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ABSTRACT. We prove a localization theorem for the type A, _1 rational Cher-
ednik algebra He = Hi (A, —1) over Fp, an algebraic closure of the finite field.
In the most interesting special case where ¢ € Fj,, we construct an Azumaya
algebra . on Hilb™ A2, the Hilbert scheme of n points in the plane, such
that T'(Hilb™ A2, 3(.) = H.. Our localization theorem provides an equiva-
lence between the bounded derived categories of H.-modules and sheaves of
coherent H.-modules on Hilb™ A2, respectively. Furthermore, we show that
the Azumaya algebra splits on the formal neighborhood of each fiber of the
Hilbert-Chow morphism. This provides a link between our results and those
of Bridgeland, King and Reid, and Haiman.

1. INTRODUCTION

1.1. Let ¢ € Q be a rational number, and H; .(A,_;) the rational Cherednik
algebra of type A,_; with parameters ¢ = 1 and ¢ which has been considered in
[EG] (over the ground field of complex numbers).

For all primes p > n, we can reduce ¢ modulo p. Thus, ¢ becomes an element
of the finite field F,. We let k = k, be an algebraic closure of I,,, and let H. :=
Hic(An—1,k,) be the Cherednik algebra, viewed as an algebra over k,. Unlike the
case of characteristic zero, the algebra H. has a large center, called the p-center.
The spectrum of the p-center is isomorphic to [(A%)"/S,]"), the Frobenius twist of
the n-th symmetric power of the plane AZ.

1.2. We consider Hilb"™ A?, the Hilbert scheme (over k,) of n points in the plane,
see e.g. [Nal]. There is a canonical Hilbert-Chow map T : Hilb™ A% — (A%)"/S,
that induces an algebra isomorphism

(1.2.1) C(Hib" A%, O, . .) =k[(A%)"/S,].

Let Hilb™ denote the Frobenius twist of Hilb" A2, a scheme isomorphic to
Hilb™ A? and equipped with a canonical Frobenius morphism Fr : Hilb” A? —
Hilb™"). We introduce an Azumaya algebra H, on Hilb(*) of degree n!-p™ (recall that
an Azumaya algebra has degree r if each of its geometric fibers is isomorphic to the
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CHEREDNIK ALGEBRAS AND HILBERT SCHEMES IN CHARACTERISTIC p 255
algebra of r x r-matrices). For all sufficiently large primes p, we construct a natural
algebra isomorphism (a version of the Harish-Chandra isomorphism from [EG]),
(1.2.2) r(HibY, H,) = H..

The restriction of this isomorphism to the subalgebra F(Hilb(l), OH‘lb(l) )

(TL27), the above mentioned isomorphism between the algebra ﬂ{[((AZ)"/Sn)(l)]
and the p-center.

yields, via

Remark 1.2.3. More generally, for any ¢ € k, not necessarily an element of IFp,
there is an Azumaya algebra on the Calogero-Moser space with parameter ¢ — ¢
such that an analogue of isomorphism (2:2)) holds for the Calogero-Moser space
instead of the Hilbert scheme. This case is somewhat less interesting since the
Calogero-Moser space is affine while the Hilbert scheme is not. %

The main idea used in the construction of isomorphism (L2.2]) is to compare
Nakajima’s description of Hilb™ A? by means of Hamiltonian reduction, see [Nal],
with (a refined version, see §0l) of the construction introduced in [EG] describing
the spherical subalgebra of H. as a quantum Hamiltonian reduction of an algebra of
differential operators.

1.3.  We introduce the following set of rational numbers
(1.3.1) QgOOd:{ceQ’020&0¢%+Z}.
One of our main results (Theorem [[.3.2]) reads
Theorem 1.3.2. Fiz ¢ € Q9°°Y. Then, there exists a constant d = d(c) such
that for all primes p > d(c), the functor RT' : D®(H.-Mod) — DP’(H.-Mod)

is a triangulated equivalence between the bounded derived categories of sheaves of
coherent H.-modules and finitely generated H.-modules, respectively, whose inverse

is the localisation functor M — H, é’HC M.
Moreover, we have Hi(Hilb™W %) = 0, Vi > 0.

1.4. Now, fix £ € [(A%)"/S,]™), a point in the Frobenius twist of (A2)"/S,. We
write Hilbél) = Y~1(¢) for the corresponding fiber of the Frobenius twist of the

— (1 —
Hilbert-Chow map, and let Hilbé ) = T~1(&) denote its formal neighborhood, the

completion of Hilb") along the subscheme Hilbg).

The theorem below, based on a similar result in [BK], says that the Azumaya
algebra H, splits on the formal neighborhood of each fiber of the Hilbert-Chow
map, that is, we have the following result (see Theorem [T.4.])

Theorem 1.4.1. For each ¢ € [(A%)"/S,](V), there exists a vector bundle V. ¢ on

— (1
Hilbé ) such that one has
Hel| =) =2 End Ve
¢

Remark 1.4.2. The splitting bundle is not unique; it is only determined up to
twisting by an invertible sheaf. O

Given £ as above, let m¢ be the corresponding maximal ideal in the p-center of

H.. Let ﬁc’g, resp. Hee = ﬂ{c|ﬁbél), be the m¢-adic completion of H, resp. of H(..
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256 ROMAN BEZRUKAVNIKOV, MICHAEL FINKELBERG, AND VICTOR GINZBURG

We write Db(ﬁc,g— Mod), resp. Db(ﬂA{C,g— Mod), for the bounded derived category
of finitely-generated complete topological H.¢-modules, resp. H.¢-modules. On

(1
the other hand, let Db(Coh(Hilbé ))) be the bounded derived category of coherent

(1
sheaves on the formal scheme Hilbé ).

Fix ¢ € Q&°°d. Then, for all primes p > d(c), Theorems and [CZT] imply
the following.

~ — (1
Corollary 1.4.3. The category D°(H.¢-Mod) is equivalent to Db(Coh(Hilbé )))

1.5.  Let k[S,] denote the group algebra of the symmetric group on n letters. Write
Irr(S,,) for the set of isomorphism classes of simple k[S,]-modules. This set is
labelled by partitions of n, since by our assumptions chark > n. In particular, we
have the trivial 1-dimensional representation triv, and the sign representation sign.

Let H := Kk[[A%"]]#S,, be the cross-product of S,, with k[[A?"]], the algebra of
formal power series in 2n variables acted on by S, in a natural way. We con-
sider D®(H-Mod), the bounded derived category of (finitely-generated) complete
topological H-modules.

Given a simple k[Sy,]-module 7, write 7_ for the corresponding H-module obtained
by pullback via the natural projection H = k[[A?"]]#5S,, — k[S,], f 3w — f(0)-w.
Similarly, let L, denote the corresponding simple highest weight H.-module, the
unique simple quotient of the standard H.-module associated with 7; see [DOI,
[BEGI.

The results of Bridgeland, King and Reid [BKR] and Haiman [H| provide an
equivalence of categories

BKR : D®(Coh(Hilb" A?)) = DP(K[A*"]#5,-Mod), F—RI(Hilb" A2, P & F),

where P denotes the Procesi bundle, the “unusual” tautological rank n! vector
bundle on Hilb™ A? considered in [H|. Restricting this equivalence to the completion
of the zero fiber of the Hilbert-Chow map, and using Corollary [[4.3] one obtains
the following composite equivalence:

(1.5.1)

~ Corollary [LZ43] 1 BKR, o
D*(Hc.0- Mod) ~ DY (Coh(Hilb,, ) ——2~—= D"(H-Mod).

We recall that the equivalence of Corollary [L4.3linvolves a choice of splitting bundle
Ve0; cf. Remark This choice may be specified by the following.

Conjecture 1.5.2. Fix a nonnegative ¢ € Q#°°d. Then, for all p > 0, we have:
(i) One can choose the splitting bundle V.o in such a way that
T(Hilb{", V. o(—1)) = Leign.
(i) With this choice of V. o, the composite equivalence in (L5.1)) preserves the
natural ¢t-structures, in particular, induces an equivalence ﬁc,o- Mod =

H-Mod, of abelian categories, such that L, goes to 7., for any simple S,,-
module 7.

For ¢ = %, we expect that F(Hilbél),vao ® BKR_l(trivﬁ)) is a 1-dimensional
vector space that supports the trivial representation of the group S, C H..
Observe also that our conjecture would imply, in particular, that the “exotic”

(1
t-structure on the triangulated category Db(Coh(HilbgJ ))) obtained by transporting
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the natural ¢-structure on Db(ﬁc,o— Mod) via the equivalence of Corollary [[43] is
independent of the value of ¢; cf. subsection

1.6. In the special case of rank one, i.e., for n = 2, a complete classification and
explicit construction of simple H.-modules (for chark > 0) has been obtained by
Latour [Lal.

It seems certain that our results in characteristic p have their characteristic zero
counterparts for the double-affine Hecke algebra of type A,,_1, specialized at a root
of unity (cf. [Ch]); in that case one has to replace Hilb™ A? by Hilb"(C* x C*); cf.
[OD)].

Also, it is likely that the results of the present paper can be generalized to the
case of symplectic reflection algebras associated with wreath products I';, = .S, xI'",
where T is a finite subgroup in SLs(k); see [EGL §11]. More generally, we are going
to study Azumaya algebras arising via quantum Hamiltonian reduction from the
general Nakajima quiver varieties (cf. [Na2]), (of which wreath-products are special
cases). Our technique is ideally suited for such a generalization, that has been, in
effect, suggested earlier by Nakajima and the first author.

In another direction, the general results of § below apply verbatim to quanti-
zations of Slodowy slices considered in [P1]; see also [GG].

We are going to explore these topics elsewhere.

Acknowledgments. The authors are grateful to I. Gordon for informing one of
us about his unpublished results included in [GS]. Also, we would like to thank
A. Premet for pointing out several inaccuracies involving restricted Lie algebras
that have occurred in the original version of the paper. The research of the first
and third author was partially supported by the NSF. The research of the second
author was conducted for the Clay Mathematical Institute and partially supported
by the CRDF award RM1-2545-MO-03 and RM1-2694, and the ANR program
“GIMP”, contract number ANR-05-BLAN-0029-01. He is grateful to V. Vologodsky
and V. Dotsenko for patient explanations, and to the University of Chicago and
Northwestern University for hospitality and support.

2. CRYSTALLINE DIFFERENTIAL OPERATORS.

2.1. Unless specified otherwise, we will be working over the ground field k, an
algebraically closed field of characteristic chark = p > 0. We write Fr: k — k, k —
kP for the Frobenius automorphism. Given a k-vector space F, it is convenient to
introduce E(M), a vector space with the same underlying additive group as E, but
with a “twisted” k-linear structure given by koe := Fr ! (k)-e, Vk € k,e € E. Note
that if A is a k-algebra, then the map A — A,a — aP is an additive but not a
k-linear map, that becomes k-linear if considered as a map A1) — A.
Given an additive map f : E — F between two k-vector spaces, we say that f is
o p-linear, if f(k-e) = kP f(e) for any k € k,e € E, i.e., if the corresponding
map E(M) — F is k-linear;
e p-graded, if both vector spaces are equipped with Z-gradings E = € E (i),
F =@ F(i), and we have f(FE(i)) C F(p-1) for all 1.

2.2. Let X be a smooth algebraic variety over k with structure sheaf Ox. Write
k[X] for the corresponding algebra of global sections. We let X (1) denote an
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algebraic variety with the same structure sheaf as X but with the “twisted” k-
linear structure. Thus, Oy := (Ox)1), and there is a canonical morphism
Fr: X — XM called Frobenius morphism, such that the map f — fP on regular
functions becomes identified with the natural sheaf imbedding Fr'Oy ) — Ox.

We write Tx for the tangent sheaf on X, and let T*X denote the total space
of the cotangent bundle. There is a canonical isomorphism T*[X ] 2 [T+ X](1),
and we will use the notation 7*X™) for these two isomorphic varieties, and 7 :
T*XM — XM for the natural projection. The space T*X, resp. T*X) has a
canonical symplectic structure, which makes k[T X] a Poisson algebra.

Let Dx denote the sheaf of crystalline differential operators on X, that is, a
sheaf of algebras generated by Ox and Tx. Let D(X) :=T'(X, Dx) denote the cor-
responding algebra of global sections. More generally, given a locally-free coherent
sheaf (= vector bundle) £ on X, let Dx (L) := L&, Dx @, L’ be the sheaf of
differential operators on £, and D(X, L) := I'(X, Dx (L)) the algebra of its global
sections.

2.3. The sheaf Dy is known to have a large center. Specifically, for any vector
field £ € Tx, the p-th power of £ acts as a derivation, hence, gives rise to another
vector field, £l € Tx. The assignment & — &P — €I extends to a canonical algebra
imbedding

(2.3.1) z SymTxa &—————=Fr, Dy, &+ & ¢l

Pt
(of sheaves on X(l)) whose image, to be denoted 3 x 1y C Fr,Dx, equals the center of
Fr.Dx. Therefore, the isomorphism 7, Op. x 1y =~ Sym Ty makes Fr,Dx a sheaf
of m,Op« x1)-algebras. This way, we may (and will) view Fr,Dx as a coherent sheaf
on T*X® | to be denoted DW.

The sheaf Dx comes equipped with a standard increasing filtration D)S(k, k=
0,1,..., by the order of differential operator. For the associated graded sheaf, one
has a graded algebra isomorphism grDx = Sym7x = 7,0Op«x. The filtration
on Dx induces a filtration on Fr,Dx and also the filtration 3%1) = Fr,'D)S(i N
3x@ on the central subalgebra 3. Observe that the latter algebra already
has a natural grading obtained, via the isomorphism 3yxa) = Sym 7xa), from the
standard grading on the Symmetric algebra. With this grading, one has a p-graded
algebra isomorphism Sym 7y > gr3xm (cf. subsection 1)), i.e., we have
Sym' Tyay — grP? 3y, Vi.

Now, view Fr,Dx as a 3y -algebra. Thus, gr(Fr,Dx) becomes a gr3ya)-
algebra that may be viewed, by the isomorphism Spec(gr 3 xa)) = T* XM as a G-
equivariant coherent sheaf on 7*X (). On the other hand, consider the Frobenius
morphism Fr’™ X . T*X — [T*X]® and view Frl XOp.x as a Gp-cquivariant
coherent sheaf of algebras on T*X () a G -variety. With this understood, there
is a natural Gy,-equivariant algebra isomorphism

(2.3.2) gr(Fr,'DX) ~m, Fr.T*XOT*X.
2.4. The Rees algebra. Let D be an associative algebra, and write D[t] := k[t|®D,
where t is an indeterminate. We put a grading on D[t] by assigning D grade degree

zero, and setting degt = 1. Recall that, given an increasing filtration 0 = D_; C
Do € Dy C ..., on D, such that D; - D; C D;;; and Ui>0 D; = D, one defines the
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Rees algebra of D as the following graded subalgebra:
- D,
ReesD := Zizo t'-D; C DIt
There are standard isomorphisms
(2.4.1) (ReesD)|jy =grD and (ReesD)q) = [t,t7!] ® D,

where, for any kt]-algebra R we let Ry :=k[t,t™!] (1 1 denote the localization
of R, and for any s € k we use the notation R|(,) := R/(t — s)R.

Conversely, given a flat Zso-graded k[t]-algebra R = @,-, R(i), set D :=
Rl = R/(t — 1)R. This is a k-algebra equipped with a canonical increasing
filtration D;, ¢ = 0,1, ..., and with a canonical graded algebra isomorphism gr D =2
R|{0} =R/tR.

The filtration on D is defined in the following way. Put D[¢,¢!] :=k[t,t7!] @, D,
and view it as a Z-graded k|t,t!]-algebra. Further, inverting ¢, we get from R a
Z-graded Kk[t, ¢ ']-algebra R ;) that contains R as a k[t]-subalgebra. The definition
of D provides an isomorphism ¢ : R)/(t — 1)R) —— D that admits a unique
lift to the following graded k[t,t!]-algebra isomorphism

R ,
by Ry — D[t,t '] = ]k[t,t_l]@m, R(i) Durs tl®(u mod(t—l)’R,).
The above mentioned increasing filtration on D is defined by
(2.4.2) Di:==DNo¢y(t"R), i=0,1,....

