Put s = 7(3).

Let s’ be a regular semisimple element such that {s'} is F-stable and that Qg ~
Z/tZ. Since they are unique modulo Zg«, s’ can be written as s’ = zs with

z € Zg«. If z € Zg*, then z determines a linear character § of G¥ under the
natural isomorphism ZE, ~ (GF/Gger)/\. The parameter set MS,E and ﬂsz,E are
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then naturally identified, and we have a bijection 75 g ~ 75, g via p, < 0 ® p, with
Yy € MS)E.

Assume that § is asin (7.1.1). We assume further that F acts trivially on Zg/Z2.
Since Zg/Z2 ~ Z/tZ, F stabilizes . Hence F(5) = $ and so F' = F. Moreover,
F’ acts trivially on Q, and we have

MS,E = Q;\ X Qs.

By 2.8 (a), M, g is in bijection with M, y. Since $ is regular semisimple, O3 for
p = ps.g is the regular mlpotent orbit. So we assume that N is regular nllpotent
In this case, PN — B and LN = T and Ay ~ ZG/ZO Since AY ~ Z/tZ, we have
Ay = Ay, and so M, n = Ay x AY. Let (A,)) be the set of faithful characters of
A,. We show

Lemma 7.2. Let $ and s = w($) be as in (7.1.1). Assume that F acts trivially on
Zc] 7.
(i) For each x € €U, we have A(ps, i) z0r = 1.
(ii) Assume further that ¢ =1 (mod 4) if t = 2. Then for each (c,&) € Mg n,
pee € Ty i is cuspidal if and only if § € (Ax){.

Proof. For each z € (Q,)p = Q, we consider p;, p € Irr GF. A(ﬁsz, ) is de-
termined from s, as in 2.4 by using an F-stable Levi subgroup M of an F-stable
parabolic subgroup of G. Assume that s, € T**F for z € Q. In the case where
N is regular nilpotent, M coincides with 7. We now choose m > 1 such that
$, € T*F™ and that (zF)™ = F™. Then by the duality of the torus, there exists
an zF-stable linear character © of TF" corresponding to $,. The Shintani descent
Shgm/xr(0) = Og gives rise to a linear character of T=F . The restriction of Oy on
zzF = ZE gives the character A(p;, g).

Following the arguments in [S2| Corollary 2.21], we give a more precise descrip-
tion of © and Oy. Since 7(5,) = 7(3) = s, there exists z, € (kerm)"" C ng such
that $, = $z,. Hence there exists an F-stable linear character O of TF™ and a
linear character w, of GF™ such that © = éwx Now there exists a decomposition
T = T1 - X TJr such that TJr are all F-stable, and = permutes the factors TJr
Accordlng to this decomposition of T, w; can be written as

1 1
Welgrm = wy M- Rw,,

1

where w; !

~ T is expressed as wl(y;) =

is a linear character of ffF . Here w;,
W (detyy) for yp € T?Fm, where @, is a homomorphism F}.. — Q;. Under the
decomposition of T into Tf, Z% can be identified with the set of y = (y1,v1,...,¥1)
(t-times) such that dety; = 1. It follows that wz|zerm = 1. On the other hand,

our choice of § implies that O is written on TF" as

O=1RaK---Ka'"!
with a® = 1. We may assume that the generator wy € €, permutes the factors YN’;F
by wo(T;") = T:H for i € Z/tZ. Put © = wy. Since © is F-stable End Ow, is
aF-stable, we see that a = (w;) ™' F(w;) = (w;)?"". This implies that O] zorm = 1.
Hence 9|Z%Fm =1, and we see that 90|ZgF = 1. This proves the first assertion.
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By the previous argument, the restriction of @ on Z£ gives rise to a character
& € AY. We know that p;_ g is cuspidal if and only if x is a generator of {2, and
that all the cuspidal irreducible characters in 7; g are obtained as the irreducible
components pee, in ps, glgr. Hence in order to prove the second assertion, we
have only to show that &, € (A)){) if = is a generator of Q. First we show the
following.

(7.2.1) Assume that © = wg. Then &, is a faithful character.

It is easy to see that w,|zrm is F-stable. Put wy = Shpm p(we|zem). Let us
G G

choose y € Zk such that the image of y in Zg/Z2 = A, is a generator of A,.
Then y = (y1,...,y1) € ZE with dety; a primitive ¢-th root of unity. By a similar
argument as in [S2, pp. 208 and 209], we see that wg(y) is a primitive ¢-th root of
unity. On the other hand, put ©; = Sth/F(é\ng). Any element z € ng can

be written as z = (21,...,21) with z; € T;—Fm and
é(z) = at(tfl)/z(zl) = (wi)t(tfl)(qfl)ﬂ(zl).

Since af = 1, we have (wl)/7=1 = 1. It follows that ©2|,rm = 1 and so O2 = 1.
Since 90|Z§ = O1wy, we see that &, is a faithful character i?f t > 2. So assume that
t=2. Lety = (y1,41) € Zg be such that dety; = —1. We have only to show that
O1(y) = 1. Take z = (z1,%1) € ng such that Npm/p(2) = y. Then it is easy to
see that Npm p(det z1) = dety; = —1. Then we have

O1(y) = O(2) = (wh)1™(21) = @1 (det 21).

Since (w})?(@=1 = 1, we may assume that (w!)?~! is a character of order 2. Hence
(@,)? ! is the unique character of order 2 of F},., and one can write as (@,)?" ! =

0 o Npm p, where 0 is the unique character of order 2 of F7, i.e., O(x) = zla—1)/2
for x € F7. It follows that

Wi (det 21) = 0(—1) = (1)@ /2 =1
since ¢ = 1 (mod 4) by our assumption. Hence we have ©;1(y) = 1, and &, is
faithful in this case also. Thus (7.2.1) is proved. _
If we replace & by a7 for some j, then we have Shpmp(wyi|zrm) = w) and
G

the previous argument shows that Shgm /i p(O]zrm) = O1w}. Since W} (y') are all
G

distinct for i = 1,...,tif j is prime to ¢, we see that £,; is faithful if j is a generator
of Q4. This proves the second assertion, and the lemma follows. O

7.3. We preserve the setting in 7.1. Removing the assumption on F', we consider
the sets M v = (Ax)F x (AL)" and M, v = AL x (AL)F, which are in bijection
with HS7E and M . Since Ay = Ay, we have M, = HS’N. Applying Lemma
7.2 to the situation in GF™, we have the following corollary.

Corollary 7.4. Assume that m is sufficiently divisible so that F™ satisfies the
assumption in Lemma 7.2 with respect to F. Let s’ be a reqular semisimple element

in G* such that My g contains an F-stable cuspidal irreducible character of GF™.
Then:
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(i) The pair (s',E) is of the from as in 2.8(a), and G~ Gy x - x Gy,
where G; ~ GL; with t = n/r, and {s'} is the unique regular semisimple
class modulo Zg+ such that Wy = Qg ~ Z/tZ. In particular, (’Z;(,"]}))F is

parametrized by My n, where N is a reqular nilpotent element in g*".

(ii) Let (AL)E be the set of F-stable, faithful characters of Ay = Zg/Z%. Then

)

under the parametrization (Ts(/n}))F = Mgy N, piwg is cuspidal if and only

if €€ (AR

Proof. Since s’ is regular semisimple, the pair (s', E) is of type (a) or (c) in 2.8.
But it is easy to see that in case (c), M g does not contain a cuspidal irreducible
character. (Note that by the Shintani descent theory, Lusztig induction RY (1)
corresponds to the Harish-Chandra induction from L¥™ to G¥™). Hence (s, E)
is of type (a), and (i) follows from 7.1. Now by 7.1, s’ can be written as s’ = zs,
where s is as in (7.1.1) and z € Zg+. We may assume that z € ng by choosing
m large enough. Thus we have a natural bijection ’];(,"}3) ~ ’1;(7;) by 7.1 under the
identification Mgrln])v = Mgn;\; Since F™ acts trivially on Ay, (ii) follows from
Lemma 7.2. O

We note the following lemma.

Lemma 7.5. Let s’ be as in 7.1 and 0 = A(py,p)|zx the linear character of zE.

Let R, , be the almost character of G¥' for (z,n) € My n under the bijection
Mg N ~ My g. Let It ¢ . be the modified generalized Gelfand-Graev character
associated to (c,&) € Mo = My n and to a linear character ' of Zg. Then we
have

n(©)€(2)|(Za/Z2)" |7 if 0’ z0r = 0] z0r,
0 if 0| 507 # 6 yor

Proof. In our case, Ay = Ay = Zg/Z%. Thus by applying (4.5.2) and (4.5.3), one
can write as

<Fc,§,9’ ) Rz,n>gl~‘ = {

Reyy = (Za/Z8) 17" > n(e)éi(2)pe e -
(c1,61)

Then by Theorem 2.6, (ii)-(b), we have

(Lego, Re)ar = (Za/28)" | 0(0)(2)

if 6’| 708 = H\ZgF. This proves the first formula. The second formula also follows
from Theorem 2.6, (ii)-(a) together with (4.5.2). O

7.6.  We preserve the notations M, y, etc. as in 7.1 for regular nilpotent element
N. Recall that £ ® A, , is an F-stable cuspidal character sheaf on G as given
in (6.5.3) for 2z € (Zg/Z2)F, n € (Ag(3u1)})F and &|sz0: F-stable. Under the
identification Ag(2u1) = Ag(u1) >~ Ay, we regard n as an element in (A{)*. Hence
(z,m) is regarded as an element in M, n. Let xg, = Xe¢,.,, be the characteristic
function of £ ® A, defined in 6.5. Also, recall the linear character 6y of zZ%
associated to £ in 6.5. Let I, ¢ ¢ be as in Lemma 7.5. We shall compute the inner
product of It ¢ o with xg ..p.
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Lemma 7.7. Under the setting in 7.6, we have
(Teg00,XE 2m) Gr
_ g eE@mleeo) (20 (2)[(Za / 22) T if 0| g0 = 0o,
0 if@’\ZgF £ 0o.

where (7, is the fourth root of unity associated to the block Iy = {1} for the cuspidal
pair 1o = (C,&,). 2 € ZE is a representative of z, and 2 is as in 6.5.

Proof. We follow the notation in 2.1. Since N is regular nilpotent, U is the maximal
unipotent subgroup of G and Zp(\.) = Zg. £° is a linear character of ZE which
is trivial on Z2F, hence it is naturally identified with & € (A)". I.¢q is given
as Ioeo = IndggUp (0'€" @ A.). Tt is easy to see that I ¢, has the support in
ZEGE . and that

(7.7.1) Foeo(2'v) = 0€(2) | ZE |71 T(v) (2 e ZzE,v e GE ).
Then by (6.5.4) and (6.5.7), we have

A<F X, > p if 9/|Z0F =0
7.7.2 Lo Xen _ el 3 )
( ) < ,6,0 X£7 777>GF {0 if 9/|Z%F % 90
with

A= q(COdimc_dimZg)/Zl/}(é’_l)el(é)f(Z)|(Zg/Zg)F|_l.

