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RELATIVE KAZHDAN-LUSZTIG CELLS

MEINOLF GECK

ABSTRACT. In this paper, we study the Kazhdan—Lusztig cells of a Coxeter
group W in a “relative” setting, with respect to a parabolic subgroup W; C W.
This relies on a factorization of the Kazhdan—Lusztig basis {C. } of the cor-
responding (multi-parameter) Iwahori—Hecke algebra with respect to Wr. We
obtain two applications to the “asymptotic case” in type Bj, as introduced
by Bonnafé and Iancu: we show that {C,} is a “cellular basis” in the sense
of Graham and Lehrer, and we construct an analogue of Lusztig’s canoni-
cal isomorphism from the Iwahori—Hecke algebra to the group algebra of the
underlying Weyl group of type B,.

1. INTRODUCTION

Let W be a Coxeter group and L: W — Z>( a weight function, in the sense of
Lusztig [I8]. This gives rise to various pre-order relations on W, usually denoted
by <¢, <g and <yr. Let ~p, ~g and ~,r be the corresponding equivalence
relations. The equivalence classes are called the left, right and two-sided cells of
W, respectively. They were first defined by Kazhdan and Lusztig [13] in the case
where L is the length function on W (the “equal parameter case”), and by Lusztig
[15] in general. They play a fundamental role, for example, in the representation
theory of finite or p-adic groups of Lie type; see Lusztig [16], [I7] and the survey in
[18, Chap. 0].

The definition of the above relations relies on the construction of the Kazhdan—
Lusztig basis {C, | w € W} in the associated Iwahori-Hecke algebra H. This
paper arose from an attempt to show that the basis {C,,} is a “cellular basis” in
the sense of Graham and Lehrer [12], in the case where W = W, is of type B,, with
diagram and weight function given by

b a a a
B  O—O—0O0— - —O

where a, b are positive integers such that b/a is “large” with respect to n. This is
the “asymptotic case” studied by Bonnafé and Iancu [3].

After a number of intermediate results, this goal will be achieved in Section [6l
Those intermediate results concern properties of left, right and two-sided cells which
are important in their own right. In fact, combining the results in this paper with
the results of Bonnafé and Tancu [3], Bonnafé [4], and Geck and Tancu [10], we have
that (P1)—(P14) from Lusztig’s list of conjectures in [I8 Chap. 14], as well as a
weak version of (P15), hold in the “asymptotic case” in type B,,. The weak version
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of (P15) is sufficient, for example, to establish the existence of an analogue of
Lusztig’s canonical isomorphism [14] for the two-parameter Iwahori-Hecke algebra
of type B;,. (These things will be discussed at the end of this paper, in Section 7.)

The main and unifying idea of this paper is to combine the existing theory (due
to Lusztig in general, and to Bonnafé and Iancu as far as type B, is concerned)
with a detailed analysis of the decomposition of the Kazhdan-Lusztig basis of a
Coxeter group with respect to a parabolic subgroup, based on the author’s article
[8].

Here is the first property that we consider in this paper. It has been conjectured
by Lusztig [I8, 14.2] that we always have the following implication for elements z, y
in a Coxeter group W:

(W) <y and T~LRY = T ALY

This is known to hold in the equal parameter case when W is a finite or affine
Weyl grou; see Lusztig [17]. However, although all the notions involved in the
above statement are completely elementary, the proof is surprisingly complicated:
it relies on a geometric interpretation of the Kazhdan—Lusztig basis of H and some
deep results from algebraic geometry; see Springer [20] and Lusztig [I7]. A some-
what different proof is given by Lusztig [14] for finite Weyl groups (relying on the
connection between cells and primitive ideals in universal enveloping algebras via
the main conjecture in [I3]); in that article, (#) is used to construct a canonical
isomorphism from H to the group algebra of W. The property (#) also plays an
important role in Lusztig’s study [I6] of representations of reductive groups over
finite fields.

In Section 4, we develop the formulation of a relative version of (#), taking into
account the presence of a parabolic subgroup W; C W. (The original version of ()
corresponds to the case where W; = W.) The tools for dealing with this relative
setting are provided by [8]; we recall the basic ingredients, with some refinements,
in Section 3. We conjecture that the relative version of (#) holds for all W, L and
all choices of W; C W. In Section 4, we prove our conjecture for finite and for affine
Weyl groups in the equal parameter case. The method is inspired by Lusztig’s proof
of (#) in [18, Chap. 15]. The additional complication arising from the presence of
W is dealt with by Lemma [£7, which reduces to a triviality if W; = W.

A priori, we do not have any geometric interpretation of the Kazhdan—Lusztig
basis in the general case of unequal parameters. (Note, however, that there is a
conjectural geometrical interpretation by Lusztig [I8, Chap. 27| for certain values
of the parameters.) So the above methods and results will not apply in type B,
with parameters as specified as above. In Theorem I3l we do prove (#) in this
case, by reduction to the relative version of (#) for the symmetric group &,,. Thus,
eventually, the proof of (#) in type B,, also rests on the geometric interpretation of
the Kazhdan-Lusztig basis for &,,. The proof of that reduction argument occupies
almost all of Section B} this relies once more on the results in [§], and on the results
of Bonnafé and Tancu [3] and Bonnafé [4] on the left cells and two-sided cells,
respectively. At one point in the proof, we also use an idea of Dipper, James, and
Murphy [6] to deal with the action of the generator with parameter b in the above
diagram.

LOther situations where (#) is known to hold include the quasi-split case discussed in [I8]

Chap. 16] (which is derived from the equal parameter case), and explicitly worked examples like
the infinite dihedral group in [I8, Chap. 17] or type Fy in [9].
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In Section 6, we go on to study the representations carried by the left cells
in the “asymptotic case” in type B,. The main result, Theorem [6.3] shows that
two left cells which afford the same character actually give rise to exactly the
same representation (and not only equivalent ones). Again, the proof relies on
the techniques in [§], concerning the “induction” of cells. An analogous result for
the left cell representations of the symmetric group has already been obtained by
Kazhdan and Lusztig in their original article [13] where they introduced left cells
and the corresponding representations.

Combining the main results of Bonnafé and Iancu [3] and Bonnafé [4] with The-
orem [(.13] and Theorem in this paper, we immediately get that {C,} is a
“cellular basis” in the “asymptotic case” in type B,; see Corollary 6.4

As a further application of our results, we can exhibit a new basis in the Iwahori—
Hecke algebra of type B,, whose structure constants are integers. (In fact, the struc-
ture constants are 0, 1.) This uses an idea of Neunhoffer [19] concerning an explicit
Wedderburn decomposition in terms of the Kazhdan—Lusztig basis. We show that
the subring generated by that basis is nothing but Lusztig’s ring J; we also obtain
an analogue of Lusztig’s homomorphism from the Iwahori-Hecke algebra into J;
see Section 7. As an application, this gives rise to a “canonical” homomorphism
from the generic Iwahori—Hecke algebra of type B, into the group algebra of the
underlying Weyl group. An explicit example is worked out in Example[.9 In the
equal parameter case, such a homomorphism was first constructed by Lusztig [14].

We close this introduction with the remark that the results in Sections 2—4 hold
for general Coxeter groups and may be of independent interest. The applications
to type B, to be found in Section 5-7, depend on the two articles by Bonnafé
and Iancu [3] and Bonnafé [4] (where the left cells and the two-sided cells are
determined), but are otherwise self-contained.

2. THE BASIC SET-UP

We begin by recalling the basic definitions concerning Kazhdan—Lusztig cells in
the general multi-parameter case. Let W be a Coxeter group, with generating set
S. (We assume that S is a finite set, but the group W may be finite or infinite.)
In [18], the parameters of the corresponding Iwahori-Hecke algebra are specified
by an integer-valued weight function. Following a suggestion of Bonnafé [4], we
can slightly modify Lusztig’s definition so as to include the more general setting in
[15] as well (where the parameters may be contained in a totally ordered abelian
group). So let T" be an abelian group (written additively) and assume that there is
a total order < on I' compatible with the group structure. (In the setting of [I§],
we take I' = Z with the natural order.)

Let A = Z[T'] be the free abelian group with basis {7 | v € T'}. There is a
well-defined ring structure on A such that e¥e? = ¥+ for all 7,7 € I. (Hence, if
I’ = Z, then A is nothing but the ring of Laurent polynomials in an indeterminate e.)
We write 1 = €? € A. Given a € A we denote by a., the coefficient of €?, so that
a=> craye’. Welet Asq:= (e” [ v > 0)z; similarly, we define A>o, Ao and
A~o. We say that a function

L:W-—-T
is a weight function if L(ww’) = L(w) + L(w’) whenever we have l(ww') = I(w) +
[(w") where I: W — N is the usual length function. (We denote N = {0,1,2,...}.)
We assume throughout that L(s) > 0 for all s € S. Let H = H(W,S,L) be
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the generic Iwahori-Hecke algebra over A with parameters {qs | s € S} where
qs := X for s € S. The algebra H is free over A with basis {T,, | w € W}, and
the multiplication is given by the rule

T — T if I(sw) > l(w),
ST T Taw + (g5 — ¢ )T if I(sw) < l(w),

where s € S and w € W. (Note that the above elements T, are denoted T}, in
[15].)

For any a € A, we define a := Z'yGF are” 7. We extend the map a — @ to a ring
involution H — H, h ~ h, by the formula

Z Ty = Z ELwTuj_l1 (ay € A).

weW weW
Now we have a corresponding Kazhdan—Lusztig basis of H, which we denote by
{Cuw |we W}E The basis element C,, is uniquely determined by the conditions
that

C,=0C, and C,=T, modH,
where Heo := >, ey A<o Tw; see [15, Prop. 2] and [I8, Theorem 5.2].

2.1. Multiplication rules. For any z,y € W, we write

C.C, = Z hey-C. where hy . € A for all z,y,z € W.
zeW

An easy induction on [(x) shows that T, T), is a linear combination of basis elements
T, where I(z) < I(x) + I(y). This also implies that

hay #0 = I(z) < l(x) +1U(y).
We have the following more explicit formula for s € S, y € W (see [15] §6]):

Coy+ > M:,C. ifsy>y,
CS Cy = zeW

sz<z2<y

(¢s+q;1) Cy if sy <y,

where M; = sz € A is determined as in [I5] §3] and < denotes the Bruhat—
Chevalley order. In particular, we have

hsy-7#0 = z=y>sy or z=sy>y or sz<z<y<sy.

2.2. The Kazhdan—Lusztig pre-orders. As in [I8] §8], we write x < y if there
exists some s € S such that hg, . # 0, that is, C, occurs in C; C,, (when expressed
in the C-basis). The Kazhdan—Lusztig left pre-order < is the relation on W gener-
ated by «, that is, we have x <, y if there exists a sequence x = zg, T1,..., T = ¥y
of elements in W such that x;_1 <, x; for all .. The equivalence relation associ-
ated with <, will be denoted by ~, and the corresponding equivalence classes are
called the left cells of W.

Similarly, we can define a pre-order <% by considering multiplication by C, on
the right in the defining relation. The equivalence relation associated with < will
be denoted by ~% and the corresponding equivalence classes are called the right
cells of W. We have

r<ry & 7 '<cy

2Note that this basis is denoted by C/, in [I5] and by ¢, in [18].
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This follows by using the antiautomorphism b: H — H given by T& = Typ-1; We
have CEU = C,,-1 for all w € W; see [I8] 5.6]. Thus, any statement concerning the
left pre-order relation <, has an equivalent version for the right pre-order relation
<R, via b. Finally, we define a pre-order <% by the condition that z <yr y if
there exists a sequence = xg,x1,...,2r = y such that, for each i € {1,...,k},
we have x; 1 <, x; or x;_1 <r x;. The equivalence relation associated with <,/r
will be denoted by ~,r and the corresponding equivalence classes are called the
two-sided cells of W.

2.3. Left cell representations. Let € be a left cell or, more generally, a union of
left cells of W. We define an H-module by [€]4 := J¢/Je, where

Je :={(Cy | w < z for some z € €) 4,
Je = (Cyw |w & €, w < 2 for some z € €) 4.

Note that, by the definition of the pre-order relation <., these are left ideals in
H. Now denote by ¢, (x € €) the residue class of C, in [€]4. Then the elements
{¢cz | x € €} form an A-basis of [€]4 and the action of C,, (w € W) is given by the

formula
Cy.Co = Z P2,y Cy-
yel€
Assume now that € is a finite set and write € = {z1,...,24}. Let {c1,...,cq} be

the corresponding standard basis of [€] 4, where ¢; = ¢, for all i. Then we obtain
a matrix representation

Xe: H — Mg(A) where X¢(Cu) = (huww,.w,)

1<i,j<d

for any w € W. Thus, hy o, 2, is the (i, j)-coefficient of the matrix X¢(Cy).
Although this will not play a role in this paper, we mention that, for various

reasons, it is sometimes more convenient] to twist the action of H on [€]4 by the

A-algebra automorphism

S H—MH, Ti—-T;' (s€8).

We shall often write h? instead of 3(h). As in [I8, 21.1], we define a new H-module
by taking the same underlying A-module as before, but where the action is given
by the formulas
Cl.c, = Z R .y Cy (weW,zed).
yed

We denote this new H-module by [€]%. Tt is readily checked that [€]% = §(Je)/6(3¢).

Remark 2.4. We have a unique ring involution j: H — H such that j(e?) = e™”
for v € T and j(T},) = (—=1)"")T,, for w € W. Then j commutes with § and the
composition j o § is nothing but the involution h +— h on H; see [I5, §6]. Thus, we
have

§(Cy) = 0(Cy) = j(Cy) for any w € W.

3Here is a simple example to illustrate this point: Let ¢ = {1} be the left cell consisting
of the identity element of W. Then [€]4 affords the representation Ts +— —q; ! (s € S) and
[Q}i affords the representation Ts — ¢s (s € S). Specializing gs — 1, we obtain the sign and
the unit representation of W, respectively. It is sometimes more natural to associate the unit
representation with the left cell {1}; so one should work with [¢€]% in this case. Especially, this
can be seen in [I8, Chap. 21] where Lusztig works with [¢]%, throughout.
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This observation can be used to obtain formulas for §(h) (h € H) which would be
difficult to compute using the definition of §. For example, we obtain

§8(Cu) = j(Cy) = (1)1, + Y (1)) P, T,
yeW
y<w

for any w € W.
We shall be interested in the following property.

Definition 2.5. Let € and &; be left cells or, more generally, be unions of left cells
of W. We write € ~ €, if there exists a bijection ¢ = ¢, x — 21, such that the
following condition is satisfied:

) hw.zy = Pw.ar for all w € W and all z,y € €.

