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UNITARY Z-SPHERICAL REPRESENTATIONS
FOR SPLIT p-ADIC Eg

DAN CIUBOTARU

ABSTRACT. The determination of the Iwahori-spherical unitary representa-
tions for split p-adic groups can be reduced to the classification of unitary
representations with real infinitesimal character for associated graded Hecke
algebras. We determine the unitary modules with real infinitesimal character
for the graded Hecke algebra of type Fg.

1. INTRODUCTION

1.1. The Iwahori-Hecke algebra. Let F denote a p-adic field with the ring of
integers R and unique prime ideal P. Let G be the F-points of a split reductive
algebraic group defined over F. K = G(R) is a maximal compact open subgroup in
G. Let B be a Borel subgroup such that G = KB. B = AN, where A is a maximal
split torus and A is the unipotent radical.

There is a surjective homomorphism X — G(R/P). Define the Twahori subgroup,
T C G, to be the inverse image in K of a Borel subgroup in G(R/P). Then 7 is a
compact open subgroup of G.

Definition. A smooth admissible representation (w, V) of G is called Z-spherical
(respectively spherical) if VZ # 0 (respectively VX # 0).

Define the Iwahori-Hecke algebra, H = H(Z\G/Z), to be the set of compactly
supported Z-bi-invariant functions on G. This is an algebra under the convolution
of functions. If (7, V) is an Z-spherical representation of G, then H acts on V7 via:

(1.1.1) m(flv= /gf(g)(w(g)v) dg, for v € VT and f € H.

Let v denote a character of A. The representation I(v) obtained by normalized
induction (which preserves unitarity) from v is called a principal series. v is called
unramified if its restriction to ANK is trivial. Consider the following two categories
of representations:

C(Z) = admissible finite length representations of G such that all of
(1.1.2) their subquotients are generated by their Iwahori fixed vectors,

C(H)! finite dimensional representations of H.

Theorem ([Bo], [Cas]). (1) The functor V.— V7 is an equivalence of cate-
gories between C(I) and C(H).
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(2) The irreducible objects of C(ZT) are the irreducible subquotients of the un-
ramified principal series I(v).

The algebra H has a star operation defined as f — f*,

(1.1.3) [ (g) = flg™")

and therefore one can define Hermitian and unitary modules for H. The results of
[BM1] and [BM2] reduce the problem of classifying the irreducible unitary represen-
tations in C(Z) to the determination of the simple unitary modules in C(H) with
real infinitesimal character. It is known that the characters of the center of H, the
infinitesimal characters, correspond to Weyl group conjugacy classes of semisimple
elements s in the dual complex group “G. An infinitesimal character is called real
if the corresponding s is a hyperbolic element.

Theorem ([BMI]). Assume G has connected center. An irreducible Hermitian
representation with real infinitesimal character (7, V) € C(Z) is unitary if and only
if VI € C(H) is unitary.

In [BM2], the restrictions on G and on the infinitesimal character are removed.
This is accomplished via a reduction to the affine graded Hecke algebra H intro-
duced in [Lul]. Let C(Z,s) be the subcategory of C(Z) of representations with
(non-real) infinitesimal character conjugate to s. Let s. be the elliptic part of s
and let Crg(s.) be the centralizer in the dual complex group. This is a connected
group when G has connected center. In general, the classification of unitary repre-
sentations in C'(Z, s) is reduced to the determination of simple unitary modules with
real infinitesimal character for the graded Hecke algebra attached to the identity
component of Crg(se).

1.2. Outline of the paper. In sections 2.IH2.4l we review the definition of the
affine graded Hecke algebra H, the geometric and Langlands classifications for sim-
ple H-modules and Springer’s correspondence. The main references that we use
are [KL|], [Lull-[Lud], [Ev] and [BM2]. Geometrically, the simple H-modules are
parameterized by “G-conjugacy classes in

(1.2.1) {(s,e,v) : s,e € Lg, s semisimple, e nilpotent, [s,e] = e,
1 € A(s, e) subject to certain restrictions}.

(For any subset S of Lg, we will denote by Z(S) the centralizer of S in LG, and set
A(S) = Z(8)/Z(S)°Z(G), where Z(S)° is the identity component.)

To every triple (s, e, ) as in (LZT]), one attaches a standard module X (s, e, 1),
and every simple H-module appears as a quotient, X (s, e, 1)), of a standard module.
Subsequently, we will say that a simple H-module V is attached to a nilpotent orbit
O C Lgif V is parameterized by (s,e,1), and e € O.

In sections and [2.6] we recall the construction of intertwining operators and
Hermitian forms (as in [BM3]) which we will use for the determination of unitary
modules. The intertwining operators induce operators (and Hermitian forms) on
Wh-representations and the main criterion for proving nonunitarity is to compute
the signature of these operators on certain W-representations.

Section 2.7 recalls the definition of the Iwahori-Matsumoto involution IM of H.
Since I'M preserves Hermitian and unitary modules, we will use it in section 3 to
prove the unitarity of some isolated representations.
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Sections 2.8 and 2.9 present the special case of spherical H-modules and spherical
intertwining operators. We need to recall some results about the spherical unitary
dual for Hecke algebras of classical types as in [Ba], particularly Theorems 2.8 and
We end section 2 with the relation between restrictions to W-representations
of Hermitian forms for irreducible modules associated to a fixed nilpotent orbit O,
on one hand, and spherical Hermitian forms for Hecke algebras of some smaller
subalgebras, on the other (see [ZI0} details in [BC2]).

Section 3 presents the classification of unitary H-modules, with real infinitesimal
character, when H is of type Eg. In [B.l we treat the case of simple modules
attached to nilpotent orbits which, in the Bala-Carter classification, correspond to
Levi components of maximal parabolic subalgebras.

Sections contain the main results of the paper. Following the geometric
classification, the unitary dual of H is partitioned into pieces U(O) labeled by
nilpotent orbits @ C g. For each O, fix a Lie triple {e, h, f}. The centralizer
of the triple in “g is a reductive subalgebra. We will denote it by 3(O), and let
H(3(O)) be the corresponding graded Hecke algebra.

For each ¢ € A(e), (notation as for the Springer correspondence, see section
2.2), define

(1.2.2) U(O, ) ={(s,e,9) as in ([L2T) : X(s,e,1) unitary
and [w . ¢|A(S7@)] 7& 0}.

The centralizer of the semisimple element s in £G is connected, and A(s,e) C A(e).
Clearly, U(O) = Uqbef@) U(O, ¢), but this is not a disjoint union in general.
0

We also denote by SU(H) the spherical unitary dual of a Hecke algebra H. (Note
that SU(H) = U(0), where 0 is the trivial nilpotent orbit.)

The semisimple element s in (LZ1)) can be written as s = £h+v, with v € 3(O).
Then v parameterizes a spherical simple module in H(3(0)). Our main result,
Theorem B.2] says that, in Eg, if O # 341, (s,e,¢) € U(O, @) if and only if v €
SU(H(3(0))). When O = 3A4; (and ¢ = 1), there are unitary parameters (s, e, 1))
(a continuous family and an isolated point) such that the corresponding v is not in
the spherical unitary dual of the Hecke algebra of the centralizer 3(O0) = As + A;.
We summarize this as follows.

Theorem (1). In Eg, U(O, ¢) is the same as the spherical unitary dual SU(H(3(0)))
of the Hecke algebra H(3(0)), except if O = 3A1, when it is larger.

Note that this first form of the answer has the inconvenience that, for a fixed
O, the sets U(O, ¢) are not disjoint. In order to refine the answer, we introduce an
extension of the Hecke algebra H(3(0)). Denote Z(O) = Z(e, h, f), and let Z°(O)
be the identity component. Let A(O) = A(e, h, f) = A(e) denote the component
group. Then A(O) acts on the root datum of Z°(0), and one can form the object
(1.2.3) H(O) = H(3(0)) x A(O).

—_—

In Es, for every nilpotent orbit, A(e), = A(O).

A module for H(O) is called spherical if its restriction to H(3(O)) is spherical.
Mackey theory implies that the spherical modules for H(O) are classified by pairs
(v,§), with v € 3(0O), semisimple, and & € A(/(’)Yy), where A(O)(v) denotes the
stabilizer of v in A(0). If s = $h + v, since Z(v), Z(s) are connected, A(O)(v) =
A(e, h,v) = A(e, h,s) = A(e, s). Then a second form of the answer is:
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Theorem (1°). In Eg, U(O) O SU(H(O)), i.e., a parameter (s,e, 1) with s =
Th+vis inU(O) if (v,) is in SU(H(O)).
Moreover, if O # 3A1, then U(O) = SU(H(O)).

Of course, both these formulations are tautologies in the case O = 0, the trivial
nilpotent orbit, which parameterizes the spherical dual of Eg. SU(H(Es)) is par-
titioned into complementary series (see section 2.8), C'S(O), attached to nilpotent
orbits O C Lg.

Theorem (2). In Eg:

(a) s = 3h+v € CS(O) if and only if v € CS(0) in H(3(0)).

(b) The set CS(0) in H(Eg) is formed of s = (572 — v3, 572 — vy, 2572 +
vy, U522y adve s | ndvs e ) g py—pg—ug > 0,15 > 3 2> 1y > 0,
such that

(i) 211 < 1, or
(ii) v+ vetvy—uvy <1l <uv+vy+v3+ vy

The explicit description of each U(Q) and the relevant calculations (including the
determination of hyperplanes of reducibility for standard modules) are in section
B4 One important consequence of our description of the unitary dual is that it
implies the unitarity of certain Arthur parameters of Eg (section B3]). Section
concludes the classification by identifying C'S(0) for type Eg. Finally, in section 4,
we record in a table the explicit parameterization of the unitary dual for H(Eg).

Independently, the spherical unitary dual for type Fg was found using computer
calculations by J. Stembridge (see www.liegroups.org), and his result agrees com-
pletely with our results for spherical modules (although the form of the answer is
different). The author would like to thank him for making his calculations available,
and J. Adams for verifying that the two answers agree.

The present paper is part of a joint project with D. Barbasch—following ([BM1]—
[BM3], [Ba])—to study the Z-spherical unitary representations, and in particular,
to classify the unitary dual of graded Hecke algebras of exceptional types (see
[BCI], [BC2] for results in this sense). The new results in this paper refer mainly
to non-generic modules. The author thanks D. Barbasch and D. Vogan for helpful
discussions, and the referee for carefully reading this manuscript, and for his (or
her) many helpful suggestions.

2. HERMITIAN FORMS

2.1. The affine graded Hecke algebra. Let G be a reductive simply-connected
algebraic group over C and let g be its Lie algebra. Let H be a maximal torus and
B a Borel subgroup, H C B C G, and let (X, R, X, R, II) be the based root datum
associated to G, H and B. More precisely, X = Hom(H,G,,) is the lattice of
rational characters of H (G,, is the multiplicative group of C), X = Hom(G,,, H)
is the lattice of one-parameter subgroups, II ¢ Rt C R C X are the simple
roots, positive roots and roots determined by B and H. Similarly, for coroots
HcRF*cRcX.

Set h* = X ®7 C and h = X ®; C. Denote by W the Weyl group and C[WW]
the group algebra of W. The roots will be denoted by « and the corresponding
reflections in the Weyl group by s,. Let ¢ : R — Z* be a function such that
Ca = Co if @ and o’ are W-conjugate.
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As a vector space,
(2.1.1) H=C[W]|®C[r]®A,

where A is the symmetric algebra over h*. The generators are t,, € C[W], w € W
and w € h*. The relations between the generators are:

twtl, = tww, for all w,w’ € W;
(2.1.2) 2 =1, for any simple reflection s € W,
tsw = s(w)ts + 2rca(w, @), for simple reflections s = s,.

When the function c is not identically 1, we will refer to H as the Hecke algebra with
parameter c. In the simply-laced case, the only values of ¢ one needs to consider
are ¢ =1 and ¢ = 0. We mention that when ¢ = 0, the affine graded Hecke algebra
degenerates into (C[r] ® A) x C[W].

Theorem ([Lull). The center of H is C[r] @ AW .

On simple finite dimensional H-module, the center of H acts by characters, called
infinitesimal character. Theorem 2] implies that the infinitesimal characters cor-
respond to W-conjugacy classes of semisimple elements (rg, s) € C & b.

Definition. An infinitesimal character is called real if rg € R, and the correspond-
ing semisimple element s is hyperbolic.

H has a star operation (and therefore one can define Hermitian and unitary
modules) given on generators as follows (as in [BM2]):

ty, =ty-1, weW; r* =mr;

(2.1.3) W'=-T+ Y (@ a&)ta, wEbh".

a€ERt

2.2. Simple H-modules. As in the introduction, if S C g, denote by N(S), Z(S),
the normalizer, respectively the centralizer of S in G, and by A(S) the component
group A(S) = Z(8)/Z(S)°Z(G). The similar notation is used for other groups, in
which case we use subscripts, e.g., Ap(S).

Let e be a nilpotent element in g. Consider B., the complex variety of Borel
subalgebras of g containing e, and H*(B.) = H*(B.,C), the cohomology of Be.
The component group A(e) of the centralizer in G of e acts on H*(B,.), and let

(2.2.1) H*(B.)? = Homy(e)[¢p : H*(Be)]

be the ¢-isotypic component of H*(B,.), ¢ € A(e). There is an action of W on each
H*(B.)? ([Sp1], [Sp2]). If d. is the (complex) dimension of B, then (H?d(1,))? is
either zero, or it is an irreducible representation of W. Denote this representation

(0, ). Set X@)o ={¢p¢€ Z(?) : 0(0, @) # 0}. The resulting correspondence,
(2:2.2) Ale)y =W, ¢ —0(0,9),

is the Springer correspondence. We normalize the correspondence so that ¢(O,1)
is the trivial, respectively the sign representation of W, when O is the trivial,
respectively the principal nilpotent orbit of g.

We will recall some facts about the geometric classification of simple H-module.
One approach is to use [KL], where the classification for the affine Hecke algebra
using K-theory is obtained, in conjunction with [Lul]. A summary of the relevant
results is in section 3 in [BMI] and in [BM2]. We will follow instead [Lu2] and
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[Lu3|, where the classification is realized using equivariant homology. Although
the constructions in these papers are more general and apply to geometric Hecke
algebras with unequal parameters, we will only consider here the equal parameter
case.

For an algebraic group G and a G-variety X, let H&(X) = H&(X,C), re-
spectively HE(X) = HE(X,C) denote the equivariant cohomology, respectively
homology (as in section 1 of [Lu2]). The component group of G acts naturally on
Hg,(X) and HE' (X). The cup product defines a structure of a graded H& (X)-
module on HE(X). If pt is a point of X, one uses the notation H = H& ({pt}),
respectively HS = HZ ({pt}). There is a C-algebra homomorphism H& — Hg&(X)
induced by the map X — {pt}, and therefore H&(X) and HE(X) can both be
considered as H¢-modules.

The group G x C* acts on g by (g1,A) - @ = A"2A4d(g1)x, for every x € g,g1 €
G, ) € C*. The centralizer Zgxc+(e) acts on B, by (91,A).9B = (¢19)B.

ngc* (e)

[ILu2] constructs actions of W and S(h* @& C) on H, (B.), and proves
that these are compatible with the relations on H, therefore obtairéing a module of
H (Theorem 8.13). The component group Agxc+(€e) acts on HZoxe (€) (B.), and
commutes with the H-action (8.5).

