REPRESENTATION THEORY

An Electronic Journal of the American Mathematical Society
Volume 10, Pages 314-352 (August 17, 2006)

S 1088-4165(06)00314-1

CHARACTER SHEAVES ON DISCONNECTED GROUPS, VIII

G. LUSZTIG

ABSTRACT. In this paper we continue the study of character sheaves on a re-
ductive group. To each subset of the set of simple reflections in the Weyl group
we associate an algebra of the same kind as an Iwahori Hecke algebra with un-
equal parameters in terms of parabolic character sheaves. We also prove a
Mackey type formula for character sheaves. We define a duality operation for
character sheaves. We also prove a quasi-rationality property for character
sheaves.

INTRODUCTION

Throughout this paper, G denotes a fixed, not necessarily connected, reductive
algebraic group over an algebraically closed field k. This paper is a part of a series
[L9] which attempts to develop a theory of character sheaves on G.

In Section 36 we associate to any subset J of the set of simple reflections an
algebra 87 over Q(v) (with v an indeterminate) defined using certain character
sheaves on Z; gco. When J = (), this is the standard Iwahori-Hecke algebra attached
to W. For general J we show that this algebra shares several basic features with
an Iwahori-Hecke algebra with unequal parameters. This opens the possibility of
studying Iwahori-Hecke algebras with unequal parameters in the framework of the
theory of perverse sheaves.

In Section 37 we prove a Mackey type formula for character sheaves on Z;p
where J C I and D is a connected component of G. This is essentially an iden-
tity involving certain induction and restriction functors analogous to one in the
representation theory of reductive groups over a finite field.

In Section 38 we study a duality operation for character sheaves on a connected
component D of G generalizing the case D = G° considered in [L3| III, 15]. This
duality operator is analogous to the known duality operator for representations of
a reductive group over a finite field; see 38.12.

In Section 39 we prove a quasi-rationality property for representations of certain
extensions of an (irreducible) Weyl group. This generalizes [L3| III, (12.9.3)] and
is a step in the proof of a key property of character sheaves (see 39.8).

Notation. We write s,s instead of s(T),s(T) (see 28.1, 28.3).

Errata to Part V. In 25.2, line 1, replace £ by | /|

In 27.1 replace the diagram NpP/Up < Vi % V3 %5 D by NpP/Up < Vi 2
VQ a.) D.
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In the commutative diagram on p. 372 replace Zl N 22, Al LR Zy, V1 BN VA L
D by Zl SN Zg, A LN Za, Vi = Vo 2= D respectively.
Errata to Part VI.

In 28.5 replace to : Ad(d~ 1) (to)tty by to : t +— Ad(d~ 1) (t)tty .

In 28.19(a) replace Zé:;D(J) p-1 by ZE

o (J),D-1 (twice).

In 31.4, line 4 replace a%, by ap.

Errata to Part VII
In 32.5 replace > by by bs.
In 32.15 replace C,, by C".
In 32.18(a) replace TE’(aﬁiw by TE,(a:T’).
In 32.23 replace the first = by ) =.
After the statement of Corollary 32.23 insert: Take D’ = D~! so that A = G°.
In the third line of Corollary 32.24 replace X' by \”.
In the fourth line of Corollary 32.24 replace A" by L.
In 32.26, line 13, replace ¢T}, by T.
In 35.6, line 8, after h; ' h; € U*n;U*, add: (i € [1,7]).

CONTENTS

36. The algebra 87

37. A Mackey type formula.
38. Duality.

39. Quasi-rationality.

36. THE ALGEBRA R’

36.1. We fix a connected component D of G. We write € instead of ep : W — W
(see 26.2). Occassionally we shall consider one (or two) other component(s), say
D’ (or D', D"); we write ¢ instead of ep.

For J C I we identify Z; p (see 26.2) with

{(P,gUp); P € Py,gUp € D/Up}

by (P,P',gUp) — (P,gUp). To any (P,gUp) € Z;p we associate an element
wp gu, € W by the following requirements. Let z = pos(gPg~!, P) € /)W,
then

(i) wpgup = wp, gup, wWhere Pr = (g7 Pg N P)Up € Pync-1(ad(z)J)

(ii) wpgu, = 2z if €1 (Ad(2)J) = J.

Note that (i), (ii) define uniquely wp 4, by induction on |J|: if [J| = 0, then
wp guyp is given by (ii); if [J| > 1 and e ' (Ad(z)J) = J, then wp 4u, is again given
by (ii); if [J| > 1 and € ' (Ad(z)J) # J, then |J Ne ' (Ad(z)J)| < |J| and wp 4u,
is determined by (i) since wp, 4u,, is known from the induction hypothesis.

From definitions we see that the map Z;p — W, (P,gUp) — wpyu, is the
composition of 3’ : Z;p — T(J,¢) in 26.2 (see also [L10, 3.11]) with the bijection
T(J,€) — YW given by [L10, 2.4, 2.5] and with the inclusion )W — W. In
particular, we have wp v, € <YW and pos(gPg~ !, P) = min(W ¢ nwp gu, W)
for any (P, gUp) € Z;p. (For any W,(;), W; double coset Q2 in W we denote by
min(Q?) the unique element of minimal length in €2.)
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316 G. LUSZTIG

For any J C I, w € /)W, we set
YZjp ={(P,gUp) € Zjp;wp4up, = w}.
Then Z;p = Uweeww “Z 5 p is a partition; it is the same as the partition Z;p =
UteT(Je)tZJ,D in 26.2 (see also [L10, 3.11]). In particular, each *Z;p is a lo-
cally closed, smooth subvariety of Z; p stable under the G°-action h : (P, gUp)
(hPh_l, hgh_thph—l).
From definitions, for J C I, w € /)W we have a map

Vjw:“Zsp —"Zy p,(P,gUp) — (P1,9Up,)

with J; = JNe H(Ad(w.)J), w. = min(W. nwW ), Py = (g~ PgN P)Up. This
map may be identified with a map o as in [L10, 3.11]; in particular, it is an affine
space bundle (see [LI0, 3.12(b)]).

36.2. If J C I and w € “))YW satisfies e '(Ad(w)J) = J (hence w € “VIYW7),
we have “Z;p = {(P,gUp) € Zjp,pos(gPg ', P) = w}. In this case we pick
P € Pj, P' € Peyy such that pos(P’, P) = w and a common Levi L of P’, P. Let
d=1{g € D;gLg~! = L,gPg~! = P'}, a connected component of the reductive
group NgL with identity component L. We have a diagram

(a) dﬁGO/(UPﬂUp/)XdeZJ,D
where j(h(Up NUp:),g) = (hPh=t, hgh= Uy py) is a principal L-bundle for an L-
action on G°/(Up N Ups) x d compatible under pro with the L-action on d (by
conjugation in NgL). If X is a character sheaf on d, then pTZ* X is therefore an
L-equivariant simple perverse sheaf on G°/(Up N Up/) x d which must be of the
form j* X’ for a well-defined simple perverse sheaf X’ on “Z; p.

The collection of simple perverse sheaves on “Z; p of the form X’ with X as
above is denoted by wy 7.p- This collection is independent of the choice of P, P’, L.

Note that X — X’ defines a bijection between the set of isomorphism classes of
character sheaves on d and the set of isomorphism classes of objects in “Z; p.

36.3. More generally, for J C I and w € /YW, we define by induction on |J| a
collection of simple GY-equivariant perverse sheaves wy Jspon“Z;p.

If |J| = 0, then ®Z; p is defined as in 36.2. If [J| > 1 and ¢ (Ad(w)J) = J,
then “Z; p is again defined as in 36.2. If |J| > 1 and e '(Ad(w)J) # J, then
e '(Ad(w.)J) # J where w. = min(W ywW ). Thus, if J; = JNe ' (Ad(w.)J]),
then |J;| < |J] and the class of perverse sheaves “Z;, p on “Zj p is defined
from the induction hypothesis. By definition, wy J,p consists of the simple perverse
sheaves on "' Z; p of the form ﬂ}:w (X) for some X € *Z;, p (with 9., as in 36.1).
This completes the inductive definition of wy 7,0- The objects of wy J,p are said
to be character sheaves on “Zjp. Let 17, p be a set of representatives for the
isomorphism classes of character sheaves on “Z; p.

For J C Tand w € ‘)W, let D*(“Z;p) be the subcategory of D(¥Z;p)
whose objects are those K € D(*Z; p) such that for any j, any simple subquotient
of PHIK is in wZA]’D. Let i, : “Z;p — Zjp be the inclusion.

(a) If K e DCS(ZJVD), then Z*J,w(K) S ’DCS(MZJ)D),

It is enough to prove (a) for K € Z; p. In this case (a) follows from [L10, 4.12).
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For JCIL we )W and K € “’ZAJ,D, let K* be the unique simple perverse
sheaf on Z;p such that %, (K*) = K and supp(K*) is the closure in Z;p of
supp(K).

(b) We have K* € Z;p.

This is proved in [L10, 4.17] based on the following statement:

(c) Let Y be a locally closed subvariety of an algebraic variety Y’ and leti:Y —

Y’ be the inclusion. Let C € D(Y) and let A be a simple perverse sheaf on'Y such
that A= C. Let A* be the unique simple perverse sheaf on'Y such that i*(A%) = A
and supp(A*) is the closure in Y’ of supp(A). Then A* 4i,C.
(In loc.cit. this is applied with Y = “Z;p, Y = Z;p,A = K and an C €
D(Z;p).) Since the proof of (c) is omitted in loc.cit. we give a proof here. Let
Y; be the closure of Y in Y’. Let ¥ 2% ¥; 2 Y’ be the inclusions. Clearly, if
(c) holds for ¢; and i instead of ¢, then it holds for . Thus we may assume that
1 = 11 or ¢ = 19, that is, that Y is open or closed in Y’. Assume first that Y is
closed in Y’. Then Af = i;A and i) commutes with taking P H7; hence 41 A 4 i,C as
desired. Next, assume that Y is open in Y’. Then ¢* commutes with taking ? H’
and i*i)C' = C. Hence for any j we have PHI(C) = i*(PH’(i,C)) and for some j we
have A 4i*(PH(i,C)). Let 0= Fy C Fy C ... C F,,, =PH’(i,C) be a sequence of
perverse subsheaves of ? H7(i,C') such that F)/F)_ is simple for k € [1,m]. Then
0=i"Fy Ci*Fy C... Ci*F,, =i*(PHI(i,C)) is a sequence of perverse subsheaves
of i*(PHY (i,C)) such that i*F/i* Fy_1 = i*(F),/Fj_1) is simple or 0 for k € [1,m)].
Hence A & i*Fy/i*Fy_1 = i*(F)/Fk—1) for some k € [1,m]. Then A" = Fy,/Fj,_1 is
a simple perverse sheaf on Y’ such that A’ 44,C, i* A’ = A. We must have A’ = A*
and (c) is proved.

(d) Let K' € Z;p. There exists a unique w € YW and a unique K € “Z;p
(up to isomorphism) such that K' = K*.

This is proved in [L10, 4.13]; it is an immediate consequence of (a).

Let Zjp = Upecrw{KS K € Zyw,n}-

From (b), (d) we see that

(e) Zsp is a set of representatives for the isomorphism classes of character
sheaves on Zjp.

From (a), (b) we deduce:

(f) If w € ‘YW and K € D**(“Z;.p), then (iju) K € D*(Zsp).

36.4. For J C J' C T and P € Py let Q p be the unique parabolic in P;s that
contains P. We have a diagram

Zip < ZipD 2 Zy.p
where
Zypp={(P,gUq);PcPs,Q=Qyp,gUqecD/Ugy},
«(P,gUq) = (P,gUp),0(P, gUq) = (Q,9Uq)-
Define functors
f1.00: D(Z5p) — D(Zy.p)sesy : D(Zy p) — D(Zsp)

by fr0A=0c*A, e5 A" = ;0" A’. Now 0 is proper and ¢ is an affine space bundle
with fibres of dimension a = dimP; —dim P;.. Hence f; 5 commutes with Verdier
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318 G. LUSZTIG

duality up to a shift and a twist:

(a) 0fs,.00 = fs0[al]® : D(Z1.p) = D(Zy D).
For J C J' € J” C T we have (see [L10l 6.2]):

(b) frar =1fg g0f50, egg0 = eg ey ju.

Clearly, fJ7J = 17 eJJ = 1.
For J c J' c I we show that the convolution bifunctor

D(ZJ7D) X D(ZE(J),D/) — D(ZJ)D/D), A7B — A* B,

(see 32.5) is compatible with the functors e in the following sense: for A €
D(Z;p), A € D(ZE(J)’D/), we have

(C) (QJVJ/A) * (BJ)J/A/) = QJ,J/(A*A/).

We have a commutative diagram

ZJ’,D X ZE(J’),D’ Z(,) ZJ’,D’D

DXDIT flT a”T

25,00 X Ze(1),e(J1), D" Z — Z3,J',D'D
CXCIJ, f4J, c”l

by bo
2y

Zjp X Ze(g),D Z5,p'D

Here ¢, 0 are as above,

Ze(31),D" <= Ze(3),e(7), D" = Zeany.pts Zip'p < Z3.00.0'D 2 Zypp
are the analogous maps when (J,J’, D) is replaced by (e(J),e(J’),D’) or by
(J,J',D'D), by,by are as in 32.5, b},b, are the analogous maps with J replaced
by J',
Z: {(vaagUng/UP’);X c PJaP = QJ/,XagUP € D/Up,
P'=gPg~ ', ¢'Up € D'/Up/},
fi(X,gUp,g'Up) = (P,gPg~ ", g'gPg "¢~ !, gUp,g'Ugpy-1),
fZ(ngUPag/UP') = ((Xa gUP)7 (ng_lag/Ungfl))a
f3(ngUPag/UP’) = (X’g/gUP)7

fo(X,9Up,g'Up) = (X, 9Xg7 ", 9'9Xg g1, gUx, g'Uyxg—1).
It is enough to show that

barbi (e x (0 x ) (AR A) = 0" by b ¥ (AR A).
Since the upper right and lower left squares are cartesian, we have

bi(ex )= fufs, 0" by = fafy.

Hence it is enough to show that
barfanf5 (@ x ) (AR A") = o fa fT0) " (AR A').

This follows from the commutativity of the diagram above: we have ba far = ¢ fa1
and f5 (0 x 0')* = fyb)*. This proves (c).
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If Ae D(Zsp), B € D(Ze(y),p'),C € D(Zee(g),07), then, from definitions, we
have the associativity property

(d) (AxB)xC =A% (BxC).