This means that the H-modules [€]4 and [€;]4 are not only isomorphic, but even
the action of any C,, (w € W) is given by exactly the same formulas with respect
to the standard bases of [€]4 and [€]4, respectively. A similar remark applies, of
course, to the H-modules [€]% and [¢1]%. Note that, in order to verify that (0)
holds, it is enough to consider the case where w = s € S (since the elements Cj,
s € S, generate H as an A-algebra).

Example 2.6. Let W = &,, be the symmetric group, with generating set S =
{81,.-.,8n—1} where s; = (i,i+ 1) for 1 < i <n—1. Let ' = Z with its natural
order, and set ¢ := e!. Then A = Z[I'] = Z[q, ¢~ ] is the ring of Laurent polynomials
in an indeterminate q. Let L: &,, — Z be the weight function given by L(s;) = 1
for 1 <i < n—1, and denote by H(S,,) the corresponding Iwahori-Hecke algebra
over A. Thus, we have the following diagram specifying the generators, relations
and parameters:

S1 So Sn—1
An-1 o—-~O— - - —O
{gs}: q q q

The classical Robinson—Schensted correspondence associates with each element o €
6, a pair of standard tableaux (A(c), B(o)) of the same shape. For any partition
v of n, we set

R, :={o €6, | A(o), B(o) have shape v}.

Thus, we have &,, = [ [, R, where v runs over all partitions of n. Then the following
hold.

(a) For a fized standard tableau T, the set {oc € &,, | B(c) = T} is a left cell
of 6, and {o € &, | A(o) =T} is a right cell of &,,. Furthermore, all left
cells and all right cells arise in this way.

(b) Let €, & be left cells and assume that € C R, €& C R,,. Then we have
¢~ & if and only if v = v1. The required bijection from € onto €1 can be
explicitly described in terms of the “star” operation defined in [13], §4].

These statements were first proved by Kazhdan—Lusztig [I3, §5]. (See also Ariki
[1].) It is actually shown there that the bijection x +— =z is determined by the
condition that x € € and x; € €; lie in the same right cell. In Proposition 23] we
will see that this property automatically follows from some general principles.
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Lemma 2.7. Let ¢: W — W be a group automorphism such that ¢(S) = S and
Qo(s) = qs for all s € S. Let €, & be left cells of W. Then ¢(€), p(€1) are left cells
and we have € ~ € if and only if p(€) = ().

Proof. Our assumptions imply that ¢ induces an A-algebra automorphism ¢: H —
H such that @(T) = Ty for all w € W. It is readily checked that ¢ commutes

with the involution h ~— h of H. This implies that
P(Cuw) = Cy(w) for all w e W.

Consequently, we also have hyy . = hy(e),y).0z) for all z,y,2 € W. By the
definition of left cells, this yields that ¢ preserves the partition of W into left cells
and that we have € ~ €; if and only if p(€) ~ p(€;). O

Lemma 2.8. Assume that W is finite and let wg € W be the unique element of
maximal length. Let € and €1 be left cells such that € ~ &€;. Then we also have
Cwoy ~ Crwy and we€ = we€y. (Note that Cwy, Crwy and we€, wely are left cells;
see [18, Cor. 11.7].)

Proof. First we prove that Cwgy ~ €jwy. Let € = €, x — 1, be a bijection such
that (©) holds; see Definition In particular, this means that hg oy = hs 2, 4,
for all s € S and x,y € €.

Now recall the formula for multiplication by Cy from (21)). That formula shows
that, for any s € S and any z € €, we have sz < z if and only if sx; < 3.
Furthermore, by [I8, Prop. 11.6], we have

M = —(—1)l(x)+l(y)M;’m it sy <y<ax<se.

ZTWo,Yywo

Hence we obtain
P zwo,ywo = Ps,zrwe,yrw, for all s € S and z,y € €.

Consequently, (V) holds for the bijection €wy — €wq, xwy — x1wy. Now consider
the group automorphism ¢: W — W given by p(w) = wowwyp. It is well-known
that ¢(S) = S. Furthermore, since s € S and ¢(s) are conjugate, we have g, =
qp(s)- Hence, Lemma 27 shows that wo€wg and wo€iwg are left cells such that
wo@wy =~ wo€wp. Hence the previous argument shows that wo€ = (weCwq)wy ~
(wOQleo)wo = w0¢1. O

We close this section with some results which show that, under suitable hypothe-
ses, a bijection € = €, x + m, satisfying (U) automatically respects the right
cells of W. (These results will also play an important role in Section [11) Let us
assume throughout that W is a finite group. Since the group I is totally ordered,
A =Z][I' is easily seen to be an integral domain. Let K be the field of fractions of
R[] © A. By extension of scalars, we obtain a K-algebra Hx = K ®4 H.

Remark 2.9. The algebra Hg is split semisimple.

Proof. The fact that Hy is semisimple relies on two ingredients: first, RWW (the
group algebra of W over R) is known to be split semisimple and, second, R[I'|®4 H
specializes to RW, via the ring homomorphism 6: R[I'] — R such that 6(e?) =1
for all v € T'. Then it remains to use known results on splitting fields; see [I1, §9]
and the references there. For more details, see [10, Remark 3.1]. d
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Let Irr(H ) be the set of irreducible characters of Hy. We write this set in the
form

Irr(Hx) = {xa [ A € A},
where A is some finite indexing set. The algebra Hy is symmetric with respect to

the trace function 7: Hyx — K defined by 7(T1) =1 and 7(T3,) =0 for 1 # w € W;
see [IT], §8.1]. The fact that Hy is split semisimple yields that

T:Zix,\ where 0 # ¢y € R[I'];
Aen A
see |11} §7.2 and 9.3.5]. The elements cy are called the Schur elements.

For any A € A, let us denote by X : Hx — My, (K) a matrix representation with
character yy. Let X% (h) denote the (4, j)-coefficient of X (h) for any h € Hy. By
Wedderburn’s theorem, the algebra Hy is abstractly isomorphic to the direct sum
of the matrix algebras My, (K) (A € A). Since H is symmetric, this isomorphism
can be described explicitly:

Proposition 2.10 (Explicit Wedderburn decomposition). Let B be any basis of
Hi and BY = {b" | b € B} the dual basis with respect to 7. We set
o g
E;\J:—Z%J;(b)bv forany A€ A, 1 <i,j <d,.
N bes

Then x,\(Eij) € My, (K) is the matriz with (i, j)-coefficient 1 and coefficient 0
otherwise. Furthermore, if i # X, we have XF(EY) =0 for all 1 < k,1 < d,. In
particular, the elements

{EY | X eA1<i,j <d}
form a basis of Hx.

(For a proof, see [11] Prop. 7.2.7], for example.)
We want to apply the above result to the Kazhdan—Lusztig basis B := {C,, |
w € W}. The dual basis can be described as follows. We set

Dz*1 — (_1)Z(Z)+l(wo)cz5w0 ng for any z € Ww.
where wg € W is the unique element of maximal length. Then we have

1 if w = z,

7(CuD:or) = { 0 fw#z

see [18, Prop. 11.5]. Hence we have C), = D,,—1 for all w € W. In particular, the
structure constants of H can be expressed by

hy .y =T1(CzCyD,-1) for all z,y,z € W.
This immediately yields that
C.;Dy-1 = Z Py, gy Day-1 for any z,y € W.
weWw

The following two results were observed by Neunhoffer in his thesis [19, Kap. VI,
§4]. For any left cell €, denote by xe the character afforded by the left cell module
[Q:}K =K ®y [Q:]A of Hg.
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Lemma 2.11 (Neunhoffer). Let € be a left cell such that xe € Irr(Hg). Writing
€ ={x1,...,24} and using the notation in 23], we have
EY = 1 C,, D,  forl1<ij<d,
C\ J
where A € A is such that xx = xe and where we take X) = X¢. In particular, we
have X5(Cy,Dy,) # 0 and X,(Cy,Dy,;) = 0 for any pn € A\ {A}.

Proof. Since Neunhoffer only considers the case of the symmetric group, we give a
proof here. By the formula in Proposition 2.0, we have

1 g
Ey = — Z X(Cy)Dy—1 where Xy := X¢.
X wew

We have observed in (23) that %&i(Cw) = hw,z;,2;- Hence we have

o1 1

EY=—> hysa Dy1=—Cy D 1,
X weW e !

as desired. The remaining statements are clear by Proposition 2.10 O

Lemma 2.12 (Neunhoffer). Let €, & be two left cells of W such that € ~ €;. Let
¢ 5 €&, x — 1, be a bijection such that condition (V) in Definition holds.

Then we have
C.D,- = leDyl_l for all z,y € €.

Proof. Condition (V) means that hy z,y = Ruwey,y, for allw € W and all z,y € .
Hence we also have

C.Dyr = Y huwyDu—r = Y husyy Dy = Co, D,
weW weW

as required. O

Proposition 2.13. In the above setting, let €, &; be left cells such that xe = xe, €
Irr(Hy) and € ~ €. Let € = &, x + x1, be a bijection such that condition (V)
in Definition holds. Then we have x ~r x1 for any x € €.

Proof. Let x € €. We show that 1 <z z. To see this, we argue as follows.
Choose an enumeration of the elements in € where x is the first element. Consider
the corresponding matrix representation X¢. By Lemma 2TT] X¢(C,D,-1) is a
matrix with a non-zero coefficient at position (1,1) and coefficient 0 otherwise.
Consequently, some coefficient in the first row of X¢(C,) must be non-zero. Using
(Z3) we see that there exists some y € € such that hy, , # 0. Then, by (), we
have hy y, .2y = hzyz 70 and so z1 <z z, as claimed.

We now apply a similar discussion to the left cell €; and the element x;. Working
with the representation X¢,, we see that there exists some z; € €; such that
hzy.z1,2, 7 0. But then we have hy, 2 = Ay, 2 2, 7 0 and so z <r z;. Hence we
conclude that x ~r 7. O

Example 2.14. Let us consider once more the case where W = G,,, as in Exam-
ple It is shown by Kazhdan and Lusztig [13] that

Xe € Irr(H(6,) k) for any left cell € C &,,.

Now let €, €; be left cells such that € = €;; see Example[2.6(b) for a characterisation
of this condition. Let ¢ = €, x + 21, be a bijection such that condition (Q) in
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Definition holds. Then, by Proposition 213, we have z ~% x1 for any z € €.
However, the Robinson—Schensted correspondence shows that two elements which
lie in the same left cell and in the same right cell must be equal. Hence the element
x1 € € is uniquely determined by the condition that z ~% 7.

3. ON THE INDUCTION OF KAZHDAN-LUSZTIG CELLS

In [§], it is shown that the Kazhdan—Lusztig basis of H behaves well with respect
to parabolic subalgebras. One of the aims of this section is to show that the relation
“~” in Definition 28] also behaves well. Corollary (obtained at the end of this
section) will play a crucial role in the proof of Theorem[6.3l In a different direction,
the techniques developed in this section lay the foundations for the discussion of
the relative version of (#).

We keep the basic set-up of the previous section. Let us fix a subset I C S and
consider the corresponding parabolic subgroup W; = (I} C W. Let H; = (T, |
w € Wr)a be the parabolic subalgebra corresponding to Wy. It is clear by the
definition that, for any w € Wy, we have that C,, computed inside H; is the same
as C,, computed in H.

The following definitions already appear, in a somewhat different form, in the
work of Barbasch and Vogan [2] §3].

3.1. Relative Kazhdan—Lusztig pre-orders. Given z,y € W, we write x < 1
y if there exists some s € I such that hg, . # 0, that is, C, occurs in C, C,, (when
expressed in the C-basis). Let <. ; be the pre-order relation on W generated by
.1, that is, we have < ; y if there exists a sequence x = o, z1,..., 2 = ¥y
of all elements in W such that z;_; <, x; for all . The equivalence relation
associated with <, ; will be denoted by ~, ; and the corresponding equivalence
classes are called the relative left cells of W with respect to I. Note that the
restriction of <, ; to W is nothing but the usual left pre-order on W7i.

Similarly, we can define a pre-order <z, ; by considering multiplication by C,
(s € I) on the right in the defining condition. The equivalence relation associated
with <z ; will be denoted by ~x ; and the corresponding equivalence classes are
called the relative right cells of W (with respect to I). We have

r<pry © a '<gg y .
This follows, as before, by using the antiautomorphism b: H — H given by 17 =
T,y—1. Finally, we define a pre-order <%, by the condition that x <,z y if there
exists a sequence x = xg,Z1,...,2r = y such that, for each i € {1,...,k}, we have
i1 Lgq Ty or 21 <Rr,r< ¢;. The equivalence relation associated with <;r r
will be denoted by ~,% r and the corresponding equivalence classes are called the
relative two-sided cells of W.
Let X be the set of distinguished left coset representatives; we have

X ={w € W | w has minimal length in wW7j}.

Furthermore, the map X; x W; — W, (x,u) — zu, is a bijection and we have
l(zu) = l(z) + l(u) for all w € W and all z € X;. We define a relation “C” as
follows. Let 2,y € X1 and u,v € W;. We write zu C yv if x < y (Bruhat—Chevalley
order) and u <. v (Kazhdan-Lusztig pre-order). We write zu C yv if zu C yv or
x =y and u = v. With this notation, we have the following result.
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Proposition 3.2 (See [8, Prop. 3.3]). For any y € X1, v € W we have
CyU = Z p::u,y'u Tﬁf Cu

rzeXr,ueWy
zulyv

where py,, ., =1 and p},, ., € A<o for uz C yo.

For later use, we have to recall the basic ingredients in the construction of the
polynomials p7, i we also prove some refinements of the results in [8, §3]. Let
y € X7 and v € Wy. Then we can write uniquely

1,0, =T Com Y Ty ToCu where rayy € A

z€X]
ueEWr

and where only finitely many terms 7, 4, are non-zero.

Lemma 3.3. Let z,y € X1 and u,v € Wr. Then we have rgy .y = 0 unless
l(zu) < l(yv) or xu = yv. Furthermore, we have

— ¥ ~
Fowgn = D D RBewyburwhr o

weWr w/ ewp
TwLY W/ <w

where Py € A are independent of x,y,u,v and the R; , € A are the “absolute”
R-polynomials defined in [15], §1].