Hence we have only to compute (I, X,))or. We compute it by making use of
Lusztig’s formula (Theorem 5.6). By (5.2.4), &,, is orthogonal to any function in
V1, such that T # Zy. It follows that (I, X)) or = ((Ie)zy, Xuy)gr- But since
To = {to}, we have L = G,W = {1} and supp (1¢) = C. Hence by Lemma 5.11, we
have

< (Fc)Im XL0>GF _ q(—codim C+dimZ%)/2C£)177(ccO)_l-

Substituting this into (7.7.2), we obtain the lemma. O

7.8. Returning to the original settmg in 1.1, we consider an Fws-stable cuspidal
character § of L™ and Ps = Indppm 6 as in 4.9. We shall describe H(5) = End Ps
more precisely. By Corollary 7.4, (L 5) is given as follows: L = LN G, where L
is a Levi subgroup of G such that L = L1 X oo X L with L ~ GL; x - x GLy
(n;/t-times) for a fixed integer ¢. There exists a (unique) cuspidal character § of
L™ belonging to E(LF ,{5}), where $ is as in (7.1.1) (by replacing G by L). Then
the restriction of 4 is a sum of cuspidal characters of L¥", and 4 is obtained in
the form 6 = 0’ ® dy, where 0y is an irreducible constituent of g| prmoand 6 is a
linear character of LY corresponding to z € Z£.". By Lehrer [Le, Theorem 10],
Wy ~ Wg x Qs, where Q5 ~ Z/t1Z for some integer ¢t; > 0, and Ws acts on LE”
as a permutation of factors in the direct product. Moreover, WY is isomorphic to
the ramification group Ws of §in LF". In our case, it is easy to see that Ws is
isomorphic to W.

Now assume that d is a constituent of 8|, #=. Then § € E(LF™, {s}). Moreover,
we have Ws = W since W is a subgroup of W. Let 6 be a linear character of L "
as above. Then 0 ® § is a cuspidal character belonging to £(L¥", {zs}).

We can now prove Lusztig’s conjecture for G¥'.
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Theorem 7.9. Lusztig’s conjecture holds for G¥'. More precisely, there exists a bi-
jection between the set of F'-stable character sheaves and the set of almost characters
of G satisfying the following:

(i) For each almost character R, of G¥', we denote by A, the corresponding

character sheaf of G, and by ¢, the isomorphism F*A, ~ A, as given in
6.8. Then

XAz, 0 = Va:Rm
for a certain constant v, € Qf Here v, is a root of unity contained in a
fized cyclotomic field independent of q.

(i) Let xe ., be the characteristic function of the F-stable cuspidal character
sheaf € ® A, as given in (6.5.3). Let zy € Zg~ be the element corre-
sponding to &' € S(G/Gger). Let s be as in (7.1.1), and put s' = z1s. Let
R, ;-1 be the almost character of GT' corresponding to (z2,n7') € My n.
Then we have

XE,zm = Cj_oln(CO)ile,n—l .

Proof. Let L be the F-stable Levi subgroup containing 7' of a proper standard
parabolic subgroup P of G. By induction on dim G, we may assume that Lusztig’s
conjecture holds for any LF' where F/ = Fiy for some i, € Ng(L). Assume
that Ag is an F’-stable cuspidal character sheaf on L. Then Ay can be written as
Ay =ER® A, ,, where z € (Zp) 20 uy € CF (Cy is the regular unipotent class
in L), n € Ar(2u1)p, and £ is a local system on L such that £|;z0 is F'-stable.
By (ii), there exists an F’-stable cuspidal character ¢ of L™ associated to (2,7, )
such that the corresponding almost character of L "is given by R, ,—1. This holds
for any F' = Fw for w € Ny (W) such that (Fw)*Ay ~ Ay.

On the other hand, let & be the tame local system on Z9 obtained by restricting
€ to Z9, and let Z¢, be as in 6.8. The above discussion then shows that Zg, = Z;.
Since Z; is a coset of W; and Zg¢, is a coset of Wk, , we see that

(7.9.1) Ws = We,.

Now we, given in 6.8 coincides with w; given in 4.9, and so g, = 5. Let K, ¥
etc. be as in 6.8. Then by (6.8.1), we have

(7.9.2) Xiwge =q 3" T (Y5y, E)XAp.oay
Ee(W))s

where Ag is the simple component of K™ corresponding to E € Wé\l. On the other
hand, under the isomorphism (L*)* ~ LF% y 4w 4w € C((L")F /~) is regarded as
an element in C'(LY% /~). Then it is known by [L6l Prop. 9.2] that

im im 29 —
(7.9.3) Xicw g = (1) I OTIELRE . (7" xap 0p).

(Note that xg: in [loc. cit.] coincides with x aw yw = ¢~ " xap, . Also, we note
that (7.9.3) holds only under some restriction that ¢ > ¢ for some constant gy (see
[loc. cit.]). However, this restriction on ¢ can be removed by using a similar method
as in [SI] based on the Shintani descent identity of character sheaves. Since this
argument will appear in the proof of Proposition 9.12 in a more extended form, we
omit the details here.)

Since xaw gw coincides with the almost character R, ;-1 up to scalar, we see by
Proposition 4.10 together with (7.9.2) and (7.9.3), that
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(7.9.4) Xap,p4, coincides with Rp up to scalar.

The above argument implies that x 4,4, is identified with some almost character
of G¥ up to scalar unless A is cuspidal. So we assume that @5 % (. Let Vg
be the subspace of Vg spanned by xa,4, € @5 . Then in view of the previous
discussion, V), coincides with the subspace of Vs spanned by almost characters
of GF obtained from F-stable cuspidal irreducible characters of G by Shintani
descent. Now by Lemma 7.5, R, , is characterized as the unique function in Vj
satisfying the property of inner product with various I, ¢ ¢ for (c,£) € My n with
0= A(ﬁgl’E)|ZCF;. By Lemma 7.7, x¢ ., is also characterized by the inner product
with I ¢ 9. Hence by comparing the formulas in Lemma 7.5 and Lemma 7.7, we
see that

XE,zm = CI_OITI(CO)7117[}(271)9(2)]{2,77*1'
Here we claim that ¥(2) = 6(2). In fact, let zp be an element in Zg+ corresponding
to & € S(G/Gaer), and 29 € Zg. a representative of zp. Let ¢’ be the linear
character of GF™ corresponding to zy for a large m. The restriction of {j;’ on TF"
gives the character ¢. But it follows from the discussion on A(py g) (see 2.4) that
the restriction @Z of {5’ on ng is also F-stable, and the restriction of Sth/F(@’DV)

on ZE gives the character 6. This shows that ¢(2) = ¥(2) = 6(%), and the claim
follows. Thus we have proved

(7.9.5) XE,z2,m = CI_Dln(CO)ile,Ufl’

and the assertion (ii) follows.

In order to complete the proof, we have only to show the assertion on the scalars
v,. The assertion is certainly true for the case of cuspidal character sheaves by (ii).
In the general case, this scalar v, is given by Proposition 4.10 as v, = I/O,ug_;,ué
under the notation of Proposition 4.10, where Xavsy = voRsy, and xa, = 1/’sz
(here R, = Rg). Note that 15y and pg are determined as in Theorem 4.7, by the
choice a representative ¢ € TF of ¢ € AL (for a fixed F) and of an extension field
F,m; m is chosen sufficiently divisible so that the Shintani descent gives the almost
characters. But the argument in [S2] shows that the requirement for m only comes
from the Shintani descent of modified generalized Gelfand-Graev characters, and
so we can choose m independent of the base field F,. Hence 15, and pg are root
of unities contained in a fixed cyclotomic field (cf. Theorem 4.7). This proves the
assertion (i), and the theorem follows. O

8. PARAMETRIZATION OF ALMOST CHARACTERS

8.1. Theorem 7.9 is based on the parametrization in terms of the induction from
cuspidal character sheaves, and its counter part for almost characters. However,
in order to decompose almost characters into irreducible characters, one needs the
parametrization of almost characters given in 4.5. In this section, we discuss the
relationship between these two parametrizations. In the remainder of this paper,
we assume that G = GL, and G = SL,, for simplicity. The general case is dealt
with similarly.

We consider the following semisimple element § in é*, which is a more general
type than (7.1.1).
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(8.1.1) Let ¢ be a divisor of n prime to p. Take § € T* such that

) ) t—1 t—1

$=Diag(1,...,1,¢{,...,¢,...,¢" ..., T,
—_—— —— —_——
n/t-times n/t-times n/t-times

where ( is a primitive t-th root of unity in k. Put s = m($).

Then Wy ~ &,,/; x --- X &, (t-times), and Q; is a cyclic group of order ¢
generated by wy € W which permutes the factors of W; cyclicly. Hence W is of
the form as given in (2.5.1). We note that the class {s} is the unique class in G*
satisfying (2.5.1) for a fixed t. We now assume that F™ acts trivially on Zg. Since
F™(¢) = ¢, we have F™($) = §. Then for 2 = w) € Q,, 5, € T**F" is defined
as §, = $z, with z, € Zg. such that z¢" ~1 = §71z7 15z = Diag(¢™%,...,(7") €
Zg.. L
L~ GLg % -+ x GLq (n/d-times). Let $; be a regular semisimple element in L*
defined as follows: under the isomorphism L* ~ GLg x --- x GLg, sy, is a product

of Diag(1, (o, - - -, g_l), where () = ¢*/?. Put s;, = n(51) under the natural map

Let d be a divisor of ¢, and consider the Levi subgroup L in G such that

7w : L* — L*. Then one sees easily that there exists zp, € Z;. such that sz is
W-conjugate to 5. Here €}, is a cyclic group of order d generated by wo, € Wp,
and there exists an injective homomorphism Qg, — €, such that the image of
wo,, coincides with wé/d. For any y € Q,,, one can define (51), = éLz; for some
z, € Zg. as in the case of G. It follows that (S1)y2z is W-conjugate to Sz, If
y = (wo,r)', then (z})7"~1 = Diag(({,...,¢}), and we may choose 2], = Z,/a.
Summing up the above argument, we have

(8.1.2) For each generator y of Q,, the class {(sp)y2r} in G* gives rise to a
class {$,} for some z € € such that the order of x is d. The correspondence
{(5£)y} — {52} gives a bijection between the classes in L* associated to y € Q,

of order d, and the classes in G* associated to x € ;4 of order d.

