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GENERALIZED WHITTAKER FUNCTIONS AND JACQUET
MODULES

NADIR MATRINGE

ABSTRACT. Let F be a non-Archimedean local field and G be (the F-points
of) a connected reductive group defined over F. Fix Uy to be the unipotent
radical of a minimal parabolic subgroup Py of G, and ¥ : Uy — C* be a
non-degenerate character of Up. Let P = MU 2O Py be a standard parabolic
subgroup of G so that the restriction ¥ of ¢ to M NUy is non-degenerate. We
denote by W(G, ) the space of smooth ¢-Whittaker functions on G and by
We(G, ) its G-stable subspace consisting of functions with compact support
modulo Up. In this situation Bushnell and Henniart identified W, (M, 1/1;41) to
the Jacquet module of W.(G,%~1) with respect to P~ (Bushnell and Hen-
niart [Amer. J. Math. 125 (2003), pp. 513-547]). On the other hand Delorme
defined a constant term map from W(G, ) to W(M,1pr) which descends to
the Jacquet module of W(G, ) with respect to P (Delorme [Trans. Amer.
Math. Soc. 362 (2010), pp. 933-955]). We show (as we surprisingly could not
find a proof of this statement in the literature) that the descent of Delorme’s
constant term map is the dual map of the isomorphism of Bushnell and Hen-
niart, in particular the constant term map is surjective. We also show that the
constant term map coincides on admissible submodules of W(G, ) with the
inflation of the “germ map” defined by Lapid and Mao [Represent. Theory 13
(2009), pp. 63-81] following earlier works of Casselman and Shalika [Composi-
tio Math. 41 (1980), pp. 207-231]. From these results we derive a simple proof
of a slight generalization of a theorem of Delorme and Sakellaridis—Venkatesh
([Ast’erisque 396 (2017), pp. viii+360] for quasi-split G) on irreducible dis-
crete series with a generalized Whittaker model to the setting of admissible
representations with a central character under the split component of G, and
similar statements in the cuspidal case (also generalizing a result of Delorme)
and in the tempered case. We also show that the germ map of Lapid and
Mao is injective, answering one of their questions. Finally using a result of
Vignéras [Contributions to automorphic forms, geometry, and number theory,
Johns Hopkins Univ. Press, Baltimore, MD, 2004, pp. 773-801] and recent
results of Dat, Helm, Kurinczuk, and Moss [Finiteness for hecke algebras of
p-adic groups, larXiv:2203.04929, 2022], we show in the context ¢-adic repre-
sentations that the asymptotic expansion of Lapid and Mao can be chosen to
be integral for functions in integral G-submodules of W(w, %) of finite length.

1. INTRODUCTION

Whittaker functions and their various generalizations play an important role in
the representation theory of p-adic and real groups, in particular due to the fact
that they appear naturally as a local analogue of Fourier coefficients of automorphic
forms. In this paper F is a non-Archimedean local field and G be (the F-points
of) a connected reductive group defined over F. We fix Uy the unipotent radical
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of a minimal parabolic subgroup Py of G, and % : Uy — C* be a non-degenerate
character of Uy. Let P = MU O P, be a standard parabolic subgroup of G so
that the restriction s of 1 to M NUp is non-degenerate. We denote by W(G, 1)
the space of smooth -Whittaker functions on G and by W,(G,v) its G-stable
subspace consisting of functions with compact support modulo Uy. In this situation
Bushnell and Henniart identified W, (M, w;/ll) to the Jacquet module of W,.(G,¢™1)
with respect to P~ the parabolic subgroup of G such that PN P~ = M ([1] 2.2
Theorem)], see Section B3)). On the other hand Delorme defined a constant term
map from W(G, 1) to W(M, 1ps) which descends to the Jacquet module of W(G, )
with respect to P (6] Definition 3.12], see Section 3:2]). Both maps have simple
characterizations as shown by the authors of [I] and [6] repsectively, and this allows
us to compare them without too much effort. In fact we prove in Theorem [£.1]
(as we could not find a proof of this statement in the literature, though it might
be known to experts) that the descent of Delorme’s constant term map is the
dual map of the isomorphism of Bushnell and Henniart, in particular the constant
term map is surjective and its descent identifies the Jacquet module of W(G, ¥)
with respect to P to W(M, ). We also show in Theorem that the constant
term map coincides on admissible submodules of W(G, v) with the inflation of the
“germ map” defined by Lapid and Mao in [9] following earlier works of Casselman
and Shalika from [3]. From these results we derive in Theorem a very quick
proof of a generalization of a theorem of Delorme [7, Théoréme 9] and Sakellaridis—
Venkatesh ([IT, Corollary 6.3.5] where G is assumed to be quasi-split) on irreducible
discrete series with a generalized Whittaker model to the setting of admissible
representations with a central character under the split component of G. We get
similar statements in the cuspidal and tempered case, generalizing [7, Théoréme 10]
in the cuspidal case. Theorem also shows that the germ map of Lapid and Mao
is injective, answering [, Question 3.2]. After restating the asymptotic expansion
of Lapid and Mao for functions in admissible submodules of W(m, ) (Theorem
[C1]), we finally show in Theorem in the context of f-adic representations that
the asymptotic expansion in question can be chosen to be integral for integral G-
submodules of W(mr, 1) of finite length. This last result makes crucial use of results
of Vignéras from [13] and of the very recent work [4] (see Section B.1]).