Proof. First we establish the above identity. Let us fix y € X; and v € W;. We
can write
—1 H* *
TLA=> R,T. (R, =1).

zeW
z<y

Now let z € W be such that T, occurs in the above expression. Then we can write
z = zw where x € X; and w € W7; note that © < z < y. Since I(zw) = I(z) +(w),
we have T, =T, T, and so

ThCo= Y > RuuyT:TwCo.

reXy weWy
<y Tw<y

Now, by [18, Theorem 5.2], C,, is a linear combination of terms T;,» where w’ < w
and the coefficient of T}, is 1. Hence we can also write T}, = Zw/ D’ wCru Where
Pww = 1 and Py = 0 unless w’ < w. Thus, we have

Ty__11 CIU = Z Z E;w’y Z ﬁw’,w Tx Cw’ CU

zeX] weWy w/ eWy
TSY  Tw<Ky w! w

=3 > (X Y Ruybvwhewd) T C

z€Xy yeWy weWr w/ewy
<y zw<y w! <w

This yields the desired identity. Now assume that r;y 4 7# 0. Then there exist
w,w’ € Wy such that v’ < w, 2w < y and hy 4, # 0. The latter condition
certainly implies that I(u) < I(w') + l(v); see (). Combining this with the
inequalities I(w') < I(w) and I(zw) < I(y), we obtain l(zu) < I(yv), as desired.
Furthermore, if equality holds, then equality holds in all intermediate inequalities,
and so we must have v’ = w, zw = y and, hence, w’ = w = 1. Since hq 4, # 0,
this also yields u = v, as desired. [l

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



492 MEINOLF GECK

Now the arguments in the proofs of Lemma 3.2 and Proposition 3.3 in [§] (which
themselves are an adaptation of the proof of Lusztig [15, Prop. 2]) show that the
family of elements

{Pruyo | 7,y € X1,u,v € Wi, ou E yo}

is uniquely determined by the following three conditions:

(KL1) p;v,yv =1,

(KL2) Py € A<o if zu C yv,

(KLS) ﬁ;u,yv - p:tu,yv - Z Txu,Zw pzw,yv if zu C yv.
ZEXI»“J?/VI
zulCzwlyv

The arguments in [loc. cit.] provide an inductive procedure for solving the above
system of equations.
The following result yields a further property of the elements p3,, ..

Lemma 3.4. Let z,y € X; and u,v € Wr. Then py, ,, = 0 unless zu < yv
(Bruhat-Chevalley order).

Proof. First we claim that p}, ,, = 0 unless xu = yv or I(zu) < I(yv). To prove
this, we argue as follows. We have seen in Lemma B3 that ry, ., = 0 unless
xu = yv or l(zu) < I(yv). Following the inductive procedure for solving the system
of equations given by (KL1)-(KL3) above, we see that we also must have p;,, ., =0
unless zu = yv or {(zu) < l(yv).

Now let 2,y € X1 and u,v € W be such that {(zu) < I(yv) (with equality only
for xu = yv). We want to prove that p;, ., = 0 unless zu < yv. We proceed by
induction on I(yv) — l(zu). If I(zu) = I(yv), then ru = yv and py, ., = 1. Now
assume that [(vu) < I(yv) and pj,, ,,, # 0. By the proof of [8, Prop. 3.3], we have

0 7é p?;,u,yv = P;u,yv - Z p;ul,yv P;,ul'
u<ui
Now, if Py, ,, # 0, then it is well-known that zu < yv, as required. On the other
hand, if there is some u; € W such that u < u; and pj,,, ., Py, # 0, then we have

zu; < yv by induction, and so zu < ru; < yv. (I

Corollary 3.5. Let y € X7 and v € Wy.

(a) Cyv is a linear combination of T, C, and terms T, C, where v € X1 and
u € Wy are such that x <y, u <z, 1 v and zu < yv.

(b) Conversely, T, C, is a linear combination of C,, and terms C,, where
x € Xy and u € Wy are such that <y, u <1 v and zu < yv.

Proof. (a) This is just a restatement of Proposition B2 taking into account the
additional information in Lemma 341

(b) Let w € W and set B,, := T,,C, where y € X; and v € W; are such that
w = yv. Then {B,, | w € W} is a basis of H and the formula in Proposition
describes the base change from the C,,-basis to the B,,-basis. By an easy induction
on [(w), we can invert these formulas. (Note that the base change takes place inside
the finite sets {w € W | [(w) < n} for n =0,1,2,....) Hence we obtain expressions
for the elements in the B, -basis in terms of the C,-basis. The terms arising in
these expressions must satisfy conditions which are analogous to those in (a). O
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Recall that, if V' is any H;-module, then
nd? (V) :=H®y, V
is an H-module, called the induced module; see, for example, [11], §9.1]. If V is free

over A with basis {v, | @ € A}, then Indf (V) is free with basis {T} ® vy | = €
X17 o€ .A}

Theorem 3.6 (See [8, Theorem 1]). Let € be a left cell of Wy. Then the set X ;€
is a union of left cells of W. We have an isomorphism of H-modules

[XIQ:}A :) Ind?([e:]A)’ Cyv — Z p:ju7y1) (TI ® Cu),

z€X[,uEC
zulyv

where {cyy | y € X1,v € €} is the standard basis of [X1€]a and {c, | v € €} is the
standard basis of [€] 4.

Proof. The fact that X;€ is a union of left cells is proved in [8 §4]. Since the
statement concerning [X€]4 is not explicitly mentioned in [loc. cit.], let us give
the details here. Recall that [X;€]4 = Jx,¢/JIx,;e where

5 —<C :EGXI,UEWI,uxggvy,>

X1&€ = A2 | for some y € Xp,v € € A’

2 x € Xr,u € Wruxr & X;€ ux <, vy,

JXI€:<Ca:u > .
for some y € Xr,ve A

Now, for any x,y € X; and u,v € W;, we have the implication
TUSLYv = UKL

see [8, §4]. On the other hand, we have zu <, u for any z € X and v € Wy (since
l(zu) = l(z) 4+ I(u)). These two relations readily imply that we have

JIx;e =(Cyuu |z € X1,u € Wi,u <g 1 v for some v € €) 4,

ﬁxlg =(Cyy |z € Xr,ue Wrué € u<, v for some v € €)y.
By [8, Cor. 3.4], this yields

Jx,e = (TuCy |z € Xj,u € Wr,u <z g v for some v € €) 4,

ﬁX,¢ =(T,Cy |z e Xj,u e Wru g € u <, v for some v e €)4.

Thus, we see that the H-module [X ;€] 4 has two A-bases: firstly, the standard basis
{ou | * € X1,u € €} where ¢, is the residue class of C,, and, secondly, the basis
{fou | v € X1,u € €} where f,, denotes the residue class of T,,C,. The change of
basis is given by the equations:

Cyo = Z Pruyw fru for any y € X7, v e &
reEX,ueC
zulyv
Furthermore, recalling the definition of f,,,, it is obvious that the map
H @, [€a — [X1€]a, Ty @cy = fou (v€Xr,ucd),

is an isomorphism of H-modules, where {c, | u € €} is the standard basis of [€]4

as in (Z3)). O
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Remark 3.7. In the above setting, we also have an isomorphism of H-modules

Xrey S mdf (@), e > (D) ph,,, (T ®c),
TEXT,uEC
zulyv
where 0; denotes the restriction of & to H;. Indeed, applying Remark [24] to the
formula in Proposition yields

5(Cyv) = J(Cyv) = Z (_1)l(z)p;u,yv T, j(Cu)

reXp,ueWy
zulyv

Z (_1)l(r)p;u,yv Tw 6I(Cu>

zeEXr,ueWy
zulyv

for any y € X; and v € W{. We can now argue as in thfz above proof, using the
fact that [Q:](SAI = (5[(3@)/51(3@) and [X[Q:]il = 5(3X1€)/6(3X1€)'

Our aim is to show that the relation “~” in Definition behaves well with
respect to the induction of cells. We begin with the following result.

Lemma 3.8. Assume that €, &1 are two left cells in Wi such that € =~ €. Let
¢ 5 &y, u s uy, be a bijection such that the property (V) in Definition holds.
Then we have

forall x,y € X7 and all u,v € €.

p;u,yv = p;ul,yvl
Proof. First we claim that
(%) Touyv = Tour,yo for all x,y € X; and all u,v € C.

To see this, consider the expression of ryy 4, in Lemma 3.3 and note that the
coeflicients R;my and Py, do not depend on u or v. Hence our assumption
(V) implies that (*) holds. Now, following once more the inductive procedure for
solving the system of equations given by (KL1)—(KL3) above, we see that we also
have 7., yo = Pruy g, for all z,y € Xy and all u,v € C. Just note that, for u,v € €,
the condition zu C zw C vy implies that u <, ;7 w <,,7 v and so w € €. O

Proposition 3.9. Let &, & be two left cells in Wi such that € =~ &;. Then we also
have X1€ ~ X1€,. More precisely, let € = &, u +— uy, be a bijection satisfying
(V). Then the bijection X;€ = X €y, zu — zuy, satisfies (V).

Proof. We have seen in Theorem that there is an isomorphism of H-modules
H R4, [€la — [X1€]a, Ty ®cyr fou (v€Xru€d),

where {c, | v € €} is the standard basis of [€]4 as in [23) and f,, denotes the
residue class of T,,C,, in [X€]4. The base change is given by the equations

Cyp = Z Pruyo fru for any y € X7, v € €.

TEX],uEC
zulyv

Similarly, we have an isomorphism of H-modules

H @, [€1]a — [X1€1]a, Ty @ Cyy — fou, (€ Xp,u1 € €&y),
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where {c,, | u1 € €} is the standard basis of [€1]4 as in [Z3)) and f,,, denotes
the residue class of T,,C,, in [X;€;]4. The base change is given by the equations

Cyv, = Z p;ul,yvl f;cul for any y € Xy, v; € €.

a:EXI,ul €¢y
zuy Cyvy

Now, the fact that (©) holds for the bijection € = €; means that any C, (where
s € I is a generator of Wr) acts in the same way on the standard bases of [€]4 and
of [¢€1] 4, respectively. Hence, by the definition of the induced module (see also the
explicit formulas in [IT], §9.1]), it is clear that any C (where s € S is a generator of
W) will act in the same way on the bases {T, ® ¢, } and {T, ® ¢y, } of H @, [€]a
and H ®7, [€1]a, respectively. Then the above two isomorphisms show that any
C; (s € S) acts in the same way on the bases {fyn} and {fzy, } of [X1€]4 and of
[X1€1] 4, respectively. Finally, by Lemma [38 the two base changes are performed
by using exactly the same coefficients. Hence, any C; (s € W) will also act in
the same way on the standard bases {c;,} and {czy, } of [X7€]4 and of [X[€1]4,
respectively. O

Corollary 3.10. In the setting of Proposition 3.9, assume that the partitions of
X;1C and X ;€ into left cells of W are given by

xie=J]e”  and  Xx;¢ =[],
acA peB
respectively, where A and B are some indexing sets. Then there exists a bijection
f: A— B such that €®) ~ ngf(a)) for all o € A.

Proof. We have seen in Proposition B that the bijection X;¢ = X1, zu — zuq,
satisfies (), that is, we have

hs.zuyo = Ps,zur yo forse€ S, x,y € Xy and u,v € C.

By the definition of left cells, this immediately implies that the bijection X;€& =
X7€; preserves the partition of the sets X;€ and X;€&; into left cells, and that
corresponding left cells are related by “~”. ([

4. RELATIVE LEFT, RIGHT AND TWO-SIDED CELLS

We preserve the setting of the previous sections, where we consider a parabolic
subgroup Wi. In this section, we pursue the study of the relative pre-orders <. 1,
<®.1, etc., introduced in BI). Our Conjecture predicts that we have an ana-
logue of (M) (see Section 1) in this relative setting. The main result of this section
shows that the conjecture is true in the equal parameter case. This will play an
essential role in our proof of property (#) for groups of type B,, in the “asymptotic
case”.

Remark 4.1. Recall that X is the set of distinguished left coset representatives of
Wi in W. Applying the anti-automorphism b: H — H such that T, E) = T,,-1 for all
w € W, we also obtain “right-handed” versions of the results in Section Bl First of
all, the set Y7 := Xfl is the set of distinguished right coset representatives of Wy
in W. Thus, we can write any w € W uniquely in the form w = uz where v € W7y,
x € Yr and l(uxz) = I(u) + I(z). Since this will play a crucial role in the proof of
Lemma E7 let us explicitly state the analogue of Corollary Let y € Y7 and
v e Wr.
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(a) C,y is a linear combination of C, T, and terms C, T, where z € Y7 and
u € Wi are such that £ <y, u <r, v and ux < vy. More precisely, by
Proposition [3.2] we have

va = § Qyg vy C.1T,
reXr,ueWy

where the coefficients satisfy the following conditions:

Oyy,vy = 1 if ux = vy,
Gug,vy € Aco ifu<g,yvandz <y,
yzwy =0 otherwise.

(We have ayz vy = pzkuw)_l,(vy)_l in the notation of Proposition 3.2])

(b) Conversely, C, T, is a linear combination of C,, and terms C,, where
r € Xy and u € Wy are such that x < y, u <g,; v and ur < vy. More
precisely, arguing as in the proof of Corollary 3.5 we have

T, Cy = E buz,vy Cuz
zeX,ueWr

where the coefficients satisfy the following conditions:

buy,wy = 1 if ux = vy,
buz,vy € Aco ifu<g,;vandz <y,
bug,vy = 0 otherwise.

Using the above relations, we obtain the following formula.

Lemma 4.2. Let u,v,w € Wy and x,y € Y. Then we have
hw,vy,uw = Z Qo' 4 vy hw,u’7u1 bua:;u,lwy

@1 EY]
u' ug €W

In the above sum, we can assume that u <pp u] <er v <er v and z < 11 < Y.

Proof. Using the formulas in Remark [£1] we compute:

chvy = E au’wl,vycwcu’Txl
1 EY W EW
= E Ay’ x1 vy hw,u’,ul CulTxl
z1 €Y
uu) EWp
= E Qo' g4 vy hw,u’,ul buz,ulml Cua:
z,x1 EY]

w,u’,u) EWy

This yields the above formula. Now let 7 € Y; and u’,u; € W7 be such that the
corresponding term in the expression for Ay vy ue is non-zero. Then ay g, vy 7 0 and
buzuyz, 7 0. This implies z < 21 <y, u <g,r w1 and v’ <, v; see the conditions
in Remark Bl Furthermore, if hy 0y 7 0, then uy <y o/. In particular, we
have u <pr w1 <gr v <gr v O

Lemma 4.3. Let u,v € Wy andy € Y;. Then we have

uy <c,1 vy < U<, 0.
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Proof. For the implication “<”, see [I8, Prop. 9.11]. To prove the implication
“=", we may assume without loss of generality that u # v and wy <. ; vy, that
is, we have hg yyuy 7# 0 for some s € I. Then we have sv > v, su < u and the
formula in (2] shows that there are two cases: If svy = uy, then v = sv > v and
sou <. If suy <wuy <wvy < svyand M, ,, #0, then su < u < v < sv and

[18, Lemma 9.10] shows that My , = Mg, . # 0. Again, we have u <. r v. O

Proposition 4.4. Let u,v € Wy and z,y € Y. Then we have the following
implication:
uxr gﬁ,[ vy = UKLRIV and x <.

In particular, if ux ~, 1 vy, then we necessarily have x =y and u ~¢ 1 v.

