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ON THE THETA CORRESPONDENCE FOR (GSp(4),GSO(4, 2))

AND SHALIKA PERIODS

KAZUKI MORIMOTO

Abstract. We consider both local and global theta correspondences for GSp4
and GSO4,2. Because of the accidental isomorphism PGSO4,2 � PGU2,2,
these correspondences give rise to those between GSp4 and GU2,2 for repre-
sentations with trivial central characters. In the global case, using this relation,
we characterize representations with trivial central character, which have Sha-
lika period on GU(2, 2) by theta correspondences. Moreover, in the local case,
we consider a similar relationship for irreducible admissible representations
without an assumption on the central character.

1. Introduction

Theta correspondence is a powerful method used to study representations of
symplectic and orthogonal groups. In low rank cases, these groups are often related
to general linear groups thanks to the accidental isomorphisms, and such relations
have been proved to be very useful. For example, in a remarkable paper [12],
Gan and Takeda established the local Langlands correspondence for GSp4 over any
nonarchimedean local field of characteristic zero by using an acute study in [13] on
the local theta correspondences between GSp4 and the similitude orthogonal groups
GSO3,3, GSO4,0 and GSO2,2. Indeed, by the accidental isomorphisms, the latter
orthogonal groups are related to GL4, D

× ×D× where D is a quaternion algebra,
and GL2×GL2, respectively, and they deduced the local Langlands correspondence
for GSp4 from that for general linear groups.

In another instance, theta correspondence has been used to realize functorial lifts
and to characterize their images. A well-known example is the functorial lift from
generic irreducible cuspidal automorphic representations of GSp4 to GL4 studied
by Jacquet, Piatetski, Shapiro, and Shalika, in their unpublished paper, utilizing
the close relationship between GSO3,3 and GL4. Their proof is based on the com-
putations of the pullbacks of the Whittaker period under the theta correspondence
between GSp4 and GSO3,3 in both directions. We may find their computations
in Soudry [39]. They gave a characterization of the image of the theta correspon-
dence in terms of Shalika period (cf. [39, Theorem in p. 264]). On the other hand,
Jacquet and Shalika [16] showed an equivalence between the existence of a pole at
s = 1 for the exterior square L-functions and the nonvanishing of Shalika period
for irreducible cuspidal automorphic representation of GL2n, and thus the above
characterization by theta lift is related to the existence of a pole of the L-function.
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Similarly, Ginzburg, Rallis, and Soudry [14] studied a relationship between an ex-
istence of a pole of standard L-functions, a nonvanishing of certain periods, and a
global theta correspondence for the pairs (Sp2n, SOn,n) and (Sp2n−2, SOn,n).

In [10], Gan and Takeda studied, in a similar way, both global and local theta
correspondences for the pair (GSp4,GSO5,1). Again by the accidental isomor-
phism, GSO5,1 is closely related to GL2 (D) where D is a quaternion algebra.
They studied the Shalika period on GL2(D) and its relationship to the Shalika
period on GL4 under the Jacquet–Langlands correspondence when D is split at
each archimedean place. Moreover, in the local case, for irreducible admissible rep-
resentations of GL2(D), they obtained a condition in terms of the local constant
of the associated local Langlands parameter, which is equivalent to the nonvan-
ishing of local Shalika period. Their computations may work even if D is not
split at some archimedean place; however, in this case, the theta correspondence
gives a correspondence between irreducible representations of GL2(D) and those of
{g ∈ GSp4 | λ(g) ∈ Nrm(D×)} where λ denotes the similitude character of GSp4
and Nrm is the reduced norm Nrm of D. We note that as in the case of Gan and
Takeda [10], if D is split at each archimedean place, this subgroup of GSp4 coincides
with GSp4.

In the present paper, we shall study both global and local theta correspondences
for the pair

(
GSp+4 ,GSO4,2

)
. Here for an algebra A over the base field, let

GSp4(A)+ = {g ∈ GSp4(A) | λ(g) = ν(h) for some h ∈ GSO4,2(A)}
or we simply denote it by GSp+4 , where λ and ν denotes the similitude characters
of GSp4 of GSO4,2, respectively. Unlike the above cases, for any GSO4,2, GSp4 and

GSp+4 do not coincide. Hence, we should study theta correspondence for the dual
pair (GSp+4 ,GSO4,2). In our case, the group GSO4,2 is closely related to GU2,2.
Indeed, we have

PGSO4,2 � PGU2,2.

As in the case of the dual pair (GSp4,GSO3,3), a study of the theta correspondence
for this dual pair is motivated by the following analogue of the Jacquet–Shalika
theorem [16].

Theorem A (Theorem 4.1 in [6]). Let ξ be an idele class character of A×
F /

F×. Let (π, Vπ) be an irreducible cuspidal unitary automorphic representation of
GU(2, 2) (AF ) with the central character ωπ satisfying ωπ |

A
×
F
= ξ−2. Then the

following two conditions are equivalent:

(1) The Shalika period with respect to ξ does not vanish on the space Vπ of π.
(2) π is globally generic and the partial twisted exterior square L-function

LS
(
s, π,∧2

t ⊗ ξ
)
has a simple pole at s = 1.

Here we recall the definition of Shalika period with respect to ξ (see also (3.4) and
(3.5)). Let E/F be a quadratic extension to define GU(2, 2) and P = MU the Siegel
parabolic subgroup of GU(2, 2) with U = {u(x) =

(
12 x

12

)
| tx̄ = x ∈ Mat2(E)}

where x �→ x̄ denotes the action by the nontrivial element in Gal(E/F ). For a
nontrivial additive character ψ of AF /F , we define a character ψ0 of U(AF ) by

ψ0(u(x)) = ψ(tr(
( 0 η
−η 0

)
· x)) for η ∈ E× such that η̄ = −η. Then for ϕ ∈ Vπ,

Shalika period with respect to ξ is defined by∫
U(F )\U(AF )

∫
Z(AF )GL2(F )\GL2(AF )

ϕ

((
g

det g · tg−1

)
u

)
ξ(det g)ψ0(u) dg du.
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Our aim in this paper is not only to study the theta correspondence itself, but
also to give a characterization of representations of GU2,2 or GSO4,2 which have
Shalika period in terms of the theta correspondence. As we noted above, a similar
consideration has been done for the dual pairs (GSp4,GSO3,3) and (GSp4,GSO5,1).
Thus, our investigation here should complement the study of theta correspondence
between GSp4 and similitude orthogonal groups of degree six, and, its relationship
to the Shalika periods on these groups. Further, unlike to the cases (GSp4,GSO3,3)
and (GSp4,GSO5,1), both groups in our case have corresponding Shimura varieties
when the base field is totally real. Hence, our case might be of some arithmetic
interest.

Our main global result is a characterization of irreducible cuspidal automorphic
representations of GU2,2(AF ) which have Shalika period.

Theorem B (Theorem 3.6). Let (σ, Vσ) be an irreducible cuspidal automorphic rep-
resentation of GU2,2(AF ) with trivial central character. Then σ has Shalika period
if and only if σ = θ∗(Π) for a generic irreducible cuspidal automorphic representa-
tion Π of GSp4(AF ) with trivial central character. Here we write σ = θ∗(Π) when
σ is given by the global theta lift Θ(Π+) of Π+ to GU2,2(AF ) for an irreducible
cuspidal automorphic representation Π+ which appears as a subrepresentation of
Π|GSp4(AF )+ .

From Theorem A and Theorem B, as in the case of GL4, we obtain an equivalence
of a nonvanishing of Shalika periods, an existence of the pole of twisted exterior
square L-functions at s = 1 and a nonvanishing of theta lifts.

An essential step for the proof of this theorem is a computation of pull-backs
of Whittaker periods in both directions as in [39]. Indeed, we shall show that
Whittaker period of the theta lift from GSp4(AF )

+ to GSO4,2(AF ) is described by
Whittaker period of GSp4(AF )

+, and conversely, Whittaker period of the theta lift
from GSO4,2(AF ) to GSp4(AF )

+ is described by Shalika period on GSO4,2(AF ).
Then the “only if” part readily follows from this computation and a similar compu-
tation for a lower rank case. On the other hand, if the global theta lift is not zero,
then we can show the existence of a pole of the twisted exterior square L-functions
by an explicit computation of local theta correspondences for unramified principal
series representations. Further, a computation of the pullback proves that an au-
tomorphic representation of GSO4,2(AF ) is generic. Then the characterization of
Shalika period by Theorem A shows the “if” part.

Here we note that Takeo Okazaki, motivated by a conjecture of van Geeman and
van Straten, also studied independently the global aspect of this theta correspon-
dence and gave a sketch of proof for the relationship between the nonvanishing of
theta lift and the existence of Shalika period in [27]. Though he did not discuss
any local theory, as far as the author knows.

Our first aim in the local situation is to investigate the local theta correspondence
itself. Indeed, we shall explicitly determine local theta lifts from GSp+4 to GSO4,2

following [13] (see Theorem 6.21). In particular, we have the following fundamental
result in the theory of local theta correspondence.

Theorem C (Corollary 6.22). For the dual pair (GSp+4 ,GSO4,2), the Howe duality
holds over any nonarchimedean local field of characteristic zero, namely for any
irreducible admissible representation of π of GSp+4 or GSO4,2, we have

• θ(π) is irreducible whenever Θ(π) is nonzero.



ON THE THETA CORRESPONDENCE 31

• the map π �→ θ(π) is injective on its domain.

(See Section 6.1 for definitions of Θ(π) and θ(π).)

We note that for a proof of this theorem and an explicit computation of the theta
correspondence, we need classifications of non-supercuspidal irreducible admissible
representations of GSp+4 and GSO4,2. The classification for GSp+4 is deduced from
that of GSp4 and the study of restrictions of irreducible representations of GSp4

to GSp+4 (cf. [11]). On the other hand, the classification for GSO4,2 is essentially
new. We shall give the classification using a method in Sally and Tadic [32] and
Konno [19].

Then, using the above observation on the local theta correspondence, we shall
consider a local analogue of Theorem B, namely we shall characterize representa-
tions which have local analogue of Shalika period (see Definition 6.5) in terms of
the local theta correspondence.

As a local analogue of pullbacks of Whittaker periods, we shall compute some
twisted Jacquet modules of the induced Weil representations. Indeed, we shall show
that Whittaker model on GSp+4 is related to Shalika period on GSO4,2 through the

theta lift from GSO4,2 to GSp+4 . Then we obtain a characterization for generic
irreducible representations of GSO4,2, which have Shalika period.

Theorem D (Theorem 6.9). Let σ be a generic irreducible representation of GSO4,2.
Then the following conditions are equivalent:

(1) σ has Shalika period.
(2) The small theta lift θ(σ) of σ to GSp+4 is nonzero.
(3) The small theta lift θ(σ) of σ to GSp+4 is generic.

This is an analogue of [10, Theorem 7.6] in the case of GSO4,2, where they showed
these equivalence relations for the dual pair (GSp4,GSO3,3). They also showed an
equivalence between a nonvanishing of Shalika period and a genericity of big theta
lifts for the dual pair (GSp4,GSO5,1) (see [10, Corollary 7.5]).

In the global setting, a nonvanishing of Shalika period implies that of Whittaker
period, and thus we do not need any assumption on genericity for representations of
GU2,2(AF ) up front in Theorem A, as opposed to Theorem D. We shall prove the
following assertion in the local setting for essentially tempered representations by
an explicit computation of local theta correspondences, especially by a comparison
of big theta lifts and small theta lifts.

Theorem E (Theorem 6.26). Let σ be an essentially tempered irreducible repre-
sentation of GSO4,2. If σ has Shalika period, then σ is generic.

From this theorem, we obtain the following local analogue of Theorem B for
essentially tempered irreducible representations of GSO4,2.

Theorem F (Theorem 6.27). Let σ be an essentially tempered irreducible repre-
sentation of GSO4,2. Then σ has Shalika period if and only if σ = θ(π) for some

generic irreducible representation π of GSp+4 .

Here we remark that from an accurate study on theta correspondences for the
dual pairs (GSp4,GSO3,3) and (GSp4,GSO5,1) in [10] and [13], we can expect that
similar results as Theorem E and Theorem F hold for these dual pairs. However,
due to their purposes in [10] and [13], they do not pursue the above properties.
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Let us explain the structure of this paper. In Section 2, we recall briefly the
global theta lift for similitude groups. In Section 3, we compute the pull-back of
the Whittaker period of the theta lift for the dual pair (GSp+4 ,GSO4,2) in both
directions. Using these computations, we prove Theorem B. Moreover, we give
an example of an irreducible cuspidal automorphic representation of GU2,2 such
that it does not have Shalika period and its twisted exterior square L-function
has a pole at s = 1. In Section 4, we give a classification of non-supercuspidal
irreducible representations of GSp+4 using the result in [11] on the restriction of
admissible representations of GSp4 to Sp4. In Section 5, we give a classification of
non-supercuspidal irreducible representations of GSO4,2 following [32] and [19]. In

Section 6, we compute the local theta correspondence for
(
GSp+4 ,GSO4,2

)
following

a similar computation in [13]. In Section 7, for the sake of completeness and for
the sake of convenience for the reader, we recall the computation of local theta lifts
from Sp4(R) to SO4,2(R) for discrete series representations by Paul [28].

2. Global theta lift

2.1. Preliminaries. Let F be a number field and E a quadratic extension of F .
We denote by x �→ x̄ the action of the nontrivial element of Gal(E/F ) on E. Let

us denote by NE/F the norm map from E to F . We choose d ∈ F× \ (F×)
2
such

that E = F (η) and η̄ = −η with η =
√
d. Then we define the similitude unitary

group GU2,2 by

GU2,2(F ) =

{
g ∈ GL4(E) | tḡ

(
0 12

−12 0

)
g = λ(g)

(
0 12

−12 0

)
, λ(g) ∈ F×

}
and the similitude symplectic group GSp4 by

GSp4(F ) = GL4(F ) ∩GU2,2(F ).

Let us define the similitude orthogonal groups GO2+i,i for i = 0, 1, 2 by

GO2+i,i =
{
g ∈ GL2+i | tgSig = ν(g)Si, ν(g) ∈ GL1

}
where

S0 =

(
2

−2d

)
, S1 =

⎛⎝ 1
S0

1

⎞⎠ and S2 =

⎛⎝ 1
S1

1

⎞⎠ .

We also define subgroups GSO2+i,i of GO2+i,i by

GSO2+i,i =
{
g ∈ GO2+i,i | det(g) = ν(g)1+i

}
.

Then we note that GSO2,0(F ) � E×, and we shall identify these groups. Under
this identification, the similitude character ν is given by the norm map NE/F .

As we noted in Section 1, GU2,2 is closely related to GSO4,2. Indeed, we can
construct an isomorphism between PGU2,2 and PGSO4,2 as follows. Let us define
a subgroup GSU2,2 of GU2,2 by

GSU2,2 =
{
g ∈ GU2,2 | det(g) = λ(g)2

}
.
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We set the six-dimensional vector space over F by

V =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝

0 x1 x3 + ηx4 x2

−x1 0 x5 −x3 + ηx4

−x3 − ηx4 −x5 0 x6

−x2 x3 − ηx4 −x6 0

⎞⎟⎟⎠ | xi ∈ F (1 ≤ i ≤ 6)

⎫⎪⎪⎬⎪⎪⎭
and let us define a mapping Ψ : V → F by

Ψ(B) = Tr(BJ tB̄J).

Indeed, we have

Ψ

⎛⎜⎜⎝
⎛⎜⎜⎝

0 x1 x3 + ηx4 x2

−x1 0 x5 −x3 + ηx4

−x3 − ηx4 −x5 0 x6

−x2 x3 − ηx4 −x6 0

⎞⎟⎟⎠
⎞⎟⎟⎠

= −4{x1x6 + x2x5 + (x2
3 − dx2

4)}.
Then we define a homomorphism φ : GSU2,2 → GO(V) by

V � B �→ gBtg ∈ V .
Here we note that we have

(2.1) ν(φ(g)) = λ(g)2.

As a basis for V , we may take

e1 =

⎛⎜⎜⎝
0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠ , e2 =

⎛⎜⎜⎝
0 0 0 1
0 0 0 0
0 0 0 0
−1 0 0 0

⎞⎟⎟⎠ , e3 =

⎛⎜⎜⎝
0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

⎞⎟⎟⎠ ,

e4 =

⎛⎜⎜⎝
0 0 η 0
0 0 0 η
−η 0 0 0
0 −η 0 0

⎞⎟⎟⎠ , e5 =

⎛⎜⎜⎝
0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

⎞⎟⎟⎠ , e6 =

⎛⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

⎞⎟⎟⎠ .

Then with respect to the basis {ei | 1 ≤ i ≤ 6}, we may identify GO(V) as GO4,2.
Moreover, from (2.1), φ gives a homomorphism

Φ : GSU2,2 → GSO4,2.

For α ∈ E×, let

rα =

⎛⎜⎜⎝
α 0 0 0
0 1 0 0
0 0 ᾱ−1 0
0 0 0 1

⎞⎟⎟⎠ ∈ GU2,2(F ),

and we define an action of E× on the space V by

α · v = ᾱrαvrα v ∈ V .
We consider the semidirect product group GSU2,2 � E× with the action of E× on
GSU2,2 given by α · g = rαgr

−1
α for α ∈ E× and g ∈ GSU2,2. Then from the

definition of the action of E× on V , we obtain a homomorphism

Γ : GSU2,2 � E× → PGSO4,2.
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It is easy to see that this homomorphism is surjective. On the other hand, we have
a surjective homomorphism

Ξ : GSU2,2 � E× → PGU2,2 : (g, α) �→ grα.

Then we can show that Ker Ξ = Ker Γ, and thus we obtain the following isomor-
phism

(2.2) Γ∗ ◦ (Ξ∗)−1 : PGU2,2 � PGSO4,2

where Γ∗ (resp. Ξ∗) is the isomorphism of GSU2,2 � E×/Ker Γ
∼−→ PGSO4,2(

resp.GSU2,2 � E×/Ker Ξ
∼−→ PGU2,2

)
induced by Γ (resp. Ξ).

Let us denote by B the Borel subgroup of GSp4, which has the Levi decompo-
sition B = TN with

T (F ) =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝
a

b
λa−1

bλ−1

⎞⎟⎟⎠ | a, b, λ ∈ F×

⎫⎪⎪⎬⎪⎪⎭
and

N(F ) =
{
w(a)v(A) | a ∈ F,A = tA ∈ Mat2×2(F )

}
where

v(A) =

(
12 A

12

)
and w(a) =

⎛⎜⎜⎝
1 a

1
1
−a 1

⎞⎟⎟⎠ .

Moreover, we denote by P and Q the Siegel parabolic subgroup and the Klingen
parabolic subgroup of GSp4, respectively, which have the Levi decompositions P =
MPNP and Q = MQNQ with

MP (F ) =

{(
g

λtg−1

)
| g ∈ GL2(F ), λ ∈ F×

}
,

NP (F ) =

{(
12 X

12

)
| X = tX ∈ Mat2×2(F )

}
,

MQ(F ) =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝
a

b c
λa−1

d e

⎞⎟⎟⎠ | det
(
b c
d e

)
= λ ∈ F×

⎫⎪⎪⎬⎪⎪⎭ ,

and

NQ(F ) =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝
1 x

1
1
−x 1

⎞⎟⎟⎠
⎛⎜⎜⎝
1 y z

1 z
1

1

⎞⎟⎟⎠ | x, y, z ∈ F

⎫⎪⎪⎬⎪⎪⎭ .

Also, we denote by BH the Borel subgroup of GSO4,2. Let BH = THU be the Levi
decomposition of BH with
(2.3)

TH(F ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩diag(a, b;x) =

⎛⎜⎜⎜⎜⎝
a

b
x

λb−1

λa−1

⎞⎟⎟⎟⎟⎠ | a, b ∈ F×, x ∈ E×,
λ = NE/F (x)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭



ON THE THETA CORRESPONDENCE 35

and

(2.4) U(F ) = U0(F )U1(F )U2(F )Ũ(F )

where

U0(F ) =

⎧⎪⎪⎨⎪⎪⎩u0(x) =

⎛⎝1 −tX0S1 0
14 X0

1

⎞⎠ | X0 =

⎛⎜⎜⎝
x
0
0
0

⎞⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭ ,

U1(F ) =

⎧⎪⎪⎨⎪⎪⎩u1(s1, t1) =

⎛⎝1 −tX1S1 − 1
2
tX1S1X1

14 X1

1

⎞⎠ | X1 =

⎛⎜⎜⎝
0
s1
t1
0

⎞⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭ ,

U2(F ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩u2(s2, t2) =

⎛⎜⎜⎜⎜⎝
1

1 −tX2S0 − 1
2
tX2S2X2

12 X2

1
1

⎞⎟⎟⎟⎟⎠ | X2 =

(
s2
t2

)⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,

and

Ũ(F ) =

⎧⎪⎪⎨⎪⎪⎩ũ(b) =

⎛⎝1 −tX̃S1 0

14 X̃
1

⎞⎠ | X̃ =

⎛⎜⎜⎝
0
0
0
−b

⎞⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭ .

Finally, we define maximal parabolic subgroups PH and QH of GSO4,2 with the
Levi decompositions PH = MPH

NPH
and QH = MQH

NQH
given by

MPH
(F ) =

⎧⎨⎩
⎛⎝a

h
a−1

⎞⎠ | a ∈ F×, h ∈ GSO3,1

⎫⎬⎭ ,

MQH
(F ) =

⎧⎨⎩
⎛⎝g

x
NE/F (x) · g∗

⎞⎠ | g ∈ GL2, x ∈ E×

⎫⎬⎭ ,

NPH
(F ) = {u0(x)u1(y, z)ũ(w) | x, y, z, w ∈ F} ,

and

NQH
(F ) = {u0(p)u1(q, r)u2(s, t) | p, q, r, s, t ∈ F} ,

where we identify GSO2,0 and E×, and we put

g∗ =

(
0 1
1 0

)
tg−1

(
0 1
1 0

)
.