2. NOTATIONS

2.1. Reductive groups. Here F' is a non-Archimedean local field with residual
characteristic p and normalized absolute value | |. We denote by G the F-points of
a connected reductive group defined over F'. We fix a minimal parabolic subgroup
P, of G, denote by Uy its unipotent radical, and fix a Levi subgroup My of P,. We
denote by Ap the F-split component of (the center of) My, the group My/A is
compact. The letter P will always denote a standard parabolic subgroup of G (i.e.
Py C P), we denote by M its standard Levi subgroup (i.e. M is the Levi component
of P containing Ag) and by U its unipotent radical. We will denote by Ajys the
split component of M, and by A}, the maximal compact (open) subgroup of Ajy.
We denote by P~ the parabolic subgroup opposite to P with respect to Ay, so that
PN P~ =M and we denote by U~ its unipotent radical, so that P~ = MU~. We
denote by A(Aus, P)g or most of the time by A(Ap, P) (resp. A(Ap, P7)) the
set of simple roots of A,y for its action on the Lie algebra of P (resp. P~). We set
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Ay = A(Ap, Py), and when P is a standard parabolic subgroup of G, we set
AP = A(Ag, M N0 Py)pr C Ay
For € > 0 we set
Ay (Pre)={a € Ay, |a(a)] <e,a e A(Apy, P)}
and
Ay (P e)={a€ Am, |afa)] <€, e A(Ay, P7)}
so that
a€ Ay (Pe) <= a 't € Ay (P e).
Note that A}, (P,1) € Aj (FPo,1). For 0 < e <1 we set

Ag ple) ={a € Ay, |a(a)| < efor a € Ag— Al and € < |a(a)] < 1 for a € ALY

We denote by Ky a maximal compact open subgroup in good position with
respect to (P, Py) (see [I0, V.2.1 and V.5.2] where the terminology is “Kjy is
adapted to Ay”, in particular the Iwasawa decomposition G = Py K holds) with its
family Q1(G) of open subgroups K having an Iwahori decomposition with respect
to (P, P7) for any standard parabolic subgroup P of G, and such that K N M has
the same property with respect to standard parabolic subgroups of M (containing
Py N M). It is known that Q(G) form a basis of neighborhoods of the identity
in G. For K € Q(G) and P = MU a standard parabolic subgroup of G we set
Ky=KnU, Ky- =KNU™ and K); = KN M so that K = KyK; Ky-. For
any a € Ay, (P,1) we have a ' Ky-a C K- and aKpy-a™! C Ky-.

2.2. Haar measures. If X is a totally compact locally disconnected space, we
denote by C°(X) the space of (complex valued) compactly supported locally con-
stant functions on X. If moreover X is a group, we denote by C*°(X) the space of
smooth functions on X (i.e. functions which are fixed on the right by a compact
open subgroup of X ) and C°(X) C C*°(X). We fix a right Haar measure dh on any
closed subgroup H of G normalized by the condition pu(H NKy) = 1. We denote by
0y : H — R+ the modulus character of H, which is determined by the fact that
dpdh is a left Haar measure on H. If P’ C P are two standard parabolic subgroups
of G then dpr = 6p on Ajps. Such choices fix a unique right invariant measure on

U\G such that
/G f(g)dg = /U . /U f(ug)dudg

for any f € C(G). The following integration formulas are valid for any f €
C*(U\G) and we will use them freely:

f(g)dg = / f(mk)dp(m)~ dkdm
U\G M J K,

and

/ f(g)dg:/ f(mu™)dp(m) dmdu~.
U\G MJUu-
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2.3. Smooth representations. We say that (7, V') is a smooth (complex) repre-
sentation of G if every v € V is fixed by some K € Qi(G). We say that it is moreover
admissible if VX has finite dimension for all (equivalently some) K € Qq(G). If 7
is a smooth representation of G, we denote by 7" its smooth dual. We denote by
1 a non-degenerate character of Uy [I, 1.2. Definition], and if P = MU 2 Py we
denote by ) its restriction to Uy N M which is non-degenerate as well by [1l 2.2.
Proposition]. We denote by

(.- Indf, (1)) or (pg 4, W(G, %))

the representation by right translation of G on the space of smooth (i.e. fixed on
the right by some K € Qi(Q)) functions from W : G — C satisfying W(ug) =
PY(u)W(g) for u € Uy, g € G. We denote by

(pG,p,indf, (¥ 1) or (pg,p, We(G,v™1))

the restriction of pf, p-1 1O the G-invariant subspace of functions with compact
support modulo Uy. This strange notation makes sense: the duality

(W' W)e = W' (9)W (g9)dg
Uo\G
for W' € indf} (') and W € Ind{j () identifies P& to (pay)Y. We will now
omit the subscript ¢ in pg ., and most of the time also omit the subscript G in p¢.

We say that £ in the algebraic dual V* of a smooth representation (7, V) of G is a
1)-Whittaker functional if

§(m(uo)v) = ¥(uo)é(v)

for ug € Uy, v € V. For example the map é. : W(G, 1) — C defined by W — W (e)
(where e is the neutral element of G) is a 1)-Whittaker functional on W(G, ¢») which
restricts non-trivially to any non-zero G-submodule of W(G, ).

3. PRELIMINARY RESULTS OF BUSHNELL—HENNIART AND DELORME

3.1. Delorme’s application of the second adjunction theorem. We recall
here the second adjointness theorem for smooth representations due to J. Bernstein
(which generalizes that of W. Casselman for admissible representations). We then
explain a consequence of it due to P. Delorme. For (m,V) a smooth (complex)
representation of G and P = MU a standard parabolic subgroup of G, we denote
by (rp(m),rp(V)) its non-normalized Jacquet module and by (Jp (), Jp(V)) its
normalized Jacquet module (the second being the smooth M-module obtained by
twisting the first by 5;1/ 2). We recall that Bernstein proved (following Jacquet
and Casselman in the admissible case) that if (7,V) is a smooth representation
of G and if K € Qq(G), then the map rp sends VE to rp(V)E™M surjectively
(see [10, VI.9.1 Théoreme]). More precisely we have Bernstein’s second adjointness
theorem as stated in [6, Lemma 2.1] (in [0, Lemma 2.1] the quantity ex below is
taken uniformly with respect to all smooth representations, but we don’t need to
know that this can be done).

Theorem 3.1. Let P be a standard parabolic subgroup of G and K € Qi(G). Let
(m, V) be a smooth representation of G, then rp(m)Y ~ rp_(7") for any smooth
representation w of G. Moreover one can take the M-invariant duality { , )p
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between rp_(nV) and rp(w) identifying rp_(7V) to rp(m)Y to satisfy the following
property: there exists 0 < ex < 1 such that for (v,v") € VE x (VV)E then

(1) (rp(m)(a)rp(v),rp-(v"))p = (r(a)v,v")

foralla € Ay (P, ex). The duality ( , )p is uniquely characterized by ( , ) and the
existence of ex such that [I)) holds for all a € Ay (P,ex) for every K € (G). If
moreover w is admissible, then { , )p is already uniquely characterized by ( , ) and

the fact that for (v,vY) € V x V'V, there exists 0 < € < 1 (depending on (v,v"))
such that () holds for all a € Ay, (P,e€).