8.2.  We write $§12;, in a more explicit way. z;, € Z7, can be written as
i =(a,...,a) witha=(1,¢,...,cY%Y) e (k)4
under the isomorphism Z7. ~ (k*)!/4 x -+ x (k*)*/? (n/t-times). Then we have
SLéL = (al, .. .,at/d_l,al, N ,at/d_l, A R .,at/d_l)
with
a; = ])ia,g(c-j—l7 Ct/d+j_l7 CQt/d-‘,—j—l, . C(d—l)t/d—‘,—j—l) c GLd

From this, we see easily that there exists wy, € Ny (W}) such that Fwy,($121) =
5121 Then Zp is also Fwp-stable modulo (Z3. )4, where (Z;.)q = {2 € Z;.

1}. We choose wy, in a standard way. Hence wy, gives the permutation of factors
in each block ai,...,a;/q—1. We put F" = Fwy. Take m large enough so that

24 —

ZL € ng Let 6 be the linear character of LF™ corresponding to 2y, € ng, and
6 the restriction of § to L. Then by Lemma 1.2, §|Z§m is F"-stable, and so
01 = 0] zorm is also F"'-stable. We put 0, = G\ng.

Let us denote by zp € L* the image of Z; under the natural map L* — L*.

We consider the parameter set ML _  (a similar set as M, x in 4.5, defined

by replacing G, F' by L, F"") with respect to the F"-stable regular semisimple class
{srzr} in L*, where Ny is a regular nilpotent element in Lie L. Let §, (= p..)
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be a cuspidal irreducible character of L¥" stable by F" corresponding to (z,7) €

$1)y%L,1 of

/N\/ISLLZL) No- Then there exists a cuspidal irreducible character 6 = p

LF" such that 4., is an irreducible constituent of the restriction of ¢ to L.
Note that § can be written as § = 6 ® ¢’ for &' = p(s,),,1- The class {sp} is
F"-stable, and there exists a cuspidal irreducible character 5;777 parametrized by
(z,m) € ML, ,, which is a constituent of §'| rm, such that 4., = 6 ® ., ,. We
consider the Harish-Chandra induction I = Indgiz (g) and its restriction I on
GF". By (8.1.1), irreducible components of I belong to (G, {s}).

By (6.7.2) and (7.9.1) we have W5 ~ Wj,. Since W5 ~ WY, we see that Wj ~
ng. We have Wy, ~ ng x Qg, , where ng is given as in
(8.2.1) ng ~ 6, XX By (t/d-times),

and Qp, is the cyclic group of order t/d generated by an element yo € WV permuting
the factors &,,/; cyclicly. Now I is decomposed as

(8.2.2) I= > (dimE)pg,,
Ele(ng)/\

where pg, is the irreducible characters of GF™. But since PE, is contained in
E(GF™ {5,}), they are expressed as ps,.p; with B € W;. The relationship of
these two parametrizations are given as follows. We have W, ~ (&, /t)t, and there
exists a natural embedding ng — W;_ via the diagonal embedding

(S/0) % = (8rye)' 22 (8pye) /T X o X (B )H 1
Then one can define a map f : (WJ )» — W/* through E; — E; X --- K E;. We
note that
(8.2.3) pp, = ps,,p; with B} = f(E) € WY,
In fact, let wy be the Coxeter element in W, and 1y a regular character of ffl ~

TFw1 obtained by the Shintani descent Shzm /Fuw, (0] 77m ). The cuspidal character
§ can be expressed as iR% (1o). Thus, I coincides with iRg(R% (v0)), and
w1 wy

G pi _ pd _ N
(8:24) RY(RL (o) =RE (o) = D Tr(w, BY)pp;.
Elew}

Then we have Tr (wy, E}) = dim By if E] = E;X---KE for some E; € (W) )", and
Tr (w1, E]) = 0 otherwise. Comparing (8.2.2) with (8.2.4), we see that pg, = pg;
for E; € (Wy,)". This proves (8.2.3).

Put 0 = d,,. Then W5 ~ Wjy,. Take £ € (W(SA)F”, and put By = Elyo. We
assume that Fy is of the form that
(8.2.5) Ey=E,R---REy e (Wy)"
with By € (&,/¢)". Then E] = f(E1) € W} satisfies the condition in (2.5.1).
Let pg be the irreducible component of Indgim § corresponding to E € (W{)F.

We denote by Rp the almost character of G corresponding to pg through the
Shintani descent. Let O be the nilpotent orbit in g associated to p = p;, g -

We choose a nilpotent element N such that O; = On. Let JSN and ZN be the
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associe/xied parabolic subgroup and its Levi subgroup in G. We put M=1 ~ and
M = M N G. We consider the modified generalized Gelfand-Graev characters I ¢
of GT" associated to (c,&) € Mg n. A similar formula as in Lemma 7.5 holds also
for the general MS, ~, which implies the following lemma. (Note that we don’t
need to consider I'; ¢ o since A(p)|z,, (nr is trivial for any p = p;, g in the case of
G = SL,, by [S2, Lemma 2.18].)

Lemma 8.3. The almost character Ry is written as R, with (2',n") € Mg n.
The correspondence E «— (2',1') is determined by computing the inner product
(I'c.e, RE) for various I'.¢.

8.4. Let Cy be the regular unipotent class in L, and £ the local system of L
corresponding to the linear character 6 of L¥™ in 8.2. Let Ay = Ag . be the
F"-stable cuspidal character sheaf on L associated to (z,m) € ML, . and €,
defined as in 6.5, by replacing G by L. Put K = ind% Ag. Then End K ~ Q;[We,]
with We, >~ Wpy,. We denote by Ag the character sheaf of G which is a direct
summand of K corresponding to E € Wj.. Put Zp, = {w € W | 0, = 6,}. Then
Zy, = wrWy,, and F”" = Fwy, acts on Wy,. For each w € Zy,, we denote by 6y’
the linear character of ZP¥™ given by Y = Shpm /gy, (61).

Let E € Wy, and Oy be as in 8.2. By Theorem 7.9 (see (7.9.4)), x4, coincides
with Rg up to scalar. Then we see that N = N, € g is of the form such that
= (p1 > po >--- > p,) with p; divisible by t. We choose N, in Jordan’s normal
form corresponding to the partition p. Then Ay = Zy(\)/Z%,()\) is a cyclic group
of order t/, where ¢’ is the largest common divisor of j1,.. ., i, coprime to p. Note
that Zy;(\) is F-stable. By our choice of $z;, and of wy, wy, acts on Zp(\), and
so we have an action of F” = Fwy, on Zp;(A).

There exists an F”-stable subgroup Z31,(\) of Zy;()\) such that Ay = Zy(N)/

Z1,(X) is a cyclic group of order ¢ (see [S2, 2.19]), which is given as follows: if we

write the partition pu as g = (1™1,2™2 . ..), then we have
ZyN) = {(-yzi.) € J] GLm, | [[(det )t = 1}.
m; >0 1
(Note that m; = 0 if 7 is not divisible by ¢.) We may choose T'C M N L. Then we

have

Ay~ Zy(N/Z4 (N ~ (Zu(N) N T)/(Z4 () A T).
By our choice of N, we have Zp/(A\) NT C Zr. On the other hand, the above
description of Z},;()\) implies that Z},(A\) N T C Z9%. It follows that we have a
natural homomorphism
(8.4.1) Ay — 217

compatible with the action of F. Note that n is an F-stable linear character of
Z1,/Z?. Thus one can define an F-stable linear character n; € (A})" as the pull
back of 7 under the above homomorphism..

Since T C M, we have Z;, C M. One can write

(8.4.2) 29 ={(a1,...,ansq) € (k)" | Hai =1}

under the identification
Zr ~{(a1,...,anq) € (k)" Haqu — 1),
i
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Let 2Z9 be a coset in Z;/Z9. We may take a representative z in Zg. Then we
have Zyr(\) N 229 = 2(Zp (M) N Z9), and

(843) ZM()\)QZ% = {(bh...,bl,bg,...,bg,...,br,...,br) S Z% | b; € k*}
—_— — ——
p1/d-times  po/d-times pr/d-times

~ {(by,....b,) € (k%) | J] ot/ =1},

and
Zy (NN ZY ~{(by,...,b,) € (k") | Hbé”/t — 1.

Now Zi,(\) N Z9 acts on z(Zp(A) N Z?) by a left multiplication. Put X =
(Zyp(N)N2Z9))(Z1, (NN ZY). Tt follows from the above argument that there exists
a bijection

(8.4.4) Xy ~Z/(t/d)Z.

If 279 is F"-stable, then F" acts naturally on X, which is compatible with the
natural action of F' on Z/(t/d)Z ~{(¢%).

Assume that the coset zZ? is Fuw-stable for w € W. Then we choose a rep-
resentative Z, € ZF of 2Z9. Since %, € TH™, there exists a,, € T such that
F™(ay)a,t = 2,. We put 2, = a,'f%a,,. Then we have 2, € TF"™ . Let ¢ be
a linear character of TF" obtained by restricting 6 to TF". The value 1(2,,) does
not depend on the choice of o, € T'.

We show the following lemma.

Lemma 8.5. Let the notations be as before.

(i) Letty € ZgNzZ?. There exists a linear character Wy, of Wy, satisfying the
following properties: Wy, is trivial on ng, and is regarded as a character
of Qo,. Ift1 € (ng)F”, then Uy, is F"-stable, and in that case, we have
t1 € (220 for w = wry with y € Wy, and

V(Z20)05 (t125") = V(20 )05 " (125, ) Pey (1)-
(ii) Wy, depends only on the coset in Xy to which t; belongs, and we have
{e, [t X} = (@)

Proof. Put w = wry for y € Wy,. For t; € Zg N ng, choose o € Z; such that
t; = F™(a)a™t. We choose m’, a multiple of m, such that « is F™ _stable. One
can find a linear character 5’1 on ng , which is an extension of 6, on ng (see 8.2),
stable by F”, such that Wy C W, We put Wy, (y) = 0, (a1 ¥a) (for a fixed o and
6,). We have 6 (o) = 8, (a=1)6} (Vo) = 1 for y € Wy, and so Wy, is trivial on
W, . Tt follows that Wy, (y) = ¥y, (y2) if y = y1y2 with y1 € Wy, y2 € Qp,. Hence
in order to show that W, is a homomorphism Wy, — Ql*, it is enough to see that
(*) ¥y, is a homomorphism on €y,. This will be shown later.

