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CATEGORICAL LANGLANDS CORRESPONDENCE FOR SOn,1(R)

IMMANUEL HALUPCZOK

Abstract. In the context of the local Langlands philosopy for R, Adams,
Barbasch and Vogan describe a bijection between the simple Harish-Chandra
modules for a real reductive group G(R) and the space of “complete geometric
parameters”—a space of equivariant local systems on a variety on which the
Langlands-dual of G(R) acts. By a conjecture of Soergel, this bijection can
be enhanced to an equivalence of categories. In this article, that conjecture is
proven in the case where G(R) is a generalized Lorentz group SOn,1(R).
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1. Introduction

The Langlands philosophy for the local field R in the form presented in [1] states
more or less the following: For any real reductive algebraic group G, there is a
correspondence between the irreducible Harish-Chandra modules for G(R) and the
set of “complete geometric parameters”—a geometric space constructed from the
Langlands dual group G∨. In [12], Soergel turns this space into a category and
conjectures that this “geometric category” is equivalent to the category of Harish-
Chandra modules for G(R).

If G(R) is a generalized Lorentz group SOm−1,1(R), the category of Harish-
Chandra modules has been realized explicitly as a category of certain modules over
a quiver algebra in [9]. In this article we will realize the corresponding geomet-
ric category in the same way, thereby proving the conjecture of [12] for the case
SOm−1,1(R).

The reader is assumed to be familiar with [1] up to chapter 6 and with equivariant
derived sheaves as presented in [3]. We will use methods of [11] and [10], so it might
be helpful to know these, too; however, this is not absolutely necessary as we will
repeat all the results we will use. What we are doing here can be found in more
detail (but in german) in [7].

1.1. Some notation. Given a complex algebraic group G, we will write G instead
of G(C) for the complex-valued points most of the time.

The notation “G ◦−→ X” means “G acts on X”. This notation is also suited
for commutative diagrams. Instead of “G-equivariant sheaves on X”, we will often
write “sheaves on G ◦−→ X”. By the way: All sheaves in this article will be
equivariant; we will not always say this explicitly.

1.2. The conjecture of Soergel in detail. Suppose we are given the following
data:

• a complex algebraic group G,
• an inner class F of real forms of G,
• a central character χ ∈ Max Z(U(g)) of the universal enveloping algebra of

the Lie algebra g corresponding to G.
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From these data one defines the two categories which are claimed to be equiva-
lent. We start with the representation theoretic side:

Let ΓG = G � Γ with Γ = Gal(C/R) be a weak extended group corresponding
to the inner class F of real forms (see [1], ch. 2). The equivalence classes of those
strong real forms δ ∈ ΓG � G which satisfy δ2 = 1 correspond to the elements of
the non-abelian cohomology H1(Γ, G). Choose a set S ⊂ ΓG � G of representatives
of these equivalence classes.

Given such a representative δ ∈ S, let G(R, δ) := G(C)δ be the corresponding
real algebraic group and let M(G(R, δ)) be its category of Harish-Chandra modules.
This category decomposes according to generalized infinitesimal characters. Let
M(G(R, δ))χ be the part corresponding to our character χ. Now we are ready to
define the representation theoretic category:

Definition 1.1. The representation theoretic category associated to (G, F, χ) is the
direct sum ⊕

δ∈S

M(G(R, δ))χ .

For the geometric category, we first have to construct a variety X out of the
data (G, F , χ). This variety comes with an action of the Langlands dual group G∨

of G. We will postpone the definition of X to Chapter 2. See [1] for details. (The
complete geometric parameters of Adams, Barbasch and Vogan are the equivariant
local systems on orbits of G∨ ◦−→ X.)

Let PShG∨(X) be the category of equivariant perverse sheaves on X (with respect
to the middle perversity). The simple objects in this category are in bijection to
the complete geometric parameters, and therefore also to the simple objects in the
representation theoretic category.

Let Lall be the direct sum of all simple objects in PShG∨(X). (To be more
precise: of one representative of each isomorphism class of simple objects.) The
endomorphisms End•

G∨(Lall) :=
⊕

n∈N
Homn

G∨(Lall,Lall) in the equivariant derived
category D+

G∨(X) form a graded algebra, the geometric extension algebra.
One easily checks that there is a bijection between the simple equivariant per-

verse sheaves and the simple End•
G∨(Lall)-modules. The geometric category is now

defined to be a subcategory of the End•
G∨(Lall)-modules: For any graded algebra

A, we define the category A-nil of nil-modules by

A-nil := {M ∈ A-mod | dimM < ∞, AnM = 0 for n � 0} .

Definition 1.2. The geometric category associated to (G, F, χ) is the category of
nil-modules,

End•
G∨(Lall)-nil .

Now here is Soergel’s conjecture:

Conjecture 1.3 ([12]). The representation theoretic category and the geometric
category associated to (G, F, χ) are equivalent:⊕

δ∈S

M(G(R, δ))χ
∼= End•

G∨(Lall)-nil .

1.3. Our case. In the case which will be treated in this article, the data are the
following:

• The algebraic group G is SOm with m ≥ 3.
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• The inner class F of real forms is the one containing SOm−1,1(R).
• The central character χ is the trivial one (i.e., the one corresponding to the

trivial representation of g).
In [9], only the category M(SOm−1,1(R))χ is examined and not the complete

representation theoretic category corresponding to this situation (which also in-
cludes the representations of the other real forms of G). Accordingly, we will only
examine a part of the geometric category: Luse will be the direct sum of some of the
simple equivariant perverse sheaves in PShG∨(X) (the “useful” ones; in the whole
article, we will always call those objects “useful” that correspond to the right part
of the geometric category).

The goal of this article is to define Luse and then to prove:

Theorem 1.4. (1) End•
G∨(Luse) is a direct summand of End•

G∨(Lall).
(2) There is an equivalence of categories,

M(SOm−1,1(R))χ
∼= End•

G∨(Luse)-nil .

Part (1) will be proven in Chapter 4. In fact, we will prove more generally that
blocks of representations correspond to summands of End•

G∨(Lall) (Corollary 4.8)
and we will check that our choosen summands of Luse indeed consists of entire
blocks.

Part (2) follows from Theorem 1.6, the proof of which will last until Chapter 6.

Remark. In the case of SOm with m even, there are two strong real forms whose
weak real forms are isomorphic to SOm−1,1(R). Indeed, we will see in the proof
that in this case, we get two copies of Luse.

1.4. The Harish-Chandra modules for SOm−1,1(R). In this section we present
the results of [9] about the category M(SOm−1,1(R))χ (where χ is the trivial central
character). This category is equivalent to the category Am-nil of nil-modules of
some algebra Am. The definition of Am depends on the parity of m:

Case m = 2n (“B2n+1” in [9]): A2n is the direct sum of two copies of the graded
algebra given by the following quiver and relations:

(1) • • . . . • •
a1

b1

an−1

bn−1

c
∣∣∣ aµ+1aµ = bµbµ+1 = 0

can−1 = bn−1c = 0

All arrows have degree 1.
Case m = 2n + 1 (“B2n” in [9]): A2n+1 is the algebra corresponding to the

following quiver:

(2)

• • . . . • •
a1

b1

an−1

bn−1

• • . . . • •
a−1

b−1

a−(n−1)

b−(n−1)

•

an

bn

a−n

b−n

∣∣∣∣∣
a±(µ+1)a±µ = 0
b±µb±(µ+1) = 0

b±na∓n = 0

Again, all arrows have degree 1. In fact, there is nothing special about the right
dot of this quiver; one could have drawn the quiver in a straight line. However,
we will see in the construction of the geometric category that in some sense, this
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representation is natural: The dots will correspond to simple perverse sheaves and
the x-coordinate of a dot will indicate the dimension of the support of that sheaf.

Now we can formulate the main result of [9]:

Proposition 1.5 ([9], Theorem 1). Let Am be the graded algebra just defined. Then
the category M(SOm−1,1(R))χ is equivalent to the category Am-nil.

With this proposition, assertion (2) of Theorem 1.4 follows from the next theo-
rem:

Theorem 1.6. For our data (G, F, χ) and our Luse, we have an isomorphism of
graded algebras:

End•
G∨(Luse) ∼= Am .

1.5. Summary of the construction of the geometric category. As before,
let G := SOm, let F be the inner class of real forms containing SOm−1,1(R), and χ
the trivial central character.

Notation. In the entire article, n will be the rank of G, that is, n = 	m
2 
.

In Chapter 2, using the group G, the inner class of real forms F , and the trivial
central character χ, we will construct the variety X with the action of G∨ accord-
ing to [1]. This variety will consist of several components. We will see that the
equivariant derived category on each component is equivalent to the equivariant
derived category on K × B∨ ◦−→ G∨ for a Borel subgroup B∨ of G∨ and some
other subgroup K of G∨. (Here K depends on the component.)

The useful perverse sheaves Luse all live on one single component of X if m is
odd and on two isomorphic components if m is even. We will choose the right
component(s) at the end of Chapter 2.

Simple equivariant perverse sheaves are intermediate extensions of shifted equi-
variant local systems on orbits. We will call the local systems corresponding to Luse

“useful local systems” and the underlying orbits “useful orbits”. First, we have to
determine these useful orbits. This will be done in Chapter 3, using the methods
of [11].

After that, we will examine the equivariant local systems on the useful orbits—
still using [11]—and choose the useful ones. This is the last choice we have to make
to define Luse.

What is left is to determine the endomorphisms of Luse; this is the most difficult
part. To achieve this, we will first use the methods of [10] to determine “where
the distinct summands of Luse live”. These methods involve computations in a
module M over the Hecke algebra H corresponding to G∨. This module M has the
equivariant local systems as a basis, and we will be interested in the submodule
Muse ⊂ M generated by the useful equivariant local systems. To check that Muse

really is a submodule of M and to determine the action of H on Muse, we will still
use the methods of [11].