Assume next that D = €,., D(i) is a graded algebra, and view it as a filtered
algebra with filtration being induced by the grading, that is, defined by D; :=
@®,<; D(j). Then, we have

ReesD = Zizo th (@ D(j)) = (Zizo t- D(Z))[t]
Jj<i
We see that, for a graded algebra D, one has the following graded algebra isomor-
phism:
(24.3) k[t)joD — ReesD, k[f]Q)(®,D())) > f&(O w) — f-> thu;.

2

2.5. The sheaf RD("). We apply the Rees algebra construction to Fr,Dx, viewed
as a sheaf of filtered algebras. Thus, we get a sheaf ReesFr,Dx of graded
Oxm-algebras. In ReesFr,Dx, we also have a central subalgebra Rees 3 ) C
ReesFr,Dx.

By ([243), the canonical grading on 3y provides a p-graded algebra isomor-
phism Rees 3xa) ~ k[t] ® 3x@). Thus, we obtain the following canonical algebra

maps
(2.5.1)
3. 1@z 4.
Sym Ty (1) (231) 3x = klt] ® 3¢ 249 Rees 31— ReesFr.Dx.

The composite map in (Z51) is a p-graded map to be denoted z.,,. This map
specializes at t = 0 to the map £ — &P, and at t = 1 to (Z37]).

Furthermore, the algebra isomorphism Rees 3 xa) ~ k[t] ® 3x) yields a direct
product decomposition

(2.5.2) Spec(ReesBX<1)) =~ Al x Spec3 ) = A x T*x M,
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We will often identify Rees Fr,Dx, a graded Rees 3 x)-algebra, with a coherent
sheaf of algebras on Spec(Rees 3y ), that is, on Al x T*X™ . The resulting
sheaf on A' x T*X ™) to be denoted RDW), is easily seen to be flat with respect
to the first factor Al. Moreover, [Z41]) yields, in view of ([23.2)), the following
isomorphisms of sheaves of algebras on 7* X () resp., on (A! \ {0}) x T*X™):

(2.5.3)

(RDD)| oy xr = Frl ¥Or-x,  (RD D),

)) ‘ (AIN{O})xT* X D) = pry(

where pry : (A~ {0}) x T* X — T*X () is the second projection.

Moreover, the grading on the Rees algebra Rees 3y ) makes Spec(Rees3xq))
a Gm-variety. It follows from formula [2.43) that the natural Gmy-action on
Spec(’Rees 3X<1)) corresponds, via ([Z5.2), to the Gu-diagonal action on Al x
T* XM, The sheaf RDM on A' x T*X 1) comes equipped with a canonical G-
equivariant structure.

3. HAMILTONIAN REDUCTION IN CHARACTERISTIC p

3.1. Lie algebras in characteristic p. Let A be a connected linear algebraic
group over k. Write A for the Frobenius twist of A (cf. §2), an algebraic group
isomorphic to A and equipped with an algebraic group morphism Fr : A — AM),
called the Frobenius morphism. The kernel of this morphism is an infinitesimal
group scheme A; C A, called Frobenius kernel. By definition, one has an exact
sequence:

The Lie algebra a := Lie A may be viewed as the vector space of left invariant
vector fields on A. This vector space comes equipped with a natural structure of
p-Lie algebra, i.e., we have a p-power map a — a, x — x[Pl; see [J] or [Ja).

Let Sym a, resp. Ua, be the symmetric, resp. enveloping, algebra of a. The group
A acts on Syma and Ua by algebra automorphisms via the adjoint action.

The standard increasing filtration U,a on the enveloping algebra gives rise to
a graded algebra ReesUa = Y .., t' - Usa. Jacobson’s argument [J, ch. V.§7,
(60)—(64)] shows that the following assignment

(3.1.1) z Syma) ¢ ReesUa, a5 g gP — p1.glP

RU
gives a well-defined Ad A-equivariant injective p-graded algebra homomorphism; cf.
also [PS]. The image of the map z,, is an Ad A-stable subalgebra contained in the
center of ReesUa.

Specialization of the map z_,, at ¢ = 0 reduces to the p-graded algebra map
Syma™ < Syma, 2 — x”. On the other hand, specializing the map Zp, att=1,
one obtains an algebra imbedding z,, := 2z, |t=1 : Sym a < Ya. The image
3(a) := 2z, (Syma")) of this imbedding is a central subalgebra in Ua generated by
the elements {27 — zlP} <, usually referred to as the p-center of Ua; cf. e.g. [Ja).
This way, the map in (BI11)) may be identified with the composite of the following
chain of algebra homomorphisms, completely analogous to those in ([Z5.1]):

RU

2—1Qz (2.4.3)

Syma) —2= 3(a) k[t] ® 3(a)

The adjoint action on 3(a) of the Frobenius kernel A; C A is trivial, hence, the
A-action on 3(a) factors through A®).

Rees 3(a) —— Reesla .
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3.2. The Artin-Schreier map. Let a* denote the k-linear dual of a, and write
al* := (aM)* for the k-linear dual of al!). For any linear function \ € a*, the
assignment x — A(z)P gives a p-linear map a — k, that is, k-linear function on a,
to be denoted A(Y). This way, one obtains a p-linear map a* — (a)*, A — A\(1), The
latter map gives a canonical k-vector space isomorphism (a*)") <= (aM)* X\ —
AW

Let X*(a) C a* denote the subspace of fixed points of the coadjoint action of
A on a*. Such a fixed point may be viewed as an Ad A-invariant Lie algebra
homomorphism a — k (note that a Lie algebra homomorphism a — k need not
necessarily be Ad A-invariant).

Given y € X*(a), we write ! for the function a — k, x +— x(z!).

Lemma 3.2.1. For any x € X*(a), the function X a — ks a p-linear map,
that is, x!Y € al-*.

Proof. The above mentioned Jacobson’s formula implies that, in /a, one has an
equality (cf. also [Ja, Lemma 2.1]):
(z + y)[p] — gl — ylPl = (z+y)P — 2P —yP.

Now, extend x to an algebra homomorphism Ua — k, and apply the resulting map
to the equation above. We find

X((z+ ) =l —yl) = x((@ +9)" — 2" = y?) = x(@ +9)" = x(@)" = x@)
= (x(=) + x®))" — x(@)” — x(y)" =0.

The lemma follows. (]

Lemma [B21 shows that the assignment y — y[!l, as well as the assignment
(3.2.2) s X(a) — ab*, se(y) = X =z x(2)P — x(alP)),

gives a well-defined p-linear map X*(a) — ab*. The map [B.22) will play an
important role later in this paper, it may be thought of as a Lie algebra analogue
of the Artin-Schreier map.

Let Z, C Syma® = k[a}*] denote the maximal ideal corresponding to a
point ¢ € ab*.

Now, given x € X*(a), extend it to an algebra map y : Ua — k, as in the proof
of Lemma [3.2.7]

Corollary 3.2.3. Let x € X*(a). For the composite homomorphism below we have

Zu X
Ker [ Sym 0.(1) G11) Ua k ] = I%(X)'

Proof. For x € a, we compute x(z, (z)) = x(zP —zlP)) = x(2)? — x(2[P)) = s(x)(x).
(]

Let X*(A) := Hom(A, Gy, ) be the character lattice of the algebraic group A. The
differential of a character f : A — Gy at 1 € A is a linear function x — z(f)(1)
on the Lie algebra a, which is clearly an element of X*(a). We denote this linear
function by dlog f, so that the assignment f +— dlog f yields an additive group
homomorphism dlog : X*(A) — X*(a).

Fix f € X*(A) and put ¢ := dlog f € X*(a). Observe that, for any x € a viewed
as a left invariant vector field on A, we have z(f) = ¢(x) - f. It follows that the
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p-th power of x, viewed as a left invariant differential operator on A of order p,
acts on a character f € X*(A) as multiplication by the constant ¢(z)? € k. On
the other hand, this differential operator is a derivation, which corresponds to the
left invariant vector field z[Pl. Thus, we also have z[P!(f) = ¢(2[P!) - f. Combining
together the equations above, we deduce ¢(zP)) = ¢(z)?, Va € a, that is, s(¢) = 0.
Thus, we have proved

(3.2.4) dlog(X*(A)) C Ker [5: X*(a) — a™*].

3.3. Restricted enveloping algebras. Fix x € X*(a), and let x : a — k be the
corresponding algebra homomorphism.

Definition 3.3.1. Let I, := Ker({{a — k) denote the kernel of y, the two-sided
ideal in Ua generated by the elements {z — x(x)}zeqa. Also, in 3(a), consider the
following ideal:

IS) =1,N3(a) C 3(a) CUa, andset uy(a):= Ua/Lla-IS).

Here, L{a-IS) C I, is an Ad A-stable two-sided ideal in Ua, and the quotient
u, (a) is an associative algebra of dimension dimu, (a) = pd™m®, called x-restricted
enveloping algebra. By definition there is an exact sequence

(3.3.2) 0 — Z/la~I>(<1) — Ua > u(a) — 0.

Corollary B.2.3shows that I >((1) is a maximal ideal in 3(a) that goes, under the iso-
morphisms 3(a) 2 Sym a™) = k[a'*], to the maximal ideal in k[a'*] corresponding
to the point s(x) € al*, that is, to the ideal T..(x)- Thus, we have

(3.3.3) IS) =2,(Z.(y)), hence wuy(a)=Ua/Ua-z,(T,.()).

Observe further that, the Aj-action on 3(a) being trivial, it preserves the ideal

U a~I>(<1), hence induces a well-defined A;-action on u, (a) by algebra automorphisms.
We set

(3.3.4) iy = r(l) = L/Ua- I C uy(a).

Thus, i, is an A;-stable two-sided ideal in u,(a) generated by the elements
{z —x(2)}rea-

In the special case x = 0, the restricted enveloping algebra ug(a) := Ua/Ua - Iél)
inherits from Ua the structure of a Hopf algebra. This Hopf algebra is dual to
k[A;], the coordinate ring of the Frobenius kernel A;.

For any x, the map adz : u — 2z -u—u-z,2 € a,u € uy(a), extends to
a well-defined ug(a)-action on u,(a), that is, to an algebra map ad : up(a) —
Endy (1, (a)). This uo(a)-action corresponds to the adjoint action on wu,(a) of the
Frobenius kernel A;.

3.4. Quantum Hamiltonian reduction. Let D be any associative, not necessar-
ily commutative, k-algebra equipped with an algebraic action of the group A by
algebra automorphisms and with an A-equivariant algebra map p : da — D such
that the adjoint a-action on D, given by adz : u+— p(x)-u—u-p(x), x € a,u € D,
is equal to the differential of the A-action.

Let I C Ua be an Ad A-stable two-sided ideal. Then, D-p(I) is an A-stable left
ideal in D. It is easy to verify that multiplication in D descends to a well-defined
associative algebra structure on (D/D-p(I))4, the space of A-invariants in D/D-p(I).

Abusing notation, from now on we will write D-I instead of D-p(I).
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Remark 3.4.1. The algebra (D/D-I)“ may be thought of as a “Hamiltonian reduc-
tion” of D with respect to I. O

Observe also that, if u € D is such that umod(D - I) € (D/D - I)4, then the
operator of right multiplication by u descends to a well-defined map R, : D/D - I
— D/D - I. Moreover, the assignment v — R, induces an algebra isomorphism
(D/D-I)* = (Endp(D/D-I))*"".

More generally, let M be a right D-module equipped with an A-equivariant
structure (i.e., such that the action map M ® D — M is A-equivariant). The
algebra map Ua — D makes M an Ua-module. The space (M/M - I)* acquires a
natural right (D/D - I)-module structure, to be called a Hamiltonian reduction of
M.

Next, fix x € X*(a), and let u,(a) be the corresponding x-restricted enveloping
algebra. Recall that this algebra comes equipped with the adjoint action of Ay,
the Frobenius kernel. Let D be an associative algebra equipped with Aj-action,
and with p : u, (a) — D, an A;-equivariant algebra morphism. One shows similarly
that, given an A;-stable two-sided ideal i C u,(a), there is a natural associative
algebra structure on (D/D-1)41. In the special case i = i, (see ([3:3.4)), the algebra
(D/D - iy)? may be thought of as a quantum Hamiltonian reduction of D with
respect to the action of A, an “infinitesimal” group-scheme.

Later on, we will be interested in the following special case of this construction.
Let E be a finite dimensional A-module such that the induced action map p : Ya —
End E descends to the algebra u,(a), i.e., vanishes on the ideal IS) C 3(a). Write
Ey:={e€ E | z(e) = x(x) - e, Va € a} for the x-weight space of Ua.

We put D := End F (= Endg E). We claim that the quantum Hamiltonian
reduction of the algebra D with respect to the u, (a)-action is canonically isomorphic
to End]k EX'

In more detail, we form an associative algebra D, := (D/D - i,)#*. The natural
action of D on E descends to a well-defined D, -action on the weight space E,. On
the other hand, we have a right D,-action on D/D - 1i,,.

We are going to establish canonical algebra isomorphisms

1 r
4. nap -1 = %nk .
3.4.2 Endp(D/D - i,)°"P = D,, = Endy Ey

The isomorphisms above follow from a more general result below that involves
two characters x, 1 € X*(a), such that s(x) = »(¢)). In this case, in Ua we have
IS) =1 15}1). Hence there is a canonical identification u, (a) = uy(a), and we may
view the A-representation E either as an u,(a)- or as an uy(a)-module. We set
D := Endy E, as above, and consider the Hamiltonian reductions D, and D,. We
have a D,-action on the weight space I, C FE, and a similar Dy-action on the
weight space Ey.

Observe that the natural D-bimodule structure on the algebra D, via left and
right multiplication, descends to a D-D,-bimodule structure on the vector space
Homy (Ey, E). Furthermore, the right D,-action on D/D - iy, resp., Dy-action on
D/D - iy, gives the following space a natural D,-D,-bimodule structure:

(3.4.3) 4Dy = Homp (D/D-iy, D/D-iy)" 7,

where the superscript “i —x” denotes the (¢ — x)-weight component of the natural
(adjoint) A-action.
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Lemma 3.4.4. (i) The restriction map End E — Hom(E,, E), resp. EndE —
Hom(Ey, E), induces a D-D,,-bimodule, resp. D-D,-bimodule, isomorphism

D/D-iy — Hom(Ey,E), resp., D/D-iy, — Homy(Ey,E).
(ii) We have the following D,,-Dy,-bimodule isomorphisms:

(3.4.5) 4Dy — Homp(Homy(Ey, E), Homy(Ey, E))’ "X <= Homy (Ey, Ey).

For x = 1, it follows that the map 1 in BAL2) is an algebra isomorphism, fur-
thermore, the composite map in ([BAD) induces an algebra isomorphism D, =
«Dy —— Endy(E,), which gives the isomorphism r in [B.42).

Sketch of Proof. Associated to a vector subspace F' C F, one has a left ideal Jg C
D, defined by Jp := {f € D =Endx E | flF = 0}. Moreover, any left ideal J C D
has the form J = Jp where the corresponding subspace F' C E can be recovered
from J by the formula F' = ﬂfeJ Ker f. Applying this to the left ideal J =D -1,
we get D-iy = {f € Endx E | f|r = 0}, where F = ﬂxeix Ker p(x). The latter
space equals E,, by definition. Thus, we deduce D -i, = {f € Endy E | fle, =0}
= Homy(E/E,, E), hence D/D - i, = Homy(E,, E).

The rest of the proof is an elementary exercise which we leave for the reader. [

3.5. Moment maps. Let A be a linear algebraic group as in subsection [3.I] and
let Ax X — X be an algebraic action on X, a smooth k-variety. Any element x € a
gives rise to an algebraic vector field £, on X. We may view &, as a regular function
on T*X. This way, the assignment x — &£, extends uniquely to an A-equivariant
Poisson algebra map p,,, : Syma — k[T X]. Since Sym a = k[a*], this algebra map
induces an A-equivariant morphism p : T*X — a*, called moment map, such that
the algebra map p,,, becomes the pull-back via p.