Proof. We may assume without loss of generality that ux <, ; vy, that is, hs vy ux
# 0 for some s € I. Then the assertion follows from Lemma (]

Conjecture 4.5 (Relative version of (#)). Let u,v € Wi and x,y € Y;. Then we
have the following implication:

ur e rvy and u~pRrIUV O = u~cgrv o and x =Y.

Note that u ~zr.1 v and u ~, 1 y just mean the usual Kazhdan—Lusztig relations
inside Wr.

Remark 4.6. Assume that I = S; then W; = W and Y; = {1}. In this case, the
above conjecture reads:

u<L<ev and U~pR UV = U~L U

(for any u,v € W). Thus, Conjecture can be seen as a generalization of the
implication (#) stated in the introduction. Using computer programs written in
the GAP programming language, we have verified that Conjecture holds for W
of type Fy, all choices of I and all choices of integer-valued weight functions on W
(using the techniques in [9]). In Theorem .8 we will show that this is also true in
the case of equal parameters.

For the remainder of this section, we assume that W is bounded and integral
in the sense of [I8, 1.11 and 13.2]. Furthermore, we assume that ¢; = ¢; for all
s,t € S (the “equal parameter” case). Let ¢ := g5 (s € S). Then our hypotheses
imply that

P, € ¢ 'N[g™" and hey.» € Nlg,q 1]
for all z,y,z € W, where N = {0, 1,2, ...}. See Lusztig [I7], [18, 15.1] and Springer
[20). We shall need some properties of Lusztig’s function a;: W; — N defined by

aj(w) =min{n € N | ¢"hy v € Z[qg] for all u,v € Wy}.

Note that by pw = Bupw- S0, if ar(w) = n, then ¢"hy v € Z[q] and ¢~ "hypw €
Z[g~']. Furthermore, both ¢" and ¢—™ occur with non-zero coefficient in hy 4 4. In
[18, Chap. 15], the following three properties are established:

(P4) The function ay: Wy — N is constant on two-sided cells.

(P8) Let u,v,w € Wy be such that qal(“’)hum,w has a non-zero constant term.

Then v ~z 5w, u ~grwand u~g g vl

(P9) Let u,v € W; be such that u <, ; v and a;(u) = ay(v). Then u ~z 1 v.
(There is even a list of 15 properties, but we only need the above three.) Note that
(P4), (P9) together imply that (#) holds for W7y.
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Lemma 4.7. In the above setting, let u,v,w € Wj and x,y € Y. Then the
coefficient Ny vy.uz has the following properties.
(@) If huyvyue 0, then u <gr. ;v and x < y.
(b) If x =y, then hw,vy,uy = hwm,u-
(¢) Assume that uw ~gr.; v and let n = aj(u) = ar(v); see (P4). If the
coefficient of ¢" in My vy ua 15 nON-2€T0, then T =y.

Proof. If hy vy uz # 0, then uz <z 5 vy and (a) follows from Proposition 4l To
prove (b) and (c), we use the formula in Lemma [£2}

hw,vy,ua: = § Ay’ 1 vy hw,u’,ul bux,ulxla

T EXT
u/ ,u) €Wy

where the sum runs over all 1, u’, u; such that
(%1) <21 <Y,
!
(%2) U SLR,T UL SLR,I W SLR,T V-

Now, if 1 = x, then by 4, = 0 unless u = uy (in which case the result is 1; see
the conditions in Remark [1]). Similarly, if z1 = y, then ay/y 4y = 0 unless v’ = v
(in which case the result is 1). Hence, if = y, the above sum reduces to

hw,vy,um = Quy,vy hw,v,u buy,uy = hw,v,u~

Thus, (b) is proved. Finally, to prove (c¢), assume that z < y and that the coefficient
of ¢" in hy vy ue is non-zero, where n = ar(u) = ar(v). We must show that u,v
cannot be in the same two-sided cell. Splitting the above sum into three pieces
according to r1 =z, r1 = y and z < 7 < y, we obtain

hw;uym,w = § Qy/ vy hw7u’,u + § hw,mul bua:7u1y

u' eWr ul EWr

+ § ( § Qy/ 4,0y buz,ulxl) hw,u’,ul'

u' u €W z1€EXT
<z <y

Note that, since z < z1 < y, all the coefficients au/z vy, Dua,urys Guzr vy 30 by uya;
occuring in the above expression lie in ¢~1Z[g~!]; see once more the conditions in
Remark 1] and recall that ¢ = ¢, (for all s € S). Hence we can re-write the above
expression as follows:

hw,'uy,uz = Z ful,u’ hw,u’,m where ful,u/ c q—lz[q—l]’

uy,u' €eWr

where we can assume that (x2) holds.

Now, we are assuming that the coefficient of ¢" in Ay vyue 1S non-zero. So
there exist some u',u; € Wj such that the coefficient of ¢" in fu, w Pwu u, IS
non-zero. Since fu, .+ € ¢~'Z[g7!], we deduce that there exists some m > n such
¢"™ has a non-zero coefficient in h 4, . By the definition of the a-function, this
means that a;(u;) > m > n. Now, if we had u ~¢gg ; v, then (x2) would imply
U ~pr U ~er U~ v, yielding the contradiction

a(uy) = a(u') = a(u) = a(v) =n; see (P4).

Consequently, u and v cannot lie in the same two-sided cell. ([
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Theorem 4.8. Assume that W is bounded, integral in the sense of [18] and that
qs = q for all s,t € S. Then Conjecture holds for all parabolic subgroups
Wy CW.

Proof. Let us fix a subset I C S. Let u,v € Wy and x,y € Y7 be such that
ur <5 vy and u ~gr 1 v. We want to show that x = y and u ~. 5 v. Suppose
we already know that = y. Then, since uy <., vy, we can apply Lemma 3]
and this yields v <z ; v. Thus, we have v <g 5 v and u ~zr, v. So (P4),
(P9) imply that u ~, ;1 v, as desired. Hence, it is sufficient to prove that = = y.
First of all, using Proposition 4] we may assume without loss of generality that
uz # vy and ux <, 1 vy, that is, Cy, occurs in C,C,, for some s € I such that
svy > vy. Since s € I, this implies sv > v, and the multiplication rule for the
Kazhdan—Lusztig basis (see Section [2) shows that we must have su < u and u # v.
We shall now try to imitate the proof of (P) in [I8, 15.5].

Since u ~gg.; v, we have n := ay(u) = ay(v) by (P4). For any Laurent
polynomial f € Z[q,q~ "], we denote by 7, (f) the coefficient of ¢ in f, where we
write ¢ := ¢ (s € S) as above. Now we argue as follows. By the definition of the
a-function, there exist some w, v’ € Wy such that ¢"hy, . » has a non-zero constant
term. Since hy 0 = Ew’v/,v, this means that the coefficient of ¢" in hy 4, is
non-zero. Thus, using (P8), we have

(1) Tn (R v) # 0 and v ~pr .

We can express the product C,(C,,C,y) as a linear combination of terms C,,.
where w € Wy and z € Y;. Denote by k., the coefficient of C,,, in that product.
We have
Rwz = Z hw,v’y,wlzl hs,wlzl,wz~
w1 EWr,21€YT

In particular,

Ryx = § hw,v’y7w1z1 hs7w1217um
w1 EWr,z1€YT

= hwvywy Ns,oyue + § Paw vy a0y 21 s won 21 ua-

w] EWp,z1 EY]
w1z #vyY

Since svy > vy, the multiplication rule for the Kazhdan—Lusztig basis shows that

s vyuz equals 1 or Mg, ., and the latter is an integer by [I8, 6.5]. Hence we have

hs.vy,ue € Z in both cases and so

'/Tn(hw,v’y,vy hs,vy,uz) = ﬂ—n(hw,v’y,vy) hs,vy,ur = ﬂ—n(hw,v’,v) hs,vy,um;

where the last equality holds by Lemma[47(b). We are assuming that ks y vz 7# 0.
In combination with (1) and the above identity, we conclude that

(2) 7rn(hw,v'y,vy hs,vy,uz) = Wn(hw,v’,v) hs,vy,um 7& 0.

Since all polynomials involved in the expression for k,, have non-negative coeffi-
cients (thanks to the assumption that W is integral), the non-zero coefficient of ¢™
arising from (2) will not cancel out with the coefficients of ¢" from the remaining
terms in K,,. So we can conclude, as in the proof of Lusztig [I8], 15.5], that

T (Kuz) # 0.
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On the other hand, since C,(C,,C,,) = (CsC,)Cyry, we also have the following
expression for Kq.:
Rux = Z hs,w,w’hw’,v’y,um~
w' eWr

Since 7, (Kyz) 7 0, there exists some w’ € W such that

(3) 7'rn(hs,w,w’ hw’,'u’y,ux) 7é 0.

By (1), we have hy, v » 7# 0 and so v <gr,; w. Hence the left descent set of w is
contained in the left descent set of v; see [I8] 8.6]. So, since sv > v, we also have
sw > w. Then the multiplication rule for the Kazhdan-Lusztig basis and [I8, 6.5]
show that hg 4 . € Z. Hence (3) implies that

Tn(hw oy uz) # 0 where w' € Wr.

By (1), we also have v/ ~zr 1 v ~zr 1 u. Hence Lemma A7(c) yields z = y, as
desired. 0

Example 4.9. Let W = G,, be the symmetric group. Then Conjecture holds
for all parabolic subgroups W; C W.

Indeed, &, is finite, hence bounded. Since the product of any two generators has
order 2 or 3, the group is integral. Furthermore, since all generators are conjugate,
all the parameters are equal. Hence the hypotheses of Theorem [£.§] are satisfied.

5. ON THE LEFT PRE-ORDER <, IN TYPE B,

In this and the subsequent sections, we let W = W, be a Coxeter group of type
B, (n = 2). We assume that the generators, relations and the weight function
L: W, — I are given by the following diagram:

t S1 S9 Sn—1
B O—O—70O— - —O
{gs}: € e® e® e”

where a,b € I' are such that @ > 0 and b > 0. Let H, be the corresponding
Iwahori-Hecke algebra over A = Z[I'], where we set

a

Qi=q=¢ and q¢=¢q,= " =¢q,_, =e"
Let K be the field of fractions of A and set H,, x = K ®4 H,,. Throughout this

and the subsequent sections, we assume that b/a is “large” with respect to n, more
precisely:

b>(n—1)a

(Here, (n — 1)a means a + --- + a in I', with n — 1 summands.) We refer to this
hypothesis as the “asymptotic case” in type B,.
The main results of this section are:

e Theorem [B.TT] which gives a strengthening of the results of Bonnafé and
Tancu [3] concerning the left cells of W,, (and, as a bi-product, also yields
a new proof of Bonnafé’s result [4] on the two-sided cells);

e Theorem [B.13] which shows that (#) holds in W/,.
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Remark 5.1. Let us consider the abelian group I'° = Z2? and let < be the usual
lexicographic order on I'°. Thus, we have (i,j) < (¢/,5') if i« <4 or if i = ¢’ and
j < j'. Let L°: W,, — Z2 be the weight function such that

L(t)=(1,0) and  L(s1) =-- = L(su_1) = (0,1).

Then A° = Z[I'°] is nothing but the ring of Laurent polynomials in two independent
indeterminates V = €19 and v = (%1, This is the “asymptotic case” originally
considered by Bonnafé and Tancu [3]. We may refer to this case as the “generic
asymptotic case” in type B,. Let us denote the corresponding Iwahori—Hecke
algebra by H2; let {C2, | w € W, } be the Kazhdan-Lusztig basis of HS, and write

C;Cy= > hy,.Co where hy, . €A°=Z[V* v*).
ZEW'n
Now, given an abelian group I' as above and two elements a,b > 0, we have a
unique ring homomorphism

0: A° — A, Vigd s eittia,
Bonnafé [4, §5] has shown that, if b > (n — 1)a, then the Kazhdan-Lusztig basis of

H,, (with respect to L: W,, — T') is obtained by “specialisation” from the Kazhdan—
Lusztig of ‘H; and that we have

(a) hyy=0(hy ) for all z,y,z € W,.

z,y,2
In particular, denoting by <%, ~%, <%, ~%, <?g, ~7x the pre-order relations on
W, with respect to L°, we have the implications:

(b) r<cy=2<zy, r<RY=>r<RY, T<LRYZF TR Y
These results show that it is usually sufficient to prove identities concerning the
Kazhdan—Lusztig basis in the “generic asymptotic case”; the analogous identity in
the general “asymptotic case” then follows by specialisation, assuming that b >

(n — 1)a. (In this and the following sections, we make an explicit remark at places
where we use this kind of argument.)

We shall need some notation from [3]. Given w € W,,, we denote by Il;(w) the
number of occurences of the generator ¢ in a reduced expression for w, and call this
the “t-length” of w.

The parabolic subgroup &,, := (si1,...,8,-1) is naturally isomorphic to the
symmetric group on {1,...,n}, where s; corresponds to the basic transposition
(4,94 1). Let 1 <1< n—1. Then we set ¥,y :={s1,...,8p-1} \ {s1}. For [ =0
or [ =n, we also set X,, := X, = X0 ={51,...,5n—1}. Let X;,,—; be the set of
distinguished left coset representatives of the Young subgroup &, ,,—; := (¥ ,,—;) in
S,,. We have the parabolic subalgebra H;,,—; = (T, | 0 € &1 n—1)a C H,,. Given
x,y € W, we write

def .
TLoy & LS, Y (see Section ).

Furthermore, as in [3] §4], we set ag = 1 and
ap :=t(s1t)(sas1t) - -+ (S1—181—2 + - - 511) for [ > 0.

Then, by [3, Prop. 4.4], the set X, ,_;a; is precisely the set of distinguished left
coset representatives of &,, in W,, whose t-length equals [. Furthermore, every
element w € W,, has a unique decomposition

W = Ay oyby," where | = l,(w), 0y € &y pn—; and ay, by € X p—1;
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see [3, 4.6]. On a combinatorial level, Bonnafé and Iancu [3| §3] define a generalized
Robinson—-Schensted correspondence which associates with each element w € W,
a pair of n-standard bi-tableaux (A(w), B(w)) such that A(w) and B(w) have the
same shape. Here, a standard n-bitableau is a pair of standard tableaux with a
total number of n boxes (filled with the numbers 1,...,n), and the shape of such
a bitableau is a pair of partitions A = (A1, Ay) such that n = |[\1| + |A2|. With this
notation, we have the following result.

Theorem 5.2 (Bonnafé and Tancu [3] and Bonnafé [4, §5]). In the above setting,
let x,y € W,,. Then the following conditions are equivalent:
(a1) = ~cy;
(a2) = ~% y (see Remark [51));
(b) I :=1(x) =L(y), by = by and o5 ~r 1 oy;
(c) B(z) = B(y).