2.2. Global theta lift for similitude groups. Let X (resp. Y ) be a finite
dimensional vector space over F equipped with an alternating (resp. nondegenerate
symmetric) bilinear form. Then the space Z = X ⊗Y has a natural nondegenerate
alternating form 〈 , 〉, and we have an embedding Sp(X)×SO(Y ) → Sp(Z) defined
by

(2.5) (x⊗ y)(g, h) = xg ⊗ h−1y, for x ∈ X, y ∈ Y, h ∈ SO(Y ), g ∈ Sp(X).

Fix a nontrivial additive character ψ of AF which is trivial on F and the Witt
decomposition Z = Z+⊕Z−. Let us denote by (ωψ,S(Z+)) the Schrödinger model
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of S̃p(Z) corresponding to this polarization. We write a typical element of Sp(Z)
by (

A B
C D

)
where

A ∈ Hom(Z+, Z+), B ∈ Hom(Z+, Z−), C ∈ Hom(Z−, Z+), D ∈ Hom(Z−, Z−).

Then the action of ωψ on S(Z+) is given by the following formulas:

(2.6) ωψ

((
A B
0 tA−1

))
φ(z+) = ε

γψ(1)

γψ(detA)
|det(A)| 12ψ(1

2
〈z+A, z+B〉)φ(z+A),

(2.7)

ωψ

((
0 I
−I 0

))
φ(z+) = ε(γψ(1))

−dimZ+

∫
Z+

ψ

(
〈z,, z

(
0 I
−I 0

)
〉
)
φ(z,) dz,,

where γψ(t) is a certain eighth root of unity called Weil factor and φ ∈ S(Z+).
Let X = F 4 be the space of row vectors with the symplectic form

〈w1, w2〉 = w1

(
0 12

−12 0

)
tw2.

Then we have GSp(X) = GSp4(F ), and we let GSp4(F ) act on X from the right.
Let Y = F 6 be the space of column vectors with the nondegenerate symmetric

bilinear form
(v1, v2) =

tv1S2v2.

Then we have GSO(Y ) = GSO4,2(F ). Let us consider Z = X ⊗F Y as a sym-
plectic space as above. Then GSp(Z) acts on Z from the right and we have a
homomorphism

i : GSp4(F )×GSO4,2(F ) → GSp(Z)

given by the action (2.5). Then we note that λ(i(g, h)) = λ(g)ν(h)−1. Let

R = {(g, h) ∈ GSp4 ×GSO4,2 |λ(g) = ν(h)}.
Then the restriction of i to R(F ) gives a natural homomorphism i : R(F ) → Sp(Z).
Moreover, we have Sp4 × SO4,2 ⊂ R.

Let us fix the polarization Z = Z+ + Z− as above. For φ ∈ S(Z+(AF )), we
define the theta kernel by

θφ(g, h) =
∑

z+∈Z+(F ),

ωψ ◦ i(g, h)φ(z+) (g, h) ∈ R(AF ).

Let

(2.8) GSp4(AF )
+ = {g ∈ GSp4(AF ) | λ(g) = ν(h) for some h ∈ GSO4,2(AF )} .

and GSp4(F )+ = GSp4(AF )
+ ∩ GSp4(F ). We note that by the Bruhat decom-

position, we can show that ν(GSO4,2(AF )) = ν(BH(AF )), and thus we obtain
ν(GSO4,2(AF )) = NE/F (A

×
E). Hence, g ∈ GSp4(AF ) is in GSp4(AF )

+ if and only

if λ(g) ∈ NE/F (A
×
E).

We call a function on GSp4(AF )
+ an automorphic form on GSp4(AF )

+ when it
is left GSp4(F )+-invariant, smooth, moderate growth, K-finite and Z-finite where
we denote by K a maximal compact subgroup of GSp4(AF )

+ and by Z the center of
the universal enveloping algebra of GSp4(AF )

+ ∩GSp4(F∞) with the archimedean
part F∞ of AF . Further, we call an automorphic on GSp4(AF )

+ a cusp form on
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GSp4(AF )
+ if its restriction to Sp4(AF ) is a cusp form. Then for a cusp form f on

GSp4(AF )
+, as in [15, Section 5.1], we define the theta lift of f to be GSO4,2(AF )

by

θ(f, φ)(h) =

∫
Sp4(F )\Sp4(AF )

θφ(g1g, h)f(g1g) dg1

where g ∈ GSp4(AF )
+ is chosen such that λ(g) = ν(h). It defines an automorphic

form on GSO4,2(AF ). Indeed, the analytic properties are proved as in the case of
isometry groups, and it is GSO4,2(F )-invariant by [15, Lemma 5.1]. Similarly, for
a cusp form f ′ on GSO4,2(AF ), we define the theta lift to GSp4(AF )

+ by

θ(f ′, φ)(g) =

∫
SO4,2(F )\SO4,2(AF )

θφ(g, h1h)f ′(h1h) dh1

where h ∈ GSO4,2(AF ) is chosen such that λ(g) = ν(h). Then as in the above case,
it gives an automorphic form on GSp4(AF )

+.

3. Pullbacks of Whittaker period

3.1. Theta lift from GSp4(AF )
+ to GSO4,2(AF ). Our aim in this section is to

compute the Whittaker period of the theta lift from GSp4(AF )
+ to GSO4,2(AF ).

Let π be an irreducible cuspidal automorphic representation of GSp4(AF )
+ and

Vπ its space of cusp forms on GSp4(AF )
+. Then we define the theta lift of π to

GSO4,2(AF ) by

Θ(π) = 〈θ(f, φ) | f ∈ Vπ, φ ∈ S(Z+(AF ))〉.
This is an automorphic representation of GSO4,2(AF ). Suppose that Θ(π) consists
of cusp forms. Then we know that if the Howe duality holds for this dual pair,
Θ(π) is irreducible and it is compatible with the local theta theta correspondence,
i.e., Θ(π) � ⊗vθ(πv) (see Section 6.1 for the definition of θ(πv)). For a proof, see
[7, Proposition 2.12] in the case of isometry groups, and it can be easily modified
for our case. Further, the Howe duality is proved in Section 6 (see Corollary 6.22),
and thus we have the irreducibility and the compatibility when Θ(π) is cuspidal.

Let us define a nondegenerate character ψU of U(AF ) by

(3.1) ψU (u0(x)u1(s1, t1)u2(s2, t2)ũ(b)) = ψ(2dt2 + b).

Then for an automorphic form ϕ on GSO4,2(AF ), we define the Whittaker period
W (ϕ) by

W (ϕ) =

∫
U(F )\U(AF )

ϕ(u)ψ−1
U (u) du.

Since we know

U0 � U0U1 � U0U1U2 � U0U1U2Ũ = U,

we may write this integral as

W (ϕ) =

∫
F\AF

∫
(F\AF )2

∫
(F\AF )2

∫
F\AF

ϕ(u0(x)u1(s1, t1)u2(s2, t2)ũ(b))

· ψ(−2dt2 − b) dx ds1 dt1 ds2 dt2 db.

Then we shall compute W (θ(f, φ)) for f ∈ Vπ and φ ∈ S(Z+(AF )).
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Let us denote the standard basis of Y = F 6 by

y−2 = t(1, 0, 0, 0, 0, 0), y−1 = t(0, 1, 0, 0, 0, 0),

e1 = t(0, 0, 1, 0, 0, 0), e2 = t(0, 0, 0, 1, 0, 0),

y1 = t(0, 0, 0, 0, 1, 0), y2 = t(0, 0, 0, 0, 0, 1).

Then we have (yi, yj) = δij , (e1, e1) = 2 and (e2, e2) = −2d. Moreover, we define
maximal isotropic subspaces of Y by

Y+ = F · y1 + F · y2 and Y− = F · y−1 + F · y−2

and an anisotropic subspace by

Y0 = F · e1 + F · e2.
Clearly, we can write Y = Y+ + Y− + Y0.

Let us denote the standard basis of X = F 4 by

x1 = (1, 0, 0, 0), x2 = (0, 1, 0, 0), x−1 = (0, 0, 1, 0), x−2 = (0, 0, 0, 1).

Then we define maximal isotropic subspaces

X+ = F · x1 + F · x2 and X− = F · x−1 + F · x−2.

As a polarization Z = Z+ + Z− of the symplectic space Z = X ⊗ Y , we use

Z± = X ⊗ Y± +X± ⊗ Y0.

According to this polarization, we denote z+ ∈ Z+ by

z+ = a1 ⊗ y1 + a2 ⊗ y2 + b1 ⊗ e1 + b2 ⊗ e2, ai ∈ X, bi ∈ X+,

and we denote φ ∈ S(Z+(AF )) by

φ(z+) = φ(a1, a2; b1, b2).

For h1 ∈ SO4,2(AF ), let us define

W0(θ(f, φ))(h1) =

∫
F\AF

θ(f, φ)(u0(x)h1) dx.

From the definition of the theta lift, we have

W0(θ(f, φ))(h1)

=

∫
F\AF

∫
Sp4(F )\Sp4(AF )

∑
ai∈X,bi∈X+

ω(g1, u0(x)h1)φ(a1, a2; b1, b2)f(g1) dg1 dx.

Since Z−(1, u0(x)) = Z− and we have

z+(1, u0(x)) = z+ + (x · a1 ⊗ y−2 − x · a2 ⊗ y−1),

we find that
ω(1, u0(x))φ(z+) = ψ (−x〈a1, a2〉)φ(z+).

Thus, in the above summation, only ai such that 〈a1, a2〉 = 0 contributes to the
period W0(θ(f, φ)), and we obtain

W0(θ(f, φ))(h1) =

∫
Sp4(F )\Sp4(AF )

∑
ai∈X,〈a1,a2〉=0,

bi∈X+

ω(g1, h1)φ(a1, a2; b1, b2)f(g1) dg1.

Furthermore, since the space spanned by a1 and a2 is isotropic, there exists γ ∈
Sp4(F ) such that a1γ

−1, a2γ
−1 ∈ X−.
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Let us define an equivalence relation ∼ on (X−)
2. For ai and a′i ∈ X−, (a1, a2) ∼

(a′1, a
′
2) if there exists γ ∈ Sp4(F ) such that a′i = aiγ. We denote this equivalence

class by X− and its representative by (a1, a2). Then we may write W0(θ(f, φ))(h1)
by∫
Sp4(F )\Sp4(AF )

∑
(a1,a2)∈X−

∑
γ∈V (a1,a2)\Sp4(F )

∑
bi∈X+

ω(g1, h1)φ(a1γ, a2γ, b1, b2)f(g1) dg1.

Here

V (a1, a2) = {g ∈ Sp4(F ) | aig = ai}.

Lemma 3.1.∑
bi∈X+

ω(g1, h1)φ(a1γ, a2γ, b1, b2) =
∑

bi∈X+

ω(γg1, h1)φ(a1, a2, b1, b2).

Proof. This is proved similarly as [5, Lemma 2]. �

Moreover, the following lemma can be proved similarly as the above computation
of W0(θ(f, φ)).

Lemma 3.2.∫
(F\AF )2

ω(g, u1(s1, t1)h)φ(a1, a2, b1, b2) ds1 dt1 ds2 dt2

=

⎧⎨⎩
ω(g, h)φ(a1, a2, b1, b2) if 〈a2, b1〉 = 0 and 〈a2, b2〉 = 0,

0 otherwise

and ∫
(F\AF )2

ψ(−2dt2)ω(g, u2(s2, t2)h)φ(a1, a2, b1, b2) ds2 dt2

=

⎧⎨⎩
ω(g, h)φ(a1, a2, b1, b2) if 〈a1, b1〉 = 0 and 〈a1, b2〉 = −1,

0 otherwise.

This lemma shows that

W (θ(f, φ)) =

∫
F\AF

∫
Sp4(F )\Sp4(AF )

∑
(a1,a2)∈X−

∑
γ∈V (a1,a2)\Sp4(F )

∑
〈ai,b1〉=〈a2,b2〉=0,
〈a1,b2〉=−1,bi∈X+

ω(γg, ũ(b)h)φ(a1, a2, b1, b2)f(g) dg db.

It is easy to see that in the above integral, only terms such that a1 and a2 are
linearly independent contribute to the function W (θ(f, φ))(h). Therefore, we may
take

a1 = x−2 and a2 = x−1.

Then we should have

b1 = 0 and b2 = x2.
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Hence,

W (θ(f, φ)) =

∫
F\AF

∫
Sp4(F )\Sp4(AF )

ψ(−b)∑
γ∈NP (F )\Sp4(F )

ω(γg1, ũ(b))φ(x−2, x−1, 0, x2)f(g1) dg1 db

=

∫
F\AF

∫
NP (AF )\Sp4(AF )

∫
NP (F )\NP (AF )

ψ(−b)ω(vg1, ũ(b))φ(x−2, x−1, 0, x2)f(vg1) dv dg1 db.

Since Z−(AF )(v(A), 1) = Z−(AF ) and

(x−2 ⊗ y1 + x−1 ⊗ y2 + x2 ⊗ e2)(v(A), 1)

=x−2 ⊗ y1 + x−1 ⊗ y2 + (x2 + a21x−1 + a22x−2)⊗ e2

for A = ( a11 a12
a21 a22

), we have

ω(vg1, ũ(b)h)φ(x−2, x−1, 0, x2) = ψ(−da22)ω(g1, ũ(b)h)φ(x−2, x−1, 0, x2).

Thus, we obtain

W (θ(f, φ))(h) =

∫
NP (AF )\Sp4(AF )

∫
F\AF

∫
NP (F )\NP (AF )

ψN (w(b)v)ω(g1, ũ(b)h)φ(x−2, x−1, 0, x2)f(vg1) dv dg1 db.

Here we define a character ψN on N(F )\N(AF ) by

(3.2) ψN [w(a)v(A)] = ψ(−a− d · a22).

On the other hand, we have

(x−2 ⊗ y1 + x−1 ⊗ y2 + x2 ⊗ e2)(1, ũ(b)) = (x−2 ⊗ y1 + x−1 ⊗ y2 + x2 ⊗ e2)(w(b), 1).

Therefore,

W (θ(f, φ))(h)

=

∫
NP (AF )\G1(AF )

∫
N(F )\N(AF )

ψN (n)ω(g1, h)φ(x−2, x−1, 0, x2)f(ng1) dv dg1 db

=

∫
NP (AF )\G1(AF )

ω(g1, h)φ(x−2, x−1, 0, x2)W ′(π(g1)f)dg1

where

(3.3) W ′(π(g1)f) =

∫
N(F )\N(AF )

f(ng1)ψ
−1
N (n) dn,

which is a Whittaker period on GSp4(AF )
+. We shall say that π is generic with

respect to ψN if this period is not zero on the space Vπ of π. Then as in [9, pp. 2718–
2719], we can show the following equivalence.

Proposition 3.3. For an irreducible cuspidal automorphic representation (π, Vπ)
of GSp4(AF )

+, (π, Vπ) is generic with respect to ψN if and only if the theta lift
Θ(π) of (π, Vπ) to GSO4,2(AF ) is generic.
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3.2. Theta lift from GSO4,2(AF ) to GSp4(AF )
+. For an automorphic form ϕ on

GSp4(AF )
+, we define Whittaker period of ϕ by (3.3), namely,

W ′(ϕ) =

∫
N(F )\N(AF )

ϕ(n)ψ−1
N (n) dn.

Let (σ, Vσ) be an irreducible cuspidal automorphic representation of GSO4,2(AF ).
We define the theta lift of σ to GSp4(AF )

+ by

Θ(σ) = 〈θ(f, φ) | f ∈ Vσ, φ ∈ S(Z+(AF ))〉

which is an automorphic representation of GSp4(AF )
+. As in the previous section,

we know that if it consists of cusp forms, Θ(σ) is irreducible and compatible with
the local theta correspondence (see [7, Proposition 2.12]).

Our aim in this subsection is to compute W ′(θ(f, φ)) for f ∈ Vσ and φ ∈
S(Z+(AF )). As a polarization, we use

Z± = X± ⊗ Y,

and we shall identify Z+ with Y ⊕ Y by x ⊗ y �→ (〈x, x−1〉y, 〈x, x−2〉y). Thus, we
may consider the lift for φ ∈ S[(Y ⊕ Y )(AF )].

Let N1 = {w(x) | x ∈ Ga}. Then for n1 ∈ N1(AF ), we let

J(n1) =

∫
NP (F )\NP (AF )

θ(f, φ)(un1)ψ
−1
N (u) du.

Then as in the previous section, we have

J(n1) =

∫
SO4,2(F )\SO4,2(AF )

∑
(w1,w2)∈V1

ω(n1, h1)φ(w1, w2)f(h1) dh1

where

V1 =

{
(v1, v2) ∈ (Y ⊕ Y )(F ) |

(
(v1, v1) (v1, v2)
(v1, v2) (v2, v2)

)
=

(
0 0
0 −2d

)}
.

Here we note that∫
N1(F )\N1(AF )

ψ−1
N (n1)ω(n1, h1)φ(0, v2)f(h1) dh1

=

∫
N1(F )\N1(AF )

ψ−1
N (n1)ω(1, h1)φ(0, v2)f(h1) dh1 = 0,

since

ω(n1, h1)φ(0, v2) = ω(1, h1)φ

[
(0, v2)

(
1 x
0 1

)]
= ω(1, h1)φ(0, v2).

Thus, it is enough for us to consider the contribution from

V2 = {(v1, v2) ∈ V1 | v1 �= 0}.
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Since (y−2, e2) ∈ V2, by Witt’s theorem, we have

W ′(θ(f, φ))

=

∫
N1(F )\N1(AF )

∫
H1(F )\H1(AF )

ψ−1
N (n1)

∑
γ∈H2(F )\H1(F )

ω(n1, h1)φ(γ
−1y−2, γ

−1e2)f(h1) dh1 dn1

=

∫
N1(F )\N1(AF )

ψ−1
N (n1)

∫
H2(F )\H1(AF )

ω(n1, h1)φ(y−2, e2)f(h1) dh1 dn1.

Here H2 is the stabilizer of e2 and y−2 in H1. Then we have H2 = RU ′ where

R =

⎧⎨⎩
⎛⎝1 0 0
0 r 0
0 0 1

⎞⎠ | r ∈ SO3,1, re2 = e2

⎫⎬⎭
and

U ′ = {u0(a)u1(b, 0)ũ(c) | a, b, c ∈ F} .
We note that

ω [w(x), h1]φ(y−2, e2) =ω(1, h1)φ

[
(y−2, e2)

(
1 x
0 1

)]
=ω(1, u1(0,−x/2d)h1)φ(y−2, e2).

Hence, we have

W ′(θ(f, φ)) =

∫
F\AF

ψ(x)

∫
H2(AF )\H1(AF )

∫
H2(F )\H2(AF )

ω(1, u1(0,−x/2d)h1)φ(y−2, e2)f(h2h1) dh2 dh1 dx

=

∫
H2(AF )\H1(AF )

ω(1, h1)φ(y−2, e2)

∫
F\AF

ψ(−2dx)

·
∫
U ′(F )\U ′(AF )

∫
R(F )\R(AF )

f(ru′u1(0, x)h1) dr du0 dx dh1.

Let us define a subgroup
S = R · UPH

and a character ψ′ of S(F )\S(AF ) by

ψ′ (r · u0(x)u1(y, z)ũ(w)) = ψ(2dz)

for r ∈ R(AF ) and x, y, z, w ∈ AF . Then we have

W ′(θ(f, φ)) =

∫
H2(AF )\H1(AF )

ω(1, h1)φ(y−2, e2)Sh(π(h1)f) dh1

where a linear form Sh : Vσ → C is defined by

(3.4) Sh(f) =

∫
S(F )\S(AF )

ψ′(s)f(s) dr du.

As in the previous section, we obtain the following equivalence.

Proposition 3.4. For an irreducible cuspidal automorphic representation (σ, Vσ)
of GSO4,2(AF ), Sh(f) is not identically zero on Vσ if and only if the theta lift Θ(σ)
of (σ, Vσ) to GSp4(AF )

+ is generic with respect to ψN .
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3.3. Shalika period and global theta lift. Let (σ, Vσ) be an irreducible cuspidal
automorphic representation of GSO4,2(AF ) with trivial central character. Then
we can consider (σ, Vσ) as an irreducible cuspidal automorphic representation of
GU2,2(AF ) via (2.2). Therefore, we may consider the theta correspondence for
GSp4(AF )

+ and GU2,2(AF ). Under this identification, it is easy to see that
(3.5)

Sh(f) =

∫
A

×
F GL2(F )\GL2(AF )

∫
N(F )\N(AF )

f

((
g

det g · tg−1

)
n

)
ψ0(n) dg dn

where ψ0 is the character of N(F )\N(AF ) defined by

ψ0

(
12 X

12

)
= ψ

(
tr

[(
η

−η

)
X

])
for X = tX ∈ Mat2×2(AE). In [6], we called the period on the right-hand side
Shalika period, and we say that σ has Shalika period if Sh(f) is not identically zero
on Vσ. Moreover, we have an equivalent condition that σ has Shalika period.

Theorem 3.5 (Theorem in [6]). Let (σ, Vσ) be as above. Let S be a finite set
of places of F containing all infinite places such that at every v �∈ S, Ev/Fv is
not a ramified extension and σv is unramified. Then the following conditions are
equivalent.

(1) σ has Shalika period.
(2) σ is generic and the partial twisted exterior square L-function LS

(
s, σ,∧2

t

)
has a simple pole at s = 1.

From this theorem and the computation of pullbacks of Whittaker periods in the
previous sections, we can give a characterization of irreducible cuspidal automorphic
representations of GU2,2(AF ) which have Shalika period, in the language of the
theta lift.

Theorem 3.6. Let (σ, Vσ) be an irreducible cuspidal automorphic representation
of GU2,2(AF ) with trivial central character. Then σ has Shalika period if and only
if σ = θ∗(Π) for a generic irreducible cuspidal automorphic representation Π of
GSp4(AF ) with trivial central character.

Here we write σ = θ∗(Π) when σ = Θ(Π+) for an irreducible cuspidal auto-
morphic representation Π+ of GSp4(AF )

+ which appears as a subrepresentation of
Π|GSp4(AF )+ .