Consider the variety V of semisimple Z2. .. (€)-orbits on the Lie algebra joxc-(€)
= {(z,70) € g@ C: [z,€] = 2r0e} of Zgxc~(e). The affine variety V has H?,

as the coordinate ring. Define the H-modules

gxc* (e)

Z2 o« (€)
(2.2.3) X(S, 70, 6) = C(S,’I"g) ®H;OGX"‘*(E) H, (Be),
where C, ) denotes the H7, (e)—module given by the evaluation at (s,rg) € V,
H%%XC*(e) — C.
For each v € Agxc+ (e, s,70), define
(2.2.4) X(s,70,€,%) = Homa,, . (e,s,r0)[¢ : X(5,70,€)].

In particular, when (s, ro) = 0, we have (7.2, 8.9 in [Lu2] and 10.12(d) in [Lu3])
(2.2.5) X(0,e) = H.{l}(Be) as W x Agxc~(e)-modules.

Let E%X@*(e,s,ro) denote the set of representations 1) which appear in the re-
striction of the Agxc+(e)-module H.{l}(Be) to Agxcr(e,s,70). Also, H;{l}(Be) =
H*(B.)".

It is proved in Proposition 8.10 in [Lu2] that X(s,79,e,%) # 0 if and only if
(RS E%x@* (e,s,70). Call such modules standard. By Proposition 8.15, any simple
H-module is the quotient X (s, rg,e,1) of a standard H-module.

We summarize the discussion in the following statement.

Theorem ([KL], [Lull, [Lu2]). The simple H-modules on which r acts by ro # 0
are parameterized by G-conjugacy classes (s,e, 1), where s € g is semisimple, e € g

is a nilpotent element, such that [s,e] = 2rpe and ¢ € A(s,e) is an irreducible
representation of A(s,e), the component group of the centralizer of s and e in G.

—

The representation 1) has to satisfy [¢ : ¢|a(s,e)] # 0, for some ¢ € A(e),.

(Note that A(s,e) is naturally a subgroup of A(e), since Z(s) is connected.)
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From now on, the infinitesimal characters will be assumed real (i.e., hy-
perbolic). Since we are interested in the unitary dual, by section 4 in [BM2], it is
sufficient to consider one particular value of ro. We will set o = 1/2, and conse-
quently drop r and rg from the notation.

If (s,e) is a parameter as in Theorem 2.2 then s can be written as

h
(2.2.6) s= 3 + v, with v € 3(O), the centralizer of the triple {e, h, f} of O.

When we want to emphasize the nilpotent orbit O = G-e, we will write X (s, O, )
instead of X (s, e, ).

2.3. Lowest W-types. Let X (s,e) be as in section 22] and O = G - e. We record
some facts about the W-structure of standard modules.

The continuation argument in 10.13 in [Lu3] in conjunction with (2] shows
that

(2.3.1) X(s,e)lw =2 H*(B.)*, as W x A(s, e)-representations.

(In 31)), A(s, e) acts on H*(B,) via the inclusion A(s,e) C A(e).) Fix ¢ € A(s,e).
If € A(e), and

(2.3.2) Homy/ [(c(O, ¢) : X(s,e,)] # 0,

then (following [BMI]), we will call o(O, ¢) a lowest W-type for X (s, e, ).

Moreover, if the parameter is tempered (see Definition [2.4] and Proposition [2.4]
below), then A(s,e) = A(e) and X(s,e,) has a unique lowest W-type (O, )
(with multiplicity one).

2.4. Langlands classification. Recall that the graded Hecke algebra H is at-
tached to a root datum (X, R, X, R, IT). We present the Langlands classification for
H as in [Ev].

If V is a (finite) dimensional irreducible H-module, A induces a generalized
weight space decomposition

(2.4.1) V=

A€h
Call A a weight if V) # 0.

Definition. The irreducible module V is called tempered if w;(A) < 0, for all weights
A € hof V and all fundamental weights w; € b*. If V' is tempered and w;(A) < 0,
for all \,w; as above, then V is called a discrete series.

Proposition ([KL|, [Lull, [Lud]). Let (s,e,v), with s real as in (Z206l), be a
geometric parameter corresponding to a simple H-module V.

a) V is tempered if and only if v = 0.

b) V is a discrete series if, in addition, O = G - e is distinguished, i.e., O does
not meet any proper Levi component.

An essential fact for us is that simple tempered H-modules (as in Proposition
24) are formed of the Iwahori-fixed vectors of tempered representations for the
p-adic group G and, therefore (by [BM1]), they are unitary.

For every Il; C II, define Ry; C R to be the set of roots generated by II,,, and
Rar C R the corresponding set of coroots. Let H; be the Hecke algebra attached to
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the root datum (X, Rys, X, Ras, I15s). The algebra Hy; can be regarded naturally
as a subalgebra of H.

Define t = {v € h: {a,v) =0, foralla € Iy} and t* = {A € h* : (\,a) =
0, for all @ € Ij;}. Let X’ € X and X’ C X be the subsets perpendicular to t,
respectively t*.

Then Hj; decomposes as

Hy = HMO ® S(f*),

where Hy, is the Hecke algebra attached to (X', Ry, X', R, Iyy).
We will denote by I(M,U) the induced module I(M,U) = H®y,, U.

Theorem ([Ev]).

(1) Ewery irreducible H-module is a quotient of a standard induced module
X(M,V,v) =I(M,V ®C,), where V is a tempered module for Hyy,, and
vett ={vet:alv) >0, foralla € T\ I }.

(2) Assume the notation from (1). Then X(M,V,v) has a unique irreducible
quotient, denoted by L(M,V,v).

(3) If L(M,V,v) 2 L(M', V', V'), then M = M', V2V’ as Hyy, -modules, and
v=1u'.

We will call a triple (M, V,v) as in Theorem 24 a Langlands parameter.

We need to explain the connection between the geometric and classical Langlands
classifications. Let P = M N be a standard parabolic subgroup of G (i.e., B C P),
with Lie algebra p = m @ n, and let II); C II be the subset of simple roots which
defines M (and P). Suppose X¢(s,e) is a module for H = Hg, and that s = % +v
and {e, h, f} are contained in the Levi subalgebra m. One can form the standard
Hjs-module X (s, e). Then

(242) Xg(S,e) = I(]\47 XM(s,e)).

There is a natural map between component groups € : Apr(s,e) — Ag(s, e) induced
by the inclusion Zy(s,e) — Zg(s,e). Via &, we can regard any representation of

Acg(s,e) as a representation of Aps(s,e). For ¢ € Ap(s,e), the induced module
I(M, Xp(s,e,¢)) decomposes into a direct sum of standard modules of G:

(24.3) (M, Xn(s,6,0) = 6D [Wlayse : ¢ Xals, ).
peAc(s,e)

If M denotes the centralizer in G of v, the standard modules Xg(s,e,1) can
also be seen as induced modules:

h
(244) XG(Saeaw) :I(M7XM(§aea¢)®(cV)7
for some ¢ appearing in ©[4,,(s,e)-

By Proposition 24, V = XM(%, e, ¢) is a tempered module of Hj,.

A factor of I(M,V ® v) has Langlands parameter (M’, V', v') with ||v/|| < ||v|],
with equality if and only if (M',V' V') = (M,V,v). This follows from Lemma
XI.2.13 in [BW] applied to our context. This fact is important for the method of
determination of the unitary modules used in this paper.

Proposition ([KL], [BW]). All the composition factors of the standard module
X (s,0,%) other than X (s,0,v) have parameters (s, 0", ') with O' # O and O C
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O'. In particular, in the notation of section 23, X (s,0,%)) is characterized by
the fact that it contains the Weyl group representation o(O,¢) with multiplicity

[¢ |A(s,e) : QM

2.5. Intertwining operators and Hermitian forms. We recall the construction
of Hermitian forms and intertwining operators from [BM3]. For a module V, let
V" denote the Hermitian dual. Denote by W (M) C W the subgroup generated by
the simple reflections in II,;.

Every element x € H can be written uniquely as z = ZwGW/W(M) twTqy, With
Xy € Hps. Let e : H — Hys be the map defined by ep(z) = xq, that is, the
component of the identity element 1 € W. In the particular case M = A, we will
denote the map by e : H — A.

Lemma ([BM3], 1.4). If U is a module for Hys, and { , )a denotes the Her-

mitian pairing with U", then the Hermitian dual of I(M,U) is I(M,U"), and the
Hermatian pairing is given by
(te @ Ve, ty @vy)p = (enm(tyte) Ve, vy) 1, T,y € W/W(M), vg,vy € U.

Applying this result to a Langlands parameter (M, V, v) as in section [Z4], we find
that the Hermitian dual of X (M, V,v)is I(M,V ® C_,). (Recall that v is assumed
real.)

Let wg denote the longest Weyl group element in W, and let W (woM) be the
subgroup of W generated by the reflections in woRys. Let w,, denote a shortest

element in the double coset W (woM)woW (M). Then wy,Ily is a subset of II,
which we denote by II,,, .

Proposition ([BM3], 1.5). The Hermitian dual of the irreducible Langlands quo-
tient L(M,V,v) is L(wy, M, w,V, —wn,v). In particular, L(M,V,v) is Hermitian if
and only if

W, M =M, w, V=2V and w,v=-—v.

If this is the case, we will denote by a,,, the isomorphism between V and w,, V.
Let w = s1...s: be a reduced decomposition of w. For each simple root a,
define

(2.5.1) rs, =ts, 00— 1, ry= Tsay »++Tsay, -

Lemma 1.6 in [BM3] (based on Proposition 5.2 in [Lul]) proves that r,, does not
depend on the reduced expression of w.

Assume L(M,V,v) is Hermitian. Define
559 AM,V,v): X(M,V,v) - I(M,V®C_,),
(252) @ (v®1,) = a1y, @ (am(v)®1_,).

It is shown in [BM3] that this is, in fact, an intertwining operator.
As a C[W]-module,

(2.5.3) I(M,V ®C,) lw= C[W]®cwan (V |w).

For any W-type (0, V), A(M,V,v) induces an operator

(2.5.4) ro(w, M,v) : Homw (o, C[W]®cw ary V) — Homy (o, CIW]@cw (ar) V)-
By Frobenius reciprocity,

(2.5.5) Homyy (o, C[W] Qcw (M) V) = HomW(M)(U, V).
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In conclusion, A(M,V,v) gives rise to operators
(2.5.6) 7o (M, V,v) : Homgcpw ary (o, V) — Homepw (any (o, V).

As seen in sections 2.3l and 2.4] each irreducible H-module contains some special
W-types, the lowest W-types. It is an empirical fact that in all cases there exists
a lowest W-type, call it oy, which appears with multiplicity one. For the classical
types, all component groups are products of Zs’s, so this fact is automatic, and for
the exceptional types, this is checked case by case when the component group is
not abelian. For Ejg, the details are in section [3.41

Then the operator r,,(M,V,v) is a scalar, and we normalize the intertwining
operator A(M,V,v) so that this scalar is 1.

Recall the map e : H — A. We denote by €(z)(v), the evaluation of an element
e(r) e A=S(h*) at v eb.

Theorem ([BM3]). Let (M,V,v) be a Hermitian Langlands parameter.
(1) The map A(M,V,v) is an intertwining operator.
(2) The image of the operator A(M,V,v) is L(M,V,v) and the Hermitian form
on L(M,V,v) is given by

(tz @ (V2 ® 1)ty @ (vy ® 1)) = (ta @ (v ® 1), tyTw,, ® (am(vy) @ 1_p))n,
= (e(tyterw,, ) (V)am(ve), Vy) M-
The discussion in this section can be summarized in the following corollary.

Corollary. A Langlands parameter (M,V,v), v real, is unitary if and only if the
following two conditions are satisfied:

(1) wuM =M, w, V2V, wyuv = —v;
(2) the normalized operators ro(M,V,v) are positive semidefinite for allo € W,
such that Homyy pry[o : V] # 0.

One of the main tools for showing H-modules are not unitary is to compute the
signature of certain r, (M, V,v).

2.6. Decomposition of intertwining operators. Let (M, V,v) be a Langlands
parameter. Assume that o € II'\ IIjs is such that (v,«) > 0. Let M, be the Levi
component generated by M and the root vectors corresponding to +a (IIp, =
IIps U {a}). Then there is a shortest Weyl group element w, € W(M,) so that
WeV is non-positive on the roots in RJJ\QQ. Using a reduced decomposition for w,,
we can construct an operator

(261) AQ(M,‘/,I/) : I(M,V@Cy) — I(’LUa(M),’LUa(V) ®(Cwa(l/))v

which is induced from the corresponding operator for Hjy, . Furthermore, M and
weo (M) are Levi components of maximal parabolic subgroups of M,,.

Apply this idea repeatedly to a Langlands parameter (M, V,v) (with (v, a) > 0,
« € I\ ;). We find that the element w,, (notation as in section 25]) decomposes
into

(2.6.2) Wiy = Way " Way * *** * Wy s L(wp,) = Z@(wa)
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Write w; = Wa,_,, - - - Wa, . The intertwining operator 4,,, decomposes accordingly
into a product

(2.6.3)  A(M,V.v) =A; (wi (M), wi(V), 01 (v)) 0 As(wa (M), wa(V), wa(v))o
oo Ay (wi (M), wi(V), wy ().

Each A; in this decomposition is induced from a similar operator for the Hecke
algebra of a Levi component.

2.7.  The Iwahori-Matsumoto involution of H is defined on generators as follows:
(2.7.1) IM(t,) = (-1 @t,,  IM(w)=—w, web*.

IM acts therefore on the modules of H.

The induced action of the Iwahori-Matsumoto involution on W-types is tensoring
with the sign representation of W. The use of IM in our context is justified by the
following fact.

Remark ([BMI]). The H-module V is Hermitian (respectively unitary) if and only
if IM (V) is Hermitian (respectively unitary).

The Steinberg representation of H is defined as:
(2.7.2) St(ty) = (-1) ™) St(w) = —w.

Then IM(St) = triv. In the geometric classification, St = X(p,e, 1), where e
belongs to the principal nilpotent orbit, while triv = X (p,0, 1). (p is the semi-sum
of positive roots in RT.)

2.8. Spherical H-modules. We present the special case of spherical modules and
the results for classical groups from [Bal.

The module V is called spherical (respectively generic) if Homyy [triv, V] # 0
(respectively Homyy [sgn, V] # 0).

Note that I M takes spherical modules into generic modules. If a simple generic
H-module is parameterized by a Kazhdan-Lusztig triple (s, e, 1)), the representa-
tion ¢ must be the trivial representation ([KL], [Lull]). Moreover, the semisimple
element s determines the orbit of e uniquely. Fix a semisimple s € g (actually, one
can assume s € h). The characterization of the nilpotent orbit @ = G - e is the
following:

Proposition ([BM3]). Let s € b be a semisimple element and O the associated
nilpotent orbit constructed before. Let {e,h, f} be a Lie triple for the orbit O.
Then O has the property that it is unique subject to the following two conditions:

(1) there exists w € W such that ws = % + v, where v is a semisimple element
in the Lie algebra 3(O) of the centralizer of the Lie triple; .
(2) if s satisfies the first property for a different O', then O' C O.

Equivalently, set
(2.8.1) gi={reg: [sz]=2}, go={recg: [s,2]=0}
Then the Lie group G corresponding to the Lie algebra gy has an open dense orbit

in g1. The nilpotent orbit O in g is the one which meets g; in this open dense orbit.
For the spherical case, consider the principal series module

(2.8.2) X(s) =H®4 C,, s € b.
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Since X(s) is isomorphic as a W-representation to C[WW], it follows that the
trivial W-representation appears with multiplicity one in X (s) and therefore, there
is a unique spherical subquotient X (s). Consequently, we will refer to a semisimple
element s as unitary if X (s) is unitary.