(This is the first example where the discussion in Remark [5.I] applies: the equiv-
alences between (az), (b) and (c) are proved in [3, Theorem 7.7]; the equivalence
between (a;) and (ag) is proved in [, Cor. 5.2].)

Note that the equivalence “(a;) < (c¢)” is in complete formal analogy to the
situation in the symmetric group &,,; see Example [2.6(a).

Let A, be the set of all pairs of partitions of total size n. We set

Ry ={w e W, | A(w), B(w) have shape A} for A € A,,.

Thus, we have a partition W, =[], A, Rx. The above result and the properties
of the generalized Robinson—Schensted correspondence in 3 §3] immediately imply
the following statement:

Corollary 5.3 (Bonnafé and Iancu [3]). In the above setting, let X € A, and
denote by Ty the set of n-standard bitableaux of shape X. Then the generalized
Robinson—Schensted correspondence defines a bijection

w,\:'JI‘A x’]l‘,\g‘ﬁ), (T,T’)+—>w>\(T,T’),
with the following property:
(a) For a fixed T', the elements {wx(T,T") | T € Tr} form a left cell.
(b) For a fized T, the elements {wx(T,T") | T' € T} form a right cell.
(c) We have w(T, ')~ = wx(T",T) for all T,T" € Ty.
In particular, any left cell contained in Ry meets any right cell contained in Ry in

exactly one element. Furthermore, every left cell contains a unique element of the
set Dy = {z € W, | 22 =1}

In order to prove the main results of this section, we need a number of preliminary
steps. We shall frequently use the following result.

Proposition 5.4 (Bonnafé and Iancu [3| Cor. 6.7] and Bonnafé [4, §5]). In the
above setting, let x,y € Wy, be such that x <pr y. Thenli(y) < li(x). In particular,
if v ~cr y, then ly(z) = l;(y).

(The above result was first proved in [3] for the weight function L°: W,, — Z?;
then Remark EIi(b) immediately yields the analogous statement in the general
“asymptotic case”.) The following two results give some information about certain
elements of the Kazhdan—Lusztig basis of H,,.
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Lemma 5.5 (Bonnafé [, §2]). For any o € &,, and any 0 <1 < n, we have
C,Cu =Coa  and  Cq Cyp = Cao.
Furthermore, if 0 € & i1, then
C,Cy, =Coy, = Cp,Cyioa, where ajoa; € &; ;.

Proof. By Remark [5.1] it is sufficient to prove the equality C, C,, = C,,q, (for o €
S,,) in the original setting of [3] where we consider the weight function L°: W, —
Z2. In this case, the statement is proved in [4, Prop. 2.3]. The equality C,, C, =
C,,o is proved similarly.

Finally, since a; = al_1 stabilizes ¥;,,—;, we have ajoa; € &;,_; for any o €
&y n—1, which yields the second statement. [l

The following result plays an essential role in the proof of Lemma [5.10

Lemma 5.6. For any 0 <1< n—1, we have
Tisy -5, Cay = Cayyy + h(ar) Cy,
where h(a;) € H, is an A-linear combination of basis elements T,, with w <
8189+ --81. (Forl=0, we have ag = 1, a; =t and h(ag) = —Q~'T}.)
Proof. Following Dipper and James [5, 3.2], we define
uf = (T + Q') (T, + Q')+ (Th, + Q7'T1)

for any 1 < k < mn, where t; =t and ¢;41 = s;t;s; for ¢ > 1. The factors in the
definition of u: commute with each other and we have
ST, =Touf for1<i<k-1
see |5l §3]. By Bonnafé [4, Prop. 2.5], we have
Co, =uf T, =T, uff,
where oy, is the longest element in &y. (Again, this is first proved in the “generic
asymptotic case”; the general case follows from the argument in Remark[5.1l) Now

let kK =1+ 1 and note that
Tooy =T5, Ty, 558, and ulJr1 Ty, +Q° 1T1)

Since Ty,,, commutes with T, for 1 < < [, we conclude that
1

Cal+1 Ts_ -8251 T (Ttl+1 + Q 1T1) ul

- Tsi 8981 (Tt1+1 =+ Q 1T ) [+
- Ts_ -8281 (Tt1+1 + Q 1T1)
and s0 Tis,55...5,Ca, = Cayy, — Q1151 Co,, as requlred. O

The following definitions are inspired by Bonnafé’s construction in [4, §3]. Let
w € W,, and write w = a,a;0,b,," as usual, where [ := [;(w). We set

Ey=T.,CyC, y-1 =T, C

where the second equality holds by Lemma One easily shows that the elements
{Eyw | w e W,} form a basis of H,,. We will be interested in the base change from
the Kazhdan—Lusztig basis to this new basis.

For y,w € W,,, we write y < w if the following conditions are satisfied:

(1) L= 1(y) = L(w),

-1
a10ywby )
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(2) aybgl <c1 owby!, and
(3) I(y) < l(w) or y = w.

We write y < w if y < w and y # w. Since {E,} is a basis of H,,, we can write

uniquely

Ew = T(;ll Cal Cowbal = Z )‘y,w Ey where )\y,w €A
yeW,

Lemma 5.7. We have Ay = 1 and Ay = 0 unless y = w. Furthermore, we
have Ay € Zlq,q7 ).

Proof. We argue as in the proof of Lemma Let w € W, and | = [;(w). We

have
Ta:_ull = 2,0y T F
zeW,
where R} , € A are the “absolute” R-polynomials defined in [I5, §1]. We have
Ry ., =1land R;, = 0 unless 2 < ay. Since a,, € &,, we have R} , €
Zlg,q7 1.

Now let z € W,, be such that T, occurs in the above expression. Then we can
write z = co where ¢ € X ,_; and 0 € &;,,_;. Since l(co) = I(c) + l(o), we have
T, =1T.T, and so

Buw=Y Repo, 1.7,Co C, -1,
c,o
where the sum runs over all ¢ € X;,—; and 0 € &;,,—;. Now we can also write
T, = >, Po,0Co where P, » € Z[q,q '] and the sum runs over all o/ € &;,,_;.
Note that p,» = 1 and Py’ » = 0 unless ¢’ < 0. Thus, we have

— — ~
E, = § ch-7awpa’7o T.Coy Cal Cowbﬂ,l y
c,o,0'

where the sum runs over all ¢ € X;,,—; and all 0,0’ € &;,,_;. Now Lemma
shows that
Cy' Cy, C, -1 = Cy, Cyyora, C

Since a;o’a; € &; 1, We can write

Caro'a; Cawbufl = Z hasz’alﬂwbujlﬂ” Cor,

0"€G g

—1.
Twbw

where b, 10 oop=t 0 € Z[q,q1]. So we conclude that

— —x _
E, = § RCO'ﬂwpU/aa'hala’al,awbg,l,a” T, Cal Ca”v

c,o,0' 0

where the sum runs over all ¢ € X;,,_; and all 0,0’,0” € &;,,_;. Now every term
T.C,,C,» in the above sum is of the form E,, for a unique y € W,, where [ = [,(y),
ay =c, oyb, L' = 0", So we can re-write the above expression as

Eo = Z Ay By
yeEWn

Ly (y)=l1

where
_ E : * = -1
)\va - Rayo'vaw Do o hala/al,owbg,l,oybgl € Z[q7 q ]

0,0'€6; n_
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Assume that A, ., # 0. We must show that y < w. First of all, we certainly have
I =l(w) = l;(y). Furthermore, there exist 0,0’ € &,;,,_; such that

Rzyg)aw # 0, Do’ o # 0, halg/al’a_wb;)17o_yb;1 # 0.
The first condition implies a,o < a,, and so {(ay0) < I(ay). The second condition
implies I(o”) < (o), while the third condition implies that ob, ' < owb,' and
loyb, ') < I(o”) 4+ I(owby"). (See [ZT) and note that I(a;0'a;) = I(c’).) Hence we
also have I(y) < l(w). Altogther, this means that y < w. Finally, if y = w, it is
readily checked that Ay . = 1. O

The above result shows that, for any w € W,,, we have

Euw=FEuy+ Y MwE,  where A, €Zlg,q7").

yEWnR
y<w

We can now use exactly the same arguments as in the proofs of Lemma 3.2 and
Proposition 3.3 in [8] (which themselves are an adaptation of the proof of Lusztig
[15, Prop. 2]) to conclude that

Cy,=E,+ Z Ty By

yeWn
y<w

where 7, ,, € ¢"'Z[g™] for any y < w. Indeed, the family of elements
{ﬂ—y,w | Y, w € Wnay = ’LU}

is uniquely determined by the following three conditions:

(KL1%) Tww = 1,

(KL2") Tyw € Aco if y < w,

(KL3") Tyw — Tyw = Z Ayz T ify <w.
zEWp,
y<z=w

Since Ay € Z[g, ¢, it then follows that m, ., € ¢ 'Z[g7 '] if y < w.

Corollary 5.8. Let w e W,.

(a) Cy can be written as an A-linear combination of E,, and terms E, where
Yy <w.

(b) Ey can be written as an A-linear combination of C,, and terms C, where
Yy <w.

Proof. (a) See the above expression for C,. (b) Argue as in the proof of Corol-
lary O

The next two results describe the action of C; and C,, on E,,.

Lemma 5.9. Let w € W,, and s = s; for some 1 <i<n—1. Then CsFE,, is an
A-linear combination of terms E, where | := [;(z) = l;(w) and 0.b;1 <z oubyt.

Proof. Recall that E,, =1,, C,, ngb;l. Now C; = T, + ¢~ T} and so
C,Ey, =T.,Ey,+q 'E,.

By Deodhar’s Lemma (see [11], 2.1.2]), there are three cases to consider.
(1) saw € Xjn—; and l(say) > l(ay). Then

TS Ew = TS Taw Cal CO'wb.I,l = Tsaw Cal Co'wb,[;1 — Esw
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and so CsEy, = Eg, + ¢ 1E,,. Since sw = (say)a;o,by,", the required conditions
are satisfied.
(ii) saw € Xipn—; and I(say) < l(aw). Then T, T, = Tsq, + (¢ —q YT,, and so
Tsz = Esw + (C] - q_l)Ew-
This yields CsE, = Eg, + qF,. Since, again, sw = (sa,)a;0,b,", the required
conditions are satisfied.

(ili) say = ays’ for some s’ € ¥y ,,_;. Then I(say) = l(ayw) + 1 = l(ays’) and so
T,T,. = Tsa, = T,y = Tu. Ty. This yields

ToEy =T,, T Co,C, -1 =Ta, Co Cqo, C, -1 —q 'Ey

and so
C;E,=1,,CsC,C
Now Lemma shows that

CyCp, C, -1 =C Cgs50,C, -1

—1.
owbw

Since a@;8'a; € &y 4—;, We can express CalszalCowaUl as an A-linear combination
of terms C,y—1 where p € &, and b € X;,_; are such that pb™ <z ouby".
We conclude that C,E,, is an A-linear combination of terms F, where a, = a.,
l:=1(y) = ls(w) and be;1 <cl owbyt. |
Lemma 5.10. Let w € W, and l = l;(w). Then CiE,, is an A-linear combination
of terms E, where l;(z) > 1 or where l;(2) =1 and 0,b;' <, owby’.

Proof. The following argument is inspired from the proof of Dipper, James, and
Murphy [6, Lemma 4.9]. Write w = a,,a;0,b,,". We distinguish three cases.

Case 1. We have [ = 0. Then a,, = 1 and so E,, = C, ;1. By Proposition B4,
C.E,, is a linear combination of terms C, where [;(z) > 1. Using Corollary 5.8(a),
we see that C;F,, can also be written as a linear combination of term FE,, where
l(2) > 1.

Case 2. We have | > 1 and the element a,, fixes the number 1. (Here, we regard
ay as an element of &,.) Then T; commutes with T, . Since I(ta;) < I(a;), we
have T;C,, = —Qflcal. So C;FE,, is a multiple of F,, and we are done in this case.

Case 3. We have | > 1 and the element a,, does not fix the number 1. Then we
consider the Young subgroup &; ,-1 C &,. We can write a,, € &,, as a product
of an element of &1 ,_; times a distinguished right coset representative of &; ,,—1
in G&,,. These coset representatives are given by

{1, s1, s182, s18283, ..., 515283 -Sp_1}.

Thus, we have a,, = 08182+ 8y, for some m € {0,1,...,n — 1} where l(a,) =
m + (o). Now, the fact that a,, € X ,,_; implies that we must have m = [ and so

Ay = 08182 ---5; for some o € &1 ,,_1 such that I(a,) =1+ (o).
This yields
TiT,, = TiToTs sy, = ToTiT s, 5506;, = ToTtsy 595,
Using the expression in Lemma 5.6l we obtain

ﬂTawCal = TO Ttslsz-us Cal = Ta C + Ta‘ h(al) Cal;

1 ap+1
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where h(a;) is an A-linear combination of basis elements T, with 7 < s1---s;. This
yields

T,E,=1T,C CawaJl + T, h(al) CalCawb;l.
Now Lemma [5.9] shows that T, h(a;) Cy, Cawb;l is a linear combination of terms
E, where | = l;(z) and 0,b;! <z owby,'. On the other hand, by Proposition 5.4}
15Cq,,,C, -1 is a linear combination of terms C, where ly(w") =2 1+ 1. Hence
this is also a linear combination of terms E,, where [;(2") > 1 + 1. O

ap41

Theorem 5.11. Let x,y € W, be such that | := l;(z) = l;(y). Then we have
x <z y if and only if o,b7" <cy be?;l.

Proof. First assume that <, y. We must show that o,b; ! <z, aybgl. Now, by
definition, there exists a sequence z = xg,x1,...,Tr = y such that x; 1 <, z; for
all . By Proposition B4 we have l;(x;_1) > li(x;) for all i. Since l;(z) = L:(y),
we conclude that all z; have the same t-length. Thus, it is enough to consider
the case where = <+, y, that is, we have that C, occurs in C,C,, for some s €
{t, Slyeeey Sn—l}-

Assume first that s = s; for some i € {1,...,n—1}. By Corollary 5.8(a), we can
write C, as an A-linear combination of E,, where w < y. So C,C, is an A-linear
combination of terms of the form C,FE,, where w < y. Now consider such a term.
By Lemma[E3, C,E,, is a linear combination of terms F, where 0,b; " < ouwby!.
Consequently, by Corollary 5.8(b), CsE,, is a linear combination of terms C, where
szz’l <z awbljl, as required.

Now assume that s = ¢t. By Corollary b.8(a), we can write C, as an A-linear
combination of F,, where w = y. So C,C, is an A-linear combination of terms of
the form C;E,, where w < y. By Lemma [EI0] and Corollary E8(b), we can write
any such term as a linear combination of terms C, where l;(z) > [ or l;(z) =1 and
Uzbzl g[,l Jwbgl.