Remark 3.7. Let Π′ be another irreducible cuspidal automorphic representation of
GSp4(AF ) such that σ = θ∗(Π′). Then at each place v of F where Ev � Fv⊕Fv, we
have Π′

v � Πv. On the other hand, at each place v of F where Ev/Fv is a quadratic
extension, we have Π′

v � Πv ⊗ χEv/Fv
or Πv for the quadratic character of F×

v

corresponding to the quadratic extension Ev/Fv. This implies that Π|GSp4(AF )+ �
Π′|GSp4(AF )+ . Hence, our assertion does not depend on a choice of Π.

Proof. Suppose that σ has Shalika period. Then by Proposition 3.4, the theta lift
Θ(σ) to GSp4(AF )

+ is not zero and generic. Assume that Θ(σ) is not contained
in the space of cusp forms. Then from the Rallis tower property, σ is given by
the theta lift from an irreducible cuspidal automorphic representation (π, Vπ) of
GL2(AF )

+ where

GL2(AF )
+ = {g ∈ GL2(AF ) | det g = ν(h) for h ∈ GSO4,2(AF )} .
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Lemma 3.8. The theta lift of (π, Vπ) to GSO3,1(AF ) is not zero.

Proof. First, we shall compute the Shalika period for the theta lift of π to GSO4,2(AF ).
Let X ′ = span{x1, x−1} and Y ′ = span{y±1, e1, e2}. Then GL(X ′) = GL2 and
GSO(Y ′) = GSO3,1. As a polarization Z ′ = Z ′

+ + Z ′
− of Z ′ = X ′ ⊗ Y , we use

Z ′
+ = X ′ ⊗ (F · y2) + F · x1 ⊗ Y ′ and Z ′

− = X ′ ⊗ (F · y−2) + F · x−1 ⊗ Y ′.

According to this polarization, we may write z+ = x⊗y2+x1⊗v and φ(z+) = φ(x, v)
for z+ ∈ Z ′

+(AF ) and φ ∈ S(Z ′
+(AF )). Then it is easy to see that∫

SL2(F )\SL2(AF )

∑
x,∈X,v∈Y ′

ω(g1, ru)φ(x, v)f(g1)dg1 dr du

=

∫
SL2(F )\SL2(AF )

∑
γ∈N2(F )\SL2(F ),v∈Y ′

ω(γg1, ru)φ(x−1, v)f(g1)dg1 dr du

=

∫
N2(F )\SL2(AF )

∑
v∈Y ′

ω(g1, ru)φ(x−1, v)f(g1)dg1 dr du

where N2 is the upper unipotent subgroup of SL2. Thus, we have

Sh(θ(f, φ)) =

∫
N2(F )\SL2(AF )

∫
R(F )\R(AF )

∑
v∈Y ′

ω(g1, r)φ(x−1, v)f(g1)

·
(∫

UPH
(F )\UPH

(AF )

ψ−1(y2, u
−1v)ψ′(u) du

)
dr dg1

=

∫
N2(F )\SL2(AF )

∫
R(F )\R(AF )

ω(g1, r)φ(x−1, e2)f(g1) dr dg1.

Moreover, since R(F ) stabilizes e2, we obtain

Sh(θ(f, φ)) =

∫
N2(F )\SL2(AF )

ω(g1, 1)φ(x−1, e2)f(g1) dr dg1

=

∫
N2(AF )\SL2(AF )

ω(g1, 1)φ(x−1, e2)Wψ,2(f)(g1) dr dg1

where we define

Wψ,2(f) =

∫
F\AF

ψ(dx)f

((
1 x

1

))
dx.

Here we have used measures which are normalized so that∫
UPH

(F )\UPH
(AF )

du =

∫
R(F )\R(AF )

dr = 1.

Since we assume that the Shalika period is not identically zero on Vσ, Wψ,2(f)
is not identically zero on Vπ. On the other hand, we consider the theta lift of π to
GSO3,1(AF ). Then by a similar computation as in Section 3.1, we see that∫

(F\AF )2
ψ(−2dt)θ(f, φ)(u2(s, t)) ds dt

=

∫
N2(AF )\SL2(AF )

ω(g1, 1)φ(x−1, e2)Wψ,2(f)(g1) dg1.

Since Wψ,2(f) is not identically zero on Vπ, the theta lift of π to GSO3,1(AF ) does
not vanish. �
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By this lemma and the Rallis tower property, σ should not be cuspidal . This is
a contradiction, so that the theta lift Θ(σ) of σ to GSp4(AF )

+ is cuspidal.
For an automorphic form ϕ ∈ VΘ(σ), we define an automorphic form ϕ∗ on

GSp4(AF ) by

ϕ∗(g) =

{
ϕ(g) if g ∈ GSp4(F )GSp4(AF )

+,
0 otherwise.

Let Π∗ be the cuspidal generic automorphic representation of GSp4(AF ) generated
by ϕ∗ for ϕ ∈ VΘ(π). Then from the definition of Π∗, there exists an irreducible
constituent Π of Π∗ such that σ = θ∗(Π).

On the other hand, we suppose that σ = θ∗(Π) with some irreducible generic
cuspidal automorphic representation Π of GSp4(AF ). Then by Corollary 6.23, we
see that

(3.6) LS(s, σ,∧2
t ) = LS(s,Π, std⊗ χE/F )ζ

S
F (s),

where S is the finite set of places such that at v �∈ S, Πv and σv are unramified.
Since Π is generic, LS(s,Π, std ⊗ χE/F ) does not vanish at s = 1 by Shahidi

[33, Theorem 5.1]. Thus, LS(s, σ,∧2
t ) has a pole at s = 1. Moreover, σ is generic

by Proposition 3.3. Therefore, σ should have Shalika period by Theorem 3.5. �

3.4. A remark on some nongeneric representations of GU2,2. Since any ir-
reducible cuspidal automorphic representation of GL2n is generic (cf. [35]), for all
irreducible cuspidal automorphic representation of GL2n, the nonvanishing of Sha-
lika period is equivalent to the existence of a pole of exterior square L-functions at
s = 1. However, all irreducible cuspidal automorphic representation of GU2,2(AF )
are not generic. Thus, for nongeneric irreducible cuspidal automorphic representa-
tions of GU2,2(AF ), the nonvanishing of Shalika period may not be equivalent to
the existence of the pole of twisted exterior square L-functions at s = 1. Indeed, we
can construct an irreducible cuspidal automorphic representation σ of GU2,2(AQ)
such that LS(s, σ,∧2

t ) has a pole at s = 1, but it does not have Shalika period.

Lemma 3.9. There exists a quadratic extension E/Q and an irreducible cuspidal
automorphic representation σ of GU2,2(AQ) such that ωσ = 1 and the partial twisted
exterior square L-function LS(s, σ,∧2

t ) has a simple pole at s = 1 for a finite set of
places S given in Theorem 3.5, but σ does not have Shalika period.

Proof. Let Φ be a Siegel cusp form of weight � > 6 and of full level. Suppose that Φ
is a Hecke eigenform and not Saito-Kurokawa lifting. Then the cuspidal automor-
phic representation ΠΦ of GSp4(AQ) attached to Φ is irreducible [26, Corollary 3.4].
Note that the central character of ΠΦ is trivial.

From [21, Theorem 7.2], there exists an orthogonal space V of dimension 6 with
Witt index 2 such that the theta lift of ΠΦ to GSO(V,AQ) is not zero. Moreover,
from the result by Paul (see Section 7), the local theta lift of Π∞ for SO3,1 is zero.
Thus, the global theta lift of ΠΦ to GSO3,1(AQ) is zero, and the global theta lift
θ∗(ΠΦ) of ΠΦ to GSO(V,AQ) is contained in the space of cusp forms by the Rallis
tower property. Let σ be an irreducible constituent of θ∗(ΠΦ).

As in Section 2.1, for some quadratic extension E of Q, we have PGU2,2 �
PGSO(V ). Then we consider σ as an automorphic representation of GU2,2(AQ).
Since ΠΦ is not generic, from the computation in Section 3.1, σ is also nongeneric.
In particular, σ does not have Shalika period by Theorem 3.5. On the other hand,
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from Pitale, Saha, and Schmidt [29], the partial L-function LS(s,ΠΦ, std ⊗ χE/Q)

does not vanish at s = 1. Thus, we see that LS(s, σ,∧2
t ) has a pole at s = 1 from

(3.6) and σ satisfies our required conditions. �

4. Non-supercuspidal representations of GSp4(F )+

Let F be a nonarchimedean local field of characteristic zero and E a quadratic
extension of F . We denote by x �→ x̄ the action of the nontrivial element of Gal(E/

F ) on E. We choose d ∈ F× \ (F×)
2
such that E = F (η) and η̄ = −η with η =

√
d.

Denote by NE/F the norm map from E to F . Let χE/F be the quadratic character

of F× corresponding to E via the local class field theory. Let ψ be a nontrivial
additive character of F .

Let

G = GSp4(F )+ =
{
g ∈ GSp4(F ) | λ(g) ∈ NE/F (E

×)
}
.

We note that this definition is consistent with global one from the remark after
global definition (2.8).

From now on, we shall consider only admissible representations, so that we fre-
quently simply call it representation. Then our aim in this section is to give a
classification of non-supercuspidal irreducible representations of G using a classifi-
cation of non-supercuspidal irreducible representations of GSp4 by Sally and Tadic
[32] and a study of the restriction of irreducible representations of GSp4 to Sp4
by Gan and Takeda [11]. We note that for a structure of parabolic inductions,
[13, Lemma 5.1, Lemma 5.2] is convenient.

For an algebraic group X defined over F , we simply denote by X the set of
F -rational points of X. For each positive integer n, we define

GL+
n =

{
g ∈ GLn | det g ∈ NE/F (E

×)
}
.

Let P and Q be parabolic subgroups of GSp4 defined as in Section 2.1. Let us
denote by BG = B ∩ G, PG = P ∩ G and QG = Q ∩ G the parabolic subgroups
of G. Then we have the Levi decompositions BG = TGN , PG = MPG

NPG
and

PG = MPG
NPG

where NPG
= NP , NQG

= NQ, TG � GL1 ×GL1 × GL+
1 , MPG

�
GL2 ×GL+

1 and MQG
� GL+

2 ×GL1.
For any irreducible representation π of GSp4, GL2 or GL1, we denote by π+ the

restriction to G, GL+
2 or GL+

1 , respectively. Moreover, for an irreducible represen-

tation π+ of G or GL+
2 , we sometimes simply denote by Ind(π+) for Ind

GSp4

G (π+)

and IndGL2

GL+
2

(π+).

Any irreducible representation of TG is of the form χ1 � χ2 � χ+ for characters
χ1, χ2, and χ of F×, and we denote by IBG

(χ1, χ2;χ+) the parabolic induction of
G corresponding to this representation of TG. Moreover, any irreducible represen-
tation of MPG

(resp. MQG
) is of the form τ � μ (resp. μ � τ ) with an irreducible

representation τ of GL2 (resp. GL+
2 ) and a character μ of GL+

1 (resp. GL1), and
we denote by IPG

(τ, μ) (resp. IQG
(μ, τ )) the corresponding parabolic induction of

G.
Similarly, for representations τ of GL2 and χ of GL1, we denote by IP (τ, χ) (resp.

IQ(χ, τ )) the parabolic induction of GSp4 for τ � χ (resp. χ � τ ) with respect to
P (resp. Q).



ON THE THETA CORRESPONDENCE 47

For a character χ of GL1, we denote by χ · π+ the twist of π+ by χ+. Then we
note that

(χ · ωE/F ) · π+ = χ · π+.

Let us denote by st the Steinberg representation of GL2. We note that st+ is an
irreducible representation of GL+

2 .
Further, we define a character ψN of the unipotent radical N of the Borel sub-

group BG by

ψN [w(a)v(A)] = ψ(−a− d · a22)
for a ∈ F and A = (aij) ∈ Sym2(F ). This is a nondegenerate character of N , and
there are two orbits of nondegenerate characters of N under the action of TG. We
fix a representative of the orbit not containing ψN , and we denote this character
by ψN,−. When a representation of G is generic with respect to ψN , we simply say
that it is generic.

4.1. Discrete series representations. In this section, we shall give a classifica-
tion of non-supercuspidal essentially discrete series representations of G. Indeed,
we prove the following lemma.

Lemma 4.1. (1) Let χ be a character of F×. Then IQG
(|− |2, (χ|− |−1) · st+)

contains an essentially discrete series representation χStG as the unique
irreducible submodule.

(2) Let τ+ be an irreducible supercuspidal representation of GL+
2 . Suppose that

χ is a nontrivial quadratic character of F× such that τ ⊗ χ = τ for any
irreducible representation τ of GL2 such that τ+ ⊂ τ+. Then IQG

(χ| −
|, | − |−1/2 · τ+) contains a generic essentially discrete series representation
St(χ, τ+) as the unique irreducible submodule.

(3) Let τ be an irreducible supercuspidal representation of GL2 with trivial cen-
tral character, or τ = χ · st with nontrivial quadratic character χ �= χE/F

of F×. Let μ be a character of F×. Then IPG
(τ | − |1/2, μ+| − |−1/2

+ ) con-
tains an essentially discrete series representation St(τ, μ+) as the unique
irreducible submodule.

(4) Let μ be a character of F×. Then IPG
(χE/F ·st|−|−1/2, μ+|−|1/2+ ) contains

two inequivalent essentially discrete series representation of G. The exactly
one of them is generic with respect to ψN and we denote this irreducible
representation by St(χE/F · st, μ+)

+. On the other hand, the other one is

generic with respect to ψN,− and we denote it by St(χE/F · st, μ+)
−.

Moreover, any non-supercuspidal essentially discrete series representation of G
appears in the above list.

Proof. First, we note that for an irreducible representation π of GSp4, π+ is irre-
ducible if and only if π ⊗ χE/F � π (i.e., χE/F ∈ I(π) if we use the notation in
[11]).

Let us consider case (1). Recall that the induced representation IQ(| − |2,
(χ| − |−1) · st) contains the twisted Steinberg representation χStGSp4

as the unique
irreducible submodule [13, Lemma 5.1]. From [11, Proposition 6.8], the restriction
of χStGSp4

to Sp4 is irreducible. In particular, its restriction to G is irreducible.
We denote this irreducible representation of G by χStG. Moreover, we note that

(4.1) IQG
(| − |2, (χ| − |−1) · st+) = IQ(| − |2, (χ| − |−1) · st)+.
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Thus, χStG is an irreducible submodule of IQG
(| − |2, (χ| − |−1) · st+), and it is

obviously an essentially discrete series.
Let π+ be an irreducible submodule of IQG

(| − |2, (χ| − |−1) · st+). Then by the
Frobenius reciprocity and (4.1), we have

0 �= HomG

(
π+, IQG

(| − |2, (χ| − |−1) · st+)
)

� HomGSp4

(
Ind(π+), IQ(| − |2, (χ| − |−1) · st)

)
.

We note that Ind(π+) is irreducible or isomorphic to π ⊕ (π ⊗ χE/F ) with an
extension π of π+ to GSp4. If Ind(π+) is irreducible, it should be isomorphic to
χStG. However, since (Ind(π+))|G is reducible, this case does not occur. Thus, we
may suppose Ind(π+) = π ⊕ (π ⊗ χE/F ). Then we should have χStGSp4

= π or
π ⊗ χE/F . In any case, we have

π+ = π+ = χStGSp4
|G = χStG.

Therefore, χStG is a unique irreducible submodule.
Let us consider the case (2). Then we have

IQG
(χ| − |, | − |−1/2 · τ+) = IQ(χ| − |, | − |−1/2 · τ )+,

and IQ(χ|−|, |−|−1/2·τ ) contains the essentially discrete series St(χ, τ ) as the unique
irreducible submodule [13, Lemma 5.1]. If τ+ is irreducible, as in the previous case,
we can show that IQ(Z)+(χ| − |, | − |−1/2 · τ+) contains an essentially discrete series

representation St(χ, τ+) as a unique irreducible submodule.
We suppose that τ+ = τ1 ⊕ τ2 and τ1 = τ+. Then we have

IQ(χ| − |, | − |−1/2 · τ )|G = IQG
(χ| − |, | − |−1/2 · τ1)⊕ IQG

(χ| − |, | − |−1/2 · τ2).

We note that Ind(τ1) is irreducible since τ+ is reducible, and thus it is isomorphic
to τ . Therefore, we see that

HomGSp4
(St(χ, τ ), IQ(χ| − |, | − |−1/2 · τ ))

=HomGSp4
(St(χ, τ ), Ind

GSp4

G (IQG
(χ| − |, | − |−1/2 · τ1)))

=HomG(St(χ, τ )|G, IQG
(χ| − |, | − |−1/2 · τ1)).

Since St(χ, τ ) is a unique irreducible submodule of IQ(χ| − |, | − |−1/2 · τ ), the
above space is one-dimensional. Furthermore, from [11, Proposition 6.8], we see
that St(χ, τ )|G is reducible, and it decomposes into a direct sum of two inequivalent
irreducible representations. Therefore, exactly one constituent of them appears in
IQG

(χ| − |, | − |−1/2 · τ1). Then we denote this representation by St(χ, τ+).

Let π+ be an irreducible submodule of IQG
(χ| − |, | − |−1/2 · τ1). Then we have

0 �= HomG(π
+, IQ(χ| − |, | − |−1/2 · τ )|G)

= HomGSp4
(Ind(π+), IQ(χ| − |, | − |−1/2 · τ )).

Assume that Ind(π+) is reducible. Then some irreducible constituent of Ind(π+)
is isomorphic to St(χ, τ ). However, its restriction to G is irreducible. This con-
tradicts to the reducibility of St(χ, τ )|G. Therefore, we may suppose that Ind(π+)
is irreducible. Then it should be isomorphic to St(χ, τ ), and we see that π+ is an
irreducible constituent of St(χ, τ )|G. Thus, from the definition of St(χ, τ+), we
should have π+ = St(χ, τ+).
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The case (3) can be proved in a similar way as in the case of (1) using [13,
Lemma 5.2] and [13, Proposition 6.8].

Finally, we consider the case (4). Then we know that

IPG
(stχ| − |−1/2, μ+| − |1/2+ ) = IP (stχ| − |−1/2, μ| − |1/2)+.

From [13, Proposition 6.8], we see that St(χ · st, μ)+ is completely reducible. Since
St(χ · st, μ) is generic with respect to ψN , exactly one irreducible constituent of
St(χ · st, μ)+ is generic with respect to ψN . Then we denote this irreducible con-
stituent by St(χ · st, μ+)

+ and the other one by St(χ · st, μ+)
−.

Since we know

(ψN )t = ψN,− and (St(χ · st, μ+)
+)t � St(χ · st, μ+)

−

with some t ∈ T \TG, St(χ · st, μ+)
− is generic with respect to ψN,−. Moreover, as

in the previous cases, we can show that IPG
(stχ| − |−1/2, μ+| − |1/2+ ) does not have

any other irreducible submodule.
Any irreducible constituent of restrictions of essentially discrete series represen-

tations of GSp4 to G appear in the above list, so that the above representations
give all essentially discrete series representations of G. �

4.2. Nondiscrete series representations. Let us classify irreducible nondiscrete
series representations of G.

Let us define a character ψ2 of upper unipotent subgroup N2 of GL2 by

(4.2) ψ2

(
1 x
0 1

)
= ψ(−dx).

There are two orbits of nondegenerate characters of N2 under the action of diagonal
matrices in GL+

2 . Then we fix a representative of the orbit not containing ψ2 and
denote it by ψ2,−

Any irreducible non-supercuspidal representation of GL2 whose restriction to
GL+

2 is reducible should be of the form

χ · IGL2

B2
(χE/F � 1)

with a character χ of F× where B2 is the upper triangular subgroup of GL2. We
denote by IGL2

B2
(χE/F � 1)+ (resp. IGL2

B2
(χE/F � 1)−) the irreducible constituent of

IGL2

B2
(χE/F � 1)+ which is generic with respect to ψ2 (resp. ψ2,−).

Lemma 4.2. The irreducible nondiscrete series representations of G fall into the
following disjoint families:

(1) π ↪→ IQG
(χ| − |−s, τ+) with χ a unitary character, s ≥ 0 and τ+ an essen-

tially discrete series representation of GL+
2 . In fact, π is the unique irre-

ducible submodule, except in the case where χ| − |−s = 1F× , or χ| − |−s =
χE/F and Ind(τ+) is reducible. In those cases, this parabolic induction de-
composes into a direst sum of two inequivalent irreducible representations.

(2) Let τ be a discrete series representation of GL2 and χ a character of F×.
(a) Suppose that s = 0, and τ � τ ⊗ωτ with ωτ = χE/F . Then IPG

(τ, χ+)
decomposes into a direct sum of two inequivalent irreducible representa-
tions. The exactly one constituent is generic, and the other constituent
is nongeneric.

(b) Otherwise, IPG
(τ | − |−s, χ+) contains a unique irreducible submodule.
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(3) π ↪→ IBG
(χ1|−|−s1 , χ2|−|−s2 ;χ+) where χ1 and χ2 are unitary characters,

χ is an arbitrary character of F× and s1 ≥ s2 ≥ 0. By induction in stages,
we see that

IBG
(χ1| − |−s1 , χ2| − |−s2 ;χ+) = IQG

(χ1| − |−s1 , IGL2

B2
(χχ2| − |−s2 � χ)+).

(a) If χ2|−|−s2 = χE/F , then IQG
(χ1|−|−s1 , χ·IGL2

B2
(χE/F �1)±) contains

the unique irreducible submodule, respectively.
(b) For a nontrivial quadratic character χ0, IQG

(χ0, I
GL2

B2
(χχ0χE/F �χ)+)

decomposes into a direct sum of two inequivalent irreducible represen-
tations. One constituent is generic with respect to ψN , and the other
one is generic with respect to ψN,−.

(c) If χ2| − |−s2 = | − |−1, then IGL2

B2
(χχ2| − |−s2 � χ) is reducible and

π ↪→ IQG
(χ1| − |−s1 , (χ · | − |−1/2) ◦ det)

as the unique irreducible submodule.
(d) Otherwise, IQG

(χ1|−|−s1 , IGL2

B2
(χχ2|−|−s2 �χ)+) contains the unique

irreducible submodule. In particular, if s1 = s2 = 0, this parabolic
induction is irreducible.