Consider the long intertwining operator A(0, St,s) (notation as in equation
252), given by ry,. Since this is determined only by s, we will simply denote it
by A(s). The following theorem is a well-known result about spherical modules. In
our setting, it is a particular case of the results in section

Theorem. If s is dominant (i.e., (s,a) > 0 for all positive roots o € RT) the
image of A(s) is X (s).

Moreover, X (s) is Hermitian if and only if wos = —s.

Note that 7y, =rs, - 7s,, acts on the right and therefore, each a; in Tsa, CaN
be replaced by the scalar —(ay, 84,84, " Sa,;_, (¥)) in the intertwining operator
A(v). Consequently, we can think of r,,, as an element in C[I¥]. The next remark
is just Corollary in this special case.

Remark. Assume wgs = —s. The long intertwining operator gives rise to operators
on the W-types (o, V,):

ro(s) 0" — o*.
They are normalized so that r4.;, = 1. The Hermitian form on X(s) is positive
definite if and only if all the operators r,(s) are positive semidefinite.

This suggests the following combinatorial description of the spherical unitary
dual. One can consider elements s in the (—1)-eigenspace of wp in the dominant
Weyl chamber. They parameterize spherical H-modules. In order to determine if
s is unitary, one would have to compute the operators r,(s) on W-types 0. An
operator 7,(s) has constant signature on each facet of the hyperplane arrangement
given by (s,a) = 1 for « € RT and (s,a) = 0 for a € II (see Theorem 2.4. in
[BCI]).

Therefore, the spherical unitary dual can be viewed as a (bounded) union of
closed facets in this arrangement of hyperplanes.

By Proposition 2.8 the spherical unitary dual is partitioned into subsets, each
subset being parameterized by a nilpotent orbit O in g.

Definition. The set of unitary spherical (equivalently, generic) parameters s =
%h + v associated to the nilpotent orbit @ by Proposition .8 are called the com-
plementary series of O.

The explicit description of the spherical unitary dual of H of classical type ([BM3]
and [Ba]) can be summarized in the following theorem. The unitary dual for p-adic
GL(n,F) was first classified in [Ta].

Theorem ([Ba]). Let s € h be a (real) semisimple element and O the unique

maximal nilpotent orbit such that s = %h—l—y, with v a semisimple element in 3(O).

(1) s isin the complementary series of O if and only if v is in the complemen-
tary series of the trivial nilpotent orbit of 3(O).

(2) The (real) parameters s = (v1,va,...,Vy,) in the complementary series as-
sociated to the trivial nilpotent orbit are:
A:s = (v1,.. o Uk, —Viy-ooy—1) 0o (V14 g, 0, =k, ..., —11), with

0<um << <y < 5.
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C:0<i<wm<-- <y, <3
B,D:0<iy< -+ <y <1—v;1 <vg1 < - < vy <1, so that between
any vj < vji1, 1 < j <n, there is an odd number of (1—v;), 1 <1 <.

(The types A-D in the theorem refer to the Hecke algebra)

2.9. Relevant W-types. In view of Remark [Z8 the spherical unitary dual for
classical groups is determined by the operators restricted to a small set of W-types,
as follows from [Bal].

Theorem ([Bal). For H of classical type, a spherical parameter s is unitary if and
only if the operators r(s) are positive semidefinite for the following representations
o of W:
(1) A: (m,n—m), 0<m < [5].
(2) B, C: (n—m) x (m), 0 <m <n and (m,n —m) x (0), m < [§].
(3) D: (n—m) x (m), 0 <m < [5] and (m,n —m) x (0), m < [§].

We will also need the description of the spherical unitary dual for the Hecke
algebra of type G5. The unitary dual for p-adic G5 was determined in [Mu], and
the following reformulation in terms of the Hecke algebra can be found in [Ci]. We
use the simple roots oy = (2, -3, —1) and ap = (—1,1,0) for G.

Proposition ([Ci]). Let G be of type G2 and s = (v1,v1 + va, =211 — o), 11 > 0,
vo > 0, is a spherical parameter.
(1) s is unitary if and only if {3v1 + 2vy < 1}, {211 + v < 1 < 3v1 + 12} or
(Vlvl/Q) = (17 1)
(2) s is unitary if and only if the operators r,(s) are positive semidefinite on
the W-types {(1,0),(2,1),(2,2)}.

The labeling of irreducible W (G2)-representations is as in [Car].

Definition. The sets of W-types appearing in Theorem 2.9] and Proposition 2.9
are called relevant W-types.

2.10. Matching of intertwining operators. In this section, we provide a brief
summary of the relevant constructions from [BC2]. The notation is the same as in
sections

Fix a nilpotent orbit @ C g with a Lie triple {e, h, f} and let s = % + v be a
semisimple element as in (Z2.6). Let Z°(0) be the identity component of Z(O)
and A(O) the component group. Let a be a Cartan subalgebra in 3(O) such that
vV Eaa

As in section 2.4 we define a Levi component M and a nilpotent orbit Oy,
such that each standard module of O, X (s,0,1)) is obtained as induced from a
standard module Xy (%, Onr, ) @ C, (see ([ZZ4) and the discussion preceding it).
To reconcile notation with sections 2.5 refsec:2.5a, put V = XM(%7 O, 9).

The goal is to relate the intertwining operators r, (M, V,v) (see (Z5.0) for cer-
tain W-types o with spherical operators for the Hecke algebra associated to Z°.

Lemma. If G is a complex algebraic group with identity component G° and com-
ponent group A(G), and h C g is a Cartan subalgebra, with W the Weyl group of
h C g, then

Ne(h)/Za(h) =W x A(G).
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Proof. There is a short exact sequence

(2.10.1) 1 — W(g,h) — Na(h)/Za(h)” — A(G) — 1.
Let h € b C g be a Borel subalgebra. Then the section is given by the map
A(G) = Ng(b,h)/Za(h)? — Na(h)/Za(h)°. O

In the following, we denote by Cz(a) the centralizer of a in Z(O). Applying the
lemma to Z(O), we find that

(2.10.2) Nz(a)/Cz(a)? = W(;3(0)) x A(O).
Define

N@)={weW: w-a=a},
(2.10.3) Cla)={weW: w-a=a, w(R},) =R}
Note that
(2.10.4) N(a) = W(M) x C(a).

Proposition ([BC2]). There is a surjective group homomorphism W (3(0)) x A(O)
= Nz(a)/Cz(a)” — C(a).

Proof. The homomorphism is obtained by the composition of maps
(2.10.5) Nz(a)/Cz(a)® = Nz(a)/Cz(a) — Ng(a)/Zg(a) = Nz(a)/M = C(a).

We will skip the proof of the surjectivity for the resulting map (see [BC2|] for
details). 0

For o € W, the operator (2.5.6) is defined on the space Homyy (pp) (o, V). C(a)
acts on W (M) and it acts on o since o € W and C(a) C W. Since C(a) acts on

W (M), it will act on W (M). In section B4 we check, in each case, that C'(a) also
preserves V.

Recall that og is a lowest W-type of X (M, V,v) which appears with multiplicity
one. Then let opr9 be the unique lowest W-type of V' (V is tempered). o0
appears in the restriction of og to V' with multiplicity one. In the actual calculations
in section 34l we will only consider the W-types o in X (M, V,v) with the property
that Homyar)[o : V] = Homyyany|o @ oarel, so that the condition we need is
that C(a) preserves oaso. However, since V' is tempered, this is equivalent to C(a)
preserves V.

In conclusion, Homyy(ap) (0, V) has a structure of a representation of C(a) and
via the map from Proposition 210 it is a W (3(0)) x A(O)-representation. It also
descends to a representation of W (3(0)). Call this representation p(o). In B2
we will investigate under what conditions the operator r,(M,V,v) (in H(G)) is
identical with the spherical operator 7, () (in H(Z°)).

3. THE UNITARY H(FEs)-MODULES WITH REAL INFINITESIMAL CHARACTER

3.1. Maximal parabolic cases. We retain the notation from section 2. In view
of section [2.6] we investigate first the case of intertwining operators for induced
modules from Levi components of maximal parabolic subalgebras.

Let O C g be a nilpotent orbit which is induced from a Levi component M
of a maximal parabolic subgroup. The corresponding nilpotent orbit Op; of m
is distinguished. Let V be a discrete series module for Hj; attached to Op; with
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lowest W-type oas0. Form the standard module X (M, V,v), where v can be viewed
as a positive scalar.

From Proposition 2.5 it follows that L(M,V,v) is Hermitian if and only if
woM = M and wor = —v. Note that, since V is a discrete series of M, the
condition wgM = M automatically implies w,,V = V. Assume (M,V,v) is Her-
mitian data. We need a lemma first (this is Proposition 2.4. in [BM3]).

Lemma ([BM3]). Assume the W-type o satisfies the condi tions:
dim Homw [0 : X(M,V,v)] =1 and Homyy o : V] = Homw o : onrol

Then the signature at oo of the operator ro(M,V,v) depends only on the lowest
harmonic degree of o.

There are two cases depending on the type of the centralizer Z(O) of the orbit.

Proposition. Let (M,V,v) be a Hermitian mazimal parabolic data attached to a
nilpotent orbit O.
(1) If Z(O) is of type A1, L(M,V,v) is unitary if and only if 0 < v < vy, where
vy is the first reducibility point of X (M, V,v) on the half-line v > 0.
(2) If Z(O) is of type Ty, L(M,V,v) is never unitary for v > 0.

Proof. We use the same argument as used for classical groups in [BM3] (the details
for Eg are checked in each case in [3.4).

If Z(O) =T and (M, V,v) (equivalently (M, v)) is Hermitian, then Z(O) is not
connected and the standard module X (M, V,v) has two lowest W-types o and
o, both appearing with multiplicity one and having lowest harmonic degrees of
opposite parity. At v = 0, X(M,V,0) is reducible and each factor is a tempered
module, therefore unitary. If v > 0, og and oy are always together in L(M,V,v)
and they have opposite signature (having opposite signature at oo). This implies
L(M,V,v) is not unitary for v > 0.

If Z(O) = A;, the standard module X (M, V,v) has a unique lowest W-type oy.
X(M,V,0) is irreducible and tempered, therefore it is unitary until the first point of
reducibility, ¥ = vy. At v = 1y, all factors other than L(M,V,v) are parameterized
by strictly larger nilpotent orbits (Proposition [24]). We find a factor corresponding
to an orbit @’ (immediately above O) with a lowest W-type o7 satisfying the
conditions in Lemma Bl Moreover, o1 should have harmonic degree of opposite
parity to gg. We verify that for v > vy, the two W-types o9 and oy are always in
the factor L(M,V,v) and, therefore, L(M, V,v) is not unitary for v > vy. O

Proposition Bl holds in all classical cases and also in Gg, Fy and Eg. We should
mention that in Eg actually only case (1) of the Proposition appears. In Eg, in the
maximal parabolic cases, if the centralizer is of type Ti, the data (M,v) is never
Hermitian (for v > 0).

There is a second remark which follows from the proof of Proposition [3.1}

Corollary. In the notation of Proposition B.1l:
¢
(1) If Z(O) is of type A1, then roy(M,V,v) =1 and ro, (M, V,v) = (M) ,

vo+v
where £ is some odd positive integer.
(2) If Z(O) is of type T1, then r5,(M,V,v) = +1 and rq (M, V,v) = —1 for

v > 0.
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Remark. In fact, for all cases that we need in section B4] explicit calculations in
the classical groups show that the integer ¢ from Corollary B.1lis always equal to 1.
(Moreover, vq is always 1 or 1.)

We mention that some of the calculations of this type can also be extracted from
[Ba]. Although Remark B1] (i.e., £ = 1) seems to hold in general, we do not know
yet a conceptual proof for it.

3.2. Main results. In this section we present the main result of this paper. The
explicit case by case calculations are in B4l Recall that we only consider modules
with real infinitesimal characters.

Let O be a nilpotent orbit in g with Lie triple {e, h, f}. As in section 2l we
attach to O real semisimple elements s = Sh + v with v € 3(O) (notation as in
section and [Z10). Define

UO) = {X(s,0,v) unitary : (s,0,)
(3.2.1) is a Kazhdan-Lusztig parameter},

U0, ) = {X(s,0,9) eUO) : [t : dlags,e)] # 0},

for all ¢ € A(e),. Recall that, although in general, not all ) € A(s,e) appear, in
type Eg, all such ¢ appear in Kazhdan-Lusztig parameters.

The unitary dual of H is the disjoint union of ¢(O) for nilpotent orbits O, so
we will describe all U(O). For any Hecke algebra H, let SU(H) denote its spherical
unitary dual.

—

Lemma. Let (M,V,v) be a (Langlands) parameter associated to (O, ¢), ¢ € A(O).
Then there exist a set of W-types {o¢, 01,...,01} in X(M,V,v) (09 a lowest W-type
with multiplicity one) such that the corresponding W (3(O))-types {p(c0), p(o1), .- .,
p(or)} are relevant for H(Z°(O)) (with p(og) the trivial representation) and

7o (M, V,v) =1y (v), for all o € {00,01,...,04}.

Proof. The method of calculation is uniform, but the details need to be checked in
each case. We will outline the method here.

Let A(M,V,v) be the intertwining operator (for the Weyl group element w,,) in
H which induces the operators r, (M, V,v). Recall from section [Z10] that a denotes
a Cartan subalgebra of 3(O) with v € a and that C'(a) C W is defined by (ZI0.3).

The idea is to decompose A(M, V, v) into a product of factors similar to the usual
decomposition of the (spherical) long intertwining operator for H(3), such that the
restriction of each factor in A(M, V,v) to o is identical to the corresponding simple
factor in the long intertwining operator of H(z). It is a case by case observation
that W(3(O)) embeds in C(a). We remark that actually in almost all cases in Fg,
A(O) =1 and C(a) =2 W (3(0)).

For each simple root & € 3(0), we find an element 5, € C(a), which induces the
corresponding simple reflection on a. Then the 5,’s generate a subgroup of C(a)
isomorphic to W (3(0O)). Let wo(3) be the long Weyl group element in W (3(0)) and
wWo(3) its image in C'(a). Note that by the definition of C(a), w,, € C(a). There
are two cases:

a) Wy, # Wo(3). In this case, we show that L(M,V,v) has two lowest W-types
with opposite signature (same type of argument as in section [B1l) and therefore it
is not unitary.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



UNITARY Z-SPHERICAL REPRESENTATIONS FOR SPLIT p-ADIC Eg 451

b) wy, = we(3). Then A(M,V,v) decomposes into a product of the form (same
idea as in section [2.0])

(3.2.2) [T A1,V v5),

corresponding to the Weyl group elements 5,. Each 5, preserves (M, V). In order to
calculate the factors Az (M, V, vs), we decompose each one further into a product of
maximal parabolic factors A(w; M, w;V, w;vz) (as in section 26 equation (Z.6.3)).
Let o be a lowest W-type in X (M, V,v) appearing with multiplicity one and
let oar,0 be the lowest W (M)-type of V. Let M’ be a Levi component such that
M C M’ and M comes from a maximal parabolic in M’. The nilpotent orbit O,
which parameterizes V in Hj,, has a set of lowest W-types attached to it in Hpy.
Call them o 0, 03\4/70, etc., where o o is the one appearing in the restriction of
oo. Let onv 1, o)y o, ete., denote the corresponding W (M')-types from Corollary
B and Remark 311 -
Then we find the set {09, 01,...,0,} C W, such that each o in this set satisfies
the following conditions:
(3.2.3)
(i) Homyy (ap[o, V] = Homy (ap)[o, oar0] # 0;
(ii) if wo(M")M # M, HomW(M/)[a p] =0, for all u # o o;
(iii) if wO(M’)M M, HomW(M/)[U p] =0, forall p ¢
{UM/’Q, UM’,O’ ceey O'M’,lvo'M/,p ce }

Conditions ([B2Z3]) are set so that in the decomposition of the operators
As(M,V,v,) into maximal parabolic factors, the non-Hermitian factors (as in (ii))
do not contribute for o. In addition, on the Hermitian factors (as in (iii)), we
want the normalized operators to look exactly like a simple reflection factor in the
decomposition of the spherical long intertwining operator of W (3(0)). This is the
content of the third condition, in conjunction with Remark [3.Il It follows that the
operators r4(M,V,v) and 7,()(v) are identical. O

For a nilpotent orbit O, let H(Z°(O)) be the graded Hecke algebra associated
to the identity component of the centralizer of ©. As in the introduction, we can
define the algebra

(3.2.4) H(O) = H(Z°(0)) x A(O).

