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FROM WEYL GROUPS TO SEMISIMPLE GROUPS

G. LUSZTIG

ABSTRACT. In this paper we show, using ideas from the theory of total pos-
itivity, how a number of properties of a semisimple group over the complex
numbers can be presented purely in terms of the Weyl group. We also describe
some new connections of the theory of canonical bases with total positivity.

1. In this (partly expository) paper we show (using ideas from the theory of total
positivity) that many concepts related to a semisimple group G over C of simply
laced type can be presented purely in terms of the Weyl group. This paper contains
also a few new results. For example, we give a new characterization of the invo-
lution ¢ studied in [L97] in connection with the totally positive flag manifold. In
Section [[2 we show that the canonical basis [L90] of a finite dimensional irreducible
representation of G can be indexed by a set which appears in the theory of total
positivity (and whose definition involves the Z-version of ¢).

In [A3] we show that the totally positive flag manifold has something close to a
base point (a closed subset of dimension equal to the rank of G).

In[A4]we describe a new (conjectural) connection of the theory of canonical bases
with total positivity.

2. We first define the Weyl group following Coxeter. (For simplicity we restrict
ourselves to the simply laced case.) Consider a finite connected graph with set
of vertices I’ and with edges denoted by i — —j such that there exists a function
h:I' — Z-o with the following properties:

(1) for any i € I’ we have h(i) = (1/2) >

(2) h(i) =1 for some i € I'.
Let I be the graph obtained from I’ by removing one ¢ € I’ such that h(i) = 1.
Coxeter has shown that the resulting graphs are exactly those that appear in the
classification of (simply laced) simple Lie algebras.

Here is an example of the graph I’ with the harmonic function h:

12345642

jeri——j h(j) (harmonicity),

The edges are pairs of numbers written next to each other. The graph I (said to
be of type Eg) with the restriction of h is
2345642

In the rest of this paper the graph I is fixed. Let E be the Q-vector space with basis
{&y;i € I'}. For i € I we define an automorphism s; : E — E by &; — &; — ai;&;
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where a;; is 2if ¢ = j, is —1if i — —7, and is 0 if ¢ # j don’t form an edge of I. Let
W be the group of automorphisms of F generated by {s;;¢ € I}. This is the Weyl
group. It is finite. For w € W we can write w as a product of s;; the minimum
number of factors in such a product is denoted by |w|. For example |1| = 0; at the
other extreme there is a unique w € W for which |w| is maximum; we denote it by
wo and we set v = |wg|. Let i + i' be the involution of I such that wys;wy = s;
for all ¢ € I.

3. It is known that to our graph (or to W) corresponds a simply connected semisim-
ple algebraic group G over C. Now G has two important (unipotent) subgroups,
U*T,U~. (For example to the graph with I = {i,j} and with ¢ — —j corresponds
the algebraic group SL3(C) and U+, U~ is the group of upper triangular or lower
triangular matrices with 1 on diagonal; in this case, W is the symmetric group in
3 letters.) We would like to show how to construct G from W. We will first try
to construct U, U~ from W. A similar method applies to the full G but this case
will be only sketched.

4. Let Us( be the semigroup with generators {i*;i € I,a € R} and relations
(similar to those of a Coxeter group):

%% = %t for i € I, a,b in Ryg;

iajbic = jbe/(ate)jatejab/ate) if g0 = —1 a,b,c in R

i%5% = j%% if a;; = 0, a,b in Rxo.

There is a unique semigroup anti-automorphism ¥ : Usg — Uso such that
U(i%) =4 for all i € I,a € R~g. We have ¥? = 1.

Let Z be the set of all sequences i = (41,...,%,) in I such that wo = s;, ...s;
For i € T we define s; : Ry = Usq by

e

_ $C .__ ;C1.C2 -C.
c=(c1,...,¢,) — i =41 57 .. 0r.

v

One can show that this map is injective and its image is independent of the choice
of i. We denote this image by Usg. It is closed under multiplication in Us( and is
stable under V.