Consider the isomorphism 8 : Z;p — Ze(yy,p-1 as in 28.19. Note that the com-

position Z; p 9, Ze(1),p-1 9, Zj p is the identity map. From definitions, we have
for A, B as above,

(e) QA+ B) = (DB) * (D A).

For J C I we define a functor 7 : D(Z; o) — D(point) by 7(C) = pji*(C') where
i:Py— Zjgo is the imbedding P — (P,Up) and p’ : P; — point is the obvious
map. We define a bifunctor (:) : D(Z;p) x D(Z;p) — D(point) by (A : B) =
pi"* (AR B) where i’ : Z;p — Zjp X Z; p is the diagonal and p : Z; p — point is
the obvious map. As in 32.23(b) we have

(f) (A:B)=r1(Ax(0B)).
From definitions we have
(2) (A:B)=(0A:B).

IfAe D(ZJ,D)7 B € D(ZE(J)’D/%C € D(Zs’e(J),Dle'*l)a then from (d) we have
T((A* B)*C) = 7(A* (B x*()). Using (f) we rewrite this as (A« B : 9C) =
(A:0(B=xC)) or, using (g), as

(h) (AxB:0C)=(0A: BxC).
For J C J',¢,0 as above and A € D(Z;p),B € D(Zy p) we show that
(1) (B : fJJ/A) = (GJ’J/B : A) S D(point).

Let p1, p2, p3 be the obvious maps from Zy p, Z;p, Z sy p to the point. We must
show that py1(B®0¢*A) = pa(cd*B® A). Since p1;01 = p31 = paii, both sides are
equal to ps(0*B @ ¢*A). This proves (i).

36.5. For JC J' cTand w € YW, v’ € /)W we have a diagram

w

“Z5p St w’w/ZJ,J/,D BN w/ZJ’,D
where
W Zyanp = {(P,gUqQ) € Z.5 p; (P.gUp) € “Z,.p,(Q,9Uq) € Zy n}
and ¢y, 0w, are the restrictions of ¢,? in 36.4. Consider the functor
Frawrw : D(YZyp) — D(Y' Zyr p)y A 0y €y A.
From definitions we see that, for A € D(*¥Z;p), we have

(a) faw, g w (A) = 35§00 (17w A).
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320 G. LUSZTIG

36.6. Let J C I and let w € <YYW. We have a sequence of affine space bundles

(a) wZJ,D m—’w>wZ‘]hD —>19J11w wZJ2’D —>19J2’w

where 9, is as in 36.1, 9, ,, is the analogous map with J replaced by J; (we set
(J1)1 = J2), U, is the analogous map with J replaced by Jo (we set (J2)1 = J3),
etc. Wehave J O J; D Jo D .... Let J = J, for large r. Since 9, ., = 1 for large
r, the composition of the maps (a) is a well-defined map ¥ : *Z;p — “Z;_ p. For
any (P,gUp) € “Z; p we have

ﬁJ,w(ngUP) = (PlngP)7§J1,w(PlagUP1) = (P27gUP2)" c.

where P D P, D P, D .... Let Py, = P, for large r. We show:
(b) The map o : " Z;y_ sp — “Zsp, (R,gUp) — (P,gUp), is an isomorphism.

We show only that « is a bijection. Let (P, gUp) € “Z; p. By [L10, 4.14(b)] there
exists (B,h) € B x gUp such that B C P and pos(hBh~!,B) = w. We have
also pos(¢Bg~!,B) = w. Let R = Q;_ p. By [L10, 4.14(a)] we have (R, gUgr) €
“Zj..n. Wehave (R,gUp) € “"Z;_ ;p and a(R,gUp) = (P,gUp). Thus « is
surjective.

We show that « is injective. Let (R, gUp) € "' Z;_ ;p. Define Py, Ps,. .., Ps
in terms of (P, gUp) as above. It is enough to show that R = P,. Let P’ =
gPg™',R' = gRg™'. Since (R,gUg) € “Z,_ p and e '(Ad(w)Jx) = Joo, We see
that R, R’ have a common Levi and pos(R’, R) = w. Hence if B’ is any Borel of
R’, there exists a Borel B of R such that pos(B’,B) = w. If w. = pos(P’, P),
we have w = w.z where z € W (see [LI0, 2.1(b)]) and l(w.) + I(x) = l(w).
Hence we can find a Borel By of G° such that pos(B’, B;) = w., pos(Bi, B) = z.
Since B C R C P, we have By C P. Since pos(B’,B;) = pos(P,P) = w.,
we have B’ C (P’ N P)Up: (see [L10} 2.7]). Since this holds for any Borel B’ of
R’ and R’ is the union of its Borels, it follows that R’ C (P’ N P)Up/. Hence
R =g 'Rg C (go'Pgn P)Up = P;. Hence (R,gUp,) € ““Z;_ j,.p is well
defined. Repeating the previous argument for (R, gUp, ) instead of (R, gUp) we see
that R C P». Continuing in this way we obtain R C P, for any r» > 0. In particular,
R C P,. Since R, P, are parabolics of the same type, we see that R = P,,. This
proves (b).

Next we show that

(©) ify € W, y#w, then "V Z;_ jp=0.

Assume that (R,gUp) € “¥Z;_ sp. We have (R,gUr) € “Z;_ p and by [L10,
4.14(b)] there exists (B, h) € B x gUg such that B C R and pos(hBh™!, B) = w.
We have also pos(gBg~!,B) = w. Since B C P and w € /)W, we see, using
[Ll(), 4.14(&)}, that (P, gUp) € wZJﬁD. Since (P,gUp) S yZ.LD and yZJ7D,wZJ7D
are disjoint for y # w, we have a contradiction. This proves (c).

Let A € wZAJ)D. From definitions we have A = ﬁ*(A’) with A’ € “’ZAJWD. We
show:

(d) fyo w,aw(A") =2 A[=0] for some integer §.

(€) fm w5 (A) = 0 for any y € VW, y # w.
Now (e) follows immediately from (c). To prove (d) we recall that fj_ .70 (A7) =
aa*(A’) where a: " Z;_ 5p — “Zy pisgiven by (R,gUp) — (R, gUg). Define
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e:"Zyp — “"Zy_ gp by e(P,gUp) = (Px,gUp) with Py as above. Clearly,
ae = ¥, ae = 1. Since « is an isomorphism, we see that

@t (A) = e*a*(A) = 9 (A) = 9% (A')[-6] = A[-]
where § is the dimension of any fibre of . This proves (d).

36.7. Let LC J CTand let w € W,y € L)W. Assume that e '(Ad(w)J) =
J, e 1(Ad(y)L) = L. From definitions we have

v 7100 ={(R,gUp); R € P, P = Qs r,gUp € D/Up,
pos(gRg™", R) = y,pos(¢Pg~ ", P) = w}.
We show:

(a) ¥ Zp, 5,0 = 0 unless y € W, jyw = wW, that is, w = min(W .y W ).
Assume that (R, gUp) € ¥ Z, jp. Let B be a Borel of gRg~!. Then B C gPg~!.
In our case gPg~!, P have a common Levi; hence there exists a Borel B’ of P such
that pos(B, B') = pos(gPg~!, P) = w. Similarly, since gRg~!, R have a common
Levi, there exists a Borel B” of R such that pos(B, B") = pos(gRg~!, R) = y. Let
z = pos(B’,B"). Since B’ C P,B"” C P, we have z € W. Since w € W’ we
have l(wz) = I(w) + I(2) hence from pos(B, B") = w,pos(B’, B") = z we deduce
pos(B, B") = wz. Thus y = wz and (a) follows.

Now for J C I, w € DWW, w' € W,y € “<(/IW | the diagram

b b
ZJ’D X ZE(J),D’ el Zy 2, ZJ’D/D
(see 32.5) restricts to a diagram

’ b ’ ! b 7
w w w, w1y w,w’,2
Zyp X" Zeyy,pr ——— V2o ——="YZ;ppD

where w7, = b;l(wZ]’D X w/ZE(J)VD/) N b;l(yZJ’D/D). Define a bifunctor
D(“Zyp) x D(*' Ze(sy.pr) — D(*Zypip) by
A, B Axy B = by 21b;, (AX B).

w,w’,1
Let K e D(*Z;p), K' € D(wlZE(J)’D/). From definitions we see that
(b) Z.?F],y((l-(]vle) * (is(J),w/!K/)) =K *y KI.

36.8. In the remainder of this section we assume that k is an algebraic closure of
a finite field. As in 31.2 let A = Z[v,v~!], v an indeterminate.

Let V be an algebraic variety with a given family of simple perverse sheaves
(called “character sheaves”) with the following property: any character sheaf on
V comes from a mixed complex on V relative to a rational structure of V over
a finite subfield of k. Let D(V) be the subcategory of D(V) whose objects are
complexes K such that for any j, any composition factor of P H’(K) is a “character
sheaf”. Let &(V') be the free .A-module with basis given by the isomorphism class
of “character sheaves” on V. Let K be an object of D(V') with a given mixed
structure relative to a rational structure of V' over a finite subfield of k. We set

gr(K) = Z Z (—1)7 (multiplicity of A in PHI(K),)v"A € &(V),
A jheZ
where A runs over a set of representatives for the isomorphism classes of “character

sheaves” on V' and the subscript A denotes the subquotient of pure weight h of a
mixed perverse sheaf.
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Now let V’ be another algebraic variety with a given family of simple perverse
sheaves (called “character sheaves”) like that of V. Then D°(V’) is defined. As-
sume that we are given a functor © : D(V) — D(V’) which restricts to a functor
D (V) — D(V’'). We also assume that © is a composition of functors of the
form ay, a* induced by various maps a between algebraic varieties. In particular, ©
preserves the triangulated structures and makes sense also on the mixed level. We
define an A-linear map gr(0) : K(V) — K(V') by the following requirement: If A
is a “character sheaf” on V regarded as a mixed complex of pure weight 0, then
gr(©)(A) = gr(©(A)) where ©(A) is regarded as a mixed complex on V' (with
mixed structure defined by that of A). Note that gr(0)(A) does not depend on the
choice of mixed structure on A. If @ : D(V') — D(V") is another functor like O,
then so is ©'O and we have gr(©'0) = gr(©')gr(0).

The previous discussion applies, in particular, to V = Z;p or “Z;p where
J CTand we YW and to the functors

5w D(Z5p) = D("Zsp)s isw : D("Zsp) — D(Zsp)

(see 36.3(a), 36.3(f)); the character sheaves on “Z; p are by definition the simple
perverse sheaves isomorphic to ones in “Z; p; see 36.3. Hence R(Zyp), R(“Z;p)
are defined and the A-linear maps

gr(iy.) : R(Zsp) = R(“"Zsp), grlisw) : R(“Zsp) — &(Z1D)

are defined. Since i% 7., = 1, we have gr(i% )97 (ijuw) = 1.

Let 8 (Z;p) = @peccrw &(Zsp). Define an A-linear map ¢ : R(Z;p) —
ﬁ/(ZJ7D) by (rb = @wEEU)W gr(i?},w)'

From 36.3(e) we see that the matrix of ¢ is indexed by Z;p x Z;p and from
36.3(b),(d) we see that this matrix is square and upper triangular (with 1 on diag-
onal) with respect to a suitable order on Z; p. In particular,

(a) ¢: R(Zyp) — R (Z;p) is an isomorphism.

Note that the inverse isomorphism restricted to (' Z; p) is just gr(ij..). Clearly,

(b) R(ZJ,D) = @wef(ﬂw wﬁ(ZJ,D)v
where wﬁ(Z]’D) = (]571(.@(7“”2]70)).
We have a partition Z;,p = [ leews IS,D where W\s is the set of W-orbits on

s and IFLD consists of those A € Zjp such that A € ZAﬁD for some £ € s whose
isomorphism class is in . We have

(¢) &(Z1,p) = Brew\s & (Zs,p)
where &%(Z;,p) is the A-submodule of R(Z;,p) generated by Z9 j,. From definitions
we see that each R(*¥Z; p) and each Y8&(Z; p) has a natural direct sum decompo-
sition indexed by W\s analogous to (c¢). It follows that the decompositions (b),(c)
are compatible in the sense that

(d) &(Zsp) = D, (“A(Zsp) N R (Z)D)).

36.9. Let J C J' C I. Asin [L10, 6.4, 6.7(b)] we see that f; ;e o restrict to
functors DCS(ZJ7D) — ’Z)CS(ZJQD)7 DCS(ZJ/’D) — DCS(ZJ7D). Hence the A-linear
maps gr(fsy) : R(Zsp) — R(Zy p), gr(ess) : R(Zy p) — R(Z; p) are defined as
in 36.8; we denote them again by f; j/, ey ;. The identities 36.4(b) continue to hold
for these linear maps. We define a group homomorphism ® : £(Z;p) — &(Z;p) by
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D(v™A) = v " A* where A* € Z; p is isomorphic to the Verdier dual of A € Z; p.
From 36.4(a) we deduce

(a) Df sy =v ;7D : &(Z;p) — &(Zy D)

with a as in 36.4(a).
If JCJ', ¢,0,a are as in 36.4, then for A € Z7;p we have

frpA= Y waad,

AleI.I’,D

(b) TaA = Z(—U)j(multiplicity of Ay in PHI=*(d,c* Afa])) € A.
J

(Indeed, if we regard A as a pure perverse sheaf of weight 0, then ¢*A[a] is a pure
perverse sheaf of weight a (since ¢ is an affine space bundle with fibres of dimension
a); by [Del 6.2.6] applied to the proper morphism 9, 9,¢* A[a] is a pure complex of
weight a. From [BBD], 5.4.1], we see that P H7 (0,¢* A) = PH7=%(9d,c* A[a]) is pure of
weight (j —a) +a =j.

Let & — £ be the group homomorphism A — A given by v™ +— v~™ for m € Z.
Since ¢*Ala] is a pure perverse sheaf, we have (using the relative hard Lefschetz
theorem [BBD], 5.4.10]):

Taa = Z(—v)_j (multiplicity of A in P H7~%(0,c* A[a]))
= Z ~J(multiplicity of Ay in ?H 7% (0,c* Ala]))
= Z ®(multiplicity of A; in P ¢(oc*Ala))) = v72“:cA7A1.