Now assume that t; € (229)F". Since z € Zg, we have t; € (229)Fv = 2, Z9Fv,
Choose (3, € Z9 such that F™(8,)0," = tiz,' € Z%*. Then 0¥ (t1,') =
01(B,1F"By). Since t; = F™(a)a™!, we may assume that o, = af,'. In par-
ticular, we have o '¥"a € TF" and ¢(2,)0% (t12,") = (o~ F"a). A similar
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formula also holds for wy. Since a='f"a = o= MWL . L (q~1¥qa), we see that
a Wa e TF". Since #; and 1 coincides with each other on TF™ N ng, we have

V(20)05 (t125,") = Y(a )

= (o~ P a)y(7 (o V)

= (20, )00 (115, 1 (y)-
Hence the formula in (i) holds. In particular, ¥y, (y) does not depend on the choice
of a € Z;. Put o/ = F"(a). We have t; = F"(a)a™! = F™(a/)(a/) ! since ¢; is
F"-stable, and one can replace o by ' in defining ¥y,. Since 0] is F"-stable, we
have

Wy, () = By (0 Wa) = B ("Wl = 0, (B (y)).

This shows that ¥, is F"’-stable. Thus the assertion in (i) was proved modulo (*).

Next we show (ii). Take t; € Zg N (Zp(A) N2ZY). Then as in (8.4.2) ¢; can
be written as t; = zb with b € Zp(\) N Z?. Hence b = (by,...,b,) such that
[1,0"/% = 1 with b; € k*. One can choose @ € T such that F™(a)a~! = t; as
follows: v = By with 8 € Z) and v € Zg such that F™(y)y~' =z, F"™(8)3~! = b.
More precisely, we can choose ( as

(851) ﬂ:(]/(tl)ilﬁh ﬁla"'?ﬁl 7527"'7627'"7ﬁT7"’7ﬁT)7
—_———— ——— —_———
p1/d—1-times po/d-times [y /d-times

where 53m4 =b; fori=1,...,r and v(t1) = [[;_, ﬂfi/d € F;n. Let yo be the
generator of (y as in 8.2. Since yp is a cyclic permutation of order ¢/d of consecutive
factors, it makes no change except the part v(t;) '3y, f1,. .. 1. Hence we see that

(8.5.2) BB = (u(t1),1,...,1,v(t) " 1,...,1) € 29"

for 1 < j <t/d—1, where v(t;)~! occurs in the (j + 1)th factors. Moreover, since
v € Zg, we have Y0y = . It follows that

a~ Wi = 3713,
On the other hand, 6 is the restriction of the linear character 6 of (L/Lae)"" such
that 0 = (1IKOK. .. KOY4=1)¥n/t where O is a linear character of GLY™ of order
t. Since L/Lger ~ Z5 /(Z7 N Laer), and Laer = Laer = SLg X - -+ X SLg, the linear
character 51 on Zg ™ can be written as
(8.5.3) hh=(1ROKR...KOYI-1)E/t

where © is a linear character of Zgzd which is trivial on ZE Zd Hence O is identified
with a linear character of Fy.. of order ¢ /d. If we replace m by m’, © can be extended

to a linear character ©' of F; ., and (IKO'K---K @’t/d_l)gn/t gives rise to a
linear character of Zg m/, which gives 5’1 It follows that
(8.5.4) Wy, () = 0 (0" %a) = O(u(tr)) .
This proves (*) since if t; € Zg N 2Z%, then t; € Zg N (Zy(N) N 2ZY).
Now assume that 1 € Z},;(X\) N Z9. Since [], b/t = 1, we have v(ty)(@" ~Dd/t

= 1. It follows that there exists 11 € Fgm such that v(t1) = Vf/d, and we have
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Uy, (yé) = 1. This implies that ¥;, depends only on ¢t; € Xjp. Now X,/ is in
bijection with a cyclic group of order t/d, and we can choose a representative xg
of a generator of Xj; as xg = zcp with ¢g = (¢,...,¢) € Zg N Zg such that ¢*/t is
a primitive t/d-th root of unity in k. Put vy = v(xg). Then vy is a generator of
the cyclic group F}., and we have v(z;) = v for z; = zcj. It follows from (8.5.1)
that we have U, (yo) = O(vp)~¢ for i = 0,...,t/d — 1. Since vy is a generator
of Fym, O(vp) is of order t/d in Q;. Hence U, (yo) are all distinct for z € Xyp.
Since g, is a cyclic group of order t/d, we see that there exists a bijection between
{U, |z € Xp} and Qp . We note that W, is F"-stable for x € XE'. In fact, take
a representative t; € Zy(A) N 222 of x € Xﬂ,. Then we have F”(t1) = t1to with
ty € Z3;(N) N 2ZY. Tt follows that Wp(,) = Wyy, = Uy, Now take o € Z; such
that F™(a)a~! = t;, and put o/ = F”(a). Since 6} is F"-stable, we have

Uy, (y) = 0 (@™ Wa) = (o’ "W).
But since F”'(t;) = F™(o/)o/ ", we have
(' W) = W) (F"(y) = W0y (F () = Uy (F" ().

This implies that Uy, (y) = ¢, (F”(y)), and so ¥, is F”-invariant. Actually, this
argument shows that ¥, is F”-invariant if and only if z € X ]\IZN. Thus we have
(U, |ze X'} = (Qé\l)F”, and (ii) is proved. O

Theorem 8.6. Let G,s and L, sy, zy, be as in 8.1, 8.2. In particular, L is a Levi
subgroup of G such that L/Zy, is a product of PGLg with d|t. Let 0 be the linear
character of L¥" corresponding to zy, € Zfl", and let 01 = 9|ngm be the F"-stable
linear character. Let £ be the local system on L corresponding to 6.

(i) Let Ag ., =E ® A, be an F"-stable cuspidal character sheaf of L as in
7.6 for (z,m) € ME and let Ag be the character sheaf corresponding

zLsL,No’

to B € (WGAI)F”, where E1 = Elyyg  satisfies the condition in (8.2.5).
Then there exists zp € AL satisfying the following:

(8.6.1) Xag =VER, -1,

where (ZE,nfl) € M, N is given as follows: 1y is the F-stable character
of Ay defined as the pull back of n in 8.4. zg is determined uniquely by the
following condition; let v be the unique element of Iy such that supp (1) =
Oy, and let E, € W the corresponding character under the generalized
Springer correspondence. Then there exists a unique class xg € Xﬂ// such
that

1 iftexg,

E®QV, . E, =
< e >W"1 {0 otherwise.

zg 1s the image of xg under the natural map Xﬂ/ — AL vg is a root of
unity, which is determined explicitly (see (9.10.6)).
All the almost characters R,y associated to (2'n') € Mg N such that

1 is of order d is obtained in this way from some Ag.
(ii) Let 6 = 6., =0®@9,, € 7™ be the cuspidal irreducible character

sLzL,No

of L¥" as in 8.2. Let pg be the F-stable irreducible character of GF"
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contained in Indgim d corresponding to E € W§*. Then we have pgp =

-1 with (ZE,nfl) € M, n. In particular, we have Rp = R__ 1.

'OZEa’? ZE T

Remark 8.7. Theorem 8.6 gives an identification of two parametrizations of al-
most characters of G¥', one given by the parameter set M n and the other by the
Harish-Chandra induction, in the case where (s, F) satisfies the property (2.5.1).
The parametrizations of irreducible characters, and of almost characters, are de-
scribed in 2.8, (a)—(c). The above result covers the case (a). The case (b) is ob-
tained by applying the Harish-Chandra induction for the case (a). Thus the above
parametrization can be extended also for this case. The case (c) is obtained by
applying the twisted induction for the cases (a) or (b). Since the twisted induction
of almost characters corresponds to the induction of character sheaves, our result
gives an enough information for decomposing the characteristic functions of char-
acter sheaves in terms of irreducible characters of G based on our parametrization

M.

8.8. The proof of the theorem will be done in the next section. Here we prove
some preliminary results. As discussed in 5.5, we identify the set Zg with the set of
pairs (O, &), where O is a nilpotent orbit in g and £ is a simple G-equivariant local
system on O. For ¢ € Zg belonging to (L, Cy, &) € Mg, we define two integers
b(¢) and by as follows (cf. 5.1 and 6.8).

(8.8.1) b(t) = (ap +r)/2 = (codimg supp (¢) — codimy, Cy)/2,
bp = (dim G — dimsupp K,)/2 = (codim, Cy — dim Z1,)/2.

Suppose that ¢ belongs to the triple (L, Cy, &) € ME. Let z € (Z,/Z2)F, and
we choose a representative 2 € ZE. By the translation Cy ~ 2Cp, we may regard
&y the F-stable local system on 2Cy. Let X = 229 x Cy = Z? x 2Cy, and we follow
the setting in 6.7 and 6.8. In particular, Ay = £ ® A, , is the cuspidal character
on L associated to & = &), and to the local system £ on L which is the pull back
of &' € S(L/Lqer). We put &1 = €|,z as before, and consider the corresponding
character 6 of ZgF " etc. We identify We, with Wy, and with Wjs, and similarly for
Zg, with Zy,, Z5. We write the automorphism g, on Weg, as v5. Let K = Indg Ay
be the induced complex on G, and we consider p* : (Fw)*K™ ~ K" for w € Zg,.
Then by (7.9.2), we have

(8.8.2) Xap = ¢ Wo, |78 D Tr((3y) " E)xrcw o
YyEWs

with w = wsy.

Let & = Q; X & be the local system on ¥ = Z9 x Cp. Let F = £ @ &
be the local system on X. Then Ay coincides with IC(X, F)[dim X]. For each
w € Zg,, take a € G such that a 'F(a) = @, where 1 is a representative of w
in Ng(L). Then Ay is constructed from the twisted data (L, X%, F™), where
LY = aLa !, X% = aXa~! and F¥ = ad(a!)*F. By applying the argument
in 6.5 (see also 6.8), we can construct an isomorphism F*F* ~ F* which induces
oW F*AY ~ AY. We denote this map also by ¢i. We put C¥ = aCpa~!. The set
279 is Fuw-stable for w € Zg, and one can choose a representative 2, € ZE™ of the
coset 2Z?. We have an F-stable set X% = % 7%, x C¥ with 2% = at,a™! € ZE,.
For each w € Zy,, let 6§ = Shpm /g, (01) be the linear character of Z9¥*. Under
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the isomorphism Z%'v ~ Z9 we regard Y as the character of Z% which we
denote by Y.