The description of the unitary dual for H is summarized next. The explicit
description appears in section [3.4] and also for convenience, the unitary parameters
are listed again in the tables of section [l

Note that the following result is a tautology when O is the trivial nilpotent orbit,
that is for the spherical H-modules. SU(H) is formed of the complementary series
attached to each nontrivial nilpotent orbit O (see section 2.8) and the spherical
complementary series for type Eg, which is determined in section The labeling
of nilpotent orbits is as in [Car].

Theorem. Let O be a nilpotent orbit in the Lie algebra g of type Eg, and (s, O,)
be a Kazhdan-Lusztig parameter with s = }—ZL +v, v ej3(0).

(1) X(s,0,%) is Hermitian if and only if the parameter v is (spherical) Hermit-
ian for H(O). Moreover, if v is not Hermitian for H(3(O)), then X (s, 0, )
18 mot unitary.
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(2) For every ¢ € A(e),, SUH(3(0))) CU(O, ), i.e., X(s,0,) is unitary if
the corresponding v is a spherical unitary parameter for SU(H(3(0))). In
particular, the complementary series for O is identical with the spherical
complementary series for H(3(O)).
(3) Except in the case of the nilpotent orbit 3A;, X (s, 0,%) is unitary if and
only if v is a spherical unitary parameter for SU(H(3(0))).

Proof. The proof is given in the calculations of the next section. We make some
remarks about the methods employed.

(1) Tt is checked case by case. The component group A(Q) only makes a difference
for two nilpotent orbits, D4(a1) and As. If v is not Hermitian for H(3), we show that
X (s,0,) always contains two lowest W-types with multiplicity one and opposite
signature at co.

(2) The set of representations from Lemma always contains the relevant
W (3(O))-types which are sufficient for the determination of the spherical comple-
mentary series of H(3). For each v in the spherical complementary series, we show
that the corresponding s can be deformed, so that X(s,O,) stays irreducible,
until we reach a point where X (s, O, ) is unitarily induced irreducible from a uni-
tary module on a smaller rank algebra. From this argument, it follows that the
complementary series attached to O is the same with the one for H(z).

When the set of representations from Lemma B2 gives all the relevant W (3(O))-
types (Definition 2.9), we obtain an inclusion U(O, ¢) C SU(H(3)). Then we want
to show “equality”. We organize the analysis by the nilpotent orbits in 3(QO), since
SU(H(3)) is partitioned by them. For v € SU(H(3)), we show that X (s, O,v) is
unitary by one of the following methods:

(1) deformation arguments as for the complementary series,
(2) IM-dual of a unitary module, or
(3) direct calculation of intertwining operators.

In order to use the Iwahori-Matsumoto involution effectively, we compute decom-
positions of standard modules, and the W-structure of the unitary irreducible quo-
tients (especially at endpoints of complementary series).

We only use an explicit computation with intertwining operators in the case
when a parameter is isolated for a nilpotent orbit and its I M-dual is also isolated.
We do not have a good (elegant) way to treat these cases, and therefore to complete
the classification, we find their W-structure, and compute the operators r, (M, V, v)
on all W-types which appear with nonzero multiplicity. We remark that usually
these isolated modules are small and that, in Fg, there are only two places where
such calculations are needed.

If the set of W-types from Lemma does not give all the relevant W (3(0))-
types, we need, in addition, to compute the operators on some o € /V[7, such that
p(0) contains the unmatched relevant W (3(O))-types, in order to rule out the re-
maining nonunitary modules.

The nilpotent orbit 3A4; is one of the cases where we cannot match all the relevant
W (3(O))-types (3 is of type Az + A; here), but it is the only case where we obtain
a larger set of unitary modules than the spherical unitary dual of the H(3) (see
Figure [T). O

3.3. Arthur parameters. We present an important consequence of Theorem
(and the calculations in the next section). Let s be a semisimple element (attached
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to the nilpotent O) of the form

h h,
(3.3.1) s= B + = 5 for h, the middle element of a nilpotent orbit O, C 3(O).

The question is to decide the unitarity of the associated modules X (s, O, ). These
are instances of Arthur parameters, they correspond to maps

(3.3.2) ®:SL(2,C)x SL(2,C) —

When O, is the trivial nilpotent orbit of 3 (s = %), the corresponding modules
X (s,0,%) are all irreducible tempered, therefore unitary.

When O is the trivial nilpotent orbit of g, the centralizer 3 equals all of g, and the
associated modules are the spherical unipotent Y(%’) (ho varies over the middle
elements of all nilpotent orbits ©). Since Y(hTO) = IM(X(hTO,(’ltrivial)) (and
IM preserves unitarity), it follows that X (%) are also unitary.

From Theorem it follows that:

Corollary. For the Hecke algebra of type Eg, if s is a parameter of the form (3.3.1]),
then the associated modules X (s, O, ) are unitary.

3.4. Calculations for Eg. Throughout this section, we will use the Bourbaki re-
alization of the root system of type Fg («; are the simple roots and @; the corre-
sponding simple coweights):

ar=3(1,-1,-1,-1,-1,-1,-1,1) | & =
02:(1,1000000) we =

|~
)
)
N
N
)
)
)

(
(
=(~1,1,0,0,0,0,0,0) 03= (335338 a8
a4—( 1100000) @y =(0,0,1,1,1,—1,-1,1)
=(0,0,-1,1,0,0,0,0) a;5_(0,0,0,1,1, g,—g,g)
(000 —-1,1,0,0,0) =(0,0,0,0,1,—%,—%, %)

The Weyl group representations ( W-types) for type Eg were classified by Frame
(see [Fr]) and we will use his labeling of the irreducible characters. The W-structure
of standard modules is given by the Green polynomials calculated in [BS]; we also
used the (unpublished) tables in [Al]. For restrictions of W-types, and for the
computation of the associated W (3(O))-type p(o) to a given W-type o, we used the
software “GAP”. For some of the explicit computations with intertwining operators,
we used J. Adams’ integer matrix models for W (Ejg) (atlas.math.und.edu/weyl/)
and the software “Mathematica”.

1. Eg: distinguished orbit. X (Fj) is St, the Steinberg representation, with
lowest W-type 1), (even degree). The infinitesimal character is

p(Ee) = (0,1,2,3,4,—4,—4,4).
2. Eg(ay): distinguished orbit. X (FEg(a1)) is a discrete series,
X(Es(a1) lw= 6, + 1,
with lowest W-type 6;, (odd degree). The infinitesimal character is
(0,1,1,2,3,-3,-3,3).
3. Ds5: centralizer 77 (connected).
X(Ds)|lw = 20, + 6, + 1,
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with lowest W-type 20;, (even degree). The infinitesimal character is
s=1(0,1,2,3,4,0,0,0) + vwy, v >0.

For v = 0, the module is tempered irreducible and the infinitesimal character is
W'Conjugate tO_(%, %7 %7 %7 37 _ga _ga g)

For v > 0, X(Ds,v) = L(Ds, St,v), which is never Hermitian. The points of
reducibility are v = 3, 6, with generic factors X (Fs(a1)), and X (Fg). At the first

point of reducibility
X(Ds5,3) = X(Es(a1)) + X(Ds,3), X(Ds,3)lw = 20,

There is no complementary series.
4. Eg(ag): distinguished orbit, component group Z,

X(Eg(as) = X(Es(as), (2)) + X (Eg(as), (11))
are discrete series.

X(Eg(as), (2))|w = 307, + 20, + 6, + 1, X(Eg(as), (11))|w = 15, + 6},
with lowest W-types 30, (odd degree), respectively 15/, (odd degree). The infini-
tesimal character is

(0,0,1,1,2,—2,—-2,2).
5. Ds(a1): centralizer T (connected).
X (Ds(a1))lw = 64, + 30, + 15, +2- 20, +2- 6, + 1,
with lowest W-type 64; (even degree). The infinitesimal character is
s=1(0,1,1,2,3,0,0,0) + vy, v >0.

For v = 0, the module is tempered irreducible and the infinitesimal character is
W-conjugate to (%, %, %, g, fg, 75, %)

For v > 0, X(Ds(a1),v) = L(Ds,(73),v), where o = (73) denotes the discrete
series parameterized by the nilpotent orbit (73) in Ds. Therefore X (D5(aq),v) is
never Hermitian for v > 0. The points of reducibility are v = %, 5 %, with generic
factors X (Eg(as), (2)), X (Ds, 1), and Eg(a1). At the first reducibility point, v = 3,
3 — 3 - 3
X(Ds(ay), 5) = X(FEg(az)) + X(Ds(ay), 5)7 X(Ds(ay), §)|W = 64, + 20,,.
There is no complementary series.

6. As: centralizer A; (connected).
X (As)lw = 15, 4 30, 4 20, 4 6, + 1,,,
with lowest W-type 15, (even degree). The infinitesimal character is

1 7 315 5 55
( 47 47 444 4 4’4

For v = 0, the module is tempered irreducible and the infinitesimal character is
W-conjugate to (0, %, %, 1,2,-2,-2,2).

For v > 0, X(A5,v) = L(As, St,v) is always Hermitian and it has to remain
unitary until the first point of reducibility. The points of reducibility are v =
1.2, 7 L with generic factors X (Eg(as), (2)), X(Ds), X(Es(a1)) and X (Eg).
At the first point of reducibility v = %,

)+ vy, v>0.

X (A5, 3) = X(Fo(a),(2)) + K (ds, ), X(As, 3)lw = 15,
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For v > %, since Eg(a3) is a distinguished orbit, there cannot be any factors
parameterized by Eg(a3) and therefore 30;, the lowest W-type of Eg(as) has to
stay in the same factor as 15], that is, in X (As,v). Since 15, and 30), have opposite
signature at oo, it follows that X (As,v) is not unitary for v > %

Complementary series: 0 < v < %

7. Ay + Aq: centralizer T} (connected).

X(Ag+ AW = 60, + 64, + 15, + 30;, + 2 - 20, + 6, + 1,
with lowest W-type 60),. The infinitesimal character is

9 5 137 1 11
(4’ 4’ 444 4 & 4)

For v = 0, the module is tempered and irreducible and the infinitesimal character
is W-conjugate to (0, %, %, 1, %, f%, f%, %)

For v > 0, X(A4 + Ay, v)
of reducibility are v = %, %,
X(Ds,4) and X (Fs).

There is no complementary series.

8. Dy: centralizer Ay (connected).

X(Dy)|w =24, +2- 64, + 30, + 15, +3- 20, +2- 6], + 17,

+vws, v>0.

L(A4 + Ay, St,v) is never Hermitian. The points
. 2, with generic factors X (Es(as), (2)), X(Ds, 1),

i~ |

with lowest W-type 24; (even degree). The Hermitian parameter is (M,o) =
(Dy, St) with (Hermitian) infinitesimal character

s=1(0,1,2,3,0,0,0,0) + v(&n +we) = (0,1,2,3,v, —v, —v,v), v >0.

For v = 0, the module is tempered irreducible and the infinitesimal character is
. 11333 _3_33
W—Conjugate to (57 279299299297 957 9 5)
For v > 0, the Hermitian intertwining operator is given by the element r,, ,
where w,, = wq - wo(M). Note that w,,(Dy, St,v) = (D4, St,—v). The subgroup

W(3) =2 W(Ay) is generated by
§1 = wm(Dg, M),
So = wm(Dg’, M)

Here D{ denotes the Levi subgroup generated by {aq, as, as, ay, as}, while DY
is generated by {2, a3, a4, as, ag}.
Note that w,, = 51-52-5; and the intertwining operator decomposes accordingly:

AEG (D4, St, I/) = ADg (D4, St) o ADQ(D4, St) o ADé (D4, St)

The restrictions of W-types are:

Nilpotent Dy D5(a1) Eﬁ(ag) E6(a3)
W-type 24;, 64;, 30, 15],
Multiplicity 1 2 1 1

Dy C Ds 213 x0 213x0,1*x1 1*x1 1*x1
Z = Ay (3) (21) ) 19

In the Hecke algebra of type Ds, the nilpotent orbit is Dy = (91), with lowest
W-type 213 x 0. The corresponding (restriction of the) infinitesimal character is
(0,1,2,3,7), where 7 takes the values v, 2v and v. The reducibility points are
v =1, 4. The intertwining operators in Dj are:
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213 x0 1
4 1—v
1*x1 iTo

It follows that the points of reducibility for X (Dy4,v) are v = %, 1, 2, 4.

For the centralizer A, the spherical Hermitian infinitesimal character in stan-
dard coordinates is (v,0, —v). Therefore, the matching of intertwining operators
is:

W-type W (3)-type

24, (3)

64, (21)
30, (13)
15 (1)

All W-types of Ay are matched in this way, which implies that U(FEg, Dy) C
SU(H(As)). SU(H(A,)) is formed of 0 < v < 1, attached to the nilpotent orbit
(1%), v = 1, attached to (21) and v = 1, attached to (3).

Clearly, X (D4, v) has to be unitary for 0 < v < . The complementary series is
0<v<s.

At the endpoint of the complementary series v = %,

1 — 1 — 1
X(Ds, 5) = X(Ds(@1)) + X(Da, 5), - X(Da, 5)lw = 60}, + 64} + 20},

At the isolated point v = 1, the decomposition is

_ 3

X(D4, ].) = X(Ee(a;;), (2)) + X(EG(ag), (11)) +2- X(D5(CL1), 5) + X(D4, 1),
X (Dy,1)|lw =24,
Since X (D4, 1) is Hermitian and its restriction to W is a single W-type, it must
be unitary.
In conclusion, U (Fgs, Dy) = SU(H(Az2)).
9. Ay: centralizer Ay + T (connected).
X(Ag)|lw :81;,+60;+2-64;+15;+2-30;+15;+3-20;,+2-6;+1;,

with lowest W-type 81;, (even degree). The Hermitian parameter is (M,o) =
(As, (51)), where (51) denotes the tempered representation parameterized by the
orbit (51) in Ay, and (Hermitian) infinitesimal character

(=2,-1,0,1,2,0,0,0) + vy, v > 0.