Remark 3.2. The fact that ( , ) together with (Il characterize the duality ( , )p
follows from the following facts: for K € Qi(G) one has rp(VE) = rp(V)ENM,
rp- (VV)E) = rp (VV)ETM and rp(n)(a) is a linear bijection of 7p(V)E™M for
any a € A,;(P,ex) (one suffices). Together they imply that ( , )p is uniquely
determined on rp(V)EMM x rp (VV)EOM for all K € Q1(G), hence on rp(V) x
rp-(VVY). When 7 is admissible then the weaker assumption gives the existence
of an ex by considering the minimal value of the positive numbers e obtained for
the vectors in a basis of VX x (VV) hence is enough to characterize the duality

<7>P'

It will be convenient to reformulate Theorem [3.1] as follows.

Corollary 3.3. Let P be a standard parabolic subgroup of G and let (w,V) be a
smooth representation of G, then for all K € Q1(G) there exists ex > 0 such that

(2) (rp-(v),rp(7(a))rp(v”))p- = (v, 7" (a)v")

for all (v,vV) € VE x (VV)E and a € Ay, (P,ex). The duality (, )p- is uniquely
characterized by ( , ) and @) for all K € Qi(G). When 7 is admissible the duality
(, Yp- 1is already uniquely characterized by { , ) and the fact that for (v,vV) €

V x V'V, there exists 0 < e < 1 (depending on (v,v")) such that ) holds for all
a € Ay (Pe).

Delorme proves in [6, Theorem 3.4] a more general form of the following result.

Theorem 3.4. Let P = MU be a standard parabolic subgroup of G. Let (mw,V)
be a smooth representation of G and let £ € V* a - Whittaker functional. Then
there is a unique pr-Whittaker functional rp-(§) in rp-(V)* such that for any
K € 4(G), there exists 0 < e < 1 such that

(3) (rp(m)(a)rp(v),7p-(§)) = (m(a)v,§)

for all a € Ay;(Pex) and v € VE. When 7 is admissible, the map rp-(€) is
already uniquely determined by the existence for any v € V', of 0 < € < 1 such that
@) holds for all a € Ay;(P,€).

Remark 3.5. Uniqueness of rp—(£) again follows from the facts that rp(VE) =
VENM and that rp(7)(a) is a linear bijection of rp(V)E™M for any a € Ay, (P, ex).
In the admissible case the weaker assumption characterizes the duality by the same
argument as in Remark

From now on, for every K € 1(G), we fix 0 < ex < 1 such that the statement
of Corollary holds for V.= W(G, ) with this choice of ex, and that of Theorem
B4 also holds with this choice of ex. (We recall once again, though we shall not
use it, that by [6l Lemma 2.1] there is a choice of ex which holds for all smooth
representations together.)
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3.2. The constant term map. Thanks to Theorem [3.4] Delorme defined in [6]
Definition 3.12] a constant term map from W(G,¥) to W(M, ¢¥ar).

Definition 3.6. For P = MU a standard parabolic subgroup of G and W €
W(G, ), we set

We(m) = 85" (m) (re(p" (m)W),rp- (52))
forme M.

The map Wp belongs to W(M, ) and Dp : W — Wp is a P-module ho-

momorphism from (W(G, 9), 5;1/2;)\/) to W(M,1pr) where the action of U (resp.
M) on W(M,1)pr) is trivial (resp. given by py,). In other words Dp induces an
M-module homomorphism

Dp : Jp(W(G, ) = W(M, 1))

We call Wp the constant term of W along P. Delorme then shows in [6, Proposition
3.14] that the constant term map Dp is characterized as follows. We recall his proof
in view of Corollary

Proposition 3.7. The constant term map Dp : W(G, ) — W(M, ) is charac-
terized by the property that it is the unique P-module homomorphism from

(5;1/2pé,W(G,z/))) to W(M,¢n) for U acting trivially and M by py; on
W(M, ), such that for any K € Q1(G) we have

(4) 5p(a)'/*Wp(a) = W(a)

for all a € Ay, (P,ex) and W € W(G, ) K.

Proof. Suppose that D' : W(G, ) — W(M, 1) also has the properties which we
expect to characterize Dp. Then the map W — D'(W)(e) factors through a map
¥ar-Whittaker functional 7 € rp(V)*:

D'(W)(e) = (rp(W),n)

for all W € W(G,v). Then for fixed K € Qi(G) and W € W(G, )%, Equation
@) for D'(W) tells that

(p" ()W, b.) = W(a) = 6p(a)'/>D'(W)(a) = (6p(a)"/?p}(a) D'(W))(e)
for a € A}, (P, ex). However by the M-equivariance property of D’
(6p(a)!pis(@)D'(W))(e) = D' (p" (a)W)(e) = (rp(p" (a)W),n).
Hence by Theorem B4 we have n = jp-(d.), so
D'(W)(e) = Dp(W)(e)

for all W € W(G,). As both maps D’ and Dp have the same equivariance
property under M, we deduce that D'(W) = Dp(W) for all W € W(G, ¢). ]

Remark 3.8. Of course in the statement of Proposition [3.7] we can take K varying
in any subset of Qp(G) which is still a basis of neighborhoods of the identity in G
(because we can do so in the statements of Theorem Bl Corollary B3 and Theorem
B4), which we will do in the proof of Theorem 1]

We end this section by giving a version of Proposition B.7] for admissible sub-
modules of W(G, v).
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Corollary 3.9. Let V be an admissible submodule of W(G, ). The retriction to V
of the constant term map Dp is characterized by the property that it is the unique

P-module homomorphism from (5;1/2/)\(/;,‘/) to W(M, ) for U acting trivially
and M by pY; on W(M,¥nr), such that for any W € V, there is € > 0 such that
5) 5p(@)1*Wp(a) = W(a)

fora e Ay (Pe).