Summarizing, we have shown that C,C, is a linear combination of terms C,
where | = I;(z) = l;(y) and 0.b;' <g; oyb, ", and terms C,, where l;(w’) > I.
Hence, since I;(x) = [, we must have o,b; ' <. be?;l, as required.

Conversely, let us assume that 0,b;' <z o,b,'. We must show that = <. y.
Again, it is enough to consider the case where o,b; !« aybgl, that is, C, ;-1
occurs in CsCayb;1 for some s = s; where i # [. Thus, writing

CSiCbegl = § : § : hsi,o'ybyfl,ﬂ'zflcﬂ'zfl’
TES) 1 2€X | n-1

we have h_ byt oabs ! # 0. Multiplying the above equation on the left by C,, and

using Lemma [B.5], we conclude that

C,C

aoybyt = CS/Cangybgl = CalCSiC%b;l
= z : 2 : hsi,o'yb;177rz_1cal71'z—1’
TES n_1 2EX | n_1
where s’ = a;s;a; € &y,,—;. Considering the term corresponding to 7 = o, and

z = b,, we see that aq;o,.b;* <, aloybgl. Finally, this yields

—1 —1 —1 —1
T =a,a;0:b, " ~p aopb, <p aoyb, ~poagaiogb, =y,

by Theorem O
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The above result has two immediate applications.

First, it provides a refinement of Theorem Indeed, if we have x ~, y, then
Theorem 51T shows that o,b; 1~/ ayb;1 and, hence, b, = b, and o, ~r; o, (by
Proposition 4.4l and Lemma [£.3)).

Second, it refines the methods that Bonnafé used in [4]. Indeed, we obtain a
new proof of the following statement concerning the two-sided Kazhdan—Lusztig
pre-order.

Corollary 5.12 (See Bonnafé [4]). Let x,y € W,,. Then the following hold.

(a) Ifl:=ly(x) = l(y) and © <gr y, then o, <cry oy.
(b) If x ~pr y, then 1 :=li(z) = l;(y) and 0y ~rRr 1 Oy.

Proof. (a) Assume that [ := l;(z) = l;(y). To prove the implication “z <,;r y =
0x <£R, 0y, We may assume without loss of generality that x <. y or oyt
(since these are the elementary steps in the definition of <,g.) If x <, y, then
Theorem .11l and Proposition 4] immediately yield o, <gr,; 0y, as required.
Assume now that 7! <, y~'. We have

—1

27t = (apa;o.b, )t = bear(ajo; tay)ay

x

and so
Ap—1 = by, 0y = 0’10;10'1, by-1 = ay

where oy is the longest element of ©;. Note that a; = w;o; where w; is the longest
element in W, and that w; commutes with all elements of &;,,_;; see [3, §4]. A
similar remark applies to y = a,a;0,b, L. Now Theorem [5.11] and Proposition E4]
imply 0,0, 10; < LR, 010, Lg;. Furthermore, conjugation with o; defines a Coxeter
group automorphism of &;,_; and, hence, preserves the Kazhdan-Lusztig pre-
order relations <., <r,; and <zr;; see [I8, Cor. 11.7]. Consequently, we have
ot <cwry o, L. Finally, note that inversion certainly preserves the two-sided pre-
order <,r,;. Hence we have o, <y, 0y, as desired.

(b) If © <R y, then l;(y) < l;(x) by Proposition 54l Hence, if 2 ~,z y, then
we automatically have | := l;(x) = l¢(y) and (a) yields o, ~rr, 0. |

Now our efforts will be rewarded. Combining Example with Theorem [5.2]
Theorem B.1T] and Corollary [5.12] we obtain:

Theorem 5.13. Recall that we are in the “asymptotic case” in type B,. Then the
following implication holds for all x,y € W,,:

(W) r<cy and T~pRY = T~y

Proof. Let x,y € W, be such that x <, y and x ~,r y. First of all, Corollary B.12]
implies that [ := l;(z) = l;(y) and 0, ~£r, 0y. Furthermore, Theorem [5.TTlimplies
that o.b;! <cy ayby 1. Thus, the hypotheses of Conjecture are satisfied for
the elements o,b, ! and oyby, Lin the symmetric group &,,, where we consider the
parabolic subgroup &; ,,—;. Hence Example E9implies that b, = b, and o, ~; 0y.
Then Theorem yields x ~, vy, as desired. O

Corollary 5.14. The sets {R) | A € A, } are precisely the two-sided cells of W,,.

Proof. Once (#) is known to hold, two elements x,y € W, lie in the same two-sided

cell if and only if there exists a sequence © = g, z1,..., T = y of elements in W,
such that, for each i, we have x;_1 ~, x; or x;_1 ~g x;. Hence the assertion is an
immediate consequence of Corollary O
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6. ON THE LEFT CELL REPRESENTATIONS IN TYPE B,

We keep the set-up of the previous section, where W, is a Coxeter group of type
B,, and where we consider the Kazhdan—Lusztig cells in the “asymptotic case”.
Recall the partition

Wo= T %,
A,
where A,, is set of all pairs of partitions of total size n. An element w € W,, belongs
to MR, if and only if w corresponds to a pair of bitableaux of shape A under the
generalized Robinson—Schensted correspondence. By Corollary [5.14] each set R is
a two-sided cell.

Recall that we denote by Irr(H, x) the set of irreducible characters of H, k.
For any left cell €, we denote by x¢ the character afforded by the H,, x-module
€]k = K®4 [€]a.

Theorem 6.1 (Bonnafé and Tancu [3] and Bonnafé [4, §5]). In the above setting,
we have xe € Irr(Hy i) for any left cell € in W,,. Furthermore, let €, & be left
cells and assume that € C Ry, € C R, where A\, pn € A,,. Then the characters x¢
and xe, are equal if and only if A = p.

(This is another example where the discussion in Remark [5.]] applies: the above
statements were first proved in [3, §7] for the weight function L°: W,, — Z2. Using
Remark [5.Tla), one easily shows that [€]4 = A ®40 [€]40 where A is regarded as
an A°-module via the map 6: A° — A.)

The main result of this section is Theorem which shows that we even have
¢ =~ ¢ for any two left cells €, &, C Ry, where “~” is the relation introduced in
Definition

Let us fix a pair of partitions A = (A, A2) € A, and let € C R, be a left cell.
We set | := |A2|. By [3l Prop. 4.8], we have l;(w) = for all w € R,. In particular,
we have [;(w) = [ for all w € €. Now recall the decomposition w = awalowb;1 for
any element w € W,,, where [ = I;(w). We set

¢:={0 €& |0 =0, for some w e C}.

By Theorem 5.2 € is a left cell in Sin—1- Next recall that &, = &; X Gj4q,p)
where &1, = &,y It is well-known and easy to check that the Kazhdan—
Lusztig pre-order relations are compatible with direct products; in particular, every
left cell in &; ,—; is a product of a left cell in &; and a left cell in &4 ). Thus,
we can write
T — E(l) ) E("—l)

where € is a left cell in &; and E(nil) is a left cell in &y ,). We use the
explicit dot to indicate that the lengths of elements add up in this product: we
have l(o7) = (o) + I(7) for o € ¢ and r e, By Theorem [5.2] we have
by = by for all z,y € €. Let us denote b = b,, for w € €. Then we have

C=X;pni-a-C- b~! = {cajob™! | c € Xin_t1,0 € C}.
A first reduction is provided by the following result:

O]

Lemma 6.2 (Bonnafé and Iancu [3, Prop. 7.2] and Remark EII). In the above
setting, €b is a left cell and we have

CrCh= Xl,n—l - ap E
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Now we can state the main result of this section. Again, this is in complete
formal analogy to the situation in the symmetric group &,,; see Example 2.6](b).

Theorem 6.3. Let A € A,,. Then we have € =~ €y for all left cells €, &, C R,.
Recall that this means that there exists a bijection € 5 ¢4, © — x1, such that
hwzy = hway g0 for allw € Wy, and all z,y € €.

The bijection x — x1 is uniquely determined by the condition that x1 € €; is the
unique element in the same right cell as x© € €.

Proof. First note that the second statement (concerning the uniqueness of the bi-
jection) is a consequence of the first. Indeed, if there exists a bijection € = €,
x — x1, satisfying (©), then Proposition shows that  ~ z7 for any « € €.
But Corollary shows that two elements which are in the same right cell and in
the same left cell are equal. Hence the element z; is uniquely determined by the
condition that x; ~g x.

To establish the existence of such a bijection, let A = (A1, A2) and set [ := |Aq].
Let €, &; C R, be two left cells. We set

¢:={0 €, ]|0=0, for some w € €},
¢ :={0€&, |0=0, for some w € & };

by the above discussion, these are left cells in &; ,,—;. Furthermore, we can write
= =) —<(n-0) =) —(n-1)

c=¢" . and ¢ =¢ ¢
where E(l), El(l) are left cells in &; and E(nil), El(nil) are left cells in &1y ,). We
claim that
(%) ¢Vl " PVaE! Eed,

Indeed, by Example 2.6l the classical Robinson—Schensted correspondence asso-
ciates to a left cell of &; a partition of [ and to a left cell in &4 ) a partition
of n —I. Thus, we can associate a pair of partitions to €. By [3, 4.7], that pair of
partitions is given by (A2, A;). A similar remark applies to €, where we obtain the
same pair of partitions. Now (x) follows from Example 2.6(b) and the compatibility
of left cells with direct products.

To continue the proof it is sufficient, by Lemma [6.2] to consider the case where

<= Xl,nfl . CL[E and @1 = Xl,nfl . alﬁl.

In this situation, we note that the sets ;€ and a;€; are contained in the parabolic
subgroup

VVl,n—l = Wl X 6[[+17n] where Wl = <t, S1y.eny Sl_1> (type Bl).
By [3} 4.1], we have a; = w;o; where w; is the longest element in W; and oy is the
longest element in &;. Since multiplication with the longest element preserves left

cells, the sets o*lE(l) and o*lEl(l) are left cells in &;. Hence (*) and Lemma .8 show
that

O’la(l) ~ aﬁl(l).
Applying Theorem to the group W, we notice that every left cell in &; also
is a left cell in W;. Hence the sets CTIE(Z) and 0161(” are left cells in W;. Then

multiplication with the longest element w; € W; and Lemma 2.8 yield that

— —( —( =
ac? = wl(UlQ:( )) ~ wl(glgf )) = algl( )’
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where the above sets are left cells in W;. Using the compatibility of left cells with
direct products, we obtain
— — (1 —(n—1 — (1 —(n—I
u€ = (alQZ( )) T 5 (alQ:l( )) . Qll( )
where the above sets are left cells in Wj ,,_;.
Thus, we have two left cells in the parabolic subgroup W ,—; which are related

= a/lQ:Ia

by “~”. Now let X’l,n_l be the set of distinguished left coset representatives of
Wi -1 in W,,. We certainly have X; ,_; C X;,_; and so
C=Xn -a@ - Xl,n—l : az_a

C=Xin1-qi€y S Xjp-a€y.
By Theorem [3.6] the sets Xl,nfl ;€ and )A(l)n,l - ;€ are both unions of left cells
in W,, and we have . - X B

Xin—1 o€~ Xy - a1€y;
see Proposition Furthermore, by Corollary [310, there is a left cell
¢ - X'l,n,l - € such that ¢ ¢

It remains to show that € = ¢. This can be seen as follows. Since ¢ ¢y, we have
¢ C R,. In particular, all elements in € must have t-length [. Now we leave it as
an exercice to the reader to check that

Xin—ti Wipor ={w e W, | ly(w) <1}.

Hence we must have € C Xin—1-Wipn_i. On the other hand, we also have ¢ -
Xin—1 @€ Since X;,,—; C Xy and @€ C W,,,_;, we conclude that

€ C (Xt W) N (Xl,n—l ca1€) =Xy € =€
and so € = ¢, as required. (I

Following Graham and Lehrer [12] Definition 1.1], a quadruple (A, M, C, *) is
called a “cell datum” for H,, if the following conditions are satisfied.

(C1) A is a partially ordered set, {M(\) | A € A} is a collection of finite sets and
C: [T M) x M(A) — H,
AEA
is an injective map whose image is an A-basis of H,;
(C2) If x€ A and S,T € M(X), write C(S,T) = C§ p € Hp. Then x: H,, — H,
is an A-linear anti-involution such that (Cg )* = C g.
(C3) f A€ Aand S, T € M(A), then for any element h € H,, we have

hCip= > mh(S,S)Csp mod Hy(< V),
S7eM(N)
where 7,(5’,5) € A is independent of 7" and where H, (< ) is the A-
submodule of H,, generated by {C, 1 | 1 < X 8", T" € M(p)}.

In this case, we call the basis {C3 1} a “cellular basis” of H,,.

One reason for the importance of a cellular structure lies in the fact that it
leads to a general theory of “Specht modules” and various applications concerning
modular representations; see [12] for more details. Graham and Lehrer [12, §5]
already showed that H,, has a cellular structure, where they use a mixture of the
Kazhdan—Lusztig basis and the standard basis. The point of the following result is
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that the Kazhdan-Lusztig basis in the “asymptotic case” directly gives a cellular
structure. (The relation between the two structures will be discussed elsewhere.)

Corollary 6.4. Recall that we are in the “asymptotic case” in type B,,. Then the
Kazhdan—Lusztig basis {Cy | w € Wy} is a “cellular basis” of Hy,.

Proof. We specify a “cell datum” as follows. First of all, let A := A,,, the set of
all pairs of partitions of total size n. By Corollary .14 these parametrize the
two-sided cells of W,,. Hence we can define a partial order “<” on A by

A< if z < r y for some x € Ry, y € R,

(More explicitly, we could wuse the dominance order on bipartitions;
see [10, Prop. 5.3].) Next, for each A € A,,, let M(\) := Ty, the set of n-standard
bitableaux of shape A. By Corollary (.3, we have a bijection

Ty x Ty — R, (T, T") — wx(T,T")
such that wy(T,T')~t = w\(T',T) for all T, T" € Ty. We set
Csr:=Cu, s  for A€A, and S,T € T,.
Then the map
C: [ TaxTa=Hu,  (ST)—=Cep  (S,T€T(N),
AEA,

satisfies the requirements in (C1).

We define *: H,, — H,, by T} = T’ = T,,-1 for all w € W,,. This is an A-linear
anti-involution such that C¥* = C,-1 for all w € W,; see the remarks in (22)).
Thus, we have

(Cs7)" =Ch 51 = Cursr)—t = Cuy(r,s) = CFs

for all A € A,, and S,T € T). Hence condition (C2) is satisfied.

In order to check (C3), it is sufficient to assume that h = C,, for some w € W,,.
Let A€ A, and T € T. For any 5,5’ € Ty, we define
x :=wx(S,T),

/ P
Tw(S',S) == hy 4. Where { 2= wy (S, T).