The results about where the summands of Luse live will imply that each endo-
morphism of Luse in some sense “lives” only on a part of K × B∨ ◦−→ G∨ which
looks quite similar to an analogous situation for PGL2. In this small situation, one
can describe the equivariant derived category very explicitly. So we can determine
endomorphisms there and then lift them to our K ×B∨ ◦−→ G∨. This will be done
in Chapter 5. In Chapter 6 we will then put everything together.
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Remark. If m is even, we have to find four copies of the block depicted in (1); two
for each of the two strong real forms inducing SOm−1,1(R). There will be two of
them on each of the two isomorphic components of X. To be precise (according to
the classification of the irreducible representations by equivariant local systems),
each of the two real forms has one block on each of the two components of X.

2. Construction of X according to [1]

Let G, χ and F be the same as in the previous chapter. In this chapter, we will
determine the geometric parameter space X. More details on the definition can be
found in [1]. Afterwards, we will choose the “useful” component of X, that is the
one on which we will find the useful equivariant perverse sheaves.

2.1. Data and notation for SO2n, SO2n+1, and SP2n. We will use the following
notation:

Notation. Let G be one of the above groups and let T and B be a maximal torus,
resp. a Borel subgroup of G. We will use the following notation:

X•(T ), X•(T ): Root lattice, co-root lattice,
{ε1, . . . , εn}, {e1, . . . , en}: “Bourbaki basis” of X•(T ), resp. X•(T ),

Π = {α1, . . . , αn−1, α�}: Simple roots: αi = εi − εi+1 and α� = εn, resp.
2εn, resp. εn−1 + εn (if G = SO2n+1, resp. SP2n,
resp. SO2n),

W, w0: Weyl group, longest element of W ,
S = {s1, . . . , sn−1, s�}: Simple reflections,

U, Uα: Unipotent radical of B; Root subgroup corre-
sponding to the root α,

g, h, b, n: Lie algebras corresponding to G, T , B, U ,
gss: Semi-simple elements in g.

The following notation for elements of the torus will also be useful:

�t1, . . . , tn
 := e1(t1) · · · en(tn) ∈ T.

2.2. The real form and the L-group. From now on (and for the rest of this
chapter) let G be SOm with m = 2n or m = 2n + 1. The Langlands dual group of
G is

G∨ ∼=
{

SO2n if m is even,

SP2n if m is odd .

Fix tori T and T∨ and Borel subgroups B and B∨ of G and G∨, respectively.
We compute the L-group corresponding to the inner class of SOm−1,1(R): First,

we need the involution a of the root datum corresponding to that inner class. a is
the identity if m ≡ 1, 2, 3 (mod 4). If m ≡ 0 (mod 4), the two “branches” of the
Dynkin diagram are exchanged:

•
• • . . . •

•α1 α2 αn−2

αn−1

α�
a

The L-group is a semidirect product G∨ � Γ. (Remember that Γ = Gal(C/R) =
{1, γ}.) The action of γ ∈ Γ on G∨ fixes B∨ and T∨ and acts on the root datum
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in the same way as a does. So we finally get

ΓG∨ ∼=
{

G∨ × Z/2Z if m ≡ 1, 2, 3 (mod 4),
Om if m ≡ 0 (mod 4) .

2.3. The variety X for the trivial character χ. For regular integral characters,
the definition of the variety X (on which the geometric category lives) is much
simpler than in the general case. We follow the definition of [1] anyway:

First, one gets a G∨-orbit O(χ) of semisimple elements g∨ from the central
character χ by using the Harish-Chandra homomorphism, the identification h∗ ∼=
h∨, and the Chevalley theorem:

MaxZ(U(g)) ∼= W\h∗ ∼= W\h∨ ∼= G∨\g∨ss
χ (trivial) 
→ Wρ 
→ Wρ 
→ G∨ρ =: O(χ) .

Let λ := ρ be a representative of O(χ). To define X, we first need several other
objects:

g
∨(λ)n := {µ ∈ g

∨ | [λ, µ] = nµ} ,

n
∨(λ) :=

∑
n∈N>0

g
∨(λ)n,

U∨(λ) := Connected unipotent subgroup of
G with Lie algebra n∨(λ),

L∨(λ) := ZG∨(λ),

P∨(λ) := L∨(λ)U∨(λ).

One easily checks that in our case (that is, for λ = ρ) U∨(λ) = U∨ and L∨(λ) = T∨,
and thus P∨(λ) = B∨.

Next, we need

e(λ) := e2πiλ ∈ G∨,

G∨(λ) := ZG∨(e(λ)).

One checks that in our case

e(λ) =

{
1 if m is even,

−1 if m is odd ,

so G∨(λ) = G∨.
The last thing we need for the definition of X is a set of representatives of the

orbits of

G∨ ◦−→ I :=
{
y ∈ ΓG∨

� G∨ | y2 ∈ e(O(χ))
}

,

in our case=
{
y ∈ ΓG∨

� G∨ | y2 = e(λ)
}

.

(The action of G∨ is by conjugation.) There are finitely many such orbits. Fix a
set Y of representatives of these orbits. X can now be defined to consist of one
component for each orbit in I, namely:

Xy := G∨ ×ZG∨ (y) G∨(λ)/P∨(λ) for y ∈ Y,

X :=
⋃̇

y∈Y

Xy .
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In our case, we get

Xy := G∨ ×ZG∨ (y) G∨/B∨ .

The action of G∨ on X is by multiplication from the left.
The equivariant derived category on a fixed component Xy of X is equivalent to

the one on

(3) ZG∨(y) ◦−→ G∨/B∨ ,

and also to the one on

(4) ZG∨(y) × B∨ ◦−→ G∨ .

Most of the time, it will be more convenient to work with (4).

2.4. The useful component(s) Xy of X. We are looking for the part of the
geometric category which corresponds to the category of Harish-Chandra modules
for SOm−1,1(R). This part lives on one or two components Xy, where y is such that
the (holomorphic) involution Int y ∈ Aut(G∨) is quasi-split in the sense of [14]. We
repeat the definition of quasi-split, together with a lemma needed for the definition:

Lemma 2.1. Suppose G is an algebraic group and θ a (holomorphic) involution of
G. Then there exists a Borel subgroup B and a torus T such that θ(B) = B and
θ(T ) = T .

Definition 2.2. Suppose G, θ, B, and T are as in Lemma 2.1. θ is called quasi-split
if there exists an x ∈ G such that x−1θ(x) lies in N(T ) and is a representative of
the longest element w0 of the Weyl group W (with respect to B and T ).

The statement that Int y is a quasi-split involution can be reformulated as follows:
There exists a representative ẇ0 ∈ N(T ) of the longest element w0 ∈ W such that
y and ẇ0y are conjugate. (If x−1yx = ẇ0y, then x−1(Int y)(x) = ẇ0.)

Using this formulation, one can easily find a y ∈ ΓG∨�G∨ with this property and
satisfying y2 = e(λ): Just represent G∨ by matrices and find explicit matrices for
ẇ0 and y. (This is carried out in detail in [7].) This yields one desired component
Xy of X. If m is even, we also have the second component we need: X−y. It is
isomorphic to Xy, and one checks that y and −y are not conjugate and so indeed
yield two different components of X.

In principle it doesn’t matter which representant y of an orbit of G∨ ◦−→ I we
choose. However, for simplicity we choose y such that the Borel subgroup and the
torus which are fixed by Int y (by Lemma 2.1) are our B∨ and T∨. This can be
achieved by conjugating y with a suitable element of G∨.

3. Construction of the Hecke algebra module Muse

3.1. Goal of the chapter. From this chapter on, we will only work on the side of
the dual group, so we will omit all “∨” from the notation.

The current situation is the following: We have a group G (which is isomorphic to
either SO2n or SP2n) together with a torus T and a Borel subgroup B, an extension
ΓG of order two of G, and an element y ∈ ΓG � G of order two which stabilizes T
and B. We are interested in the equivariant sheaves on

K := ZG(y) ◦−→ G/B ,
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or, equivalently, on
K × B ◦−→ G .

As y2 = 1, ΓG can be written as semidirect product G � {1, y}. From now on,
let Γ be the subgroup {1, y} of ΓG (in contrast to Γ = {1, γ} in the definition of the
L-group.)

As mentioned in the summary, we want to use the methods of [10] to get some
information about our useful equivariant perverse sheaves. The main ingredient to
these methods is a module M over the Hecke algebra H corresponding to G. M is
a kind of Grothendieck group for the equivariant derived category on K×B ◦−→ G.
A Z[q, q−1]-basis of M is the set

D =
{

δO,γ

∣∣∣∣O is an orbit of K × B ◦−→ G,

γ is an equivariant local system on O.

}
The first goal of this chapter is to define the useful subset Duse ⊂ D. The second

goal is to check that Duse consists of one entire block (resp. two in the case of
SO2n) and to describe the action of H on Muse := 〈Duse〉Z[q,q−1] explicitly. (As Duse

consists of entire blocks, Muse is a submodule of M .)
This will be done using the methods of [11]. The main idea there is to define

a map φ from the orbits of K ◦−→ G/B to the set of involutions in the “extended
Weyl group” ΓW . This map enables us to get information about orbits by doing
combinatorial computations in ΓW .

We will explicitly specify a set of “useful involutions” in section 3.5. Then, in
sections 3.6 and 3.7, we will define the useful orbits as appropriate preimages under
φ. After that, we will analyze the equivariant local systems on the useful orbits
and choose some of them (in sections 3.11 and 3.12) to be the useful ones. Finally,
we will determine the action of the Hecke algebra H.