There is also a noncommutative analogue of the Poisson algebra map s, . Specif-
ically, the Lie algebra morphism z — &, extends uniquely to an A-equivariant
associative algebra homomorphism p,, : Ya — Dx (more generally, given an A-
equivariant vector bundle £, one defines similarly an associative algebra homomor-
phism p,, : Ua — D(X, L)). The morphism p,, is compatible with natural filtra-
tions, hence, induces a canonical graded algebra homomorphism ., : Reeslfa —
Rees Dx. We may view the later homomorphism as a map Reesfa — 7, RDD);
cf. subsection

We have the following commutative diagram:

(1)

(3.5.1) Sym a(?) e 3xaw =SymTxo =7.0__
(3.1.1) zRu:z»—m:pftp_l-z[p] (2.5.1) ZRDZE'—’EP*tp_l'E[p]
"
Reesla = Rees(Fr,Dx) =7, RDW.

The map (1, in the bottom row specializes at ¢ = 1 to the map p (=1 = g, :
Ua — Dx considered earlier, and specializes at t = 0 to the map jig [t=0 = p,,,-
The vertical maps in diagram ([B.5.1]) are the p-graded algebra morphisms considered
earlier.
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Furthermore, fix x € X*(a), let Iil) C 3(a) be the corresponding ideal (cf.
Definition B3T]), and p,, (I)(Cl)) C 3xq its image in Fr,Dx = 7,DM. From com-
mutativity of diagram [B.5J]) for ¢ = 1 and formula (33.3), we deduce that the
canonical isomorphism 3xa) — 7,0 ) takes the ideal p, (I;l)) to the ideal
trag L)) € 7O, - On the other hand, it follows from the Poincaré-Birkhoff-
Witt theorem that the associated graded ideal gr I)(Cl) equals the the augmentation
ideal in gr3(a) = Syma™). Thus, specializing diagram (F5.1) at t = 0 and ¢ = 1,
respectively, we find

(3'5'2) Moy (I)((l)) = Moy (I%(X))a resp., gr(,uu (I)(Cl))) = Hag (IO)
We introduce the following subscheme in 7* X (1):
(35.3) i&) := zero scheme of p,, (I)(Cl)) = zero scheme of j1,,, (Z.(y))

=[] (X)),

the scheme-theoretic fiber of the moment map p™ : 7* X1 — g* over the point
#(x); cf. BZ2). For example, if f : A — Gy, is an algebraic group character and

x := dlog f, then we have s(x) = 0; see (8:2.4]). Hence, Tj{’&) = [/Fl(O)](l).

*

3.6. Hamiltonian reduction of differential operators. We keep the setup of
subsection Thus, we have an Ad A-invariant homomorphism x : a — k, the
corresponding ideal IS) C 3(a), and its image p,, (IS)) C 7, DM under the map
t, s Ua — 7, DD induced by the A-action. This image is a central subalgebra in
the Azumaya algebra D™ on T* XM hence, DM .7y, (I)(Cl)) c DM is an A-stable
two-sided ideal.

We put DS) = DM /DM) '71"/1“([)((1)). Since W./LM(I;(U) = 7T o, (L)), by
formula (B5.2), we have

(3.6.1) DY =DV /DM .7ty (IN) =DV /DY 7ty (T, 00) = DD .

#(x)

We see that @&1) is a restriction of the sheaf D) to T}lt’&), the scheme-theoretic

fiber of the moment map; see (B53]). Thus, DS) is a coherent sheaf of associa-

it

tive algebras on the subscheme T i(x). By construction, the map Ua — D(X) =

D(T*X ™ DM descends, in view of exact sequence ([3.3.2), to an Aj-equivariant
algebra homomorphism

(3.6.2) Pyt uy(a) — T(T*X DY)
Recall the two-sided ideal i, C u,(a) (see (3:3.4)) and put
A
(3.6.3) & == (DW /DM i)™

This is a sheaf on Tj;(*x) that may be thought of as a Hamiltonian reduction of the

algebra DS) with respect to the action of A;. The construction of subsection 3.4l ap-
plied to D := DS) and to the homomorphism 3.6.2), gives £, the natural structure
of a coherent sheaf of associative algebras on the scheme T }1{&) c T*XW, Observe
further that the A-action on D™ factors, when restricted to A;-invariants, through

the quotient A = A/A;. Thus, the sheaf &, acquires an A(V-equivariant struc-
ture.
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On the other hand, rather than performing the Hamiltonian reduction of DS)
with respect to the A;-action, one may perform the Hamiltonian reduction of D),
a larger object, with respect to the action of A, a larger group, that is, to consider
A-invariants in DM /DM . I (abusing notation, we will write D)1, instead of
D7, (I,), and use similar notation in other cases).

The elementary result below is a manifestation of the general principle saying
that Hamiltonian reduction can be performed in stages: to make a Hamiltonian
reduction with respect to A, one can first perform Hamiltonian reduction with
respect to A1, and then make reduction with respect to A1) = A/A;.

Lemma 3.6.4. There is a canonical algebra isomorphism

. AL
D(X, Dx/Dx-T)* = T(T, ), &)

Proof. It is clear that, in 'D(l)/'D(l)-If(l), one has an equality D) -IX/®(1)~I)(<1) =
@&1) -iy. Thus, we obtain D(l)/D(l) I, = D&l)/DS) ‘i,. Taking A;-invariants on
both sides, we deduce an isomorphism (of sheaves of associative algebras on Tj{’&)):
(3.6.5) (DO /DM-1)™ = (DY /DY) =€,

Applying the functor T'(T*X 1), —)A(l) to AM-equivariant sheaves in ([B.6.5), we
obtain a chain of canonical algebra isomorphisms

T(X, Dx/Dx-I)* =T(T* XM, DO /DM 1,)*

(1)
= (rx®, (DO/DO. L)) (by GES))

~ (0 xM, e )" =T, e)"

The lemma follows. O

3.7. The case of free A-action. Keep the notation of §3.6] and let x = 0, hence
I, = I C Ua is the augmentation ideal. Write Dx - I = Dx - a for the left
ideal generated by the image of I} under the homomorphism p,, : Ua — D(X).
Applying the construction of subsection [3:4] to the algebra D := Dx and to the
two-sided ideal I, C Ua one gets an associative algebra ('D x/Dx - I+)A.

Assume now that the A-action on X is free and, moreover, there is a smooth
variety Y, and a smooth wuniversal geometric quotient morphism pry : X — Y
(whose fibers are exactly the A-orbits); see [GIT, Definition 0.7]. It is well known
that the algebra of differential operators on Y can be expressed in terms of differ-
ential operators on X as follows:

(3.7.1) Dy = ((pry). (Dx/Dx - 1)) = ((pry).(Dx/Dx - 1, (a)))"

More generally, fix an algebraic homomorphism x : A — Gy,. Given a free
A-action on X, let Oy (x) be an invertible sheaf on Y defined as the subsheaf
of (pry).Ox formed by the functions f such that a*(f) = x(a) - f,Va € A.
Let Dy (Oy(x)) be the corresponding sheaf of twisted differential operators, and
D(Y, x) :=T(Y, Dy (Oy(x)) the algebra of its global sections.

There is a y-twisted version of formula (3] that provides a canonical isomor-

phism ((pry),(DX/®X~IX))A — Dy (x) (isomorphism of sheaves of algebras
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on Y). Taking global sections on each side of the isomorphism, we get algebra
isomorphisms:

)A(l) Lemma [3:6.4]

(3.7.2) (T, &, 2 I'(X, Dx/Dx-I,)" = D(Y,x).

»(x)’

The isomorphism above makes sense, in effect, not only for xy € X*(A4), but also
in a slightly more general setting where x € X*(a) is an Ad A-invariant Lie algebra
character that does not necessarily exponentiate to an algebraic group homomor-
phism A — Gy,. Although, generally, the sheaf Oy (x) is not defined in such a
case, the corresponding sheaf Dy () of twisted differential operators is always well
defined (cf. [BB]), and the isomorphism in [B72) still holds.

Remark 3.7.3. The algebra D(Y,x) may be thought of as a quantization of the
commutative algebra k[ ~!(x)]4, the coordinate ring of the Hamiltonian reduction
of T* X with respect to the 1-point orbit {x} C a* and the moment map u : T*X —
a*. O

4. AZUMAYA ALGEBRAS VIA HAMILTONIAN REDUCTION

4.1. The main result. Let X be a smooth A-variety. Below, we are going to
extend considerations of subsection [3.7] to a more general case where the A-action
on X is not necessarily free, but the corresponding Hamiltonian A-action on 7T*X
is free on an open subset of T%X.

There is a natural action of the multiplicative group Gy, on the vector space a*
and also on the vector bundle T* X, by dilations. The moment map p: T*X — a* is
clearly compatible with these two actions. It is also compatible with the A-actions,
and the latter commute with the G,-actions. Thus, p is an equivariant morphism
between G, x A-varieties.

Let £~1(0) C T*X be the scheme-theoretic zero fiber of the moment map. This
is clearly a Gy, x A-stable subscheme in T*X.

From now on, we make the following:

Basic Assumptions 4.1.1. There is a Zariski open Gy, x A-stable subscheme
M C p~1(0) which is a reduced smooth locally-closed connected subvariety in 7% X
such that:

e The differential of the moment map u : T*X — a* is surjective at any point
of M.

e The A-action on M is free, moreover, there is a smooth variety M and a
smooth universal geometric quotient morphism M — M (in particular, it
is a principal A-bundle whose fibers are precisely the A-orbits in M) (see
[GIT]).

e The natural Gy-action on the algebra k[M] (arising from the Gy-action
on M) has no negative weights, more geometrically, the induced Gy,-action
on the scheme M,g := Speck[M], the affinization of M, is an attraction.

e The canonical projection f : M — Mg is a proper morphism such that
RIf,On =0, Vj > 0.

The assumptions above insure that the standard symplectic structure on T*X
induces a symplectic structure on M. Thus, M is a symplectic manifold that may
be thought of as a Hamiltonian reduction of 7*X at 0. In characteristic zero, this
implies the vanishing: R’ f,Ox = 0 for j > 0, due to the Grauert-Riemenschneider
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theorem. Such a vanishing is false in characteristic p, in general. However, it is
known to hold in the important special case of Frobenius split varieties; see [MVK].
This applies, in particular, in the special case of the Hilbert-Chow morphism f =71 :
Hilb™ A% — (A2)"/S,,, since the Hilbert scheme Hilb" A? is known to be Frobenius
split [KT]. The above vanishing also holds, for large enough primes p, provided
the variety M is obtained as a reduction mod p of a variety My defined over the
algebraic integers. This may be deduced, by a standard semi-continuity argument
(cf. [Har, III, 12.8]) from the corresponding result in characteristic zero.

Now, let x € X*(a) be such that s(yx) = 0. Recall the notation Ti’&) =

(1]~ (3¢(x)). The equation »(x) = 0 implies that T;lt’&) = [~ 1(0)]V), which is
clearly a G x AM-stable subscheme in 7*X (™). Further, by the Basic Assump-
tions, the scheme [ ~*(0)]") contains M() the Frobenius twist of M, as an open
subscheme. Thus, for any x € X*(a) such that »(x) = 0, the Basic Assumptions
yield the following diagram:
(4.1.2)

T =k 010 ~——= no = M,

»(x) principal A -bundle

We are going to define a coherent sheaf A, on M® that will be an Azumaya

OM(D—algebra of degree p'/2dimM 4 he called the quantum Hamiltonian reduction

of Dx at »(x). To this end, we restrict &, = (DS)/DS) iy )41, an AW-equivariant

sheaf on T}{’&) c T*XWM (cf. B83)), to the open subset M(1), and consider the

push-forward of that restriction under the map @ : M®) — MM of. @I2).

Definition 4.1.3. We define the following coherent sheaf of associative algebras
on MM):

e
Ay = w, (gx’Ma))A , and put A =DM A,).

Assume next that we are given two points x, 1 € X*(a), such that the character
X — ¥ : a — k can be exponentiated to a group homomorphism A — Gy, i.e., such
that x — ¢ € dlog(X*(A)). Then, formula B.24) yields »(x) = »(¢)). Hence we

have Ti’&) = Ti’(l), and we may view the set M as a geometric quotient of an open

subset of either T}{’&) or Tj{’(’;).
The result below that will play a key role in subsequent sections, is a generaliza-

tion of [BKl Proposition 4.8].

Theorem 4.1.4. Let x € a* be an A-fized point such that »(x) = 0 and such that
the Basic Assumptions Bl hold. Then we have:

(i) The sheaf Ay is a sheaf of Azumaya algebras on MO equipped with a canonical
algebra morphism =, : T(X, Dx/Dx - [,)* — T(MWM, A, ).

(ii) For all i > 0, we have H' (MW, A,) = 0.

(iii) If the algebra A, = T(M®), A,) has finite homological dimension, then the
functors below give mutually inverse equivalences of bounded derived categories of
sheaves of coherent A, -modules and finitely generated A, -modules, respectively:

L —RO(M® L)
Db(AX- Mod) Db(AX- Mod).
AXQ%AXL — I
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(iv) Let ¢ € X*(a) be another point satisfying all the assumptions above and such
that x — ¢ € dlog(X*(A)). Then the corresponding Azumaya algebras A, and Ay
are Morita equivalent (but not necessarily isomorphic).

The rest of this section is devoted to the proof of the theorem.

As will be explained in subsection L5 below, part (iii) of Theorem [T 4lis entirely
due to [BKl Proposition 2.2]. A result similar to part (iv) of the theorem is also
contained in an updated version of [BMRI, §2.3.1].

Remark 4.1.5. (i) The assumption of the theorem that s(y) = 0 may be relaxed,
as will be explained elsewhere.

(i) We will show, in the course of the proof of Theorem 1.4l that the sheaf
8X’M(1) is also an Azumaya algebra, specifically, we have an Azumaya algebra iso-
morphism:

(4.1.6) Exlpa = @ Ay

(iii) It will also follow from the proof that the sheaf A,, viewed as a vector

bundle on M™), is a deformation of the vector bundle Fr,Oy¢; in particular, in
the Grothendieck group K (Coh(M®™)) one has [A,] = [Fr,Ox]. Furthermore,

RifMWA, = 0 for any i > 0, where f() : M) — J\/[ilﬁ) denotes the affinization
morphism.

4.2. Deformation construction. We are going to apply the Rees algebra forma-
tion to all the objects involved in the construction of the algebra A,.

In more detail, the standard filtration on {/a induces a filtration on the ideal
I, C Ua, and we form a graded ideal Rees I, C Reesl{a, which is generated
by the set {z—t - x(2)}secqa. Further, let R3(a) be a k[t]-subalgebra in Reesla
generated by the image of the homomorphism z,, : Sym a) — Reesla; see
BII). Thus, R3(a) C Reesla is a graded central subalgebra, and ’RIS) =
R3(a)NReesI, is a graded ideal in R3(a). For any = € a, we have z? —tP~1 . z V!
—tP - 2(X)(x) = Zg, () — 7 - 32(x)(x) € R3(a). On the other hand, the equations

2P — 2Ll P () (2) = (aP —tP-x(z)P) — (tpflm[p] — Py (z))
=(z - t~X(x))p - t”_l-(x[”] - t-X(x[p])) € Reesl,

show that 7 — tP=1 . zlPl — 7. 5(y)(z) € RI>(<1). Moreover, it is easy to verify that

the elements of this form generate ’R,IS) as an ideal.
Next, we apply the Rees algebra construction to the filtered sheaf Fr,Dx. In-

side Fr,Dx, we have two left ideals Fr,Dx - y,, (IS)) C Fr.Dx - p,, (Iy), generated

by the images of the sets I>(<1) C I, C Ua, respectively, under the moment map
i, : Ua — Fr,Dx. The filtration on Fr,Dx induces by restriction natural filtra-
tions on Fr,Dx -, (IS)) and on Fr,Dx - p,,(I,). Thus, we obtain graded ideals
Rees(Fr,Dx - p,, (IS))) C Rees(Fr.Dx - p1,,(Iy)) C Rees(Fr,Dx).