For v = 0, the module is tempered irreducible and the infinitesimal character is

. 11113 3 33
W-conjugate to (5,5, 555> 5> 5 — 55 5)

For v > 0, note that wy,(4s,0,v) = (As,0,—v), 0 = (51). The subgroup W(3)
of the Weyl group corresponding to the (semisimple part of) the centralizer Z = A,
is generated by w,,. w,;, decomposes as follows:

Wiy, = Wi (DY, Ag) - 81w (DY, Ag).
The intertwining operator decomposes:
Ags(As, (51),v) = Apy (A4, St) 0 A, (0,5t) o Apy(Ag, St).
Restrictions of W-types are:
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Nilpotent Ay Ay + Aq
W-type 815, 605,
Multiplicity 1 1

Ay C Dy 18 x 12 1% x 12
0C Ay (2) (11)
Z=4 (2 (1)

In the Hecke algebra of type Ds, the nilpotent orbit is A5 = (55), with lowest
W-types 12 x 12. The corresponding (restriction of the) infinitesimal character are
(-2,-1,0,1,2) + v(3, 5,2, 1, 1) with reducibility at v = 2, 4.

It follows that the points of reducibility for X (Ay,v) are v = %, 2

The matching of intertwining operators is:

W-type W (3)-type

4.

)

81 (2) +1
/. 3~V
60.: (11) 1

Therefore, U(Eg, Ag) C SU(H(A1)) = {0 < v < 3}. Clearly, X (A4, v) is unitary
for 0 < v < %, being unitary at ¥ = 0 and irreducible for 0 < v < % The
complementary series is 0 < v < 1.

At the endpoint of the complementary series v = %,

1 — 1, — 1
X(Ay, 5) = X(A4+ A1)+ X (Ay, 5), X (Ay, §)|W = 81, +64,,+ 30, +15),+20,+6,.
In conclusion, U(Eg, A4) = SU(H(A4)).
10. Dy(ay): centralizer To with component group Ss.

X(Ds(a1)) = X (Da(ar), (3)) + 2 X (Da(ar), (21)) + X (Da(ar), (1%)),

X(Da(ar), (3))|w : 805 + 81, + 24, + 2 - 60}, + 2 - 64}, + 15, + 2 - 30, + 6}, + 1},,
X (Dy(ar), (21))lw : 90, + 817, + 2 - 64;, 4 30, + 157, + 20;, + 6,
X(D4(ar), (1%)|w : 20, + 15,
with lowest W-types 805 (odd degree), 905 (even degree) and 205 (even degree).
The Hermitian parameter is (M,c) = (Dy, (53)), where (53) denotes the discrete

series parameterized by the nilpotent orbit (53) in Dy, and Hermitian infinitesimal
character

s=1(0,1,1,2,0,0,0,0) + v(w; + wg) = (0,1,1,2, v, —v, —v,v), v >0.

For v = 0, the module decomposes into four irreducible tempered modules and
the infinitesimal character is W-conjugate to (0,0,1,1,1,—1,—1,1).

For v > 0, the three lowest W-types always stay in the same factor (the com-
ponent group A(s,e) doesn’t change). wy,(Dy, (53),v) = (D4, (53),—v). W(3) =1
and W(Z) = W(A(O)) £ S; is generated by

§1 = wm(Dg, M),
So = wm(Dg’, M),
Wy, = 81 - S9 - 51 and the intertwining operator decomposes:

AEG (l)47 (53), l/) = ADg (l)47 (53)) o -ADé’ (1)47 (53)) o ADg (D4, (53))
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The restrictions of W-types are:

Nilpotent D4(a1) D4(a1) D4(a1)
W-type 80, 90, 20,
Multiplicity 1 2 1
Dy(ar) C D5 211x1 211x,13x2 13 x2
Wz =5 () (@ (19)

In the Hecke algebra of type Ds, the nilpotent orbit is Dy(aq) = (53) with lowest
W-types 211 x 1 and 12 x 2. The corresponding (restriction of the) infinitesimal
character is (0,1, 1,2, 7), where v takes the values v, 2v and v. The two lowest W-
types are always in the same factor for 7 > 0. The reducibility points are 7 = 2, 3.
The intertwining operators in Dy are:

211 x1: 41
Px2: -1
It follows that the points of reducibility for X (Dy4(a;),v) are v =1, 3, 2, 3.

We match the intertwining operators for the nilpotent Dy (a;) with operators for
the Hecke algebra of type Ay with zero parameter:

W-type W(Z)-type

80,:  (3) +1
900, (21) <(1) _01>
204: (13) -1

There is no complementary series.

11. Az + A;: centralizer A; + 17 (connected). X (As + A1) has lowest W-type
605 (even degree). The Hermitian parameter is (M, o) = (4s, (42)), where (42) is a
tempered module of Ay (realize (42) = A3+ A; C Aj by the roots {a1, a3, aq, ag}),
and (Hermitian) infinitesimal character

(313 5 1.3 33
4 4’4 4 4 4 474

For v = 0, the module is tempered irreducible and the infinitesimal character is
W-conjugate to (0,3, 3,1,1,-1,—1,1).

For v > 0, wy(4s,(42),v) = (4s,(42),—v). W(3) = W(A;) is generated by
Wy, Wy, decomposes as follows:

Wy = wm(A4; Aé) : wm(D5a D3 + Al) 'wm(A4; A3)7

+ vy, v 2>0.

where Ay is realized by the roots {1, a3, a4, a0}, As by {a1,as,a4} and A% by
{063, Qy, 0(2}.
The intertwining operator decomposes:

Agy (A5, (42),v) = Aa, (A3, St) o Ap, (D3 + A1, St) o Aa, (As, St).

The restrictions of W-types are:
Nilpotent Az + A1 Ds(ar) Da(ar)

W-type 60, 80, 90,
Multiplicity 1 1 1

As C Ay (21%) (21%) (21%)
Ds 221 x0 211x1 211x1
W= (2 (1 (11
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The reducibility point coming from the factor Aa, (A3, St,v) is v = 2.
In the Hecke algebra of type Ds, the nilpotent is (5221) with lowest W-type 221 x

0. The corresponding (restriction of the) infinitesimal character is (0, 1,2, f%, %) +

v(0,0,0,1,1), with reducibility at v = %, %, g, % The intertwinining operators
are:
221 x0 1
1w
211 x 1 %
It follows that the reducibility points for X (As + A1,v) are v = %, %, g, %

The matching of intertwining operators is:

W-type W (3)-type

60, (2) 1
1y

80, (11) o
1

90, (11) 3

-]

+
Therefore U(E(;,Ag + A]) C SU(H(Al)) = {0 <v < %} X(Ag + Al,l/) is
unitary (actually tempered) at v = 0 and irreducible for 0 < v < 3, so it is unitary
in the entire interval. The complementary seriesis 0 < v < %
1

At the endpoint of the complementary series, v = 3,

X(As+ A1, ) = X(Dafar). (3)) + X (Daon), (21)) + X (s + A1, 5)

— 1
X(As + A, 5)lw = 605 + 60, + 15,

In conclusion, U(Eg, As + A1) = SU(H(A1)).

12. 2A5 + Aj: centralizer A; (connected). X (245 + A;) has lowest W-type 105
(odd degree). The infinitesimal character is

3 11 1 11
0,1, 27 2727 27 272

For v = 0, the module is tempered irreducible and the infinitesimal character is
W-conjugate to (0,0, %, %, 1,-1,-1,1).

For v > 0, X (2A3+A;,v) = L(2A3+ Ay, St,v) and it is always Hermitian. It has
to remain unitary until the first reducibility point. The points of reducibility are
V= %, 1, %, g, %, with generic factors X (Dy(a1), (2)), X(A4+ A1), X(Egs(as), (2)),
X(Eﬁ(al)) and X(Eﬁ)

At the first reducibility point, v =

)+ vy, v>0.

1
27

1 — 1 — 1
X(2A2 —|— 1417 5) = X(D4(a1), (3)) + X(A3 —|— Al, 5) + X(2A2 —|— A]_, 5)7

X (245 + Ay, %)|W — 10,.

For v > %, any factor parameterized by the orbit Az + A; would also have to
contain the W-type 90;. Since 905 does not appear in X (245 + A;), it follows that
60, the lowest W-type of A3 + A; has to stay in the same factor with 10, that is,
in X (245 + Ay, v). Since 10, and 60, have opposite signature at oo, X (245 + A1, v)
is not unitary for v > %

The complementary seriesis 0 < v < 1 and U(Eg, 2A5 + A1) = SU(H(A,)).
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13. Aj: centralizer Bo+T) (connected). X (A3z) has lowest W-type 81, (even de-
gree). The Hermitian parameter is (M, o) =(As, St), (As is realized by {as, a4, as})
with Hermitian infinitesimal character

3 113 1 11
s—(2, 2220000)+1/1(0000 ~3 733
vy > vy > 0.

For (v1,12) = (0,0), the module is tempered irreducible and the infinitesimal
character is conjugate to (%, %, %, %, 1,1,1,1).

For vy > ve > 0, wy,(As, St,v) = (As, St,—v). The subgroup W(3) = W(Bs) is
generated by:

0) 07 07 0))

Ly (1 111
V2 2727272a

51: v — e Wy (Dy, M)
52 . vy — —U1 (wm(A4,A3)) + S (wm(A4,A§)),
where Ay is realized by the roots {a1, a3, ag, a5} and Af by {a1, a3, aq}.
The intertwining operator decomposes accordingly:

Ag,(As, St, (v1,12)) = Ai1(—va, —1v1) 0 Ag(—va,v1) 0 Ay (v1, —12) 0 Aa(v1, 12),

where A; = Ap,(As, St) and Ay = A4, (A5, St) o A4, (0,S5t) 0 Aa,(As, St).
The restrictions of W-types are:

Nilpotent As As+ A1 Dy(ar) Dy(aq)
W-type 81, 60, 80, 20,
Multiplicity 1 1 2 1

Ay (21%) (21%) 2-(213) (21%)
Dy 11x11, 11x11, 11x11,,13x1 13x1
4, (2) any (2,01 (2)
W) =W(B2) 2x0 11x0 1x1 0x2

The reducibility lines coming from the factor A4, (0, St) are v; £ 5 = 1, while
the factors A4, (As, St) give reducibility at 14 £ vy = 5.

In the Hecke algebra of type Dy, the nilpotent orbit is (44), with lowest W-type
11x11,. The corresponding infinitesimal character is (—% -3 3, %)—l—f/(%, 2.5, 3),
where 7 can be vy and v5. The reducibility points are v , 3. The intertwining
operators in Dy are:

II“
-

11x114 1
1—»
13 x1 15
It follows that the lines of reducibility for X (As, (v1,10)) are vy = 1, 15 = 1,
vy £y =1 (as for By) and v1 =3, v =3 and vy 15 = 5.
The matching of intertwining operators with operators in the Hecke algebra of

type Bs is:
W-type W (3)-type
81 2x0
60,: 11x0
80,: 1x1
20,: 0x2

All the relevant W-types for By are matched, which implies that U(FEg, A3) C
SU(H(By)). SU(H(By)) is partitioned by the By-nilpotent orbits: (1°), (221), (311)
and (5). We analyze the unitarity of the corresponding parameters in As C Eg.

(1°): in SU(H(Bz)), this is the spherical complementary series 0 < vp < 17 <
1—wvy. For A3 C Eg, X(As, (11,12)) is tempered irreducible at (0,0), so it remains
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unitary until the first reducibility line 11 +1v5 = 1. It follows that the complementary
series is the same, 0 < vy <11 <1 — s,

(221): these are endpoints of the complementary series, (v1,v2) = (3 +v, —5+v)
with 0 <v < %, so that they are automatically unitary.

1 1 — 1 1 1
X(Ag,(§+y,—§+1/)):X(A3+A1)+X(A3,(§+y,—§+y)), 0<v< 5

- 1 1
X(Ag,(§+u,—§+u))|w=81p+805+~-~+2-20;+6;,.

(311): (v1,v2) = (1,0) is an endpoint of the complementary series, so it is unitary.
X(A3,(1,0)) = X (Da(a1)) + X (43, (1,0)),
X(As, (1,0)) = 81, + 80, 4 - - - + 207,
(5): (v1,v2) = (2,1) is isolated.

X(A3,(2,1)) = X(A4) + X(D4(a1),1) + X (A3 + Ay, g) + X (A43,(2,1)),
X(As,(2,1)) = 81, + 81/,

Note that X (A3, (2,1)) is self IM-dual. We calculate explicitly the intertwining
operator Ag, (A3, St,(2,1)) and find that it is positive on 81). It follows that
X (A3, (2,1)) is unitary.

In conclusion, U (Fg, As) = SU(H(Bz2)).

14. Ao + 2A;: the centralizer is A; + T} (connected). X (As 4+ 2A;) has lowest
W-type 60, (odd degree). The Hermitian parameter is (M,o) = (As + 244, St)
(Ag + 24, is realized by {1, as, a4, ag}) and Hermitian infinitesimal character

5 13 31 1 11 11133 3 33
s=@rrrr e e reey Ty Y

For v = 0, the module is tempered irreducible and the infinitesimal character is
W-conjugate to (—5,%,1,2, 3 3 _3°3)

For v > 0, wy,(As + 2441, St,v) = (As + 244, St, —v). The subgroup W (3) = S,
of the Weyl group is generated by w,,. w,, decomposes as follows:

Wiy, = Wiy (Ag, Ao A1) - win (A2, A1) - Wi (D5, Do Ag) - wp, (Ag, AY) - wp, (As, (A2 A7)),

where in A4 = {011,0@,0447012}, As+ A = {0&1,0&4,0[2}, (A2 —|—A1)/ = {0&1,0&3,0[2},
and in Ay = {a5, a6}, A1 = {ag} and A} = {as}.
The intertwining operator decomposes:
Ag,(As +2A1,St,v) = Aa,((As + A1), St) o Aa, (A}, St) o Ap, (Do + Az, St)
o0Aa,(A1,St) o Aa, (A2 + Ay), St).

The restrictions of W-types are:

, v>0.

Nilpotent Ay +2A; As
W-type 607, 81,
Multiplicity 1 1

Az C Ay (221) (221)
A C A (21) (21)
D2+A2CD5 22 x1 21 x 11
W =5 (@ (11)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



462 DAN CIUBOTARU

There are reducibility points v = %, % from the factors A4, (A2 + A1, St), and
v = 1 from the factors A, (A1, St).

In the Hecke algebra of type Ds, the nilpotent orbit is (3%1) with lowest W-type
22 x 1. The corresponding infinitesimal character is (0,1, —1,0,1) 4 ()(0,0,1,1,1),
with ¥ = 2v. The reducibility points are ¥ = 1, 2, 3. The intertwining operators

in Dy are:
22 x 1: 1
21 x 11: {72
It follows that the reducibility points for X (As +2A4;,v) arev = 5, 1, 3, 5.

The intertwining operators are:

W-type W (3)-type

60,: (2) 1
v
8L, (11) £

Therefore, U(Es, Aa + 2A;1) C SUMH(A;)) = {0 < v < %} X(Az +2A1,v) is
unitary at ¥ = 0 and irreducible for 0 < v < % Then the complementary series is
0<rv< %

At the endpoint of the complementary series:

1 -
X(Ax+ 24, 5) = X (D4(a1),(3)) + X(D4(ar), (21)) + X (A3,(1,0))
_ 1 — 1 — 1
+X(2A2+A1,§)+2-X(A3+A1,§)+X(A2+2A1,§)>
— 1
X(Az +241, 5) = 60, + 60, + 80, + 60,

U(E(;,AQ + 2A1) = SU(H(Al))

15. 2A,: the centralizer is Gy (connected). X(2A3) has lowest W-type 24,
(even degree). The Hermitian parameter is (M, o) = (2Az, St), (245 realized by
{a1, a3, a5, ag}) and infinitesimal character

11 3 11 1 11
S g = 1,1,1,-1,-1,1
S ( 2727 27 2727 27 272)+V1(0707 y 4y 4y ’ ) )
11111 1 11
__________ > > 0.
+V2(2727272727 27 272)7 V1707 1/270

For (v1,12) = (0,0), the module is tempered irreducible and the infinitesimal
character is W-conjugate to (0,0,0,0,1,—1,—1,1).