3.2. Involutions in ΓW � W . To analyze the orbits of K ×B ◦−→ G, Richardson
and Springer ([11]) define a set of “twisted” involutions in the Weyl group W and
a map φ from the orbits to these twisted involutions. Instead of using twisted
involutions in W , we will use normal involutions in “ΓW � W”; this doesn’t really
change anything, but it fits better into the general context and simplifies some
computations.

Definition 3.1. (1) Define the extended normalizer ΓN(T ) of T to be its
normalizer NΓG(T ) in ΓG and the extended Weyl group ΓW to be the quo-
tient ΓN(T )/T .

(2) Let I :=
{
a ∈ ΓW � W | a2 = 1

}
be the set of involutions in ΓW � W .

Remark. As y stabilizes the torus, it is an element of ΓN(T ), so we get
ΓN(T ) ∼= N(T ) � Γ and

ΓW ∼= W � Γ .

By abuse of notation we will write y for the image of y in ΓW .

Remark. The action of W on T and on X•(T ) naturally extends to an action of
ΓW . In the cases where ΓG ∼= G × Z/2Z, y acts trivially; in the case ΓG ∼= O2n

(n even), y maps εn to −εn.

We will need a kind of “Bruhat order” on I.
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Definition 3.2. For two elements of I written in the form wy and w′y for w, w′ ∈
W , define

wy < w′y :⇔ w < w′,

where the “<” on the right-hand side is the usual Bruhat order on W .

Remark. ΓW is a Coxeter group. However, our order on ΓW � W is not (the
restriction of) a Bruhat order in this sense.

3.3. The map φ from the orbits to the involutions. To define the map
φ : K\G/B → I, we first need another map κ:

Definition 3.3. (1) Define κ : G → ΓG � G, x 
→ x−1yx.
(2) Suppose O ∈ K\G/B and x ∈ O is a representative with κ(x) ∈ ΓN(T ).

Then, define φ(O) := κ(x)T ∈ ΓW � W to be the element represented by
κ(x).

Remark. It is shown in [11] that this defines a map φ : K\G/B → I; indeed, each
orbit O has representatives x with κ(x) ∈ ΓN(T ), all such representatives of one
orbit yield the same element of ΓW � W , and these elements are involutions.

Later, we will need the following lemma:

Lemma 3.4. The preimage of w0y ∈ I under φ consists exactly of the open orbit
Omax in G: φ−1(w0y) = {Omax}.

Proof. By results of [11], the preimage of φ(Omax) is only Omax itself and the image
of φ is {a ∈ I | a ≤ φ(Omax)}. (In particular, φ(Omax) is the longest element in the
image.) So all we have to check is that w0y lies in the image of φ.

This follows from our choice of y (see section 2.4): Int y is quasi-split, that
is, there is an x ∈ G with x−1yxy−1T = w0. For O := KxB this means that
φ(O) = κ(x)T = w0y. �

3.4. Neighborhoods of orbits. Now we take a closer look at the geometry of the
orbits. A common way of doing this is the following: Fix a simple reflection s ∈ S
and let Ps := B ∪BsB be the corresponding minimal parabolic subgroup. We will
look at sets of the form OPs for an orbit O ∈ K\G/B. The geometry of those sets
is well known (see e. g. [11], §2, [10], and [15]) and it is using this geometry that
the action of the Hecke algebra H on the module M is defined. In this section, we
will describe the results of Richardson and Springer on how to extract information
about this geometry from the involutions.

We start with a definition to simplify the language:

Definition 3.5. Suppose s ∈ S is a simple reflection.

(1) For an orbit O ∈ K\G/B, call OPs ∈ K\G/Ps the s-neighborhood of O.
(2) Two orbits O and O′ are called s-neighbors if OPs = O′Ps.
(3) The open orbit in an s-neighborhood is called s-large (or simply large if

there is no risk of confusion), the other ones are called (s-)small.

Now fix a simple reflection s ∈ S and a neighborhood N ∈ K\G/Ps. Let Us

be unipotent radical of Ps and Ts = ker α ⊂ T the kernel of the simple root α
corresponding to s.
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Table 1. The possible cases for KN

KN TN N(TN ) BN GN

Orbits of
KN ◦−→ P1C

{0} C× {∞} {0,∞} C× {∞} C P1C

sa ≷ a > < > > < > < >

sa =�= as sa = as sa = as sa �= as sa = as

The following groups can be defined:

GN := Ps/UsTs
∼= PGL2,

BN := B/UsTs ⊂ GN ,

TN := T/Ts ⊂ BN .

In fact, these groups only depend on s and not on N , but this notation will be
more consistent with what follows.

Now choose a representative x ∈ N and define

Kx := x−1Kx .

To N we associate the group

KN := (Kx ∩ Ps)/(Kx ∩ UsTs) ∼= (KxUsTs ∩ Ps)/UsTs ⊂ GN .

KN does depend on the choice of x, but it is well defined up to conjugacy in GN .
We won’t need more.

The main point about the geometry on neighborhoods is that there is a one-to-
one correspondence between the orbits of K × B ◦−→ N and the orbits of KN ×
BN ◦−→ GN which respects geometry (orbit closure). In Chapter 5 we will see that
in certain cases even the equivariant derived categories on K × B ◦−→ N and on
KN × BN ◦−→ GN are quite similar.

There are only four different possibilities for the geometry on KN ×BN ◦−→ GN
(and thus on N ). In each case, there is one large (open) orbit and up to two
small ones. We list the orbits in each case in Table 1, together with some extra
information. (To shorten the notation, KN × BN ◦−→ GN has been written as
KN ◦−→ GN /BN ∼= P1C.)

For a given orbit O and a given simple reflection s ∈ S, we are interested in two
things: Which of the four cases do we have for the s-neighborhood N of O and is O
s-small or s-large? By results of [11], these questions can almost be answered only
by examining the involution a := φ(O) ∈ I corresponding to our orbit O: a > sa
if and only if O is s-large and KN �∼= GN . Furthermore, sa �= as if and only if
KN ∼= BN .

The next thing we want to know is: If O and O′ are s-neighbors, then what is
the relation between φ(O) and φ(O′)?

Proposition 3.6 (compare [11], Prop. 3.3.3). Suppose s ∈ S is a simple reflection,
N ∈ K\G/Ps is an s-neighborhood, and O and O′ are a small and a large orbit in
that neighborhood. (In particular, KN �∼= GN .) Then φ(O) < φ(O′) and we have:

(1) If KN ∼= BN , then φ(O′) = sφ(O)s. (The map O 
→ O′ is the cross-action
of s ∈ W on the set of orbits.)
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(2) If KN ∼= TN or KN ∼= N(TN ), then φ(O′) = sφ(O). (The map O 
→ O′ is
the Cayley transform.)

Finally, we define notations which will make it easy to draw neighborhood dia-
grams:
Notation. (1) Suppose O and O′ are two orbits. O

s
T O′ , resp. O

s
N O′,

resp. O
s
B O′ means that O and O′ are s-neighbors, O being small and

O′ being large, and that KN ∼= TN resp. KN ∼= N(TN ) resp. KN ∼= BN .
(2) We also define the corresponding notation on the level of the involutions.

However, here we can’t distinguish between the TN and the N(TN ) case:
Suppose a, a′ ∈ I are two involutions. a

s
∗ a′ means that a′ > a and

a′ = sa = as, and a
s
B a′ means that a′ > a and a′ = sas �= a.

3.5. The useful involutions. Now we are ready to list the useful involutions (the
images under φ of what will be the useful orbits):

Definition 3.7. (1) For 1 ≤ i ≤ n, let ai be the element of I acting by 1 on
εi and by −1 on εj for j �= i.

(2) In the case G = SP2n, let additionally a∞ be the element of I acting by
−1 on the whole of X•(T ).

(3) Define the set of useful involutions to be {a1, . . . , an} in the case G = SO2n

and {a1, . . . , an, a∞} in the case G = SP2n.

The reader should check that there are indeed elements of W �
ΓW behaving like

this. If G = SP2n, the Weyl group can apply any permutation and sign change to
the elements εi, so here, this is clear. However, if G = SO2n, one has to check that
the parity of the number of sign changes is the right one.

Remark. Note that we have an = w0y in the case G = SO2n and a∞ = w0y in the
case G = SP2n.

We are especially interested in the neighborhood between useful involutions (and
later between useful orbits). So let’s define:

Definition 3.8. Neighborhoods consisting of two useful involutions (resp. only
of useful orbits) are called useful. Neighborhoods consisting of one useful and one
useless involution (resp. useful and useless orbits) are called semi-useful1.

Figure 1 contains all useful and semi-useful neighborhoods. The vertical arrows
are the useful neighborhoods and the almost horizontal arrows the semi-useful ones.

3.6. The useful orbits in the case SO2n. Now we can define the useful orbits.
In the SO2n-case this is easy using the following lemma:

Lemma 3.9. In the SO2n-case, each useful involution ai (1 ≤ i ≤ n) has exactly
one preimage under φ.

Before we get to the proof, we define:

Definition 3.10. For 1 ≤ i ≤ n, define Oi to be the preimage of ai under φ. These
orbits Oi will be called the useful orbits.

1“Annoying” might be more appropriate, as later we will have to get rid of those.
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Case G = SO2n:

an

sn−2an

∗ ...
s1an

∗

an−1

sn−3an−1

∗ ...
s1an−1

∗

an−2

s�an−2

∗ sn−1an−2

∗ sn−4an−2∗ ...
s1an−2

∗

...
...

a2

s�a2

∗ sn−1a2∗ ...
s3a2

∗

a1

s�a1

∗ sn−1a1∗ ...
s2a1

∗

B s�Bsn−1

Bsn−2

Bsn−3

Bs2

Bs1

Case G = SP2n:

a∞

sn−1a∞
∗ ...

s1a∞
∗

an

sn−2an

∗ ...
s1an

∗

an−1

s�an−1

∗ sn−3an−1∗ ...
s1an−1

∗

...
...

a2

s�a2

∗ sn−1a2∗ ...
s3a2

∗

a1

s�a1

∗ sn−1a1∗ ...
s2a1

∗

∗s�

Bsn−1

Bsn−2

Bs2

Bs1

Figure 1. All useful and semi-useful neighbourhoods of involutions

Proof of the lemma. For an = w0y, we know that the preimage is {Omax} by
Lemma 3.4.