Proof. The proof of Proposition B.7] goes through with V' instead of the full repre-

sentation W(G, ¢), except that we appeal to the admissible version of Theorem [3.4]
at the end of it. |

3.3. An isomorphism of Bushnell-Henniart. We recall from the introduction
that W,(G,v) is the G-stable subspace of W(G, 1)) consisting of functions com-
pactly supported modulo Uy, and from Section [Z.3] that we denote by p the action
of G on W,(G, ) by right translation. In [I], for P = MU a standard parabolic
subgroup of G, Bushnell and Henniart identify the Jacquet module of W.(G,)
with respect to P~ to W.(M, ). We recall their result [I, 2.2 Theorem|, which
gives a characterization of the map W — Jp— (W) via their identification.

Theorem 3.10. Let P = MU be a standard parabolic subgroup of G, and turn
We(M, 1) into a P~ -module by making U™ act trivially on We(M,¥pr) and M
act by pprr. There is a unique P~ -module homomorphism map

BHp- : (We(G,™),61%p) = We(M, 93}

such that if U; is a compact open subgroup of U~ and W € W.(G,v~1)Ye has
support in PU_, then

BHp— (W) = vol(U; )65 * Wiy

The map BHp- is surjective and induces a M-module isomorphism
BHp- :Jp- (W) BHp_ (W)

between Jp- (W.(G,9™1)) and We(M,13,).

4. SURJECTIVITY OF THE CONSTANT TERM MAP

We now have the map BHp- : W.(G,v¢) — W.(M, 1)) which induces an M-
module isomorphism BHp- : Jp-(p) =~ pa and the constant term map Dp :
W(G, ) — W(M, 1) which induces an M-module homomorphism Dp : Jp(p")
— py;- Denote by

=V
BHp- : py; =~ (Jp-p)”
the M-module isomorphism dual to BH p—, and by
——P
BH' : p}; ~ Jp(p")

the isomorphism obtained by composing BH ;7 with the isomorphism of the second
adjunction theorem (Theorem B]). Finally we set

[ ——P
BHp:=(BH )™ ' :Jp(p¥) ~p};

and write
BHp : (5;1/2pv — pis
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the surjection obtained by inflating BH p. We will now show the equality
Dp = BHp,

which in particular implies that Dp is surjective.
We recall that (p¥, W(G, 1)) is identified to the dual of (p, W.(G,1~1)), thanks
to the duality

(W' W)e = W' (g)W(g)dg
Uo\G

for (W', W) € W.(G,¢¥™1) x W(G, ), and that (pY;, W(M,n)) is identified to
the dual of (par, W.(M,;,)), thanks to the duality

Wi, W) = / Wi (m)Was(m)dm
MAU\M

for (Wi, War) € Wo(M,¢3}') x W(M,1pr). In particular through our various
identifications we have for any (W', W) € W.(G, 9~ 1) x W(G,v) with respective
image (W7, 1) € Jp- (W(G, 1) x Jp(W(G,¥1)):

On the other hand Corollary B3] tells us that given K € Qi(G), for K-invariant W’
and W one has

(7) (W7, Jp(p" ()W) p- = dp(a)"V/2W', pY (W)

for all a € A,;(P,ex). So take K € Q1(G) small enough such that Ky, C Ker(v),
take W € W(G, )%, and define Wy € W.(G, ¥~ 1) to be function supported on
UpK = UgKpKy- equal to 1 on K. Putting Equations (@) and (@) together we
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obtain for a € A}, (P, ex)

57 (a)(BHp- (Wo), pi(a) BHp(W))
= (BHp- (Wo), BHp(p" (a)W))ar

= (Wo,p"(a)W)g = Wo(g9)W (ga)dg
Uo\G
:/ Wo(mu™ )W (mu~a)dp" (m)dmdu™
UonM\M JU~
:/ Wo(mu™ )W (ma(a™'u™a))dp" (m)dmdu™
UonM\M JU~

= vol(KU_)/U . Wo(m)W (ma)dp' (m)dm

vol(Ky-) / Wo(aovg)W(aovaa)cS&lmpo (ao)égl(ao)daodv(}
MUy J Ao

vol(KU—)/M - Wo(aovy )W (aoa(a™ vy a))dy/np, (a0)6p " (ag)dagduy
nU, 0

vol(Ky-) vol(Ka NUy ) WO(aO)W(aoa)éjT/[lmPO (ao)égl(ao)dao
Ao

= vol(Ky-) vol(Ky NUY ) / W (aa)dy/mp, (a0)8 5" (a0)dag
KnNAg

= vol(Ky-) vol(Ka NUy ) vol(K N Ag)W (a).
On the other hand
01/% (a)(BHp- (Wo), pX;(a) BHp(W))ar

= 63/%(a) vol(Ky-) /U _— Wo(m)BHp(W)(ma)sp"?(m)dm

= 63/%(a) vol(Ky—) vol(Kar N Uy ) vol(K N Ag) BHp(W)(a)

because BHp(W) is right K N M-invariant as W is right K-invariant. From the
above discussion we obtain the equality

W(a) = §/*(a) BHp(W)(a)

for all W € W(G,¢)® and a € Ay;(P,ex). As moreover both BHp and Dp have
the same equivariance property with respect to P by definition of BHp, we arrive
at the following conclusion thanks to Proposition Bz

Theorem 4.1. The maps BHp and Dp from W(G, ) to W(M, ) are equal
and in particular Dp is surjective.

5. FURTHER NOTATIONS AND PRELIMINARIES

Let P be a standard parabolic subgroup of G. For o € Ag, we set F,, = F — {0}
if « € Al and F, = F otherwise. We set

M= ]] Fa

aEAg
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and recall that
C (M) ~ R) C=(Fa).
aclp

We denote by tg : Ao = [[,en, = {0} € Mp the map defined by vg(t)a = a(t).