Define a group homomorphism 3 : R(Z; p) — R(Z;p) by Bs(v™A) = v™"™A for
A€ Z;p,meZ Wesee that B, (f; 0 A) = v=2%; ;A for any A € Z;p. Hence
for any £ € R(Z; p) we have

(c) By (F5,0€) = v 2% 5,5 (B4 (8)).

Define ® : &(Z;p) — R(Z;p) by D(E) = DBs(€) = B;D(E). Clearly, D is A-
linear. Note that

(d) the maps §7.5:, 5.7, By are compatible with the decompositions of type 36.8(c)
while ©,9 map the summand corresponding to € in 36.8(c) onto the summand
corresponding to £. (Here t is the image of ¢ under £ — L; see 28.18.)
Let J, D, D/, bl, bg, € be asin 32.5. By 3221, bg!bf : D(ZJ,D X Zs(J),D’) — D(ZJ)D/D)
restricts to a functor D**(Z;p X Zc(y),p’) — D°(Z;p'p), where the character
sheaves on Zjp X Z.(j),pr are by definition complexes of the form A X A’ with
Ae ZJD,A € Z(J) pr- Hence the A-linear map gr(b21b7) : R(Zsp X Ze(y),p') —
R(Z;p'p) or equivalently R(Z;p) ®a R(Zc(y),p) — R(Zsp/p) is well defined.
(We have canonically R(Zs,p X Ze(y),p') = R(Z1,0) ®aR(Zc(1),p).) We write &’
instead of gr(bab})(§ X ¢') where £ € R(Zp), £ € R(Ze(y),p). For £,¥ € W\s
and £ € 8Y(Zyp), & € ﬁE/(ZE(J)7D/), we have & x &' € RY(Z; pp) if ¥ = D(€) and
Ex& =01if ¥ # D(8) (see 32.6(a),(b)).

From 28.19 we see that 0 : D(Z;p) — D(Zc(j),p-1) restricts to an equiva-
lence of categories D**(Z;p) — D*(Zc(y),p-1). Hence the A-linear isomorphism
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gr(0) : R(Z;,p) — R(Zc(y),p-1) is well defined; we denote it again by d. Now the
composition R(Z; p) 2, R(Ze(y),p-1) 2, R(Z;,p) is the identity map.

In the setup of 36.5, fj. 0« restricts to a functor D**(YZ,; p) — DCS(“’/ZJ/,D).
(We use the analogous statement for f; j, as above, together with 36.5(a), 36.3(a),
36.3(f).) Hence the A-linear map gr(fw ) : R(“Zsp) — R(¥' Zy.p) is well
defined. We denote it again by fjuw,jw. Let {5, + &(Z;p) — & (Zy p) be
the unique A-linear map such that pruf; ;prv = fiuw, 7w for any w,w" as above.
(Here pr,, is the projection of R (Z;/ p) onto the direct summand K(*Z; p).) From
36.5(a) we see that for x € (" Zy p) we have

(e) £ 50 = dfsro "

We also have

(f) Of 1,00 = fe(1),e(u) 05 00 g = ec(y),e(s)0-

Now the functor 7 : D(Z; o) — D(point) (see 36.4) restricts to a functor D (Z; go)
— D (point) where the point is regarded as having exactly one character sheaf,
Q. Hence the A-linear map gr(7) : R(Z;go0) — R(point) = A is well defined; we
denote it again by 7.

Let p,4" be as in 36.4. Then pii'* : D(Z;p x Z;p) — D(point) restricts to a
functor D°(Z; p X Z;p) — D (point) where the character sheaves on Z; p x Z; p
are by definition complexes of the form A X A’ with A, A’ € A J,0- Hence the A-
linear map gr(pii'*) : R(Z;p x Z;p) — R(point) = A or equivalently R(Z;p) @4
R(Z5p) — Ais well defined. (We have canonically R(Z;p X Z;p) = R(Zsp) @4
R(Z;p).) We write (§ : &) instead of gr(pii’*)(§ X&) where £,& € R(Zp). From
[BBD), 5.1.14] we see that for A, B € Z; p we have (A : B) € Z[v~!] and from [L3|
I1,7.4] and its proof we see that the constant term of (A : B) is d4,p-. Thus,

(g) (A:B)€dap+v 2.
We show that
(h) if & € R(Zsp), (£ : D(€)) =0, then & = 0.
Assume that & # 0. We have £ = ZAEIJ_D,meZ ga,mv™A where gam € Z is zero

for all but finitely many A,m. We can find e € Z such that g4 . # 0 for some
A€Tl;pand ga,m =0forallm>eandall AcZ;p. Then

(D)= D garmgamv™ T (Ar A7)
Ay, Amy,m

By (g) this equals ) , g% ,v*° 4 an element in v**~'Z[v~']. This is nonzero since
YA 9h.e € Z>o. This proves (h).

We show that

(i) if &,€' € W\s and ¥ # &, then (8% (Z;p) : &Y (Z;p)) = 0.
Let A€ ZﬁD,B € Zle where £, L1 € s. It is enough to show that

if H(Z;p,A® B) # 0 for some j, then the isomorphism class of Ly is in the
W-orbit of the isomorphism class of L.

From our assumption we have Ax*d(B) # 0. We have A H Kig as in 28.13(v) and

similarly B - Kﬁ:}fl. Hence OB ngﬁ;,l where £ = (D™')*L, see 28.19. We
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then have K% 5 « K° (J) p-1 7 0. Using 32.6(a) we see that £, £; have the required
property. This proves (i).
We show that (j) if w,w’ € W and w # o', then (“&(Z;p) : ' &(Zsp)) = 0.

It is enough to show that if A € D**(YZ;p), A’ € Des (v’ Z;.p), then
pli/*(iquA X ijw/lA/) =0

with p,i’ as in 36.4. It is enough to show that (ij4 X iy, )1i"™* (AR A") = 0. This

follows from the fact that “Z;p N™ ZJ7D = 0.
We show that

(k) if w e W, w £ 1, then 7(Y&(Zsc0)) = 0.
Since Y Z 5 qo, 1ZJ)G0 are disjoint, we have i§71iJ,w! = 0, hence "¢y, = 0 with ¢ as
in 36.4; (k) follows.

From the definitions we have (1) 9(“R(Z;p)) =" 1R(ZE(J)7D71)
for any w € /)W such that e *(Ad(w)J) = J. (For such w we have w=! € 7W.)

36.10. Let
R(Zyp) = Z fr,7(R(ZL,p)), Ko = @ YR(Z.p)-
LiLGJ we D Wie= 1 (Ad(w)J)#£J
We show that
(a) R(Zsp)=Ro @ B  (R’Zip) N “A(ZsD))
we W
e HAd(w)J)=J

Setting

R(Zp)= > 11.s®(ZLp)) & = . R(“Z;,p)

L; LCJ we(HIWie—1(Ad(w)J)#£JT
and using 36.9(e), we see that it is enough to show that

(b) R(Z1p) = Ro® P (R’ (Zip)N&(“Zip)).

wew
e H(Ad(w)J)=J

From 36.6(d), 36.6(e) we see that, if w € YW, e 1(Ad(w)J) # J, then A =
.. gA for some A" € R(YZys p) and Jo # J. Hence

(C) Ré CEI(ZJ’D).

Using again 36.6(d), 36.6(e) and also 36.4(b) (or rather its analogue for f; ;) and
(c), we see that

R(Zip)= >, 1 ®(EZep) =8+ >, 1,8 ZLp)).
L;LGJ LiLGJ
ye Ow yesHw
e (Ad(y)L)=L e (Ad(y)L)=L
Thus, (b) holds and (a) holds.
Let

R(Zsp) = R(Zsp)/R(Z1p).
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For any w € )W such that e *(Ad(w)J) = J, let “&(Z;p) be the image of

“R(Zs.p) under the obvious map K(Z; p) — R(Zp). From (a) we see that

(d) R(Z;p) = &P YR(Zsp).

weHw
e (Ad(w)J)=J

For any £ € W\s let 8%(Z; p) be the image of &%(Z; p) under the obvious map
R(Z;p) — R(Z;p). From 36.9(d) we see that &(Z;p) is compatible with the
decomposition 36.8(c). It follows that

(e) ZJ D @ .RE ZJ D
LEW\s

Using 36.8(d) we see that that the decompositions (d),(e) are compatible in the
sense that

() R(Zs.p) =P (“&(Zsp) N & (Z10)).
w,t
Using 36.9(a), 36.9(c), we see that
(2) ©,67,9 : &(Zsp) — K(Z;p) map R(Z;p) into itself hence induces group
homomorphisms Q(ZJ’D) — ﬁ(ZJ,D) denoted again by O, 65,9
36.11. For J'Cc J CTand x € R(Zy p), 2" € R(Zc(5),p'), we show that

(a) (Frram) * 2" = fr (@ ee(r),en@)-
Using successively 36.4(h), 36.9(f), 36.4(i), 36.4(c), 36.9(f), 36.4(h), 36.4(i), we see
that, for any =" € R(Z; p'p), we have

((Fyrgz)x 2’ 2") = ((0fp yx) : &’ x Oz")

= (fe(r).e(n0(@) 1 2’ * (02")) = (0x : ee(gr) ey (" (02"))

= (0 2 ee(gr),e(n) (2') * ec(5),e(0)(02"))) = (D2 : ec(gry,e(nyx’ * Deyr ya”)

= (zx ey ey g2") = (Fr (@ * ey qn’) 1 2”).
Thus, if & = (f7r,52) * 2’ — f5r 7(z * ec(gr),e(n2’), then (§ : 2”) = 0 for any 2" €
A(Zjpp). In particular, (€ : D(€)) = 0. Using 36.9(h) we see that ¢ = 0. This
proves (a).

A similar argument shows that, if x € R(Z;p), 2" € R(Z(),p’), then
(b) zx (fe(r), ') = fr g (e gz x2').
From (a),(b) we see that
R(Z1.p) * &(Ze(s),p) C R(ZspD), R(Z10)* R(Ze().0') C R(Z5DD).
It follows that R(Z;,p) X R(Zc(y),p') — R(Zsp'D), A, B — A x B, induces an A-
bilinear pairing &(Z; p) x R(ZS(JLD/) — R(Z;p'p). We denote it again by A, B —
A x B. The following result relates this bilinear pairing to the decompositions of
type 36.10(d).
For w € ‘YW, w' € ““YW such that e '(Ad(w)J) = J, ¢ (Ad(w')e(J])) =

e(J), let Xy be the set of all y € <“/YW such that e '¢’~1(Ad(y)J) = J and
such that for some Q € P;, Q" € Pc(y), Q" € Po(s) we have

pos(Q’, Q) = w,pos(Q", Q") = ', pos(Q",Q) = y.
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Then

(C) w.ﬁ(ZJ7D) * W J_Q(ZE(JLD/) C @ y.a(Z‘],D/D).
yEwaw/
Indeed, using 36.7(a) we see that it is enough to show that
if W' Zo # 0 (notation of 36.7), then y € Xy .
This is immediate from definitions.

36.12. As a special case of the pairing A, B — Ax B in 36.11 we have an A-bilinear
pairing R(Z; o) x R(Z;c0) — R(Zj o). This defines an associative algebra struc-
ture on &(Zj o) (not necessarily with 1).

Also as special cases of the pairing A, B — A x B in 36.11 we have A-bilinear
pairings

R(Zjco) x R(Z1p) — R(Zsp), R(Zsp) % R(Ze(),c0) — R(Z1,D),

which make &(Z,,p) into a (not necessarily unital) (R(Zgo), R(Z(.),go))-bimodule.
Let © be the W-orbit {Q;} in 5. By 36.10(f) we have

R(Zy o) = @ (“R(Z,c0) N R (Z,0))-
we W
e H(Ad(w)J)=J

From 36.10(g) we see that D, 3 7.0 may be regarded as group homomorphisms
RY(Z o) — B (Z o).

36.13. For any A-module V we set V. = Q(v) @4 V. If V,V’ are A-modules and
f:V — V'is Alinear we denote again by f the Q(v)-linear map V. — V' such
that 1@z — 1® f(x) for x € V.

In particular, the Q(v)-vector spaces R(Z;.p), E(ZJ’D) and &(Z; p) are defined.
Note that &(Zsp) = > p.1csfr.7(R(ZL,p)), &(Z1p) = Becws & (Zs,0); see
36.8(c).

The symmetric bilinear form (:) : R(Z;p) X R(Z;p) — A extends uniquely to
a symmetric Q(v)-bilinear form R(Z; p) x R(Z;p) — Q(v) denoted again by (:).

A vector subspace E of &(Z,,p) is said to be homogeneous if B =3 o\, E*
where E* = EN &%(Z,p). For such E we set B+ = {z € &(Z;p); (z : E) = 0}.
Then E-+ is homogeneous. We show that if, in addition, F is stable under @, then:
(a) E(Z]’D) =E@E",.

We first show that £ N E- = 0. Assume that z € EN E*. Then fD(z) € E
and (z : D(x)) = 0. We can find A € A — {0} such that Az € &(Z;p). Then
(Az,D(A\z)) = 0. By 36.9(h) we have Az = 0. Hence z = 0 so that E N E+ = 0.
It remains to show that dim(EL)t 4 dim E* = dim 8%(Z; p) for any €. This is a
consequence of the following statement:

(b) For any ¥, the form (:) on the finite dimensional vector space & (Z;p) +
8Y(Z; p) is nonsingular.
More generally, we show that for any finite dimensional subspace E’ of R(Z; p)
which is stable under ®, the form (:) on E’ is nonsingular. Let 2 € E’ be such that
(z :2') =0 for any 2’ € E’. In particular, we have (z,®(z)) = 0. As above, this
implies that = 0. This proves (b), hence also (a).
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We set
R(Z1p)) ={¢ € &(Zyp)ien 6 =0 VH S J}.
‘We show:
(c) R(Zsp)t =& Z;p)’.
‘We have

R(Z;p)={r € &(Z;p);(x:fu,s8(Zup)) =0 VHSG J}
= {f c E(ZJ)D); (QHJQC : E(ZH,D)) =0 VH ; J}
= {E S ﬁ(ZLD); CH,JT = 0 VH g J},

as required. (We have used that £(Zy p)t = 0 which follows from (a), applied to
H instead of J.) This proves (c).
We show that

(d) A(Zyp)=R(Zsp)® &(Zsp)’.

This follows from (a),(c) using the fact that 8(Z; p) is stable under D; see 36.10(g).
From (d) we see that the second projection &(Z;p) — £(Z;p)’ induces an
isomorphism &(Z;p)/&(Z;p) — &(Z;p)”’, that is, an isomorphism

(e) R(Zyp) = &(Zsp)’.