On the other hand, we have a moment map p, : Reeslfa — Rees(Fr,Dx),
which takes the central subalgebra R3(a) C ReeslUa into the central subalgebra

Rees3xa) C Rees(Fr,Dx); cf. diagram (B5.1). Hence, the image of RIS) is
the subalgebra i, (RIS)) C Rees3xa), and we have pi, (RIS))’Rees(Fr,@X) C
Rees(Fr,Dx -, (IS))), where the inclusion is strict, in general.
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Furthermore, we have a Gp,-equivariant sheaf RDM on A' xT* X1 correspond-
ing to the graded algebra Rees(Fr,Dx). The above constructed graded ideals in
the algebra Rees(Fr,Dx) give rise to the following three Gy,-equivariant sheaves
of left ideals in RDM):

(4.2.1) RDW {aP — 2= 2Pl 4P se(y)(2) }aca = RDW ~’R,I>(<1)
c R(OW - 1My c R(DW - I,),

where we follow our usual convention to drop the symbols p,, and p, from the
notation.
By ([Z43), we have a graded algebra isomorphism Rees 3y = O

alxr*x(1)”

Thus, p, (RI >(<1)) may be viewed as a subset in O and from commutativity

Al xr*x(1)?

of diagram ([B.5.1]) we deduce that the set {pgllg) (z)—tP- %(X)(x)}meu generates the
ideal 11, (RIM) - O Thus, in A! x 7* X1 we have

alxr*x(1)”

(4.2.2) zero-scheme of MR(’RIS)) = {(t,6) e Al xT* XV | (&) = tP-3(x)}.

The sheaf RDM /RDM) -'R,I>(<1) is clearly supported on the subscheme ([Z22]).
We conclude that its quotient RDM /R(DWM.T,) (cf. @EZI) is supported on the
subscheme ([L22]) as well.

Now let x € X*(a) be such that s(y) = 0. Then the set in [@22) reduces to
a direct product A x [=(0)]). One checks further, going through the identifi-

cations used above, that the G, x AM-action on Al x T}lt’&) = A" x [p=1(0)]™

arising from the natural grading and from the AM-action on RI >(<1), respectively, is
the one where the group G, acts diagonally, and the group A acts only on the
factor [u~1(0)]™).

Recall the sheaf RDM) /R (DM 1)), which is supported on A x [1=(0)]™), since
»#(x) = 0. We restrict this sheaf to the open subscheme A' x M) A x [~ (0)]™).
We have the principal Gm-equivariant A(M)-bundle Id, Xw : Al x MO —
Al x MM, We define

(4.2.3) RF = (d,, Rw),(RDY/R(DW - I,)).

This is a Gm-equivariant quasi-coherent sheaf of A-modules on A x M) which is
flat over the Al-factor. Let RF# denote the subsheaf of its A-invariant sections.

Lemma 4.2.4. There is a Gy-equivariant sheaf isomorphism R}-A|{O}><M(1> =
Fr,Oj\/[.

In the course of the proof below, we will repeatedly use the following elementary
result.

Lemma 4.2.5. Let D be a graded algebra, and M a t-torsion free, graded D[t]-
module (degt = 1) such that M/tM is a rank m free, resp. projective, graded
D-module. Then, M is a rank m free, resp. projective, D[t]-module. (I
Proof of Lemma 2.4l Recall that every point in any Gy,-variety is known to have
a Gpy-stable affine Zariski open neighborhood. Applying this to the G,-action on
M, we may replace M by a Gy,-stable affine Zariski open subset ) C M. Let Y be
the inverse image of ) under the bundle map M — M. Thus, Y is a Gy, x A-stable
affine Zariski open subset in M, and we put

RF :=T(A! x YV, RF) =T (A x YV, RDW/R(DWV - 1,)).
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Thus, RF is a graded flat k[t]-module, where ¢ stands for the coordinate on A'.

With these notations, the statement of the lemma amounts to the claim that,
for all sufficiently small Gy,-stable Zariski open affine subsets V C M, there is a
natural graded space isomorphism

(4.2.6) RFA /t-RFA = T (YD) Fr,0y) (: K[Y] = k[Y]A).

To prove (£2.0), let T*X be the Zariski open (possibly empty) subset in T*X
formed by the points £ € T*X such that the differential of p : T*X — a* is
surjective at . Further, let J C Syma = k[a*] denote the augmentation ideal. It is
clear that u~=1(0) is the zero scheme of the ideal Opx x - P, (@) € Or-x, and that

this ideal is reduced at any point of x~1(0) N T+X. It follows, since gr I, = g, that

on the Frobenius twist of T*X , one has:

gr(Fr,(DX 'Ix)) = ((ngr,'DX) - (gr Fr,IX))

=Fr.(Or+x - 1y, ()

where we identify gr(Fr,Dx) with the corresponding Gm-equivariant sheaf on
T*X M),

We now use our Basic Assumptions saying that the differential of u is surjective

at any point of the open subset M C ~1(0). Hence, M C T*X N p~1(0) is a non-
empty Zariski-open subset in ~!(0). Since the sheaf gr(Fr,Dx)/gr(Fr.Dx 1) is
supported on [p~1(0)]™), we obtain

(4.2.7) (gr(Fr.Dx)/ gr(Fr.DxI\)) |y
= (gr(Fr.Dx)/ gr(Fr.Dx-1,)) P XDAMD)
= ((Fr.Op-x) [Fr. (Or-x -1, (9)))
= Fr,(Or-x ) = Fr.Om.

T X (1) T x (1)

T x (1)

T X (1AM

T*XNM

The definition of Rees algebra implies readily (see (ZZI)) and (Z53])), that
the restriction to {0} x M®) of the sheaf RDMW /RDW . RIY is isomorphic to
(gr(Fr.Dx)/ gr(Fr.Dx-Iy))| ), the sheaf in the top line of (@ZT). Hence, equa-
tions ([LZ71) and a flat base change yield R]:|{o}x3v[<1> =~ w,Fr,Om. Restricting
this sheaf isomorphism to our affine open subset Y and taking global sections,
we obtain canonical graded space isomorphisms

(4.2.8) RF /t-RF =T (Y, RF |0y xyw) Z TV, @, Fr.0y)
=YW Fr,0y) = k[Y].

We conclude, comparing the above isomorphisms with those in ([Z0]), that
proving the lemma reduces to the following result: The canonical map below gives,
for Y sufficiently small, an isomorphism

(4.2.9) RF4 /t-RFA — (RF /t-RF)A.

To prove this, we may assume, shrinking ' if necessary, that there is an étale
map 6 : Y — Y such that the principal A-bundle Y — Y becomes trivial after pull-
back via 6, i.e., that there is an Gy, X A-equivariant isomorphism ¥ xy Y = A x V.
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Using étale base change for the Cartesian square
l; 0 L
y——=Y
we obtain Gy, X A-equivariant graded algebra isomorphisms
(4.2.10) k[Y] = k[Y] @k K[Y] 2 K[Y xy V] 2 k[A] @ k[)].

In the leftmost term of this formula, we have used the notation Y =Y Xy 37, and

in the rightmost term of the formula, the group A acts trivially on the factor k[})].
Next, we set

RF =T (A x Y, (1d,, x 60)" (RDO/R(DD - 1) |1y
= k[Al X ,Yv'(l)} ®]1<[A1><y(1)] RF.

Since k[Y W] is flat over k[Y(V)], from [@2R) and EZI0) we find
RF/tRF =k[Y V] @,y (RF /t+RF) = k[Y D] @0 k[V] = k[Y] = k[A]@K[Y].
Thus, we see that RF/t-RF is a rank one free k[A] ® k[Y]-module. We deduce
from Lemma that RF is isomorphic to a rank one free k[A] ® k[A! x }]-
module. Furthermore, it is easy to show that this isomorphism can be chosen to be
A-equivariant.

Now, the functor M —— M#, of A-invariants, takes short exact sequences of

A-modules of the form k[A] ® E to short exact sequences. Hence applying this
functor to the short exact sequence

0 — RF - RF — RF/t-RF — 0,
we deduce the isomorphism
A A =
RF"/t.RF" - (RF/t-RF)".
The latter isomorphism yields [#29) since the morphism YD — v s faithfully

flat. The lemma, is proved. (]
4.3. Deformation of the algebra A,. We mimick formulas (3.6.1) and (3.6.3)
and put

. rpt 1 1
= Al o . A
RE, : ('R,'D(l)/'R,('D(l) . ZX)) == ('R'DS)/'R(@S).IX)) t

The sheaves RD{ and RE, are both supported on Al x [u=1(0)]V); see [E2Z).
Following the same strategy that has been used in the construction of the sheaf A,,
we define
A
RA, =, (REX’AlxM(U)

This is a Gy-equivariant sheaf of associative algebras on A! x M), viewed as a
Gm-variety with diagonal action. Write pry : AY x M1 — M® for the second
projection.
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Lemma 4.3.2. The sheaf RA, is flat over the A'-factor, and we have
R.Ax‘{()}xm(l) = Fr,On, and RAX‘(AI\{O})xM(l) ) prgﬂx.

Proof. Both the flatness statement and the isomorphism on the right are immediate
from the corresponding properties of the Rees algebra.

It remains to study the restriction of the sheaf R.A, to the special divisor {0} x
M®. From the definition, we find

N AL
R‘AX‘{()}XM(U = ((1d,, Bw).REy) ‘{o}xmm

A
(Id,, Rw),(RDW/R(DW.I,)4)

= ‘{O}xM(l)

~ A A

~ (Id,, Rw), (RDWY/R(DV.1,)) | ropsney = RF oy encn-
But R]:A‘{o}me = Fr,Oyn by Lemma £24] and we are done. O

Next, we set R := T'(A' x M), RA,), a graded flat k[t]-algebra such that
R/(t— 1R =T (MY, A,). Applying formula [ZZ2) to the algebra R := R and
using Lemma[3.2 we get a natural increasing filtration on the algebra T'(M®), A, )
such that for the associated graded algebra, to be denoted gr® I‘(M(l) ,Ay), we have
grRT (MW, A,) = R/tR. On the other hand, the Gpy-action induces a grading on
the algebra T'(M, Oy¢) = T(M®), Fr, Op).

Recall the affinization morphism f : M — Mag. Given ¢ € Mg, let M) =

[FO]71(€) € MM be the fiber of FO : MO — MY over .

Proposition 4.3.3. (i) The sheaf A, is locally free, and H (MW A, ) =0 for all
Z >(|(|)) There is a graded algebra isomorphism
arRT(MW A, ) = T(M, Oy).
(iii) For any ¢ > 0 we have quil)AX =0 and Hq(Mél),.AX) =0,V e Mé}_f)

Proof. We consider the following diagram:
(4.3.4) M LIV ICO R {0} x M(l)% Al x MO
f lf(l) lf:—IdAl x f®
Mo — > MY = {0} x M§§><—>’ Al s vl

Lemma [4.3.2] says that E*RAX = Fr,O. Thus, RA, is a Gm-equivariant sheaf
on Al x M) such that its restriction to the subvariety {0} x M™) is a locally free
sheaf. It follows that the sheaf R.A, must be locally free. Indeed, every point in
M® has a Gp-stable affine Zariski open neighborhood. Taking global sections of
RA,, over such a neighborhood, we see that our claim reduces to Lemma
Thus, we have proved that the sheaf R.A,, hence its restriction to {1} x M), is a
locally free sheaf. But RA , = Ay, thus, the first claim of part (i) of the
lemma, is proved.

Recall further that the variety M is symplectic, hence it has trivial canonical bun-
dle. Therefore, by our basic assumptions, the higher direct image sheaves R? f, Oy,

X‘{l}xM(l
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vanish for all ¢ > 0. Therefore, from the commutative square on the left of (£3.4)
we deduce

(4.3.5) RIFVEFRAL) = RUFVFr, Oy =0, forall ¢>0.

We are going to use (£3.3) to prove part (iii) of the proposition. To this end,
let D := Speck][t]] € A! denote the completion of the line A! at the origin. Thus,
D x M) resp., D x Mgf), is the formal completion of the scheme A' x M) along
the closed subscheme {0} x M®)| resp., formal completion of Al x M;llcf) along the
subscheme {0} x M&f) We have D x MM = f~3(D x M;llcf)), and the restriction of
f gives a morphism f: DxM® — D x M%)

Let ’RAX|5><M(1) denote the restriction of RA, to D x MM, We will view
RA\| 5, 2 8 a sheaf of abelian groups on the closed fiber M®) = {0} x M),

This sheaf is clearly isomorphic to an inverse limit of sheaves which are iterated
extensions of the sheaf i*RA, = Fr,Ox. Hence, formula [@3.0]) implies that

Rqﬁ(’RAX|5xM(1>) =0, forall ¢>0.

On the other hand, let i:Dx M;f) — Alx M;f) denote the imbedding. For any
qg=20,1,..., one has /i\*qu*RAX = qu*(mx‘ﬁxma))v by the Formal Functions
Theorem; cf. [Harl IIT, 11.1] or [EG] III, Sect. 4]. Thus, we have proved

(4.3.6) PRI RA = RUF(RAY| . rey) =0, forall ¢ > 0.

Observe next that, for each ¢, the sheaf RY f*’RAX is a Gy-equivariant coher-
ent sheaf on A! x M;f) Therefore, the support of RY f*’RAX is a Gu-stable closed
subscheme in A! XM&E. The assumption that the Gy,-action on M be attracting im-
plies that any nonempty Gm-stable closed subscheme in Al x Mgf) has a nonempty
intersection with {0} x MS,{) Hence, if the sheaf RY f*’RAX is nonzero, it must have
a nonzero restriction to the subscheme {0} x MS?) Since {0} x M;llcr) c D x Mg_f),
this would yield, in particular, that i*R9f,RA, # 0, contradicting (£3.6). Part
(iii) of the Proposition follows.

Taking global sections over the affine open set (Al \ {0}) x M;f), from the
vanishing result of part (iii) and the second isomorphism of Lemma [.32] for any
q > 0, we find

0=T((A" < {0}) x MY, RIf.RA,) = HY((A' < {0}) x MD), RA,)
= HI((A' ~{0}) x MW, pryA, ) =k[t,t | @ HI(MD, A,).
This completes the proof of part (i) of the proposition.
Now, the (ordinary) direct image sheaf f.RA, is by construction flat over Al,
hence, L%*(f,RA,) = 0 for all ¢ > 0. Therefore, the vanishing of the higher direct
images implies that the Proper Base Change theorem for the Cartesian square on

the right of diagram (£3.4) involves no higher derived functors. Thus, using Base
Change and the definition of affinization we obtain

(4.3.7) i RA, = fUTPRA, = fIVFrOn = Fr. £.0n = Fr.On,, -
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Observe that we have I'(A! x J\/[;f), fRA,) =T(A'x MM, RA,) = R, the graded
k[t]-algebra involved in the definition of filtration on T'(M®), A, ). Therefore, ap-
plying the global sections functor I'(Al x M&), —) to both sides in ([{3.7) we obtain

gRTMD A =R/R 2 T(MY, Fr.On.,) = TMD), Fr,On) = T(M, Oy).
This proves part (ii) of the proposition. O

4.4. Comparison of characters. Fix two characters x,v¥ such that x — ¢ €
dlog X*(A). Let Oy (1 — x) be the (¢ — x)-weight subsheaf in the push-forward of
Owm under the bundle map M — M. The (¢ — x)-isotypic component of the regular
representation k[A] being 1-dimensional, we conclude that Oy (¢ — x) is a rank 1
locally free sheaf on M.

Let D,(vll) denote the restriction of the Azumaya algebra D™ to the subset M)

Tj{’(’;) = Tj{’&}). We put , &y := Hokaﬂn(D,(v'l)/DS) ciy, DWW /D) i), This is an
AW _equivariant sheaf on M), Therefore, @, (,,€,) is a sheaf on M) with fiberwise
AM_action. Let yA, be the (1) — x)-weight component of @, (,&y). It is clear that
Ay is a coherent sheaf of A,-Ay-bimodules.