Let N(Zy,...,Z,) be the set of rational functions (coefficients in Q) in the

indeterminates Z1, ..., Z, which are of the form P(Z,...,2,)/P'(Z1,...,2,)
where P and P’ are (nonempty) sums of monomials in 7y, ..., Z,.
Ifi€ Z,i’ € Z, then by [L94], r; 'ky : R%y — RY, is of the form
(@) (z1,...,20) = (m1(z1,. oy 20)y ooy mu(21, .0y 20))
where
(b) each my, ..., m, belongs to N(Zy,...,2,).
It follows that ;" iy can be regarded as a birational equivalence C¥ —— > C”. Let

O[C¥] be the algebra of regular functions C¥ — C and let O(C") be the quotient
field of this algebra. Now r; 'ky induces a field isomorphism O(C") — O(CY)
denoted by (k; ki)« (it is given by sending an element of O(C¥) to its composition
with #; 'ky). Let O[U] be the set of all (f;)iez where f; € O(CY) satisfy:

(k; 'wi)w(fr) = fi for any i, in Z;

fi € O[C”] for any i € T.
This is a commutative algebra in an obvious way. The following result was conjec-
tured in [LI9, §6] and proved in [FL21].
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(c) O[U] is the algebra of regular functions O[U] on a unipotent algebraic group
U over C.

Note that any element of Us( gives rise (via evaluation) to an algebra homomor-
phism O[U] — C; thus Usq can be regarded as a subset of U. The multiplication
on U extends that on Us( and this defines it uniquely (by the requirement that it
is regular). Now U is the same as U in Section Bl

5. Let O[U]>¢ be the set of all (fi)iez in O[U] such that for any i € Z, the function
C¥ — C given by (c1,...,¢,) — fi(c1,...,¢,) is a polynomial in (cy,...,c,) with
coefficients in R>¢. Note that O[U]> is closed under addition, under multiplication
and under scalar multiplication by elements in R (but not under substraction).

One can also define O[U]%, as the subset of O[U] consisting of all R>o-linear
combinations of the elements in the dual canonical basis [[90] (at parameter 1)
of O[U]; from the positivity properties of the canonical basis one can deduce that
O[U]%, C O[U]>o. It would be interesting to prove the reverse inclusion. (See [A4]
in the Appendix for an attempt in this direction.)

6. The semigroup &(Rq) defined in [L19] 2.10] by generators i%,i%, —i® (i € I,a €
R.) and certain relations will be denoted here by G>¢. We write G5 for the
subset of G>¢ which in [L19, 2.19] is denoted by &(Rs0)w,,—w,; this is a sub-
semigroup of G>g. Let M = 2v + |I|. In [LI9, 2.13(b)] a family of bijections
Oy : R% — G>¢ is described. Here h runs over a certain set of sequences with M
terms; we will take h to be a sequence of a special kind, that is either:

- the first v terms form a sequence in Z; the last v terms form a sequence in Z
(with the sign — attached) and the middle |I| terms form a list of the elements of
I (underlined), or

- the first v terms form a sequence in Z (with the sign — attached); the last v
terms form a sequence in Z and the middle |I| terms form a list of the elements of
I (underlined).

These sequences form a finite set H. The compositions 6 ‘0 : RY — R
(with h,h’ in H) satisfy a property similar to @ It follows that 9,;1911/ :
RY) — R, can be regarded as a birational equivalence C” x (cHI xcv — - >
C¥ x (C*)I x C¥. Let O[C¥ x (C*)l x C¥] be the algebra of regular functions
CY x (C*)II x C¥ — C and let O(C” x (C*)| x C¥) be the quotient field of
this algebra. Now 6, 6y, induces a field isomorphism O(C¥ x (C*)I!l x C¥) —
O(C¥ x (C*)II x C¥) denoted by (6;,'6n). (it is given by sending an element of
O(CY x (C*)l x C¥) to its composition with 6}, '0n/). Let O[G] be the set of all
(fu)ner where fi, € O(CY x (C*)Il x C¥) satisfy:

(05, 00 )« (fur) = fu for any h,h’ in H;

fu € O[CY x (C*)I x C¥] for any h € H.
This is a commutative algebra in an obvious way. The following result was conjec-
tured in [L19, §6] and proved in [FL21].

(c) O[G] is the algebra O[G] of regular functions on a semisimple simply con-
nected algebraic group G over C.