Because the restriction map from the lattice X*(M) of algebraic characters of
M to that X*(Ays) of algebraic characters of Ay is injective with finite co-kernel,
any |x| for x € X*(Axr) extends uniquely to a positive character of M still denoted
by |x|. For € > 0 we set

M~=(P,e)={m e M, |aj(m) <e, a€ A(Am,P)}.

Whenever V' is a C-vector space affording a smooth representation 7 of Ay;, we
denote by Vy,, an its subspace of Aj,-finite vectors, i.e. the space of vectors v in
V such that C[Ap].v is finite dimensional. For example when V' = C*°(A)s) with
7 := p the action by translation, we set

F(Apn) :=C>(Am) Ay fin-
Note that
VA fin = @ V(X)
XEAM
where
Vi ={veV, IneN-{0},(r(a) — x(a)Id)"v =0 Va € Ap}.

The space V(y) is an Ap/-submodule of Va,, an which we call the characteristic
subspace associated to x, and which contains the eigenspace

Vy={veV, (n(a) — x(a)Id)v =0 Va € Apn}.
We denote by Z]\M the group of smooth characters from Aj,; to C* and set

E(AM, V) = {x € Aur, Vi # {0}} = {x € Au, Vy # {0}}.

When V is an admissible representation of M then V = V4,, an. We recall from
[2l Section 4] that if V' is an admissible representation of G, then Jp(V) is an
admissible representation of M for P = MU any standard parabolic subgroup of
G.

6. THE GERM MAP

Here we recall ideas of Casselman and Shalika [3] further developed by Lapid
and Mao in [9]. One says that two functions f and f’ in C*°(Ays) (resp. C*(M))
have the same germ if there is ¢ > 0 such that f|A;1(P75) = f/IA,Q(P,E) (resp.
fiv—(pe) = f/\M*(P,e)) and we write f ~ f’. This defines an equivalence rela-
tion on C>(Ajps) (resp. C*°(M)) and we denote by [f] the class of f and call it its
germ. We set G(Ayr) = [C®°(Apr)] (resp. G(M) = [C*(M)]). The map f — [f]
from C*(Apr) to G(Apr) (resp. from C>(M) to G(M)) is a smooth Aps-bimodules
(resp. M-bimodules) homomorphism. We note that the paper [9] is valid for F
of positive characteristic as well (the characteristic zero assumption plays no role
in the paper). By [9, Lemma 2.9], the map f — [f] induces an isomorphism I"j;
between C*(Apr)a,, 6in and G(Anr)a,, fin. From this one deduces as in the proof
of [9, Corollary 2.11] that f +— [f] induces an isomorphism

LM : COO(M)AM,ﬁn = g(M)AM,ﬁn'
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It is then proved in the proof of [9, Theorem 3.1] that if # C W(G,) is an
admissible G-module (Lapid and Mao work under a finite length assumption which
is unnecessary), then the map

W [6p"*Wiar]

factors through a map

KRp JP(’]T) — g(M)
Moreover as

Jp(m) = Jp(7) Ay fin
because Jp(m) is admissible, we deduce that

KRp: Jp(ﬂ') — Q(M)A%ﬁn.
We then define
=p = LI\_/Il OKp : Jp(ﬂ') — COO(M)AM,ﬁn.
The authors of [9] note that in fact
EP . JP(W) — W(Mv 1Z)M)AM,ﬁn-

Here we answer [9, Question 3.2].

Theorem 6.1. Let m C W(G, ) be an admissible G-module, then the “germ map”
Ep coincides with Dp = BHp : Jp(W) — Wp on 7. In particular it is injective,
hence Ker(kp) = {0}.

Proof. Thanks to the characterization of Dp given in Corollary B9l it is sufficient to
show that there exists € > 0 such that Zp(W) = 5;1/2 (a)W(a) on A~ (P, ¢). How-
ever by definition Ep(WW) and 5;1/ QVV\ a have the same germ, hence in particular
they agree on A}, (P,e) C M~ (P, ¢) for some € > 0. O

7. THE ASYMPTOTIC EXPANSION OF WHITTAKER FUNCTIONS

The following expansion is due to Lapid and Mao [9, Theorem 3.1]. We reproduce
parts of their proof which holds verbatim in our more general context, as we shall
need to use them later in the context of integral ¢-adic representations.

Theorem 7.1. Let (m, V') be an admissible C[G]-submodule of W(G, ) and W €V,
then for each P = MU D Py and x € E(Apm, Jp(m)), there is a finite indexing set
Iy (where we choose Iy, disjoint from Iy, if X # X') such that one can write
fort e Ag

Wy = > et > > fieira(t))
P=MUDP, X€E(Am,Jp (7)) i€Iw,x
for some functions f; € F(Ao)(y) and ¢; € C°(ME).
Proof. We do an induction on the split rank r of G/Ag. If r = 0 then C>°(M&)
is just the space of constant functions on Ag = Ag. Take W € V| because V is
admissible W is Ag-finite and the expansion follows. If » > 0 we can always suppose
that W € V() for p € E(Ag,w). For § # J C Ay we denote by Py = M;U; the

standard parabolic subgroup of G such that Ay — Ag 7 = J. By induction we have
for any subset ) #£ J C Ag:

We,(t) = > dpaa, ()7 > Fyx(t)

PCP; XEE(An,Jp())
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where

FJX Z fk ¢k t1\4.1( ))

kelw,j,x
for some finite indexing set Iy, (with all such sets disjoint from one another
when J and x vary) and fi € f(Ao)(X), oK € C“(MPQM ). Hence arguing as in
the proof of [9, Theorem 3.1] there is € > 0 such that for all subsets § # J C A,

one has
= > op(t)'/? > Frx(t)

PCPy XEE(Anr,Jp(m))
on Ay (Po, €). Setting
Ft)= > ()R 0 TT ollat)
0AICAo—AP aclJ
we observe that
Fy () Hloe[ (Ja(t) Z fr() ¢k (va(t))
acJ k€lw,jx

where

O (v (t) = dr(tar, (1) [] 1o.r(la(®)]) € €2 (ME).
acJ
Then Lapid and Mao show that