Next, we mimic the argument in subsection and observe that the standard
increasing filtration on w,@,(vll ) induces a natural increasing filtration on @, (,Ey).
Therefore, using the Rees algebra construction, we may form a Gp-equivariant
sheaf R(,Ey) on A x M1, This gives an increasing filtration on T(M®), | Ay),
an A,-Ay-bimodule, and we write gr® (MM, A,) for the associated graded
(grAy)-(gr Ay)-bimodule.

Lemma 4.4.1. (i) The sheaf Ay is locally free, moreover, we have a natural
Ex-Ey-bimodule isomorphism €y = w* (,Ay).

(ii) Assume that R f.Oni(x — 1) =0 holds for all ¢ > 0. Then, there is a graded
(gr A))-(gr Ay)-bimodule isomorphism gr®T(MWM,  A,) = T(M,On(x — ).
Moreover, we have

RIFV(AY) =0 and HYMDY,  Ay) =0, Vg>0.
Proof. We argue as in Proposition [£.3.3] and show first that

X o _

(4.4.2) ((Idp x ). R(Ey)) ‘{O}XMU) =~ Fr,On(d — X)-

Now, the sheaf Fr,Ox (¢ — x) is clearly locally free. Hence, arguing as at the
beginning of subsection 4.5 below we deduce that the sheaf R(X€¢)|{o}xM(1> is a
locally free sheaf on M) which is isomorphic to w*Fr, O (¥ — x). Using Lemma
one shows that R(,Ey) is a locally free sheaf on A x M. Thus, &, =
’R(Xﬁw)‘{l}an is a locally free sheaf on M(Y) and, moreover, we have ,&, =
@ (xAy)- O

Remark 4.4.3. The above argument shows that there is a flat family (over Al) of
coherent sheaves such that nonzero members of the family are all isomorphic to
yAy and the fiber over 0 € A! is isomorphic to Fr,Ox (¢ — x). In particular, in
the Grothendieck group of coherent sheaves on M) one has an equality [ Ay] =

[Fr.On (¥ — x))-

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



276 ROMAN BEZRUKAVNIKOV, MICHAEL FINKELBERG, AND VICTOR GINZBURG

1

4.5. Proof of Theorem 4.1.4. We have A, = w, (SX’Mu))A( ). The sheaf A, in
the left-hand side of this equality is locally free, by Proposition EE3.3)(i). It follows
that the sheaf & , is also locally free, moreover, we have EX‘M(I) = w*A,; see
ELH).

Now, let 2 € M) and write z := w(z) € M) for its image. Let &, resp. Az,
denote the geometric fiber at x, resp. at T, of the corresponding locally free sheaf.
We deduce from EX’M(I) = w*A, that there is an algebra isomorphism

sl

(4.5.1) Er = Ay, forall zeMB and z:=w(z) e MW,

Thus, to prove that A, is an Azumaya algebra, it suffices to show that &, is a
matrix algebra, for any € M), By definition, we have &, = (chl)/DS) i),
where ‘Dg;l) is the geometric fiber at = of the sheaf D),

We know that D™ is an Azumaya algebra on T*X (). Hence, there is a vector
space F and an algebra isomorphism D(xl) >~ FEndg £. Using this, from the last
statement of Lemma [3.4.4] we deduce the following algebra isomorphisms:

€ = (DWM/DY i )4 = (End E/End E-iy)*" = D, 2 Endy(Ey).

Thus, €, is a matrix algebra, as claimed. This proves that A, is an Azumaya
algebra.

To complete the proof of part (i) of the theorem, consider the following chain of
canonical algebra maps

(4.5.2)
Lemma [B.6.4] " A restriction
T(X, Dx/Dx - L)* ——— T(T &) —— T(MY, & |,0)

A

(1) 1
= (MY, @ (Exfy)) " =DM, @, (o)) = DD, Ay).

The composite map provides the algebra map claimed in part (i) of Theorem ET4l

Part (ii) of the theorem follows directly from the cohomology vanishing in Propo-
sition E3.3(1); To prove (iv), we fix a point z € M), and write DY =~ Endy E.
We know that for the geometric fibers (at ) of the Azumaya algebras &, resp.,
&y, one has the following formulas:

(Ey)z = Endyx E, resp. (Ey), = Endy Ey.

Further, the sheaf , €, is locally free by Lemma[Z1)(i). The fiber of that sheaf at =
is an (€y)y-(Ey)z-bimodule, and Lemma [34.4(ii) yields the following (Ey)g-(E4yp)a-
bimodule isomorphisms; cf. ([B.43):

(x€y)z = Hom, o) (D /DY Ay, DM /DMy, ) Y7
> Hompyq  (End E/ End E-iy, End E/End E-i,)" ™
= TZJDX = Homk(EX, Ew).
Thus, the sheaf , €y is a sheaf of locally-projective €,-€y-bimodules. In particular,
the Azumaya algebras €, and &, are Morita equivalent.
Now, for # := w(z) € MY, we have (Ay), = (yEy)z. Therefore, we see
from @50) and Lemma BZIN(i) that the sheaf Ay is a sheaf of locally-projective

Ay-Ay-bimodules. Hence, it provides the required Morita equivalence between the
Azumaya algebras A, and A,.
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Part (iii) of Theorem T4l is a special case of the following more general result
due to [BK] Proposition 2.2].

Proposition 4.5.3. Let M be a smooth connected variety over k with the trivial
canonical class, and such that the morphism M — M.g is proper. Let A be an
Azumaya algebra on M such that H* (M, A) = 0, Vi > 0 and, moreover, the algebra
A:=T(M,A) has finite homological dimension.

Then, the functor below provides an equivalence beteen the bounded derived cat-
egories of sheaves of coherent A-modules and finitely-generated A-modules, respec-
tively:

DY(A-Mod) — DP(A-Mod/™ 9™ F— RHomyu- noq (A, F).

The proof of this proposition exploits the technique of Serre functors, and is
similar in spirit to the proof of [BKR, Theorem 2.4].

Part (iii) of our theorem follows from the proposition since for any A-module F,
one has RHom4- Mog (A, F) & RHOIDOM- Mod(OM ,F)=RIO(M, F).

This completes the proof of the Theorem 1.4 O

5. THE RATIONAL CHEREDNIK ALGEBRA OF TYPE A, _1.

5.1. Basic definitions. Let W := S,, denote the Symmetric group and let Z[W]
denote the group algebra of W. Write s;; € W for the transposition i < j. We
consider two sets of variables x1,...,z,, and y1,...,Yn, and let W = S, act on the
polynomial algebras Z[z1, ..., xy,] and Z[y1, . . ., Y] by permutation of the variables.
Let ¢ be an indeterminate. We define the rational Cherednik algebra of type
A, _1 as a Z[c]-algebra, H, with generators z1, ..., Zn, Y1, ..., yn and Z[W], and the
following defining relations; see [EGI:
(5.1.1)
Sij * LTy = Tj * Sij, Sij Yi = Y5 Sij, VZ',].E{I,Z,...,TL},Z'#].,
[yi,l‘j] = C - Sjj, [ﬂii,l‘j} =0= [yivij VZ,] € {1, 2, - ,Tl}, ) 7é j,
[ykaxk] =l-c- Zi;ék- Sik -

Given a field k and ¢ € k, we let H. := k ®z¢) H be the k-algebra obtained from
H by extension of scalars via the homomorphism Z[c] — k, f — f(c).

We keep our standing assumption chark > n, and write e = % dew g €
k[W] C H. for the symmetrizer idempotent. Let eH.e C H. be the spherical
subalgebra; see [EG].

Let b := k™ be the tautological permutation representation of W. We identify
the variables x1,...,x,, resp. y1,...,Yn, with coordinates on b, resp. on h*. The
algebras H, and eH.e come equipped with compatible increasing filtrations such
that all elements of W and z; € h* C H. have filtration degree zero, and elements
y; € h C H, have filtration degree 1.

The Poincaré-Birkhoff- Witt theorem for rational Cherednik algebras (cf. [EG])
yields graded algebra isomorphisms

(5.1.2) grH. = k[b* x h]#W, and gr(eH.e) = k[h* x h]".

5.2. Dunkl representation. Write h™® for an affine Zariski open dense subset
of h formed by points with pairwise distinct coordinates. The group W acts
naturally on the algebra D(h™8) of crystalline differential operators on h™8 and
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we let D(h*8)W C D(h™8) be the subalgebra of W-invariant differential oper-
ators. The standard increasing filtration on the algebra of differential opera-
tors induces an increasing filtration on the subalgebra D(h™2)" and we have
ger(hreg)W o k[T*hreg]W — k[h* % breg]W.

According to Cherednik (see also [EGI, [DQ]), there is an injective algebra ho-
momorphism

(5.2.1) O.: eHee — D(he)W,

called Dunkl representation of the algebra eH_ e.

Let B, := ©.(eH.e) C D(h™&8)" be the image of the Dunkl representation. We
equip the algebra B, with increasing filtration induced from the standard one on
D(he)"W. Then, gr B. becomes a graded subalgebra in gr D(h &)W = k[h* x hre8]W,
which is known to be equal to k[h* x h]"W C k[h* x h*8]W; see [EG]. Further, the
map O, in (2T is known to be filtration preserving, and it was proved in [EG]
that the associated graded map, gr O, induces graded algebra isomorphisms

(5.2.2)
/Id\
k[h* x h]"V == gr(eHe) grf)c grB. =——=k[h* x b))V Ck[h* x breg]W.

5.3. The “radial part” construction. In this section, we let k be an arbitrary
algebraically closed field, either of characteristic zero or of characteristic p.

Let V be an n-dimensional vector space over k. In case the field k has finite
characteristic we assume throughout that chark > n > 2.

We put G = GL(V) and let g = LieG = gl(V) be the Lie algebra of G. We
consider the vector space & :=g x V.

Definition 5.3.1. Let ° C & = g x V be a Zariski open dense subset formed by
the pairs (z,v) such that v is a cyclic vector for the operator z : V — V.

We recall that the endomorphism = € g admits a cyclic vector if and only if z is
regular (not necessarily semisimple), i.e., the centralizer of = in g has dimension n.

Fix a nonzero volume element vol € A"V*. We introduce the following polyno-
mial function on &:

(5.3.2) (z,v) — s(z,v) := (vol,v Az(v) A... Axz" 1 (v)).

It is clear that we have &° = & \ s71(0), in particular, &° is an affine variety.

The group G acts on g via the adjoint action, and acts naturally on V. This gives
a G-diagonal action on & such that &° is a G-stable subset of . We compose the
first projection ® = gx V' — g with the adjoint quotient map g — g/ AdG = /W,
and restrict the resulting morphism to the subset &° C &. This way we get a
morphism p : &° — h/W. The group G clearly acts along the fibers of p, and we
have the following well-known result.

Lemma 5.3.3. (i) The G-action on &° is free and each fiber of p is a single G-orbit;
(ii) Furthermore, the map p : ° — b/W is a universal geometric quotient
morphism. O

It follows from the lemma that &° is a principal G-bundle over /W
Given an integer ¢ € Z, we put

O(8°,c) = {f €k[®°] | g"(f) = (detg)°- f, Vg€ G}.
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It is clear that pull-back via the bundle projection p makes O(&°,c) a k[h/W]-
module. Also, observe that s € O(6°,1).

Corollary 5.3.4. For any c € Z, the space O(®°,c) is a rank one free k[h/W]-
module with generator s°. O

Notation 5.3.5. For ¢ € k, we consider a Lie algebra homomorphism y. : g —
k, x — c- tr(x). Let I. := I, C Ug, denote the two-sided ideal generated by the
elements {z — x.(2)}zeq; cf. Definition B3]

The action of G on &° induces an algebra map Ug — D(B°). We fix ¢ € k,
and perform the Hamiltonian reduction of the sheaf Dgo, of crystalline differen-
tial operators on ®°, at the point y.. This way, we get an associative algebra
[D(&°)/D(&°)-1]°.

From Lemma[5.33and the isomorphism on the right of formula (3.7.2) we deduce
the following.

Proposition 5.3.6. For any c € k, there is a natural algebra isomorphism
[D(6°)/D(&°)-1]% = D(h/W).

More explicitly, if ¢ is an integer, then the isomorphism of the proposition is
obtained by transporting the action of differential operators on &° via the bijection
k[h/W] = O(®°,¢), f — s°-p*(f), provided by Corollary 534

Remark 5.3.7. The explicit construction of the isomorphism shows, in particular,
that the algebra D(h/W, x.) of twisted differential operators coming from the right-
hand side of the general formula (322 turns out to be canonically isomorphic,
in our case, to the algebra D(h/W) of ordinary differential operators. Thus, we
have put D(h/W) on the right-hand side of the isomorphism of Proposition
(although we have only justified this for integral values of ¢, the same holds for
arbitrary values of ¢ as well). O

Observe further that the algebras [D(&°)/D(&°)-1.]¢ and D(h/W) both come
equipped with natural increasing filtrations and the isomorphism of the proposition
is filtration preserving.

The isomorphism of Proposition may be viewed as a refined version of the
“radial part” construction considered in [EG].

Remark 5.3.8. The action of differential operators on k[h*8]"W gives rise to the
following natural algebra inclusions: D(h)" C D(h/W) C D(h™&)". We also
remark that the space D(h)" has infinite codimension in D(h/W).

5.4. A Harish-Chandra homomorphism. Let g™ C g denote the Zariski open
dense subset of semisimple regular elements. Observe that the eigenspaces of an
element x € g*° give a direct sum decomposition V = ¢, & ... ® £,. Hence, any
v € V we can be uniquely written as v = vy + ...+ v, where v; € {;, i =1,... n.
Such a vector v is a cyclic vector for x if and only if none of the v;’s vanish.

We put U := {(z,v) € &° | z € g™}. Thus, U is an affine G-stable Zariski open
dense subset in °, and the geometric quotient morphism p : ° — h/W restricts
to a geometric quotient morphism p : U — h*8/W.

Now, the group G acts naturally on the algebra k[®]. We observe that the first

projection & = g x V — g induces an isomorphism of G-invariants k[g]® —
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k[®]“, since the center of G acts trivially on k[g] and nontrivially on any homoge-
neous polynomial f € k[V] such that deg f > 0.

Let A4 denote the second order Laplacian on g associated to a nondegenerate
invariant bilinear form. We will identify Ay with the operator Ag®@1 € D(g)@D(V)
= D(&) acting trivially in the V-direction. Restricting the latter differential oper-
ator to U, we may view Ay as an element of the algebra I'(U, Dy /Dy-1.)C.

Write x4, ..., x, for coordinates in h = k".

Proposition 5.4.1. For any c € k, there is a natural filtration preserving algebra
isomorphism W, : T(U, Dy /Dyl.)¢ == D(h™8)W | that reduces to the “Chevalley
restriction” map,

J—= ooy Wlax VI® — Kl x {0})" = klp™)",

on polynomia@ zero order differential operators, and such that ¥.(Ag) = L., where

0? c(c+1)
5.4.2 L. = — — —_—
( ) ¢ Zj o’ Zi#j (i —x;)?
is the Calogero-Moser operator with rational potential, corresponding to the param-
eter c.

Sketch of Proof. We restrict the isomorphism of Proposition B.3.6l to U C &°,
equivalently, we apply formula (B.7.2)) to the geometric quotient morphism p : U —
hr&8 /W and to the character y. : g — k. This way, we deduce an algebra isomor-
phism

(5.4.3) I'(U, Dy /Dy-1.)% = D(§™¢/W)

Now, the natural projection h'*8 — h™8 /W is a Galois covering with Galois
group W. Therefore, pull-back via the projection gives rise to a canonical isomor-
phism D(he/W) = D(h*&)". Thus, composing with (5.43) yields an algebra
isomorphism U’ : T(U, Dy /Dy-1.)¢ = D(hre)W.