Note that any element of G~ gives rise (via evaluation) to an algebra homomor-
phism O[G] — C; thus Gs¢ can be regarded as a subset of G. The multiplication
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on G extends that on G~ and this defines it uniquely (by the requirement that it
is regular). Now this G is the same as G of Section Bl

Let O[G]>¢ be the set of all (fu)nen in O[G] such that for any h € H, the
function C¥ x (C*)!l x C¥ — C given by (c1,...,ca) = fulcr,...,car) is an
R>¢-linear combination of functions (c1,...,cp) — c’fl . c’fv}‘/’ where k1, ..., ky
are integers of which the first v and the last v are > 0. Note that O[G]>¢ is closed
under addition, under multiplication and under scalar multiplication by elements
in R>¢ (but not under substraction).

One can also define O[G]%, C O[G] as the subset of O[G] consisting of all R>o-
linear combinations of the elements in the dual canonical basis (at parameter 1)
of O[G]; it would be again interesting to compare it with O[G]>¢. (See[AHin the
Appendix for an attempt in this direction.)

One can define similarly the subset O[G/U~]|>o of the coordinate algebra
O[G/U~] of G/U~ in terms of the description of the algebra O[G/U~] conjectured
in [L19] §6] and proved in [FL21]. Recall that

O[G/UT] = @reniOIG/UT

where O[G/U~]* are the irreducible finite dimensional representations of G. We
define

O[G/UT13y = O[G/UTI* N O[G/U ] 0.

Then O[G/U~]3, is a subset of O[G/U~]* closed under addition, under scalar
multiplication by elements in R>( and under the action of G>g. It would be again
interesting to compare this subset with the subset of O[G/U~]* consisting of all
R>p-linear combinations of the elements in the dual canonical basis (at parameter

1) of O[G/U).

7. Now let K be a semifield, that is a set with two operations: 4+, x such that
K is an abelian group with respect to X, an abelian semigroup with respect to +
and such that the distributivity law (a + b)c = ac + bc is satisfied. Here are three
examples of semifields.

(i) K = Rso with the usual +, x;

(ii) K = Z with the semifield structure in which the sum of a, b is min(a, b) and
the product of a,b is a + b;

(i) K = {1} with1+1=1,1x1=1.
Ifi € Z,i’ € T and if we take (z1,...,2,) € K", then (in view of B{b)), the right
hand side of makes sense as an element of K", so that defines a map
(5 'k )i+ KY — KV (which is inverse to (s '#:)x hence is a bijection).

1

Let Uk be the set of all (&)iez where & € K” satisfy:
(k; ki) i (&) = & for any 1,1’ in Z.

Note that if i € Z, then i defines a bijection K¥ = Uy whose inverse is (&y)yver —
&. We denote this bijection by ¢ — i®>. We have Ur., = Us¢. From the definitions
we see that the semigroup structure on Us( induces a semigroup structure on Ug.

There is a well defined involution Vg : Ux — Uk given by (&)iez — (&)iez
where for i = (i1,...,4,) € T we have & = (¢1,...,¢,) whenever &, ;, =
(cy,...,c1). This is an anti-automorphism of Uk; when K = Ry, it coincides
with the restriction of ¥ : Usg — Usg (in Section ) to Uso.
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8. For p = (p;) € K! we define a bijection S, : Ux — Uk by

(&)iez = (&)iez
where & is obtained by multiplying & by (pi,,Piss - - -, Pi,) (component by compo-
nent in K) where i = (41,...,%,). See [L19] 4.3(a)]. From the definitions we have
S, U = UgS,.
We define an element u(1) € Uk as follows. Let i € Z. For k € [1, v] we have

Si1Sig o+ Sip_4 (dzk) = Zriykdi
i€l
where 7, € N. Let r;, = Y7, 7k € Zso. Let ¢ = (r,7h,...,7,) € K. As
in [L94] 11.2] we see that i® € Uk is independent of the choice of i; we denote it
by u(1). We define ¢ = (¢;) € K by ¢; = Eke[l,u] rik € Zso C K; this is also
independent of the choice of i.
We define an imbedding K — Uk by p — u(p) := Sp(u(1)).

9. For ¢ = (¢1,¢2,...,¢,) € K¥ and ¢ € K we set .c = (ccy,¢9,...,¢,) € K¥. For
any ¢ € I, c € K there is a unique bijection T; . : Ux — Uk such that T; (i) = i-®
for some/any i = (i1,...,4,) € Z such that ¢y = ¢ and any ¢ € K" (see [L97, 2.3]
for the case K = Z and [L.19, 2.16] for a general K).