Proof. This lemma is proved in a similar way as Lemma 4.1 using [13, Proposi-
tion 5.3] and the restriction of irreducible representations of GSp4 to G, so that we
leave the details to the reader. �

5. Non-supercuspidal representations of GSO4,2

We keep the notation in Section 4. The aim in this section is to give a classifica-
tion of non-supercuspidal irreducible representations of H = GSO4,2(F ) following
Sally and Tadic [32] and Konno [19].

5.1. Preliminaries. As in the previous section, for an algebraic group X defined
over F , we frequently denote by X the set of its F -rational points. Let BH be the
Borel subgroup of H with the Levi decomposition BH = THU where TH and U are
defined as in (2.3) and (2.4), respectively. Let A0 be the split component of TH

given by

A0 =
{
diag(t1, t2; t) | t, ti ∈ F×} .

We denote by �0 the set of simple roots of A0. Indeed, we have Δ0 = {α1, α2}
with

α1(diag(t1, t2; t)) = t1t
−1
2 , α2(diag(t1, t2; t)) = t2t

−1

for diag(t1, t2; t) ∈ A0. Moreover, we denote by Σ the set of BH -positive relative
roots. Then we have

Σ = {α1, α2, α1 + α2, α1 + 2α2}.

Let us denote by WH the Weyl group of A0 in H. Moreover, we define parabolic
subgroups PH and QH of H as in Section 2.1. Then we note that PH (resp. QH)
is the maximal parabolic subgroup of H corresponding to the simple root α2 (resp.
α1).
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For α ∈ �0, we denote by rα the simple reflection corresponding to α. We set
w1 = rα1

and w2 = rα2
. Indeed, these reflections are represented by

w1 =

⎛⎜⎜⎜⎜⎜⎜⎝
1

1
−1

−1
1

1

⎞⎟⎟⎟⎟⎟⎟⎠ and w2 =

⎛⎜⎜⎜⎜⎜⎜⎝
−1

1
−1

1
1

−1

⎞⎟⎟⎟⎟⎟⎟⎠ .

In order to study the reducibility of parabolic inductions, we need intertwining
operators. For each standard Levi subgroup M , write WM for the set of w ∈ WH

of the minimal length in the coset wWM such that w(M) is again a standard Levi
subgroup. Also, we set

aM = Hom(X∗(M),R), and a∗M = X∗(M)⊗ R,

where X∗(M) is the group of F -rational characters of M . For w ∈ WM , Pw =
MwNw denotes the standard parabolic subgroup with the Levi component Mw =
w(M). For a standard parabolic subgroup P , set ΣP = {α|aM

| α ∈ Σ \ ΣM} and
write Σr

P the set of reduced elements in it. Define

invP (w) = {α ∈ Σr
P | w(α) �∈ ΣPw

} .
Let π be an irreducible representation of M and ν ∈ a∗M,C = a∗M ⊗C. We regard ν

as a quasi-character of M by M � m �→ q〈ν,HM (m)〉 (see [34, Section 1] for the map
HM ), and consider a representation π ⊗ ν. Then the integral

[M(w, π ⊗ ν)φ](g) =

∫
Nw∩w(N)\Nw

φ(w−1ng) dn, φ ∈ IGP (π ⊗ ν)

converges absolutely if α∨(ν) � 0 for every α ∈ invP (w). It extends to a meromor-
phic function on ν ∈ a∗M,C. Outside its pole it defines an intertwining operator

M(w, π ⊗ ν) : IGP (π ⊗ δsP ) → IGPw
(w(π ⊗ ν))

(cf. [33] and [36, Section 2]).
For a character χ of F×, a character τ of E×, a representation π of GL2, and π′

of GL2(E), we define

χ[s] = χ| − |sF , τ [s] = τ | − |sE , π[s] = π ⊗ | det |sF and π′[s] = π′ ⊗ | det |sE
for s ∈ C. Also, we define

χE = χ ◦NE/F , τF = τ |F× and τσ(a) = τ (ā)

for a ∈ E×. Finally, we note that we have an accidental isomorphism

GSO3,1 � {GL2(E)× F×}/{(a−1, NE/F (a) | a ∈ E×)},
and thus we may denote an irreducible representation of GSO3,1 by π(ρ, χ) for an
irreducible representation ρ of GL2(E) and a character χ of F× such that ωρ = χE .
In particular, we have

π
(
I
GL2(E)
B2(E) (τ � τσχE) , χτF

)
= I

GSO3,1

B3,1
(χ� τ )

for characters χ of F× and τ of E×. Here we have denoted by B2 and B3,1 the
Borel subgroups of GL2 and GSO3,1, respectively.
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Each irreducible representation of TH is of the form χ1�χ2�τ with characters χ1

and χ2 of F× and a character τ of E×, and we denote the corresponding parabolic
induction of H by IBH

(χ1, χ2; τ ). When it has a unique irreducible quotient, we
shall denote this quotient by JBH

(χ1, χ2; τ ).
Moreover, any irreducible representation ofMPH

(resp. MQH
) is of the form χ�π

(resp. π�χ) with a character χ of F× (resp. E×) and an irreducible representation
π of GSO3,1 (resp. GL2), and we denote the corresponding parabolic induction by
IPH

(χ, π) (resp. IQH
(π, χ)). When it has a unique irreducible quotient, we shall

denote this quotient by JPH
(χ, π) (resp. JQH

(π, χ)).

5.2. Parabolically induced representations for BH . In this section, we shall
classify irreducible representation which appear as an irreducible constituent of the
parabolic induction for minimal parabolic subgroup BH .

5.2.1. Parabolic inductions for unitary characters. Let χ1 and χ2 be unitary char-
acters of F× and τ a unitary character of E×, and we define a character of TH by
ρ = χ1 � χ2 � τ .

For β ∈ Σ, let μβ(ρ) be the Plancherel measure of ρ with respect to β. Let
Σ′ = {β ∈ Σ | μβ(ρ) = 0}. Then ±Σ′ is a root system of Σ. Thus, the group
W ′ generated by the reflections associated to the elements of Σ′ is a subgroup of
W (ρ) = {w ∈ WH | wρ = ρ}. Let R = R(ρ) = {w ∈ W (ρ) | wβ > 0, β ∈ Σ′}.

Theorem 5.1 (Knapp–Stein [18], Silberger [37], [38]). Let ρ be as above. Then we
have W (ρ) = R�W ′, and the commutator algebra of IBH

(ρ) has dimension |R|.

Then we have the following criterion for a reducibility of IBH
(ρ).

Lemma 5.2. The parabolic induction IBH
(ρ) is reducible if and only if W (ρ) =

R = {1, w1w2w1w2}, namely

χ2
1 = χ2

2 = 1, (χ1χ2)Eτ
σ = τ, χ1 �= χ2

and for i = 1, 2,

χi,Eτ
σ �= τ.

In particular, if τσ = τ , IBH
(ρ) is reducible if and only if

χ1 = χ0, χ2 = χ0χE/F

with a nontrivial quadratic character χ0 �= χE/F . When it is reducible, it decom-
poses into a direct sum of two tempered irreducible representations.

Proof. If R is given as above, this parabolic induction is reducible by Theorem 5.1.
We suppose that IBH

(ρ) is reducible. Then we note that R is not trivial. For
α ∈ Σ, we denote by Aα the subtorus of A0 corresponding to α, and we put
Mα = ZH(Aα). Then by [36], α ∈ Σ is in Σ′, i.e., μα(ρ) = 0 if and only if IMα

BH
(ρ) is

irreducible and W (Mα, A0)∩W (ρ) �= ∅. It is easy to see that IMα

BH
(ρ) is irreducible

for any α ∈ Σ, so that α is in Σ′ if and only if W (Mα, A0) ∩W (ρ) �= ∅.
If w1 ∈ W (ρ), W (Mα1

, A0) ∩W (ρ) �= ∅ since w1 ∈ Mα1
. Therefore, α1 ∈ Σ′, so

that we have w1 ∈ W ′ and w1 �∈ R by Theorem 5.1. A similar assertion holds for
w2, w1w2w1, and w2w1w2, since these Weyl elements are contained inMα2

,Mα1+α2
,

and Mα1+2α2
, respectively. Thus, R should not contain these Weyl elements.
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On the other hand, suppose that R contains w1w2 or w2w1. By a direct compu-
tation, we see that

w1 ∈ W (ρ) ⇐⇒ χ1 = χ2,

w2 ∈ W (ρ) ⇐⇒ χ2,Eτ
σ = τ,

w2w1 ∈ W (ρ) ⇐⇒ χ1 = χ2, χ1,Eτ
σ = τ,

w1w2 ∈ W (ρ) ⇐⇒ χ1 = χ2, χ1,Eτ
σ = τ,(5.1)

w2w1w2 ∈ W (ρ) ⇐⇒ χ1 = χ−1
2 ,

w1w2w1 ∈ W (ρ) ⇐⇒ χ1,Eτ
σ = τ,

w2w1w2w1 ∈ W (ρ) ⇐⇒ χ2
1 = χ2

2 = 1, (χ1χ2)Eτ
σ = τ.

Thus, we see that R should contain w1. This contradicts the above observation.
Hence, w1w2 and w2w1 are not contained in R, and we obtain

R = {1, w = w1w2w1w2}.
Moreover, since wα1 < 0 and wα2 < 0, w1, w2, w2w1w2, and w1w2w1 are not
contained in W (ρ), and so are w1w2 and w2w1. Hence, W (ρ) = R and we get our
required condition of ρ from (5.1).

Finally, we note that when this parabolic induction is reducible, it decomposes
into a direct sum of two inequivalent tempered irreducible representations by [17,
Theorem 3.6]. �

Remark 5.3. The above parabolic induction is generic by Rodier [31]. Moreover,
when it is reducible, then exactly one constituent is generic and the other one is
nongeneric.

5.2.2. Reducible points. Let χ1, χ2 and τ be as in the previous section. Then for
real numbers ν1, ν2 and ν, we define a character χ of TG by χ = χ1[ν1]�χ2[ν2]�τ [ν].

For α ∈ �0, we write

Pα = MαUα

the standard parabolic subgroup satisfying �Mα
0 = {α}. Let Gα be the derived

group of Mα. Then we have

Gα1
= SL2, Gα2

= ResE/FSL2.

We recall that the study of MMα(rα, χ) amounts to that of MGα(rα, χ|Tα) where
Tα = T ∩ Gα. As we noted above, in our case, Gα is either SL2 or ResE/F SL2.
In the latter case, we extend α∨ to α∨

E : ResE/FGm → Tα. It is well-known that

MGα(rα, χ|Tα) has its only zero at{
χ ◦ α∨ = | |F if Gα = SL2,
χ ◦ α∨

E = | |E if Gα = ResE/F SL2.

Here α∨
1 (t) = diag(t, t−1; 12) for t ∈ F× and α∨

2,E(t) = diag(1, NE/F (t); t/t
σ) for

t ∈ E×

As in [19, Section 2], the reducible points of IB(χ1[ν1], χ2[ν2]; τ [ν]) are studied by
the observation of zeros of the intertwining operators M(rα, χ1[ν1]� χ2[ν2]� τ [ν])
for α ∈ �0. Indeed, the reducible points are contained in

rα1
∪ r−α1

∪ rα2
∪ r−α2

,



54 KAZUKI MORIMOTO

where r±αi
are the set of reducible points given by the zeros of the intertwining

operator M(r±αi
, χ1[ν1]� χ2[ν2]� τ [ν]), where

r±α1
= {χ1[ν1]� χ2[ν2]� τ [ν] | χ1 = χ2, ν1 − ν2 = ±1}

and
r±α2

= {χ1[ν1]� χ2[ν2]� τ [ν] | τ · χ2,E = τσ, ν2 = ±1} .

5.2.3. A formula of Jacquet module. We shall recall a formula of Jacquet modules
of parabolic inductions. Let G be the set of F -rational points of an algebraic group
defined over F . For a parabolic subgroup P of G with the Levi decomposition
P = MN , we denote by rGM : KΠ(G) → KΠ(M) the map induced by the nor-
malized Jacquet functor where KΠ(G) (resp. KΠ(M)) is the Grothendieck group
of admissible representations of G (resp. M) of finite length. Then we have the
following formula [3, Lemma 2.12]: for parabolic subgroups Pi and Pj with the Levi
decomposition Pi = MiNi and Pj = MjNj , we have

(5.2) rGMi
◦ IMj

=
∑

w∈WPj,Pi

IMi

(Mi)w
◦ w ◦ rMj

(Mj)w

where

WPj ,Pi =
{
w ∈ W | w(BH ∩Mj) ⊂ BH , w−1(BH ∩Mi) ⊂ BH

}
and

(Mj)w = Mj ∩ w−1(Mi), (Mi)w = w((Mj)w) = w(Mj) ∩Mi.

In our case, it is easy to see that

{w ∈ WH | w(BH ∩MPH
) ⊂ BH} = {16, w1, w2w1, w1w2w1}

and
{w ∈ WH | w(BH ∩MQH

) ⊂ BH} = {16, w2, w1w2, w2w1w2}.
Thus, we obtain

WBH ,BH = WH ,WPH ,PH = {16, w1, w1w2w1},WQH ,QH = {16, w2, w2w1w2},
WPH ,QH = {16, w2w1},WBH ,QH = {16, w2, w2w1, w2w1w2},
WQH ,PH = {16, w1w2},WQH ,BH = {16, w2, w1w2, w2w1w2},

WBH ,PH = {16, w1, w1w2, w1w2w1},WPH ,BH = {16, w1, w2w1, w1w2w1}.

5.2.4. Reducibility: the case of rα1
. We shall find a possible reducible point in rα1

.
In this case, we have

χ1 = χ2, ν1 − ν2 = 1.

Thus, we shall consider the following parabolic induction:

IBH
(χ[ν + 1], χ[ν]; τ [ν′]).

We note that

IBH
(χ[ν + 1], χ[ν]; τ [ν′]) = | − |ν′ ⊗ IBH

(χ[ν + 1], χ[ν]; τ ),

so that we may assume ν′ = 0. Moreover, we have

IBH
(χ[ν + 1], χ[ν]; τ ) = IQH

(χIGL2

B2
(δ

1/2
B2

)[ν + 1/2], τ )

where δB2
is the modulus function of B2. Then there exists an exact sequence

0 → IQH
(stχ[ν + 1/2], τ ) → IBH

(χ[ν + 1], χ[ν]; τ ) → IQH
(χ(det))[ν + 1/2], τ ) → 0,



ON THE THETA CORRESPONDENCE 55

and we shall give possible reducible points of

IQH
(χ(det))[ν], τ ) and IQH

(stχ[ν], τ ).

Lemma 5.4. Both IQH
(stχ[λ], τ ) and IQH

(χ(det))[λ], τ ) are irreducible outside the
points which are WMQ

-conjugate to one of the following:

{χ[2]� χ[1]� τ, χ[1]� χ� τ | χE · τσ = τ} ∪ {χ[1/2]� χ[−1/2]� τ | χ2 = 1}
where WMQ

= W ∩MQH
.

Proof. Note that we may suppose that λ ≥ 0.
Let us consider the case λ = 0. Write π for stχ or χ(det). Since π is unitarizable,

IQH
(π, τ ) is also unitarizable. Thus, its reducibility is equivalent to

dim HomH(IQH
(π, τ ), IQH

(π, τ )) �= 1.

By the Frobenius reciprocity [3, Proposition 1.9], we have

HomH(IQH
(π, τ ), IQH

(π, τ )) = HomMQH
(rHQH

◦ IQH
(π, τ ), π � τ ).

Further, by the formula (5.2), we obtain

rHQH
◦ IQH

(π, τ ) = π � τ + π∨ � (ωπ ◦NE/F · τ ) + I
MQH

TH
◦ w2 ◦ rMQ

TH
(π � τ ).

Recall that

rGL2

B2
(π) =

{
χ[−1/2]� χ[1/2] if π = χ(det),
χ[1/2]� χ[−1/2] if π = stχ.

Hence, we obtain

I
MQH

TH
◦ w2 ◦ r

MQH

TH
(π � τ )

=

{
IGL2

B2
(χ[−1/2]� χ[−1/2])� τ [1/2] if π = χ(det),

IGL2

B2
(χ[1/2]� χ[1/2])� τ [−1/2] if π = stχ

and
HomMQH

(I
MQH

TH
◦ w2 ◦ r

MQH

TH
(π � τ ), π � τ ) = 0.

This shows that the only possible reducible point with λ = 0 is the case where
π∨ � π, i.e., χ2 = 1.

Next, suppose λ > 0 and consider IQH
(stχ[λ], τ ). Then this is a standard module.

Thus, by the Langlands classification, this is reducible if and only if the intertwining
operator

M(w2w1w2, stχ[ν]� τ ) : IQH
(stχ[ν], τ ) → IQH

(stχ−1 [−ν], χE · τ )
has a zero at ν = λ. The zeros of this operator are among those of

M(w2w1w2, χ[ν + 1/2]� χ[ν − 1/2]� τ ),

or by the functional equation, of

M(w2, χ
−1[−ν + 1/2]� χ[ν + 1/2]� (χE · τ )[ν − 1/2])

◦M(w1, χ[ν + 1/2]� χ−1[−ν + 1/2]� (χE · τ )[ν − 1/2])

◦M(w2, χ[ν + 1/2]� χ[ν − 1/2]� τ ).

Indeed,
M(w2, χ[ν + 1/2]� χ[ν − 1/2]� τ )

has a zero at ν = 3/2 when τ · χE = τσ,

M(w1, χ[ν + 1/2]� χ−1[−ν + 1/2]� (χE · τ )[ν − 1/2])
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has a zero at ν = 0 when χ2 = 1, and

M(w2, χ
−1[−ν + 1/2]� χ[ν + 1/2]� (χE · τ )[ν − 1/2])

has a zero at ν = 1/2 when τ · χE = τσ. Thus, the possible reducible points when
ν > 0 are

{χ[2]� χ[1]� τ, χ[1]� χ� τ | τ · χE = τσ}.
Finally, we consider IQH

(χ(det))[λ], τ ) with λ > 0. We note that the image of
the intertwining operator

M(w1, χ[λ+ 1/2]� χ[λ− 1/2]� τ )

is IQH
(χ(det))[λ], τ ). Suppose that λ > 1/2. Since IBH

(χ[λ+1/2], χ[λ− 1/2]; τ ) is
a standard module, then

ImM(w2w1w2w1, χ[λ+ 1/2]� χ[λ− 1/2]� τ )

= Im (M(w2w1w2, χ[λ− 1/2]� χ[λ+ 1/2]� τ )

◦ M(w1, χ[λ+ 1/2]� χ[λ− 1/2]� τ ))

is irreducible. Thus, IQH
(χ(det))[λ], τ ) is reducible only if

M(w2w1w2, χ[ν − 1/2]� χ[ν + 1/2]� τ )

has a zero at ν = λ. Since this operator is equal to

M(w2, χ
−1[−ν − 1/2]� χ[ν − 1/2]� τ [ν + 1/2])

◦ M(w1, χ[ν − 1/2]� χ−1[−ν − 1/2]� τ [ν + 1/2])

◦ M(w2, χ[ν − 1/2]� χ[ν + 1/2]� τ ),

as in the above case, we see that the possible reducible point is

{χ[2]� χ[1]� τ | τχE = τσ}.
On the other hand, we suppose that 0 < λ < 1/2. Noting the operator

M(w2, χ[λ+ 1/2]� χ−1[−λ+ 1/2]� (χE · τσ)[λ− 1/2])

is an isomorphism, we have

IQH
(χ(det))[λ], τ )

=ImM(w1, χ[λ+ 1/2]� χ[λ− 1/2]� τ )

=ImM(w1w2, χ[λ+ 1/2]� χ−1[−λ+ 1/2]� (χE · τσ)[λ− 1/2])

and

Im(M(w1w2w1w2, χ[λ+ 1/2]� χ−1[−λ+ 1/2]� (χE · τσ)[λ− 1/2]))

=Im(M(w1w2, χ[λ− 1/2]� χ[λ+ 1/2]� τ )|IQH
(χ(det))[λ], τ )).

Since IBH
(χ[λ + 1/2] � χ[−λ + 1/2] � (χE · τσ)[λ − 1/2]) is standard module,

IQH
(χ(det))[λ], τ ) is reducible only if

M(w1w2, χ[ν − 1/2]� χ[ν + 1/2]� τ )

= M(w1, χ[ν − 1/2]� χ−1[−ν − 1/2]� (χE · τ )[ν + 1/2])

◦M(w2, χ[ν − 1/2]� χ[ν + 1/2]� τ )

has a zero at ν = λ. However, it is easy to see that these operators have no zero
on this region.
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Finally, we suppose that λ = 1/2. Then we have

IBH
(χ[1], χ; τ ) = IPH

(χ[1], I
GSO3,1

B3,1
(χ� τ )).

Since I
GSO3,1

B3,1
(χ� τ ) is irreducible and tempered, the above parabolic induction is

a standard module. Thus, the image of the operator

M(w1w2w1, χ[1]� χ� τ )

= M(w1, χ�χ−1[−1]� (χE · τσ)[1]) ◦M(w2, χ�χ[1]� τ ) ◦M(w1, χ[1]�χ� τ )

is irreducible. Therefore, the image of M(w1, χ[1]� χ� τ ) is reducible only if

M(w1, χ� χ−1[−ν]� (χE · τσ)[ν]) ◦M(w2, χ� χ[ν]� τ )

has a zero at ν = 1. Thus, the possible reducible point is

{χ[1]� χ� τ | τσ · χE = τ}. �
5.2.5. Reducibility: the case of rα2

. Let us consider the case of rα2
. In this case,

we have
τ · χ2,E = τσ, ν2 = 1.

Note that from the first condition, we have χ2
2 = 1. Then we consider the repre-

sentation
IBH

(χ1[ν], χ2[1]; τ [ν
′]),

and we have a short exact sequence

0 → IPH
(χ1[ν], π(τ

σSt, χ2 · τF )[ν′ + 1/2]) → IBH
(χ1[ν], χ2[1]; τ [ν

′])

→ IPH
(χ1[ν], π(τ

σ(det), χ2 · τF )[ν′ + 1/2]) → 0

where we denote by St the Steinberg representation of GL2(E). As in the previous
case, we may suppose ν′ = −1/2. Then we shall prove the following lemma.