Now take t € G and fix it. Let z € G¥ be an element such that 2~ 1tz € 2w Z?.,.
Then LY = xL%x~! is a Levi subgroup of some parabolic subgroup of Zg(t). Let
C¥ = zC¥x~! be the unipotent class in LY. We denote by F the local system
on C¥ obtained by the pull back of £ = ad(a™!)*&y by adz™! : C¥ — C¥. By
the map 3 : C¥ — XV v o ltoz, ¥ : F*FY ~ F¥ induces an isomorphism
©,o= 0oy F*FY 5 F2. Let @, @ F*FY ~ F¥ be the isomorphism defined by
¢, = (adz™1)*¢¥. Then we have

ol =05 (¢t (2Y) )Y (2w) s

by (6.5.6), where ¢ is a character of TF" as given in (6.5.6), and %, is as in 8.4.
Assume that ¢,v € G such that tv = vt, where ¢ is semisimple and v is unipotent.
Then by the character formula [L3, II, Theorem 8.5] for the function x gw ow, we

have
(8.8.3)
Xiw oo () = [Za®F170 3 QIS0 s g, (O (@ 2 (27) (),

zeGF
T Mtz€2Y 2w

where Qfﬁ; (gu Fw o, 1 the generalized Green function of Zg (t)F (note that Zg(t)
is connected).

8.9. Recall that &, is the function on G¥ . associated to ¢ given in 5.2. It is known

uni

by |[L3, V, (24.2.8)] that X, is expressed as

(8.9.1) X, = W[ gt Z Tr (wilaEb)ng,cgu,ggu,%Ua
wew

where o8 @ F*EY ~ EY is given by pf = ad(a™1)*¢g from ¢g : F*E ~ &. For
each linear character 0 of Z% we denote by K@ the complex K" given in 8.8
(subject to the condition that z = 1, i.e., ¥ = Z? x Cp) such that 6y = 6, and
denote by Xk the characteristic function xgw ,». Then by the character formula
(8.8.3), we see that

e _
(8.9.2) QFwcyeyop = 1200170 D Xky,
0e(Z5 )N

where we regard the left-hand side as the class function on G by extending by
0 outside of GE .. Under the isomorphism Z%4 ~ Z9% % ¢ determines an Fw-
stable character 6; € (ZPF")" such that Shpm p,(61) = 0. Put Z5, = {w' € W |
Fw'(01) = 01}. Then there exists a wy € W such that Zy, = w;Wy,, and we define
v1 : Wy, — Wep, by 71 = adw;. Hence, as in the case of K*, one can decompose
Ky by

(8.9.3) Xkp =q¢ " > (719 E)Xaps ,»
E'e(W)

R

for y € W, such that w = wyy, where xa,,
function of the character sheaf Ag/ o.

, is the (normalized) characteristic

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



210 TOSHIAKI SHOJI

8.10. For each irreducible character 1 of Zpr(Ac), put I, = Ind(Z;;()\c)p (n®Ae).
Then we have

Fc = Z(degn)Fc,na
n

where 7 runs over all the irreducible characters in Zy;(\.)¥. We denote by I’ the
sum of I, ,,, where 1) runs over all the linear characters of Zy(\.)¥", and by I the
complement of I'’ in I, so that I, = I'" + I'”’. Then we have the following lemma.

Lemma 8.11. The inner product (I, Q§w7céu)56,,7%,,>ap can be expressed as

G —bo+1|,0F |—1_—1
<FéI>QLw,cgf,sgf,¢g>GF =4q ot |ZLw| ng 3,
where 3 is an algebraic integer contained in a fived cyclotomic field A independent
of q, and ng is an integer independent of q.

Proof. By (8.9.2) and (8.9.3), we have

(81L1)  QFu ey ewgw = 12057 Y > Ty, ENxag,
oc ZOF /\E/G(W/\ )"q

where Apy g is the character sheaf which is a direct summand of K. Here we may
assume that Tr (y1y, E ) € A. Moreover, by Theorem 7.9, x 4 o coincides with the
almost character R, up to a scalar v,, and we may assume that v, is a unit in A.
On the other hand, it is known that degn is a polynomial in ¢, and that degn is
divisible by g if 7 is not a linear character. It follows that( vop)ar €ny L4Z for any
p € Irr GF'. In particular, we have (I JRe)or € 0y 14 A for any almost character

of GF', where ni,ny are integers independent of g. Then the lemma follows from
(8.11.1). O

9. PROOF OF THEOREM 8.6

9.1. In this section, we prove Theorem 8.6. First we note that (ii) follows from (i).
In fact, since pg and Ag have the same parametrizaition via the decomposition of

7n

IndPFm 6 and of 1ndP Ag -, we see that R coincides with x 4, up to scalar. Hence
Rp, coincides with RZZEJ71 1 by Theorem 8.6(i). This also shows that pg =

and (ii) follows.
In order to prove (i), first we show the following.

pZZE>7]1

Proposition 9.2. Suppose that q is large enough (but we don’t assume that g = p™
is sufficiently divisible, i.e., m is not necessarily a multiple of some fixed large
number). Then the statement of (i) in Theorem 8.6 holds.

9.3.  The proof of the proposition will be done through 9.3 to 9.10. We will prove
it by computing the inner product (I ¢, x4,) under the assumption that ¢ is large
enough. By Lemma 8.3, we have only to compare the inner products of R, ,» and of
XAy With various I ¢ associated to the nilpotent element N such that N € O3

F ol
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First we shall compute the inner product (It ¢, Xgw pw)gr. By (8.8.3) and
Proposition 3.5, we have

1 1 1Zu(A)" N Za(g~ 't g)"|
<Fc,§7XK“’,s0“’>GF = TAF Z NF|2 Z F

671, 2=, Z@E 2 Zu (00"
g™ g€Znm (Ne)T

<Y gy () G IR ()R L su . (W),

T
F

zeG
M ez 295
where in the first sum, t,v’ € GF runs over semisimple elements t/, unipotent
elements v’ such that tv' = v't’. Then the right-hand side of the above expression
can be written as

1 1
|G 2 | Za ()"

tezw 295,

> 1Zu(A)F 0 Za (97 2t)F|

b9~ tey pw —1z~;w 2—1
e Ay )

X

g,zeGF
g ratz T geZn (M) ¥

Za(wte™") -1y Za(ata™") -1
x Z FNgG,II Y (wvaT) L§,g§,s;»,% (zvz™).
veZa(t)E,;
-1
Note that Fﬁf (@) (pop—1) = FAZ,G(? ,(v) and that
; o1y
Zg(wtz™h) -1\ _ nZc(t)
L?,C;J,Sg,% (zva™") = L“G’,Céﬂ,é'g)“,gag)“ (v).
Hence by replacing 7 1g by g in the previous expression, we have
(9.3.1)

> > 1Zu(Ae) N Za(0 )T

I, ; w,W =
(Leg, XKw pv)iF | Zc () || Zp (AT

tezw Z)%, geG¥
g7 tg€Zn (Ne)”

e - 1y Za(t) AZa(t)

ng(t) 0 (7 2)(2, )<FNgG,1 ) Licv,cgf,sgf,wﬁzc(t)Fv
where €5(t) = €5(g~11g).
9.4. Returning to the original setting, we consider Ap as in the theorem, i.e.,
Ap is a direct summand of K2, where § € (Z%5)" corresponds to % under the
isomorphism Z% ~ Z9% % Hence Wy,, 2y, , etc. are merely the objects discussed in

8.2. So we write ws = wr, and 5 = 7. We continue the computation of (I'; ¢, X ,)
under this setting. By (8.8.2) and (9.3.1), we have

(Tegrxag) = Wa, 7' > Tr((vy) ™", E)
yEWs,

-1
Y 3 |Zp (A N Zg (9 1)
tezw Z9%, geGF 1Za()F || Zm (Ae) "]
Lw
9 tgeZar(Ae) T

-, 1. ~~ Z Z
x 005 (17 2 (G WY, Q7 cu ow) 2o yr -
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Let H be an F-stable reductive subgroup of G containing L. Put Wy = Ny (L)/L C
W. Recall that 6; € (Z97")", and Zy, = {w € W | 70, = 6,} = wW,,. Then
Wu N 2y, = wiWhg,, where w}, = wpwy € Wy with wy € Wy, and Wy, is
the stabilizer of #; in Wy. Then H contains L*zY for any y € Wpye,. Put

(9.4.1) A9 = We, [l Y Tr((qwmy)t E)
yGWHgl

foh 05 (t 15 (2 TN, 10 QP e 0 i s

where in the second sum, ¢ runs over all the elements in 2% Z% with w = why =
wrwgy such that Zg(t) = H and that g~ 1tg € Zp(\.) for g € GF. Then we have

(9.4.2) (Tegr Xan) ZZAH,

where in the first sum, H runs over all the F-stable reductive subgroups of G
containing L such that H = Zg(t) for a fixed ¢t € Zp, and in the second sum g
runs over all the elements in the double cosets HI'\G¥' /Z s (A.)¥ such that g~ 1tg €
Zar (). Here we note the following lemma, which is a stronger version of Lemma
8.11.

Lemma 9.5. Assume that q is large enough. Let I'Y be as in 8.10. Then we have
<Fé/7 ng cy Ew w>GF = q—bo+1nalﬂ7
yLo s€o sPo
where 3 € A, and ng is an integer independent of q.
Proof. First we note that
(9.5.1) (Iea, ng,cg,sbw,@gf>GF =q on ',

where 3 is an algebraic integer contained in a fixed cyclotomic field A independent
of ¢, and n; is an integer independent of g. We show (9.5.1). We apply (9.3.1) to
the situation that £ =1 and 6, =1, i.e, Wy, = W. Then by a similar argument as
in the proof of (9.4.2), we have
(952)  (Lopxice o dar = 1261 (Ter, QFucp ey opdor + D D51

H#G g
where ) = SN 15 Q1w oy ew o) e By induction on the rank of G, we may

assume that _51) can be expressed as = ~( ) = =g bony i %1, where ng, B are similar

elements as nq, 8 in (9.5.1). (Note that bp has common value for all H containing
L.) On the other hand, by Theorem 7.9, x4, coincides with an almost character
R, of G¥ up to a scalar v, which is a root of unity in A. It follows, by (7.9.2), that

(Tegs XKw pu)gr € ¢ ny T A

with some ne € Z independent of ¢. (9.5.1) now follows from (9.5.2).
Next we note that

(9.5.3) (T, QFw cow g ) ar € €A
In fact, by Lemma 5.12(iii), we have
<Fc, XL>GF € qib(]ib(L)A'
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Since
Qfw oy ey = D Tr(w, E)"IX,

ezl

by (8.9.1), we obtain (9.5.3).

Now we have
G G G
(ry, QLw,cgu,sgu,ﬁMF =(I, QLw,Cé”,Sg“,apa“>GF —fn L, QLW,Cé“,géu,c,a5“>GF7

where fy, is the number of linear characters of Zy;(\.)". Hence by (9.5.1) and
(9.5.3), we have

(9.5.4) (I, QS w o e ow)ar = 4 ny '

with n; € Z independent of ¢, and 3’ € A.
On the other hand, by Lemma 8.11, we have

(9.5.5) <Fc”a ng,Cé“,Eé“,cpE)">GF = q*bo+1 |Z211~; |71’Il2_1ﬂ”
with 8" € A. We may assume that (Fé’,ng’Céu’géu’%QGF # 0. Then by (9.5.4)
and (9.5.5), we see that
nofl = q|Zpn| "t p” € A.