We regard Uk as the set of vertices of a graph in which u # «’ are joined if
uw =T, .(u) for some ¢ € I,c € K. We have the following result.

(a) If K = R, this graph is connected.

The proof is given in the Appendix, see[A2l (An analogous result in which R~ is
replaced by Z in appears in [L97), 2.8].)

10. We have the following result. (An analogous result in which R is replaced
by Z in [{(ii)| appears in [LI7, 2.9].)

(a) There is a unique bijection ¢ : Usg — Usq such that

(i) Tie¢p = ¢TIy -1 for alli € I,c € Rso,

(i) ¢(u(1)) =u(g™).
The existence is proved in the Appendix, see[ATl The uniqueness of ¢ follows from
D(a)| »

For example, if I = {i}, then ¢ is given by ¢ — ¢ ; if I = {i,j} with ¢ — —j,
then ¢ is given by

iajbic — ia/c(a+c)j(a+c)/abl~1/(a+c) _ jc/abil/c.jl/b.

11. The results in this subsection are based on the identification of ¢ in Section [I0]
with the bijection with the same name in [L97] (see the proof in[AT). For p € RL,
we have S,¢ = ¢S,-1. (See [L19, 4.3(d)].) It follows that ¢(u(p)) = u(g~'p~1).
We have ¢? =1 (see [L19, 4.1]).

From [L97, 3.4] it follows that if i € Z,i’ € Z, then s; '¢ry : R%, — RY, is of
the form

(21, -y z0) = (p1(z1, -, 20)s ooy (21,05 20))

where each p1, ..., p, belongs to N(Zy,...,Z,). It follows that if K is a semifield,
this map gives rise to a map K¥ — K" which can be viewed as a bijection Ux — Ug
(denoted by ¢ ) which does not depend on the choice of i,i’.

We have ¢% = 1. Since for p € K we have Sp¢x = ¢rSp—1, we see that

(SpoK)? = 1.
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We set ¢ = VoV : Uy — Uk, (Vg as in Section[7)). For p € K1 we have
Spdle = ¢ Sp-1, hence (Spdl)? = 1.

12. We now assume that K = Z is as in For ¢ € I we define z; : Uz — Z by
zi((&)iez) = ¢ where & = (c1,...,Cp—1,¢,) is defined in terms of i = (iq,...,4,) €
7 such that ¢, = 4. (It is easy to see that z; is well defined.)

Let Un be the set of all (&);ez € Uz such that for any i € Z, & is not only in
Z" but actually in N¥. (Note that, if §& € N¥ for some i, then & € NY for all i, see
[L19, 2.14].)

Let A = (Mi)ier € NI Now Sy : Uz — Ugz is defined as in Section B since
A € Z'. Tt is known that A indexes a finite dimensional irreducible representation
V of G (in Section [B]) with a canonical basis [L90] in natural bijection with

Unyi={x € Un;zi(z) < \; for all i € T}
Let
U{\L)\ = {I S UN;S,\(bz(fE) S UN}.
We shall prove the following result which appears as a conjecture in [L19, 8.2(b)].
(a) We have Unx = Uy y-
We shall write ¢ instead of ¢z. From [LI7, 4.9] (see also the errata in [L17, #130])
we have
(b) Sx¢: Unx — Una-
Since Un,x C Un, it follows that Unx C Ul’\L/\. Now let = € Ul’\w\. We set
& = S\¢(x) € Un. Define pn = (p;) € N' by p; = 2;(&). We have & € Un,,.. By[(b)]
(for p instead of ) we have £ = S,¢(y) for some y € Un,,. Now Sxo(z) = S,0(y)
hence ¢(S_x(x)) = ¢(S—,(y)) so that S_»(z) = S_,(y) and = Sy_,(y). We have
zi(x) = Ni—pi+2i(y). Since y € Un ., we have z;(y) < p;, hence \j—p;+2;(y) < A
and z;(z) < A;. We see that © € Un,x. This proves@
Let
Ul/\ll,)\ = {,T c UN,S)\(]S/Z(JJ) S UN}
We have a bijection Uy, — Uy given by z — Wz(z). (Note that ¥z preserves
Un.) Thus Uy y can be identified via Uz with Uy ,.
In particular we have

(¢) dim(Vx) = #(Uxnz) = 8(UX »)-
Earlier formulas for dim(V)) were given by Weyl (as a quotient of two positive
integers) and by Kostant (as a difference of two integers); in both of these formulas
the result was not obviously a positive integer. On the other hand, last expression
in is either a positive integer or co. Combining any two of these three formulas
shows that the result is a positive integer.