Lemma 5.5. Both IPH
(χ1[λ], π(τ

σSt, χ2 · τF )) and IPH
(χ1[λ], π(τ

σ(det), χ2 · τF ))
are irreducible outside the points which are WPH

-conjugate to one of the following:

{χ1 � χ2[1]� τ [−1/2] | τ · χi,E = τσ}
or

{χ[2]� χ[1]� τ [−1/2], η[1]� χ[1]� τ [−1/2] | τ · χE = τσ, ηE = χE}.
Proof. First, we consider the case of λ = 0. As in a proof of the previous lemma,
we shall compute

EndH(IPH
(χ1, π(τ

σSt, χ2 · τF ))) and EndH(IPH
(χ1, π(τ

σ(det), χ2 · τF ))).
Write ρ for τσSt or τσ(det). Then we have

rHPH
◦ IPH

(χ1, π(ρ, χ2 · τF ))
= χ1 � π(ρ, χ2τF ) + χ−1

1 � π(χ1,E · ρσ, χ2
1χ2τF )

+ IMP

T ◦ w1 ◦ rMP

T (χ1 � π(ρ, χ2 · τF ))
and

IMP

T ◦ w1 ◦ rMP

T (χ1 � π(ρ, χ2 · τF ))

=

{
χ2[1]� I

GSO3,1

B3,1
(χ1 � τ [−1/2]) if ρ = τσSt,

χ−1
2 [−1]� I

GSO3,1

B3,1
(χ1 � χ2,E · τ [1/2]) if ρ = τσ(det).
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In both cases, we have

HomMP
(IMP

T ◦ w1 ◦ rMP

T (χ1 � π(ρ, χ2 · τF )), χ1 � π(ρ, χ2 · τF )) = 0.

Therefore, the possible reducible point for IPH
(χ1, π(ρ, χ2 · τF )) is

{χ1 � χ2[1]� τ [−1/2] | τ · χi,E = τσ}
Next, we consider IPH

(χ1[λ], π(τ
σSt, χ2 · τF )) with λ > 0. By the Langlands

classification, this is reducible if and only if the intertwining operator

M(w1w2w1, (χ1[ν]� π(τσSt, χ2 · τF ))
has a pole at ν = λ. The zero of this operator are among those ofM(w1w2w1, χ1[ν]�
χ2[1]� τ [−1/2]), or by the functional equation, of

M(w1, χ2[1]� χ−1
1 [−ν]� (χ1,E) · τσ)[ν − 1/2])

◦M(w2, χ2[1]� χ1[ν]� τ [−1/2]) ◦M(w1, χ1[ν]� χ2[1]� τ [−1/2]).

Indeed,

M(w1, χ2[1]� χ−1
1 [−ν]� (χ1,E) · τσ)[ν − 1/2])

has no zero on ν > 0,

M(w2, χ2[1]� χ1[ν]� τ [−1/2])

has a zero when ν = 1 and χ1,E = χ2,E , and

M(w1, χ1[ν]� χ2[1]� τ [−1/2])

has a zero when χ1 = χ2 and ν = 2. Thus, the only possible reducible points are

{χ1[2]� χ1[1]� τ [−1/2], χ1[1]� η[1]� τ [−1/2] | ηE = χ1,E , χi,Eτ
σ = τ}.

Finally, we consider IPH
(χ1[λ], π(τ

σ(det), χ2 · τF )) with λ > 0. We note that the
image of the intertwining operator

M(w2, χ1[λ]� χ2[1]� τ [−1/2])

is IPH
(χ1[λ], π(τ

σ(det), χ2 · τF )).
Suppose that 0 < λ < 1. Since M(w1, χ2[1]�χ1[λ]�τ [−1/2]) is an isomorphism,

we have

IPH
(χ1[λ], π(τ

σ(det), χ2 · τF )) = Im(M(w2w1, χ2[1]� χ1[λ]� τ [−1/2])).

Thus, IPH
(χ1[λ], π(τ

σ(det), χ2 · τF )) is reducible only if

M(w2w1, χ1[ν]� χ2[−1]� τ [1/2])

has a zero at ν = λ. It is easily seen that this operator has no zero in this region.
Suppose that λ > 1. Then IBH

(χ1[λ] � χ2[1] � τ [−1/2]) is a standard module,
and the image of

M(w1w2w1w2, χ1[λ]� χ2[1]� τ [−1/2])

=M(w1w2w1, χ1[λ]� χ2[−1]� τ [1/2]) ◦M(w2, χ1[λ]� χ2[1]� τ [−1/2])

is irreducible. Thus, IPH
(χ1[λ], π(τ

σ(det), χ2 · τF )) is reducible only if M(w1w2w1,
χ1[ν]� χ2[−1]� τ [1/2]) has zero at ν = λ. Since it is equal to

M(w1, χ2[−1]� χ−1
1 [−ν]� (χ1,E · τσ)[ν + 1/2])

◦M(w2, χ2[−1]� χ1[ν]� τ ) ◦M(w1, , χ1[ν]� χ2[−1]� τ [1/2]),
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the only possible reducible point is

{χ2[2]� χ2[1]� τ | τσ · χ2,E = τ}.
Finally, suppose λ = 1. Since the image of the operator

M(w2w1w2, χ1[1]� χ2[1]� τ [−1/2])

= M(w2, χ2[−1]� χ1[1]� τ [1/2]) ◦M(w1, χ1[1]� χ2[−1]� τ [1/2])

◦M(w2, χ1[1]� χ2[1]� τ [−1/2])

is irreducible, Im(M(w2, χ1[1]� χ2[1]� τ [−1/2])) is reducible only if

M(w2, χ2[−ν]� χ1[ν]� τ [1/2]) ◦M(w1, χ1[ν]� χ2[−ν]� τ [1/2])

has a zero at ν = 1. Thus, the possible reducible points are

{η[1]� χ2[1]� τ [−1/2] | ηE = χ2,E , χ2,Eτ
σ = τ}. �

5.3. Irreducible constituents. In the previous sections, we gave all possible re-
ducible points. Our aim in this section is to give irreducible constituents of parabolic
inductions at those points. Let χ be a unitary character of F× and τ a unitary char-
acter of E×. Twisting parabolic inductions by a character x �→ |x|s with s ∈ R,
it suffices to consider the case where the central character is unitary. Thus, we
consider the following points:

{χ[2]� χ[1]� τ [−3/2] | τ · χE = τσ}, {χ[1/2]� χ[−1/2]� τ | χ2 = 1}
and

{η[1]� χ� τ [−1/2], η[1]� χ[1]� τ [−1] | τ · χE = τσ, η = χ or χχE/F }.

Proposition 5.6. At ξ = χ[2]� χ[1]� τ [−3/2] with τ · χE = τσ, we have

IBH
(ξ) = IQH

(stχ[3/2], τ [−3/2]) + IQH
(χ(det))[3/2], τ [−3/2])

= IPH
(χ[2], π(τσSt, χ · τF )[−1]) + IPH

(χ[2], π(τσ(det), χ · τF )[−1]),

and irreducible constituents of representations on the right-hand side are given by

IPH
(χ[2], π(τσSt, χ · τF )[−1]) = δ(χ, τ ) + JPH

(χ[2], π(τσSt, χ · τF )[−1]),

IPH
(χ[2], π(τσ, χ · τF )[−1]) = JBH

(χ[2], χ[1]; τ [−3/2]) + JQH
(Stχ[3/2], τ [−3/2]),

IQH
(stχ[3/2], τ [−3/2]) = δ(χ, τ ) + JQH

(stχ[3/2], τ [−3/2]),

IQH
(χ(det))[3/2], τ [−3/2]) = JBH

(χ[2], χ[1]; τ [−3/2])

+ JPH
(χ[2], π(τσSt, χ · τF )[−1])

where δ(χ, τ ) is an essentially discrete series representation.

Proof. First, we note that

IBH
(χ[2], χ[1]; τ [−3/2])

=IQH
(stχ[3/2], τ [−3/2]) + IQH

(χ(det))[3/2], τ [−3/2])

=IPH
(χ[2], π(τσSt, χ · τF )[−1]) + IPH

(χ[2], π(τσ(det), χ · τF )[−1]).

Let us compute the Jacquet module of the above parabolic inductions with respect

to the Borel subgroup BH . We recall that the Jacquet module of I
GSO3,1

B3,1
(χ[1]�

τ [−3/2]) is given by

χ[1]� τ [−3/2] + χ[−1]� τ [−1/2].
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Furthermore, χ[1]� τ [−3/2] is the Jacquet module of π(τσSt, χ · τF ) and χ[−1]�
τ [−1/2] is the Jacquet module of π(τσ(det), χ · τF ). Similarly, we know that the

Jacquet module of IGL2

B2
(χ[2]� χ[1]) is

χ[2]� χ[1] + χ[1]� χ[2],

and χ[2] � χ[1] (resp. χ[1] � χ[2]) is the Jacquet module of stχ[3/2] (respectively
χ(det))[3/2]). Then by a direct computation, we find that

(5.3) rHBH
◦ IPH

(χ[2], π(τσSt, χ · τF )[−1])

= χ[2]� χ[1]� τ [−3/2] + χ[1]� χ[2]� τ [−3/2]

+ χ[1]� χ[−2]� τ [1/2] + χ[−2]� χ[1]� τ [1/2]

and

(5.4) rHBH
◦ IQH

(stχ[3/2], τ [−3/2])

= χ[2]� χ[1]� τ [−3/2] + χ[2]� χ[−1]� τ [−1/2]

+ χ[−1]� χ[2]� τ [−1/2] + χ[−1]� χ[−2]� τ [3/2].

From (5.3) and (5.4),

δ(χ, τ ) := IQH
(stχ[3/2], τ [−3/2]) � IPH

(χ[2], π(τσSt, χ · τF )[−1])

is irreducible. Moreover, from Casselman’s criterion on the square integrability,
it should be square integrable. Moreover, this criterion shows that the induced
representation IBH

(χ[2], χ[1]; τ [−3/2]) contains at most one square integrable rep-
resentation.

Now, we note that the number of constituents of IBH
(χ[2], χ[1]; τ [−3/2]) is the

same as that of standard modules contained in it. Indeed, they are IBH
(χ[2], χ[1];

τ [−3/2]), IPH
(χ[2], π(τσSt, χ · τF )[−1]), IQH

(stχ[3/2], τ [−3/2]) and standard mod-
ules of H, i.e., tempered representations.

Any parabolic induction for BH containing a tempered representation is given
by the following three families: IBH

(χ[1/2], χ[−1/2]; τ ) and IBH
(χ, χ[1]; τ [−1/2])

and IBH
(χ1, χ2; τ ). Thus, IBH

(χ[2], χ[1]; τ [−3/2]) does not contain any tempered
representation, but δ(χ, τ ). Taking the above discussion into account, this implies
that the number of irreducible constituents is four, and these constituents are given
by

JBH
(χ[2], χ[1]; τ [−3/2]), JPH

(χ[2], π(τσSt, χ · τF )[−1]),

JQH
(stχ[3/2], τ [−3/2]), δ(χ, τ ).

Then our assertion follows immediately. �

Proposition 5.7. At ξ = χ[1]� χ� τ [−1/2] with τ · χE = τσ,

IBH
(ξ) = IPH

(χ, π(τσSt, χτF )) + IPH
(χ, π(τσ(det), χτF ))

= IQH
(stχ[1/2], τ [−1/2]) + IQH

(χ(det)[1/2], τ [−1/2]),

and we have

IQH
(stχ[1/2], τ [−1/2]) = J+(χ, τ ) + τ+(χ, τ )

and

IQH
(χ(det)[1/2], τ [−1/2]) = J−(χ, τ ) + τ−(χ, τ ),
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where τ±(χ, τ ) (resp. J±(χ, τ )) are essentially tempered (resp. nontempered) rep-
resentations such that

IPH
(χ, π(τσSt, χτF )) = τ+(χ, τ )⊕ τ−(χ, τ )

(resp. IPH
(χ, π(τσ(det), χτF )) = J+(χ, τ )⊕ J−(χ, τ )) .

Proof. We note that

IBH
(χ, χ[1]; τ [−1/2]) = IBH

(χ[1], χ; τ [−1/2]),

and thus we obtain

IBH
(χ[1], χ; τ [−1/2]) = IPH

(χ, π(τσSt, χτF )) + IPH
(χ, π(τσ(det), χτF )).

From the computation in Lemma 5.4,

dim EndH(IPH
(χ, π(τσSt, χτF ))) and dim EndH(IPH

(χ, π(τσ(det), χτF )))

are at most two, so that they are of length at most two. The Jacquet modules of
them, with respect to BH , are given by

rHBH
◦ IPH

(χ, π(τσ(det), χτF )) = 2(χ� χ[−1]� τ [1/2] + χ[−1]� χ� τ [1/2])

and

rHBH
◦ IPH

(χ, π(τσSt, χτF )) = 2(χ� χ[1]� τ [−1/2] + χ[1]� χ� τ [1/2]).

On the other hand, we have

IBH
(χ[1], χ; τ [−1/2]) = IQH

(IGL2

B2
(χ[1]� χ), τ [−1/2])

= IQH
(stχ[1/2], τ [−1/2]) + IQH

(χ(det)[1/2], τ [−1/2]).

Moreover, the Jacquet modules of them, with respect to BH , are given by

rHBH
◦ IQH

(stχ[1/2], τ [−1/2])

= 2(χ[1]� χ� τ [−1/2]) + χ� χ[1]� τ [−1/2] + χ� χ[−1]� τ [1/2]

and

rHBH
◦ IQH

(χ(det)[1/2], τ [−1/2])

= 2(χ[−1]� χ� τ [1/2]) + χ� χ[1]� τ [−1/2]χ� χ[−1]� τ [1/2].

Therefore, J+(χ, τ ) := IQH
(stχ[1/2], τ [−1/2]) � IPH

(χ, π(τσ(det), χτF )) has the
Jacquet module χ[1] � χ � τ [−1/2], and hence it is irreducible. Since the length
of IPH

(χ, π(τσ(det), χτF )) is at most two, we have another irreducible constituent
J−(χ, τ ) such that

IPH
(χ, π(τσ(det), χτF )) = J+(χ, τ )⊕ J−(χ, τ ).

Similarly, we have two irreducible representations τ±(χ, τ ) such that

IPH
(χ, π(τσSt, χτF )) = τ+(χ, τ )⊕ τ−(χ, τ ).

Finally, we note that exactly one constituent of IPH
(χ, π(τσSt, χ · τF )) is generic

and all constituents of IPH
(χ, π(τσ, χ · τF )) are nongeneric by Rodier [31]. �

Proposition 5.8. At ξ ∈ {χ[1/2]� χ[−1/2]� τ | χ2 = 1}, we have

IBH
(ξ) = IQH

(stχ, τ ) + IQH
(χ(det), τ )

where each representation on the right-hand side is irreducible.
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Proof. From (5.2), we have

(5.5) rHBH
◦ IQH

(stχ, τ )

= 2(χ[1/2]� χ[−1/2]� τ ) + 2(χ[1/2]� χ[1/2]� (χE · τσ)[−1/2]),

(5.6) rHPH
◦ IBH

(χ[1/2], χ[−1/2]; τ )

= χ[1/2]� I
GSO3,1

B3,1
(χ[−1/2]� τ ) + χ[−1/2]� I

GSO3,1

B3,1
(χ[−1/2]� (χE · τσ)[1/2])

+ χ[−1/2]� I
GSO3,1

B3,1
(χ[1/2]� τ ) + χ[1/2]� I

GSO3,1

B3,1
(χ[1/2]� (χE · τσ)[−1/2])

and

(5.7) rHQH
◦ IBH

(χ[1/2], χ[−1/2]; τ )

= 2(IGL2

B2
(χ[1/2]� χ[−1/2])� τ ) + IGL2

B2
(χ[1/2]� χ[1/2])� (χE · τσ)[−1/2]

+ IGL2

B2
(χ[−1/2]� χ[−1/2])� (χE · τσ)[1/2].

Let π be an irreducible constituent of IQH
(stχ, τ ) such that rHBH

(π) contains
χ[1/2] � χ[1/2] � (χE · τσ)[−1/2]. On the right-hand side of (5.6), a represen-
tation whose Jacquet module contains χ[1/2]� χ[1/2]� (χE · τσ)[−1/2] is

χ[1/2]� I
GSO3,1

B3,1
(χ[−1/2]� τ ) or χ[1/2]� I

GSO3,1

B3,1
(χ[1/2]� (χE · τσ)[−1/2]).

In any case, rBH
(π) should contain χ[1/2]� χ[−1/2]� τ .

On the other hand, in (5.7), IGL2

B2
(χ[1/2]�χ[1/2])�(χE ·τσ)[−1/2] is the only irre-

ducible constituent whose Jacquet module contains χ[1/2] � χ[1/2]�
(χE · τσ)[−1/2]. Thus, rHBH

(π) should contain 2(χ[1/2]�χ[1/2]� (χE · τσ)[−1/2]).
Let π′ be another irreducible constituent of IQH

(stχ, τ ). Then from the above
discussion, we should have rHBH

(π′) = χ[1/2] � χ[−1/2] � τ . However, an irre-
ducible constituent on the right-hand side of (5.6) whose Jacquet module contains
χ[1/2]� χ[−1/2]� τ is

χ[1/2]� I
GSO3,1

B3,1
(χ[−1/2]� τ ) or χ[1/2]� I

GSO3,1

B3,1
(χ[1/2]� (χE · τσ)[−1/2]).

Thus, rHBH
(π′) should contain χ[1/2] � χ[1/2] � (χE · τσ)[−1/2]. This is a contra-

diction, and thus we obtain the irreducibility of π.
Similarly, we can prove the irreducibility of IQH

(χ(det), τ ). �

By a similar way as in the proof of Proposition 5.8, we can prove the following
propositions.

Proposition 5.9. At ξ = χ� χχE/F [1]� τ [−1/2] with τσ · χE = τ , we have

IBH
(ξ) = IPH

(χ, π(τσSt, χχE/F τF )) + IPH
(χ, π(τσ(det), χχE/F τF ))

where each representation on the right-hand side is irreducible.

Proposition 5.10. At ξ ∈ {η[1]�χ[1]� τ [−1/2] | τσ ·χE = τ, ηE = χE}, we have

IBH
(ξ) = IPH

(η[1], π(τσSt, χ · τF )) + IP (η[1], π(τ
σ(det), χ · τF ))

where each representation on the right-hand side is irreducible.
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5.4. Parabolically induced representations for PH . We shall consider the par-
abolic induction IPH

(χ[s], π[−s/4]) with an irreducible unitary supercuspidal rep-
resentation π of GSO3,1, a unitary character χ of F×, and s ∈ R. Recall that we
can write

π = π(τ, μ)

for an irreducible representation τ of GL2(E) and a character μ of F× such that
μ ◦NE/F = ωτ . Then the representation χ� π(τ, μ) is ramified, i.e.,

w1w2w1 (χ� π(τ, μ)) = χ� π(τ, μ),

if and only if
χ2 = 1 and χE ⊗ τσ = τ.

Let us denote by r the adjoint action of LMPH
on Lie(LNQH

). Then r is irre-
ducible, and from the characterization of Shahidi’s local factor [34, Theorem 3.5],
we have

L(s, π � χ, r) = L(s, τ∨,Asai⊗ μχ)

where the L-factor on the right-hand side is the twisted Asai L-function.

Let us denote by ρ the Langlands parameter of τ , and let M
W ′

F

W ′
E
(ρ) be the multi-

plicative induction of ρ where W ′
F (resp. W ′

E) is the Weil-Deligne group of F (resp.
E). Then we have [24, Theorem 3.3],

L(s, τ,Asai) = L(s,M
W ′

F

W ′
E
(ρ)).

Suppose that ρ is of the form Ind
W ′

K

W ′
B
(ω) where B is a biquadratic extension of F

and ω is a one-dimensional representation of W ′
B. In this case, we have

M
W ′

F

W ′
K
(ρ) = Ind

W ′
F

W ′
K1

(M
W ′

K1

W ′
B

(ω))⊕ Ind
W ′

F

W ′
K2

(M
W ′

K2

W ′
B

(ω))

where K1 and K2 are distinct extensions of F between B and F . We note that

M
W ′

Ki

W ′
B

(ω) are one-dimensional representations. Then we have

L(s, τ∨,Asai⊗ μχ) = L(s,M
W ′

F

W ′
K
(ρ∨)⊗ μχ)

= L(s, ω|−1
K1

· (μχ) ◦NK1/F )L(s, ω|−1
K2

· (μχ) ◦NK2/F ).

It has a pole s = 0 if and only if

(μχ) ◦NK1/F = ω|WK1
or (μχ) ◦NK2/F = ω|WK2

.

On the other hand, if ρ is not of the above form, we have (cf. [24, p. 9])

L(s, τ∨,Asai⊗ μχ) = 1.

For a unitary character ξ of F×, we define a subset of isomorphic classes of
irreducible unitary supercuspidal representations of GL2(E) by

Φξ =

{
π(ω) | ω: a character of biquadratic extension B×(⊃ E) of F

such that ω|K = ξ ◦NK/F and ω does not factor through NE/F

}
.

Then we see that

L(s, τ∨,Asai⊗ μχ) has a pole at s = 0 ⇐⇒ τ ∈ Φμχ.

Moreover, we give another equivalent condition that L(s, τ∨,Asai⊗μχ) has a pole
at s = 0. Then from the characterization of Shahidi’s local factor, we have

L(s, τ∨,Asai⊗ μχ) = L(s, τ∨ ⊗ μ̃χ,Asai)
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for any extension μ̃χ of μχ to E×. By [24, Theorem 2.2], we know that L(s, τ∨,
Asai ⊗ μχ) has a pole at s = 0 if and only if τ∨ ⊗ μ̃χ is GL2(F )-distinguished.
Since we have

HomGL2
(τ∨ ⊗ μ̃χ, 1) � HomGL2

(τ, μχ ◦ det),
L(s, τ∨,Asai⊗μχ) has a pole at s = 0 if and only if τ is distinguished by a character
μχ ◦ det, namely,

τ is distinguished by a character μχ ◦ det ⇐⇒ τ ∈ Φμχ.