Now suppose 1 ≤ i ≤ n − 1. The si-neighborhood of an orbit O ∈ φ−1(ai) is of
type KN ∼= BN , so O has exactly one si-neighbor O′ and we have φ(O′) = ai+1.
Conversely, each orbit O′ ∈ φ−1(ai+1) has exactly one si-neighbor O ∈ φ−1(ai). So
the si-neighborhood defines a bijection between φ−1(ai) and φ−1(ai+1). Starting
from φ−1(an) = {Omax} and going down inductively, we find that each ai has
exactly one preimage. �

In the proof, we already saw the useful neighborhoods of our orbits. Together
with the information about the semi-useful neighborhoods of the involutions we
get:

Proposition 3.11. In the case SO2n the useful neighborhoods of the orbits are

O1

s1
B O2

s2
B . . .

sn−1
B On .
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All semi-useful neighbourhoods are of the form O
sj

N Oi or O
sj

T Oi .

In other words, the useful orbits are just one orbit under the cross-action.

3.7. The useful orbits in the case SP2n. In the SP2n-case, there is still some in-
formation missing that we need to define the useful orbits: We know that the preim-
age of a∞ = w0y is {Omax}, but we don’t know yet whether the s�-neighborhood
of Omax is of type TN or N(TN ). This would be necessary to know the number of
s�-neighbors of Omax in φ−1(an). (In addition, φ−1(an) could contain even more
orbits: orbits whose s�-neighborhood is of type GN . However, we don’t care about
these.)

In Lemma 3.19, we will see that the s�-neighborhood of Omax is of type TN .
Using this (and the same bijections between the preimages φ−1(ai), 1 ≤ i ≤ n as in
the SO2n-case), we can define:

Definition 3.12. (1) Let O∞ := Omax be the only preimage of a∞.
(2) Let On and O−n be the two small s�-neighbors of O∞.
(3) Let inductively Oi and O−i be the small si-neighbor of Oi+1 resp. O−i−1.
(4) These orbits O1, . . . ,On,O−1, . . . ,O−n,O∞ are called the useful orbits.

As in the SO2n-case, we now can describe the useful and semi-useful neighbor-
hoods of our useful orbits:

Proposition 3.13. In the case SP2n the useful neighborhoods of the orbits are:

O1 O2 . . . On

O−1 O−2 . . . O−n

O∞ .
B

s1

B

s2

B

sn−1

T

s�

B
s1

B
s2

B
sn−1

T
s�

All semi-useful neighbourhoods are of the form O
sj

N Oi or O
sj

T Oi .

So in this case, the useful orbits consist of three orbits under the cross-action
({O∞} and the two “branches”), linked together by a Cayley transform.

3.8. Equivariant local systems on G/B. In this section, we will repeat how to
describe the equivariant local systems on orbits using the methods of [11].

Definition 3.14. For an involution a ∈ I define:

(1) Ta := {t ∈ T | at = t}.
(2) Aa := Ta/T 0

a , the component group of Ta.
(3) Γa the set of characters of Aa.

Lemma 3.15 (cf. [11], Lemma 7.2.1). Suppose O is an orbit of K × B ◦−→ G
and x ∈ O is a representative of O. Then the isotropy group of x is solvable
and its maximal torus is isomorphic to Tφ(O). In particular, there is a one-to-one
correspondence between equivariant local systems on O and the characters Γφ(O).

Notation. For an element δO,γ ∈ D of the basis of the Hecke module (for the defini-
tion of D see section 3.1), we will also write δO,χ if χ ∈ Γφ(O) is the corresponding
character.
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To define the action of the Hecke algebra on the module M , we have to extend
the definition of neighborhoods to the basis elements D. Suppose γ̄ is an equivariant
local system on a whole neighborhood N ∈ K\G/Ps of orbits. Then we want the
restrictions of γ̄ to the distinct orbits to form a neighborhood. Here is a formal
definition:

Definition 3.16. Suppose s is a simple reflection, Ps is the corresponding minimal
parabolic subgroup, and N ∈ K\G/Ps is a neighborhood of orbits. Denote the
orbits in N by (Oν)ν∈I and the inclusions of those orbits by ιν : Oν ↪→ N . Let γ̄ be
an equivariant local system on N and for each ν ∈ I let γν := ι∗ν γ̄ be its restriction
to Oν .

(1) An s-neighborhood in D is a set of the form {δOν ,γν
| ν ∈ I}.

(2) δ is called (s-)large if its underlying orbit is s-large.
(3) If δ, δ′ ∈ D, δ �= δ′ are s-neighbors and δ′ is large, we write δ

s
T δ′ , resp.

δ
s
N δ′ , resp. δ

s
B δ′ (depending on the kind of the underlying

neighborhood of orbits). We will write δ
s
→ δ′ if we are not interested in

the kind of neighborhood.

Remark. If these neighborhoods are represented as a graph, then the connected
components correspond exactly to the blocks of representations.

[11] gives an explicit way to determine the neighborhoods between equivariant
local systems when they are given as characters of the groups Aφ(O). This is the
result:

Case KN ∼= GN : Let O := N be the only orbit in that neighborhood. Each δO,χ

(for χ ∈ Γφ(O)) is a neighborhood on its own.

Case KN ∼= BN (cross-action): Let O and O′ be the orbits in N , O′ being the
large one. Let a := φ(O) and a′ := φ(O′) be the corresponding involutions. There
is an isomorphism

Ta −→ Ta′ = Tsas,

t 
−→ s(t) ,
(5)

which induces an isomorphism Aa
∼= Aa′ and therefore also an isomorphism of

the character groups Γa′ ∼−→ Γa. In this case, neighborhoods of equivariant local
systems are sets of the form {δO,χ, δO′,χ′}, where χ′ ∈ Γa′ is arbitrary and χ is the
image of χ′ under the above isomorphism.

Cases KN ∼= TN and KN ∼= N(TN ) (Cayley transform): Let O′ be the large
orbit in N , and O resp. O1, O2 the other orbit(s). Let a′ := φ(O′) the involution
corresponding to the large orbit and a the involution corresponding to the small
one(s). Let α be the simple root corresponding to the simple reflection s.

Define Tmiddle := Ta′ ∩ker(α) and Amiddle := Tmiddle/T 0
middle. The following facts

are proven in [11]:

Lemma 3.17. (1) The induced map ρ1 : Amiddle → Aa′ is an injection of de-
gree either 1 or 2.

(2) ρ1 is an isomorphism if and only if α(Ta′) = 1, if and only if KN ∼= TN .
(3) Tmiddle is a subset of Ta.
(4) The induced map ρ2 : Amiddle → Aa is a surjection of degree either 1 or 2.

The kernel of ρ2 is α∨(±1) · T 0
middle.
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Each character χ′ ∈ Γa′ can be restricted to a character of Amiddle using ρ1. If χ′

vanishes on α∨(±1), that character factors over ρ2 and we get a character χ ∈ Γa.
In the case KN ∼= N(TN ), the neighborhoods of equivariant local systems are of the
form {δO,χ, δO′,χ′} for characters χ′ that vanish on α∨(±1). In the case KN ∼= TN ,
they are of the form {δO1,χ, δO2,χ, δO′,χ′}.
Remark. Characters χ′ ∈ Γa′ which do not vanish on α∨(±1) have no s-neighbor-
hood. (They correspond to equivariant local systems which are “twisted” around
the small orbit and so cannot be extended.)

Remark. In the case KN ∼= N(TN ) each equivariant local system on the small orbit
O has two s-neighborhoods (the restriction of characters Γa′ → Γmiddle is 2-to-1);
in the case KN ∼= TN , the equivariant local systems on O1 and O2 have only one
s-neighborhood.

3.9. The action of the Hecke algebra H. The action of the Hecke algebra H
on the module M can be defined either geometrically (see [10], Lemma 3.3) or in a
purely combinatorial way (see e. g. [11]). Here is a definition which lies somewhere
in between, using neighborhoods of equivariant local systems.

H is generated by the set {Ts | s ∈ S}. Instead of defining the action of these
elements, we use another set of generators, namely,

Cs := Ts + 1 .

Now here is our definition of the action of H on M (which is equivalent to the
ones in [10] and [11]):

Definition 3.18. Suppose s ∈ S is a simple reflection and δ ∈ D. The action of
Cs on δ depends on whether δ is s-large or not.

(1) If δ is s-small: δ can lie in one or two s-neighborhoods. Let {δi,j | 1 ≤ i ≤ l}
for j = 1 (resp. j = 1, 2) be this s-neighborhood (resp. those s-neighbor-
hoods). Define

Csδ :=
∑
i,j

δi,j .

(2) If δ is s-large: If δ has no s-neighborhood, define

Csδ := 0 .

Otherwise, let {δi | 1 ≤ i ≤ l} be the s-neighborhood of δ. Define Csδ so
that the following formula holds:∑

i

Csδi = (q + 1)
∑

i

δi .

(This does make sense, because on the left-hand side, δ is the only large
summand, and for small δi, Csδi has already been defined in (1).)

3.10. The characters corresponding to useful orbits. In this section, we de-
termine the character groups Γai

corresponding to the useful orbits and fix some
notation.

Notation. Define the following shortcuts:

Ti := Tai
= {t ∈ T | ai(t) = t} ,

Ai := Aai
= Ti/T 0

i ,

Γi := Γai
the set of characters of Ai.