APPENDIX

A1l. In this subsection we give a proof of the existence part of Let G (over
C) be as in Section Bl Let g be the Lie algebra of G. We assume given a maximal
torus T' of G and a pair BT, B~ of opposed Borel subgroups of G containing T
with unipotent radicals U+, U~. For i € I we consider homomorphisms z; : C —
Ut,y; : C— U~ such that (T, BY, B, x;,vy;;4 € I) is a pinning for G. Define e;, f;
in g by exp(ae;) = x;(a),exp(af;) = yi(a) for all a € C. Let h; = [e;, f;]. Thereis a
unique semigroup imbedding Uso — U™, u — u™, given by i¢ — x;(c) for any ¢ € I
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and any ¢ € Ryo. There is a unique semigroup imbedding Us¢o = U™, u — u™,
given by i¢ — y;(c) for any ¢ € I and any ¢ € Rxo.
By [L97], 3.3] there exists a unique bijection ¢ : Usg — Usg such that

(6(w)") " B p(u)” = (u") " BTu’
for all u € Usg. As stated in [L19) 4.2(a)], this ¢ satisfies (This follows

immediately from [L97, Lemma 3.6].) To verify that this ¢ satisfies it is
enough to show that

(¢(u(1)7)'BYo(u(1))” = (u(g™") ) "Bru(g™)”
or equivalently that
(w)")'B u()T = (u(¢ ")) ' BTu(g ).
According to the conjecture [L94, 11.4(a)] (with all p; = 1), proved in [FLI7], we
have u(1)* = exp(_;cs giei) (with g; as in Section[§). The same proof applied with
e;, f; replaced by q[lei,qifi shows that u(¢~1)* = exp(_;cs ei) hence ulg™h) ™ =
exp() ;¢ fi). Thus we are reduced to proving
exp(— e aiei) g— — exp(— X,er fi) gt

or, setting w = 3, qies,w' = >, fi, that
(a) exp(w’) exp(—w) B~ exp(w) exp(—w') = B™.

Here for g € G, B € B we write 9B instead of gBg~'. We have [w,w'] = >, ¢ih;.
We show that [[w,w'],w] = 2w, [[w,w'],w'] = —2w" or equivalently that

Z qiqjai;e; = 2 Z qici, — Z qiaijfj = =2 Z fi

i, icl 0. icl
or equivalently that >, ¢;a;; = 2. This follows from the definition of ¢;. We
see that w,w’, [w,w’] is an sly-triple. Hence the subgroup of G with Lie algebra
Cw & Cw’ @ Clw,w’] is isomorphic to SLy(C) or PGLy(C). By a property of
SLy(C), we see that Ad(exp(w’) exp(—w)exp(w’)) maps the line spanned by w’ to
the line spanned by w. Since w is regular nilpotent in Lie(B™), we see that BT
is the unique Borel subgroup whose Lie algebra contains w; similarly B~ is the
unique Borel subgroup whose Lie algebra contains w’. It follows that conjugation
by exp(w’) exp(—w) exp(w’) takes B~ to BT. Since exp(w’) € B, it follows that
@) holds. This completes the proof of the existence part of 1

A2. In this subsection we give a proof of We use notation in[ATl Let B be
the variety of Borel subgroups of G. If B € B, B’ € B we denote by pos(B, B’) the
relative position of B, B’ (an element of W, the Weyl group of G). Let G(R) be the
group of real points of G defined by the pinning and let B(R) be the orbit of BT
(or B™) under the adjoint action of G(R). If i € I, an i-circle in B(R) is a subset L
of B(R) other than a point such that for any B # B’ in L we have pos(B, B') = s;.
Let
Boo={"" B jueUso} = {* BTiueUsg}.
(The last equality follows from [L94].) This is an open subset of B(R).
Let u # ' in Usg and i € I be such that