Then from [34, Theorem 8.1], we obtain the following classification.

Proposition 5.11. The representation IPH
(χ[s], π[−s/4]) is irreducible unless

χ2 = 1 and χE ⊗ τσ = τ where π = π(τ, μ).

(1) Suppose τ ∈ Φμχ. Then IPH
(χ[s], π[−s/4]) is irreducible unless s = 1, and

we have

IPH
(χ[1], π[−1/4]) = δPH

(χ, π) + JPH
(χ[1], π[−1/4])

where δPH ,2(χ, π) is a generic discrete series which is the unique irreducible
submodule.

(2) Suppose τ �∈ Φμχ. Then IPH
(χ[s], π[−s/4]) is irreducible unless s = 0.

Moreover, IPH
(χ, π) is a direct sum of two irreducible tempered representa-

tions.

5.5. Parabolically induced representations for QH . We shall consider the
parabolic induction IQH

(π[s], χ[−s]) with an irreducible unitary supercuspidal rep-
resentation π of GL2 and a unitary character χ of GSO2 � E×. Then the repre-
sentation π � χ is ramified, i.e.,

w2w1w2 (π � χ) = π � χ,

if and only if
π � π∨ and ωπ ◦NE/F = 1.

Let us denote by r the adjoint action of LMQH
on Lie(LNQH

). Then it decom-
poses r = r1 ⊕ r2, and we have

L(s, π� χ, r1) = L(s, π⊗ θ(χ(χσ)−1)∨, std� std) and L(s, π� χ, r2) = L(s, ωπ)

from the characterization of Shahidi’s local factor [34, Theorem 3.5], where
θ(χ(χσ)−1) is the irreducible representation of GL2 associated to a character
χ(χσ)−1 of E×. Then the local factor L(s, π�χ, r1) has a pole at s = 0 if and only
if

π � θ(χ(χσ)−1),

and L(2s, π � χ, r2) has a pole at s = 0 if and only if

ωπ = 1F× .

Thus, from [34, Theorem 8.1], we obtain the following classification.

Proposition 5.12. The representation IQH
(π[s], χ[−s]) is irreducible unless π �

π∨ and ωπ ◦NE/F = 1. In that case, we have the following:

(1) Suppose that π � θ(χ(χσ)−1). Then IQH
(π[s], χ[−s]) is irreducible unless

s = 1, and we have

IQH
(π[1], χ[−1]) = δQH ,1(π, χ) + JQH

(π[1], χ[−1])

where δQH ,1(π, χ) is an essentially discrete series representation.
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(2) Suppose ωπ = 1F× . Then IQH
(π[s], χ[−s]) is irreducible unless s = 1

2 , and
we have

IQH
(π[1/2], χ[−1/2]) = δQH ,2(π, χ) + JQH

(π[1/2], χ[−1/2])

where δQH ,2(π, χ) is an essentially discrete series representation.
(3) Otherwise, IQH

(π[s], χ[−s]) is irreducible unless s = 0. Then IQH
(π, χ) is

a direct sum of two irreducible tempered representations.

Remark 5.13. We give a remark on a genericity for irreducible representations of
H. Let τ be an irreducible representation of GSO3,1 and χ a character of GL1.
From the study on a reducibility of parabolic inductions in this section, there are
the following three cases:

• IPH
(χ, τ ) is irreducible,

• IPH
(χ, τ ) has a unique irreducible quotient and a unique submodule, or

• IPH
(χ, τ ) decomposes into a direct sum of two irreducible representations.

Suppose that τ is an infinite-dimensional representation and that IPH
(χ, τ ) is

reducible. Since IPH
(χ, τ ) has a unique generic constituent by [31, Theorem 2],

it also has a unique nongeneric constituent. We often denote this generic (resp.
nongeneric) constituent by IPH

(χ, τ )gen (resp. IPH
(χ, τ )ng). The same is true for

IQH
(ρ, ξ) with an infinite-dimensional irreducible representation ρ of GL2 and a

character ξ of E×, and hence we often denote a unique generic (resp. nongeneric)
constituent by IQH

(ρ, ξ)gen (resp. IQH
(ρ, ξ)gn).

On the other hand, let π be an irreducible discrete series representation of H.
Suppose that π is a submodule of the standard module IPH

(χ, τ ). In particular, this
standard module is reducible. Recall that the standard module conjecture for SO4,2

holds [25, Theorem 1.1], and so does GSO4,2 by Asgari–Shahidi [2, Corollary 3.5].
Thus, the Langlands quotient of IPH

(χ, τ ) is not generic, and hence π should be
generic. Similarly, when π is an irreducible submodule of a standard module for
QH , we obtain a genericity of π. Hence, any discrete series representation is generic.

6. Local theta correspondence

We keep the notation in Section 4 and Section 5. In this section, we shall
give an explicit computation of the local theta correspondence for the dual pair
(GSp+4 ,GSO4,2) (see Theorem 6.21). Further, we shall study a relationship be-
tween the local theta correspondence and Shalika period (see Theorem 6.9 and
Theorem 6.26).

6.1. Local theta correspondence for similitude groups. Let us recall briefly
the local theta correspondence for similitude groups (cf. [30] and [13, Section 2]).
Let W be a symplectic space over F and V an even dimensional nondegenerate
symmetric bilinear space over F . Then we denote by ωψ the Weil representation of
Sp(W ) × O(V ) corresponding to ψ. We note that ωψ depends on V . Recall that
ωψ is described as follows.

Fix a Witt decomposition W = Y+ ⊕ Y− and let P (Y+) = GL(Y+) · N(Y+) be
the parabolic subgroup stabilizing the maximal isotropic subspace Y+. The Weil
representation ωψ can be realized on S(Y− ⊗ V ) and the action of P (Y+) × O(V )
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is given by the usual formulas:⎧⎨⎩
ωψ(h)φ(x) = φ(h−1x), for h ∈ O(V ),

ωψ(a)φ(x) = χV (detY (a)) · | detY (a)|
1
2dimV · φ(a−1 · x), for a ∈ GL(Y ),

ωψ(b)φ(x) = ψ(〈bx, x〉) · φ(x) for b ∈ N(Y+),

where χV is the quadratic character associated to discV ∈ F×/F×2
and 〈−,−〉

is the natural symplectic form on W ⊗ V . To describe the full action of Sp(W ),
one needs to specify the action of a Weyl group element, which acts by a Fourier
transform.

If π is an irreducible representation of O(V ) (respectively Sp(W )), the maximal
π-isotypic quotient is, by definition, the quotient space

ωψ/
⋂

f∈Hom(ωψ,π)

Kerf

where Hom(ωψ, π) refers to the space of O(V )-equivalent (resp. Sp(W )-equivalent)
homomorphisms. This quotient space is naturally a representation of O(V )×Sp(W )
and has the form

π �Θψ(π)

for some smooth representation Θψ(π) of Sp(W ) (resp. O(V )). We call Θψ(π) the
big theta lift of π. It is known that Θψ(π) is of finite length and hence is admissible.
Let θψ(π) be the maximal quotient of Θψ(π) which is semisimple (i.e., completely
reducible); we call it the small theta lift of π. Then it was a conjecture of Howe
that

• θψ(π) is irreducible whenever Θψ(π) is nonzero.
• the map π �→ θψ(π) is injective on the domain.

Let us consider the theta correspondence for similitude groups. Let

R = GO(V )×GSp(W )+

where

GSp(W )+ = {g ∈ GSp(W ) | λW (g) ∈ ImλV }.
The group R contains the subgroup

R0 = {(h, g) ∈ GO(X)×GSp(W )+ | λV (h) · λW (g) = 1}.
Then the Weil representation ωψ extends naturally to the group R0 via

ωψ(h, g)φ = |λV (h)|−
1
8dimV ·dimWω(g1, 1)(φ ◦ h−1)

where

g1 = g

(
λ(g)−1 0

0 1

)
∈ Sp(W ).

Note that we used the normalization in [13]. Thus, the central elements (t, t−1) ∈ R0

act by the quadratic character χV (t)
dimW

2 .
Now consider the (compactly) induced representation

Ω = indRR0
ωψ.

As a representation of R, Ω depends only on the orbit of ψ under the evident action
of ImλV ⊂ F×. For any irreducible admissible representation π of GO(V ) (resp.
GSp(W )+), the maximal π-isotypic quotient of Ω has the form

π �Θ(π)
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where Θ(π) is some smooth representation of GSp(W )+ (resp. GO(V )). Further,
we let θ(π) be the maximal semisimple quotient of Θ(π). Note that though Θ(π)
may be reducible, it has a central character ωΘ(π) given by

ωΘ(π) = χ
dim W

2

V · ωπ.

The extended Howe conjecture for similitudes says that θ(π) is irreducible whenever
Θ(π) is nonzero, and the map π �→ θ(π) is injective on its domain. It was shown by
Roberts [30] that this follows from the Howe conjecture for isometry groups, and
thus holds if the residual characteristic is not 2.

The following proposition is valid even when the residual characteristic is 2.

Proposition 6.1 (Proposition 2.3 in [12]). Suppose that π is a supercuspidal rep-
resentation of GSp(W )+ (resp. GO(V )). Then we have

(1) Θ(π) is either zero or is an irreducible representation of GO(V ) (resp.
GSp(W )+).

(2) If π′ is another supercuspidal representation such that Θ(π) = Θ(π′) �= 0,
then π = π′.

In one of the main theorems in this section, we shall show similar statements for
all irreducible representations when dimW = 4, dimV = 6 and the Witt index of
V is 2. Indeed, we shall compute explicitly the small theta lift to GSO(V ) for all
irreducible representations of GSp(W )+, and the other direction follows from the
following general lemma.

Lemma 6.2. Suppose that for any irreducible representation π of GSp(W )+:

• the small theta lift θ(π) to GO(V ) is irreducible whenever Θ(π) is not zero,
• π �→ θ(π) is injective on its domain.

Then for any irreducible representation σ of GO(V ), the small theta lift θ(σ) to
GSp(W )+ is irreducible whenever Θ(σ) is nonzero, and σ �→ θ(σ) is injective on
its domain.

Proof. Let σ be an irreducible representation of GO(V ) such that Θ(σ) �= 0. Sup-
pose that θ(σ) contains two irreducible representations π1 and π2. Then we have

HomGSp(W )+×GO(V )(Ω, πi � σ) �= 0,

and we obtain surjective GO(V )-homomorphisms

Θ(πi) � σ.

Thus, we see that θ(πi) ⊃ σ. From our assumption on irreducibility of the small
theta lifts, we see that

θ(π1) � σ � θ(π2),

and the injectivity shows that π1 � π2. This implies that θ(σ) has a unique
irreducible constituent with finite multiplicity.

Li, Sun, and Tian [22, Theorem A] show that the small theta lift for isometry
groups is multiplicity free. By [1, Theorem 1.4] and [30, Theorem 4.4 (3)], this
multiplicity one theorem implies that θ(σ) is multiplicity free. Thus, θ(σ) should
be irreducible whenever Θ(σ) is nonzero. In addition, from the above proof, we see
that σ �→ θ(σ) is injective on its domain. �
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We specialize to the case dimW = 4, and we realize GSp(W )+ by GSp+4 .
Moreover, we consider the orthogonal spaces attached to a quadratic extension
E over F , and they are given as follows. Let us denote by H the hyperbolic plane
over F . Let V +

2 = E be the nondegenerate symmetric space with the pairing
(x, y) = tr(xȳ). Let V −

2 = E be the nondegenerate symmetric space with the pair-
ing (x, y) = κ · tr(xȳ) where χE/F (κ) = −1. Then we let V ±

2r = V ±
2 + Hr−1, and

we realize GO4,2 = GO(V ±
6 ) and GO3,1 = GO(V ±

4 ). As we noted above, ωψ and
also Ωψ depends on a choice of V ±

2r . Hereafter, we denote by Ω+ (resp. Ω−) the

Weil representation corresponding to V +
2r (resp. V −

2r ). Then we shall consider the
theta correspondence for (GSp+

4 ,GSO4,2). We note that there is no significant loss
in restricting to GSO4,2 because of the following lemma.

Lemma 6.3. Let π (resp. σ) be an irreducible representation of GSp+4 (resp.
GO4,2) and suppose that

HomGSp+
4 ×GO4,2

(Ω±, π � σ) �= 0.

Then σ|GSO4,2 is irreducible as a representation of GSO4,2. If ν0 = λ−3

V ±
6

· det
is unique nontrivial quadratic character of GO4,2/GSO4,2, then σ ⊗ ν0 does not

participate in the theta correspondence with GSp+4 .

Proof. This is proved similarly as [13, Lemma 2.4]. �

Let us denote by Θ±
dimV (π) and θ±dimV (π) the big theta lift and small theta lift of

irreducible representation π of GSp+4 to GSO(V ±
2r ) with respect to Ω±, respectively.

Further, we recall the result on the conservation relations by Kudla and Rallis
[20, Corollary 3] for supercuspidal irreducible representations, and by Sun and Zhu
[40, Theorem B] for all irreducible representations.

Theorem 6.4. Let π be an irreducible representation of GSp+4 . Then we have

n+(π) + n−(π) = 12.

Here we define

n±(π) = min{dimV ±
2r | θ±

dimV ±
2r

(π) �= 0, sgn(V ±
2r ) = ±}.

Since we only consider the theta lift with respect to Ω+, we shall simply de-
note the quadratic space, the induced Weil representation, the big theta lift the
small theta lift by V +

2r = V2r, Ω+ = Ω, Θ+
dimV +(π) = ΘdimV (π) and θ+dimV +(π) =

θdimV (π), respectively. Also, when dimV is clear, we simply write ΘdimV (π) = Θ(π)
and θdimV (π) = θ(π). For an irreducible representation σ of GSO4,2, we denote by

Θ(σ) and θ(σ) the big theta lift and the small theta lift to GSp+4 with respect to
Ω = Ω+, respectively.

Finally, we give a definition of local analogue of Shalika period.

Definition 6.5. We define a subgroup S of GSO4,2 by

S =

⎧⎨⎩
⎛⎝1 0 0
0 r 0
0 0 1

⎞⎠ | r ∈ SO3,1, re2 = e2

⎫⎬⎭ · UPH
,

and a character ψ′ of S by

ψ′ (r · u0(x)u1(y, z)ũ(w)) = ψ(2dz).
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For an irreducible representation σ of GSO4,2, we say that σ has Shalika period if

HomGSO4,2
(σ, Ind

GSO4,2

S (ψ′)) �= 0.

6.2. Twisted Jacquet modules of induced Weil representations. As in the
global case, we can compute twisted Jacquet modules following [23].

Proposition 6.6. (1) As a representation of GSp+4 ,

ΩψU
� ind

GSp+
4

NG
ψN .

(2) As a representation of GSO4,2,

ΩψN
� ind

GSO4,2

S ψ′.

Here nondegenerate characters ψU of U and ψN of N are defined as in
(3.1) and (3.2), respectively.

Corollary 6.7. Let π be an irreducible representation of GSp+4 . Then π is generic
with respect to ψN if and only if Θ(π) contains a generic constituent.

Corollary 6.8. Let σ be an irreducible representation of GSO4,2. The σ has Shalika
period if and only if Θ(σ) contains a constituent which is generic with respect to
ψN . In particular, if σ is generic and has Shalika period, then θ(σ) is generic.

From these corollaries, we obtain the following equivalent conditions that char-
acterize generic representations which have Shalika period.

Theorem 6.9. Let σ be a generic irreducible representation of GSO4,2. Then the
following conditions are equivalent:

(1) σ has Shalika period.
(2) The small theta lift θ(σ) of σ to GSp+4 is nonzero.
(3) The small theta lift θ(σ) of σ to GSp+4 is generic with respect to ψN .

For the computation of theta lifts, we need a result on the theta correspondence
for the dual pairs

(
GL+

2 ,GSO3,1

)
. As in Proposition 6.6, we can compute the

twisted Jacquet module for this dual pair following [23], which is a local analogue
of a proof of Lemma 3.8.

Lemma 6.10. Let us regard the unipotent subgroup U2 defined in Section 2.1 as a
subgroup of GSO3,1, which is a maximal unipotent radical. Then as a representation

of GL+
2 ,

ΩψU2
= ind

GL+
2

N2
(ψ2).

Here we denote by ψU2
a nondegenerate character of U2, and ψ2 is the nondegen-

erate character of N2 defined by (4.2).

Corollary 6.11. Let τ+ be an irreducible representation of GL+
2 . Then τ+ is

generic with respect to ψ2 if and only if Θ(π) contains a generic constituent. In
particular, when τ+ is an infinite-dimensional representation, θ(τ+) is not zero if
and only if τ+ is generic with respect to ψ2.

Proof. The first assertion follows from the above lemma. We suppose that τ+ is
infinite-dimensional. If θ(τ+) is not zero, this representation should be an infinite-
dimensional representation. Thus, θ(τ+) is generic, in particular, Θ(τ+) contains
a generic constituent, and our assertion follows. �
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Moreover, we can compute explicitly theta lifts from GL+
2 to GSO3,1, which is

given in Cognet [4] when the residual characteristic of F is not 2. Here we note that
for any irreducible representation τ+ of GL+

2 , θ(τ
+)|GSO3,1 is irreducible whenever

θ(τ+) is irreducible, which is proved as in [13, Lemma 2.4], and thus we can consider
a theta lift from GL+

2 to GSO3,1.

Lemma 6.12. Let τ+ be an irreducible representation of GL+
2 . Suppose that the

small theta lift θ(τ+) of τ+ to GSO3,1 is not zero. Then θ(τ+) is given by

π(BC(τ ), χE/Fωτ )

where τ is an irreducible representation of GL2 such that τ+ ⊂ τ+, ωτ is the
central charter of τ , and BC(τ ) is the base change lift of τ to GL2(E), which does
not depend on a choice of τ .

Proof. From [4], it suffices to show that θ(τ+) is irreducible. If τ+ is supercuspidal,
our assertion follows from Proposition 6.1.

Let χ1 and χ2 be characters of F×, and we suppose that τ+ is an irreducible
submodule of IGL2

B2
(χ1 �χ2)+. Then the lift θ(τ+) is computed in a similar way as

for the pair (GSp+4 ,GSO4,2), so that we give only a sketchy proof (cf. Section 6.4).

If necessary, replacing χ1 and χ2, we may assume that χ1χ
−1
2 �= χE/F |− |. Then

from [13, Theorem A.2], we can show that (cf. [13, p.24])

Θ(τ+)∗ ⊂ HomGL+
2
(Ω, IGL2

B2
(χ1 � χ2)+) = I

GSO3,1

B3,1
(χE/Fχ

−1
1 χ2 � χ1,E)

∗,

and we have

I
GSO3,1

B3,1
(χE/Fχ

−1
1 χ2 � χ1,E) � Θ(τ+).

Since this parabolic induction has a unique irreducible quotient, our assertion read-
ily follows. �

6.3. Normalized Jacquet module of induced Weil representations. Let us
recall the result in [13, Appendix] for the normalized Jacquet module of the induced
Weil representation for the dual pair (GSp+4 ,GSO4,2).

Applying [11, Theorem A.2] for n = 2, m = 6 and r = 2 with [11, Remark A.5]
taken into account, we obtain the following computation of normalized Jacquet
modules with respect to maximal parabolic subgroups of GSp+4 .

Lemma 6.13. The normalized Jacquet module RQG
(Ω) of the Weil representation

Ω along the parabolic QG has a GSO4,2 ×MQG
invariant filtration

0 → A → RQG
(Ω) → B → 0

with

A � IPH
(S(F×)⊗ Ω4,1)

and

B � Ω6,1 � | det g|−1/2|b|
where Ω4,1 (resp. Ω6,1) is the induced Weil representation for GSO(V +

4 ) × GL+
2

(resp. GSO(V +
6 ) × GL+

2 ), and the action of MPH
× MQG

on S(F×) is given as
follows: Let ϕ(A) ∈ S(F×). For (a, h) ∈ GL1 × GSO3,1 and (b, g) ∈ GL1 × GL2,
we have

((a, h), (b, g))ϕ(A) = χE/F (b)ϕ(a
−1 · det g−1 ·A · b).
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Lemma 6.14. Let RPG
(Ω) denote the normalized Jacquet module of Ω along PG.

Then as a representation of MPG
× GSO4,2, RPG

(Ω) has a 3-step filtration whose
successive quotients are given as follows:

(1) The top piece of the filtration is

A′′ = S(F×)⊗ χE/F (det a)| det a|3/2 · |λ|−3/2,

where (a, λ, h) ∈ (GL2 ×GL+
1 )×GSO4,2 acts on S(F×) by

(a, λ, h)φ(t) = φ(t · λ · λ(h)).
(2) The second piece in the filtration is

B′′ = IBG×PH
(S(F× × F×))

where the action of the diagonal torus diag(a, d; 1) in BG on S(F× × F×)
is given by

(diag(a, d; 1) · φ) (λ, t) = χE/F (ad)|a| · φ(λ, td).
(3) The bottom piece of the filtration is

C ′′ = IQH
(S(F×)⊗ S(GL2)),

where the action of (GL2 ×GL+
1 )× (GL2 ×GSO2) on S(F×)⊗ S(GL2) is

given by

(a, λ; b, h)φ(t, g) = χE/F (det a)φ(t · λ · λ(h), b−1ga · λ(h)).

Applying the [11, Theorem A.1] for n = 2, m = 6 and r = 2 with [11, Re-
mark A.5] taken into account, we obtain the following computation of normalized
Jacquet modules with respect to maximal parabolic subgroups of GSO4,2.

Lemma 6.15. Let RPH
(Ω) denote the normalized Jacquet module of Ω along PH .

Then we have a short exact sequence of MPH
×GSp+4 -modules:

0 → A0 → RPH
(Ω) → B0 → 0.