Since q and |Z%| are prime to each other, n;3” is divisible by |Z%£|. Hence 3’ can
be written as 3 = qn, '3 with § € A, and we have

(T, QFw cy v pw)or = 4T (mn2) 1.
This proves the lemma. O

9.6.  We continue the computation in 9.4. By (8.9.1) applied to the reductive group
H, we have

Qv cyegoy= D, Tr(wE)rOx]!
LE(IYF
for any w € Wy, where by (1) is given as in (8.8.1) by replacing G by H, and (Zg)o
is a block in Zy corresponding to (L, Cp, E). Substituting this into the previous
formula, we see that

(961) Ag) = qbo Z Z aL,H(t)gg (t)qu(L) <FJI\L/IQ,1, XLH>)
E(Tu)E thlzgf
Zc(t):H

where L; = L*z and Z1 = WL Here a,,m is given as follows: take o € H such
that ' F(a) =}, € Ng(L). Then we have Ly = aLa™! and z; = a,, o~ '. By
putting ¢; = o~ ta € (229)F¥L we have

962) au®=Wol S 00 20 T () B) T (w, )
YyEWH, 0,
with w = why = wrwpy.

In the formula (9.6.1), we will replace the inner product <F11\}[q’1,XLH> by
(F]I\}'g ,XH) which is easier to handle. Now it is easy to see, by making use of
Lemma 9.5, that

<FCH,XL>GF _ quofb(L)qunalﬂL
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for an appropriate integer ng and 3, € A. We also note the relation
<F07 XL>GF = fNC <Fc,1; XL>GF +<FCH; XL>GF .
Applying these formulas to the case of H, we have

(9.6.3) AW = Z Z a,m ()€t l{qu(L)+bo<FN LX) Hqny Br
e(Zu)f tezlzgf
Zc(t):H

where N, = ad(g)N. is a nilpotent element in Lie H, ny is an integer independent of
¢, and By, € A. Moreover, fy, is the number of linear characters of Zaprnm (IN)E.
Next we will compute (Fﬁg,/’\ff). Recall that Zg(g9~'tg) D L, and N, =

Ad(g)N. € LieH. It follows that Ad(g)N € Lie H. Since g € G¥', we may re-
place N by N; = Ad(g)N in parametrizing the nilpotent orbits O% in g. Then we
can identify Apy\ = Zy(N1)/Z%(N1) as a subgroup of Ag(N). As in 5.8, there
exists cg € Ay such that —N7 is G¥-conjugate to Nee,. Then Ny = Ad(g)N, is
HF-conjugate to (N1)., and so —N; = Ad(g)(—N;) is H"-conjugate to (N1)cc,,
with ¢, co € Ag . In particular, for /" € Ty such that supp +” = Oy, , we see that
Vur(=Ny) = n(cco) which is independent from H. Let O; be the nilpotent orbit
in LleH such that supp ¢/ = O; with E,, = E, ® ¢. Then we have

(964) qu(L)+b0 <FJI\? XH> — Ci)ln(cc())71 if ONg = 01,
o 4B, if On, # O1,

for some By, € A.
In fact, by Lemma 5.12(i) applying to H, we have

QPO &) = (g meen W dimewer (U)/2p,, ()Y (NG ).

(Note that ((z,,), for T coincides with (z, for Zg since both of them correspond
to (L, Co, &y).) If supp (') = supp (¢”"), then we have o/ =" and P, = 1. This
implies the first equality. Now assume that ' # ”. By Lemma 5.12(ii), we have

q(dim supp (') —dim supp (L”))/ZPL”,L/ (qfl) € qZ.
Since we can assume that (z, ! yu/(ng*) € A, we obtain the second equality.

9.7. We consider the sum of ab,H(t)gg(t)fK,gl in (9.6.3) for a fixed ¢. Recall that
Ly = aLa™" and that ¢ is an element of 2 Z9¥ such that Zg(t) = H and that
g g € Zy(Ne). Put My = gMg=' N H. Then Mg is the Levi subgroup in
H associated to the nilpotent element Ny, and ¢ € (Zar, (Ng) N 2127 )F. Put
M}y =a 'Mpa = a9 n H, which is stable by Fj; = Fw’, and put

Xty = (Zngg,(Nam1g) N 2Z1) [(Ziygy, (Na1g) N Z1).
Then
(9.7.1) (Zata (Ng) 021 28,)/(Zhy (Ng) 11 Z0,) = X,

and the action of F on the left-hand side corresponds to the action of Fw} on
Xas,.
We apply Lemma 8.5(i) to H. Then one can write, for w = w}y,

0 (17 20 (25 1) = 0 (17 2y )0 (20 ), (1),
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where \Ijtl—l is a linear character of Wy g,. Then (9.6.2) can be rewritten as

Wr.o,| w1 . NN~
(972) aL,H(t) = |W91|1 Hg}L(tl 12w£)¢(2wi)<E® \I/tflﬂEL>w/LWH,917
where(, >'LU/LWH,91 is the inner product on the Wy g, -invariant functions on w} Wy g, -

Put Y = Zn, (Ng) N 2127 and Y1 = Z3;, (Ng) N Z9 . Then by Lemma 8.5(ii),
together with the isomorphism in (9.7.1), ¥;, depends only on ¢ mod Y.
On the other hand, we have an isomorphism

YY1 2 (201 (M) N zzg_lLl)/(z&m_lH(AC) N Zg_lLl)

and a natural map

(Zygma-1g(Ae) N 2Z§’1L1)/(Z§/10971H()\C) N Zg,lLl) — Zn(Ne) )/ Z3r(Ne) =~ Ay
Hence we have a map
(9.7.3) YE/vE — (y/)F — AY

satisfying the property that £%(g~1tg) = £(a), where a € AL is the image of t € Y’
under this map. In particular, we see that 55(15) also depends only on ¢t mod Y.

Put £ = ¢t mod Y} € Y /Y. Tt follows from the above argument, together
with (9.7.2), that

(9.7.4) Zab,H(t)EE(t)

_ |WH,91|

W ESDNE @ U1, By vy, o ©(Gug) D06 (1 20,
tet

where Wi (resp. &4(#)) denotes W1 (resp. gi(t)) for t € t. Since 98”2 is a linear

O0Fw’
character on Z;  “, we have

, F _'Ll)lll 771 . _w,lz . . .
(9.7.5) Z%UL (#7020 ) = [V 10,5 (17 21) if 6, |Y1F is trivial,
e g 0 otherwise,

et

where 58”2 (t7121) denotes a common value of GSU/L (tl_lzsz) for t €t.

By definition, fu, is the number of linear characters of Zas, (Ng)*, which co-
incides with the order of Zyg, (Ng)¥/(Zary; (Ng)¥ )der- Hence one can write fy,
as

ng = fH|Z?F|a

where Z1 = Z(Zn,, (Ng)) is the center of Zys,, (Ng), and fg is contained in a finite
subset of Q independent of g. On the other hand, the description of Y; in 8.4
(applied to the case Mz) implies that Z9 C Y;. Thus Y is divisible by Z9¥" and
[V,F|/|Z9F ]| is a polynomial in ¢ (in fact, it is the order of the group of F-fixed
points of the group Y;/Z) whose connected component is a torus). Let gy be the
constant term of the polynomial |Yif'|/|Z0F].

Note that we may assume that ¢’ (t) € A for any w € W since 6§ comes from
a linear character 0; of (L/Lqe )" ", and L/Lgye is a finite group. Thus, summing
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up the above argument, we have the following formula:

(9.7.6)
Y (&) ) =nitap
teY F
Tﬁ;’ﬁ'f,{ () Y B G E O W, By

teYF /vy

where ny € Z is independent of ¢, and 8 € A. (We understand that 9_5/" (t71z1)=0
if 6" ly,r is nontrivial.)

9.8.  We return to the setup in 9.6. In view of (9.6.4) and (9.7.6), one can rewrite
the equation (9.6.3) in the form

ol g ntoco) 0(,)

x> B ) DE® Ui By,

teYF )Y

qu =ni'qB+
(9.8.1)

where ny € Z is independent of ¢ and 8 € A, and ¢ is the unique element in (Zy)o
such that supp (¢') = Op, with E, = E, ®¢.

We now compute the inner product (E@ Wi g, EL>wLWH,91 in the right-hand side
of (9.8.1). Note that E € W) is an extension of the Qg,-stable character £ of Wy,
to We, xQq, , where Ey € (Wy )" is of the form E; = EFK.- - -RE" (t/d-times) with
E* e GQ/t corresponding to a partition u of n/t. Let u* be the partition dual to
p. Then N = N, with X\ = tu* by 8.2. (In general, for a partition p = (p1, ..., pk)

and a € Zo, we put ap = (ap1,...,apx)). By our assumption, supp (¢') = O, .
Then Wy is of the form

(9.8.2) Wy ~6,, X x6,,,

where v = (vq,...,v) is a partition of n/d such that (t/d)u* is a refinement of v,
i.e., v; is a sum of parts of (t/d)u*. Moreover, Wy g, is given as

(983) WH791 ~ WIQI,% X le

with

WIO{’GI ~G, X+ X6, (t/d-times),

where v/ is a partition of n/t such that (t/d)v’ = v. Since v = (vf,...,1}) is
a partition of n/t whose parts are sums of parts of u*, u* determines a partition
() of v/ fori = 1,..., k. We denote by u?) its dual partition. Hence pu = p(") 4

-+ p*) . We define an irreducible character E® of W%)el by E° = E{X ... X EY
with EY € &/, such that

B=p"m.. xe"".
We remark that

(9.8.4) (E, EL)W% , =L and E? is the unique irreducible character of W}, , which
21 7
appears in the restrictions to W, of both of E and E,.
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In fact, one can write Elyyo = E°+ 7 E' with a(E’) > a(E°). On the other

,01 ) )
hand, FE, is given as F, = BV R ) EY with B° € Gﬁi, where p(® is a
partition of v; such that (p®)* = (t/d)(u?)*. Tt follows that p) =y U-..Up®
(t/d-times). (For a partition A and p, we denote by AU u the partition obtained

by rearranging the parts of A and p in decreasing order.) Then one can write as
Elwg , = E° + Y E” with a(E") < a(E®). Hence (9.8.4) holds.
»V1

Since EY is 2y, -stable, (9.8.4) implies that there exists a unique extension EO of
E° to Wy ¢, which appears in the decomposition of EL|W}w1 with multiplicity one.
On the other hand, again by (9.8.4), the restriction of E to Wy g, also contains a
certain extension (E°) of E° with multiplicity one. Hence we can write (E°)" =
E° ® w with some w € Qp, . Since (Iu)§ = (IH)(I)?’/j;7 E, is stable by F};. Since
E is also FJ-stable, we see that E° and (E°) are Fj-stable. It follows that w is
F}j-stable.