For (v1,12) # (0,0), wn(242, St, (v1,v2)) = (242, St,(—v1, —12)). The sub-
group W(3) = W(Gs) of the Weyl group is generated by:

S1 = U)m(A5, 2142),

S92 = So.
Note that w,, = (s1 - s2)* and the intertwining operator decomposes as

.AEG (2142, St, (1/1, 1/2)) = (.AA5 (2A2, St) o -AA1 (0, St))B.
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The restriction of W-types are:

Nilpotent 2A2 2A2A1 A3A1 D4(a1) D4(CL1) D4
W-type 24, 10, 60, 80, 90, 24!
Multiplicity 1 2 2 1 1

245 C As (2°) (2°) (29),(21%) (29),(2°1%) (2°1%) (2°1%)
A (2 (11 (2),(11) (2),(11) (2) (11)
W(ﬁ) - W(GZ) (130) (173)H (2’2) (2a1) (133)/ (1a6)

In the factor A4, (0, St), the root as takes values va, 311 + o and 3vq + 2vs.
In the Hecke algebra of type As, the nilpotent orbit is (33) with lowest W-type
(23). The corresponding infinitesimal character is

(-1,0,1 101)+*(1 L 111
bt B | M v 27 27 2722

);

l\D|’—‘

where ¥ can be vy, 11 + 15 and 24 + v5. The reducibility points are v = 1, 2, 3.
The intertwining operators in As are:

(222): 1
(2211): 1

|
NI

1

+
NI

It follows that the lines of reducibility for X (2As, St, (v1,v2)) are vy, v1+va, 201+
vy =1, 19,311 +v9,3v1 + 215 = 1 (as for Ga) and vq, 11 + 19,217 + 19 = 2,3.

The matching of intertwining operators with operators from the Hecke algebra
of type Gs is:

—~

W-type W (3)-type

24, (1,0) (trivial representation)

10, (1,3)" (=1 on the long roots)

60, (2,2)

80, (2,1) (the reflection representation)
905 (1,3) (—1 on the short roots)

24, (1,6) (sign representation)

Note that all the W-types for Go are matched, which implies U(Eg,245) C
SU(H(G3)). SU(H(G>)) is partitioned by the Ga-nilpotent orbits: 1, Ay, Ay,
Ga(a1) and Go. We analyze the unitarity of the corresponding parameters in 245 C
Eg.

1: in SU(H(G2)) this is the spherical complementary series {3v; + 21 < 1} U
{2v1 + 12 < 1 < 31 + va}. For 245 C Eg, X(2As, (11,0)) is irreducible for 0 <
v1 < &, 11 # % and unitarily induced from a unitary module, and therefore, it is
unitary. This implies that the complementary series is the same as the one for G.

Az: these are endpoints of the complementary series (v1,12) = (—% +1v,1),
0<rv< %, so they are unitary. The decomposition of the standard module is:

1 — 1
X(2A2, (—— + v, 1)) = X(2A2 + Al, V) + X(2A2, (—E + v, 1)),

2
- 1
X (245, (—5 +v,1))|w = 24 + 60, 4 --- 420, + 6.
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Ay: they are endpoints of the complementary series, (v1,12) = (1, -3 +v),
0<r< %, so they are unitary. The decomposition of the standard module is:

3 N 3
X (244, (1, —5 +v))=X(As+ A1,v) + X (245, (1, —5 +v)),

- 3
X (245, (1, 5+ v))lw = 24, + 10, + 60, + - - - + 30}, + 15[

Gao(a1): (v1,v3) = (0,1) is an endpoint of the complementary series, so it is
unitary.

X(24,(0,1)) = X(Da(a), (3)) + X (Da(ar), (21)) + 2 X (Ag + A1, 1)
+X (242 + Ay, 3) + X (24, (0,1)).

X (242, (0,1))|w = 24, + 80, + 81/, + 30,

Go: (v1,19) = (1,1) is isolated. X (2As,(1,1)) is the IM-dual of X (D4, 1),
X (24, (1,1))|w = 24,, and therefore it is unitary.

In conclusion, U(Fs,2As) = SU(H(G2)).

16. As + Aq: the centralizer is Ay + T (connected). X (As + A;) has low-
est W-type 64, (odd degree). The Hermitian parameter is (M, o) = (4s, (3211))
(As + A1 = (3211) C Aj is realized as {a1,as,as5}), with Hermitian infinitesimal

character L1 L1 11
S:(—§,§,—1,0,—§,—§, 2 2)
For v = 0, the module is tempered irreducible and the infinitesimal character is
W—Conjugate to (%a %7 %7 %7 %7 7%3 7%) %)
For v > 0, wy, (45, (3211),v) = (A4s, (3211), —v). The subgroup W (3) = W(Asz)

of the Weyl group is generated by:

+vwe, v >0.

S1 = 8o
5y = Wy (Ag, Ap + A1) - wi(Asz, A) - 52 - Wi (As, AY) - wi (Ag, (A2 + Ar)'),
wherein Ay = {1, a3, a4, a5}, Ao+ A1 ={a1, a3, a5} and (As+A41) = {1, a4, a5},
and in Az = {ay, a5, a6}, Aa = {aly, a5} and A = {as, ag}-
Note that wy, = §1-32-51. The intertwining operator Ag,(As, (3211), ) decom-
poses accordingly into a product of operators

Aa, (A2 + A1, St), Aa,(A2,5t) and Ay, (0,St).

The restrictions of W-types are:
Nilpotent A2 + A]_ 2A2 A2 + 2A1 2A2 + Al

W-type 64, 24, 60, 10,
Multiplicity 1 1 2 1

Ay (2) (2) (2,011 (11
Ay C As (211) (211) 2-(211) (211)
As + Ay (221) (221) 2-(221) (221)
W) =255 (3) 3) (1) (1%)

There are reducibility points v = %, 5 from the factors Aa, (A2 + Ay, St), v =2

from A4, (Ag, St) and v = %, 1 from A4, (0, St).

ot

Therefore, the points of reducibility for X (As + A;,v) are v = %, 1, ;’, 2, %
The intertwining operators match operators from the Hecke algebra of type Ao,

as follows:
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W-type W (3)-type

64,: (3)
24, (3)
60p: (21)
10, (19)

All W-types of Az are matches, which implies that U (Fs, As+ A1) C SU(H(A2)).
SU(H(A,)) is formed of 0 < v < 1 attached to the Ap-nilpotent orbit (13), v = 3
attached to (21) and v = 1 attached to (3).

X (Ag,v) is irreducible for 0 < v < % and unitary at ¥ = 0. The complementary
sertesis 0 < v < %

At the endpoint of the complementary series, v = %,

1 — 1
X(A2 + Ay, 5) = X(AQ + 2A1) + X(AQ + Ay, 5),

7(A2+A1,%)\W = 64, 4+ 24;, + 60, +--- + 215, +2- 20, + 6.
The point v =1 is isolated. The decomposition of the standard module is
X(As+ A1, 1)=X (245 + A1) + 2+ X (Ao + 241, vpp) + X (A2 + A, 1),
X(As+A1,1)|w =64, + 24, + 81, + 805 + 2 - 90, + 205 + 2 - 81; + 64;7 + 30’p + 15;.

We calculate explicitly the intertwining operator Ag, (As, (3211), 1) on the W-types
of X(Ag+ Ay, 1) and find that it is positive. It follows that X (As+ Ay, 1) is unitary.
In conclusion, U (Es, Ay + A1) = SU(H(A2)).
17. Ao: the centralizer is Ay + Ag, with component group Zs. X(A43) =
X (A2,(2)) + X (A2, (11)), with lowest W-types 30, respectively 15, (both having
odd degrees). There are two non-conjugate choices for the Hermitian parameter:
a) (M,o0) = (As, (31)), (where Aj is realized by {as, a4, a5} and A; = (31) by
{ay4, @5}) with Hermitian infinitesimal character

1 1 1 11 1 11
—(0,-1,0,1,0,0,0,0 B P N
S (7 s Uy L, U, U U, )+V1( 9’ 9 97 99 T 9 T gy
4 (11111111) . >0
V2 272727272a2a2727 vy =z, 2 2 U.

b) (M,0) = (A, St), (As is realized by {als, as}) with Hermitian infinitesimal
character

)

s =(1,0,1,0,0,0,0,0) + +4(0,0,0,0,1,—1,—1,1)
L1113
gy
We analyze these two cases next.
a) The two lowest W-types are separate if v1 = vo = v > 0. w,, = wo(As) -
wo(Es), wm(As, 0, (v1,12)) = (As, 0, (=11, —1n)), where o = (31). The subgroup
W(3) 2 W(Az2) x W(As3) of the Weyl group is generated by 31, 82, 33, 34, where:
S1 = 81,
§2 = (535485) +S6 (555453),
§3 = (525485) . (838452) . (815384) + Sy - (545351)(828483)(555452),
54 = (525485) - (S35452) - (815384) - S6 - (545351)(525453)(S55452).
The factors in the parenthesis are all of the form w,,(As, As), for some Ay C
As C Eg.

0,0,0,0), v, >0, v, >0.
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The intertwining operator decomposes accordingly into a product of factors of
the form

AAs (AQ, St) and -AA1 (0, St).

The restrictions of W-types are:

Nilpotent A2 A2 AQ + A1 2A2
W-type 30, 15, 64, 24,,
Multiplicity 140 0+1 242 1+1
Ay C As (211) (211) 4-(211) 2 (211)
A (2) (2) 3-(2),(11) (2),(11)

W(A2) x W(42) (3)®(3) B)@(3) (21)x(3) (1) x (3)
B)ee) @)@

For vy # vo, X(Aa, (11,12) has the following reducibility lines: v = 2, vy = 2,
v1 £ o =2 and vp — vy = 2, from the factors Ax,(As, St) and vy = %, 1, s = %, 1,
from Ay, (0, St).

When vy # vy, the intertwining operators match operators from the Hecke alge-
bra of type As x As as follows:

W-type W(As) x W(Az)-type
30, (3)® (3)
15,: 3)®(3)
64,: (21) ® (3) + (3) ® (21)
24,,: (13) ® (3) + (3) @ (1)

If 1 = vo = v, then there are two standard modules X (As, (v,v),(2)) and
X (A, (v,v), (11), (the lowest W-types 30, and 15, are separate) and the oper-
ators on each factor match operators in the Hecke algebra of type As:

W-type W (A3)-type

X(Az, (v,v),(2)): 222 Eg)l)

24,: (1%

W-type W (Az)-type
X (A, (v,v), (11)) : éiz 8)1)

24, : (1)

Since all the relevant W-types of Ay x Ay are matched, it follows that U(Az) C
SU(H(A3)) x SU(H(As)). SU(H(Az)) x SU(H(A2)) is partitioned by nilpotent
orbits O® O', with O, 0" € {(3), (21), (13)}. We mention that for O # (', the case
O’ ® O is completely analogous to O ® O'.

(1) ® (1%): this is the complementary series 0 < 11 < 3, 0 < 1p < 1, with
the observation that along 0 < v1 = vy < % there are two standard modules. At
(v1,v2) = (0,0), the standard modules X (Asg, (2)) and X (As, (11)) are tempered,
thus unitary. For vy # 1s, close to (0,0), the standard module X (A, (v1,12)) is
irreducible. Then it is unitary if and only if the signatures of 30, and 15, are the
same. From the calculation above, the intertwining operators on both 30, and 15,
are equal to +1, so X (As, (v1,v2)) is unitary in the region (complementary series)
0 < v1 # 1, < 5 and on the line v, = v;, both standard modules X (A3, (v,v), (2))
and X (As, (v,v), (11)) are unitary for 0 < vy = vy =v < 1.
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(1%) ® (21) : the parameter is (v1,v2) = (v, 1), 0 < v < 1. This is unitary being
endpoints of the complementary series. The decomposition of the standard module
is:

1 — 1 1
X(Ag, (l/, 5)) = X(A2 + Al, V) —|—X(A2, (1/, 5)), 0<r< 5,
— 1
X(AQ,(V,E))|W =30, 4+ 15, +3- 64, +24, +--- +3-20, + 6.

(21) ®(21): the parameter is (v1,15) = (é, 3). This is unitary, being an endpoint
of the complementary series. The decompositions of the standard modules are:

11 — 1 11
X (A, (3, 5),(2)) = X (4s +240) + K(4s + A1, 3) + K (43, (5, 5), (2),
— 11
X (As, (5, 5), (2))|w = 30, + 64, + - + 3 - 64, + 30, + 20,
11 11
X(A27(§’§)7(11)) X(Az+ Ay, = )+X(A27(2’2) (11)),
11
A
X( (503
(1%)®(3): the parameter is (v1,12) = (v, 1), with 0 < v < 1. The decomposition
of the standard module is

=), (11)|w = 15, 4 64, + - -- + 157,.

_ — 1
X(Ag, (1,1)) = X(245, (1,0)) + 2 X (A2 + A1, vnp) + X (A2, (1, 1)), 0< v < 3

X(As, (v,1))|w = 30, + 15, + 2 - 64, + 24, + 3 - 81, + 2 - 205 + 4 - 90,
+2-805 +2- 817 + 247 + 264, + 15, + 30,,.

Note that X(As,(,1)), 0 < v < 3, is self IM-dual. We check by an explicit
computation that the intertwining operators on these W-types are positive forv =
0. Since the W-structure of X (As, (v, 1)) does not change for 0 < v < 1, it follows
that X (As, (v, 1)) is unitary for 0 < v < 3.

(21) ® (3): the parameter is (v1,15) = (3,1). The module X (A, (3,1)) is the
IM-dual of X (A2 + Ay, 1) which was proved to be unitary. Therefore X (As, (3,1))
is also unitary.

(3) ® (3): the parameter is (v1,15) = (1,1). The module X (As,(1,1),(2))
is IM-dual to X(2A4,,(0,1)) and the module X(As,(1,1),(11)) is IM-dual to
X (D4(ay), (13)), so they are both unitary.

b) (M,0) = (As, St), (A realized by {as,a4}) and infinitesimal character s =
(1,0,1,0,0,0,0,0)+4(0,0,0,0,1, -1, —1 1)+u2(—§, £,2,2,0,0,0,0),v] >0, v} >
0. The two lowest W-types are separate if v, = 0. We will show that for v} # 0,
the two lowest W-types have opposite signature always and therefore the factor
containing them, X (A, (v4,v4)) is not unitary.

Wy, = wo(As) - wo(Eg) and w,, (As, St, (v, v4)) = (As, St, (—vy, —4)). Wy, de-
composes as W, = §; - 55, where

5 1 — =11 wn(Es, Dy) = s1-(838452)(855453)(S65554) - S2 - 83 - 81
53 - (545556) - (535455) - (s28453) - 51,
5/2 Vg — —U»y ’UJm(D4,A2)

The intertwining operator decomposes accordingly into a product of operators

of the form

AAl (O,St), AA3(A2,St) and AD4(A2,St).
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The restrictions of W-types are:

Nilpotent Aq Aq

W-type 30, 15,

Multiplicity 140 0+1

Ay C As (31) (31

A, 2 (@

Ay C Dy 2l x1 2x11

In the Hecke algebra of type Dy, the nilpotent orbit is (3311) with lowest W-

types 21 x 1 and 2 x 11. The corresponding restriction of the infinitesimal character
is (1,0,1,0) +1/§(7%, %, %, %) For v} # 0, the lowest W-types 21 x 1 and 2 x 11 are
in the same factor and their intertwining operators in D, are:

21 x 1 41
2x11: -1
It follows that the operators in Ay C Eg, for v} # 0 are:
30,0 +1
15,: -1

For v} = 0, the module X (As, (v,0)) is isomorphic to the module X (A, (v,v))
from a), with v = v]. Therefore, the same discussion applies.