36.14. The A-algebra structure on &(Z; o) (resp. R(Zjgo)) given by * extends
to a Q(v)-algebra structure on &(Z;go) (resp. £(Zjo)) denoted again by x.
Moreover, &(Z; qo) is a two-sided ideal of &(Z; go) (see 36.11). Note that R(Z;p)’
is also a two-sided ideal of R(Z; o), since eq j : R(Z ) qo) — R(Zp, o) is an algebra
homomorphism for any H C J (see 36.4(c)). Since the two summands in the
right-hand side of 36.13(d) are two-sided ideals, they annihilate each other under
the product *. We see also that the isomorphism 36.13(e) respects the algebra
structures.

From 36.9(f) we see that the two summands in the right-hand side of 36.13(d)
are stable under 0 : R(Z;co0) — R(Z ;o) and from 36.4(h) we have

(a) (zxy:0(2) = (0(z) : y x 2)
for z,y,2 € R(Z;c0)”.
Let W= {w € "W; Ad(w)J = J}. We show that

(b) R(Zse0) = @ “&(Zsao0)’
weW
where YR(Zjgo0)! =V R(Z;c0)NR(Z5q0)”. Let v € R(Zjc0)”. By 36.8(b) we can
write uniquely x = Y ,w o Where z,, € “A(Z o). It is enough to show that
T € R(Z5.0)7 (that is, (y : z,,) = 0 for any y € £(Zs.q0)) for all w and x,, = 0
(that is, (' : @) = 0 for any y' € R(Z;¢0)) if Ad(w)J # J. For z,,,y as above we
have y = 3 cow Yur With g, € w/E(ZJ,GO)mg(ZJVGD); see 36.10(a). Using 36.9(j)
twice, we have (y : Zyw) = (Yw : Tw) = (Yw : ©) = 0, as required. Now assume that
w e W, Ad(w)J # J and y € &(Z o). By 36.8(b) we have y' = 3 crw Yo
with o/, € " R(Z,,qo); moreover, by 36.10(a) we have y/, € R(Z;.qo). Using 36.9(j)
twice, we have (y' : z,) = (v), : w) = (Y, : ) = 0, as required. This proves (b).
From definitions we see that
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~ (c) the decomposition (b) corresponds under 36.13(e) to the decomposition
R(Zjc0) = @uew "R(Zjco) (see 56.10(d)).

Under the isomorphism 36.13(e), the involution D : R(Z160) — R(Zj o) corre-
sponds to an involution @ : E(ZJ,GO)J — R(Zj.qo0)”; this is related to the involu-
tion D : &(Zyc0) — K(Zsco) by D'(2) = D(2z) mod &(Z o) for x € &(Z5¢0)”.
Hence for z,2’ € 8(Z;c0)” we have (®'(z) : 2/) = (D(z) : 2'). Using this and
36.9(h) we see that

(d) if v € &(Zyco)? satisfies (x: D(x)) = 0, then x = 0.
Note that EO(ZJVGD) is a subalgebra of £(Z ;o). Hence

& = 89(Zy,00) N &(Zsc0)”
is a subalgebra of &(Z;go)”. From (b) and 36.8(d) we see that

(e) EJ _ @ wEJ

weW

where “&” = wﬁv(Z‘]’Go) N&7. Now 9 : R(Z5q0) — R(Z50)”7 leaves &7 stable.
Moreover, for w € W we have

(f) a(wEJ) _w RJ.
(see 36.9(1)).
Note that W is the same as the set of all w € W such that the corresponding

permutation of the set of roots leaves stable the set of simple roots corresponding
to elements of J. Hence W is a subgroup of W.

36.15. By 36.4(f) we have (z : 2/) = (2 : 2) = 7(z * d(2')) for z,2’ € 8. By
36.13(b), the bilinear form (:) is nondegenerate on (the finite dimensional vector
space) &”. Hence there is a unique vector zo € & such that (zo : ) = 7(x) for all
z € 8. Hence for z, 2’ € 8 we have (z¢ : 2%8(2’)) = 7(x*d(2')) = (z : 2'). Using
36.14(a) we rewrite this as (d(zo) * x : 2') = (2 : 2’). (We use also that % = 1 on
£7.) Using the nondegeneracy of (:) on 8 we deduce d(xg) * z = z for all z € £”.
For z,z' € &7 we have also (9(x) * 2’ : zg) = 7(8(x) *2') = (8(z) : (a')) = (x : 2')
(we use 36.4(g)). Using 36.14(a) we rewrite this as (x : 2’ *9(z9)) = (z : 2'). Using
the nondegeneracy of (:) on 8’ we deduce 2’ % d(z) = ' for all 2/ € 8. We see
that the algebra 8’ has a unit element, namely 1 = d(xo). By 36.14(e) we have
To =) e To Where zf € wg’. For any « € &’ we have similarly = = Y wew T
where z% € Y87, From 36.9(k) we see that 7(z) = 7(x'). Hence (zo : z') =
7(x') = 7(x) = (20 : ). Using 36.9(j) we see that (zg : ') = (a : ') = (2§ : 2)
hence (x4 : ) = (o : x). Using the nondegeneracy of (:) on 8 we deduce z¢ = z},
that is, 2o € '&’. Using 36.14(f) we deduce that 1 € 1g7,

36.16. We preserve the setup of 36.14, 36.15. In this subsection we assume that
G = GY is a symplectic group Sps,(k) (n > 1) and we describe in this case the
structure of the algebra &”. (The proofs, which depend on results in this and future
sections, will be given elsewhere.) We have I = {s1, sa,...,$,} where s;s;4; has
order 3ifi =1,2,...,n—2 and order 4 if i = n—1; we have s;s; = s;s; if [i—j| > 2.
(i) We have 87 =0 unless
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(%) J = {Ska1,Sk42,---55n} with 0 < k <n such that n — k = a® + a for some
a € N.

Now assume that () holds. Then W is a Weyl group of type By with standard
generators 01,09, ...,0, where o; = s; for 1 <7 < k and oy is the unique element
in the subgroup of W generated by sg, Sg+1,--.,8, such that o € W — {1} (if
k>1). Let I : W — N be the length function of the Weyl group W.

(ii) For any w € W we have dim(*£&”) = 1.

(iti) For any i € [1,k] there is a unique element x € &’ — {0} such that
(x4 1) % (x — cl) = 0 for some ¢ € vZ[v]; in fact, we have ¢ = v if 1 <i <k and
c=v112 ifi =k Wesetx=t,.

(iv) For any w € W there is a unique element t,, € “& — {0} such that the
following hold: t,, = t; fori € [1,K]; tw * tw = twa if w,w' € W, l(w'w) =
l(w) + 1(w").

We see that £ is an Iwahori-Hecke algebra with not necessarily equal parame-
ters. Similar results hold for other classical groups.

37. A MACKEY TYPE FORMULA

37.1. We fix a connected component D of G. With notation in 26.1, if J,J" C
LPecP;,QePy,u=pos(P,Q) € W, then u € "W, Setting P? = (PNQ)Up,
we have P@ ¢ PJ[‘]Ad(u)J/.
For K,K' c I and u € XWX’ Jet
T, ={(X,Y,9(Ux NUy)); X € Pknadw)r’>Y € Prnadu-1)k>
g(UX N Uy) € D/(UX N Uy),pOS(X, Y) = u}

We have a diagram

Zrnadwyr’,p < Tu 2, ZK'nAd(u—1)K,D
where )(X, Yag(UX N UY)) = (X,gUX)a h(XaKg(UX N UY)) = (YagUY) Set
®, = 0" : D(Zknadw)rx’,0) — D(Zgnadw-1)K,D)-
Proposition 37.2. Let K,K',J C I be such that K C J K' C J. Let A’ €
D(Zk,p). We set B = e jfx,gA" € D(Zk: p). For any u € EWE' "W we set
B, = fK'mAd(u—l)K,K’(I)ueKﬂAd(u)K’,KAl € D(ZK/7D) and m, = dim(UpﬁUR)/UQ
where P € Pg,R € Pgs, pos(P,R) =u and Q = Q.p = Qur € Py (notation of
36.4). We have
B < {B,[[-mu;ue “WE nW,,
with < as in 32.15.

We have a commutative diagram with a cartesian square

b 4
¢ —— Zxgyp —— Zk'D

TR

c 0
Zxp «—— Zk,gp —— ZiD

Here
¢ ={(P,R,gUg); P € Px,R € Pr:,gUg € D/Uq,Q =Qsp =Qir}
C(PMqUQ) = (Pa gUP)7 D(Pa gUQ) = (QagUQ) with Q = QJ,P;
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¢(R,gUq) = (R, gUr), (R, gUq) = (Q,9Uq) with Q = Qu,r,
a(P,R,gUq) = (P, gUq),b(P, R, gUqg) = (R,gUq).
We have
B =0 0¥ A = ciba* A = (b)i(ca)* A" = qip* A’
where q = ¢'b : € — Zg/p,p = ca: € — Zg p are given by q(P, R,gUg) =
(R,gUg), p(P,R,gUqg) = (P,gUp). We have a partition

¢ = |_| &,
uEKWK/ﬁWJ

where €, = {(P, R, gUg) € €&;pos(P, R) = u} is locally closed in €. Let p, = ple, :
€, — Zk.p,q9u = qle, : €, — Zks. By 32.15, we have

qp* A" < {qupi A’ u e FWE AW
It remains to show that, for u as above, we have
qupy A" = By [[-ma]].

We have a commutative diagram

2 t
Zk.p “——— ZKnAd(wK'K,D — ZKnAd(u)K',D

i
S - Ty —  ZK/nAd(uw-1)K,D
d “|
n
CH —_— —— ZK/nAd(u-1)K,K',D
a/l
ZK'D

Here
¢(X,gUp) = (X, gUx),0(X,gUp) = (P,gUp),
E,(Ya ggR) = (YagUY)v DI(K QUR) = (Rv gU:R);
G!,,a,b are defined so that the square (a, b,¢,j) is cartesian;
Su. 1,y are defined so that the square (xr,y,hb,¢) is cartesian.
Then

6. ={(X,Y,g(Ux NUy),g'Up,9"Ur); X € Prnadwk’>Y € Prrnadu-1)K
g(Ux NUy) € D/(Ux NUy),d'Up € D/Up,¢"Ur € D/Ug, pos(X,Y) = u,
P=Qrx,R=Qxky,gUx =gUx,g"Uy = gUy }.

Set t=10"9:6, — Zx'.p,s =0ar: &, — Zg p. Then
v(X,Y,9(Ux NUy),q'Up,g"Ur) = (P,g'Up),
s(X,Y,g(Ux NUy),g'Up,g"Ur) = (R, g"UR).
We have
B, =01 0 G0 A =0/ i ba*0r A
= 0{T"* (hb)1(0a)" A" = dyir"(0a)" A’ = (3'y)i(3az)" A" = 15" A'.
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We show that gpy, A" = vs* A’'[[-m,]]. We have a commutative diagram
Zgp 2 — &, —— Zxip
3 | 3|
= &, —— Zg'p

where t(P, R, gUg) = (PE, RF, g(Upr NUgr), gUp, gUR) is well defined since Ug C
Up,Ug CUgr,Ug CUpr,Ug C Ugr. We continue the proof assuming that

ZK.D

(a) t is an affine space bundle with fibres of dimension my,.
For any A € D(&,) we have tt*(A) = A[[—m,]]. Hence
vs* A'[[-my]] = utit's* A" = (vt)1(st)* A = quipl A’
as required.

We prove (a). We only show that each fibre of t is an affine space of dimension
my. First we show that t : ¢, — &, is surjective. Assume that we are given
(X,Y,90(Ux NUy),94Up,gqUr) € &,. Then go,g4,90 € D, v' = g5 'g4 € Ux,
v = g5 tgl € Uy. We must show that there exists g € D such that gy € g(Ux N
Uy),g96 € gUp, gy € gUr. Setting y = g~ 'go, we must show that there exists
y € Ux NUy such that yv’ € Up,yv” € Ug. We have v/ = vjv) where vi € Ur N P,
vy € Up and v = v{vy where v{ € Up N R, v§ € Ur. Then v} € Ux NUy,v{ €
Ux NUy. Setting y = (vjv])™! € Ux N Uy we have yv' = v/~ € Up and
Yo" = v Tt Tlo)vl € v T1URv{Ur = U, as desired.

It remains to show that, if (P, R, gUg) € €,, then

(b) F={(P',R,¢g'Uqy) € E,;t(P',R',g'Ugy) = t(P,R,gUq)} is an affine space
of dimension m,,.

or , 1 g 1) € F, bot , contain = " and have the same type,
For (P',R',¢'Uq F, both P, P’ in PR = (P)® and h h
hence P = P’. Similarly, R= R’,Q = Q. Hence
F={g'Uq;9Up = g'Up,gUr = g'Ur, g(Upr NUgr) = g'(Upr N Ugr)}
= {g'UQ;gflg' eUpNUrNUpr mURP}
={g'Uqg;g7'g € Up NUR} = (Up NUg)/Uqg,
and (b) follows. This completes the proof.

37.3. For any n € N} we have a G° x T-action on Zy.p given by
(a) (g91,t) : (B, gUg) — (9139f17glgb_"gflUmBgl—l)

where b € B is such that fp(t) = bUp (fp as in 28.3). Let u € W. We consider
another G° x T-action on Zy.p given by

(b) (91,1) : (B, gUp) = (91Bg; " g19by " 97 U, py-1)
where b; € B is such that fg(u=1(t)) = b1Up (fp as in 28.3).

Using 36.3 we see that a simple perverse sheaf on Zj p is a character sheaf if
and only if it is GO x T-equivariant for the action (a) for some n or equivalently if
it is GO x T-equivariant for the action (b) for some n.

Let Ty 0 be like T, in 37.1 but with K, K’ replaced by 0, . We have a diagram
Zop 2% Tuo Do, Zy p (a special case of the diagram in 37.1 with K = K’ = 0).
Set ®¢ = hoiji : D(Zp.p) — D(Zp.p). We show that

(c) ®Y restricts to a functor D*(Zy p) — D(Zp.p)-
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It is enough to show that if A is a character sheaf on Z p, then ®%(A) € D**(Zy p).
Now G° x T acts on Y.0 by

(glat) : (BaBlvg(UB N UB/)) = (91391_17ng/gl_17glgbingl_l(Unggfl N Unggfl))

where b € BN B’ is such that fp(t) = bUp (fp as in 28.3). Note that jo (resp. ho)
is GY x T-equivariant where G° x T acts on Zy p by (a) (resp. by (b)). Since A is
equivariant for the action (a) for some n, it follows that ? H7(®? (A)) is equivariant
for the action (b). Hence any simple subquotient of PH7(®%(A)) is a character
sheaf. This proves (c).