Finally, let Ry be the set of positive roots of our root system R C h* of type
A,_1, and set § := Ha€R+ a. We conjugate the map ¥/ by §. That is, for
any u € T'(U, Dy /Dy - 1.)¢, let U (u) be a differential operator on h™8 given by
We(u) := Mso W, (u)oMy,5, where My denotes the operator of multiplication by a
function f € k[h™€]. The map u — U (u) thus defined gives the isomorphism ¥,
of the proposition.

The equation W.(Ay) = L. is verified by a direct computation similar to one in
the proof of [EG, Proposition 6.2]. We leave the details to the reader. O

We will need the following analogue of the surjectivity part of [EG, Corollary 7.4].

Proposition 5.4.4. Let k = Q be the field of rational numbers. Then, for all
c €k, the algebra B, is contained in the image of the following composite map; cf.
Proposition 541

restriction

Te: I(®, De/DesLc)” (U, Dy /Dy-1.)¢ — D(hes)W .

INotice that although h**& x {0} is not a subset of U the restriction to h*®& x {0} is well defined
for a polynomial on & =g x V.
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Proof. We repeat the argument used in [EG|, which is quite standard.

Specifically, the algebra B, contains a subalgebra C. C B, formed by so-called
Calogero-Moser integrals. The algebra C. is a commutative algebra containing
the Calogero-Moser operator L., and isomorphic to (Symh)", due to a result by
Opdam. Moreover, the associated graded map corresponding to the imbedding
C. — B, induces an isomorphism; cf. (2Z2):

grC. = (Symb)" — (Sym(h @ b*))" =k[p* x b]".
Observe next that the imbedding g = g x {0} — g x V = & induces an

isomorphism (Sym g)¢ —~ (Sym &)%, very similar to the isomorphism k[g]¢ —
k[®]“ explained in subsection 5.3 Thus, we identify (Sym g)¢ with (Sym &)¢, and
view the latter as a subalgebra in D(&)% formed by constant coefficient differential
operators. Clearly, this is a commutative subalgebra that contains Ay = A;®1 €
D(B)C.

The homomorphism ¥. of Proposition [.4.1], hence the composite map ¥, of
Proposition 544, takes the algebra (Symg)®, viewed as a subalgebra in
(6, Dg/De - 1.)¢, to a commutative subalgebra of D(h™8)" containing L.
Furthermore, one proves by a standard argument that W.((Symg)®) C C. (cf.
e.g. [BEGI]); moreover, the induced map gr ¥, : gr(Symg)® — grC. = (Symbh)"W
is the Chevalley isomorphism (Symg)® - (Symb)". It follows that the map
¥, induces an isomorphism (Sym g)¢

Now the algebra B, is known to be generated by the two subalgebras k[h*]"
and C, (since gr B. = k[h* x h]", viewed as a Poisson algebra with respect to the
natural Poisson structure on h* x h = T*h, is known to be generated by the two
subalgebras k[h*]" and k[h]"). By Proposition 5.4.1], we have ¥ (k[®]%) = k[h*]"
and as we have explained above, one also has @c((Sym g)G) = C.. We conclude
that B, is equal to the subalgebra in D(h™&)" generated by U.(k[®]9) and C.,
hence, is contained in the image of the map W.. O

- C..

6. AN AZUMAYA ALGEBRA ON THE HILBERT SCHEME

6.1. Nakajima construction reviewed. We keep the notations of subsection5.31
In particular, we have a vector space V over k, such that chark > n > 2, where
n =dimV. We put G := GL(V) and g := Lie G = gl(V'). We will freely identify g*
with g via the pairing g x g — k, (z,y) — %tr(x ).

The group G acts naturally on V' and also on g, via the adjoint action. We
consider the G-diagonal action on the vector space & = gx V', and the corresponding
Hamiltonian G-action on the cotangent bundle: T"® = &* x & X gx gx V* x V.
The moment map for this action is given by the formula

(6.1.1) p: T"& =gxgxV*xV — g" g, (2,y,0,0) — [z,y] +7Q®v € g.
Recall the notation introduced in Observe that the Lie algebra homomor-
phism y. = c¢-tr € g* corresponds, under the identification g* = g, to the element
c-Idy €g.
Following Nakajima, we introduce the set
iInc = /J/_l(XC) = {(.ﬁ,y,’f],’l}) cgxXgx VixV ’ [Jl,y] +UQv= C'IdV}-

This is an affine algebraic variety equipped with a natural GL(V')-action.
If ¢ # 0, then M, is known (see [Nal|], [Wi]) to be smooth, moreover, the G-
action on M, is free. The quotient M, := M./G is a well-defined smooth affine
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algebraic variety of dimension 2dim V', called Calogero-Moser space. It was first
considered in [KKS], and studied in [Wi]; cf. also [Nal]. By definition, M, is the
Hamiltonian reduction of T*® with respect to the 1-point G-orbit x. € g*. The
standard symplectic structure on the cotangent bundle thus induces a symplectic
structure on M.

If ¢ = 0, then the set 9, is not smooth, and G-action on My is not free. Let MG
be the subset of “stable points” formed by quadruples (z,y,v,v) Egxgx V*xV
such that v € V is a cyclic vector for (z,y), i.e., such that there is no nonzero
proper subspace V' C V that contains v and that is both z- and y-stable. Then,
MG is known to be a smooth Zariski open G-stable subset in 90%,. Moreover, the
differential of the moment map p (see ([GI.1])) is known (cf. [Nal]) to be surjective
at any point of 9, and the G-action on I is free.

The following description of Hilb™ A2, the Hilbert scheme of zero-dimensional
length n subschemes in the affine plane A2, is essentially due to Nakajima [Nal].

Proposition 6.1.2. There exists a smooth geometric quotient morphism MG —
Hilb™ A2.

Remark 6.1.3. Tt is known that Hilb™ A is a smooth connected (nonaffine) algebraic
variety of dimension 2dim V. O

Thus, the Hilbert scheme Hilb™ A2 may be viewed as a “Hamiltonian reduction”
of T*® at the l-point G-orbit {0} C g*. In particular, Hilb” A? has a natural
symplectic structure.

It is known that for any quadruple (z,y,9,v) € My, the operators z,y can be
put simultaneously in the upper-triangular form. Hence, the diagonal components
of these two operators give a pair of elements diagx,diagy € b, well defined up
to simultaneous action of W = S,,. The assignment (z,y,?,v) — (diagz, diagy)
clearly descends to a morphism Y : Hilb" A2 — (h @ h)/W, called the Hilbert-
Chow morphism. It is known that the Hilbert-Chow morphism induces an algebra
isomorphism

T
(6.1.4) L(Hib" A%, 0 ) = T((hxb)/W, Oy yw) =k[h @ .

6.2. The Azumaya algebra. Let »: A — Al ¢+ 3(c) = ¢? — ¢ be the classical
Artin-Schreier map. This map is related to the map s : X*(g) — g"* defined in
B22) by the formula »(x.c) = X..(e) = x(c) - trlV).

We introduce the following simplified notation for the scheme-theoretic fiber of
the moment map p(M) : T* X1 — gb* over the point s(x.):

s ol 1o (1)1—1 _ ap(1)
T%(c) T T%(Xc) - [N( )] (X%(c)) = m%(c)~

We are going to apply the general Hamiltonian reduction procedure of subsec-
tion {11 to the algebraic group A := G, the Lie algebra character x = X..(), and
the natural G-action on the variety X := &.

If »(c) # 0, then the variety T}lt’(z) = szjgc) is smooth, the G-action on this
variety is free, and there is a smooth geometric quotient map M.,y — Mso(e),
where M., () is the Calogero-Moser variety with parameter »(c) = c? —c. Thus, the

construction of subsection 1] applied to M = Ti(c), produces an Azumaya algebra
.A.C = ‘AXc on Mu(c)-
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Assume now that »(c) = ¢ — ¢ = 0, that is, the element ¢ € k is contained in
the finite subfield F,, C k. Then, we apply the construction of subsection [£.1]to the
open subset M := 9% C u~1(0), of stable points. By Proposition [B.1.2] we obtain
an Azumaya algebra A. := A, on the Frobenius twist of Hilb" A2, to be denoted
Hilb™).

For any ¢ € k, the Azumaya algebra A. comes equipped with the canonical
algebra homomorphism

(4.5.2)
(6.2.1) et I(6, Do /De-Le)" ——— DML Ao).

6.3. A Harish-Chandra homomorphism for the Azumaya algebra. We are
now going to construct a Harish-Chandra homomorphism for the Azumaya algebra
Ae.

Recall the open subset U C & formed by the pairs (z,v) € g™ x V such that v
is a cyclic vector for x.

Proposition 6.3.1. For any c € k, there is an algebra homomorphism W2 making
the following diagram commute:

G Ee 1
(8, Ds/De-1.) Ex DML, Ac)

'rest'rictionl l\pf

G Ve re,
P(U’ DU/DU.IC) Proposition 541 ®(h g)W.

Proof. We only consider the most interesting case s(c) = 0.

The action of G on U induces a Hamiltonian G-action on T*U. Let py : T*U —
g* be the corresponding moment map, and set U := p15;'(0). Since U is an open
subset of &, the map py clearly equals the restriction of the moment map u :
T*® — g* to the open subset T*U = &* x U C &* x &. Thus, we have U=
pgt(0) = (8 x U) N p=1(0).

It is crucial for us that one has an open inclusion

U C M =M.

This trivially follows from definitions since a vector v € V' which is cyclic for x € g
is necessarily also cyclic for any pair of the form (x,y) € g X g.
Thus, we have the diagram

7 C M® =[] i M® =Hilb™.

open imbedding

geom. quotient map

Restricting the sheaf €. := &, (cf. @B3)) from [I5]D) to UM yields a G-
equivariant algebra map T([95](V), €.) — T'(UW, &.). Further, applying Lemma
B64lto X :=U and A := G, we get an algebra isomorphism

(1) ~ (1)
(632)  T(U Dy/DyL)° = T([ug 0]V, &) =T(0W, &) .
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ey
By definition, we have A, := w, (€C|[ms](1))G . We obtain the following chain
0
of algebra homomorphisms

F(M(l),Ac) =T (M(1)7 W.(Ec‘[oﬁ;un)a(l))

a®
=T (M(l)’ e (80|[smg]<1>)) =T (5], &)
restriction

~ a® - V. r
o DOWE)T 5 T Du/Del)® e DO

a®

We let U2 be the composite homomorphism. Commutativity of the diagram of
the proposition is immediate from the construction above. O

7. LOCALIZATION FUNCTOR FOR CHEREDNIK ALGEBRAS

7.1. From characteristic zero to characteristic p. We begin by recalling the
general technique of transferring various results valid over fields of characteristic
zero to similar results in characteristic p, provided p is sufficiently large.

We fix ¢ = a/b € Q with b > 0. For any prime p > b, reducing modulo p, we may
(and will) treat ¢ = a/b as an element of F,,. We let k, D F,, denote an algebraic
closure of F,,, and consider the corresponding k,-algebras H. and eH_e.

We begin with the following characteristic p analogue of Proposition (.4.4]

Lemma 7.1.1. Fiz ¢ = a/b € Q. For all sufficiently large primes p, we have an

inclusion of ky-algebras B. C Tm(\0..).

Proof. For ¢ = a/b € Q, we consider the ring Z[%, cl = Z[%, %] obtained by invert-
ing n! and b. The algebras I'(&, Dg /Dg-1.)¢ and D(h™8)W, are both defined over
Z, hence have natural Z[%, c]-integral structures. We will denote the corresponding
7Z[ L, c]-algebras by the same symbols. Therefore, we may (and will) consider the

I
Z[%,c]—integral version Tf : T(&, Do /D -1.)¢ — D(h*8)W | of the homomor-
phism of Proposition (.41l Thus, @f is a homomorphism of Z[%, c]-algebras.
Furthermore, we may choose a finite set of generators in the Q-algebra B, in
such a way that the Z[%, c]-subalgebra generated by this set is contained in the
Z[ %, c]-integral form of D(h*8)"W. Denote this Z[2;, c]-subalgebra by BZ. Thus,

nl? n!’
we get a diagram of Z[%, c]-algebra maps

T L

v i
(8, Do/De L) “— D(p8)V ~<———B,

where j denotes the inclusion.
Proposition B.4.4 says that Q@71 B € QQ 71 Im(@f). Since all the al-
gebras involved are finitely generated, it follows that there exists an integer ¢ € Z

such that BZ C Im(@f)[%]. Thus, for all primes p > n which do not divide ¢, reduc-
ing the above inclusion modulo p, we get k@1 Be C k@1 Im(T.). The
lemma is proved. ' 4 (I

We now consider the algebras H. and eH_.e over the ground field Q of the rational
numbers, and let H.eH, be the two-sided ideal in H. generated by the idempotent e.
We will use the following result from [GS].
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Proposition 7.1.2. For any ¢ € Q9°°? (see (L3.d))), we have H. = H.eH.. Thus,
the eH.e-H.-bimodule eH. provides a Morita equivalence between the algebras H.
and eH_ e. O

We are going to deduce a similar result in characteristic p, which reads:

Corollary 7.1.3. Given c € Q9°°%, there exists a constant d = d(c) such that for all
primes p > d(c), the eH.e-H.-bimodule eH. provides a Morita equivalence between
the k,-algebras H, and eH_e.

Remark 7.1.4. We emphasize that, in this corollary and in various other results
below, a rational value of the parameter ¢ must be fixed first. The choice of ¢
dictates a lower bound d(c) for allowed primes p, and only after that one considers
the corresponding Cherednik algebras over k,. Thus, if ¢ € Q and p have been
chosen as above, and ¢ € Q is such that ¢ = ¢ mod p, then H. = Hy as k-
algebras; yet, it is quite possible that we have d(c¢) < p < d(¢’), hence, the results
of this section do not apply for H. viewed as a k,-algebra. O

The proof of the corollary will exploit the following standard result of commu-
tative algebra; [Gi], Expose IV, Lemma 6.7.

Generic Flatness Lemma. Let A be a commutative noetherian integral domain,
B a (commutative) A-algebra of finite type, and M a finitely generated B-module.
Then, there is a nonzero element f € A such that My, the localization of M, is a
free A(py-module. O

Proof of Corollary [L13. Let ¢ denote an independent variable, and let Z[-][c], be
the localization of the polynomial ring Z[c| at the number n! € Z. Given a nonzero
element f € Z[X][c] and a Z[X][c]-module M, we write M for the localization
of M at f, a module over the localized ring Z[-][c] ().

Let H and eHe be the universal Cherednik algebras, viewed as algebras over the
ground ring Z[][c]. We first establish the following.

Claim 7.1.5. There exists a polynomial f € Z[X][c] such that H( sy = (HeH)(y)
and, moreover, such that f(c) # 0 for any ¢ € Q&°°,

To prove the claim, consider the standard increasing filtration F, on H and the
induced filtration F,(H/HeH) on the quotient algebra H/HeHE The associated
graded gr’(H/HeH), is a finitely generated Z[][c]-algebra. Clearly, it suffices to
show that this algebra vanishes generically over Spec Z[-;][c]. To this end, observe
that gr(H/HeH) is a finitely generated module over the graded algebra gr(H), which
is a quotient of the smash-product algebra

Jellh 5] 21 e[S,

(here we regard b as a free rank n module over Z[X][c]; its dual h* is also free of
rank n; by the Poincare-Birkhoff-Witt theorem proved in [EG], the algebra gr(H)
and the above smash-product become isomorphic after tensoring with Q). We
deduce that gr(H/HeH) is a finitely generated module over the commutative algebra
213 el x b,

The Generic Flatness Lemma implies that there exists a nonzero polynomial
f € Z|4][c] such that gr(H/HeH) ;) is free over Z[X][c](s). On the other hand, for

1
Z[H

2The argument below is similar to [Q].
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¢ € Q&°°d by Proposition we have Q ® H. = Q ® (H.eH,); that is, the fiber
of Q ® gr(H/HeH) over ¢ € Q2°°4 vanishes. We conclude that H = HeH holds over
a nonempty Zariski open subset of Spec(Z[-;][c]) that has a nontrivial intersection
with any closed subscheme {c = c}, ¢ € Q&°°d. This proves Claim

We complete the proof of Corollary as follows. By Claim [.T.5] there exist

a polynomial f € Z[X][c] and elements hf,h} € H, i =1,...,m, such that
m

(7.1.6) f-1n=>_ hj-eh] holdsin H,
i—1

where 1} denotes the unit of the Z[-;][c]-algebra H. We may specialize this equation
at any rational value ¢ = a/b € Q to obtain a similar equation for the corresponding
Z[%, %}-algebras. If ¢ € Q2°°d, then, according to Claim [Z.L.5] we may further
assume that f(c) = k/l # 0.