In conclusion, U(As) = SU(H(As x As) x Zs), the spherical unitary dual of the
Hecke algebra H(As x Ag) X Zs.

18. 3A;: the centralizer Ay + A; (connected). X (3A4;) has lowest W-type 15,
(even degree). The Hermitian parameter is (M, o) = (341, St) (34, is realized as
{ag, a3, as}), with Hermitian infinitesimal character

11
S = (0, 1, *5, 5,0,0,0,0) —+ (0,0,I/Q,VQ,I/l, —U, 71/1,1/1), %1 Z 0, 1%5) Z 0

For (v1,12) = (0,0), the module is tempered irreducible and the infinitesimal
character is W-conjugate to (0,0,3, 5,4, -4 -1 1),
For (v1,v2) # (0,0), wn (341, St, (v1,v2)) = (341, St, (—v1, —12)). The subgroup
W(3) = W(Az2) x W(A;) is generated by:
W(As) 51 = (s183) " (54528554) - (8351),
52 = (5655) - (54525354) - (5556),
W(Al) S3 = wm(D4, 3141),
where the factors in the parenthesis are of the form w,,(As, A1) or w,,(As,24;).
Note that w,, = (515251)-(53) and the intertwining operator Ag, (341, St, (v1,12))
decomposes similarly into a product of operators of the form

A, (241, St),  Au,(A1,St) and Ap, (34, St).

The restrictions of W-types are:

Nilpotent 3A, Ay As+ Ay 245
W-type 15,4 30, 64, 24,
Multiplicity 1 1 2 1

3A; C Dy 22 x 0 21 x 1 2-21x1 21 x 1
Ay C Ay (21) (21) 2-(21) (21)

24, C A3 (22) (22) (22),(211) (211)
W) Be@ Gea) @)el) (13)o(11)
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[\eI [N}

The reducibility lines coming from the factors A4,(A;, St) are vy £ vy =

Vg — V] = 2V1 Ty =2 and Vg — 211 = g

In the Hecke algebra of type As, the nilpotent orbit is (22), with lowest W-type
(22). The corresponding infinitesimal character is (—3, 3, —3, 3) + (3, %, -3,—3),
with © taking values v and 2v;. The reducibility points are # = 1, 2. The inter-

twining operators in Ag are:

(22): 1
(211): {7%

In the Hecke algebra of type Dy, the nilpotent orbit is (3221) with lowest W-
type 22 x 0. The corresponding infinitesimal character is (0,1, — 2, 2) +2(0,0,1,1),

where U = v5. The reducibility points are v = %, %, g The intertwining operators
in Dy are:
22x0: 1
1o
2l x1: 3= -
It follows that the lines of reducibility for the standard module X (341, (v1,12))
are:
1/2:%,%,% Vlil/gzg 2V1iV2=%,
1/12%,172 VQ—Z/lzg 1/2—2V1=%.

The matching of the intertwining operators with operators in the Hecke algebra
of type Ay x A; is:

W-type W(3)-type
154: (3)®(2)
30p: (3) ® (11)
64, (21) ® (11)
24,,: (13) ® (11)

Not all relevant W-types of Ay x A; are matched, so U(3A1) could be larger
than SU(H(Az x A1) ={0 <11 < 3,0< v, < 3} U{r =1,0 <y < 3} We
organize the analysis of the unitarity of X (341, (v1,v2)), as before, by the nilpotent
orbits in the centralizer As x A;. The matched W-types are sufficient for proving
nonunitarity for all (v1,12) with v # 3, but they do not give any information on
the line vy = 1.

(1%) ® (1%): this is the complementary series {0 < v; < 3,0 < vp < 1}. The
module X (341, (v1,12)) is unitary at (0,0) and irreducible in this region, therefore
X (3A1) has the same complementary series as As + Aj.

(21) ® (1%): the parameter is (v1,12) = (4,v), 0 < v < 3. This is unitary,
being an endpoint of the complementary series. The decomposition of the standard
module is:

1 — 1 1
X(3A1,(§,I/)) = X(AQ +A1,l/) +X(3A1,(§,I/)), 0 S v < 5,

— 1
X (341, (5 1))lw = 15,430, + 64, + -+ + 15/, + 30/, + 20,
(3) ® (1?): the parameter is (v1,12) = (1,v), 0 < v < 3. This is JM-dual to
X (245, (1, —% + 1)), which implies it is unitary.

(1) ® (2): the parameter is (v1,v2) = (v,1). In SU(H(A2 x A;)), the corre-
sponding unitary parameter is 0 < v < % For 0 <v < 1 X (344, (v, 2)) is also
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FIGURE 1. Unitary parameters for the nilpotent orbit 34,

unitary, being the endpoint of the complementary series. The decomposition of the
standard module is

X341, (v, ) = X(As, (v,1), (2)) + X (341, 0, %)), 0<v<i

2 2
- 1
X(3A1, (v 5))lw = 154+ 260, + 80, +3 - 60, + 10, +2 - 60, + 15,

Note that X (341, (v, 1)) is self IM-dual. We know it is unitary for 0 < v < 1. The
W-structure of X (3A1, (v, 3)) can only change at v = 1, 1 and 2. At v = 1, the
generic factor is parameterized by the nilpotent orbit A, + 247, which has lowest
W-type 60,. This implies that 60, (also any higher W-type) cannot come out of
X (344, (v, 2)) at v =3, and therefore X (3441, (v, 3)) is unitary for 0 < v < 1.

We confirm this by an explicit calculation of the intertwining operator on 60,
along the line vy = v, 1, = %:

2—v 0
60, (28” (2—u><1—u)> :
24v)(14v)

The operator on 60, also shows that X (344, (v, 2)) is non-unitary for v > 1,v # 2.

At (v1,1) = (2, 1), X(341,(2,1)) is the IM-dual of X(As,1), therefore,
X (3A1,(2,3))lw = 154 and it is unitary.

(21) ® (2): this is the point (v1,v2) = (3,%) and it is unitary by the previous
discussion.

(3) ® (2): (v1,v2) = (1,3). X(341,(1,3)) is the IM-dual of X (A3 + Ay, 3),
therefore it is unitary and X (341, (1, 3))|w = 15, + 60 —I— 605.

In conclusion, U(3A4;) = SU(H(A2 x A1) U {1/2 Li<y<1bu{2H}

19. 2A;: the centralizer is Bs+ T (connected). X (2A;) has lowest W- type 20,
(even degree). The Hermitian parameter is (M, o) = (245, St) (24; is realized as
{as,as5}), and Hermitian infinitesimal character

1 1 1 1 111
1111 1 111
[ —— — > > > 0.
+l/2(2 2,2,2,0,070,0)+V3( 2, 2 2 2 OOOO) vy > >3 >0
At (0,0,0), the module is tempered irreducible.

For 141 Z Vo Z Vs Z 0, ’LUm(ZAl,St7 (1/1,1/2,1/3)) = (2A1,St,—(l/1,V2,l/3)). The
subgroup W(3) = W(Bs) is generated by:
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S1: vy — (s153) - (s455) - 56 - (s554) - (s351),
So: Uy — Uz 52,
S3: V3 — —U3 (84835554),

where the factors in the parenthesis are of the form w,,(As, A1) or w,,(As,2A4;).
Note that

Wm = 515253525152535253,
and Ag, (241, St) decomposes accordingly into a product of operators
AAl (O,St), AAZ(Al,St) and AAS(QAl,St)

The restrictions of W-types are:

Nilpotent 2A, 34 As As
W-type 20, 154 30, 15,
Multiplicity 1 2 3 1
24; C A (22) 2-(22) 2-(22),(211) (211)
A C Ay (21) 2-(21) 3-(21) (21)
A, (2 (2.01) 2-(2.01) (2
WiG)=W(Bs) 3x0 21x0 2x1 0x3

The reducibility planes for X (241, (v1, v2,v3)) are £v; £y +v3 = 3, coming from
the factors A, (41,5t), v;£v; =1,1 < j < i < 3, from the factors Ay, (0, St) and
v; = 1,2, from the factors A4, (241, St). So, in addition to the reducibility planes
matching the centralizer Bs, the extra reducibility planes are v; = 2,1 <17 < 3 and
il/lil/gityg =3.

The matching of the intertwining operators with operators in Bj is as follows:

W-type W (3)-type

20p: 3x0
154: 12 x0
30,: 2x1
15,: 0x3

In addition to these, 1 x 2 is also a relevant W-type for Bs, but it doesn’t have
a correspondent among the W-types of X(2A4;). Therefore, we will need to use
a calculation with the W-type 64,, which appears with multiplicity 8 in X (24;)
and for which the restriction to W(3) = W(Bs) contains a copy of 1 x 2 (but the
corresponding intertwining operators do not match).

U(2A1) could be larger than SU(H(B3)) and we organize the analysis by the
nilpotent orbits of Bs.

(17): the complementary series for Bs is

{I/1+V2<1}U{V1<1,V2+V3<1,1/1+V3>1},

and for its determination 2 x 1 and 12 x 0 are sufficient. In the first region any
parameter can be deformed irreducibly to v3 = 0, while in the second region, any
parameter can be deformed irreducibly to v3 = vo. For the corresponding parame-
ters in Fg, X (2A1) is irreducible and unitarily induced from a unitary module, thus
unitary. Since, none of the extra hyperplanes of reducibility of X (2A4;) cut the two
regions, it follows that X (24;) has the same complementary series as Bs.

(221%): the parameter is (3 4+ v1,—3 4+ v1,v2). In B, 2 x 1 and 12 x 0 are
sufficient for the determination of the unitary region, {0 < v < %,0 <y < 1}
The corresponding parameters for X (2A;) are endpoints of the complementary
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series and therefore unitary. The decomposition of the standard module is

— 1 1
X(QAl,Z) = X(3A1) +X(2A132)7 v= (5 + V17*§ + V1,V2),

_ 1
X(2A1,Z)|W:20p+2'30p+"'+6;, 0§V1<§,0§1/2<1.

(31%): the parameter is (v1,v2,1). In B3, 2 x 1 and 12 x 0 are sufficient for the
determination of the unitary region, {0 < 5 < 14 < 1 —1v»}. The corresponding
parameters in X (2A;) are endpoints of the complementary series, thus unitary.
The standard module decomposes:

X(2A17Z):X(A2)+7(2A1;Z)a Z:(V17V271)a
X(241,0)|w =20, + 230, + - +2-30, +20,, 0<vy <17 <1—wp.

Note that X (24;,v) is self IM-dual.

(322): the parameter is (% + v, f% +v,1). In Bs, the W-types 2 x 1 and 12 x
0 are sufficient for the determination of the unitary region {0 < v < 3}. The
corresponding parameter for X(2A4;), is on the boundary of the complementary
series, therefore unitary. X (24, (% + v, —% +1,1),0<v< %, is also the I M-dual
of X (341, (%,v)), which confirms it.

(331): the parameter is (1+v,v,—1+v). In Bs, the only unitary point is v = 0.
The operator on 12x01is 0, and 2 x 1 and 0 x 3 rule out v > 0, except for 1 < v < 2.
For this, 1 x 2 is needed. By an explicit calculation, we find that, in Eg, the cor-
responding parameter of X (2A4;) on the W-type 64, is negative. At the remaining
point, X (24, (1,1,0)) is unitary, being on the boundary of the complementary
series. Note that X (241, (1,1,0)) is also the IM-dual of X (As, (3, 1), (2)).

(511): the parameter is (v,2,1). In Bs, the only unitary point is v = 0 and 2 x 1,
12 x 0 are sufficient to rule out v > 0. In Ep, for v = 0, X (244, (2,1,0)) is the
IM-dual of X (Ajz,(1,0)), therefore it is unitary.

(7): the parameter is (3,2,1). X(24,,(3,2,1)) is the IM-dual of X (Dy, 1), thus
unitary.

In conclusion, U(24;) = SU(H(B3)).

20. A;: the centralizer is A5 (connected). The Hermitian parameter is (M, o) =
(Ay, St) (A; is realized by {alz2}) and Hermitian infinitesimal character:

11 11 111 1 11
s*(Evgaoaoaovoaoao)+V1(7§a5,7_a§a§a7§77§a§)

1 11 11 1 11
+U2(§7_§7§7_§7§7_§7_§7§)+V3(070717170707070)7

with v1 > v5 > v3 > 0. In the centralizer Ay, the corresponding Hermitian param-
eter in standard coordinates is (11, va, V3, —3, —Va, —11).

For (0,0, 0), the module is tempered and irreducible. w,, (A1, St,v)=(A1, St, —v).
The subgroup W (3) = W(As) is generated by:

S1: 83
So: 81
533 (8482) . (5354) + S5 ¢ (8483)(5254)
S4:  Sg
S5:  Ss
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The factors in the parenthesis are of the form w,,(As, A1),

W, = 535254535452515552545354525551,

and the intertwining operator Ag, (A1, St) decomposes accordingly into a product
of factors of the form

Aa, (Al, St) and Ay, (0, St).

The restrictions of W-types are:

Nilpotent A 244 3A; As As
W-type 6, 20, 15, 30, 15,
Multiplicity 5 ) 10 )

1
AycA,  (21) 5-(21) 5-(21) 9-(21),(1%)  4-(21),(1%)
Ay (2) 4-(2),(1) (2),4-(11) 7-(2),3-(11) 4-(2),(11)
W(3) (6) (51) (33) (6) + (42) (51)

The planes of reducibility for X (Aq, (v1,v2,v3)) are v; = %, 1 <14 <3, from
factors Ay, (0,5t), v, £v; =1,0 < j < i < 3 from factors Aa, (A1, St) (matching
the centralizer As), and v; = %, 1<i<3and £v1 vyt = % from Ax, (41, St)
(extra planes of reducibility).

The matching of intertwining operators with operators from the centralizer As
is as follows:

W-type W (3)-type

(% (6)
20,: (51)
15,: (33)

In addition to these types, (42) is also a relevant W-type for A and it doesn’t
have a correspondent in the W-types of X (A4;). The operator on 30, does not match
the operator on (6) + (42). However, we will need to use a calculation with 30,,
and also with 15, (alternatively, one can use 64,, which appears with multiplicity
24 in X(Ay)).

U(A;) could be larger than SU(H(A5)). We organize the analysis of X (24,), as
before, by the nilpotent orbits in the centralizer As. In As, the W-types (51) and
(33) (which are matched in Fjg) are sufficient for the determination of the entire
spherical unitary dual SU(H(As)), except for the parts attached to the nilpotents
(33) and (222), where the W-type (42) is also needed.

(1%): the parameter is (v1,v2,v3), with 0 < v3 < 1 < 1y < % X(24,) is
irreducible and unitary at (0,0,0), therefore it stays unitary until the first plane of
reducibility, which is 11 = % It follows that the complementary series is the same
as for As.

(21%): the parameter is (1, Vo, %), with 0 < v <1y < % The corresponding
X(A;) are unitary, being endpoints of the complementary series. The decomposi-
tion of the standard module is

_ 1
X(A1,v) =X(241)+ X(A1,v), v=(v1,vs, 5),

_ 1
X(Al,g)‘w:6p+4-20p+-'-+4-20;+6;, 0§V2§1/1<§.