Let K,K' ¢ T and let u € KWK, Let H = KN Ad(w)K’, H = K'N
Ad(u™")K = Ad(uY)H. Let ®, : D(Zyp) — D(Zu'p) be as in 37.1. We
show that

(d) Do (A) = o, PL(A) for any A € D(Zy,p).

We have a diagram
b

Zop —— 3 Zu',p
14

a’ 4
29,0 3 Zu1,p

where
3={(B,P,P,9(UpNUp);BeB,PecPy,P
€ Pu/,g € D, B C P pos(P, P') = u},
3 ={(B,B,P,g(UsgNUg),dUp:); B,B" € B, P’
€ Pur,g € Dig' € D,gUp = g'Up/, B' C P',pos(B, B') = u},

ais (B,P,P',g(UpNUp/)+— (B,gUgp),

bis (B,P,P',g{Up NUp:) — (P',gUp'),

a’ is (B7 BI,P/,g(UB N UB/),g/Up/) — (B,gUB),

bis (B,B',P',gUgNUg),g'Up:)— (P, gUp/),

cis (B,P,P,g{Up NUp/) — ((B,B',P,g(Ug N Up),gUp) with B =
(B n P/)UP/.
From the definition and the change of base theorem we see that ®,fp g (A) = ba*A,
fo, m®Y(A) = bla’*A. Since c is an isomorphism, the diagram above shows that
bia*A = bja’* A. This proves (d).

We show that

(e) @, restricts to a functor D°°(Zy p) — D°(Zu+.p).
It is enough to show that if A is a character sheaf on Zy p, then ®,(A4) €
D (Zpr,p). We can find a character sheaf A" on Zj p and m € Z such that A[m]
is a direct summand of fp yA’. Hence ®,(A)[n] is a direct summand of ®,fy g A"
By (d), ®,(A)[n] is a direct summand of fg ;- ®%(A’). Tt is enough to show that
fo. e ®2(A") € D*(Zp p). By (c), we have ®%(A’) € D°*(Zy p). Since fy g carries
D(Zy,p) into D**(Zy ), we see that (e) holds.

In the remainder of this section we assume that we are in the setup of 36.8. From
37.2 we deduce that for K, K’,J C I such that K C J, K’ C J we have

_ 2m
(f) ex JfKk,. g = E V" rnad(u- 1) K K Pul KnAd(u) K7 K
ue KWK’ NW
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as A-linear maps R(Zk p) — R(Zk+.p), where the A-linear map

gr(®u) : RA(Zrnadwr’,p) — R(Zknadw-1)K,D)
(see (e) and 36.8) is denoted again by ®,,.
37.4. Let K, K' C J and let 2 € R(Zk.p)¥, 2’ € R(Zx+.p)K’. We show that
(a) (g fxr gz') = Z ¥ (D ).

u€EKWE' NW j; K=Ad(u)K’
Here m,,, ®,, are as in 37.3; in our case, @, : R(Zk,p) — R(Zk/,p). Using 37.3 we
have
(fr,uz: fxrgx’) = (exr sfrgx ')

= ( Z V" ernad(u-1) K Pul KnAd(u) KT 1 T)
UEKWK/QWJ
= Z Uzmu(@ueKﬂAd(u)K’,K$ : eK’ﬂAd(u—l)KJ(’x,)
u€XWK' NW
= Z V2" (B ).
uw€KEWE'NW ;; KNAd(u) K'=K,K'NAd(u—1) K=K’
The condition that K N Ad(u)K' = K,K' N Ad(u~')K = K’ is equivalent to
K C Ad(w)K', K' C Ad(u™1)K, that is, to K = Ad(u)K’. This proves (a).
Consider the equivalence relation on the set of subsets of J given by K; ~ Ky if
Ad(u)K; = K for some u € W . For any equivalence class o under ~ we set

R(Zyp)* = Y fus(&Zun)") C &(Zsp).
HCJ;Heo

Note that £(Z; p)°® is homogeneous.

Proposition 37.5. We have

(a) R(Z;p) = @ﬁ(ZJ,D)O

where 0 runs over the equivalence classes for ~.

If J = () we have &(Z;p) = &(Z;p)” and the result is obvious. We may assume
that J # () and that the result is true when J is replaced by a strictly smaller
subset. Using 36.13(d) and the induction hypothesis we have

A(Z;p)=8(Z;p)” + Z .0 Z fJ/,LE(ZJ’,D)J/ C Z fJ',JE(ZJ’,D)JI-
= JLICL JTC

Thus, &(Zsp) = 3, 8(Zsp)°. Next we show that (&(Z;p)° : &(Zsp)°) = 0
if o 75 0’. It is enough to show that (fH’](ﬁ(ZH’D)H) : fH/’J(ﬁ(ZH/’D)H/)) =0 if
H,H' C J, H « H'. This follows from 37.4(a). It remains to use the following (eas-
ily verified) statement: If V' is a finite dimensional vector space with a nonsingular

symmetric bilinear form (:) and V1, Va, ..., Vj are subspaces such that (V; : V;) =0
fori#jand ), Vi=V,then V=@, V,.
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38. DUALITY

38.1. We fix a connected component D of GG that generates G. In this section we
study an involution of the set of isomorphism classes of character sheaves on D
called duality.

We write € instead of ep : W — W (see 26.2). For J C I such that e(J) = J we
set, as in 30.3,

Vip ={(P,gUp); P € P;,gUp € NpP/Up}.

This is the same as ' Z; p; see 36.2. We also set WG = {w € W ;;¢(w) = w} where
W is as in 26.1. Let J, be the set of orbits of the restriction of € to .J.

For any Py € P; we have a functor Ay — A% (see 30.3) from the category of
Py /Up,-equivariant perverse sheaves on the connected component NpPy/Up, of
NgPo/Up, to the category of perverse sheaves on Vj p.

Let CS(Vyp) be the full subcategory of the category of perverse sheaves on
V. p whose objects are isomorphic to objects of the form A(b) where Ag is a direct
sum of character sheaves on NpPy/Up,. Equivalently, CS(V; p) is the category of
perverse sheaves on V; p that are direct sums of perverse sheaves in 1z 7,D; see 36.2.
We write also C'S(D) instead of C'S(V1 p). Note that Ay — A is an equivalence
of categories CS(NpPy/Up,) — CS(Vy.p).

For J C J’' C Isuch that e(J) = J,e(J’) = J' we have functors fj 5 : D(Vyp) —
D(VJ/,D) and eyJ 'D(VJ/,D) — ID(VJ,D); see 30.4. From definitions, for J C J' C
J" C Isuch that e(J) = J e(J') = J',e(J") = J", we have

(a) fJ,J” = fJ’,J”fJ,J’7 €1,J" = €5 J€5 -

Clearly, f; 5 =1,e55 =1.

38.2. We show that

(a) for J C J' as above, ey y restricts to a functor CS(Vy p) — CS(Vyp)
denoted again by ey j .
Let P € Py, P’ € Py be such that P C P’. Let Dy = NpP/Up, Djy = NpP'/Up:.
Let Cy € CS(D}) and let C' = C} be the corresponding object of C'S(Vy p). From
31.14 we see that reSgZ(C’o) € CS(Dy) and from 30.4(b) we see that e ;+C is the

perverse sheaf (reng(C'o))b on Vy p hence ey ;yC € C'S(V; p). This proves (a).

38.3. We show that

(a) for J C J' as above, fjj restricts to a functor CS(Vyp) — CS(Vy p)
denoted again by fr .
Let P,P’, Dy, D} be as in 38.2. Let Ay € CS(Dy) and let A = A be the corre-
sponding object of C'S(Vy p). By 30.4(a), f7.A = A®> where Al = indgéAo is a
direct sum of simple admissible perverse sheaves on Dj. It remains to show that
Al € CS(D}). To do this we may assume that J' = I, hence P’ = G°, D}y = D.
Let a = dimUp. Let L be a Levi of P. We can identify naturally NgP/Up
with H = NgP N NgL, a reductive group with H° = L. Then Dy becomes
H N D. We identify the canonical torus of L with the canonical torus T of GV,
and the Weyl group of L with the subgroup W; of W as in 29.1. Let £ € 5. Let
s = (81, 82,...,8,) be asequence in JU{1} such that s1s5...s.D € W (see 28.3).

Let Z§ | 1, K3;° € D(D) be asin 28.12, L asin 28.9, and let Z§ ; ,, , K355 € D(Dy),
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Lo, be the analogous objects defined in terms of H, Dy instead of G, D. Consider
the commutative diagram

Ss pra s fo Ss
Z5 5.0y ¢ Vi XDy 2§ 5Dy Zp1.p

/| | ‘|

/ 12
a a

Dy, 2 Vi 5 Vs 2= D

Vi ={(g9,2) € D x G%a"1gx € NpP},
Vo ={(g9,2P) € D x G°/P;2~*gx € NpP},
x) = g’ where gg € Dy is such that = 1gz € goUp,

g,:ﬂ) = (g,xP),a”(g,:cP) =9, fl(ﬂﬂvﬂla < 'aﬂragO) = 9o,
f2(Bo, Bi, ..., By, g) = (9,20 P) where 2o € G is such that x; ' Byzo C P,
(

fO (g, ZL’), (60, ﬂla v 7ﬂ7“a 90)) = (xﬂOUPxilv xﬂlUPxil, s 71'57‘UP1.71,9)'
Both squares in the diagram are cartesian and the maps d/, fo (resp. a1,pra) are
smooth with connected fibres of dimension dimG — « (resp. dimG + «). From
definitions we have priL’ = f; L. Hence

a; (K35) = @i fulo = prupriLo = prifo £ = a* fa L.
We see that
a‘f(f(ﬁjf)[— dim G — a] = a’* K[~ dim G + o

where K = fo L, that is, af(f{;’f) = a/*K[2a). Hence

of CH'(Kp,)) = PH'(af (K3)) = PH'(a"* K[20]) = o"* ("H'(K[20]))

= *(PHTK).
From this and definition (27.1) we see that

ndB, ("B (K35)) = af (P ).

We have
(b) P indp, ("H'(K3,)[-i] = PPHT*(KF5)[-i] € D(D).

9

Indeed, the left-hand side is
Dol HTK)[~i] = o (K[2a]) = af faL[20] = K}57)[20]

= @rH e (R3] € DD),

7

where we use that K and K ISD’E are semisimple complexes (a consequence of the de-
composition theorem [BBD]). Since ? H* (K ,SDOE) is a direct sum of character sheaves
on Dy, we see, using 30.6(a), that indg0 (T’Hi(f{;,’f)) is a perverse sheaf on D.
Taking PH* for both sides of (b) we therefore find

(c) indp, ("H'(K5y)) = "H™ (K 5)
for any ¢ € Z. To prove (a) it is enough to verify the following statement.

(d) If A, € D§, then indg0 (A1) is a direct sum of character sheaves in D-.
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We may assume that A; is a direct summand of pHi(f(Bf). Then indgO (A1) is a
direct summand of indgO (pH’(I_(zf)) From (c) we see that indgo (A;) is a direct
summand of P H ”20‘(122’[:) which is a direct sum of character sheaves in DZ. This
proves (d) hence also (a).

38.4. For J C J' C I such that e(J) = J,e(J') = J' we have functors f; s :
D(Vyp) = D(Vy.p), €10 : D(Vy p) — D(Vyp); see 30.4.
Let K, K',J C I be such that K C J, K’ C J,e(J) = J,e(K) = K, e(K') = K.
For any u € KWK € W¢ let
By ={(X,Y,9(Ux NUy)); X € Prradw)x’s Y € Prraadw-1)K>
g(UX N Uy) S (NDX N NDY)/(UX N Uy),pOS(‘X7 Y) = u}

We have a diagram

i — h
VknAdw)K',D L=, 5 VkinAd(u-1)K,D

where j(X,Y, g(Ux NUy)) = (X, gUx), M(X,Y,g(Ux NUy)) = (Y, gUy). Set ¥,, =
hij* : D(Vknadwk',0) = P(Vkaadw-1)k,D)-

Lemma 38.5. Let A’ € D(Vk p). We set ¢ = éK/’JfK’JA/ € D(Vk' p). For any
ue KWK AW we set €, = fenada-1k,x Yubrnadwx, kA’ € D(Vir,p) and
m,, = dim(Up N Ug)/Uqg where P € Pi,R € Pgs, pos(P,R) =u and Q = Q .p =
QJ.r € Py (notation of 36.4). We have

¢ < {&u[[-mu)liue EWE N WS}
where < is as in 32.15.