Now, let p be a prime such that p > max{n, k,[}. Reducing (the specialization at
c of) equation (Z.I.6) modulo p, for the corresponding [F,-algebras we get f(c¢)-1n, =
Yo, hi-e-h. Thus f(c) = k/l is a nonzero, hence, invertible element in F,, and,
since F,, C k,, in the k,-algebra H, we obtain 1y, = ﬁ St hl-e-hl.

Thus, we have proved that 1y, € HeeH., and the first statement of the corollary
follows. It is well known that this implies the last statement of the corollary as

well. O

7.2. Localization of the spherical subalgebra. We have the following A.-
version of Proposition (.44

Theorem 7.2.1. Fiz c=a/b e Q. For all sufficiently large primes p, we have:

The image of the Harish-Chandra homomorphism W2 of Proposition 6.3.1] is
equal to the subalgebra B. C D(h™8)W (algebras over k). Moreover, the resulting
map gives an algebra isomomorphism U/ : D(Hilb™ A,) = B,.

Proof of this theorem will be given later in this section.

o
Ac) == Bg, for all c € k, (not only for ¢ € Fp,). The proof of this generalization
is similar to the proof of Theorem [[.2.1] but involves twisted differential operators
and twisted cotangent bundles. It will be presented elsewhere. %

Remark 7.2.2. A similar construction also produces an isomorphism W2 : T'(M

Composing the isomorphism of Theorem [[.2.] with the inverse of the Dunkl
representation (5.2.1)), we obtain the following Azumaya version of the Spherical
Harish-Chandra isomorphism considered in [EG],

v CHE
(7.2.3) o4 T(HibW, A,) B. eH.e.

Thus, we have proved part (i) of the following theorem, which is one of the main
results of the paper

Theorem 7.2.4. Fiz ¢ =a/b € Q. Then there exists a constant d = d(c) such that
for all primes p > d(c), we have:

(i) The composite morphism in ([Z3) yields a ky-algebra isomorphism &7 :
eHee — T(HiIbY, A,).

(i) Hi(HilbY, A,) =0 for all i > 0.
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(iii) If c € Q9°°%, then the (derived) global sections functor RT : D°(A.-Mod) —
D®(eH.e-Mod) is an equivalence of bounded derived categories.

Proof. Part (i) follows from Theorem [Z21] (to be proved below), and part (ii) is
a consequence of Theorem FT4ii). We are going to deduce part (iii) of Theo-
rem [[.2.4] from Theorem [T4iii). To do so, we need to know that the algebra
eH.e = I‘(Hilb(l), A.) has finite homological dimension. But this follows from the
Morita equivalence of Corollary [[.T.3] since the algebra H. is known to have finite
homological dimension, which is equal to 2n; cf. [EG]. O

Proof of Theorem [[.2.1] Fix ¢ € Q, and let p > 0 be such that Lemma [Z.T.T] holds
for p.

Recall an increasing filtration on the algebra 1"(Hilb(1)7 A.), introduced in sub-
section @2} such that for the associated graded algebra we have gr® I'(Hilb"), A.,)
=T(Hilb" A%, O_ . ,); see Proposition E33(ii).

We consider the commutative diagram of Proposition All maps in that
diagram are filtration preserving, and the corresponding commutative diagram of

associated graded maps reads:
(7.2.5)

el gr=, .
grT(8, De/Ds 1) o ar® T (HilbY,| A,)
rcstrictionlresg gr \I}f
G gr¥e reg\W * reg]W
gr(U, Dy /Dy-1.) = grD(hree)™ =k[h* x hree]™.

Furthermore, we have the following graded algebra isomorphisms:
(7.2.6)

gr® T (HilbY, A,) Proposition EZ3i)

~

T(Hilb"A2,0, . .) O kg x b

Moreover, by going through definitions, it is easy to verify that the composite
map in (Z2.6) is equal to the map gr U7 in (ZZH). It follows, in particular, that
U4 is an injective morphism.

On the other hand, Lemma [.T.1] and Proposition [6.31] yield

(7.2.7) B. C Im(T,) := W, (res§ (['(®, Ds/De-1.)¢)) C Im(TH).

Hence, using commutativity of diagram ([Z.2.5)), we obtain the following commuta-
tive diagram of graded algebra morphisms:

(7.2.8) k[h* x h]W =——= grB.——= Im(gr V)

(7.2.6) [y

R (i gr v A
gr® I (Hilb'"Y, A,) Im(gr ¥2).

We deduce from commutativity of diagram (.28 that both ¢ and j must be sur-
jective and, therefore, Im(gr \Ilf) = gr B.. Now, the inclusions in ([.277)) show that
we must have Im(¥/) = B, and, moreover, the map U gives an isomorphism
r(mimn®, 4,) = B.. O
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7.3. Localization of the algebra H.. We introduce the following localization

functor Loc : N — A, éeHce N, which is the left adjoint to the functor RI" :
D*(A.-Mod) — D’(eH.e-Mod). Since RT'(A.) = eH.e, and the functor RI is an
equivalence by Theorem [[2:4] we conclude that Loc(eH.e) = A. and, moreover,
the functor Loc is also an equivalence which is a quasi-inverse to RT'(—).

Observe next that eH, is a projective eH.e-module, by Corollary [.I.3. Hence
we conclude that R, := Loc(eH.) = A, ®en.e €eH. is a locally free sheaf of A.-
modules. Moreover, it is easy to see by looking at the restrictions of the associated
graded modules to the generic locus of (h x h)/W that the rank of eH, viewed as a
projective eH.e-module equals n!. Therefore, we deduce that R, is a vector bundle
on Hilb™ of rank n! - p?n.

We put H, := Endy,(R.). This is clearly an Azumaya algebra on Hilb™) again,
and the degree of this Azumaya algebra is equal to n! - p?*. Furthermore, the left
H.-action on each fiber of the sheaf R. induces a natural algebra map

(7.3.1) H, — T(HibDY, 3,).
The second main result of the paper reads:

Theorem 7.3.2. Fiz ¢ € Q9°°Y. Then, there exists a constant d = d(c) such that
for all primes p > d(c), we have:
(i) The map [C3T) is an algebra isomorphism, moreover, RFi(Hilb(l)7 H.)=0,
Vi > 0.
(i) The functor RT : D*(H.-Mod) — Db(H.-Mod) is a triangulated equiva-
lence.

Proof. We have

(7.3.3) RI(Hilb™M, 3¢,) = RIV(HibY, Enda(Re)) = Exth g - yoa) (Res Re)

Theorem [[.2.4]

EXtiDb(eHce- Mod) (eHC, eHC).

The Ext-group on the right vanishes for all ¢+ > 0 since eH,. is a projective eH.e-
module. This proves the vanishing statement in part (i). The statement of part (i)
for i = 0 follows from the isomorphisms:

|[EG], Theorem 1.5(iv)] (7.3.3)
Homep,e(eH,, eHe) —————— T(Hilb", 3(,.).

Hc

~

To prove part (ii) we use a commutative diagram:

Morita equivalence

D’(eH_.e- Mod) DP(H.-Mod)

Locl Locl

Morita equivalence
DY(A-Mod) o DY (H- Mod).

Since the left vertical arrow is an equivalence by Theorem [7.2.4] it follows that the
right vertical arrow is an equivalence as well. The functor RI" is a right adjoint of
Loc, hence, it must also be an equivalence, which is a quasi-inverse of Loc. ([l
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7.4. Splitting on the fibers of the Hilbert-Chow map. We have the Hilbert-

Chow map T : Hilb™ A2 — (h x h)/W. Given £ € (hx h)/W, write Hilbg := T71(¢)
(1

for the fiber of T over &, and let Hilbé ) denote the completion of Hilb™ along this

fiber, a formal scheme.
The next result is essentially due to [BK].

Theorem 7.4.1. For any point £ € (h x h)/W, the restriction of the Azumaya
algebra H,, resp. Ac, to the formal neighborhood of the fiber Hilbél) c HilbW

L . —— (1)
splits, i.e., there is a vector bundle V¢, resp. Wee, on Hilb, * such that one has

He| — o) = End, =~ End, Wee.

. Vee, resp., Ae
Hilb, < ‘ Hiib

i {1 Hilbg
The above vector bundle V. ¢, resp. W, is called a splitting bundle for J(,
resp. for A..

Corollary 7.4.2. For any £ € (h x h)/W and i > 0, we have Ext'(Veg, Veg) = 0,
resp., Ext'(Wee, Wee) = 0, where the Ext-groups are considered in the category

— (1)
Coh(Hllb6 ).

The rank of a splitting bundle is equal to the degree of the corresponding Azu-
maya algebra. In particular, we have tkW., = p™ and 1kV.¢ = p"-nl. This
suggests the following:

Conjecture 7.4.3. For any & € [(hxh)/W]M), there is a vector bundle isomorphism
Fr'Vee =2 (FEW, ) ® (P|Pﬁb§<g))’ where P denotes the Procesi bundle on Hilb™ A?;

see [HI.

Remark. In view of Theorem HLTA(iii) it is sufficient to prove the Conjecture for
¢ =0, that is, for the case where H. = D(h)#W.

Proof of Theorem [ 41l Clearly, it suffices to prove the theorem for A.. We repeat
the argument in the proof of [BK| Proposition 5.4].

First, recall that Morita equivalence classes of Azumaya algebras on a scheme
Y are classified by Br(Y), the Brauer group of Y. Furthermore, the Brauer group
of a local complete k-algebra is known to be trivial. Thus, proving the theorem
amounts to showing that, for any ¢ € F,,, the class [A.] € Br(Hilb™) belongs to
the image of the pull-back morphism YT* : Br([(h x h)/W](l)) — Br(HilbM).

To prove this, we consider the following diagram:

W-covering

(7.4.4) ﬁ » ; T

[ x b1 — o s ) /W] D) HilbD.

q

In this diagram, S is a Zariski open dense subset in [(h x §)/W]™) such that:

e The Hilbert-Chow map restricts to an isomorphism S° := Y~1(5) =5 S,
to be denoted Y, and

e The projection ¢ : [ x h] — [(h x §)/W]D) is unramified over S. Thus,
we have a Galois covering S = ¢ 1(S) — S, to be denoted ¢, .
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Our goal is to construct a class 3 € Br([(h x h)/W]D) such that [A.] = T*(3).
We will follow the strategy of [BK].

Let Y be an arbitrary affine scheme, and let Hgt(Y, Gum)torsion be the torsion
subgroup of the second étale cohomology of Y with coefficients in the multiplica-
tive group. By a theorem of Gabber [Gal, one has an isomorphism Br(Y) =
H2(Y, Gm)torsion- Furthermore, it is a simple matter to see that the norm-map as-
sociated to the projection ¢ : [h x h]) — [(h x b) /W] gives rise to a morphism
on étale cohomology; cf. [BKI:

g HZ (b x 5], Gm) — HZ((h x §)/W),Gm)

Now let D) := Fr, Dy be the standard Azumaya algebra on T*h™1) = [f x b)),
arising from the sheaf of crystalline differential operators on h, cf. §2. The sheaf
DM has a natural W-equivariant structure, hence the corresponding class [ﬂ)(l)] is

w

torsion torsion”

>~

a W-invariant class in the Brauer group, that is an element of Br([b X [ﬂ(l))W
Hth([b X r)](1)7((37111)‘” . We set

torsion

3= q.([DM]) € HZ ([(h x §)/W]V, Gum), .o = Br([(h x b)/W]D).

The theorem would follow provided we show that T*3 = [A.]. We first prove a
weaker claim:

(7.4.5) (T*8)

= [‘AC]

holds in  Br(S°).

Se Se

To see this, restrict the Azumaya algebra D) to the open subset S c [h x b}(l).
The map ¢, (see (.Z4)) is a Galois covering with the Galois group W. It follows
that the sheaf B := ((¢,).(DW) |§)W is an Azumaya algebra on S. Furthermore, it
is immediate from the construction that, in Br(S), one has an equality 3|4 = [B].
Pulling back via the isomorphism Yg (see ([T44)), we deduce that (T*03)
(Ys)*(8]g) = (Ts)*[B].

To complete the proof of ([Z43H]), we use Theorem [L.T.4(iv) and deduce that, for
all ¢ € I, the corresponding Azumaya algebras A, are Morita equivalent, hence

so =

represent the same class in Br(Hilb(l)). Thus, we may assume, without loss of
generality, that ¢ = 0. In that case the corresponding algebra eH.e is isomorphic
to D(h)"W. Furthermore, going through the Hamiltonian reduction construction of
the Azumaya algebra Ay, it is easy to verify that we have an Azumaya algebra
isomorphism (Y,)*B = Ay go- This ylelds an equality of the corresponding classes
in Br(S°), and (C43H) follows.

To complete the proof of the theorem we recall the well-known result saying
that restriction to a Zariski open dense subset induces an injective morphism of
the corresponding Brauer groups. Thus, we have an injection Br(Hilb(l)) —
Br(5°), a — a|4,, and we have shown above that (Y*f8)|s, = [Ao] Hence,
T*6 = [Ao] = [Ac], Ve € Fp, and the theorem is proved.

Se’

7.5. On t-structures. Fix c € Q%°°? and a large enough prime p.

In subsection 4 we have constructed a canonical A4 1-A-bimodule .1 1.A. that
provides Morita equivalence of the Azumaya algebras A. and A.y1. We define the
following geometric shift functor:

S, : D°(A.-Mod) — DP(Aci1-Mod), M+— S (M) = 1A ®a, M
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We consider the following diagram of triangulated functors:

RT
(7.5.1) DP(A.-Mod) ~ D’(eH.e- Mod)

B —

Loc
l St l/ Shift
RT

D*(A.;1-Mod) ~ D®(eH.y1e- Mod).

-
Loc

Here, the horizontal arrows are triangulated equivalences by the localization
Theorem [[2Z4 The functor S; on the left is an equivalence by definition. The
shift functor on the right of the diagram was constructed in [BEG], and it was
shown to be an equivalence for any nonnegative ¢ € Q&°°? in [GS]. We will prove
in a subsequent publication [FG] that diagram (Z51]) commutes.

In any case, for each ¢ € Q&°°4, we consider the t-structure on D®(A.- Mod)
obtained by transporting the natural ¢-structure (with abelian core eH.e- Mod) on
the triangulated category D°(eH.e- Mod) via the equivalence Loc.

We have the following result.

Proposition 7.5.2. Fiz a nonnegative ¢ € Q9°°% and let p be large enough. Then,

the functor Sy respects the above defined t-structures on DP(A.-Mod) and
Db(ﬂc+1—MOd).

Proof. We introduce another functor
S_: D*(Acy1-Mod) — DP(A.-Mod), M+ S_(M) = cAct1 ®a,,, M.

It is clear that (S5, S_) is a pair of adjoint functors which are triangulated equiv-
alences quasi-inverse to each other.

Now, let Ab, be the core of the t-structure on D’(A.-Mod) transported from
the natural t-structure on the category D®(eH.e-Mod), that is, the image of the
abelian category eH.e- Mod via the equivalence Loc. By definition, we have

(7.5.3) MeAb, <« H'(HibY M)=0, Vi#o.