For elements of the torus, we use the notation �t1, . . . , tn
 := e1(t1) · · · en(tn) (see
section 2.1).
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Using these notations, we can determine the groups Ti and Ai. In the case SO2n,
we get:

Ti =
{
�±1, . . . ,±1, ∗

i
,±1, . . . ,±1


}
,

Ai
∼= {±1} × · · · × {±1} × {1}

i

× {±1} × · · · × {±1} .

In the case SP2n, we get the same and additionally:

T∞ = {�±1, . . . ,±1
} ,

A∞ ∼= {±1} × · · · × {±1} .

Here is a good opportunity to compute the neighborhood which was missing in
section 3.7:

Lemma 3.19. The s�-neighborhood of O∞ is of type TN .

Proof. By Lemma 3.17, we have to check α�(T∞) = {1}. This is the case, because
α� = 2εn. �

Back to the characters: For 1 ≤ i ≤ n, a character χ ∈ Γi is determined by the
images of the elements (1, . . . , 1,−1

j
, 1, . . . , 1) ∈ Ai for j �= i. A character of A∞ is

determined by the images of all the (1, . . . , 1,−1
j

, 1, . . . , 1).

Notation. For 1 ≤ i ≤ n, we denote a character χ ∈ Γi by the tuple

(b1, . . . , bi−1, •, bi+1, . . . , bn)

where bj = χ(1, . . . , 1,−1
j

, 1, . . . , 1) for j �= i. A character χ ∈ Γ∞ will be denoted

by the full tuple (b1, . . . , bn) of the images.

3.11. The useful basis in the case SO2n. Now we are ready to define the useful
equivariant local systems:

Definition 3.20. (1) For 1 ≤ i ≤ n, define the following characters of Γi:

χi := (1,−1, 1, . . . ,±1, •
i
,∓1, . . . ) ∈ Γi,

χ−i := (−1, 1,−1, . . . ,∓1, •
i
,±1, . . . ) ∈ Γi .

Note that the signs before and after the “ •” are different.
(2) For i ∈ {1, . . . , n,−1, . . . ,−n} let γi be the equivariant local system on O|i|

corresponding to χi.
(3) Let δi := δO|i|,γi

∈ D be the corresponding element of the basis of the Hecke
module.

(4) Let Duse := {δi | i ∈ {1, . . . , n,−1, . . . ,−n}} ⊂ D be the useful basis.

The choice of the χi may seem a bit strange at first glance, but we will see in
moment that these are the ones that define the (rather small) two complete blocks
of equivariant local systems that we need.

Proposition 3.21. In the case SO2n, all neighborhoods of the useful basis elements
are:

δ1 δ2 . . . δn−1 δn

δ−1 δ−2 . . . δ−(n−1) δ−n

B

s1

B

s2

B

sn−2

B

sn−1,s�

B
s1

B
s2

B
sn−2

B
sn−1,s�

In particular, the useful basis elements make up two complete blocks.
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Proof. The si-neighborhood Oi,Oi+1 is of type BN , so the neighborhoods of equi-
variant local systems are given by the isomorphism (5) between the character groups
Γi and Γi+1 (see section 3.8). Applying this isomorphism yields: γ ∈ Γi and
γ′ ∈ Γi+1 form a neighborhood if and only if they differ only in the location of the

“•”. Therefore, we get the neighborhoods δ±i

si

B δ±(i+1) . In the same way, we

also get δ±(n−1)

s�

B δ±n .
It remains to prove that there are no other neighborhoods. The semi-useful

neighborhoods of the underlying orbits are of type TN or N(TN ), and the useful
orbit is always the large one. So by section 3.8, to show that χi has no sj-neighbors
we have to check that χi does not vanish on α∨(±1), where α∨ is the simple co-
root corresponding to sj . This is indeed the case because of the alternating signs
of χi. �

3.12. The useful basis in the case SP2n. Now let’s do the same for SP2n.

Definition 3.22. (1) Define

χi :=
(
(−1)n−1, (−1)n−2, . . . , (−1)n−i+1, •

i
, (−1)n−i, . . . , (−1)2, (−1)1

)
∈ Γi

for 1 ≤ i ≤ n, and

χ∞ :=
(
(−1)n−1, (−1)n−2, . . . , (−1)1, (−1)0

)
∈ Γ∞ .

(Here we have to be a bit more careful about the signs than in the SO2n-
case.)

(2) For 1 ≤ i ≤ n let γi, resp. γ−i, be the equivariant local system on Oi, resp.
O−i corresponding to χi. Let γ∞ be the equivariant local system on O∞
corresponding to χ∞.

(3) Let δi := δOi,χi
, δ−i := δO−i,χi

and δ∞ := δO∞,χ∞ be the corresponding
elements of the basis of the Hecke module.

(4) Let Duse := {δi | i ∈ {1, . . . , n,−1, . . . ,−n,∞}} ⊂ D be the useful basis.

Proposition 3.23. In the case SP2n, all neighborhoods of the useful basis elements
are:

δ1 δ2 . . . δn

δ−1 δ−2 . . . δ−n

δ∞ .
B

s1

B

s2

B

sn−1

T

s�

B
s1

B
s2

B
sn−1

T
s�

In particular, the useful basis elements make up one complete block.

Proof. Getting the neighborhoods δ±i

si

B δ±(i+1) (1 ≤ i ≤ n − 1) is analogue
to the case SO2n. For the s�-neighborhood of δ∞, we use the notation of section
3.8: Tmiddle = T∞ ∩ ker(α�) = T∞. One easily checks that applying the maps
ρ1 : Amiddle → A∞ and ρ2 : Amiddle → An to χ∞ as in section 3.8 yields χn, so we
get the neighborhood {δn, δ−n, δ∞}.

Again, we have to check that there are no semi-useful neighborhoods. For the
sj-neighborhoods with 1 ≤ j ≤ n − 1, this works exactly as in the SOn-case. For
the s�-neighborhood of δi with 1 ≤ i ≤ n − 1, one also checks that α∨

� does not
vanish on χi; this time, the reason is that the last sign in χi is negative. �
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3.13. The action of H on Muse. Now that we know our useful basis Duse and
its neighborhood relations, we can define our useful H-submodule Muse ⊂ M and
determine the action of H on Muse.

Definition 3.24. Let the useful H-module be the Z[q, q−1]-submodule Muse :=
〈Duse〉Z[q,q−1] ⊂ M generated by the useful basis.

As the useful basis elements consist of entire blocks, Muse is a H-submodule of
M . To get the action of H on Muse, we now apply Definition 3.18 to our situation,
using the neighborhood relations determined in the two previous sections. We use
the following notation.

Notation. Cj := Csj
for j ∈ {1, . . . , n − 1, �}.

We get in the SO2n-case:

Ciδ±i = δ±i + δ±(i+1) for 1 ≤ i ≤ n − 1,

Ciδ±(i+1) = q(δ±i + δ±(i+1)) for 1 ≤ i ≤ n − 1,

C�δ±(n−1) = δ±(n−1) + δ±n,

C�δ±n = q(δ±(n−1) + δ±n) .

And in the SP2n-case:

Ciδ±i = δ±i + δ±(i+1) for 1 ≤ i ≤ n − 1,

Ciδ±(i+1) = q(δ±i + δ±(i+1)) for 1 ≤ i ≤ n − 1,

C�δ±n = δn + δ−n + δ∞,

C�δ∞ = q(δn + δ−n + δ∞) .

In either case, all other Cjδi are zero.

3.14. Length and Bruhat order. To apply [10] to our module Duse, we need a
length function l and a Bruhat order ≤ on Duse.

Definition 3.25 (cf. [10], Def. 1.1). For δO,γ ∈ D define the length l(δO,γ) :=
dimC O.

Set l0 := l(δ1)− 1. The dimensions of a small and the large orbit in a neighbor-
hood differ by one, so we get (in both, the SO2n and the SP2n-case): l(δ±i) = l0 + i
for 1 ≤ i ≤ n. In the SP2n-case, we additionally have l(δ∞) = l0 + n + 1. That’s
all we need to know about the length.

Definition 3.26 ([10], Def. 1.8). Let the Bruhat order ≤ on D be the smallest
order with the following properties:

(1) If s ∈ S is a simple reflection and δ, δ′ ∈ D are basis elements with δ
s
→ δ′,

then δ ≤ δ′.
(2) If s ∈ S is a simple reflection and δ, δ′, γ, γ′ ∈ D with δ

s
→ δ′, γ
s
→ γ′ and

γ ≤ δ, then γ′ ≤ δ′.

In the SO2n-case, we get δi ≤ δj and δ−i ≤ δ−j for 1 ≤ i ≤ j ≤ n. In the
SP2n-case, we get the same and additionally δi ≤ δ∞ for all i. Elements of Duse

and D � Duse are incomparable.
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4. Construction of the intermediate extensions

Let the groups G, B, and K, the Hecke module M = 〈D〉, and its submodule
Muse = 〈Duse〉 be as in the previous chapter. We start by defining the useful
equivariant simple perverse sheaves. They are (up to a shift) the intermediate
extensions of the equivariant local systems in Duse:

Definition 4.1. (1) Suppose δ = δO,γ ∈ D, and ι : O ↪→ G is the inclusion
of the orbit. Define Lδ := ι!∗γ[dimC O] to be the simple perverse sheaf
corresponding to γ.

(2) For δk ∈ Duse (k = ±1, . . . ,±n, resp. k = ±1, . . . ,±n,∞), we call Lk :=
Lδk

a useful perverse sheaf.
(3) Define Luse :=

⊕
δ∈Duse

Lδ to be the direct sum of all useful perverse
sheaves.

(4) We will call Lδ and Lδ′ s-neighbors (for a simple reflection s ∈ S) if δ and
δ′ are s-neighbors.

We know the action of the Hecke algebra H on Muse. In this chapter, we will use
the methods of [10] to determine the elements of Muse corresponding to the useful
perverse sheaves. In section 4.3, we will then draw conclusions.