(a) pos(* Bt,* BT)=s,.
We show that
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(b) ¥(u') =T;,%(u) for some a € Rsg, (¥ as in Section M.
Now (u~!u/)~ is in the intersection of U~ with the parabolic subgroup generated
by BT and by y;(C) hence is in y;(C). It follows that (u')~ = u~y;(c) for some
¢ € C (which is necessarily in R — {0}). If ¢ > 0 we deduce ¥(u') = i°¥(u), from
which [(b)] follows immediately. If ¢ < 0 then v~ = (u/)~y;(—c) with —¢ > 0 which
implies W(u) = i~°¥(u’) and again[(b)| follows. (Conversely, it is easy to show that
if [(b) holds then [(&)] holds.) Note also that if ¢ > 0 then {wuilIBH 0 < ¢! <c}is
contained in B¢ and in an i-circle and it contains both “~ BT, '™ BT if ¢ < 0 then
{“lfyi(C/)B*‘;O < ¢ < —c} is contained in Bs( and in an i-circle and it contains
both *~ B+, %~ BT. We see that the intersection of any i-circle in B(R) with Bsg
is either empty or connected. (If it is nonempty, this intersection is called a half
i-circle.)

We define a graph structure on B in which B # B’ in Bsq are joined if for
some i € I, we have pos(B, B’') = s; or equivalently if B, B’ belong to the same
half i-circle. We have the following result.

(¢) This graph on Bsg is connected.

Since @ implies we see that to prove it is enough to prove
We first verify the following statement.

(d) Let i = (i1,...,4,) € Z. If B € By, then for any B’ € B sufficiently
close to BT there is a unique sequence B’ = By, By, ..., B, = B in By such that
pos(Bo, B1) = si,,pos(B1, B2) = siy,...,pos(By_1,B,) = s;

We have B =% BT where u € Usy.
If ' € Usg is such that «'~ is sufficiently close to 1 then:

(i) pos(B, )" Bt) = wy and

(i) (v'~tu)” € UZ,.
Indeed, for u'~ close to 1, holds since u™ € US, and UJ, is open in the group
of real points of U~. Also, we have pos(B, BT) = wg so that for u/~ close to 1,
holds (we use that ()" Bt is close to BT hence is contained in the open subset
{B; € B;pos(B,B1) =wg} of B).

We write (v ~*u)™ = y;, (c1)...v:, (c,) where cq, ..., ¢, are in Rsg. We set

e

By = (71/)73-"—7 By = (U/)fyil(cl)B-‘r, By = (ul)iyil(cl)yiz(CZ’)B'f" s
B, = (u') " yiy (1) ma, (e0) B+

For k=0, 1,2, ..., v we have u'y;, (c1) ... yi, (cx) € USUsy C UZ, hence By,
By, ..., B, are in Bsg. Note that B, =% Bt = B. We have
pos(By, B1) = pos(B*,¥1(¢)BY) = 51, pos(By, By) = pos(Bt,¥2(2) Bt) = 55,

pos(B,_1,B,) = pos(BT, ¥ (@) Bt) = 5,

This proves the existence in @ The uniqueness is obvious.

We now prove . Let B # B in Bsg. If B’ € By is sufficiently close to BT
then by |(d)l B can be joined with B” through a sequence of edges of our graph and
B can be Jomed with B’ through a sequence of edges of our graph. Thus B, B are
in the same connected component of our graph. This completes the proof of -
hence that of
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A3. Let p € RL,. From the equality ¢(u(p)) = u(g 'p~*) (see Section [I)) and
the equality (¢(u)™) Bt é(u)” = (uT) B~ ut for u € Usg we deduce

(u(p)*) " B ulp)™ = (u(g~'p~") ") ' BTulg 'ph) "
Applying the antiautomorphism of G which keeps each z;(a),y;(a) fixed (hence
keeps u(p)™, u(p)~ fixed), we deduce

u(p) "B~ (u(p) ")t =ulg~'p~") "B (u(gpH) )
It follows that

(""" BripeRL} = """ B ip e RLo)

The two sides of this equality form a (closed) subset B, of B which is a single

orbit under a (free) RL -action on Bsg. This subset is the closest we can come to
having a base point of Bs.