1/2
Wt = > > GORO
P=MUCG x€&(An,Jp(r))

for any ¢t € Ay such that there exists @ € Ay with |a(t)| < €, whereas the sum on
the right vanishes for ¢ not satisfying this property. But then we claim that the

function
) H 1[5,+oo[(|a(t)‘)

aENg
belongs to F(Ag)(,)C°(ME) and the equality

1/2
UOENDY PR FROVNORR I
P=MUGCG x€&(Am,Jp(r))
will then end the proof of the theorem. Indeed using the equivariance property of
W under Uy we have W (t) = 0 whenever |«a(t)| is large enough for some o € Ay,
hence there is C' such that
) H i op(|a(t)])

aENg
Now W is finite under Ag because V is admissible and the result follows. O

8. APPLICATIONS

In this section we generalize to admissible representations of G on which Ag
acts by a character, a theorem of Delorme [7, Proposition 13 and Théoréme 9] and
Sakellaridis—Venkatesh ([IT, Corollary 6.3.5] for quasi-split groups) for irreducible
representations, characterizing discrete series with a generalized Whittaker model.
We also prove similar statements for cuspidal and tempered representations, gen-
eralizing [7], Théoréme 10] in the cuspidal case.
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Lemma 8.1. Let 1 C W(G, ) be an admissible G-submodule. Let P = MU be
a standard parabolic subgroup of G (possibly G itself) such that E(Apg, Jp(m)) # O
and take x € E(Ap, Jp(mw)). Then there is W € w and € > 0 such that W(t) =

52 () x(t) on A7 (P,e).

Proof. By Theorem [T and the discussion before it the map W — Wp on W(G, )
identifies with the normalized Jacquet projection Jp, hence the same holds on any
G-submodule of W(G, ¥), for example m. In particular the space Wp for W € 7 is
the normalized Jacquet module of m with respect to P. Now take W € 7 such that
Wp # 0 in the x-eigenspace of Jp (7). Up to translating W by an element of M, and
normalizing it by a non-zero scalar in C*, we can suppose that Wp(1) = 1, which
in turn implies that Wp(t) = (p(t)Wp)(1) = x(t) for all t € Ap;. On the other
hand the asymptotic expansion of Theorem [.1] gives the existence of € > 0 and
distinct characters xi,...,x, of A such that one has on A,;(P,€) an expansion
of the form W (t) = Y"1, fi(t) with f; € F(Apr)(y,)- Hence according to Corollary
3.9 we have Wp(t) = S°1_, 6p(t) "1 /2f;(t) on Ay, (P,€) up to taking e even smaller.
We recall that as already noticed at the beginning of Section [6] there is a unique
J € C®(Apr) Ay fin such that [f] = [(Wp)|a,,], and this f has to be at the same

time >, 5;1/2fi and , so that only one f; (say f1) is non-zero and 5;1/2fl =¥.
This last equality gives the sought equality W (t) = dp()*/2x(t) on Ay, (P, €), where
W € m by assumption. |

Let (m,V) be an admissible representation of G. We recall that 7 is called cus-
pidal if all its Jacquet modules associated to proper standard parabolic subgroups
are zero. If Ag acts on V' by a unitary character, then we say that m is a discrete
series if the module of every matrix coefficient of 7 belongs to L?(Ag\G). Thanks
to Casselman, this is known to be equivalent to the fact that for every proper
standard parabolic subgroup P = MU of G, every x € E(An, Jp(V)) satisfies
Ix(t)] < 1fort € Ay, (P,1)N(AjAg)¢, we say that y is positive [2, Theorem 4.4.6].
Similarly still under the hypothesis that Ag acts on V' by a unitary character, then
we say that 7 is tempered if the module of every matrix coefficient of m belongs to
L**7(Ag\G) for any 7 > 0. One shows as in [2 Theorem 4.4.6] that it is equiv-
alent to the fact that for every proper standard parabolic subgroup P = MU of
G, every x € E(Am, Jp(V)) satisfies |x(t)| < 1 for t € A}, (P, 1), we say that x is
non-negative. In particular discrete series are tempered. If ¢ is a character of Ag,
we denote by C*(AgUp\G, c®1) the set of smooth functions W from G to C which
satisfy W(auog) = c(a)¥(ug)W(g) for a € Ag, up € Uy, g € G. We denote by
C(AqUp\G, c® 1) its G-submodule consisting of functions with support compact
modulo AgUy. If ¢ is moreover unitary, for p > 0 we denote by LP(AgUp\G, c®)>®
the G-submodule of C*°(AgUp\G, ¢ ® ) consisting of functions W such that |W P
is integrable on AgUp\G.

Theorem 8.2. Let m be an admissible submodule of W(G, ) such that Ag acts
on m by a unitary character c, then m s cuspidal, resp. square integrable, resp.
tempered if and only if 1 C C(AgUo\G,c @), resp. m C L*(AgUo\G, c @ ¥)>,
resp. ™ C LT (AgUo\G,c ® ¥)> for all r > 0. In the cuspidal case the unitary
assumption on c is superfluous.

Proof. One direction of all statements easily follows from Theorem [[.T]and the Twa-
sawa decomposition G = UyMyK together with the compactness of the quotient
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My/Ag. We give the proof of the converse direction in the cuspidal and the tem-
pered case, the square integrable case being similar to the tempered case. Suppose
that 7 C C°(AqUo\G,c® ) and let P = MU be a proper standard parabolic
subgroup of G. Suppose that Jp(mw) # {0} so that £(Aps, Jp(7)) # 0 and take x
inside it. The function W given by Lemma [B1] can’t belong to C°(AqUp\G, c® 1),
hence Jp(7) must be equal to {0} and 7 is cuspidal. If 7 C L2T"(AgUo\G, c®1))>°
for all » > 0 then

/A " (W (£) [T 65 (t)dt < 400
G 0

for all W € 7 thanks to the Iwasawa decomposition. In particular for all standard
parabolic subgroups P, the function F = Wégl/(ﬂr) must satisfy that |F|>*"