4.1. The dualizing map D.

Proposition 4.2 ([10], Theorem 1.10). There is exactly one Z-linear map D : M →
M with the following properties:

(1) D is compatible to the usual duality on H, i.e.,

D(qm) = q−1D(m) for m ∈ M and(6)

D(Csm) = q−1CsD(m) for m ∈ M, s ∈ S .(7)

(2) There are polynomials Rδ′,δ ∈ Z[q] (δ′, δ ∈ D) such that

(8) D(δ) = q−l(δ)(δ +
∑
δ′<δ

Rδ′,δδ
′) .

The degree of the polynomial Rδ′,δ is at most l(δ) − l(δ′).

We determine the map D on our submodule Muse ⊂ M , starting with the case
SO2n. Recall that our Z[q, q−1]-basis of Muse is Duse = {δ±1, . . . , δ±n} and that the
length l(δ±k) is l0 + k for a fixed integer l0.

Equation (8) applied to δ1 yields

D(δ1) = q−l0−1δ1 .(9)

Now suppose 1 ≤ k ≤ n − 1. Then we get

D(δk + δk+1) = D(Ckδk)
(7)
= q−1CkD(δk)

(8)
= q−1Ck

⎛
⎝q−l0−k(δk +

k−1∑
j=1

Rj,kδj)

⎞
⎠ .

As Ckδj = 0 for j < k, the whole sum disappears, and we get

D(δk + δk+1) = q−l0−k−1Ckδk = q−l0−k−1(δk + δk+1) .(10)
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The same computation also works for δ−1 and δ−k + δ−(k+1).
In the case SP2n, we get the same results, and additionally (with an analogous

computation),

(11) D(δn + δ−n + δ∞) = q−l0−n−1(δn + δ−n + δ∞)

Using these formulas, we could determine D inductively. However, the result is
a bit ugly and we don’t need it anyway.

4.2. The new basis (λδ)δ∈Duse .

Proposition 4.3 ([10], Theorem 1.11). For each δ ∈ D there exists exactly one

λδ =
∑
δ′≤δ

Pδ′,δδ
′ ∈ M , Pδ′,δ ∈ Z[q] ,

with the following properties:

(1) D(λδ) = q−l(δ)λδ.
(2) Pδ,δ = 1.
(3) If δ′ �= δ, Pδ′,δ is a polynomial of degree at most 1

2 (l(δ) − l(δ′) − 1).

We will denote the useful λδk
by λk.

Equations (9), (10), and (11) provide exactly those elements:

λ±1 = δ±1,(12)

λ±k = δ±k + δ±(k−1) for 2 ≤ k ≤ n(13)

in the SO2n-case, and in the SP2n-case the same ones, and additionally,

λ∞ = δ∞ + δn + δ−n .(14)

4.3. Implications for the simple perverse sheaves Lk. The following theorem
explains what the elements λδ tell us about the simple perverse sheaves Lδ:

Proposition 4.4 ([10], Theorem 1.12). Suppose δ = δO,γ ∈ D and ι : O ↪→ G is
the inclusion. Then the following holds:

(1) Hp(ι!∗γ) = 0 for odd p.
(2) Suppose, additionally, δ′ = δO′,γ′ ∈ D and ι′ : O′ ↪→ G is the inclusion.

Then
Pδ′,δ =

∑
p

[H2p(ι!∗γ) : ι′!γ
′]qp .

Here [F : G] denotes the multiplicity of the simple (non-perverse) equivari-
ant sheaf G in the Jordan-Hölder series of F .

Using this and equations (12), (13), and (14), we can read off which orbits
the useful simple perverse sheaves “live” on. By “L lives on X” we mean: If
ι : G � X ↪→ G is the inclusion of the complement, then ι∗L = 0.

Corollary 4.5. Suppose O ∈ K\G/B is a useful orbit, γ is a useful equivariant
local system on O, and L is the corresponding useful simple perverse sheaf. If O has
small useful neighbors, then L lives on O and its small useful neighbors; otherwise
L only lives on O.
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From our equations (12), (13), and (14), we also can conclude that many homo-
morphism groups between useful simple perverse sheaves vanish. To do this, we
need the following proposition, which is an adaption of Theorem 3.4.1 in [2] to our
situation and our needs:

Proposition 4.6. Suppose δ, δ′ ∈ D are basis elements such that λδ and λδ′ have
no common summand, that is, for each δ′′ ∈ D either Pδ′′,δ = 0 or Pδ′′,δ′ = 0.
Then R HomK(Lδ,Lδ′) = 0.

We postpone the proof to the next section.

Corollary 4.7. Suppose Lδ and Lδ′ are two useful simple perverse sheaves with
neither δ

s
→ δ′ nor δ′
s
→ δ for any s ∈ S. Then R HomK(Lδ,Lδ′) = 0.

Remark. This corollary says that each endomorphism of Luse somehow “lives in a
single neighborhood”. This is the reason why we can determine End•

K(Luse) quite
easily. We will see in the next chapter how to lift endomorphisms in the derived
category on KN ×BN ◦−→ GN to K × B ◦−→ N . Then the only thing left to do is
to put everything together.

Another conclusion of Proposition 4.6 is the following:

Corollary 4.8. Blocks in the H-module M correspond to direct summands of
End•

K(Lall). More precisely, a decomposition of M of the form

M =
⊕

i

〈Di〉Z[q,q−1] where
⋃̇
i

Di = D

provides a corresponding decomposition of the algebra End•
K(Lall):

End•
K(Lall) =

⊕
i

End•
K(

⊕
δ∈Di

Lδ) .

This proves Theorem 1.4 (1): As Muse is a direct summand of M , End•
K(Luse)

is a direct summand of End•
K(Lall).

Remark. In the SO2n-case, Muse itself consists of two blocks, so we have

End•
K(Luse) ∼= End•

K(L1 ⊕ · · · ⊕ Ln) ⊕ End•
K(L−1 ⊕ · · · ⊕ L−n) .

4.4. Homomorphisms vanish. In the last section of this chapter, we prove Pro-
position 4.6. To do this, we first have to analyze the equivariant derived category
on a single orbit of K × B ◦−→ G:

Lemma 4.9. Suppose O ∈ K\G/B is an orbit. Then the corresponding derived
category D+

K×B(O) decomposes into a direct sum, each summand of which has ex-
actly one of the equivariant local systems on O as simple object.

Proof. Fix a representative x ∈ O of our orbit and suppose Ix ⊂ K × B is the
isotropy group of x. By induction equivalence, D+

K×B(O) ∼= D+
Ix

(pt).
Let Tx be a maximal torus of Ix. As Ix is solvable (by Lemma 3.15), we get

D+
K×B(O) ∼= D+

Tx
(pt). (The equivariant derived category does not change when

one divides out a contractible normal subgroup from the acting group; this is well
known and can be proved by the methods used in [3]. See also [7].)

Tx is a direct product of its component group Tx/T 0
x (which is also the component

group of Ix) and a connected group. The assertion follows. �
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Now let’s get to the proof of Proposition 4.6. Recall that we have two simple
perverse sheaves Lδ and Lδ′ such that λδ and λδ′ have no common summand and
that we want to show that R HomK(Lδ,Lδ′) = 0.

In the proof, “F appears in G” means: The simple (non-perverse) sheaf F ap-
pears in the Jordan-Hölder series of Hp(G) for some p ∈ Z.

Proof of Proposition 4.6. We will prove the following assertion: Suppose X ⊂ G is
a union of orbits. Suppose further that L and L′ are two simple perverse sheaves
on K ×B ◦−→ X such that for each orbit ι : O ↪→ X and for each equivariant local
system γ on O, the equivariant local system ι!γ does not appear in both L and L′.
Then R HomK(L,L′) = 0.

This obviously implies the proposition.
To prove the assertion, choose a closed orbit F ⊂ X (closed relative to X). Let

U := X � F be its complement and let i : F ↪→ X and j : U ↪→ X the inclusions.
Applying R Hom(·,L′) to the distinguished triangle

j!j
∗L −→ L −→ i!i

∗L +1−→
yields

(15) R Hom(j!j∗L,L′)

	

R Hom(L,L′)�� R Hom(i!i∗L,L′)��

	

+1
��

R Hom(j∗L, j∗L′) R Hom(i∗L, i!L′) .

So it suffices to show R Hom(j∗L, j∗L′) = 0 and R Hom(i∗L, i!L′) = 0.
For R Hom(j∗L, j∗L′) = 0, we use induction on the number of orbits of K ×

B ◦−→ X; j∗L and j∗L′ are simple equivariant perverse sheaves on U satisfying the
prerequisites of the assertion.

R Hom(i∗L, i!L′): If an equivariant local system δ appears in i∗L, then i!δ ap-
pears in L. When we know the analogue for i!L′ we are done. Then by assumption
no equivariant local system appears in both i∗L and i!L′; so by Lemma 4.9 we have
R Hom(i∗L, i!L′) = 0.

Fix p ∈ Z. We want to examine the Jordan-Hölder series of Hp(i!L′). Equivari-
ant local systems on orbits of K × B ◦−→ X are self-dual, so L′ is self-dual and we
have i!L′ ∼= Di∗L′. As equivariant sheaves on F are locally constant (and so, in
particular, Hp(i∗L′) is locally constant), we get

Hp(i!L′) ∼= Hp(Di∗L′) ∼= Hp′
(i∗L′)∨ := Hom(Hp′

(i∗L′), orF )

where p′ := −p − dimR F .
The Jordan-Hölder series of Hp′

(i∗L′)∨ consists of the duals δ∨ of the equivariant
local systems δ appearing in Hp′

(i∗L′) (again using the local constantness). But
the δ are self-dual, so putting everything together we get what we want: The
equivariant local systems δ appearing in i!L′ are the same ones as in i∗L′, and
those are the ones for which i!δ appears in L′. �

5. Homomorphisms in a single neighborhood

5.1. Goal of this chapter. From the combinatorial computations of the preceding
chapter we know that the only endomorphisms of Luse are homomorphisms between
neighboring simple perverse sheaves. What is missing is how these homomorphisms
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look and how they compose. This is provided by the following proposition, which
will be proven in this chapter.