Proving the proposition amounts to showing that the shift functor S, takes the
abelian category Ab. to Ab.y1, resp. the functor S_ takes Ab. to Ab._; if ¢ > 1.
To prove this, observe first that it is enough to show that each of the two functors
S is right-exact with respect to the above t-structures. Once this is proved, it
follows by adjunction between the two functors, that these functors are also left-
exact, hence exact, with respect to the t-structures. To prove right-exactness, it
suffices to prove that Si(M) € Ab.y; for any projective object M € Ab.. Any
indecomposable projective in the abelian category Ab. is by definition a direct
summand of the free module A.. We have S;(A.) = cr1he ®,, Ac = cr1he.
Thus, we see from (53] that we have reduced the proof of the proposition to the
following cohomology vanishing result:
(7.5.4)

HIHIDY, . 1A) =0, |resp. H(HilbW, (Acq) =0, if ¢>1], Vi>0.

This cohomology vanishing is proved analogously to the proof of a similar coho-
mology vanishing in Proposition[£33|(iii). Specifically, let O(1) denote the standard
ample line bundle on Hilb™ A%2. Then, one shows using the Rees algebra construc-
tion as in subsection 3] that the vector bundle .11.A. on Hilb™ is a deformation
of the sheaf Fr.O(1), resp. the vector bundle .A.y; is a deformation of the sheaf
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Fr.O(—1). Therefore, the same semicontinuity argument as the one exploited in
the proof of Proposition .3.3] would yield (.5.4]), provided we know that for all
i > 0 one has H*(Hilb™) Fr,O(1)) = 0, resp. Hi(Hilb™", Fr,O(—1)) = 0. Clearly,
we have Hi(Hilb), Fr,O(+1)) = H'(Hilb" A2, O(£1)). The group on the RHS is
known to vanish for all 4 > 0 in the case of the line bundle O(1). To provd] a
similar statement for O(—1) let B = k[h x h]", and let F := T(Hilb" A%, O(+£1)).
The space F' is a B-module which is known (see [H| or Appendix to [GG2]) to be
isomorphic to the space of alternating polynomials on b x b, viewed as a k[ x h]"'-
module. Furthermore, according to Haiman, F' is a Cohen-Macaulay B-module. It
follows that R Hompg(F, B) = 0 for all i # 0.

On the other hand, in the derived category, there is the Grothendieck duality
functor M —— MY which commutes with proper direct images. Applying this to
the Hilbert-Chow morphism T : Hilb™ A% — (h x b) /W, we get

RI(Hilb" A%, O(—1)) = RI(Hilb" A%, O(1)") = RT'((h x h)/W, T.0(1)Y)
= (RT((h x h)/W, O(1))" = RHomp(F, B).
We conclude that for all i > 0 one has H'(Hilb"), Fr,O(—1)) = 0, and the propo-

sition is proved. O

We now restrict our considerations to Hilbél) C Hilb(l), the formal neighbor-
hood of the zero fiber of the Hilbert-Chow map. Let c+1~;€c be the corresponding
completion, an ./zl\cﬂ-flc—bimodule. There is an obvious analogue of diagram (5.7
and of Proposition where the scheme Hilb™") is replaced by Hilbgl).

According to Theorem [[L47] our Azumaya algebras split on Hilbél). We write

0:=0 ) and let Wi = Homg(We, @) be the dual of the splitting bundle W..
Hi 0
Thus, W, is a right A.-module and we have A. = W, ® 5 W,. Thus, we have an
equivalence
(1
(7.5.5) Db(Coh(Hilbé ))) = DY(A.-Mod), F+— W, ®as 7,

with quasi-inverse functor M — W7 @ 2 M.

_—— (1
Let €, be the the abelian subcategory in Db(Coh(Hilb(() ))) corresponding to the
abelian category Ab. under the equivalence (T50]). Thus, the abelian category C.
— (1
is the core of an “exotic” t-structure on Db(Coh(Hilbg ))) By definition, we have
FeC <+ HMHDbLY W.055) =0, Vi#0.

Furthermore, we may transport the geometric shift functor S; via the equiva-
lence (Z5.3]) to obtain the following functor:

) 1)

— (1 —
Sy : Db(Coh(Hilb(() )) — D*(Coh(Hilb, )),
S+(F) = Wi @7 cr1he O We @5 F.

Note that, in the above formula, one may choose the splitting bundle W, to
be Wey1 := S4(W,.). With this choice, from Proposition [[.5.2] we obtain:

Corollary 7.5.6. For any nonnegative ¢ € Q9°°, the functor S, restricts to an
equivalence €. —— C.y1, of abelian categories. O

3The short argument below was suggested to us by M. Brion.
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8. INDUCTION FUNCTOR AND COMPARISON WITH [EG]

In this subsection, we let k be an arbitrary algebraically closed field, either of
characteristic zero or of characteristic p.

8.1. Let P be alinear algebraic group with Lie algebra p, and D an associative alge-
bra equipped with a P-action by algebra automorphisms and with a P-equivariant
algebra map p : Up — D, as in subsection B4l Recall our convention to write D - J
instead of D - p(J).

Definition 8.1.1. Given a two-sided ideal J C Up, let Ind(D1.J) C D denote the
annihilator of the left D-module D/D - J. This is a two-sided ideal in D, called the
ideal induced from J.

It follows from the definition that Ind(D7.J) is the maximal two-sided ideal of D
contained in the left ideal D - J.

Assume next that P is an algebraic subgroup in another connected linear alge-
braic group G. Set g := Lie G, and let Ug be the corresponding enveloping algebra.
Thus, p C g and Up C Ug. Given a two-sided ideal J C Up, as above, we may form
an induced ideal Ind(UgT J) C Ug.

Now, let G act on an associative algebra D, and let dg — D be a G-equivariant
algebra map. We consider the composite map Up — Ug — D. Let J C Up
be a two-sided ideal and Ind(U4glJ) C Ug the corresponding induced ideal. Since
J CUg-J, we have D-Ind(UgTJ) C D-J. Hence, the projection D/D-Ind(UgTJ) —
D/D-J induces an algebra map:

(8.1.2) (D/D-Ind(Ug1J))¥ — (D/D-J)F.

8.2. We recall the setup of subsection [6.1] so V is an n-dimensional vector space
over k, and we put G = GL(V) and g = gl(V). We also fix ¢ € k and let x. :=
c-tr: g — k be the corresponding Lie algebra character.

From now on, we fix a nonzero vector v € V. Let P be a parabolic subgroup of
G formed by the maps V' — V that preserve the line kv. Thus G/P = P(V), the
(n — 1)-dimensional projective space associated to V. We put p := Lie P, and write
xh = Xc|p for the character x. restricted to the subalgebra p C g. Thus x? € p* is
a P-fixed point for the coadjoint action of P on p*.

We extend xP to an associative algebra homomorphism x? : Up — k, and let
J. := Ker(Up — k), denote the corresponding two-sided ideal generated by the
elements {z — ¢ tr(z)}zep; see Definition B30l Also, write Ind, := Ind(UgTJ,) for
the two-sided ideal in U g induced from J,. It is known that Ind. is a primitive ideal
in Ug, moreover, it is exactly the primitive ideal considered in [EG].

The adjoint action of G on g gives rise to an associative algebra homomorphism
ad : Ug — D(g). Thus, we may consider the homomorphism ([8T2) in the special
case D := D(g), J := J.. As usual, we abuse the notation and write D(g) - Ind,.
instead of D(g) - ad Ind, for the corresponding left ideal in D(g).

We propose the following:

Conjecture 8.2.1. For any ¢ € k, the following canonical map is an algebra
isomorphism:

(8.2.2) (D()/D(g) - Inde)© 0 (D(g)/D(g) - Jo)""
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8.3. In chapter 7 of [EGI, the authors have constructed, for any ¢ € k, an algebra
homomorphism, called the deformed Harish-Chandra homomorphism:

(8:3.1) .: (D(g")/D(g") Ind.)” — D(he)W

such that one has ®.(Ag) = L., the Calogero-Moser operator.

The reader should be warned that the map referred to as the deformed Harish-
Chandra homomorphism in [EG] was actually a map D(g™)¢ — D(h8)W.
However, it has been shown in [EG| that the latter map vanishes on the two-sided
ideal

(D(g™) - Ind) ¥ = (D(g™) - Ind,) N D(g™)C,
hence, descends to a well-defined homomorphism

(832)  (D(a")/D(a")-Inde) = D)7/ (D(a") - Ind.) S — D(b5)""

where the equality on the left exploits semisimplicity of the ad G-action on D(g").

The construction of [EG] can also be carried out over a field k of characteristic
p. In that case, the adjoint G-action on D(g™) is not semisimple, so the equality
on the left of (B32) does not hold, in general. A more careful analysis of the
construction of [EG], similar to that of subsection [5.3] of the present paper, shows
that it actually produces, without any semisimplicity assumption, a homomorphism

of the form (837]).

8.4. Recall the open subset U C g** x V° formed by all pairs (z,v) such that v is
a cyclic vector for x; see Definition B.3.1l Let g° C g™ be the set of all elements
x € g = gl(V) such that our fixed vector v € V is a cyclic vector for z. Clearly,
g° is an Ad P-stable Zariski open dense subset of g. Recall also the two-sided ideal
I. C Ug introduced in subsection (5.3} and observe that Ind. C I..

The following result provides a relation between the Harish-Chandra homomor-
phism U, of Proposition B4l and the homomorphism (&31)).

Proposition 8.4.1. There is a natural algebra map Fy : (‘D(go)/ﬁ(go) . JC)P —
L(U, Dy /Dy - 1.)¢ making the following diagram commute:

(D(a™)/D(g™) - )" —== (D(g°) /D(g°) - Jo) " —=T(U, Dyr/Dyr-L)C
T(8.1.2) V. | Prop. B4
(D(grs)/D(grs) . IndC)G (S‘ZL:I) ®(hreg)w )

Sketch of Proof. The assignment (x,v) — kv clearly gives a G-equivariant fibra-
tion f : U — P(V). The fiber of this map over the class of the line kv € P(V) is
the set Uy = {(z,t-v) | z € g°,t € k*}. Thus, we have a G-equivariant isomor-
phism U 2 G x p Uy. Furthermore, it is clear that the map (z,t) — (z,t - v) gives
a P-equivariant isomorphism g° x G,, —— U,. Thus, we obtain the following

diagram:
(8.4.2)
(9,x)—gX px
Gxg°xGy—7—=-GxU, FEXNT G xpU, U
lprc lpr lf
g—gP
G G/P——=P(V).
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Let X = G x Uy =2 G x g° X Gp,. The assignment v — 1 ®@ u ® 1 gives an
algebra map

D(g°) — D(G)®@D(g°) @ D(Gm) = D(G x Uy) = D(X).

We compose this map with isomorphism B.7.2) applied to X, Y := G xp Uy, and
to the P-bundle map in the top row of diagram (84.2). This way, we get a chain
of algebra morphisms:

(8.4.3) F.: D) — DX)’ — DX Dx/Dx-J) — DU, x.).

One can show, using the equality Ind(UgTJ.) = (\,cc Adg(Ug - Jec), that a
suitably refined version of the above construction produces a well-defined algebra
map

F!: T(g° Dgo/Dgo-J.). — T(U,Dy/Dy-Ind,)C.
Furthermore, one verifies that composing the map F!’ with the natural restriction
map I'(g"™, Dg/Dy JC)P — I'(g°, Dgo/Dgo ~JC)P one obtains a homomorphism
F, that makes the diagram of the proposition commute. O

9. APPENDIX: THE p-CENTER OF SYMPLECTIC REFLECTION ALGEBRAS
by Pavel Etingof

9.1. Let k be an algebraically closed field of characteristic p > 0, V a finite-
dimensional symplectic vector space over k, and T' C Sp(V) a finite subgroup. We
assume that p is odd and prime to |T'|.

Write S C T for the set of symplectic reflections in I'. Let H;.(V,I') be the
symplectic reflection algebra with parameters ¢ and ¢ € k[S]', as defined in [EG].
For t = ¢ = 0, we have Hg g >~ SV#I', a cross-product of SV with the group I', to
be denoted H.

In general, the algebra H; . comes equipped with an increasing filtration such
that grH; . ~ H= SV#T. Let Z; . be the center of Hy ., equipped with the induced
filtration.

The main result of this appendix is the following theorem.

Theorem 9.1.1. There is a graded algebra isomorphism gr(Z; .) = ((SV)P).

Corollary 9.1.2 (Satake isomorphism). The map Z; . — eHce, z — e - z gives
an isomorphism between the centers of the algebras Hy . and eHy ce, respectively.

Proof of Corollary 9.1.2. The associated graded map is an isomorphism. Il

Remark 9.1.3. One may consider the field k as the residue class field in W (k), the
ring of Witt vectors of k. The algebra H; . may thus be regarded as a specialization
of a W (k)-algebra. Applying the well-known (see [Ha]) Hayashi construction to this
situation one obtains a natural Poisson bracket on the p-center Z; . C Hy . O

9.2. To prove Theorem we need the following result.

Proposition 9.2.1. The Hochschild cohomology of the algebra H is given by the
formula

HHm(ﬁ) _ ( @ mecoding (Vg))r‘

g€lcodimVI<m

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



296 ROMAN BEZRUKAVNIKOV, MICHAEL FINKELBERG, AND VICTOR GINZBURG

(here Q7 denotes the space of differential forms of degree j) Moreover, elements
z2€Zyo = HHO(H) act on this cohomology by multiplying differential forms on V9
by the restriction of z to V9.

Proof. The first statement is straightforward by using Koszul resolutions, similarly
to [AFLS]. The second statement is easy. O

9.3. Proof of Theorem [0.1.1l Since grH; . = H, we have the Brylinski spectral
sequence [Br]. This spectral sequence has

EP? = HH'™(H), and EL? = gr(HH ™ 9(H, ).

Since the algebra H; . is Z/2Z-graded, the differentials d; with odd subscripts j in
this spectral sequence vanish automatically. Therefore, we will abuse notation by
writing d;, E;"? instead of da;, Fy%.

Let us now consider the differential dy. Obviously, we have d; = tdgl) +
ZseS/F csdgs)7 where d(ll) is the differential corresponding to ¢ = 0, ¢t = 1. It

was checked by Brylinski that dgl) is the De Rham differential.

By a result of [EG] (which generalizes in a straightforward manner to positive
characteristic), we have grZy . = Zgo. Thus, the differentials dgs) are zero in co-
homological degree zero, so they are morphisms of modules over Zyo. Thus, in
cohomological degree 1, these differentials must land in twisted (torsion) compo-
nents (as generically on M, := Spec(Zy,) the algebra Hg . is Azumaya). This
implies that E, ¢ = ((SV)P)T, and E; “""? is a submodule (over ((SV)?)T) of
Q,, (V)F, where Qf (V) denotes the first cohomology of the De Rham complex of
v

We will now show that all the higher differentials d,,,, m > 2, vanish in cohomo-
logical degree zero, and hence E; %9 = ((SV)P)!'| as desired. Assume the contrary,
and let m > 2 be the smallest number such that d,,, does not vanish in cohomolog-
ical degree zero. Then we can view d,,, as a derivation d, : ((SV)P)!' — Q%p)(V)F.

Recall now ([K], Theorem 7.2) that if X is a smooth affine variety over k, then
the cohomology of the De Rham complex of X twisted by the Frobenius map can
be identified with the module of differential forms on X (as a graded O x-module)
via a map C~1: Q*(X) — H*(Fr.Q*(X)), called the Cartier operator. This map
is defined by the formulas C~1(a) = a?, C~!(da) = a?~da for functions a on X.

Let d),, = Cd,,C~1. Then d,, : (SV)I' — QY(V)V is a derivation. Thus, d},, gives
rise to a I'-equivariant regular function f on Vies with values in V ® V*, where Vies
is the set of points of V' which have the trivial stabilizer in I". Since the complement
of Viee has codimension 2, the function f extends to V and defines an element of
SV ®V @ V*. Hence d., is obtained by restricting a map d,,, : SV — Q}(V) to
I-invariants. Therefore, d,, is obtained by restricting a map d,, : (SV)? — Q%p) (V)
to I'-invariants.

Now observe that the map d,, must have degree —2m + 2 < 0. On the other
hand, the generators of (SV)? sit in degree p, while the lowest degree in Q%p) (V) is
also equal to p. This means that d,,, = 0, which is a contradiction. The theorem is
proved. O
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