The proof is very similar to that of Proposition 37.2. We have a commutative
diagram with a cartesian square

b c
E —— Vkiyp —— VgD

[

c d
Vekp «—— Vkap —— Vip

Here
E={(P,R,gUg); P € Px,R € Px+,9Uqg
€ (NpPNNpR)/Uq,Q = Qsp = QJr},
(P, gUq) = (P, gUp), d(P,gUq) = (Q,9Uq) with Q = Qp,
(R, gUq) = (R, gUr), d'(R,gUq) = (Q,9Uq), with Q = Q,r,
a(P, R, gUq) = (P, gUq),b(P, R, gUq) = (R, gUq).
We have

¢ =cd*dic* A" = ejbya*c* A" = ('b)i(ca)* A" = qp* A’
where ¢ = ¢b: E — Vg/p,p = ca : E — Vg p are given by ¢(P,R,gUg) =
(R,9URr), p(P,R,gUqg) = (P,gUp). We have a partition

E= |_| E,

uEKWE NW¢
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where E, = {(P,R,gUqg) € E;pos(P,R) = u} is locally closed in E. Let p, =
p‘Eu : Eu — VK,D,Qu = Q|E“, . Eu — VK’,D- By 3215, we have

ap* A’ <= {qupiA'u € KWK A W5}

It remains to show that, for u as above, we have gup:A’ = €,[[-m,]]. We have a
commutative diagram

d E
Vk,p «—— Vknadw ki, k,p — VEnAd(w)K’,D

9 ;

S - By L VK'aAd(u-1)K,D
dl dl
S —Y — VK’ﬂAd(u—l)K,K',D
¥
V' p

Here ~
E(XagUP) = (Xa gUX)7Ei(X7 gUP) = (P7 gUP)v
E/(K gyR) = (YagUY)ad/(ngUR) = (R,ggR),
S, a,b are defined so that the square (a,b, ¢, ) is cartesian;

Su,x,y are defined so that the square (x,y, hb, &) is cartesian.
Then

Sy ={(X,Y,9(Ux NUy),q'Up,g"Ur); X € Pkradwk’Y € Prnadu-1)k>
o(Ux NUy) € (NpX 0 NpY)/(Ux AUy ), ¢Up € NpX/Up,
¢"Ur € NpY/Ug,pos(X,Y) =u,P=Qk x,R=Qx'y,
9'Ux = gUx,q"Uy = gUy }.
Set r = ci’y 2 Sy — Viip,s: daz : S, — Vi, p. Then
r(X,Y,9(Ux NUy),g'Up,g"Ur) = (P,g'Up),
s(X,Y,g(Ux NUy),qd'Up,q"Ur) = (R,g"URg).
We have
¢, = did*hj*ad* A = & hba*d* A’ = dj&* (hb),(da)* A’
= diyz*(da)* A" = (d'y),(dax)* A" = rs* A
We show that q,py A" = ris* A'[[-m,]]. We have a commutative diagram
Vkp +—— B, —“— Vg p
N |
Vikp ¢«——— Sy —— Vi/'p

where t(P, R, gUg) = (PR, RY,g(UprNUgr), gUp, gUR) is well defined since Ug C
Up,Ug CUgr,Ug CUpr,Ug C Ugr. We continue the proof assuming that

(a) t is an affine space bundle with fibres of dimension m,,.
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For any A € D(S,) we have t,t*(A) = A[[—m.,,]]. Hence
ris* A'[[=my]] = ntit*s* A" = (rt)(st)* A" = qupi A,

as required.
We prove (a). Consider the commutative diagram

Eu—>€u

L

Sy — G,

where &, 4 &, is as in the proof of 37.2 and the horizontal maps are the obvious
imbeddings. Clearly, this diagram is cartesian. Hence (a) is a consequence of the

analogous statement 37.2(a) for &, 4 &,. This completes the proof.

38.6. In the setup of 38.4, let u € KWK’ NW¢. Let 6 =dim(Ux, /(Ux, NUy,))
dim(Uyu/(UXu n Uyu)) where (Xu;Yuvg(UXu N Uyu)) € =,. Let a,, = dim UX“
dimUy,, o = dimUp, o’ = dim Ui where P € Pk, R € Pk. We show that

(a) h and j in 38.4 are affine space bundles with fibres of dimension 6.

It is enough to prove the statements on j (the statement on h is entirely similar).
We show that j is surjective. Let X, g be such that (X,gUx) € Vknadw)r’,n-
We must show that there exist Y € Prrnaaw-1)kx,9" € NpX N NpY such that
pos(X,Y) = u and ¢'Ux = gUx. Setting g~'¢g’ = v, it is enough to show that
for any Y € Prrnadw-1)x with pos(X,Y) = u there exists v € Ux such that
gv € NgY. Now X,Y contain a common Levi M. Since g € NgX, we can
find v € Ux such that ¢ = gv € NgX N NgM. There is a unique parabolic
Y’ of the same type as Y such that Y’ has Levi M and pos(X,Y’) = u. Then
pos(¢’Xg' "1, g'Yg' 1) = u, ¢Yg ! has Levi ¢ Mg’~' = M. By uniqueness, we
have Y/ =Y. Thus, ¢’ € NgY.

We show that the fibres of j are affine spaces of dimension 4. Let (X,Y, g(Ux N
Uy)) € E,. Wemust show that F' = {(X,Y”,¢'(UxNUy,)) € E4;9Ux = ¢'Ux } is an
affine space. Fix Y’ € Pxrad(u-1)x such that pos(X,Y’) = u. (The set of such Y’
is a homogeneous space Ux /(Ux NY), hence is an affine space of dimension 4.) It is
enough to show that {¢'(UxNUY,) € (NpXNNpY)/(UxNUy );¢" € gUx } is a point.
Now g = govp where go € NpX N NpY,vg € Ux. It is enough to show that {v €
Ux;vgv € N XNNgY'}/(UxNUy) is a point or that (Ux NNgXNNgY)/(UxNUy)
is a point or that Ux NY = Ux N Uy. This is clear.

38.7. Let u € KWK NW¢S. Weset H= K NAd(u)K',H = K' N Ad(u"")K =
Ad(u"H. Let V), = ,[[6]] : D(Vi,p) — D(Vi+,p). We show that

(a) IfA S CS(VH7D), then ‘I’;(A) € CS(VHI7D).

We have a commutative diagram in which the upper squares are cartesian and the
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left and right vertical arrows are smooth with connected fibres:

i h
Viap Vu' p
fsT 7 ] ng
Vh = Vi
f3 l fa l fs l
vg = v

Here

Vi ={(X,9Ux) € Vup; X = Xu}, Vip, ={(Y,gUy) € Vi p; Y =Y, },

E;L = {(X,Y,g(UX N UY)) EE;X =X,,Y = Yu}a

Vi =G/ Ux, x V& Vi, =G Uy, x V&,

E =G (Ux, NUy,) x =

j%, h* are the restrictions of j, h,
'( (Ux, NUy,), (Xu, Yu, 9(Ux, NUy,)) = (2Ux,, (Xu, gUx,)),
h/( (UX n UYu)7 (Xu, Yu7g(UXu n UYu)) = (xUYqu (YuthYu))v
fé(l'UX ( UngXu)) = ('IXu$71,l'g$71Uqux—l))7
fg(xUX“,( ungXu)) = (Xu’gUXu)a

fi(z(Ux, NUy,), (Xy,Yu,9(Ux, NUy,)) = (@Xyz™ ' 2Vyr Y zgr ™ (Uyx, n-1 N
Ua:Yua: 1))7

fé(xUYua (YungYu)) = (xyux_lvxgx_lUmYum*1)7

f4(x(UXu N UYu)’ (XU7YU79(UXu n UYu)) = (XU7YU79(UXu n UYu))’

fS(xYTM (YU7gUYu)) = (ngUYu)'
We may identify V§} = NpX,,/Ux,, V}4, = NpY, /Uy, in an obvious way. We can
find C € CS(NpX,/Ux,) such that fi{*A = fXC. Hence f4*A[dim X, /Ux,] =
f3CldimG/Ux,] and f3*A = f5A; where Ay = Clay,]. Let Ay = h}'j"* Ay, A =
hij*A. Using 38.6(a) and the fact that h* is an isomorphism, we have

Ji AL = fi g A =Ry 7 A=W A = b fi AL = R fl it Ay
= hfih""hi'j*" Ay = WP fE R Ay = fo ' Ad[[=0]] = f5 Ax([-4]].

Thus, f*As[[-4d]] = fi*AL. Hence

X As[— dim G° /Uy, ][[-0]] = f3* Ap[— dim Y, /Uy, ], 2 As[—a] = f3* A5[(3]).
Since h", j* are isomorphisms we see that As[—a,,] is a perverse sheaf. Hence so is
fX Ag[—av,]. Hence fL* AL[[0]] is perverse. Hence A[[6]] is perverse and hyj* A[[d]]
is perverse. To show that hij*A[[d]] = A5[[0]] € CS(Vu p), it is enough to show
that Az[—a.] € CS(NpYy/Uy,) or that hy'j**C € CS(NpYy/Uy,).

Let M be a common Levi subgroup of Xu, Y,. Let M = No X, N NgY, N NgM.
Then M is a reductive group with MY = M and M! = NDX NNpY, N NpM

is a connected component of M. Moreover, the obvious maps M! - N pXu/Ux,
M' — NpY,/Uy,, M* — (NpX, ﬂ NDY )/(UX N Uy,) are isomorphisms (bee

1.25). Hence the bottom row VH =, LA Vi of the commutative diagram
above may be identified with M* « M?' — M?' where both maps are the identity.
Thus h}'j"*C € CS(NpY,/Uy,) follows immediately from C' € CS(NpX, /Ux,).
This proves (a).

We now show that (b) for A as above we have fur ;U (A) = fu s(A).
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Let Q € Py be such that X,, C Q@ D Y,. Let M; be the unique Levi of @) such
that M C M;. Let Ml = NgQ N NgM;. Then M1 is a reductive group with
M1 = M1 and M1 = NpQ@Q N NpMj is a connected component of M. Moreover,
X, N Ml, Y., N M1 are parabolic subgroups of M; with a common Levi, M. Let
C € CS(NpX,/Ux,) = CS(M?") be as above. We may assume that A is simple
so that C is also simple. Usmg the proof of (a) and that of 38.2 we see that it

is enough to verlfy that md (C) (defined in terms of the parabolic X, N M) is

isomorphic to md (C’) (defined in terms of the parabolic Y, N M;). Since C'is an
admissible compleX on M! (see 30.12), this follows from 27.2(d) which shows (for

G instead of M) that 1nd (C’) can be defined without reference to a choice of
parabolic. This proves (b).

Proposition 38.8. Let K, K', J be as in 38.4. Let A€ CS(Vk p). We have

~Y /
e gfK, A= @ Trnadu-1) kK" YulKrnAd(u) K KA
uEKWE NW¢

m CS(VK/VD).

We set € = exr jfx,sA € D(Vk,p). For any u € KWK’ N'W¢S we set €, =
froadw-—1) K k' Vyexnadw k', kA € D(Vk: p). Assume that we can show that

¢ o {Cue XWK nwe.
From the definition of < (see 32.15) it would then follow that

Y EDCPHI@) = Y D (FD)(PH(C)

i ueEKWE NnWe 1

in the Grothendieck group of the category of perverse sheaves on Vg/ p. From
38.2(a), 38.3(a), 38.7(a) we see that €, &, € C'S(Vk p) (hence are perverse sheaves);
hence the previous equality implies that € = > _xw KW ¢, in the Grothendieck
group of the category of perverse sheaves on Vi p. Since €, €&, are semisimple
perverse sheaves (being in CS(Vk/ p)) it follows that € = @ueKwK’mwg &y, as
desired.

Assume that P € Pk contains X, and R € Pk contains Y;, so that pos(P, R) =
u. (Xy,Y, asin 38.6.) Let @ € P be such that P C Q D R. Let § =dimUgy. We
have

¢ = Ea+a’ —26)(a - B),

€y = €yl — a](ary — a)[ay — a/][20](6).
(Notation of 38.5.) Hence it is enough to show
Cla+ o —28)( = B) < {€u[20n — @ — & + 28] (g — a4 6);u € KWE N WS}
or that

¢ < {€ 20 — 200 — 20/ + 20 — 28] (a — v — o’ + 6+ B);u € EWE nWe .

By 38.5, it is enough to show that for any u we have a, —a —a’ +§ + 5 = —m,
or that

dimUp +dimUg — dim(Up n UR) = dim Uxu + dim Uyu — dim(UX“ n UYU)-
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It is enough to show that

dim Lie Up + dim Lie Up — dim(Lie Up N Lie Ug)

= dim Lie Ux, + dim Lie Uy, — dim(Lie Ux, N Lie Uy,)
or that dim(Lie Up + Lie Ug) = dim(Lie Ux, + Lie Uy, ). We have

Lie Ux, = Lie Up + (Lie P N Lie Ug),Lie Uy, = Lie Ugr + (Lie RN Lie Up),
hence Lie Ux, + Lie Uy, C Lie Up + Lie Ugr. The opposite inclusion is clear since
Lie Up C Lie Ux,,Lie Ug C Lie Uy,. Thus we have

Lie Ux, + Lie Uy, = Lie Up + Lie Ug.
This completes the proof.
38.9. For J C I such that e(J) = J let K(V;p) be the Grothendieck group of
CS(Vy p). Similarly let (D) be the Grothendieck group of C'S(D). For A, A’ €
CS(Vyp) we set (A, A’) = dimHom(A, A’). This induces a symmetric bilinear
pairing (, )J : IC(V.LD) X IC(V.LD) — 7.

For J C J' C I such that e(J) = J,e(J’) = J', the functors f; ; : CS(Vip) —
CS(Vy p)and ey : CS(Vyp) — CS(Vyp) are compatible with direct sums
hence they induce homomorphisms K(V;p) — K(Vyp), KVyp) — K(Vip)
denoted again by f; ;/, ez . From 30.5 we see that
(a) (esm A A) ;= (A fr0A)y
for A € IC(VJ,D),A/ € ,C(VJVD).

In the setup of 38.7, for u € KWX' € W¢, the functor

W, : CS(Vknadwk',p) = CS(Vknadw-1)k,p)
is compatible with direct sums hence induces a homomorphism
]C(VKnAd(u)K/,D) - K(VK’ﬁAd(u—l)K,D
denoted again by ¥! . Below we shall need the following identity:

(b) )DEEEED DIV G

K E'CT e KW nwe

(K )=K gnad(w)K'=H
for any H C K C J such that e(H) = H,e(K) = K. In the case where J =T,e =1
this is proved in [Cul 2.5]; the general case can be reduced to this special case by
replacing W by W¢ which is itself a Weyl group with simple reflections in bijection

with J..

38.10. For J C I such that ¢(J) = J we define a homomorphism d; : X(V;p) —
K(Vsp) by

(a) dJA = Z (_].)lKe‘fK’JeK’JA.

KKCJe(K)=K
Using 38.9(a) we see that for A, A" € K(V; p) we have

(b) (ds(A),A") ;= (A,ds(A),.

We show that, for K C J C I such that e(K) = K,e(J) = J and A € K(Vk,p), we
have

(c) d;fk, A= frsdkA.
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Using 38.8, 38.7(b), 38.9(b), 38.1(a) we have
dsfr A= Z (_1)|Ké|fK’,J€K’,JfK,JA

K" K'CJe(K')=K'

Z( DIE frer g Fromaaqu-1y i, e rnad(u ki A
= Z( 1)K lfAd(u—l)H,J‘I’;eH,KA
=Y (-p* At semxA
= Z( 1)|K \fusen A= Z (—D)Hel fy jen kA

H;HCK,e(H)=H

Z ()Wl fie s firwen kA = fr dixA
H;HCK,e(H)=H

and (c) is proved.
We show that, for J C I such that e(J) = J and A € K(V; p), we have

(d) d;d;A= A
Using (c), 38.1(a), we have

d;d;A = Z (—1)Eld; fre ser s A
K;KCJe(K)=K

= Z (~1)Eel fre sd e s A

K;KCJe(K)=K

= Z (_1)‘}{5'(_1)‘KélfK,JfKQKeK’,K@K,JA
KK K'CKCJe(K)=K,e(K') =K'
= Z (_1)‘K5|(_1)‘Ké|fK/,JeK’,JA

K,K';K'CKCJ,e(K)=K,e(K')=K'

SR DN D DR b AN
KK/ CJe(K')=K’ K;K'CKCJe(K)=K
= > (1) 550 (1) frer sexcr s A= friesA= A
K';K'CJe(K')=K'
and (d) is proved.
We show that, for J C I such that e(J) = J and A, A’ € K(V; p), we have

(e) (dsA,d;A"); = (A, A
Using (b),(d) we have (d;A,d;A"); = (A,dyd;A"); = (A, A"); as desired.