A4. In this subsection we assume that I = {i,5}, ¢ — —j. In this case the vector
space O[U] in Section ] consists of all pairs [II; II'] where II and IT' are polynomials
in the indeterminates a, b, ¢ with coefficients in C and we have

[(bc/(a+c),a+ c,ab/(a+c)) =1 (a,b,c).
The following are examples of pairs in O[U]:

figh = [V ((be/(a+ ) (a+ ) (ab/(a + ¢))¥]
(a) = [a'b’ cF; Z (j _;_ k) o Ry

B R in Nih/+h! =j—i—k
with 4,4,k in N, j > i+ k,
fijw = [((be/(a+c))'(a+c) (ab/(a+c))*;a'tc"]

| — 1 — k ’ . "oy .
(b) = (.7 . )ah itk +i. azbyck]
BB in N3h/+h! =j—i—k
with 3,7,k in N, j > i + k.
(c) These pairs are distinct except for the equality f; jx = f;. ;; when j =i+ k.

We show that they are linearly independent. Indeed, O[U] = O[U] is a direct sum of
weight spaces coming from a (C*)%-action on U and indexed by pairs (m,n) € N2.
The pair f; ;x is in the weight space indexed by (i + k,j) and the pair f; , is in
the weight space indexed by (j,i + k). Hence the pairs @), () in a given weight
space are all of type (@) or all of type (b). But the pairs of type (@) are linearly
independent (since their first component are clearly linearly independent) and the
pairs of type () are linearly independent (since their second component are clearly
linearly independent). Thus the pairs @), (b) (with the identification are
linearly independent. We can verify that the number of pairs @), (0 in a given
weight space is equal to the known dimension of that weight space. It follows that
the pairs (@), (@) (with the identification form a basis of O[U] = O[U].

Let O[U]Z, be the set of R>¢-linear combinations of pairs in (@), (D). Since each
pair in @), (B) belongs to O[U]>o, we have O[U]%, C O[U]so. Conversely consider
a pair [z;2'] € O[U]>o. Then the projections of [x;2'] to the various weight spaces
of O[U] are also in O[U]>o. Hence to prove that [z;2'] € O[U]Z, we can assume
that [z;2'] is in a weight space of O[U] (and in O[U]sq). Thus we have either

(1) [z32'] = X ;5ipk Cigkefih OF
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(ii) [z;2'] = Zj21‘+k C;,j,kfi/?j7k
with ¢; jx € C, ¢, € C. If[[] holds then

T = E ci,j7ka’bjck

J>itk
and since [z; 2] € O[U]>¢ we must have ¢; ;1 € R>o. Ifholds then
= Z ¢ jpa'b
Jj>i+k
and since [z;2] € O[U]>o we must have c; ;;, € R>o. We see than in either case
we have [x;2'] € O[U]Y,,. Thus we have O[U]>o = O[U]Z,.

One can show that under the identification O[U] = O[U] in the pairs (@),
(B) form precisely the dual canonical basis [L90] (with parameter 1). It follows that
in this case we have O[U]>¢ = O[U]%, (see Section []). We see that (at least in
this case) the dual canonical basis of O[U] can be recovered (up to multiplication
by scalars in R~q) without using the theory of quantum groups and without inter-

section cohomology: it is the only basis of O[U] (up to multiplication by scalars in
R ) such that the set of R>¢-linear combination of its elements is exactly O[U]>o.

A5. In this subsection we assume that I = {i}. In this case the vector space O[G]
in Section [f] consists of all pairs [II;II'] where II and II' are polynomials in the
indeterminates a, b, b~ ', ¢ with coefficients in C and we have

H(a, bt ¢) = I (c/(ac + b*),b/(ac + b*),a/(ac + b*)).
The following are examples of pairs in O[G]:

gijn = [a'b77 " (c/ (ac+ b)) (b/ (ac + b)) (a/ (ac + b))
(a) — [aibfjck; Z <—i —J- k) ak+h’bj+2h”ci+h’]

h/
R, in N3h/+h/ =—i—j—k
withi,kinN,je€Z, —i—j—k>0,
9igw = [(e/(ac+072))" (b7 /(ac +b72)) (a/(ac +b7%))"; a't ]
(b) =] Z aPcpH TR (qb? e 4 1) T IR 6l )
R, in Nih/+h/'=—i—j—k

with i,k in N, j € Z, —i —j — k > 0.

(c) These pairs are distinct except for the equality g; jx = g} ;; when i+j+k =
0.
One can verify that the pairs @), (B) (with the identification form precisely

the dual canonical basis (with parameter 1) of O[G] = O[G]; these pairs are clearly
in O[G]>0 and one can verify that O[G]>o = O[G]%,,.
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