Now by applying Lemma 8.5(ii) to the group H, we see that
. . Fy P .
(9.8.5) There exists a unique class xg € X My, satistying the following:

1 iftezy,

FE X v, 7EL =
( t—1 >WH,91 {0 otherwise.

We pass to the extension E. Then the above arguments show that the restrictions
of E® ;! and E, to (wh ) Wh g, contain a unique irreducible character which is
an extension of E° to (w})Wp g, for t € zpy.

Under the notation in 9.7, Y /Y is regarded as a subset of Mg’/{/ If zg is
contained in Y*'/Y}F', xy determines an element in Af by (9.7.3), which we denote
by zy € AY. Then summing up the above arguments, we have

> G EDE S Vi, By,
teYF/yfF

(9.8.6) "
_ {GOL(lezl)ﬁ(zH)aH ifeyg e YE/VE,

0 otherwise,

where ay is a root of unity determined by the extension E, which is independent
of ¢. Substituting this into (9.8.1), we have

w 1l o= — — A—I\AWT  — _
(O8.7) AR € o 0 i gn G nleco) MO E DB (e 20)E G+ g A,

where 0y = 1if 2y € Y¥/YF and @Z)U/L |y,r is trivial, and 6 = 0 otherwise.
9.9. We shall compare x g for various H appearing in 9.8. Since
Zay, (Na-19) N 220 = Zo-ryp (No-1g) N 227
and similarly for Zzlw;, (N.-14) N 79, a similar argument as in 8.4 implies that
Xy =2 Z/(t/d)Z ~ Xy

We have a natural isomorphism f : Xys,, — X which is compatible with the action
of F}; and of F” (then both coincide with the action of F on Z/(t/d)Z). Assume
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that H satisfies the property (9.8.2). Then it is easy to check that wy € Wy, and
so we have

(9.9.1) wp = w.
We note that
(9.9.2) flzy) =2¢.

In fact, let B, € Wi, E® € (Wy,,)" be as in 9.8 for H, and E,, € W", E} €
(ng)/\ the corresponding objects for G. Here ¢ (resp. i) is the unique element
in (Zg)o (resp. Zo ) such that supp /' = Oy, (resp. supp (g = On). Then
E, is contained in E, |y, with multiplicity one. On the other hand, we have
E |W31 = E2, and the restriction of E on Wgwl contains E® with multiplicity

one by the property (9.8.4). Let E° be the extension of E° to Wh .9, appearing in
E\|Wy., - and let EY be a similar object as E for E%. Then the above fact shows
that E° occurs in the restriction of Eg with multiplicity one. This implies that
E coincides with Eg ® w, where w € Qp is given as in 9.8 for H. Thus (9.9.2) is
proved.

It follows from (9.9.2) that x in (9.8.5) depends only on E, and does not depend
on the choice of H, which we denote by xg. We also denote by zg the element
zg € AL determined from zpy (see (9.8.6)). A similar argument as above shows
that the root of unity ay in (9.8.6) also depends only on E, and not on H, which
we denote by ag.

Summing up the above argument, (9.8.7) can be written as

Wao,| ,— _ _ A INAWL [ — _

(99:3) AR € o= fi gn G nleco) MO (E DB (o 20)E (s + ani' A
1

where 6y = 1if 2 € Y /YV{E and 3" is trivial on Vi, and 6 = 0 otherwise, and

ny is an integer independent of q.

9.10. We are now ready to prove Proposition 9.2, by completing the computation
of (I'.e,XAp). We now look at the formula (9.4.2). Take H such that H = Zg(t)
for t € Zglf. Then the set of ¢ in the second sum in (9.4.2) corresponds to the set
of semisimple conjugacy classes in Zy;(\.)!" which are conjugate to a fixed ¢ in G¥'.
Let ey be the number of g occurring in the second sum in (9.4.2). Then the above
observation implies that ey is bounded by a positive integer independent of q.
Now by substituting (9.9.3) into (9.4.2), together with the above remark, we

have

(9.10.1) (Teies Xag)gr = Q€(z)n(cco) ™t +qm ™'

with some integer m independent of ¢ and 3 € A. Here

(9.10.2) Q= aECI_Olz/}(zf’;/L)ééuL (x5 21) [ Wa, | ~! Z W, len fr' g,

H

where H runs over the subgroups such that dy = 1. @ is independent of ¢, &, and
is also contained in a finite subset of A independent of q.

By Theorem 7.9, x4, coincides with vgR, for a certain x = (¢, ¢') € A x
(AN, where vp € QF is a certain root of unity. By (4.5.1) and (4.5.2), together
with Theorem 2.6, we see that

(9.10.3) (e, veRy) e = ve|AY72()E (c).
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On the other hand, suppose that 8 # 0 in (9.10.1). Then the absolute value of
gm~13 turns out to be very large if we choose ¢ large enough since 3 is contained
in the ring A of algebraic integers of the fixed cyclotomic field. This implies that
the absolute value of (I ¢, xa,)qr becomes very large since Q&(zg)n(cco)™ is
contained in a finite subset of A independent of q. This contradicts the formula
(9.10.3), and we conclude that 3 = 0, and we have

(9.10.4) (Feg,Xag)ar = Q€(zp)n(cco) ™.
Comparing (9.10.3) and (9.10.4), we see that

d=zp, &=n"" vg=Qnlc) AL
Note that the last equality implies that

(9.10.5) Wa, |72 Wag,lenfi' g = A7,
H

where H runs over the F-stable reductive subgroups of G containing L such that
Sy = 1, which is of the form H = Zg(t) for t € Z? satisfying the property that
there exists g € G¥' such that g~ 'tg € Zp;(A.)¥. Then we have

(9.10.6) vp = £z, n(co) sy (2, )05 (25",
and the signature +1 is determined by (9.10.5). Thus Proposition 9.2 is proved.

9.11. Returning to the setting in Theorem 8.6, we shall show that the statement
(i) in Theorem 8.6 holds without the restriction on g. The argument is divided into
two steps. First we show that Lusztig’s conjecture holds without restriction on g,
and that the scalar constants are determined explicitly, by applying the specializa-
tion argument based on the Shintani descent identities of character sheaves in [S1l,
Corollary 2.12]. In the second step, we show that the parametrization of almost
characters as given in Theorem 8.6 holds without the restriction on gq.

9.12. For a positive integer ¢, we put P, = {r € Z>1 |r =1 (mod ¢)}. Let s € G*

be as in (8.1.1). We choose a positive integer ¢ such that F© acts trivially on Ay, and

that F° stabilizes $ and z7,. Then for any r € P,, ﬂi’})v, METJ)V (objects for GF") are

naturally identified with M, x, M, v (objects for GF). We denote by p” (resp.
Rgf)) the irreducible character (resp. the almost character) of G corresponding
tox € ﬂirj)\, (resp. y € ./\/lg])\,) In particular, the set £(GF"", {s})¥" is naturally
identified with the set £(GF", {s})¥ for a sufficiently divisible m.

Similarly, the set mE) (for L") is identified with the set ME , (for LF).

SL,NO
Let 6™ = 6" be a cuspidal irreducible character of L™ corresponding to
(z,m) € ME Then Wsnr and Zgm- are independent of r, which we denote

sL,No*
by Ws, Zs. By (6.7.2) and (7.9.1), we have Ws = W, . For each E € (VV(;\l)F”7 we

consider the character sheaf Ag, and its characteristic function XE:; with respect

to F'". We also consider the almost character Rg) of GF". Tt follows from the proof

of Theorem 7.9 (see (7.9.4)) that XE:}); coincides with Rg) up to scalar. Then by

Proposition 9.2 that there exists a positive integer g such that this scalar 1/](;) is

described by (9.10.6) and (9.10.5) if 7 > ro. We put P, = {r € P. | r > ro}. One

can check that I/g) is independent of the choice of r € P., by replacing ¢ by its
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appropriate multiple, if necessary. We denote by vg this common value Vg). We
have the following proposition.

Proposition 9.13. Let the notations be as in 9.12. Assume that q is arbitrary.
Then for each E € (Wg/\l)F”, we have
Xap = VERE.
Proof. By Theorem 4.7, we have
(9.13.1) Shpmr g (8| prmr gey) = po(RE2)T)

for w € Zs, where (RZL)";;)(’") is the almost character of LE" corresponding to (z,7).
Note that by Theorem 4.7, po is independent of the choice of 7 € P, under the
appropriate choice of the extension §(™") of §(™7).

Let Ay = £ ® A, be the cuspidal character sheaf on L as in Theorem 7.9. We
have Wg, = Ws and Z¢, = Z;5. Then A gives rise to an F"-stable character sheaf

Ay of L,, for w € Z5. We denote by XXB)U the characteristic function on Lir induced
from the isomorphism ¢ : (F")*(Ay) 5 AY. Then by Theorem 7.9, we have

(9.13.2) Xap = wo(REs ),

where vy = Cz_oln(co)*l is independent of the choice of r € P..

Now the map apry, : C(LF /~pry) — C(GF™" J~pr) is defined as in [S2] 3.3].
By [S2l (3.6.3)], for w = wsy € Z5, we have

apra (8| gry)
= Y g Ry (T, B (5 e o),
Ee(Wr"
where g, is a power of ¢. (For the notation, see [S2| 3.5]). By applying the Shintani
descent operator to the above equality, and by using Theorem 4.7, we have
Sthr/Fr OA Ty (g(mr) |LFmra'Tw)
(9.13.3) — Z qy—mr/Zq—l(w)mr/Z Tr (T’Y&y,E(qmr))MER(ET‘),
Ec(W)F"

where pg is also independent of the choice of r € P..
On the other hand, by the Shintani descent identity for character sheaves ([S1,
Corollary 2.12]), the following formula holds for each r € P.:

(1) St -0 apr© N e (051 = (5 et )
A NEla

where A runs over all the elements in GF,and {& | i€ I4} and {c; | i € I4} are
certain finite subsets of Q; associated to A. Then combining (9.13.1), (9.13.2) and
(9.13.3), we see that

(~DP gt S g2 (T E(¢™)) ppRY)
Eec(Wp)F”

(S )

A Mely
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By using the orthogonality relations for Hecke algebras (see [S2, (3.6.4)]), we can
deduce a formula

(9.13.4) P, (¢ )puuRY = Z(Z diCiT) ot
A 1€14

for certain subsets {d; | i € I4} {¢; | i € Ia} of Q; (depending on E), where Py, (t)
is a polynomial in ¢ (a generalization of Poincaré polynomial).
As discussed in 9.12 we have

(9.13.5) X5 = veRY
for r € P.. Substituting (9.13.5) into (9.13.4), we see that
—1 mr .
r_ Jhevg Pwy (™) if A= Ap,
9.13.6 d; (" =
( ) zeZI; i {0 otherwise

for any r € P.. By applying a variant of Dedekind’s theorem ([S1} (3.7.6)]), we
see that (9.13.6) holds for any r € P.. In particular, substituting (9.13.6) into
(9.13.4), we see that (9.13.5) holds for any r € P.. By putting » = 1, we obtain the
proposition. (I

Next we show that

Lemma 9.14. For each E € (We/\l)F”, we have
Rp=R_,_  -1.