38.11. We write d instead of dr and (,) instead of (,);. We call d the dual-
ity operator on character sheaves. If A is a character sheaf on D = V; p, then
(A, A) = 1 (where A is regarded as an element of (D)) hence, by 38.10(e), we have
(d(A),d(A)) = 1. Since d(A) is a Z-linear combination of isomorphism classes of
character sheaves (which form an orthonormal basis of (D) for (,)) it follows that
d(A) = £ A’ where A’ is a well-defined character sheaf on D (up to isomorphism).
The sign can be described as follows. By 30.6(d) we can find a parabolic Py of G°
such that NpPy # () and a cuspidal character sheaf Ay on Dy := NpPy/Up, such
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that A is a direct summand of indgD (Ag). We have Py € Py where J C L e(J) = J.
Then

(a) d(A) = (1)l 4",

Indeed, let A% € CS(Vp,s) be the perverse sheaf corresponding to Ag as in 30.3.
Then ey A} = 0 for any J' G J such that ¢(J') = J; see 38.2. Hence d;(A4) =
(—=1)17<l A5, Now A is a direct summand of f;1A% and by 38.10(c) we have

dfy1Ay = frads A = (=)<l £, 4.

In (D) we have f;1A} = Z:O:l nr A, where Ay are distinct character sheaves
on D, ny € Zsy and Ay = A. We have d(A) = A}, where ¢ = £1 and
Aj are distinct character sheaves on D, ny € Zso and Ay = A. We see that
S ikl = (=11l S, ny Ay, Since {Ay} and {A}} are parts of the same basis
of K(D) we see that 1, /(—1)I’<l > 0 for any k. Hence ¢, = (—1)I<l for any k. In
particular, this holds for k = 1 and (a) follows.

Note that, by 38.10(d), A +— A’ is an involution of the set of isomorphism classes
of character sheaves on D.

38.12. The definition of the duality operator for character sheaves in 38.11 is en-
tirely similar to that of a duality operator for representations of a reductive group
over a finite field (given again by an alternating sum of compositions of a parabolic
restriction and a parabolic induction) which was found by the author in 1977, who
conjectured that it takes irreducibles to =+ irreducibles and is involutive. In 1977 I
communicated this conjecture to C.W. Curtis and N. Kawanaka (see [Kal p.412]);
the conjecture was proved in [Cul, [Al] and in [Ka].

39. QUASI-RATIONALITY

39.1. The main result of this section is Proposition 39.7 which gives a quasi-
rationality property of representations of certain extensions of a Weyl group. This
is needed to prove a key property of character sheaves (Corollary 39.8).

Let W, I be a Weyl group ([ is the set of simple reflections). We have canonically
W =I,c; W; where Wj is an irreducible Weyl group (with set of simple reflections
I; = INW;). We identify W; with a subgroup of W. Let R(W) = U, ey wlw™.
We have R(W) = ||;c;R(Wj;). For any j € J the set R(Wj) is a single Wj-
conjugacy class if W; is of type A, D or E; it is a union of two Wj-conjugacy
classes, otherwise. A subset X' of R(W) is said to be special if X =| |, ; X; where
X; is a Wj-conjugacy class in R(WW;). Clearly, a special subset of R(W) exists; we
assume that a special subset X' of R(W) is given. Let Aut(W, I, X) be the group
of automorphisms of W that preserve I and X.

Lemma 39.2. Let I' be a finite group. Let v — p, be a homomorphism I' —
Aut(W,I,X). Let E be a simple Q[W]-module such that tr(p,(w), E) = tr(w, E)
for any v € T, w € W. Assume that either

(i) |J| =1, or

(ii) T is an extension of a cyclic group by a cyclic group.
Then there exists a homomorphism I' — Autq(E), v — t, such that t,(w(e)) =
py(w)ty(e) for any vy eT,w e W,e € E.
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I acts on J by 7 : j + ~(j) where W, ;) = py(W;). We may identify £ =
s Ej as Q[W]-modules where E; is a simple Q[W;]-module for any j € J.
From our assumption we see that for any j € J,v € I' there exists a Q-linear
isomorphism

(a) H] : E; = E,;) with H] (wje) = p,(w;)H] () for all e € Ej,w; € Wj;
moreover, H] is unique up to multiplication by an element of Q*. It follows that
(b) H];H] € Q"H] " for j € J and 7,7 €T.
For v € ' we define ¢, € Autq(E) by

(c) ty(®je;) = &, €; where ¢; € Ej and €] = H;Y,l(j)(eyq(j)) € Ej.

From definitions we have £, (w(e)) = p,(w)t,(e) for any w € W, e € E; moreover,
for 7,7 € T, the maps fy/,y, f,ylf.y are equal up to a factor in Q*. Thus the maps f,y
provide a homomorphism I' — PGL(E) rather than a homomorphism I' — GL(E).

We prove the lemma in the setup of (i). Replacing I' by its image under v — p,
we may assume that I' C Aut(W,I, &) and v — p, is the inclusion. We form
the semidirect product WI' with W normal. It is enough to show that E ex-
tends to a WI-module. We may assume that I' # {1}. Then W is of type
A,(n > 2), D, or Eg. I T" = Awt(W,1,X), then WT is itself a Weyl group,
of type A, x A1, Doy 1 X Ay, Bop, Fy, Eg X Ay for W of type A, (n > 2), Dapi1(n >
2), Doy (n > 3), D4, Eg respectively and the desired result follows easily from the
known properties of representations of such Weyl groups (in particular, from their
rationality); the same applies if W is of type D4 and |T'| = 2 (in this case, WT is a
Weyl group of type B4). In the only remaining case (W of type Dy, |T'| = 3), the
result follows by an argument in [L14] 3.2].

Next we prove the lemma in the setup of (ii). Now I' has two generators a, ¢ and
relations ™ =1, ¢V = a, cac™' = a* where M, N,k are integers > 1 such that
kN =1 mod M and u € N satisfies uk = k mod M.

We consider separately 3 cases in increasing order of generality.

Case 1. Assume that J is a single orbit of a : J — J. We may identify J = Z/m
so that a(i) = i+ 1,¢(i) = ki — r for ¢« € Z/m; here r € N is independent
of i. Since a™ =1 :J — J we see that m divides M. For any i we have
itu=cN@)=kNi—-(1+k+k>+ -+ kN "1)rin Z/m. Since kN =1 mod M
(hence kN =1 mod m) we have u + (1 +k + k> +--- + kN=1)r = fm for some
feN. Weset ¢ =a"c. Then /(i) = ki for i € Z/m. Let T be the subgroup of T
generated by a™,c’. In IV we have

(am)M/m =1, C/N _ (am)f7 P (am)k'

Since a™(0) = 0,¢/(0) = 0, the action of T" on W restricts to an action of I on
Wo. Using the lemma (setup of (i)) for Wy, Eo, I instead of W, E,T" we obtain a
homomorphism IV — Autq(Ey) such that, denoting by so, s1 the images of a™, ¢
under this homomorphism, we have S(J)W/m =1,sV = sg, s15057 " = sk, so(w(e)) =
pr(w)so(e), s1(w(e)) = per(w)sy(e) for any w € Wy, e € Ey.

For i € Z/m, let H® : E; = E;;1 be as in (a). Then sy := H% ... HLH§ :
Ey = Ej satisfies sa(w(e)) = p™(w)sz2(e) for any w € Wy,e € FEy. Hence
55 so(w(e)) = w(s, tso(e)) for any w € Wy, e € Ey. By the absolute irreducibility
of the Wy-module Fy we see that 52_150 : By — Ep is a Q*-multiple of the identity
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map. Hence, replacing H§ by a Q*-multiple, we may assume that s = s¢, that is,
He .. .H{H§ = s9. For any h € N we set
bp = HYy (HY ... HYHSs (HE .. .HLHS) U By =5 By,

(there are hk factors to the left of s; and h factors to the right of s1). For h > 1
we have

(d) b = Hijy_yHjy . Hiy_pbnoy (Hp ) 7"
We show that by, ., = by, for h € N. We argue by induction on h. Assume first that
h = 0. We must show that H%, H%, ,...H{H§s1(H%_ ... HLH$)™! = s1; this
is a reformulation of the already known equality sks;sy ! = 5,. Assume next that
h > 1. Using (d) twice and the induction hypothesis we have

bh+m = Hgk+mk—ngk+mk—2 s Hﬁk+mk—kbh+m—1(Hg+m—l)7l
= Hiy_ 1 Hiy_y - Hip_bn 1 (Hi )™ = by,
as desired. We see that b, depends only on the image of h in Z/m.

We set k = kN~1. Then kk' = 1 mod M. Define t,,to € Autq(E) by
ta(@icz/m €i) =&jcz/m €; Where e; € E; and e;=H}" i (e;—1) € Ei, te(Qiez/m €i)
= ®iez/m e/ where e; € F; and e/ = b/ (e;1r) € Fiprr, = F;. From definitions we
have t,(w(e)) = pa(w)ty(e), te(w(e)) = per(w)te (e) for any w € W,e € E.

We have tcltatgl = t’;. This follows from the identity

b Hitgr_1byl | = Hy_(Hi ... Hf_) : Ep_y, — By,
for h=10,1,...,m — 1 (here b_; is taken to be b,,_1); an equivalent identity is

biH: b7 =HS (HS o...HS ,: Eg_j — Eq,

11— 7

fori =0,1,...,m — 1, which is the same as (d).
We have 2 = 1. This follows from the identity H, ,,_, ... H},H} =1: E; —
E; for i =0,1,...,m — 1 which is equivalent to the known equality S(J)W/m =1.
We show that
(e) t =¢m/.

This follows from the identity
bik/bik'Q e bik/N = H??—IH?—Z e H??—mf fOI' 1= O, 1, e, M — 1
or equivalently

bik:NflbikN*Q . bz = Hg,le,g . .qu;mf fOr Z = 07 ]., ey — ].

This is the same as

a a arra N a arra—1 __ a a a
ik‘N—lH'kN—2"'H1H081 (Hifl"'HlHO) - H'lei72"

% % tli—mf
(with k™ factors to the left of sI¥). We have ik™ —i = iM] for some [ € N. From
so"/™ =1 we deduce sg"""/™ = 1 hence H%_ H%\ ... H® =1 (with ik — i

kN -1
factors). Since s = sg, it remains to show that

HE | HUHGs§(HE .. H{HG) ™' = HE HE .. HE ;.
If f = 0, this is obvious. Assume now that f > 1. Then i — mf < 0 and we
see that it is enough to show sg(Hf_l ...H{H$)"' = H* H*,...H® that is,

A i—mfo
sg =H% H®,...H}  (H,...H{Hg). This can be rewritten in the form sg =
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H®\H%,...H{ , HE . .. .H{ , H® . which follows from sy = H_;...
H{H§. This proves (e).

We set t. = t; "t € Autq(E). From definitions we have t.(w(e)) = p.(w)t.(e)
for any w € W,e € E.

We have t.t,t;! = t’;. This follows from the identity tc/tatgl = t’;.

We have ¥ = t%. Indeed,

(t7 e )N = TRk kY TN e mfugmf  qu

We see that t,,t. € Autq(E) satisfy the relations of I', hence they define a homo-
morphism I' — Autq(E). This has the required properties.

Case 2. Assume that J is a single I-orbit. Let (a) be the subgroup of I' generated
by a. If X is an (a)-orbit in J, then ¢X is again an (a)-orbit. (We must show that,
if j € X and i > 1, then ca’j, cj are in the same (a)-orbit. But ca’j = a**cj.) Hence
c"X is an (a)-orbit in J for any h € N. We can find an integer z > 1 such that
X, cX,...,c* 1 X are distinct and ¢*X = X. (Clearly, z is a divisor of N.) Hence the
notation X, = "X for h € Z/z is meaningful. Now Xg, X1, ..., X, are distinct.
The union Jj,¢(y .1 Xn is c-stable and a-stable, hence it is equal to J (by our
assumption on J). We see that |J| = | X|z. For h € Z/z we set Wh = [Tiex, Wi
E" = ®jex, £ We have naturally W =[], ¢/0.._1) Wh E = Qhef0,—1] E". Let
I'” be the subgroup of I' generated by a,c?. In I'" we have
aM =1, (cZ)N/Z =a", cfac* =d".

Since a(Xo) = Xo, ¢*(Xo) = Xo, the action of I" on W restricts to an action of I’
on WY, Using case 1 for W9, E°, T instead of W, E,T" we obtain a homomorphism
I — Autq(EP) such that, denoting by Sp, S; the images of a, ¢ under this homo-
morphism, we have SM =1, SN* = ¥, 815,87 =S¥, So(w(e)) = pa(w)So(e),
S1(w(e)) = p2(w)Si(e) for any w € WO e € E°.

For h € Z/z there exists a Q-linear isomorphism Kj; : E" = E"M! with
Kp(we) = pe(w)Kp(e) for all e € E" w € W" (note that p.(w) € Whtl);
moreover, K} is unique up to multiplication by an element of Q*. (For exam-
ple we can take K}, of the form ;¢ Hf where Hf : E; = E.; are as in (a).)
Then Sy = K, ;... KKy : E = EY satisfies So(w(e)) = p?(w)Sa(e) for any
we W0 ec E° Hence Sy 'S (w(e)) = w(Sy 1S1(e)) for any w € WO e € E°. By
the absolute irreducibility of the W°-module E° we see that S;'S; : E® — E is
a Q*-multiple of the identity map. Hence, replacing Ky by a Q*-multiple, we may
assume that S, = S7 that is, K,_1... K1 Kg = 51.