Proposition 5.1. Suppose s ∈ S is a simple reflection, N ∈ K\G/Ps is a useful s-
neighborhood of orbits, and L ∈ PShK×B(G) is the direct sum of all simple perverse
sheaves of one useful neighborhood on N .

Let ι : N ↪→ G be the inclusion. Then the endomorphism algebra End•
K×B(ι∗L)

(in the derived category) is the following—depending on the kind of neighborhood:
(1) Case KN ∼= BN :

End•
K×B(ι∗L) ∼= • •

a

b

c | ca = bc = 0 .

The left dot corresponds to the small neighbor, the right dot to the large
one.

(2) Case KN ∼= TN :

End•
K×B(ι∗L) ∼= • • •

a+

b+ b−

a−

| b+a− = b−a+ = 0 .

The outer dots correspond to the small neighbors, the middle dot to the
large one.

All arrows are of degree 1.

We will keep the simple reflection s and the neighborhood N fixed throughout
this chapter. We also fix the equivariant local system γ̄ on N “generating” the
neighborhood of perverse sheaves (in the sense of Definition 3.16).

For the proof, we first need a more general notation for “all perverse sheaves in
one neighborhood”:

Definition 5.2. Suppose K is a group acting on a space X with finitely many
orbits Oν , ν ∈ I. (X will be a neighborhood of orbits in a slightly more general
sense.) Denote by iν : Oν ↪→ X the inclusions of those orbits in X.

For an equivariant local system γ̄ on X, define the corresponding perverse neigh-
borhood by

L(γ̄) :=
⊕
ν∈I

iν!∗i
∗
ν γ̄[dimC Oν ] ,

i.e., the direct sum of all simple perverse sheaves in the neighborhood induced by
γ̄ in the sense of Definition 3.16.

The main idea of the proof is the following lemma, which we will prove in the
next sections.

Lemma 5.3. Suppose s ∈ S is a simple reflection, N ∈ K\G/Ps is a useful
neighborhood of orbits, γ̄ is an equivariant local system on N , and γ̄N is the constant
(one-dimensional) sheaf on KN×BN ◦−→ GN . Then there is a fully faithful functor

D+
KN×BN

(GN ) −→ D+
K×B(N )

mapping L(γ̄N ) to L(γ̄).

Using this, the computation of the endomorphisms of Proposition 5.1 can be
reduced to computations on PGL2:
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Proof of Proposition 5.1. Let L and ι : N ↪→ G be as in the proposition. One
easily checks that the pull-back ι∗L is a perverse neighborhood in the sense of
Definition 5.2: ι∗L = L(γ̄). Therefore, we can apply Lemma 5.3: End•

K×B(ι∗L) ∼=
End•

KN×BN (L(γ̄N )).
So the only thing remaining to do is to determine the endomorphisms (including

the higher ones) of the constant sheaf γ̄N in the derived category D+
KN×BN

(GN ),
where GN ∼= PGL2, BN is a Borel subgroup of PGL2, and and KN is either a
torus or a Borel subgroup. This can be done “by hand” and is left to the reader.
The result is the one claimed in the proposition. (Note that although this is a
“small” situation, the computation is still a bit of work, especially concerning the
composition of morphisms. It is carried out in detail in [7].) �

Remark. Lemma 5.3 is not true for arbitrary neighborhoods N : For most of the
orbits, the part of a torus of K acting trivially is too big. This causes the endo-
morphisms in D+

K×B(G) to get more complicated than those in D+
KN×BN

(GN ).

5.2. Lifting the endomorphisms. In this section we prove Lemma 5.3.

Proof of lemma 5.3. The idea is to turn the known correspondence between the
geometry of K × B ◦−→ X and of KN × BN ◦−→ GN into a functorial one.

In this and in the next section, it will be more convenient to work with the
derived categories on K ◦−→ G/B and on KN ◦−→ GN /BN instead of those on
K × B ◦−→ G and on KN × BN ◦−→ GN .

We fix a representative x ∈ N of our neighborhood. (For now, it can be any
representative; in section 5.3, we will put some restrictions on the choice of x to
simplify computations.) Recall the definition

Kx = x−1Kx .

To define the fully faithful functor from DKN (GN /BN ) to DK(X/B), we will
proceed in several steps. Figure 2 lists all the involved spaces, together with maps
between them.

1. K KxPs/B = N/B

2. Kx KxPs/B ∼= Kx ×Kx∩Ps
Ps/B

3. Kx ∩ Ps Ps/B

4. K4
N := (Kx ∩ Ps)/(Kx ∩ Us) Ps/B

5. K5
N := (Kx ∩ Ps)/(Kx ∩ UsT

0
s ) Ps/B

6. KN = (Kx ∩ Ps)/(Kx ∩ UsTs) Ps/B ∼= GN /BN

∼ ∼

Figure 2. All spaces involved in the proof of Lemma 5.3
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We will proceed from top to bottom: For each pair of adjacent lines i and
i + 1, we will specify a fully faithful functor F i

i+1 from the derived category of
the lower line to the one of the upper line. The image of this functor will contain
γ̄i := (F i−1

i )−1 . . . (F1
2 )−1γ̄. All of these functors F i

i+1 will be “nice” in the following
sense:

(a) They will commute with L(·) (taking the perverse neighborhood correspond-
ing to an equivariant local system). Therefore, we will get

(F1
2 ◦ · · · ◦ F5

6 )(L(γ̄6)) = L(γ̄) .

(b) All γ̄i will be locally constant one-dimensional sheaves on the whole space.
In D+

KN
(Ps/B), the only locally constant one-dimensional sheaf is the constant

one, so γ̄6
∼= γ̄N . So once we have these functors, the proof of the lemma is complete.

Now let’s get to work:
2 → 1: This is only conjugation by x, so it is an equivalence of categories.
3 → 2: We have an equivalence of categories by the induction equivalence.
4 → 3: Dividing out a connected normal subgroup (Kx ∩ Us) from the acting

group induces an equivalence of the derived categories.
5 → 4: This is the only step where actually something happens. It is also

the step which does not work on non-useful orbits in general. Let a ∈ I be the
involution corresponding to the small orbit(s) of our neighborhood. Recall that
Ta = {t ∈ T | at = t} and Aa = Ta/T 0

a . We need the following lemma, the proof of
which will be postponed to the next section:

Lemma 5.4. K4
N

∼= K5
N × Aa.

As the action ker(K4
N � K5

N ) ∼= Aa ◦−→ Ps/B is trivial, the derived category
D+

K4
N

(Ps/B) decomposes into a direct sum of components, each of which is equiva-

lent to D+
K5

N
(Ps/B). (The components only differ in the action of Aa.) We choose

for F4
5 the identification of D+

K5
N

(Ps/B) with the component that contains γ̄4.
6 → 5: We distinguish two cases:
If KN ∼= BN , then

Ts = {�∗, . . . , ∗, ∗, ∗,︸︷︷︸ ∗, . . . , ∗
}
kth, (k + 1)th entry equal

(with k depending on s). In particular, Ts is connected and the fifth and sixth line
are the same.

The case KN ∼= TN : This only happens for the s�-neighborhood in the SP2n-
case. Here we have

Ts = {�∗, . . . , ∗,±1
} and

T 0
s = {�∗, . . . , ∗, 1
} .

So the map K5
N � KN has a finite kernel {±1} which acts trivially on GN /BN .

By [3], 8.7.1, it follows that the restriction

F5
6 := ResK5

N ,KN : D+
KN

(Ps/B) −→ D+
K5

N
(Ps/B)

is an identification of D+
KN

(Ps/B) with the full subcategory of D+
K5

N
(Ps/B) con-

sisting of those sheaves on which the kernel acts trivially.
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Now the only thing left to check is that γ̄5 lies in the image of this restriction.
This follows from the fact that γ̄5 lives on the whole space and therefore, in par-
ticular, on the one-point-orbit {B} ∈ Ps/B. As K5

N is connected, it has to act
trivially on the stalk of γ̄5 at B. In particular, the kernel {±1} acts trivially on
that stalk and therefore also on the remainder of γ̄5. �

5.3. K4
N decomposes into a direct sum. In this section we prove Lemma 5.4;

this is the only thing remaining of the proof of Proposition 5.1.

Proof of Lemma 5.4. Suppose O is a small orbit in our neighborhood. Recall that
a = φ(O) is the corresponding involution. To prove the lemma, we will assume that
the representative x ∈ N of our neighborhood lies in O and that κ(x) ∈ ΓN(T ).
(Such an x exists by the remark after Definition 3.3.) This implies two things:

First, note that Kx =
{
g ∈ G | κ(x)gκ(x)−1 = g

}
, so we get

Ta = {t ∈ T | at = t} =
{
t ∈ T | κ(x)tκ(x)−1 = t

}
= Kx ∩ T .

Second, we easily get that the semidirect product B ∼= U � T can be restricted to

(16) Kx ∩ B ∼= (Kx ∩ U) � (Kx ∩ T ) .