0
is summable on AgKa,\A; p(€) for some 0 < € < 1 and some compact open

subgroup K4, of Ayg. Now take P = MU a proper standard parabolic subgroup of
G such that Jp(w) # {0} if it exists (if not 7 is cuspidal, hence tempered). Take
X € E(Apn, Jp(m)) and W as in Lemma Bl First we notice that, thanks to the
asymptotic expansion of Theorem[TI] for € small enough, the function F restricts to
Ag p(€) as an Ap-finite function. Then by our choice of W, the character 5113/2)( is

associated to WIAE,p(é) in the sense of [2, Proposition 4.4.4], hence 6113/2)(5;01/(2"'” =
(5’“P/2(2+T)X (as dp, coincides with dp on Ajpy) is associated to F\ASP(E)' We conclude

by |2, Proposition 4.4.4] that 5;”2(2”))( must be positive for all » > 0, hence that

x must be non-negative. We conclude that 7 is tempered. (Il

9. ASYMPTOTICS OF INTEGRAL ¢-ADIC WHITTAKER FUNCTIONS

In this last section we consider for £ # p a prime number, the field Q, (a fixed
algebraic closure of Q) instead of C. We fix an isomorphism between Q, and C
which we use to transport smooth representations of any closed subgroup H of
G over C to smooth representations of H over Qy, this in particular applies to
the modulus character §. We denote by Z, the ring of integers of Q, and by
Q} the maximal unramified extension of Q,. We denote by Q;(p>) the algebraic
extension of Q, obtained by adjoining all roots of unity of order a power of p, hence
Qe(p>™) CQy. HEC Qy is an extension of Q; we denote by Op its ring of integers
(O = ENZy). We note that if E is contained in a finite extension of Q¥, then Og
is principal.

9.1. A result of Vignéras on integral submodules of W(G,v). Let (m,V)
be an admissible representation of G, following [12 I. Definition 9.1] we say that
a G-stable Z;-submodule £ of V is an admissible lattice if £ is a Z,-lattice in
VE (ie. free of rank dim@(VK)) for all K € Q1(G). Let E C Qq be an algebraic
extension of Q. We say that a smooth (¢-adic) representation (m, V') is realizable
over E if it has an E-structure (7g, Vg): the E-vector space Vg C V is G-stable
and Vg ®p Qo = V. If E is contained in a finite extension of Q% and (m,V) is
admissible and has an E-structure, then (m, V') is integral if and only if there is
a G-stable Opg-lattice Lg in Vg. Indeed it follows from [12 1.9.2] that if Lg is
such a lattice, then £ = Lg ®0,, Z¢ is an admissible lattice in V', and conversely
if £ is an admissible lattice in V' then Lg := £ N Vg is an admissible lattice in
VE as we now justify: for any = € V there is m, € N large enough such that
(Mg € L from which we deduce that for any K € Qi(G) the E-span of LK is VX,
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and moreover L being torsion free and E being principal we deduce that £X is a
free Og-module. By [12] 11.4.7] any irreducible representation 7 of G is realizable
over a finite extension of QQy, and the proof of this fact extends to finite length
representations, we add it here.

Proposition 9.1. Let (w,V) be an £-adic representation of finite length, then it is
realizable over a finite extension of Q.

Proof. We suppose that V' # {0}. Take {0} = V5 C --- C V. =V a composition
series of V of length 7. Take K € Q;(G) small enough such that each (V;y1/V;)%
is non-zero. Then one checks by induction on the length of V that =(G).VE = V.
Denote by H(G, K) the Hecke algebra of bi-K-invariant functions inside C°(G). It
is well-known that the category of smooth representations spanned over G by their
K-invariants is equivalent to that of H(G, K )-modules ([12} II. 3.12] for example).
Now H(G, K) is finitely generated (see [12, II. 2.13]), hence the image of H of
H(G, K) inside End@(VK) is finitely generated. Take B = (ej,...,e,) a basis
of VK then Matg(#) is a finitely generated subalgebra of M.,,(Q,), and hence is
contained in M,,(F) for E a finite extension of Q. Set Wg = Vectg(eq,...,en),
then Wg is a finite length H(G, K) g-module (where H(G, K) g consists of functions
in H(G, K) with values in E). Then by [12] II. 3.12] there is a unique E[G]-module
of finite length Vg such that VEK = Wg. One checks that Vg is an E-structure for
V. O

We notice that the non-degenerate character 1 : Uy — Q, takes values in
Oq,(p=)- Whenever R is a subring of Q¢ which contains Oq,(p>=), we denote by
W(G,¢)r the R-submodule of W(G, 1)) of functions with values in R and set
WG, r = W.(G, v~ HNW(G, 1~ 1) . Combining [13, Theorem IV.2.1, Corol-
lary 11.8.3, Proposition I1.8.2] of Vignéras we obtain the following result.

Proposition 9.2. Let E be an algebraic extension of Qq(p®) contained in a finite
extension of QY and (7, Ve) € W(G,¥)E, p¥) be an admissible representation of
G which is integral. Then the Og|G]-module

Lg:=VenNW(G,¥)o,

is an Og-lattice in V. Moreover (m, V) is a quotient of (W.(G,v Y g,p) and
if we denote by s : W' € W.(G, V) — W’/ € VY the surjection such that
the injection i : Vg C W(G,¢)g is dual to it, then L% = W.(G, v Yo, =
sWe(G, v Yo,) is an Op[G]-lattice in 7Y, which identifies L g with the dual lattice
of Lly:

['E == {W S VE7 <WC(G577[}71)OE7W> g OE} - {W S VE; < /E7W> g OE}

Note that with the above notations, if E’ is a finite extension of E, we have
the inclusion L%, C L% (in fact L% = L% ®o, Opr). Indeed set s’ @ W' €
We(G, ™) g = W’ € V¥, which we recall is by definition the surjection such that
the injection i’ : Vi € W(G, ) is dual to it, then s’ restricts to W.(G,v ™ ')g
as s, or equivalently s’ = s ®g F’, because i’ also satisfies the relation i/ =i Qg E’.
The claim follows.