Now consider the product
CwCsr=CuCo= > husyCy  where z=w,(S,T).
yeWy,

If hyoy # 0, then y <z 2. Hence Theorem [.I3] shows that either  ~, y or
T <,/r Y. SO we can write

CwCQ,T = Z hiwyCy mod Hy(< A).

yEWn
T~ LY

Using Corollary B3l every y € W, such that x ~, y has the form y = wy(S’,T)
for some S’ € Ty. So we can rewrite the above relation as follows:

CuCir= Y ru(5,9)Cs r modH,(< ).
S’€Ty
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Finally, we must check that r,(S’,S) is independent of T. To see this, let T7 €
Tx and define 7}, (S’,S) := hy 4, 0 Where 21 = wy(S,T1) and 2} = wx (S, T1).
Arguing as above, we see that

Cng,Tl = Z T}U(S/, S)C:é',Tl mod H, (< A).
S’€Ty
Hence we have
rw(S',S) = 7“111)(,5'7 ) = hw,zar = hawoy o -

Now, Corollary 53] shows that @ ~g 21, 2’ ~g 2], * ~¢ 2’ and 21 ~, 2. Hence
the desired equality follows from Theorem [6.3 O

Remark 6.5. The above proof is modeled on the discussion of the Iwahori-Hecke
algebra of the symmetric group &,, in [12] Example 1.2]. In that case, Graham and
Lehrer state that (C3) is already implicit in Kazhdan—Lusztig [I3] (or the work of
Barbasch and Vogan and Vogan), which is not really the case. In fact, as the above
proof shows, (C3) relies on the validity of both (©) and (#), and the latter was
first proved by Lusztig [14] (even for the symmetric group &,,).

7. LUSzTiG’S HOMOMORPHISM FROM H,, TO THE RING J

As a further application of the results of the previous section, we will now con-
struct a new basis of H,, with integral structure constants. First of all, this will
lead to an analogue of Lusztig’s “canonical” isomorphism from H,, x onto the group
algebra KW,,; see Theorem [[.8l At the end of this section, we will see that the
subring generated by that new basis is nothing but Lusztig’s ring J. To establish
that identification, we will rely on the recent results of Iancu and the author [I0]
concerning Lusztig’s a-function.

Recall the basic set-up from the previous sections. In particular, recall the
partition

Wo= T %,
AEA,
where A,, is the set of all pairs of partitions of total size n. Let us fix A € A,,. In
the following discussion, we will make repeated use of the bijection

T x Ty = Ry, (T,T") = w (T, T");

see Corollary Recall that this implies, in particular, that every left cell contains
a unique element from the set

D, :={zeW,|z*=1}.

For z € W,,, we denote by d, the unique element in D,, such that z ~, d..

By Theorem[6.1], we have x¢ € Irr(H,, i) for all left cells in W,,. This allows us to
make the following construction. Let A € A,,. We fix one left cell in R and denote
its elements by {z1,...,z4, }. We have a corresponding matrix representation

Xn: Mo — Mg, (K), where XY(Cy) = hya, 0,

for 1 < 4,5 < dy; see (Z3). Let xa € Irr(H,, k) be the character afforded by X,.
Now, if we vary A, we get all irreducible characters of H,, g exactly once. Thus, we
have a labelling

Irr(HnyK) = {X)\ | AE An}
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As in Section [2 denote by {D,, | w € W, } the basis which is dual to the basis
{Cyw | w € W, } with respect to the symmetrizing trace 7. We have the following
formula:

1
T= Z — XX where ¢y € A for all A € A,,.
A€EA, ¢

(In the present case, we do have ¢ € A; see [I1l Theorem 9.3.5].) The main idea in
this section is to apply Neunhoffer’s results from the end of Section 2, concerning
the explicit Wedderburn decomposition of H, x in terms of the products C;D,-
where © ~, y.

The following result is inspired by an analogous result for the symmetric group;
see Neunhoffer [19] Kap. VI, §4]. It crucially relies on Theorem

Proposition 7.1. The elements {C,Dg, | z € W,,} form a K-basis of Hy k. We
have the following identity for any w € W:

—1
Cy = § h'w,dz,z Cx, Cdez;
zeW

where A, € A, is defined by the condition that z € Ry,. Furthermore, we have the
following multiplication rule: If w,z € W, satisfy w ~g z~1, then

C.Dy, -CyDgy, =cy, C,Dgy,,

where u € W,, is the unique element such that z ~g u ~¢ w (see Corollary B3).
Otherwise, we have C,Dg_ - C,Dg, = 0.

Proof. First we prove the multiplication rule, by using a representation-theoretic
argument. Let w,z € W,, and suppose that C.Dq, - C,,Dq, # 0. Since H, i is
split semisimple, we have

X,\(C.Dy, - C,Dy,) #0 for some A € A,,.
Let € be the left cell containing z and let €; be the left cell containing w. We claim

that
(%) ¢, ¢ CR,y and Cr ¢ ~{xy,...,xq,},
where {z1,...,24,} is our chosen left cell in Ry. Indeed, since X¢ is irreducible,

there exists some p € A such that X¢ is equivalent to X,,. If we had A # p, then
Lemma [ZTT] would imply X, (C.Dg,) = 0, contradicting the choice of A\. Thus, we
have pt = A and so xe¢ = x. A similar argument shows that we also have x¢, = xa.
But then Theorem implies that €, &€; C Ry, and Theorem [6.3] yields the second
statement in (x).

Let 4,5 € {1,...,dx} be such that z ~¢ z; and d. ~g z;. (These indices exist
and are unique by Corollary [531) Then Theorem [6.3] and Lemma imply that

C.Dy =C,D, .
J
Similarly, if k,1 € {1,...,dx\} are such that w ~% 2 and d,, ~g ;, then
C,Dy, = C,, D, 1.

Now, by Lemma 2.T1] the above elements are multiples of matrix units with respect
to the representation X,. (Recall that this is the representation afforded by the
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left cell {x1,...,xq, }.) Hence the usual multiplication rules for matrix units imply
that j = k and

Cdez . C’LUde = CriDz,_l . CIjDzl—l = C) CxlDIl—l
J

Finally, let d € D,, be the unique element such that d ~% z;. Then, by Corol-
lary B3] there is a unique element u € R, such that d = d, and v ~g z;. In
particular, this means that

u~R T; ~r 2 and u~£du:d;1 Ngxl_l ~p dy ~pw.

Furthermore, the condition j = k means that w ~g xp = 2; ~r d, = d;l ~p 2 L

Thus, if C,Dg4, - C,Dg, # 0, we have established the desired multiplication rule.
Conversely, by following the above arguments backwards, one readily checks that
C.D,. - C,Dy, has the desired result if w,z € Ry for some X\ € A, w ~g 27}
and z ~g u ~, w where u € R). Thus, the multiplication rule is proved.

Now let z € W,,. Then we have

CyD,-1 =CyDgy, where d, ~r w and x ~x d,,.

Hence, for any z € W,,, we obtain

C, CuDdu if z~gu~,w~g Zﬁl,

C.Dgy, -Cy,Dy-1 = { 0 otherwise.

Using the fact that we are dealing with a pair of dual basis, this yields

1

Cx, ifz~gru=dy~gw~g 2z,
7(C.Dgy, - Cyq,Dy—1) = { 0 otherwise.

Now, if the above condition on u,z,w is satisfied, then we have w ~g 27!

and
w~gp dy, =d;t ~z 2715 so we must have w = 27! by Corollary (.3l But then we
have z ~, dy =d;! ~p wt =zand 27! ~ d;} =dy, ~r w™! = 2, which yields

x = z. Thus, we have shown that

- Cx, ifz= Z,
7(C.Dgy, - Cq,Dy-1) = { 0 otherwise.

In order to prove the identity Cy, = >y huw,d. = c;: C.Dg,, we just multiply
both sides by Cg4, D,-1 and note that, upon applying 7, we obtain the same result.
Once this identity is established, it follows that the elements {C,Dy, | z € W,,}
generate H, g. Since this generating set has the correct cardinality, it forms a
basis. O

Corollary 7.2. The matriz (hw’dﬁz)w €W is invertible over K.

Proof. By Proposition[ZI] the above matrix describes the base change between two
basis of Hy, k. O

Definition 7.3. In the above setting, we consider the Z-submodule
Jn = <£’w ‘ w e Wn>Z C Hn,K7

where we set t,, = c;i CyDg, for any w € W,. The multiplication rules in
Proposition [(1] immediately imply that J,, is a subring of H,, x; indeed, we have

i g i, ifx~sy tand x ~g 2 ~p o,
0 otherwise.
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Furthermore, we have a decomposition

J, = @ Jn\ (direct sum of two-sided ideals),
AEAR

where J,, 5 = (tw | w € M)z for every A € A,,.

We will see at the end of this section that J, actually is the ring J introduced
by Lusztig in [I8, Chap. 18]. However, our basis elements #,, will not correspond
directly to Lusztig’s basis elements. We have to perform a transformation of the
following type.

Let w +— n,, be an integer-valued function on W, satisfying the following two
properties:

(N1) we have n,, = 1 for all w € W,,;
(N2) the function w + i, is constant on right cells.

Having fixed a function as above, we set t,, := fi,t,, for all w € W,. By (N1), the
elements {t,, | w € W,,} form a new Z-basis of the ring J,,. Writing

te t?/ = Z ’%c,y,z*l 12 (%y € Wn)7
zeW,

the structure constants 4, , ,-1 are given by

) [ Ay =41 fz~py
(N3) Voy,z=1 = { 0 otherwise;

Vand x ~g 2 ~¢ ¥,

see Proposition [Tl The following results will all be formulated in terms of the
basis {t,, | w € W,} of J,, where we assume throughout that a function satisfying
(N1), (IN2) has been fixed. An obvious example is given by the function 7, = 1
for all w € W,. (As we will see at the end of this section, we have to take a
different function in order to identify ¢,, with the corresponding element in Lusztig’s
construction.)

Corollary 7.4. The ring J, introduced above has unit element

T = Z Tyt (where Ty is the unit element in H,, ).
2€D,
For every A € A,,, we have J, x = My, (Z).

Proof. Let z € D,, and assume that z € R). Since d, = z is an involution, the
argument in the proof of Proposition [[.Tl now shows that

C.D.=C,;D_-: forsome 1 <i<d,,

where {x1,..., 24, } € R, is our chosen left cell. Furthermore, we have
dx
> cC.D.=> C..D,:.
zED,NR N =1

By Lemma 2.1T] the image of the above element under X, is 0 if A # p, and cy
times the identity matrix if A = p.

Hence we conclude that the image of ¢ := >, t, € J, under X, (for any \)
is the identity matrix. Since H, g is split semisimple, this implies that ¢ is the
identity element in H, , that is, we have ¢ = T1. O
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We can now establish the following result which is in complete analogy to Lusztig
[18, Theorem 18.9].

Corollary 7.5. Let J, 4 = AQ®z Jy, = (tw | w € Wy)a € Hy k. The A-linear map
¢: Hyy — Jp 4 defined by

(ZS(C;;;) = Z hw,dz,z ﬁz t, (U) S Wn)

zeW,

18 a homomorphism of A-algebras respecting the unit elements.

Proof. Since Jp a4 — Hp i, the above formula actually defines a K-linear map
¢r: Hnx — Hnx whose restriction to H, is ¢. By Proposition [[I], the set
{ty | w € W,,} is a basis of H,, k. Furthermore, the formula in that proposition
shows that gbK(f{f,) = t, for all w € W,,. Thus, we have ¢x 0§ = id on H,,x and,
consequently, ¢ is a K-algebra homomorphism respecting the unit elements. [

The next result can be regarded as a weak version of property (P15) in Lusztig’s
list of conjectures in [I8, Chap. 14].

Proposition 7.6 (Compare Lusztig [18, 18.9(b)]). Let z,z’,y, z,w € W, be such

that y ~p 2’ ~g x~1. Then we have

g hw,z,y Yo,z z=1 = E hw@’z Yz, y=1-

zeW, zeW,

Proof. By assumption, we have  ~, '~! and 2’ ~, y. Hence we have z, 2,y € R
for some A € R,. So, by Corollary [5.3] there exist unique elements zg, 21 € Ry
such that

T ~r 20~ X and NP N TR

Now Proposition [Z.I]shows that 4, ., .-1 = 0 unless z = zg, in which case the result
is 4, ol = figr. Similarly, we have 4, ;. ,—1 = 0 unless z = 21, in which case the
result is 4., o -1 = fiyy. Hence the desired equality is equivalent to the identity
(%) hw,z0,y = P,z -
Suppose that Ay, 7 0. Then y <z 29. We conclude that

a' ~py <z ~ve @
and so y ~, zg. On the other hand, we have zy ~x x and, hence,

1

2 ~p @ T g 2.

So we can apply Theorem [63] and this yields Ay 2oy = Ruw,e,2 - Thus, () holds in
this case. Conversely, if hy, 5 ., # 0, then a similar argument shows that, again, (x)
holds. Finally, this also yields that hy, ,,, = 0 if and only if hy, 4 ,, = 0. Thus, (x)
holds in all cases. [l

Let &€ be the free A-module with basis {¢, | z € W, }. Identifying H,, and & via
C, — &y, the obvious H,-module on H,, (given by left multiplication) becomes
the H,,-module on & given by

Cp.ep = Z M,y €y (w,z € Wy).
yeW,
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On the other hand, we can also identify & with J,, 4, via €, +— fyt,. Then the
obvious J, 4-module structure on J, 4 (given by left multiplication) becomes the
Jn,a-module structure on £ given by

tw % Ex = E Yw,ey—1 Nafly €y (w,z € Wp,).
yeW,

Now we can state the following result.

Corollary 7.7 (Compare Lusztig [I8, 18.10]). For any h € H,, and any x € W,,
the difference h.c, — ¢(h) x e, is an A-linear combination of elements ¢, where
Yy <cr & (that is, we have y <pr x but y #ror ).