For any h € N we define 3_j, € Autq(E~") by

h
Bop=K ;.. K, K {SSYK K o... K

(for h = 0 this is interpreted as Sy = Sp). We show that 8_j,_, = 8_;,. We argue
by induction on h. For h = 0 we must verify that

K} KK ISFK K o...K_. =S

this follows from the known equality S; 156"251 = Sp. For h > 1 we have, using the
induction hypothesis,

ﬁ—h—z = K:é,zﬁﬁh—z-ﬂK—h—z = K:;llﬂﬁh-i,—lK—h = ﬂ—z-
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We see that S_;, depends only on the image of h in Z/z. Define t,,t. € Autq(E)
by

Ta(®hez/z en) = ®heZ/z e}, where e, € E" and €}, = f),(e) € EM,

Te(@nez/-€n) = ®heZ/z e}l where ej, € E" and e}, = Kj_1(ep—1) € E™.
From definitions we have t,(w(e)) = pa(w)ty(e),tc(w(e)) = pe(w)te(e) for any
we W,eeFE.

We have t.t,t 1 = t’;. This follows from the identity G,_1 = K,;_llﬂ,’th,l for
heZ/z.

We have ¢t = 1. This follows from the identity 3, = 1 for any h € N. An

equivalent statement is K:}L ... K:;K:%S(’)“hMK_lK_Q ...K_; =1 which follows
from SM = 1.

We show that tév = t¥. It is enough to show that K_, 1K p o...K_j_n =
b, : E_j, — E_j for h=0,1,...,2 — 1. An equivalent statement is

(K2} KD)K 2K 5. K. N) (K ... K_p)=K ). K ISE'K_ .. K_,.

The left-hand side is (K~ ... K:%)SiV/Z(K,l ...K_p). It is enough to show that

SN/= = gk or that S¥ = SE"% for h=0,1,..., 2 — 1. Since SM = 1, it is enough
to show that u = k"u mod M. This follows from uk =« mod M.

We see that ¢,,t. € Autq(FE) satisfy the relations of I', hence they define a
homomorphism I' — Autq(E). This has the required properties.

Case 3. We now consider the general case. For any I'-orbit Y on J we set WY =

[Liey Wi, EY = ®,cy Ej. We have naturally W = [T, WY, E=Q, EY where

Y runs over the I'-orbits in J. Now the I'-action on W restricts to a I'-action on

WY for each Y. Using case 2 for WY, EY T instead of W, E,T" we obtain for each

Y a homomorphism I' — Autq(EY). We define a homomorphism I' — Autq(E)

by 7 : @y ey — @y (7(ey)); here ey € EY. This has the required properties.
This completes the proof in the setup of (ii). The lemma is proved.

39.3. Let I" be a finite group. Assume that I' is a semidirect product of a normal
subgroup I with a cyclic group of order n with generator b. Let i be an algebraic
closed field of characteristic 0. Let E be a simple {[I']-module which is isotypical
as a U[[']-module. We show that (a) E is simple as a U[I"]-module.

There exists a simple U[I']-module E’ such that, setting V = Homgp (E', E) we
have V@ B = E,f ® ¢ +— f(e'). For any v/ € I' we have tr(by'b~1, E') =
tr(y/, E'). Hence there exists £ € Autg(E’) such that £(y'e’) = (by'b~1)E(e!) for
e € E';w € T’. Then £ € Auty(E’) commutes with the I'V-action hence it is a
scalar on E’. Replacing & by an U*-multiple we can assume that ¢ = 1. Then £’
becomes a U[I'-module with b acting as €. Define  : V. — V by f + n(f) where
n(f)(e') = bf(71(e")) for €’ € E'. We regard V as a U['-module in which I' acts
trivially and b acts as 7. Then the isomorphism V ® E’ =+ E considered above is
an isomorphism of {[I']-modules. Since E is simple it follows that V is a simple
{U[I']-module. Since I' acts on V through a cyclic quotient, we see that dimV = 1.
It follows that E = E’ as a U[I']-module; (a) follows.

39.4. Let W, I, X be as in 39.1. Let I' be a finite group with generators a,c and
relations a™ =1, ¢V = 1, cac™' = a* where M, N,k are integers > 1 such that
EN =1 mod M. Let {(a) (resp. (c)) be the subgroup of I' generated by a (resp.
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¢). Let v — p, be a homomorphism I' — Aut(W,I,X). We form the semidirect
product WT', W{a) with W normal. Note that W {a) is a subgroup of WT'.

Lemma 39.5. In the setup of 39.4 let E be a simple U[WT)|-module. Assume that
either cxe™" = x for any x € (a), or cxc™" =z~ for any x € (a). Let x € (a).
There exists ¢, a root of 1 in i, such that tr(wze, E) € (Z for any w € W.

Let W' = W(a). We can write canonically £ = @, . E* where E* are isotypical
U[W']-modules. Now I' acts on T by vE* = E. ;). This action is transitive since
E is simple as a U[WT]-module. If ¢(t) # t for any t € T, then for any w €
W, wxc : E — E permutes the summands E* and no summand is stable, hence
tr(wzc, E) = 0. In this case the lemma is clear. Thus we may assume that c(t) =¢
for some t € T. Then cE! = E?, hence E! is a U[WT]-submodule of E. Since E is
simple, we have E = E'. Thus, E is isotypical as a 4[W']-module. Using 39.3(a)
for WI', W', (c) instead of I',I", C' we see that E is simple as a {[W']-module.

We can write canonically E = @), ;; E, where Ej, are isotypical U[W]-modules.
Now T' acts on H by vEj = E, ). This action is transitive since E is simple as
a U[WT]-module. The restriction of this action to (a) is also transitive since E is
simple as a U[W']-module. For h € H let {(a); be the stabilizer of h in (a). Let
W, = W{(a), C W’. Then Ej is a W} -submodule of E and the W’ -module E is
induced by the W} -module E}. Since E is simple as a W’-module, it follows that
Ej, is simple as a W} -module. Using 39.3(a) for W}, W, E}, instead of I, I, E, we
see that Fp is simple as a W-module.

For h € H let T, = { € T;9(h) = h}. Then E} is a WT'j-submodule of E.
Note that T'j, is an extension of a cyclic group (the image of 'y, under I’ — I'/{a))
by a cyclic group (the intersection I',N(a)). Let Hy = {h € H;xc(h) = h}. For any
w € W we have tr(wze, E) = 3, -y tr(wze, Ep). In particular, if Hy = 0, then
tr(wze, E) = 0 so that the lemma is clear in this case. Thus we may assume that
Hy # 0. Let h € Hy. We can find a simple Q[W]-submodule EY of E" such that

= U ®q EY as U[W]-modules. By Lemma 39.2 applied to W,T,, EY instead
of W,T', E we see that the Q[W]-structure on E} extends to a Q[WT}]-module
structure. (The hypotheses of that lemma are satisfied since the U[IW]-module
structure on Ej, extends to a U-module structure.) For vy € 'y, let ¢, € Autq(EY)
be the action of v in this Q[WT',]-module. By extension of scalars, ¢, defines an
element £, € Autq(E)). For e € Ep,w € W we have t,(we) = (ywy~1)(Z,(e)).
Hence v~ (£, (we)) = wy~¢y4(e). Thus v~ ¢, : Ej, — Ej, commutes with the action
of W. Since Ej is simple we see that ’y’lt} : B, — Ej is a scalar \,(y) € U*.
Thus £, = A\ (7)7y : Ep, — Ej. Clearly, v +— Ay(7) is a homomorphism ', — 4U*.
For w € W we have wzc = \p,(zc) wit,. : B, — Ej, hence

tr(we, Bn) = My () tx(wise, Bn) = Ayt (whae, EY).
Note that tr(wtye, EY) € Z since EY is a QWT']-module. We deduce

tr(wze, E) Z An(xc) 1tr IC,E,?).
heH,
Let Hy = {h € Ho; tr(w'tye, EY) # 0 for some w’ € W}. Then, clearly,

tr(wze, E) Z A (we) " Hr(wtge, EY).
heH,
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Since A\p(zc) is a root of 1, it is enough to verify the following statement: If h, k' €
Hy, then A\ (zc) = £/ (xc). Since (a) acts transitively on H, we can find y € (a)
such that h = yh'. We have yE) = Ep,,yL'py~! = T',. Also, for any w' € W we
have

tr(wlxcv Eh’) = tr(ywlxcyila Eh) = tr(ywlyilyxcyila Eh)a
hence

M (ze)tr(w'ze, BY) = My (yrey ™ Dtr(yw'y ' w'zey ™, EY).
We take here w’ € W such that tr(w'zc, EY,) # 0. Dividing by tr(w'zc, EY,)
we deduce Ap/(zc) € QAp(yzey™t). Since Ay (xc), A\p(yzey™!) are roots of 1, it
follows that Ap/(zc) = +An(ywcy™1). Thus it is enough to show that \j(zc) =
+An(yxrey™1) or that A\p(c ta~lyzey=t) = £1 or that A\p(c tycy=t) = £1. More
generally, we will verify the following statement: If h € Hy,y € (a), c lycy=! €
{a)p, then A\, (¢ lycy™!) = £1. If ey = yec = 1, this is obvious. Therefore, we may
assume that cy’ =y’ ~lc for any ¢’ € (a).

Let u € (a),. Since u,zc belong to I'y, we have Ay ((zc) tuxcu~!) = 1, that is,

A (e tucu™t) = 1 (we use ur = zu). But ¢ luc = u~1. Hence A\,(u=?) = 1, that
is, \p(u)™2 =1 and A, (u) = £1. We apply this with u = ¢ lyey;* € (a)n,. We
see that A, (¢ 'yicy; ') = £1. The lemma is proved.

39.6. Let W, I, X are as in 39.1. We assume that (W, 1) is irreducible. Let I =
I U {w} where w is a symbol. We define a map 7 : I — W as follows: (s) = s
if s € I and 7(w) is the unique reflection of maximal length in X. The restriction
of m to I is injective if |I| > 2; if |[I| = 1, it maps both elements of I to the
unique element of I. Let € be the group of all permutations o : I = T such that
there exist w € W with wr(o)w™ = w(c(x)) for all z € I. Then ¢ — [w;
wwiw~ ] is a homomorphism of  into Inn(W), the group of inner automorphisms
of W. Let K be a subset of I such that K # I. Then 7 restricts to a bijection
K 5 n(K). Let QX = {0 € Q;0(K) = K}. Let W) be the subgroup of W
generated by 7(K). From the theory of affine Weyl groups we see that W) s
a (finite) Coxeter group on the generators 7(K). We have canonically W) =
Hze 7 Wz(K) where Wz(K) is an irreducible Weyl group with set of simple reflections
K. =KnW . For z € Z we set XK = R(WZ(K)) if R(WZ(K)) is a single W)-
conjugacy class and XX = xXn WZ(K) if R(WZ(K)) is a union of two W,Z(K)—Conjugacy
classes; in any case, XX is a single Wz(K)—conjugacy class in R(WZ(K)). (We use
the following fact: If s € I is such that sm(w) has order > 4, then s,7(w) are
not conjugate under W.) Then XX = |] ., XK is a special subset of R(WK))
(see 39.1). Now the image of O under Q — Inn(W) (as above) is contained in
the group Aut(W ), K XX) of automorphisms of W) which preserve K and
XK. Thus we have a homomorphism Q% — Aut(W ) K XK). Restricting this
to a subgroup C of Qf we obtain a homomorphism C' — Aut(W(K), K, xXK). Let
c € Aut(W, I, X) be such that ¢(K) = K. We have ¢V = 1 for some N > 1. We
extend the bijection ¢ : I =5 I (restriction of ¢ : W — W) to a bijection ¢: I = T
by c(w) = w. We have c(WH)) = W) ¢(xK) = XK hence c restricts to an
element of Aut(W) K XX). For any ¢ € Q we define an element c(c) € Q
by c(o)(z) = o(c 'z) for z € I. Then ¢ : Q@ =5 Q preserves QX. Assume that
c(C) = C. For o € C,w € W) we have c(o(w)) = c(o)(c(w)). Let {(c) be a
cyclic group of order N with generator ¢. On the set W) x C x (c¢) we have
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a group structure (w, o, ) (w’,o’, ") = (wo(c™(w')), oc™(o’), ™). This is the
semidirect product WUT of W) with the group I' = C'x (¢) with group structure
(0" (0", ) = (0" (0"), ™).

Proposition 39.7. In the setup of 39.6 let E be a simple Q[W(K)F]—module, Let
v € I'. There exists ¢, a root of 1 in 8, such that tr(wy, E) € CZ for any w € W),

From the theory of affine Weyl groups it is known that one of the following holds:

(i) Q is cyclic and ¢(o) = o for all 0 € Q,

(i) Q is cyclic and ¢(o) = o~ for all o € ,

(ifi) Q = Z/2 x Z/2.

Moreover, C' C  (compatibly with the action of ¢). In cases (i),(ii), C is cyclic and
the assumptions of Lemma 39.5 are satisfied (with W) instead of W). Hence the
result follows from 39.5.

In the remainder of the proof we assume that we are in case (iii). If C' is cyclic,
then c¢(0) = 0 = o' for all ¢ € C. The result follows again from Lemma 39.5.
Hence we may assume that C is not cyclic so that C = Q. Let n be the order of
c:C — C. Then n € {1,2,3} and n divides N. Note that ¢™/™ is in the center
of I. Tensoring E by a suitable one-dimensional representation (which is trivial
on W) () we may assume that ¢V/" acts trivially on F, hence E factors through
the quotient of WUT by the subgroup generated by ¢V/™. Hence we may assume
that N =n. If n =1, then I' ® Z/2 x Z/2 is a group as in 39.5 and the result
follows from 39.5. If n = 2, then I' is a dihedral group of order 8 which is again
a group as in 39.5 (an extension of Z/2 by Z/4) and the result follows from 39.5.
If n = 3 then W must be of type Dy, W) is an elementary abelian 2-group, F
is one-dimensional and there exists a homomorphism g : W' — {* such that
tr(wy’, E) = p(wy') for all w € W) 4/ € T'. Then ¢ = pu(y) is a root of 1. For
any w € W) we have p(wy) = (u(w) and p(w) = +1, since w? = 1. Thus,
tr(wy, E) = £(. The proposition is proved.

Corollary 39.8. Assume that G, D, A, u are as in 35.22 and that G° | Zqo is simple.
Then b%y ,, € nQ for some n, a root of 1 (with bl ,, as in 34.19.)

This follows from 35.22 and 39.7.
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