Here,

B0 � Ω4,2,

where Ω4,2 is the induced Weil representation for GSp+4 ×GSO(V +
4 ), and

A0 � IQG
(S(F×)⊗ Ω4,1),

where the action of (GL1 ×GSO3,1)× (GL1 ×GL+
2 )) on S(F×) is given by

((a, h), (b, g)) · f(x) = χE/F (a)f(b
−1 · x · a · λ(h)−1)

and Ω4,1 denotes the induced Weil representation of GL+
2 ×GSO(V +

4 ).

Lemma 6.16. Let RQH
(Ω) denote the normalized Jacquet module of Ω along QH .

Then as a representation of MQH
× GSp+4 , RQH

(Ω) has a 3-step filtration whose
successive quotients are given as follows:

(1) The top piece of the filtration is

A′ = Ω2,2 � |λ(h)|−1/2| det a|1/2

where (a, h; g) ∈ (GL2×GSO2) and Ω2,2 is the induced Weil representation

for GSO(V +
2 )×GSp+4 .
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(2) The second piece in the filtration is

B′ = IBH×QG
(S(F×)⊗ Ω2,1)

where Ω2,1 is the induced Weil representation for GSO(V +
2 ) × GL+

2 , and
the action of maximal torus TH of BH on S(F×) is given by

(diag(a, b;h), 1)φ(A) = χE/F (b)|λ(h)|−1φ(Ab).

(3) The bottom piece of the filtration is

C ′ = IPG
(S(F×)⊗ S(GL2))

where the action of (a, h : b, λ) ∈ (GL2×GSO2)×(GL2×GL+
1 ) on S(F×)⊗

S(GL2) is given by

(a, h : b, λ)ϕ(t, A) = χE/F (det a)ϕ(λ(h)λt, λb
−1Aa).

Using the above lemmas and Lemma 6.12, we can compute some spaces of ho-
momorphisms in a similar way as [13, Proposition 11.5].

Proposition 6.17. Assume that χ �= | − |. Then as a representation of GSO4,2,

HomGSp+
4
(Ω, IQG

(χ, τ+)) = IPH
(χ−1 · χE/F , π(BC(χ · τ+), χE/F · χ2ωτ+))∗.

if τ+ is generic with respect to ψ2. Otherwise we have

HomGSp+
4
(Ω, IQG

(χ, τ+)) = 0.

Proposition 6.18. Suppose that τ is a discrete series representation of GL2 and
ωτ �= | − |3. Then as a representation of GSO4,2,

HomGSp+
4
(Ω, IPG

(τ, χ+)) ↪→ IQH
(χE/F · τ∨, (χωτ )E)

∗.

Further, if τ is supercuspidal, then

HomGSp+
4
(Ω, IPG

(τ, χ+)) = IQH
(χE/F · τ∨, (χωτ )E)

∗.

Proposition 6.19. Consider the space

HomGSO4,2(Ω, IPH
(χ, π(σ, ξ)))

as a representation of GSp+4 . Then we have:

(1) If χ �= χE/F , then

HomGSO4,2
(Ω, IPH

(χ, π(σ, ξ))) = 0

unless
π(σ, ξ) = θ(σ0)

with some irreducible representation σ0 of GL+
2 , in which case, we have

HomGSO4,2
(Ω, IPH

(χ, π(σ, ξ))) = IQG
(χ−1 · χE/F , σ0 ⊗ χχE/F )

∗.

(2) if χ = χE/F but π(σ, ξ) does not participate in the theta correspondence

with GL+
2 , then

HomGSO4,2(Ω, IPH
(χE/F , π(σ, ξ))) = ΘW,V2

(π(σ, ξ))∗

where ΘW,V2
(π(σ, ξ)) denotes the big theta lift of π(σ, ξ) from GSO3,1 to

GSp+4 .
(3) if χ = χE/F and π(σ, ξ) = θ(σ0), then we have an exact sequence:

0 → ΘW,V2
(π(σ, ξ))∗ → HomGSO4,2

(Ω, IPH
(χ, π(σ, ξ))) → IQG

(1F× , σ0)
∗.
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Proposition 6.20. Suppose that τ and χ are unitary representation of GL2 and
GSO2, respectively. Then as a representation of GSp+4 , we have

HomGSO4,2
(Ω, IQH

(τ, χ)) ↪→ IPG
(χE/F · τ∨, ωτχ

2
F )

∗.

6.4. Computation of theta lifts.

Theorem 6.21. Let π be an irreducible representation of GSp+4 , and we consider
the theta lift to GSO4,2 with respect to Ω+. Then Θ(π) has a unique irreducible
quotient θ(π) if it is nonzero. Moreover, the map π �→ θ(π) is injective on its
domain, and θ(π) is given explicitly as follows.

(1) (Supercuspidal) Suppose that π is supercuspidal representation.
• Suppose n+(π) < 6, and we denote by σ the irreducible representation
of GO3,1 such that π = θ(σ). Let σ0 be an irreducible constituent of
σ|GSO3,1 . If σ0 is invariant but not distinguished, then

θ(π) =

{
IPH

(1, σ0)gen if π is generic,
IPH

(1, σ0)ng if π is nongeneric.

On the other hand, if σ0 is not invariant or distinguished, then

θ(π) = IPH
(1, σ0).

Here we say that σ0 = π(τ, μ) is invariant (resp. distinguished) if τ is
Galois invariant (resp. τ ∈ Φμ).

• If n+(π) = 6, θ(π) is supercuspidal.
• If n+(π) > 6, θ(π) = 0.

(2) (Discrete series representations) Suppose that π is an essentially dis-
crete series representation.

• Suppose π = St(χ, τ+).
(a) If τ+ participate in the theta correspondence with GSO2,0 and

τ+ = θ(ξ) with a character ξ of E×, then

θ(π) =

{
IBH

(χχE/F [−1], χE/F ;χEξ[−1/2]) if χ �= χE/F ,
IPH

(χE/F , π(χEξ
σ · St, χχE/F ξF )) if χ = χE/F .

(b) Otherwise, we have

θ(π) =

{
δPH ,2(χχE/F , π(BC(τ+), χE/Fωτ+))∨ if BC(τ+) ∈ ΦχχE/F

,
IPH

(χχE/F [−1], π(BC(τ+)[1/2], χE/Fωτ+ [1])) if BC(τ+) �∈ ΦχχE/F
.

• Suppose π = St(τ, μ+).
(a) If τ is supercuspidal,

θ(π) = δQH ,2(τ ⊗ χE/F , μ
−1
E )∨.

(b) Otherwise,

θ(π) = IQH
((τ ⊗ χE/F )

∨[−1/2], (ωτμ)E[1/2]).

• If π = St(stχE/F
, μ+)

−, θ(π) = 0.

• If π = St(stχE/F
, μ+)

+, θ(π) = τ+(1F× , μ−1
E )∨.

• If π = χStG, θ(π) = δ(χE/F , χE).
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(3) (Nondiscrete series representations)
• Suppose π ↪→ IQG

(χ, τ+) with an essentially discrete series represen-

tation τ+ of GL+
2 and a character χ of F× such that |χ| = | − |−s. If

τ+ is not generic with respect to ψ2, then

Θ(π) = 0.

On the other hand, we assume τ+ is generic. Then:
(a) If χ = 1F× and BC(τ+) is an essentially discrete series repre-

sentation, then

Θ(π) = θ(π) =

{
IPH

(χE/F , π(BC(τ+), χE/F · ωτ+))gen if π is generic,
IPH

(χE/F , π(BC(τ+), χE/F · ωτ+))ng otherwise.

(b) If χ = χE/F , Ind
GL2

GL+
2

τ+ is reducible and BC(τ+) is supercuspi-

dal, then

Θ(π) = θ(π) =

{
IPH

(1F× , π(BC(τ+), χE/Fωτ+)) if π is generic,
0 otherwise.

(c) If χ = 1F× or χ = χE/F , and BC(τ+) = I
GL2(E)
B2(E) (ξ � ξσ), then

Θ(π) = θ(π) =

{
IB(χχE/F , χE/F ; ξ) if π is generic,
0 otherwise.

(d) Otherwise, we have

θ(π) = JPH
(χ−1 · χE/F , π(BC(χ · τ+), χE/F · χ2ωτ+)).

• Suppose π ↪→ IPG
(τ, χ+) with some irreducible representation τ of GL2

and χ of F×.
(a) Suppose τ ⊗ χE/F = τ with ωτ = χE/F . Then we have

θ(π) = Θ(π) =

{
IQH

(τ, χE)gen if π is generic,
IQH

(τ, χE)ng if π is nongeneric.

(b) Otherwise,

θ(π) = JQH
((τ ⊗ χE/F )

∨, (χωτ )E).

• Suppose π ↪→ IBG
(χ1, χ2;χ+).

(a) In the case (3a) in Lemma 4.2, i.e., if π ↪→ IQG
(χ1| − |−s1 , χ ·

IGL2

B2
(χE/F � 1)−), then

θ(π) = 0.

On the other hand, if π ↪→ IQG
(χ1|− |−s1 , χ · IGL2

B2
(χE/F � 1)+),

θ(π) = JBH
(χ−1

1 χE/F [s1], 1, χ1,EχE [−s1]).

(b) In the case (3b) in Lemma 4.2, i.e., if π ↪→IQG
(χ0, I

GL2

B2
(χχ0χE/F

�χ)+), then

Θ(π) = θ(π) =

{
IBH

(χ0χE/F , χ0;χE)gen if π is generic,
IBH

(χ0χE/F , χ0;χE)ng if π is nongeneric.

(c) In the case (3c) in Lemma 4.2, i.e., if π ↪→ IQG
(χ1| − |−s1 , (χ ·

| − |−1/2) ◦ det), then
θ(π) = JBH

(χ−1χE/F , χE/F [1]; (χ1χ)E [−1]).
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(d) In the case (3d) in Lemma 4.2, i.e., if π is a unique irreducible

submodule of IQG
(χ1| − |−s1 , IGL2

B2
(χχ2| − |−s2 � χ)+), then

θ(π) = JBH
(χ−1

1 χE/F [s1], χ
−1
2 χE/F [s2];χ1,Eχ2,EχE [−s1 − s2]).

Before proceeding with a computation, we state two simple facts [13, p. 24]:

(1) if π is an irreducible representation of GSp+4 , then

Θ(π)∗ � HomGSp+
4
(Ω, π).

(2) if Π is an irreducible representation of GSO4,2 such that

Π∨ ↪→ HomGSp+
4
(Ω,Σ),

where Σ is not necessarily irreducible (typically, Σ is a principal represen-
tation), then there is a nonzero equivalent map

Ω → Π� Σ.

In particular, Θ(Π) �= 0. The analogue result with roles of GSp+4 and
GSO4,2 exchanged also holds.

6.4.1. Supercuspidal. We shall compute the theta correspondence for supercuspidal
representation π of GSp+4 . We note that Θ(π) = θ(π) is irreducible or zero by
Proposition 6.1.

Suppose that n+(π) > 6. Then from the definition of n+(π), we have

θ(π) = 0.

Suppose that n+(π) = 6. Then θ(π) is nonzero, and it is known that θ(π) is
supercuspidal.

Finally, we suppose that n+(π) < 6. With the notation in Lemma 6.15, we have

HomGSp+
4
(A0, π) = 0

because π is supercuspidal. From Proposition 6.1, we see that there exists a unique
irreducible representation σ of GO3,1 such that

HomGSp+
4 ×GO3,1

(Ω4,2, π � σ) �= 0

where Ω4,2 is the induced Weil representation of GSp+4 ×GO3,1. Thus, θ(π) is an
irreducible constituent of IPH

(1, σ|GSO3,1
).

Let σ0 be an irreducible constituent of σ|GSO3,1
. Suppose that σ0 is invariant

but not distinguished. Then σ|GSO3,1 = σ0. Let us denote by σ0 = π(τ, μ) with
irreducible representations τ of GL2(E) and μ of F× such that ωτ = μE . By
Proposition 5.11, IPH

(1, σ0) is reducible since π(τ, μ) is not distinguished, that is,
τ �∈ Φμ. Then we have (see Remark 5.13)

IPH
(1, σ0) = IPH

(1, σ0)gen ⊕ IPH
(1, σ0)ng,

and thus we obtain, by Corollary 6.7,

θ(π) =

{
IPH

(1, σ0)gen if π is generic,
IPH

(1, σ0)ng if π is nongeneric.

Suppose that σ0 is not invariant or distinguished. In both cases, by Proposi-
tion 5.11, IPH

(1, σ0) is irreducible. Thus, we see that

θ(π) = IPH
(1, σ0).
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Moreover, we give a remark on a choice of σ0. Since θ(π) extends to a represen-
tation of GO4,2, θ(π)

g � θ(π) for any g ∈ GO4,2. Thus, IPH
(1, σ0) does not depend

on a choice of an irreducible constituent σ0 of σ|GSO3,1 .
Finally, we note that π is generic with respect to ψN by [8, Theorem A.11 (ii)],

and thus we have

IPH
(1, σ0) = IPH

(1, σ0)gen.

6.4.2. Discrete series representation.

The generalized Steinberg representation St(χ, τ+). Let us consider the theta
lift of π = St(χ, τ+). Since

St(χ, τ+) ↪→ IQG
(χ| − |, | − |−1/2 · τ+),

it is deduced from Proposition 6.17 and fact (1) that

IPH
(χχE/F [−1], π(BC(τ+)[1/2], χE/Fωτ+ [1])) � Θ(St(χ, τ+))

if τ+ is generic with respect to ψ2. Otherwise, Θ(St(χ, τ+)) = 0.
Suppose that τ+ is generic with respect to ψ2. Then St(χ, τ+) is generic, and

Θ(π) contains a generic constituent. In particular, we have Θ(π) �= 0.
Assume that τ+ does not participate in the theta correspondence with GSO2.

Then we know that BC(τ+) is supercuspidal. Moreover, BC(τ+) is in ΦχχE/F
if

and only if IPH
(χχE/F [−1], π(BC(τ+)[1/2], χE/Fωτ+ [1])) is reducible by Proposi-

tion 5.11. If this condition is satisfied, it has a unique irreducible quotient. Other-
wise, the above induced representation is irreducible. Thus, we obtain

θ(π) =

{
δPH ,2(χχE/F , π(BC(τ+), χE/Fωτ+))∨ if BC(τ+) ∈ ΦχχE/F

,
IPH

(χχE/F [−1], π(BC(τ+)[1/2], χE/Fωτ+ [1])) if BC(τ+) �∈ ΦχχE/F
.

On the other hand, suppose that τ+ participates in the theta correspondence
with GSO2. In this case, BC(τ+) is not supercuspidal, and indeed it is the parabolic
induction

I
GL2(E)
B2(E) (ξσ � ξ)

when τ+ = θ(ξ) with a character ξ of GSO2 � E×. Then we have

IPH
(χχE/F [−1], π(BC(τ+)[1/2], χE/Fωτ+ [1]))

=IBH
(χχE/F [−1], χE/F ;χEξ[1/2]).

If χEξ
σ �= ξ, this parabolic induction is irreducible (see Section 5.2.2). Then we

obtain

θ(π) = IBH
(χχE/F [−1], χE/F ;χEξ[1/2]).

On the other hand, if we have χEξ
σ = ξ, then by Proposition 5.9, this induced

representation has a unique irreducible quotient IPH
(χE/F , π(χEξ

σ ·St, χχE/F ξF )).
Thus, we obtain

θ(π) = IPH
(χE/F , π(χEξ

σ · St, χχE/F ξF )).



ON THE THETA CORRESPONDENCE 77

The generalized Steinberg representation St(τ, μ+) and St(stχE/F
, μ+)

±.
Let us consider the case π = St(τ, μ+) where τ is supercuspidal with trivial central
character or τ = stχ with nontrivial quadratic character χ �= χE/F . Then we have

π ↪→ IPG
(τ | − |1/2, (μ| − |−1/2)+)

as a unique irreducible submodule. Since π is generic, Θ(π) contains the generic
constituent, in particular, Θ(π) �= 0.

Suppose that τ is supercuspidal. Then Proposition 6.18 shows that

HomGSp+
4
(Ω, IPG

(τ |−|1/2, (μ|−|−1/2)+)) = IQH
((τ⊗χE/F )

∨[−1/2], (ωτμ)E [1/2])
∗.

Then the above induced representation is reducible if and only if ωτ = 1F× by
Proposition 5.12. Further, if it is reducible, it has a unique irreducible quotient
δQH

(τ ⊗χE/F , μE)
∨ which is an essentially discrete series representation. Thus, we

see that

θ(π) = δQH ,2(τ ⊗ χE/F , μE)
∨

since we know θ(π) �= 0.
Suppose that τ=stχ with χ �=χE/F . Then IQH

((τ⊗χE/F )
∨[−1/2], (ωτμ)E [1/2])

is reducible if and only if χ = 1F× by Proposition 5.7 and the result in Section 5.2.2.
Hence, in this case, it is irreducible, and we obtain

θ(π) = IQH
((τ ⊗ χE/F )

∨[−1/2], (ωτμ)E [1/2])).

Let us consider the case of π = St(stχE/F
, μ+)

±. Recall that

n−(St(stχE/F
, μ+)

−) ≤ 4 and n+(St(stχE/F
, μ+)

+) ≤ 4

by [8, Theorem A.11 (iii)]. Thus, we see that

Θ(St(stχE/F
, μ+)

−) = 0.

As in the above computation, we see that

IQH
(st[−1/2], μE [1/2]) � Θ(St(stχE/F

, μ+)
+).

Since this induced representation has the unique irreducible quotient τ+(1F× , μ−1
E )∨

by Proposition 5.7 and Θ(π) �= 0, we see that

θ(π) = τ+(1F× , μ−1
E )∨.

Twisted Steinberg representation. Let us compute the theta lift of χStGSp+
4
.

Since we know

χStGSp+
4
↪→ IQG

(| − |2, (χ| − |−1) · st+)
and (see Proposition 5.6)

δ(χE/F , χE) ↪→ IPH
(χE/F [2], π(χ

−1
E StGL2(E)[−1], χE/Fχ

−2[−2])),

we can deduce from Proposition 6.17 and Proposition 6.19 that

θ(δ(χE/F , χE)) = χStGSp+
4
and θ(χStGSp+

4
) = δ(χE/F , χE)

in a similar way as above (see also a proof of [13, Theorem 8.3] for generalized
Steinberg representations).

6.4.3. Nondiscrete series representation. In this section, we shall consider theta
lifts of representations given in Lemma 4.2.
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Parabolic induction for QG. Let us consider the case where π is an irreducible
submodule of

IQG
(χ, τ+)

with an essentially discrete series representation τ+ of GL+
2 and a character χ of

F× such that |χ| = | − |−s. Then by Proposition 6.17, we have as a representation
of GSO4,2,

HomGSp+
4
(Ω, IQG

(χ, τ+)) = IPH
(χ−1 · χE/F , π(BC(χ · τ+), χE/F · χ2ωτ+))∗

if τ+ is generic with respect to ψ2. Otherwise we have

HomGSp+
4
(Ω, IQG

(χ, τ+)) = 0,

in particular, Θ(π) = 0. Hereafter, we suppose that τ+ is generic with respect to
ψ2. Then we have

(6.1) IPH
(χ−1 · χE/F , π(BC(χ · τ+), χE/F · χ2ωτ+)) � Θ(π).

Suppose that

(1) χ = 1F× or,

(2) χ = χE/F and IndGL2

GL+
2

τ+ is reducible.

In both cases, IQG
(χ, τ+) decomposes into a direct sum π⊕π′ with some irreducible

representation π′. Thus, we obtain

IPH
(χ−1 · χE/F , π(BC(χ · τ+), χE/F · χ2ωτ+)) = Θ(π)⊕Θ(π′).

Suppose that BC(τ+) is supercuspidal. In the case (1), since we know BC(τ+) �∈
Φωτ+ , the induced representation in (6.1) decomposes into a direct sum of two ir-

reducible representations. Since we have n±(π) ≥ 6 and n±(π′) ≥ 6 by [8, Theo-
rem A.11 (iv)], Θ(π) and Θ(π′) are nonzero. Thus, we obtain

Θ(π) = θ(π) =

{
IPH

(χE/F , π(BC(τ+), χE/F · ωτ+))gen if π is generic,
IPH

(χE/F , π(BC(τ+), χE/F · ωτ+))ng otherwise.

On the other hand, in case (2), since BC(τ+) ∈ ΦχE/Fωτ+ , IPH
(1F× , π(BC(τ+),

χE/Fωτ+)) is irreducible. Thus, Θ(π) should be irreducible or zero. Moreover, we
note that either π or π′ is generic, and the theta lift of generic one is not zero by
Corollary 6.7. Hence, we obtain

Θ(π) = θ(π) =

{
IPH

(1F× , π(BC(τ+), χE/Fωτ+)) if π is generic,
0 otherwise.

Suppose that BC(τ+) = I
GL2(E)
B2(E) (ξ � ξσ) with a character ξ of E× such that

ξ �= ξσ. Then we have

IPH
(χχE/F , π(BC(τ+), χE/F · ωτ+)) = IBH

(χχE/F , χE/F ; ξ).

By Lemma 5.2, this induced representation is irreducible. Thus, as in the above
case, we obtain

Θ(π) = θ(π) =

{
IBH

(χχE/F , χE/F ; ξ) if π is generic,
0 otherwise.

Moreover, let us consider the case where χ = 1 and τ+ = stχ. Then π and π′ do
not participate in the theta correspondence with GSO3,1 [8, Theorem A.11]. Thus,
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Θ(π) and Θ(π′) are nonzero. Since IPH
(χE/F , π(BC(τ+), χE/F ·ωτ+)) is reducible

by Lemma 5.5, we obtain

Θ(π) = θ(π) =

{
IPH

(χE/F , π(BC(τ+), χE/F · ωτ+))gen if π is generic,
IPH

(χE/F , π(BC(τ+), χE/F · ωτ+))ng otherwise.

Assume that π is not in the above cases. Then π is a unique irreducible sub-
module of IQG

(χ, τ+). As in the case of twisted Steinberg representation, we can
show that

θ(π) = JPH
(χ−1 · χE/F , π(BC(χ · τ+), χE/F · χ2ωτ+))

since IPH
(χ−1 ·χE/F , π(BC(χ ·τ+), χE/F ·χ2ωτ+)) is irreducible, or it has a unique

irreducible quotient (cf. Remark 5.13).