Proof. Tt is enough to prove this for h = C,, where w € W,,. Then we have

G(CY) e =D hua izt ke,
ZEW'n

= g g hy.d,,z Ve yzy—1 Nafpfly €y

zeWy, yeW,

Now, if the term correponding to y, z is non-zero, then we have v, , ,-1 # 0 and
so z ~gr y. Hence we also have n, = fi, and so n,f, = 1. By a similar argument,
we can also assume that x ~, y and 27! ~, 2z ~, d,. In particular, we have
d, = d,—1. Consequently, we can rewrite the above sum as follows:

(ZS(CZ;) *Ep = Z ( Z hw,dzfl,z '?z,a:,y—l) Ny €y

yeWn zeW,
T~Ly

— Z (Z hw,z,y:)/dmil)w’z—l)’flmgy

yeWn zeW,
T~y

where the second equality holds by Proposition Now, by (N3), we have
Yd, 1 .x,.-1 = 0 unless = z in which case the result equals 7. Hence the above
sum reduces to:

$(Ch,) xea = Z how,ey €y

YyEWnR
T~y

On the other hand, we know that (#) holds by Theorem 513l So, for any ¢’ € W,,,
we have hy 5, = 0 unless y' ~, x or y <y x. Hence we see that, indeed, the
difference h.c — ¢(C?)) % &, has the required form. O

We now apply the above results to construct a “canonical” algebra isomorphism
from H,, x onto KW,, the group algebra of W, over K. Let R = Q'] = Q®z A
and set H, g = R®4 Hp, Jo.p := R ®4 Ja. The previously defined modules
structures of H,, and J, 4 on & naturally extend to module structures of H,, g
and J, g, respectively, on £ = R ®4 £. Now we also describe an RW,,-module
structure on £g = R® 4 &, as follows. We have a ring homomorphism

0: R — R, e’ —1 (vel).

We can regard R as an R-module via 6; then we obtain R ®g H, = RW,,. We
denote ¢, = 1® C,, € RW,, for any w € W,,. Hence, we may also regard £ as an
RW,-module, where ¢,, (w € W,,) acts by

Cu ©Ep = Z O(hw,z,y) €y for any z € W,.
yeWw,
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Note that this RW,-module structure on £r coincides with the obvious structure
(given by left multiplication), where we identity RW,, and Er via ¢, — €.

Theorem 7.8 (See Lusztig [14] Theorem 3.1] in the case of equal parameters).
There is a unique homomorphism of R-algebras ®: ‘H,, p — RW,, such that, for any
h € Hy r and any x € W, the difference h.e, — ®(h) o &, is a linear combination
of elements e, with y <;/r x. Furthermore, writing

P(Cy,) = Z Dy 22 where @, , € R,
zeW,,

we have @, , = ®,,, and (P, ) = 0y for all w,z € W,,. Finally, the induced
map P : Hpx — KW, is an isomorphism.

(Here, 4., denotes the Kronecker delta, and r — 7 is the ring involution such
that e” — e~7 for all v € T).

Proof. First we show the uniqueness statement. Let ®;: H,, p — RW,, (i =1,2) be
two homomorphisms such that, for any h € H,, r and any © € W, the difference
h.e, — ®;(h) o &, is a linear combination of elements ey with y <,z 2. Then the
difference (®1(h) — ®2(h)) o€, is a linear combination of elements e, with y <% y.
Consequently, ®1(h) — ®3(h) € RW, C KW, acts as a nilpotent operator on
Ex = K®gr&. But, as we already noted above, £ is the left regular KW,,-module,
hence we must have ®;(h) — ®2(h) = 0.

So it remains to show that an R-algebra homomorphism ® with the required
properties does exist. In Corollary [[.5 we extend scalars from A to R and obtain
a homomorphism of R-algebras

a:Hpr— Jr=R®a Ja, Cu — ¢(C3).
Explicitly, « is given by the formula

a(C,) = Z huw,d. > Tz, for any w € W,,.
zeW,

(We can take 1, = 1 for all z € W,,.) By Corollary [[l the above homomorphism
has the property that, for any h € H, r and any x € W, the difference h.e, —
a(h) x €5 is an R-linear combination of elements ¢, where y </r x.

Now, as before, we regard R as an R-module via 8 and extend scalars. Since the
structure constants of J,, with respect to the basis {t,,} are integers, they are not
affected by 6. Hence we obtain an induced homomorphism of R-algebras

B: RW, — Jgr

such that
Blew) = Z O(hw,d,.») Nz ts for any w € W,,.
ZeWn

Now the identity in Proposition [T1] “specializes” to an analogous identity in RW,,.
(Note that 0(cy) = |W,|/dx # 0 for each A € A,,; see [11], §8.1].) We deduce from
this that the matrix

(e(hw,dzaZ))w,zGWn

is invertible over K. Since the coefficients of that matrix lie in Q, so do the coeffi-
cients of its inverse. Consequently, (3 is an isomorphism of R-algebras. Furthermore,
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a computation analogous to that in the proof of Corollary [.7] shows that we have

Blew) xe, = Z O(hw,e,y) €y for any z,w € W,,

yEWn

cmry
and that B(c,)*eg—cy0e, is an R-linear combination of elements €, where y </ x.
Consequently, since [ is an isomorphism, we also have that, for any ¢ € J, r and
any x € W, the difference txe, —371(1)oe, is an R-linear combination of elements
ey where y <;r . Now we set

d:=Floa: Hn,r — RW,,.
Let h € H, g and x € W,,. Setting ¢ := a(h) € J,, r, we obtain that
h.ieyz —®(h)oe, = hey —alh) *e, +a(h)*xe, — ®(h) o,
= (hex —a(h) xez) + (txey — (1) 0es)

is an R-linear combination of elements ¢, where y </ z, as required.

Finally, ¢k is an isomorphism since ak is invertible (see Corollary [[.2]) and
is an isomorphism. Furthermore, the coefficients ®,, . have the stated properties,
since @ is defined as the composition of o (whose matrix is given by the coefficients
huw.d, ») and the inverse of § (whose matrix is given by the inverse of the matrix
with coefficients 8(hy 4, .2)). O

Note that the above proof relies on the existence of the homomorphism ¢: H, —
Jp, and Corollaries[7.2] [[771 We could not follow Lusztig’s original proof in [I4] since,
in the present case, the constants M, appearing in the multiplication formula for
the Kazhdan—Lusztig basis are no longer integers.

Example 7.9. Let us consider the case n = 2, where Wy = (¢, s1) is the dihedral
group of order 8. We set sy =t. The coefficients h; , . (for s = sg, s1) and the left
cells have already been determined by an explicit computation in [15, §6]. The left
cells are

{1}, {s1}, {so,s180}, {s1s0s1,%081}, {sos1so}, {wo}

where wg = $1505150 is the unique element of maximal length. For each left cell,
the first element listed is the unique element from Dy in that left cell. From the
information in [I5, §6], we know hy, 4. » for w € {sp,s1}. This yields the following
formulas for the homomorphism ¢: Hy — Ja 4:

P(Csy) = (Q+Q Nty + (Qa ' +Q ' q)t5s,
+(Q+Q tsysyso + (Q+Q ™ Ntuy,
¢(CSl) = (q+q_1)t51 + t5150 + (q+q_1)t518081 + (Q+q_1)two7

where we take the function n,, = 1 for all w € W5. Using the multiplication formula
for the Kazhdan—Lusztig basis, we can deduce explicit expressions of ¢(C,,), for
any w € Wy; this yields the whole matrix of coefficients (huw,4.,z)w,.- In order to
construct ®: Ho p — RWo, we follow the proof of Theorem [(.8 First, we apply
the ring homomorphism 6: R — R, that is, we specialise ), ¢ — 1. The matrix of
all coefficients 6(hy. 4, ) is given in Table [l Composing the matrix of ¢ with the
inverse of the matrix in Table [[l and expressing the basis {c,} of RW3 in terms
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TABLE 1. The coefficients @(hy,q4, 2) in type B

9(hw7dz7z) 1 S1 S0 $1S0 | S1S0S1 S0S1 S0S1S0 | Wo
1 111 0 1 0 1 1

$1 02|01 2 0 0 2

S0 002 O 0 2 2 2
5180 000 2 2 0 0 4
S$150S1 0 0 0 2 4 0 0 8
S0S1 0 0 2 0 0 4 0 4
S051S0 0 0 0 0 0 0 —4 4
wo 000 O 0 0 0 8

of the standard basis consisting of group elements, we obtain the following explicit
description of the homomorphism ®: Hy p — RWa:

BT,) = Q- Q7) 1+ ,(Q+ Q) 50
+ E(Q*qulfoqurQil) - (—s1 4+ s150 — S0S1 + S05150),

1 _ 1 _
‘I)(Tsl)zg((I*q 1)'1+§(Q+q Y s

1 _
+ Z(q —2+4+q¢ 1) (=80 — 5180 + 5051 + 515051)-

Note that the formulas do not make any reference to the Kazhdan-Lusztig basis.
Further note that the above formulas specialise to Ts, — sg, Ts, — s1 when
we set Q,q — 1. Also, if we consider the images of C,;, = Ty, + Q '7y and
Cs, =T, + g~ T}, then all the coefficients are seen to be fixed by the involution
r — 7, as stated in Theorem [Z.8]

To close this section, we explain how to identify J, with Lusztig’s ring J. First
we need some definitions.

Let z € W,,. Following Lusztig [18, 14.1], we define an element A, (z) € I' and
an integer 0 # n, € Z by the condition

eAn?) Pr =, mod Ag;

note that A, (z) > 0. Following [I8, 13.6], we define a function a,,: W,, — I" as
follows. Let z € W,,. Then we set

a,(z) :=min{y > 0] € hyy . € Ao for all z,y € W, }.
Furthermore, for any x,y, z € W,,, we set
Ye.y..—1 = constant term of e (*) b, , . € Asy.

Following [18, Chap. 18], we use the constants 7, , . to define a new bilinear pairing
on our free abelian group J,, with basis {t,, | w € W, } by

ty oty = Z Va,y,z—1 bz for all z,y € W.
zeW

As explained in [I8 Chap. 18], one can show that (.J,,, ) is an associative ring with
unit element 1; = ZdeDn ngtq, if the following properties from Lusztig’s list of
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conjectures in [I8 Chap. 14] hold, where
D:={zeW,|a,(z) =A(2)}.

(P1) For any z € W,, we have a,(z) < A,(2).
(P2) Ifd € D,, and x,y € W, satisfy v, 4.4 # 0, then z =y~ 1.
(P3) If y € W, there exists a unique d € D,, such that v,-1, 4 # 0.
(P4) If 2/ <,Rr z, then a,(2') > a,(z). Hence, if 2/ ~,r z, then a,(z) = a, (7).
(P5) Ifde Dy, y € Wy, vy-14.4 # 0, then v,-1 , 4 = ng = £1.
(P6) If d € D, then d* = 1.
(P7) For any x,y,z € W, we have gy = Vy,2,2-
(P8) Let z,y,z € W, be such that 7,,. # 0. Then @ ~z y=*, y ~z 27,
z~pxTLl
Now we have the following result:

Theorem 7.10 (Geck and Iancu [10, Theorem 1.3]). In the “asymptotic case” in
type By, all the properties (P1)—(P15) from Lusztig’s list of conjectures in [I8|
Chap. 14] hold, except possibly (P9), (P10) and (P15). Furthermore, we have
D=D,:={zeW, |22 =1}

In particular, (P1)—(P8) hold and so we do have an associative ring (.J,,, ) with
unit element.

Following [I8|, 18.8], we set i, := ng4, where d € D,, is the unique element such
that d ~, w™! (which exists and is unique by Corollary E3)). By construction,
the function w — 7, is constant on the right cells of W,,. Thus, w — n, is an
integer-valued function on W, which satisfies (N2). By (P5), we see that (IN1)
also holds.

We shall now take this function in the above discussion. That is, the formula
(N3) reads:

N | ng ifor~py L y~pz,zoga,d=dt ~pyl
Toya=t = { 0 otherwise;

Now we can state the following result.
Proposition 7.11. For any x,y,z € Wy, we have yg y .—1 = Vg y -1

Proof. Let x,y,z € W, be such that z ~, y~%, y ~z z and 27! ~ 271, By (P3),
there exists a unique d € D,, such that v,-1 , 4 # 0. We have d? = 1. Hence, by
(P8), we obtain d ~, 2 ~, y~! and so
’A}/a:,y,zfl = ﬁy = Ngj;
see the formula in Definition [[.3l This yields the identity
;Ym,y,zfl =Nd = Yz—1x.d = Ve,dax—1;
see (P5), (P7). Now, since d =d ! ~g y, x ~g z and y ~ 2, we have
hz,d,r = hz,y,z;
see Theorem 631 By (P4), we have a,(z) = a,(z). Hence the above identity
implies that a,(x)hg,q,. and a(z)phyy . have the same constant term and so
'?x,y,z—l = Yo, dax—t = VYa,y,z—1>

as required. It remains to consider the case where x,y, 2z do not satisfy the con-

ditions  ~z y=', y ~z z, 27! ~z z7'. But then we have 4,,,-1 = 0 by

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RELATIVE KAZHDAN-LUSZTIG CELLS 523

Proposition [T and 7, , ,-1 = 0 by (P8). Hence we have 7, , ,-1 = Y5, .1 in all
cases. O

Combining Theorem [Z.10] with the results in this paper, we can summarize the
situation as follows.

Corollary 7.12. In the “asymptotic case” in type By, the properties (P1)—(P14)
from Lusztig’s list in [18, Chap. 14] hold. Furthermore, we have the weak version of
(P15) in Proposition [[6l. The ring J, with its ring structure given by J,, C Hy, i
as in Definition is Lusztig’s ring (Jp,e).

Proof. The statement concerning .J,, follows from Proposition [[.TT] Furthermore,
taking into account Theorem [[.I0] it only remains to consider:

(Pg) r<cy and an(x) = an(y) = Tr~ry,
(P10) r<ry and a,(r)=a,ly) = z~rv.

Now, by [18, 14.10], property (P10) is a formal consequence of (P9). To prove
(P9), let x,y € W, be such that <. y and a,(z) = a,(y). By Theorem [[I0, we
know that the following holds:

(P11) r<cry and a,(r)=a,(y) = T~crY.

Hence we conclude that z ~,% y, and (#) yields x ~ y, as desired. O

Remark 7.13. The defining formula for ¢ in [I8, 18.9] reads
¢(qu) = Z hw,d,z Nzt

2EWp ,d€EDy,
an (z)=an (d)

But, once (P9) is known to hold, the above formula reduces to the one in Corol-
lary Indeed, assume that z € W,, and d € D,, are such that a,(z) = a,(d)
and hqy g, # 0. Then z <, d and (P9) implies that z ~, d. Thus, we must have
d=d,.

Remark 7.14. In [7], it is shown that the existence of Lusztig’s homomorphism
into the ring J has various applications in the modular representation theory of
Iwahori—Hecke algebras, most notably the fact that there is a natural “unitrian-
gular” structure on the decomposition matrix associated with a non-semisimple
specialisation. Given Corollary and the results in this paper, we can now ap-
ply the theory developed in [7] to H,, as well. This should lead to new proofs of
some results by Dipper, James, and Murphy [6].

NOTE ADDED IN PROOF (NOVEMBER 2006)

Recently, L. Tancu and C. Pallikaros have shown that the cell modules in the as-
ymptotic case in type B, are canonically isomorphic to the Specht modules defined
in [6]. This will be published elsewhere.
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