Further restriction yields

Kx ∩ UsT
0
s
∼= (Kx ∩ Us) � (Kx ∩ T 0

s ) ,

which yields a short exact sequence

(17) Kx ∩ T 0
s

� � �� (Kx ∩ Ps)/(Kx ∩ Us)

	

�� �� (Kx ∩ Ps)/(Kx ∩ UsT
0
s )

	

K4
N K5

N

We will now construct a group homomorphism K4
N � Aa. Then we will show that

the composition
Kx ∩ T 0

s ↪→ K4
N � Aa

is an isomorphism. When this is done, we know that the sequence (17) splits into
a direct product K4

N
∼= K5

N × Aa, so we are finished.
Construction of the homomorphism K4

N � Aa: We take the following composi-
tion (explanation follows):

K4
N = (Kx ∩ Ps)/(Kx ∩ Us)

(a)

(Kx ∩ B)/(Kx ∩ Us)

(b)
����

(Kx ∩ B)/(Kx ∩ B)0

(c) 	

(Kx ∩ T )/(Kx ∩ T )0 = Ta/T 0
a = Aa

For the equality (a) we have to show Kx ∩ Ps = Kx ∩ B. “⊃” is clear. “⊂”: The
orbit of KN ◦−→ Ps/B corresponding to O is (Kx ∩ Ps)B/B (because we chose
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x ∈ O). Since we are in one of the cases KN ∼= TN or KN ∼= BN , this orbit
consists only of one point, namely B/B. It follows Kx ∩ Ps ⊂ B, and therefore
Kx ∩ Ps ⊂ Kx ∩ B.

To get the surjection (b), we have to check Kx∩Us ⊂ (Kx∩B)0. This is because
Us ⊂ B and because Kx ∩ Us is connected.

The existence of isomorphism (c) follows from (16) and from the fact that Kx∩U
is connected.

We now have the desired homomorphism K4
N � Aa; it remains to check that

the composition Kx∩T 0
s ↪→ K4

N � Aa is an isomorphism, i.e., that there is exactly
one element of Kx ∩ T 0

s = (Kx ∩ T ) ∩ T 0
s = Ta ∩ T 0

s in each connected component
of Ta. This can easily be done manually (and is left to the reader), as we know Ta

explicitly from section 3.10. �

6. Putting everything together

Now we have all the ingredients needed to determine the geometric extension
algebra End•

K(Luse). The result will be what was claimed in Theorem 1.6.

6.1. The case SO2n (n ≥ 2). We will use the following notation:

Notation. Given a family µ1, . . . , µl of indices, we will write Lµ1,...,µl
for the direct

sum Lµ1 ⊕ · · · ⊕ Lµl
.

At the end of section 4.3 we saw that End•
K(Luse) decomposes into a direct sum

End•
K(L1,...,n)⊕End•

K(L−1,...,−n). The computation for these two blocks is exactly
the same, so we will only consider End•

K(L1,...,n).
We will determine End•

K(L1,...,k) by induction on k (k = 2, . . . , n). The idea
for the induction step is: We know End•

K(L1,...,k−1) by the induction hypothesis
and End•

K(Lk−1,k) (more or less) by Chapter 5. By Corollary 4.7 these are all
endomorphisms of End•

K(L1,...,k).
So let’s get to work. We claim:

(18) End•
K(L1,...,k) = • • . . . • •

L1 L2 Lk−1 Lk

a1

b1

ak−1

bk−1

c

∣∣∣∣∣
aµ+1aµ = 0
bµbµ+1 = 0
cak−1 = 0
bk−1c = 0

(All arrows are of degree 1.)
For the following computation we will restrict ourselves to the closed subset

X ⊂ G consisting of Ok and all orbits of smaller dimension. We further decompose
X into an open subset U and a closed subset F :

G

X :=
( ⋃
O∈K\G/B,

dimC O≤dimC Ok−1

O
)
∪Ok

U := Ok−1 ∪Ok F := X � U =
( ⋃
O∈K\G/B,

dimC O≤dimC Ok−1

O
)

� Ok−1

ι

i
j
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The simple perverse sheaves Lµ for 1 ≤ µ ≤ k all have support in X, so we have
End•

K(L1,...,k+1) = End•
K(ι∗L1,...,k+1). In the rest of this section, we will only work

with these sheaves and only on X, so by abuse of notation we will write Lµ,...,ν

instead of ι∗Lµ,...,ν .
The start of induction (k = 2) follows directly from Proposition 5.1 (which

describes the endomorphisms of j∗L1,2) and Corollary 4.5 (which says that i∗L1,2 =
0). Now let’s get to the induction step:

As a graded vector space, End•
K(L1,...,k) is the direct sum of the Hom•

K(Lµ,Lν)
with 1 ≤ µ, ν ≤ k. We will look at these summands individually:

The summands where both µ ≤ k − 1 and ν ≤ k − 1 are already known by
induction hypothesis. The remaining ones are those where (at least) one side is Lk.
As i∗Lk = 0 (by Corollary 4.5), we get

(19) Hom•
K(Lµ,Lν) ∼= Hom•

K(j∗Lµ, j∗Lν) for µ = k or ν = k .

(To see this, take a look at the exact triangle (15) of section 4.4 and use Lk
∼= DLk

to check that i!Lk = 0.)
In particular, as j∗Lµ = 0 for 1 ≤ µ ≤ k − 2 (again by Corollary 4.5) we get

(20) Hom•
K(Lk,Lµ) = 0 and Hom•

K(Lµ,Lk) = 0 for µ ≤ k − 2 .

((20) also follows directly from Corollary 4.7.)
So the only homomorphism spaces left to consider are Hom•

K(j∗Lk, j∗Lk−1),
Hom•

K(j∗Lk−1, j
∗Lk), and Hom•

K(j∗Lk, j∗Lk); but these have already been deter-
mined in Proposition 5.1 (1).

Now that we know all Hom•
K(Lµ,Lν) as graded vector spaces, we have to de-

termine the composition of the morphisms. We will use the following approach:
First, we will find elements of End•

K(L1,...,k) which generate End•
K(L1,...,k) as an

algebra; however, there will be one element more than those mentioned in (18). (By
“generators” we mean generators of the degrees > 0.) Then we check that these
generators fulfill the relations postulated in (18). Finally, we get rid of the super-
fluous generator. As the dimensions of our homomorphism spaces agree with those
postulated in (18), we know that there are no more relations and we are finished.

Search of generators: By induction we have elements al, bl for 1 ≤ l ≤ k − 2
and c which generate End•

K(L1,...,k−1). So the only thing left is to find elements of
End•

K(L1,...,k) which generate (a superset of)

Rest := Hom•
K(Lk−1,Lk) ⊕ Hom•

K(Lk,Lk−1) ⊕ End•
K(Lk) .

Let’s have a look at the following morphism of algebras:

ρ : End•
K(L1,...,k) −→ End•

K(j∗L1,...,k) ∼= End•
K(j∗Lk−1,k) .

By Proposition 5.1 we have

End•
K(j∗Lk−1,k) = • •

a′

b′
c′ | c′a′ = b′c′ = 0 ,

i.e., a′, b′, and c′ generate End•
K(j∗Lk−1,k). Equation (19) says that ρ|Rest is

bijective, so we can find preimages ak−1, bk−1, cnew ∈ Rest of a′, b′, c′ and those
preimages generate Rest .

Now we have enough generators. The current picture of our geometric extension
algebra is the following:
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• • . . . • • •
L1 L2 Lk−2 Lk−1 Lk

a1

b1

ak−2

bk−2

c

ak−1

bk−1

cnew

Let’s get to the relations. By induction we know that

aµ+1aµ = bµbµ+1 = 0 for 0 ≤ µ ≤ k − 1 − 2 and
cak−2 = bk−2c = 0 .

As cnewak−1 and bk−1cnew lie in Rest and ρ|Rest is injective, from ρ(cnewak−1) =
c′a′ = 0 and ρ(bk−1cnew) = b′c′ = 0, we get

cnewak−1 = bk−1cnew = 0 .

Finally, from Hom•
K(Lk,Lk−2) = 0 and Hom•

K(Lk−2,Lk) = 0 follows

ak−1ak−2 = bk−2bk−1 = 0 .

Thus the relations of (18) are fulfilled. It remains to get rid of the generator c.
Assume c /∈ 〈ak−2bk−2, bk−1ak−1〉C

. As End2
K(Lk−1) is two-dimensional, it follows

that ak−2bk−2 and bk−1ak−1 are linearly dependent. ak−2bk−2 �= 0 by induction,
so there is a z ∈ C with bk−1ak−1 = zak−2bk−2. It follows that ak−1bk−1ak−1 =
zak−1ak−2bk−2 = 0. This is a contradiction to the fact that ak−1bk−1ak−1 is a
generator of Hom3

K(Lk−1,Lk).

6.2. The case SP2n (n ≥ 1). The claim of Theorem 1.6 in this case is:

End•
K(Luse) =

• • . . . • •
L1 L2 Ln−1 Ln

a1

b1

an−1

bn−1

• • . . . • •
L−1 L−2 L−(n−1) L−n

a−1

b−1

a−(n−1)

b−(n−1)

•L∞

an

bn
a−n

b−n

∣∣∣∣∣
a±(µ+1)a±µ = 0
b±µb±(µ+1) = 0

b±na∓n = 0

The case n = 1 follows directly from Proposition 5.1 (2) (in the same way as the
start of induction in the SO2n-case). So now let n ≥ 2.

Determining End•
K(L1,...,n) and End•

K(L−1,...,−n) works exactly in the same way
as determining End•

K(L1,...,n) in the SO2n-case. The result is:
(21)

End•
K(L±1,...,±n) = • • . . . • •

L±1 L±2 L±(n−1) L±n

a±1

b±1

a±(n−1)

b±(n−1)

c±

∣∣∣∣∣
a±(µ+1)a±µ = 0
b±µb±(µ+1) = 0
c±a±(n−1) = 0
b±(n−1)c± = 0

There are no homomorphisms between L1,...,n and L−1,...,−n by Corollary 4.7.
The remainder of the computation is analogous to the induction step in the

SO2n-case: We check that the individual homomorphism spaces are the right ones
as graded vector spaces, we find generators (this time two more than necessary: c+

and c−), we check the relations, and we get rid of c±.
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