Parabolic induction for PG. Let us consider the case where π is an irreducible
submodule of

IPG
(τ, χ+)

with an irreducible discrete series representation τ of GL2 and a character χ of F×.
By Proposition 6.18, as a representation of GSO4,2, we have

HomGSp+
4
(Ω, IPG

(τ, χ+)) ↪→ IQH
((τ ⊗ χE/F )

∨, (χωτ )E)
∗.

Suppose that τ is unitary, τ ⊗ χE/F = τ and ωτ = χE/F . Then τ should be
supercuspidal, and thus we have

HomGSp+
4
(Ω, IPG

(τ, χ+)) = IQH
((τ ⊗ χE/F )

∨, (χωτ )E)
∗.

Further, we note that

IPG
(τ, χ+) = π ⊕ π′

with some irreducible representation π′ of GSp+4 . Therefore, we obtain

Θ(π)⊕Θ(π′) = IQH
(τ, χE).

This induced representation is reducible by Proposition 5.12. Thus, taking Corol-
lary 6.7 into account, we see that

Θ(π) =

{
IQH

(τ, χE)gen if π is generic,
IQH

(τ, χE)ng otherwise.

We suppose that the above condition is not satisfied. Then π is a unique irreducible
submodule of IPG

(τ, χ+).
It is easy to see that by Proposition 5.12, IQH

((τ⊗χE/F )
∨, (χωτ )E) has a unique

irreducible quotient. Thus, we obtain

θ(π) ⊂ JQH
((τ ⊗ χE/F )

∨, (χωτ )E).

From Theorem 6.4, we should have n+(π) ≤ 6 or n−(π) ≤ 6. If n−(π) ≤ 6, Θ(πg)
should not be zero since

HomGSp+
4
(Ω−, π) � HomGSp+

4
(Ω+, π

g)

for any g ∈ GSp4 \GSp+4 . On the other hand, in this case, we have πg � π for any
g ∈ GSp4 \GSp+4 . Thus, Θ(π) �= 0, and we have

θ(π) = JQH
((τ ⊗ χE/F )

∨, (χωτ )E).
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Parabolic induction for BG. We consider the case where

π ↪→ IBG
(χ1, χ2;χ+).

We note that
IBG

(χ1, χ2;χ+) = IQG
(χ1, χ · IGL2

B2
(χ2 � 1)+).

As in the previous cases, by Proposition 6.17, we obtain

IPH
(χ−1

1 · χE/F , π(BC(χ1 · τ+), χE/F · χ2
1ωτ+)) � Θ(π)

with τ+ = χ · IGL2

B2
(χ2 � 1)+. Moreover, we note that

IPH
(χ−1

1 · χE/F , π(BC(χ1 · τ+), χE/F · χ2
1ωτ+))

=IBH
(χ−1

1 χE/F , χ
−1
2 χE/F ;χ1,Eχ2,EχE).

Let us consider the case (3a) in Lemma 4.2, i.e.,

π ↪→ IQG
(χ1| − |−s1 , χ · IGL2

B2
(χE/F � 1)±)

with s1 > 0. If
π ↪→ IQG

(χ1| − |−s1 , χ · IGL2

B2
(χE/F � 1)−),

then by Proposition 6.17, Θ(π) = 0. Suppose that

π ↪→ IQG
(χ1| − |−s1 , χ · IGL2

B2
(χE/F � 1)+).

Then by Proposition 6.17, we obtain

IBH
(χ−1

1 χE/F [s1], 1, χ1,EχE [−s1]) � Θ(π).

This induced representation is a standard module, so that it has the unique irre-
ducible quotient JBH

(χ−1
1 [s1]χE/F , 1, χ1,EχE [−s1]). Thus, we obtain

θ(π) ⊂ JBH
(χ−1

1 [s1]χE/F , 1, χ1,EχE [−s1]).

On the other hand, by Proposition 6.19, we see that

HomGSO4,2
(Ω+, IPH

(χ−1
1 [−s1], π((χ1χ)E|−|−s1

E ·IGL2(E)
B2(E) (1E× �1E×), (χ1χ[−s1])

2))

is isomorphic to

IQG
(χ1| − |s1 , χ · IGL2

B2
(χE/F � 1)+).

Thus, we find that θ(π) �= 0 and

θ(π) = JBH
(χ−1

1 [s1]χE/F , 1, χ1,EχE [−s1]).

Let us consider the case (3b) in Lemma 4.2. Then by Lemma 5.2, we have

IBH
(χ0χE/F , χ0;χE) = IBH

(χ0χE/F , χ0;χE)gen ⊕ IBH
(χ0χE/F , χ0;χE)ng.

Thus, we see that

Θ(π)⊕Θ(πg) = IBH
(χ0χE/F , χ0;χE)gen ⊕ IBH

(χ0χE/F , χ0;χE)ng

for g ∈ GSp4 \ GSp+4 . From [8, Theorem A.11], π and πg does not participate in
the theta correspondence with GSO3,1. Thus, Θ(π) and Θ(πg) are not zero, and
by Corollary 6.7, we obtain

Θ(π) = θ(π) =

{
IBH

(χ0χE/F , χ0;χE)gen if π is generic,
IBH

(χ0χE/F , χ0;χE)ng if π is nongeneric.

Let us consider the case (3c) in Lemma 4.2, i.e.

π ↪→ IQG
(χ1, (χ · | · |−1/2) ◦ det)
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as the unique irreducible submodule such that |χ1| = | · |−s1 with s1 ≥ 1. As
in the above discussions, by Proposition 6.17, we see that Θ(π) is a quotient of
IPH

(χ−1
1 χE/F , π((χ1χ| · |−1/2)E, χE/Fχ

2
1χ

2| · |−1)). But this induced representation
is a quotient of

IBH
(χ−1χE/F , χE/F [1]; (χ1χ)E [−1]).

This shows that

θ(π) ⊂ Π := JBH
(χ−1χE/F , χE/F [1]; (χ1χ)E [−1]).

On the other hand, we consider the theta lift of

Π ↪→ IPH
(χ1χE/F , π((χ

−1
1 χ−1)E [1/2], χE/Fχ

−2
1 χ−2[1])).

Then by Proposition 6.19, we obtain

HomGSO4,2(Ω, IPH
(χ1χE/F , π((χ

−1
1 χ−1)E [1/2], χE/Fχ

−2
1 χ−2[1])))

=IQG
(χ−1

1 , (χ−1| · |1/2) ◦ det).

This shows that θ(π) �= 0, and we obtain

θ(π) = JBH
(χ−1χE/F , χE/F [1]; (χ1χ)E [−1]).

Finally, we consider the case (3d) in Lemma 4.2, i.e.,

π ↪→ IQG
(χ1| − |−s1 , IGL2

B2
(χχ2| − |−s2 � χ)+).

Then in a similar calculation as in the case (3a), we can easily show that

θ(π) = JBH
(χ−1

1 [s1]χE/F , χ
−1
2 χE/F [s2];χ1,Eχ2,EχE [−s1 − s2]).

This completes a proof of Theorem 6.21.

As we remarked in Section 6.1, the assumption in Lemma 6.2 holds by Theo-
rem 6.21. Hence, we obtain the following corollary.

Corollary 6.22. For the dual pair (GSp+4 ,GSO4,2), the Howe duality holds over
any nonarchimedean local field of characteristic zero, namely for any irreducible
admissible representation of π of GSp+4 or GSO4,2, we have

• θ(π) is irreducible whenever Θ(π) is nonzero,
• the map π �→ θ(π) is injective on its domain.

Further, from Theorem 6.21, we obtain a relation between Satake parameters of
GSp4 and GSO4,2 under the theta correspondence.

Corollary 6.23. Let σ be an unramified irreducible representation of GSO4,2 with
trivial central character. Suppose that E/F is an unramified quadratic extension.
Then the theta lift θ(σ) to GSp+4 is an irreducible unramified representation, and
we have

L(s, σ,∧2
t ) = L(s, π, std⊗ χE/F )(1− q−s)−1

where q is the cardinality of the residual field of F , and π is an irreducible repre-
sentation of GSp4 such that θ(σ) ⊂ π+.
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6.5. Shalika period and local theta lift. Let us study irreducible representa-
tions of GSO4,2 which have Shalika period. Indeed, we characterize them in terms
of a local theta correspondence.

Proposition 6.24. Let σ be an irreducible representation of GSO4,2. Suppose that
σ is essentially tempered. If σ has Shalika period, then θ(σ) is generic.

Proof. Since θ(σ ⊗ χ) = θ(σ)⊗ χ for any character χ of F×, we may suppose that
σ is tempered. Then we note that θ(σ) is tempered by Theorem 6.21. We recall
that Θ(σ) contains a generic constituent (see Corollary 6.8). In particular, if Θ(σ)
is irreducible, we obtain our required result.

If σ is supercuspidal, then we have Θ(σ) = θ(σ) by Proposition 6.1, and our
assertion follows from the above argument.

Suppose that σ is not supercuspidal representation, but it is discrete series rep-
resentation. Then from Remark 5.13, σ is generic. Thus, θ(σ) is generic by Theo-
rem 6.9.

We suppose that σ is a submodule of IQH
(τ, ξ) with unitary representations τ

of GL2 and ξ of E×. Then from Proposition 6.20, we obtain

IPG
(χE/F · τ∨, ωτ ξ

2
F ) � Θ(σ).

This induced representation is semisimple, and so is Θ(σ). Since we know the
maximal semisimple quotient of Θ(σ) is irreducible, Θ(σ) should be irreducible.

Let us assume that σ is a submodule of parabolic induction IPH
(χ, π) with a

discrete series representation π of GSO3,1 and a unitary character χ of F×. If χ �=
χE/F and π = θ(τ ) for an irreducible representation τ of GL2, by Proposition 6.19,
we obtain

IQG
(χ−1χE/F , τ ⊗ χχE/F ) � Θ(σ).

Since τ should be discrete series, this parabolic induction is completely reducible,
and so is Θ(σ). However, the maximal semisimple quotient of Θ(σ) is irreducible,
so that Θ(σ) is irreducible.

If χ = χE/F and π does not participate in the theta correspondence with GL+
2 ,

ΘW,V2
(π) � Θ(σ)

where ΘW,V2
(π) is the big theta lift of π to GSp+4 . From [8, Theorem A.11], Θ(π)

is irreducible. Thus, Θ(π) � Θ(σ) and Θ(σ) is irreducible.
Finally, suppose that χ = 1 and π = θ(τ ). Then we have

θ(σ) ⊃ θW,V2
(π) = ΘW,V2

(π).

In this case, π is invariant and distinguished, and thus θW,V2
(π) is generic from

[8, Theorem A.11]. Hence, θ(σ) is also generic. �

The following proposition follows from Theorem 6.21.

Proposition 6.25. Let π be an irreducible representation of GSp+4 . Suppose that
π is essentially tempered. If π is generic, θ(π) is generic.

Moreover, we can prove the following relationship between Shalika period and
genericity.

Theorem 6.26. Let σ be an irreducible essentially tempered representation of
GSO4,2. If σ has Shalika period, then σ is generic.
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Proof. First, we note that if σ has Shalika period, θ(σ) �= 0 by Corollary 6.8. If
σ is supercuspidal, from Theorem 6.21, θ(σ) should be supercuspidal. Thus, our
assertion follows from Proposition 6.25. If σ is not supercuspidal but an essentially
discrete series representation, σ is always generic by Remark 5.13. Otherwise, since
θ(θ(σ)) = σ, the above two propositions show our assertion. �

Then we can characterize essentially tempered irreducible representations of
GSO4,2 which have Shalika period, using a theta correspondence.

Theorem 6.27. Let σ be an essentially tempered irreducible representation of
GSO4,2. Then σ has Shalika period if and only if σ = θ(π) with some irreducible

generic representation π of GSp+4 .

Proof. If σ has Shalika period, σ is generic by Theorem 6.26. Thus, our assertion
follows from Theorem 6.9. On the other hand, suppose that σ = θ(π) with some
irreducible generic representation π of GSp+4 . Thus, Θ(σ) has a generic constituent,
so that σ has Shalika period by Corollary 6.8. �

Finally, we remark that the assumption on the essentially temperedness was
crucial for our proof of Theorem 6.27. Indeed, if we remove this assumption, The-
orem 6.26 fails as the following example indicates.

Let τ be a supercuspidal irreducible representation of GL+
2 such that it is generic

with respect to ψ2 and τ ⊗ χE/F �� τ . Then by Proposition 5.11 and Lemma 6.12,
the induced representation

IPH
(| − |−1, θ(τ )[1/4])

has a unique irreducible nontempered nongeneric submodule Sp(τ ), where θ(τ ) �= 0
is the theta lift of τ to GSO3,1 (cf. Corollary 6.11). Then from Proposition 6.19,
we see that

Θ(Sp(τ )) ↪→ IQG
(χE/F [1], (τ ⊗ χE/F )[−1/2]+).

Since this induced representation is irreducible, we find that

Θ(Sp(τ )) = IQG
(χE/F [1], (τ ⊗ χE/F )[−1/2]+),

and Θ(Sp(τ )) is generic. Therefore, Sp(τ ) has Shalika period by Corollary 6.8, but
it is nongeneric. This implies that our proof of Theorem 6.27 does not work for
Sp(τ ). However, we note that Sp(τ ) has Shalika period and θ(Sp(τ )) is generic.

7. Local theta correspondence: archimedean case

In this section, for the sake of completeness of a study of local theta correspon-
dence for the dual pair (GSp4,GSO4,2) and also for the sake of convenience of the
reader, we shall recall a result by Paul [28] on the local theta correspondence for
discrete series representations over the real field R.

Let n, p, and q be nonnegative integers such that p+ q is even, and let Sp(2n,R)
and Op,q(R) be the group of isometries of bilinear forms on R2n or Rp+q given
respectively by (

In
−In

)
and

(
Ip

−Iq

)
.

First, we note that as in the nonarchimedean case, we may replace O4,2(R) by
SO4,2(R). Thus, we shall consider theta lifts from Sp4(R) to SO4,2(R).

Let us recall a classification of discrete series representations of Sp(4,R) and
SO4,2(R). Let us consider the case of Sp4(R). We identify the root space with
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R2 by putting e1 = (1, 0) and e2 = (0, 1). Then the set of positive compact
roots is given by Σ+

c = {(1,−1)} and the set of dominant weight is given by
{(λ1, λ2) ∈ Z2|λ1 ≥ λ2}. To classify discrete series, we describe all the positive
root systems compatible with Σ+

c . Indeed, these root systems are given by

Σ+
i = {(1,−1), (2, 0), (1, 1), (0, 2)},

Σ+
ii = {(1,−1), (2, 0), (1, 1), (0,−2)},

Σ+
iii = {(1,−1), (2, 0), (−1,−1), (0,−2)},

Σ+
iv = {(1,−1), (−2, 0), (−1,−1), (0,−2)}.

Define a subset ΞJ of dominant weights by

ΞJ = {Λ = (Λ1,Λ2) | 〈Λ, β〉 > 0 for all β ∈ Σ+
J }.

Then the set
⋃iv

J=i ΞJ gives the Harish-Chandra parametrization of the discrete
series representations. The discrete series representations corresponding to the
parameter in Ξ+

ii ∪Ξ+
iii are generic. On the other hand, the discrete series represen-

tations corresponding to the parameter in Ξ+
i (resp. Ξ+

iv) are holomorphic (resp.
anti-holomorphic).

Let us recall a classification of discrete series representations of SO4,2(R). In this
case, there are 6 positive root systems given by

Ψ+
k = Ψ+

c ∪ {ei ± e3 ; 1 ≤ i ≤ k − 1} ∪ {e3 ± ei ; k ≤ i ≤ 2} (1 ≤ k ≤ 3),

Ψ−
k = Ψ+

c ∪ {ei ± e3 ; 1 ≤ i ≤ k − 1} ∪ {−e3 ± ei ; k ≤ i ≤ 2} (1 ≤ k ≤ 2),

Ψ−
3 = Ψ+

c ∪ {e1 ± e3} ∪ {−e2 ± e3},
where Ψ+

c is the set of compact positive roots. Then as in the case of Sp4(R), the
discrete series representations corresponding to Ψ+

1 (resp. Ψ−
1 ) are holomorphic

(resp. anti-holomorphic), and the discrete series representations corresponding to
Ψ±

2 are generic. Finally, the discrete series representations corresponding to Ψ±
3

are called middle discrete series.
With the above notations, let us consider the theta lift from Sp(4,R) to SO4,2(R).

We only need to consider Σ+
i and Σ+

ii because of the relation θq,p(π) = θp,q(π
∗)

[28, Lemma 20].
For a discrete series representation corresponding to Σ+

i , its Harish-Chandra
parameter is given by (Λ1,Λ2) with Λ1 > Λ2 > 0. Then by [28, Theorem 15],
the theta lifts of this representation are nonzero for the following four orthogonal
groups

O(4, 0), O(5, 1), O(4, 2), O(6, 0)

and, in particular, the Harish-Chandra parameter of the lift to SO(4, 2) is given
by (Λ1,Λ2, 0). Since this parameter corresponds to Ψ+

3 , we see that the theta lifts
of holomorphic discrete series representations of Sp(4,R) to SO(4, 2) are middle
discrete series representations. We note that from [28, Proposition 22] and the above
result, the theta lifts of holomorphic discrete series representations of Sp (4,R) to
O(3, 1) and O(1, 3) are zero.

For a discrete series representation corresponding to Σ+
ii , its Harish-Chandra

parameter is given by (Λ1,Λ2) with Λ1 > −Λ2 > 0. Thus, by [28, Theorem 15],
the theta lifts of this representation are nonzero for the following four orthogonal
groups

O(2, 2), O(3, 3), O(4, 2), O(2, 4)
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and, in particular, the Harish-Chandra parameter of the theta lift to SO(4, 2) is
given by (Λ1, 0,−Λ2). Since this parameter corresponds to Ψ+

1 , we see that the theta
lifts of generic discrete series representations of Sp(4,R) to SO (4, 2) are generic
discrete series representations.
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pp. 87–123, DOI 10.1007/978-0-8176-4639-4 3. MR2402681 (2009e:22023)

[8] Wee Teck Gan and Atsushi Ichino, On endoscopy and the refined Gross-Prasad
conjecture for (SO5, SO4), J. Inst. Math. Jussieu 10 (2011), no. 2, 235–324, DOI
10.1017/S1474748010000198. MR2787690

[9] Wee Teck Gan and Gordan Savin, Real and global lifts from PGL3 to G2, Int. Math. Res.
Not. 50 (2003), 2699–2724, DOI 10.1155/S1073792803130607. MR2017248 (2004k:11079)

[10] Wee Teck Gan and Shuichiro Takeda, On Shalika periods and a theorem of Jacquet-
Martin, Amer. J. Math. 132 (2010), no. 2, 475–528, DOI 10.1353/ajm.0.0109. MR2654780

(2011e:11091)
[11] Wee Teck Gan and Shuichiro Takeda, The local Langlands conjecture for Sp(4), Int.

Math. Res. Not. IMRN 15 (2010), 2987–3038, DOI 10.1093/imrn/rnp203. MR2673717
(2011g:22027)

[12] Wee Teck Gan and Shuichiro Takeda, The local Langlands conjecture for GSp(4), Ann. of
Math. (2) 173 (2011), no. 3, 1841–1882, DOI 10.4007/annals.2011.173.3.12. MR2800725
(2012c:22019)

[13] Wee Teck Gan and Shuichiro Takeda, Theta correspondences for GSp(4), Represent. Theory
15 (2011), 670–718, DOI 10.1090/S1088-4165-2011-00405-2. MR2846304 (2012h:22021)

[14] David Ginzburg, Stephen Rallis, and David Soudry, Periods, poles of L-functions and
symplectic-orthogonal theta lifts, J. Reine Angew. Math. 487 (1997), 85–114. MR1454260
(98f:11046)

[15] Michael Harris and Stephen S. Kudla, Arithmetic automorphic forms for the nonholomorphic
discrete series of GSp(2), Duke Math. J. 66 (1992), no. 1, 59–121, DOI 10.1215/S0012-7094-
92-06603-8. MR1159432 (93e:22023)

http://www.ams.org/mathscinet-getitem?mr=2254643
http://www.ams.org/mathscinet-getitem?mr=2254643
http://www.ams.org/mathscinet-getitem?mr=2219256
http://www.ams.org/mathscinet-getitem?mr=2219256
http://www.ams.org/mathscinet-getitem?mr=0579172
http://www.ams.org/mathscinet-getitem?mr=0579172
http://www.ams.org/mathscinet-getitem?mr=850776
http://www.ams.org/mathscinet-getitem?mr=850776
http://www.ams.org/mathscinet-getitem?mr=1353315
http://www.ams.org/mathscinet-getitem?mr=1353315
http://www.ams.org/mathscinet-getitem?mr=3105856
http://www.ams.org/mathscinet-getitem?mr=2402681
http://www.ams.org/mathscinet-getitem?mr=2402681
http://www.ams.org/mathscinet-getitem?mr=2787690
http://www.ams.org/mathscinet-getitem?mr=2017248
http://www.ams.org/mathscinet-getitem?mr=2017248
http://www.ams.org/mathscinet-getitem?mr=2654780
http://www.ams.org/mathscinet-getitem?mr=2654780
http://www.ams.org/mathscinet-getitem?mr=2673717
http://www.ams.org/mathscinet-getitem?mr=2673717
http://www.ams.org/mathscinet-getitem?mr=2800725
http://www.ams.org/mathscinet-getitem?mr=2800725
http://www.ams.org/mathscinet-getitem?mr=2846304
http://www.ams.org/mathscinet-getitem?mr=2846304
http://www.ams.org/mathscinet-getitem?mr=1454260
http://www.ams.org/mathscinet-getitem?mr=1454260
http://www.ams.org/mathscinet-getitem?mr=1159432
http://www.ams.org/mathscinet-getitem?mr=1159432


86 KAZUKI MORIMOTO
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