As a corollary we obtain:

Corollary 9.3. Let E be an algebraic extension of Qu(p°) contained in a finite
extension of QY and (7, Vg) € W(G,¥)g,p") be an admissible representation
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of G which is integral. Let E’ be a finite extension of E and Vg = Vg Qg E’,
clearly (mp, V') € OW(G,¥)gr,pY). Then Lg = Ve N W(G,%)o,, is equal to
Lg ®o, Op for Lg as in Proposition 021

Proof. The inclusion Lg ®o, Or' C Lg is obvious. To prove the converse take
W € L/, and in fact take W € LE, for K € Q1(G) small enough. Because LK is a
lattice in VX any Op-basis (W;); of LE is an E’-basis of V&, hence W = > aiWi
for a; € E'. Because LK = {W e V&, (L}, W) C Og} is the dual lattice of
E}EK, the vectors (W/); forming the dual basis of (W;); belong to E’EK. Hence
a; = (W!,W) € O because W/ € L', C L, as observed before the corollary. [

The following result now follows.

Theorem 9.4. Let (m,V) C (W(G, ), pY) be an L-adic admissible representation
realizable over an algebraic extension of Qg contained in a finite extension of Qf.
If 7 is integral, then the Z[G]-module V N W (G, V)7, is an admissible lattice in V.

Proof. Call E the extension of the statement and set L = (Qu(p>), E); it is an
extension of Qg(p>) contained in a finite extension of Qf. Then because 7 has
an F structure, it has an L-structure and Proposition shows that £ := V. N
W(G,v)o, is a G-stable Op-lattice in Vi,. The theorem will follow from the equality
Lz =V NW(G, )z = L1 @0, Z¢. The inclusion L1, ®o, Z¢ C L is clear.
Conversely take W € £E’ because L}, contains an L-basis (W;); of V, which must
be a Q-basis of V, we can write W = >, a;W; for a; € Q. Set L' = L((a;);),
it is a finite extension of L because all a; are algebraic over Qy, hence over L,
and W takes values in I’ because all the W; do. But W also takes values in Z;
by definition, hence in Op/, so W € L. We deduce from Corollary that
WeLlr®o, 0L CLL®o, Z; and the result follows. O

We recall that finite length representations of G are admissible (see [10, VI.6.3

Théoréme]). From Proposition we obtain the following immediate consequence
of Theorem
Corollary 9.5. Let (m,V) C (W(G,v),p") be an £-adic representation of finite
length. If 7 is integral, then the Zo|G]-module VAW (G, V)7, s an admissible lattice
n V. ‘
9.2. The asymptotic expansion of integral Whittaker functions. If 7 is
smooth admissible Q¢[G]-module of G, we say that £(Ag, ) is integral if all its
elements take values in ZX . The following lemma is straightforward from [12] 1.9.3].
Lemma 9.6. Let V be an integral admissible Qu[G]-module with Z|G]-admissible
lattice L. Then E(Ag,m) is integral and L = @D, ce(ag,n) Lix)» where Liyy =
LN V-

For P = MU a standard parabolic subgroup of G and x € AAM with values in
Z¢ ", we denote by F(Anm) ) 7 the Zg-module of functions in F(Apr)(y) taking
values in Zg, and by C° (MIGD)E that of functions in C°(M$) taking values in Z.
Whenever (7, V) is an integral finite length G-submodule of (W(G, 1), p"), we set

Lo =V WGy

In particular £, is a lattice in V according to Corollary First we prove the
expected asymptotic expansion when G/A¢ has split rank 0.
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Lemma 9.7. Suppose that G/Ag has split rank 0. Let V be an integral Q[G)-
submodule of W(G, ) of finite length and W € L, then for each x € E(Ag,T),
there is a finite set Iy, such that one can write for z € Ag

Wz)= > > filz)eita(2))

x€E(Ag,m) i€lw,x

for some functions f; € F(Ac) 7 and ¢; € C° ng)z (here ¢; is just a constant
in Z).

Proof. Note that the Q[G]-module 7/ := Q[G].W has finite dimension because
G/Ag is compact and Ag is commutative, hence we can consider a basis
(W1,...,W,) of the Z,[G]-lattice L. The action of Ag on L, in this basis has
coefficients given by functions in F(Ag)z;. Writing W as a sum of the W’s with in-
tegral coefficients, we see that 7(z)W is of the form Y7/, h;(2)W; for h; € F(Ag)z,
hence evaluating 7(z)W at 1 we see that W is a linear combination with integral co-
efficients (the scalars W;(1) € Zy) of the functions h;, and we conclude by applying
Lemma O

X)s

It was expected for a long time that whenever 7 is admissible and integral, all
its Jacquet modules are integral (see [5]). Though this fact sounds elementary it
is far from being the case and Dat proved it (with sophisticated arguments) in [5]
at least when F' has characteristic zero and G is GL,(F) or an inner form of it,
or a classical group. However this statement has been very recently shown to hold
in full generality in [4], as a consequence of (the very deep results of) [§] together
with some finiteness results on the Galois side of the local Langlands correspondence
established in [4]. This allows us to remove the hypothesis that the Jacquet modules
of 7 are integral in the statement below, which is an integral version of Theorem

1l

Theorem 9.8. Let 7 be an integral Q[G]-submodule of W (G,v) of finite length
with integral Jacquet modules. Then E(Aps, Jp(7)) is integral for each P = MU 2
Py. Moreover for each P = MU 2 Py and x € E(An, Jp(m)), there is a finite
indexing set Iy, such that one can write for t € Ay

Wy = > et > > fieira(t))

P=MUDP, XEE(Anr,Jp () i€Iw,y

for some functions f; € F(Ao) and ¢; € C° (/\/lg)z.

X)Ze

Proof. First for each P = MU 2 Py, the Jacquet module Jp(7) has finite length
(see [10, VI.6.4]) and it is integral, thanks to [4, Corollary 1.5], in particular
E(An, Jp(m)) is integral. Moreover the map Zp = Dp = BHp identifies Jp(7)
with a submodule of W(M, 1)) (Theorem for example), in particular £, is
a lattice in Jp () thanks to Corollary These observations, together with the
fact that functions of the form 19 (((Ja( )]), Lje+oof(|a( )]) and 1 (| )]) have
integral values, are enough to apply the induction hypothesis going through the
proof of Theorem [Z.1] and to deduce the expected expansion. O
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