Note that X (A, v) is self IM-dual.
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(2211): the parameter is (% + yl,—% +v1,10), with 0 < vy < %, 0< 1y < %
The decomposition of the standard module is:

1
B +v1,1)) = X(3A4, (v1,102))

1 1
+2- X(2A1;( + g, — 2+V272V1))

1
(Ala( +V1a7

1 1 1
—l—X(Al,( +u1,—= +11,10)) 0§V1,1/2<§.

2

X (A1, (3 +v1,—3 +11,10)) is the IM-dual of X (241, (3 + va, =% + v2,214)) for
0<,1n< %, and therefore unitary

(222): the parameter is (5 +v, —% +v, ). In As, the unitary regionis 0 < v < 1,
but (42) is needed in order to rule out the interval 1 < v < 1. X(41, (3 +
V,—% + v, %)), for 0 < v < % and % < v < 1 are the IM-dual of the modules
X(As, (v,v),(11)), and therefore, are unitary for 0 < v < % and non-unitary for
1 < v < 1. Note also that for 0 < v < 3, X(41, (3 +v,—% 4+ 1, 1)) is an endpoint
of the unitary region for X (Ay, (3 +v1,—% +v1,12)) (for vo = 3,11 = v) attached

o (2211).

The W-structure for X (A, (3 +v,—3+1,2)) 0<v<1,v# 1)is6,+2-20,+
315, +3-30, + 15, +---+ 15;. For this parameter a direct computation with the
intertwining operators on 15, and 30, shows that in the interval % <v<l1, 15
s (++ —) and 30, is (+ —+ +), and therefore 15, rules out 3 < v < 1 (also 64,, is
negative in this interval).

(313): the parameter is (v,1,0), with 0 < v < % In Es, X(Ay,(v,1,0)),0< v <
% are unitary being endpoints of the unitary region attached to (2211), X (A, (% +
v, —% +v1,1)) (for vy = 3,10 = v). Also, X(41,(1,1,0)), 0 < v < 3 is the
IM-dual of X (As, (v, 3)), which was shown to be unitary.

(321): the parameter is (1, ,0). X (Ay, (1, 3,0)) is the IM-dual of X (As+ A, 3)

)90 )9
and therefore it is unitary. Note also that it the endpoint of the unitary interval

for X (Aq, (v,1,0)) attached to (313).

(33): the parameter is (14 v,v,—1 4 v). In As, this is unitary for 0 < v < £
but one needs the W-type (42) to rule out the interval 1 < v < % For 0 <v < %
and 1 <v < 3, X(Ay, (1+v,v,—1+v)) is the IM-dual of X (245, (—% +v)), which
implies that it is unitary for 0 < v < % and non-unitary for 1 < v < %

The W-structure of X (A1, (1 + v,v,—1 +v)) (on these intervals) is 6, + 20, +
15, +2-30, +---+ 24;. A direct computation with the intertwining operators on
15, and 30, shows that in the interval 1 < v < 2, 15, is positive and 30, is (+-),
and therefore 30, rules out 1 < v < 2.

(411): the parameter is (v, 3, 3), O <v<i For0<v<i X(A,v3,3)is
IM-dual to X (A3, (3 +v,—% +v)) and therefore it is unitary.

(42): the parameter is (3,1, 1). X(4,(3,1,3)) is IM-dual to the tempered
module X (D4(a1),(21)), thus unitary.

(51): the parameter is (2,1,0). X (41, (2,1,0)) is IM-dual to X (A4, 1), therefore
unitary.

(6): the parameter is (3, 2,
the tempered module X (Fs(a

). Y(Al, (g, 3 %)) is unitary, being the I M-dual of
as),
In conclusion, U(A;) = SU(H (
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21. 0: this is the trivial nilpotent orbit, so the centralizer is the full Fs. The
lowest W-type is the trivial representation, 1,, and therefore /(1) is the spherical
unitary dual SU(H(Es)). Recall that via the Iwahori-Matsumoto involution, the
spherical modules are transformed into generic modules, and therefore the spherical
unitary dual is precisely the disjoint union of all the (IM-dual of) complementary
series attached to nilpotent orbits.

In order to complete the calculation, we only need to determine the spherical
complementary series which will be the subject of the next subsection.

3.5. The spherical complementary series for Fgz. The standard module for
the trivial nilpotent orbit is the principal series X (v), where v is real and dominant

for the root system of type Eg. We denote by X (v) its unique irreducible quotient.
The Hermitian parameter has the property that wor = —v, which is equivalent to
(351) <O‘1az> = <a672> and <O‘3az> = <0457£>-

Recall that if « is a positive root, and a = ZaiEH m;a; (IT is the set of simple
roots), the height of «, ht(«) is defined as hi(a) = > m,;. This gives a partial
ordering of the positive roots (« > o’ if & — o’ is a sum of positive roots) by levels
(level k is formed of all the positive roots with height k). The simple roots are level
1 and, in Eg, the highest root is azg = %(1, 1,1,1,1,—1,-1,1) on level 11.

Let 7 : R — R be the outer automorphism of the root system R of type Eg:
(3.5.2) 2 =1, 7(a1) = a5, T(a3) = a5, T(a) = az, T() = ay.

Then R7 is generated by {%(al + ag), %(0&3 + @), a4, a2} and it is isomorphic to
the root system of type Fy. We will use the following coordinates for Fj:

Y1 = €1 — €2 — €3 — €4,

Y2 = 2647

Y3 = €3 — €4,

VY4 = €2 — €3.

(3.5.3)

We write the Hermitian dominant parameter v so that in R” it corresponds to the
standard coordinates of Fy. In Ejg, it has the form:

v — 1y v — Uy v — Uy v — 1y
(3.5.4) v= ( - 3, — Uy, + vy, +vs,

2 2 2 2
Vit nitre vitve V1t
2 2 7 2 72 ’

vy —vg—v3—vy >0, 23 >0y 20.

X(v) is irreducible if and only if («,v) # 1 for all @« € R. We call regions the
connected components of the complement of all hyperplanes (a,v) # 1 in the
Hermitian parameter space.

The following theorem describes the (real) parameters v with the property that
X (v) is irreducible and unitary.

Theorem. The spherical complementary series for type Eg is formed of the dom-
inant parameters v as in B5A) in the following two regions:

(1) 21y < 1,
(2) v+ +ur3—vs<1<vi+uvs+rvy+uy.
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We remark that, in these coordinates, the spherical complementary series for
Eg is identical with the spherical complementary series for Fy (see Theorem 3.5 in
[C1]).

Proof. If X (v) are unitary for v in an open region F, then X (v) (and all the other
irreducible subquotients) are unitary v on all the walls of the closure of the region
F. We analyze first which roots a can give walls of unitary regions.

a) Assume that 7(a) # a. Consider a point v (in general position) on the
hyperplane (a,v) = 1. Note that the parameter v is three-dimensional. X (v) is
the spherical module. Then IM (X (v)) is the standard module parameterized by
the nilpotent orbit 241, X(2A1,v/) for some parameter v’ of 2A4;. The relation
between v/ and v is that v is W-conjugate to %h(QAl) + .

The only other nilpotent orbit which can parameterize a factor of X (v) is Aj,
for some parameter v of Aj.

From these considerations and from the W-structure of the modules (also recall
that X (v) is isomorphic as an W-module with C[I¥]), it follows that the decompo-
sition of the standard module at v is

(3.5.5) X(v) = X(v) + X(241,1/) + X(Ay, ") + IM(X (A1, v")).

If v were on a wall of a unitary region, all the factors in the decomposition (B.5.5)
would be unitary. But the irreducible module X (A;, ") (which is not a standard
module for A;) is not unitary, since v” is three-dimensional and the only three-
dimensional unitary parameters for A; are in the complementary series of Aj.

It follows that the these roots cannot give walls of unitary regions.

b) Assume that 7(a) = «. Similarly, consider a point v on the hyperplane
{a,v) = 1. Then IM (X (v)) is the standard module parameterized by the nilpotent
orbit Ay, X (A1,1") for some parameter v’ of A;. The decomposition of the standard
module X (v) is

(3.5.6) X(v) = X(v) + X (A1)

Assume v is on a wall of a unitary region. Then X(A;,7’) has to be in the com-
plementary series of A1, or equivalently, v/ is in the spherical complementary series
for the centralizer As. A particular fact about the parameters in the spherical com-
plementary series of type A is that all positive roots are < 1 on these parameters.
We mention that this fact does not hold in general (it is also true for type C, but
not for B, D, etc.).

This fact implies that, in Fg, a necessary condition for a root «a, (7(a) = a) to
give a wall of a unitary region is that

(3.5.7) there are no positive roots 3 such that (4,a) =0 and § > «.

In Eg, we verify condition (.5.7) and obtain that there are only three positive roots
which satisfy it (on levels 9,10, 11):

1
36 = 5(1a 1) 17 17 1a _17 _1a 1)7
1
(358> 35 = 5(_15_171a1517_1a_171)a

1
34 — 5(—1, 17 —1, 1, 17 —1, —17 1)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



UNITARY Z-SPHERICAL REPRESENTATIONS FOR SPLIT p-ADIC Eg 477

They form three regions inside the dominant Weyl chamber and next we will check
if they are unitary. We will use the same argument in all three cases: if v is a
parameter in an open region, deform v continuously such that X (v) stays irreducible
until we reach a point v’ on the wall of the dominant Weyl chamber. Then X (v)
is unitary if and only if X (') is. But X (¢/) is unitarily induced irreducible from a
spherical module on a Hecke algebra of smaller rank and therefore we can test its
unitarity there.

In these cases, we will need to use the spherical complementary series for Dy.
From Theorem 28 it follows that in the standard (dominant) coordinates of Dy,
0 S |§1| S ’52 S 173 S 54, this is:

Dy :{173 + 14 < 1} and

(3.5.9) S S
{h+ta<l,-+0y <L+ 0U3<1,U5+1v4>1}.

(i) {as6,v) < 1. In coordinates, this is the region 2v; < 1. Since X (v) is unitary
and irreducible at ¥ = 0, this region has to be unitary, (asg, ) = 1 being the first
hyperplane of reducibility.

Moreover, one can deform v4 continuously to 0 (this is the wall oy = 0). When
vy becomes 0, the corresponding module X (v') is unitarily induced irreducible
from the spherical module in Dy corresponding to the parameter (v, Vs, U, Uy) =
(v3,v3, V1 — Vo, 11 + 12). Since U3 + vy = 214 < 1, by (B5.0), the Dy parameter is
unitary.

(ii) {ass,v) < 1 < {(agg,v). In coordinates, this is the region 14 + vo + v3 +
vy < 1< 2. Asin (i), we can deform vy irreducibly to 0. Now the parameter
(171, ’52,173754) = (V37 V3, V] — Vg,V + VQ) in D4 has the property that o + 14 <1<
U3 + vy and ([B59) implies that it is not unitary in Dy.

(iil) (ga,v) < 1 < (a5, v). In coordinates, this is the region vy + vy +v3 — vy <
1 < w1+ vo + v3 + vy. Deform v1 — vy — v3 — vy continuously to 0 (this is the wall
ag = 0). When vy = vy + v3 + vy, the corresponding module X (v/) is unitarily
induced irreducible from the spherical module in D, corresponding to the parameter
(U1, V2, U3, Vg) = (V3 — Vg, V3 + Vg, V3 + Vg, 25 + 13 + 14). One can easily verify that
this parameter is in the second unitary region of Dy as in (3:5.9). O

From the proof and from the discussion about the operators for the minimal
nilpotent orbit A; in the previous section, the following corollary follows immedi-
ately.

Corollary. The irreducible spherical principal series X (v) in Eg is unitary if and
only if the spherical operators r,(v) are positive definite for o € {1,,6,,20,}.

4. TABLE

In this section, we record, for the convenience of the reader, the explicit de-
scription of the unitary dual for Fg. The table contains the nilpotent orbits (see
[Car]), the Hermitian infinitesimal character s, and the coordinates and type of the
centralizer.

For all nilpotents except 3A;, a parameter (s,e, ), s = % + v is unitary if and
only if the corresponding parameter v is spherical unitary for 3(O). The description
of the spherical unitary dual of the various types 3(O) can be read from Theorem
and Proposition [2.91
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We only list in the table s which parameterize Hermitian modules.
rameter v is given by a string (v, ...,

DAN CIUBOTARU

The pa-
Vi), and the order agrees with the way the

centralizer 3(O) is written in the tables. In this table, the v-string already refers to
the semisimple and Hermitian spherical parameter of the centralizer. For example,
the nilpotent As + A; in Eg has centralizer A; + 77, and the corresponding s has
a single v. This v corresponds to the Hermitian parameter in the Ay part of 3(O),
so it must satisfy v € [0, 3] U {1}.

Table 1: Table of spherical Hermitian parameters for Eg

o s 3(0) | A(O)
Es (0,1,2,3,4,—4, —4,4) 1 1
Es(ar) (0,1,1,2,3,—3,-3,3) 1 1
Ds GELLE-5-5D no| 1
Eg(as) (0,0,1,1,2,-2,-2,2) 1 S,
DS(al) (i7%7%7%7_%7_%7£) Tl 1
11 7 3 1 5 5 5 5 11 1 1 1 1 11
A5 (7T7717717152772a71’Z)+V(57§7§755577577§7§) Al 1
A4+A1 (07%7%717%7_%7_%7%) Tl 1
Dy (0,1,2,3,v, —v, —v,v) Ay 1
A4 (_27_1707112707070)+V(%7%7%7%7%7_%7_%7%) AlTl 1
Da(a) (0,0,1,1,1,—1,-1,1) T S
5 1 3 5 1 3 3 3 11 1 1 1 1 1 1
As+A | -1 111D TY5E 33533 3 —53) | ATt 1
245 + Ay 0,1,-2,—+ 1 -1 1 1)y+,(0,0,1,1,1,-1,-1,1) Ay 1
As (_%7_%7%7%70707070)4_(%7%7%7%7%7_%7_%7%) BTy 1
5 1 3 3 1 1 11 111 3 3 3 3 3
A +2A | (-~ 1o T (55555 =5 —55) AT ] 1
1 1 3 1 1 1 1
2A2 (_5727_57_5757_27 572)+ GQ 1
vy v2 2vitre 2vitvy 2vi+vs 2uitrvey _ 2v1+vo 2V1+V2)
27 27 2 ) 2 ) 2 ’ 2 ’ 2 ) 2
11 1 1 11 11 1 1 1 1 11
A2+A1 (_5757_1707 29 57_57§)+V(§7§7§7§7§7_§7_§7§) A2Tl 1
Ao (0,—1,0,1,0,0,0,0) 4 (=¥itrz —vitrs 245 | So
—vitve —vidve vitrve —vitrvy —vitvg V1+V2)
2 > 2 2 2 ) 2 )
*3 41 (0717_%7%70707070)+(0707V27V27V17_V17_V17V1) Az Ay 1
24, (-1,4,-1,1,0,0,0,0)+ BsTy 1
(*V1+V2 —vitvey vitve vitve vi _v1 Vi ﬂ)
2 ) 2 9 2 ) 2 PR 2 27 2
Ay (3:3,0,0,0,0,0,0) + (=952, #1522, As 1
—V12+V2 + s, Vlg’/2 + v, V1;V2 , _V142-V2 , _l'1-5l/27 V142-V2)
1 (P52 — vz, 2572 — 1, 2572 vy, P52+ s, Es 1
vitvay _ vitvy _ vitvg V1+V2)
2 2 2 2
For the exception 3A4;, the unitary set is: {0 < v < %, 0 < 1y < %} U

(=101 <J}u{m=343<nn <1}U{23)}
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