ZE 11

Proof. Let P, be as in the proof of Proposition 9.13. We choose r € P/ and take
m large enough so that F™" is a sufficiently divisible extension of F”. Then F™"
is also sufficiently divisible for F. Let § = §(™") be a cuspidal irreducible character
of L¥™". Then by the definition of P/, Zér) is identified with Z(gl). It follows that
for any E € (W), we have

ShF"n'f'/F'f' (f)(EmT) ‘GF"”"J“") = ‘LL(ET)R(ET),
Shpmryp (B |Grme ) = p) R

with some constants ,ug), ,ug). But by Proposition 9.2, we know that for r € P.,

Rg) coincides with R - with (zg,m; ") € Mg n. Tt follows that psgmr) coincides
ZE>T

Tn)_l, and so we have Rg) =R

211

st This proves the lemma. O

with p{™

zZE
9.15. Combining Proposition 9.13 and Lemma 9.14, we see that (8.6.1) holds for
any g. This completes the proof of Theorem 8.6.

REFERENCES

[C] R. Carter, Finite groups of Lie type: Conjugacy classes and complex characters, A
Wiley-Interscience Publication, 1985. MR0794307 (87d:20060)

[DLM1] F. Digne, G.I. Lehrer and J. Michel, On Gel'fand-Graev characters of reductive groups
with disconnected centre, J. Reine angew. Math. 491 (1997), 131-147. MR1476090
(981:20015)

[DLM2] F.Digne, G.I. Lehrer and J. Michel, The space of unipotently supported class func-
tions on a finie reductive group, J. Algebra 260 (2003), no. 1, 111-137. MR1973579
(2004g:20020)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0794307
http://www.ams.org/mathscinet-getitem?mr=0794307
http://www.ams.org/mathscinet-getitem?mr=1476090
http://www.ams.org/mathscinet-getitem?mr=1476090
http://www.ams.org/mathscinet-getitem?mr=1973579
http://www.ams.org/mathscinet-getitem?mr=1973579

[Le]
[L1]
[L2]

[L3]

[L4]
[L3]
[L6]
(L7]

[LS]

M]
[51]
2]
[S3]
[Shs]

(SpS]

TOSHIAKI SHOJI

M. Geck, A note on Harish-Chandra induction, Manuscripta Math. 80 (1993), 393-401.
MR1243154(94m:20037)

R. Howlett and G. I. Lehrer, Induced cuspidal representations and generalized Hecke
rings, Invent. Math. 58 (1980), 37-64. MR0570873| (81j:20017)

N. Kawanaka, Generalized Gelfand-Graev representations and Ennola duality, in “Al-
gebraic groups and related topics,” Advanced Studies in Pure Math., 6, Kinokuniya,
Tokyo and North-Holland, Amsterdam, 1985, 179-206. MR0803335| (87¢:20075)

N. Kawanaka, Generalized Gelfand-Graev representations of exceptional simple alge-
braic groups over a finite field, I, Invent. Math. 84 (1986), 575-616. MRO0837529
(88a:20058)

N. Kawanaka, Shintani lifting and Gel’fand-Graev representations, in “The Arcata
conference on representations of finite groups,” Proceedings of Symposia in Pure
Math., Vol.47, Part 1, Amer. Math. Soc., Providence, RI, 1987, 147-163. MR0933357
(89h:22037)

G. L. Lehrer, The characters of the finite special linear groups, J. of Algebra. 26 (1973),
564-583. MR0354889 (50:7366)

G. Lusztig, “Characters of reductive groups over a finite field”, Ann. of Math. Studies,
Vol.107, Princeton Univ. Press, Princeton, 1984. MR0742472//(86;:20038)

G. Lusztig, Intersection cohomology complexes on a reductive group, Invent. Math. 75
(1984), 205-272. MR0732546/| (86d:20050)

G. Lusztig, Character sheaves, I Adv. in Math. 56 (1985), 193-237, IT Adv. in Math. 57
(1985), 226265, 111, Adv. in Math. 57 (1985), 266-315, IV, Adv. in Math. 59 (1986),
1-63, V, Adv. in Math. 61 (1986), 103-155. MR0806210/ (87m:20118a); MR0825086
(87m:20118b); MR0849848(87m:20118c)

G. Lusztig, On the character values of finite Chevalley groups at unipotent elements, J.
of Algebra, 104 (1986), 146-194. MR0865898 (88¢c:20051)

G. Lusztig, On the representations of reductive groups with disconnected centre,
Astérisque 168 (1988), 157-166. MR1021495/(90j:20083)

G. Lusztig, Green functions and character sheaves, Annals of Math., 131 (1990), 355—
408. MR1043271//(91¢:20054)

G. Lusztig, A unipotent support for irreducible representations, Adv. in Math., 94
(1992), 139-179. MR1174392(94a:20073)

G. Lusztig and N. Spaltenstein, On the generalized Springer correspondence for clas-
sical groups, Advanced Studies in Pure Math. 6 (1985), pp. 289-316. MR0803339
(87g:20072a)

I.G. Macdonald, “Symmetric functions and Hall polynomials”, second edition, Claren-
don Press, Oxford, 1995. MR1354144 (96h:05207)

T. Shoji, Character sheaves and almost characters of reductive groups, II, Adv. in Math.
111 (1995), 314-354. MR1318530|(95k:20069)

T. Shoji, Shintani descent for special linear groups, J. Algebra 199 (1998), 175-228.
MR1489361/(99b:20078)

T. Shoji, Generalized Green functions and unipotent classes for finite reductive groups,
I. To appear in Nagoya Math. J.

T. Shoji and K. Sorlin, Subfield symmetric spaces for finite special linear groups, Rep-
resentation theory, 8, (2004) 487-521. MR2110358|(2006a:20090)

T.A. Springer and R. Steinberg, Conjugacy classes, in “Seminar on Algebraic groups
and related topics”, Lecture Notes in Math., Vol. 131, Part E, Springer-Verlag, 1970.
MR0268192//(42:3091)

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, CHIKUSA-KU, NAGOYA 464-8602,

JAPAN

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1243154
http://www.ams.org/mathscinet-getitem?mr=1243154
http://www.ams.org/mathscinet-getitem?mr=0570873
http://www.ams.org/mathscinet-getitem?mr=0570873
http://www.ams.org/mathscinet-getitem?mr=0803335
http://www.ams.org/mathscinet-getitem?mr=0803335
http://www.ams.org/mathscinet-getitem?mr=0837529
http://www.ams.org/mathscinet-getitem?mr=0837529
http://www.ams.org/mathscinet-getitem?mr=0933357
http://www.ams.org/mathscinet-getitem?mr=0933357
http://www.ams.org/mathscinet-getitem?mr=0354889
http://www.ams.org/mathscinet-getitem?mr=0354889
http://www.ams.org/mathscinet-getitem?mr=0742472
http://www.ams.org/mathscinet-getitem?mr=0742472
http://www.ams.org/mathscinet-getitem?mr=0732546
http://www.ams.org/mathscinet-getitem?mr=0732546
http://www.ams.org/mathscinet-getitem?mr=0806210
http://www.ams.org/mathscinet-getitem?mr=0806210
http://www.ams.org/mathscinet-getitem?mr=0825086
http://www.ams.org/mathscinet-getitem?mr=0825086
http://www.ams.org/mathscinet-getitem?mr=0849848
http://www.ams.org/mathscinet-getitem?mr=0849848
http://www.ams.org/mathscinet-getitem?mr=0865898
http://www.ams.org/mathscinet-getitem?mr=0865898
http://www.ams.org/mathscinet-getitem?mr=1021495
http://www.ams.org/mathscinet-getitem?mr=1021495
http://www.ams.org/mathscinet-getitem?mr=1043271
http://www.ams.org/mathscinet-getitem?mr=1043271
http://www.ams.org/mathscinet-getitem?mr=1174392
http://www.ams.org/mathscinet-getitem?mr=1174392
http://www.ams.org/mathscinet-getitem?mr=0803339
http://www.ams.org/mathscinet-getitem?mr=0803339
http://www.ams.org/mathscinet-getitem?mr=1354144
http://www.ams.org/mathscinet-getitem?mr=1354144
http://www.ams.org/mathscinet-getitem?mr=1318530
http://www.ams.org/mathscinet-getitem?mr=1318530
http://www.ams.org/mathscinet-getitem?mr=1489361
http://www.ams.org/mathscinet-getitem?mr=1489361
http://www.ams.org/mathscinet-getitem?mr=2110358
http://www.ams.org/mathscinet-getitem?mr=2110358
http://www.ams.org/mathscinet-getitem?mr=0268192
http://www.ams.org/mathscinet-getitem?mr=0268192

	0. Introduction
	Some notations

	1. Parametrization of irreducible characters
	1.1. 
	1.3. 
	1.4. 
	1.5. 
	1.6. 

	2. Generalized Gelfand-Graev characters
	2.1. 
	2.2. 
	2.3. 
	2.4. 
	2.5. 
	2.7. 
	2.8. 

	3. Character formula for generalized Gelfand-Graev characters
	3.1. 
	3.3. 
	3.4. 

	4. Shintani descent and almost characters
	4.1. 
	4.2. 
	4.4. 
	4.5. 
	4.9. 

	5. Unipotently supported functions
	5.1. 
	5.2. 
	5.3. 
	5.5. 
	5.8. 
	5.9. 
	5.10. 

	6. Character sheaves
	6.1. 
	6.2. 
	6.4. 
	6.5. 
	6.6. 
	6.7. 
	6.8. 

	7. Lusztig's conjecture
	7.1. 
	7.3. 
	7.6. 
	7.8. 

	8. Parametrization of almost characters
	8.1. 
	8.2. 
	8.4. 
	8.8. 
	8.9. 
	8.10. 

	9. Proof of Theorem 8.6
	9.1. 
	9.3. 
	9.4. 
	9.6. 
	9.7. 
	9.8. 
	9.9. 
	9.10. 
	9.11. 
	9.12. 
	9.15. 

	References

