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UNITARY REPRESENTATIONS OF TOTALLY DISCONNECTED
LOCALLY COMPACT GROUPS SATISFYING OL/SHANSKII’S
FACTORISATION

LANCELOT SEMAL

ABSTRACT. Inspired by Ol’shanskii’s work, we provide an axiomatic frame-
work to describe certain irreducible unitary representations of non-discrete
unimodular totally disconnected locally compact groups. We look at the ap-
plications to certain groups of automorphisms of locally finite trees and semi-
regular right-angled buildings.
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1. INTRODUCTION

In this document topological groups are second-countable, locally compact groups
are Hausdorff and the word “representation” stands for strongly continuous unitary
representation on a separable complex Hilbert space.

1.1. Motivation. Despite the fact that the theory of representations of locally
compact groups has been an active domain of research since the 50’s, this field
of mathematics is still mostly composed by vast uncharted territories. Just as
for finite groups the notion of irreducible representations is of central importance.
However, for general locally compact groups, the theory is well behaved with respect
to irreducible representations only when the group is of type I (Bernstein and
Kirillov have used the term “tame” to qualify type I groups, and “wild” for those
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which are not type I). Loosely speaking, type I groups are characterised among
locally compact groups by the property that the direct integral decompositions
of their representations into irreducible representations are all essentially unique.
Moreover, the determination of the equivalence classes of irreducible representations
of a locally compact group is known to be an intractable problem unless the group
is of type I. Discrete groups are known to be of type I precisely when they are
virtually abelian [Tho68]. For non-discrete groups, prominent examples of type
I groups are given by compact groups, abelian groups, nilpotent connected Lie
groups [Dix59] and semi-simple connected Lie groups [Kna86]. Concerning groups
of automorphisms of trees, recent achievements have highlighted that the closed
non-amenable subgroups G < Aut(7T) acting minimally on the tree T' which are not
2-transitive on the boundary 0T are never of type I see [HR19] and [CKM22]. By
contrast, rank one semi-simple algebraic groups over local-fields [Ber74] and groups
satisfying the Tits independence property and acting transitively on the boundary
OT such as the full group Aut(T') are known to be of type I [Ama03|. This last
result was originally informed by G. I. Ol'shanskif who provided a classification of
their irreducible representations [O1'77] and deduced that these groups are of type
I in [OI'80]. This classification is the starting point of our papers.

Let T be a regular tree all of whose vertices have degree at least 3, V(T') be the
set of vertices of T', E(T) be its set of edges and G < Aut(T) be a closed subgroup
of Aut(T'). An irreducible representation = of G is:

e spherical if there exists a vertex v € V(T') such that m admits a non-zero
Fixg(v)-invariant vector where Fixg(v) = {g € G|gv = v}.

e special if it is not spherical and there exists an edge e € E(T') such that 7 admits
a non-zero Fixg(e)-invariant vector where Fixg(e) = {g € G|gv = v Yv € e} is
the pointwise stabiliser of the edge e.

e cuspidal if it is neither spherical nor special.

It is clear from the definition that each irreducible representation of G is of exactly
one of the above three types. The classification of spherical and special representa-
tions of any closed subgroup G < Aut(T) acting 2-transitively on the boundary OT
is a classical result that was achieved in the 70’s due to R. Godement, P. Cartier
and H. Matsumoto, to cite just a few see [F'ITN91] and [Mat77]. A few years later,
G. I. Ol'shanskii provided a classification of the cuspidal representations of the
full group of automorphisms of any regular tree by exploiting the fact that these
groups satisfy the Tits independence property. Among other things, the resulting
description ensures that the cuspidal representations of those groups are induced
from compact open subgroups. In particular, these are associated to compactly
supported functions of positive type, they belong to the discrete series of G and
their equivalence classes are isolated in the unitary dual for the Fell topology. The
key step behind this result is that the Tits independence property can be translated
as a factorisation property on a basis of neighbourhoods of the identity consisting of
compact open subgroup, see Lemmal[3. 7l In the first part of this paper, consisting of
Sections[Iland 2] we develop an abstraction of Ol'shanskil’s framework allowing one
to describe the irreducible representations of totally disconnected locally compact
groups all of whose isotropy groups are “small” provided the existence of a basis of
neighbourhoods of the identity consisting of compact open subgroups and satisfying
the same kind of factorisation. In Sections Bl [ Bl and [6] we provide applications of
this machinery to groups of tree automorphisms and to groups of automorphisms
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of right-angled building. These include applications to groups whose representation
theory is new to the literature such as groups of automorphisms of trees satisfying
the property [[P] [BEW15] and universal groups of certain semi-regular right-angled
buildings [DMSS18]. In addition, this machinery is used in [Sem22] to obtain a de-
scription of the irreducible representations of the groups of automorphisms of tree
classified by Radu in [Rad17] in order to contribute to Nebbia’s conjecture on trees
[Neb99].

1.2. The axiomatic framework. The purpose of this section is to establish the
formalism of our axiomatic framework. Let G be a locally compact group, let m be
a representation of G and let H be a closed subgroup of G. We denote by H, the
representation space of m and by HZ the subspace of H-invariant vectors of H..
We recall that 7 is H-spherical if the space H is not reduced to {0}. Lemma
[Tl shows that this notion carries a particular flavour among totally disconnected
locally compact groups.

Lemma 1.1. Let 7 be a representation of G and let S be a basis of neighbourhoods
of the identity consisting of compact open subgroups. Then,

U HY = {6 € Ho | IU € S such that w(h)E = ¢ Vh € U}
ves

is dense in H.

A proof of this result can be found in [FTN9Il pg.85] for the full group of
automorphisms of a thick regular tree and the basis of neighbourhoods consisting
of pointwise stabilisers of complete finite subtrees. Since their reasoning applies to
the above setup and is probably well known by the experts, we do not give a proof
in these notes.

We recall that totally disconnected locally compact groups are characterised
among locally compact groups by Van Dantzig’s Theorem which ensures that a
locally compact group is totally disconnected if and only if it admits a basis of
neighbourhoods of the identity consisting of compact open subgroups. In partic-
ular, Lemma [[[T] leads to the observation that every representation 7 of a totally
disconnected locally compact group G admits non-zero invariant vectors for some
compact open subgroup of G. Notice, however, that the statement loses its rele-
vance for discrete groups. It is natural to ask whether further information can be
obtained if the basis of neighbourhoods of the identity has more properties. The
purpose of this paper is to provide a positive answer to that question. We now
make a few minor observations and establish our formalism.

Let G be a totally disconnected locally compact group, U < G be a closed
subgroup and 7 be a representation of G admitting a non-zero U-invariant vector
¢ € H,. Notice that for each g € G, that the vector 7(g)¢ defines a non-zero gUg ™ -
invariant vector of H,. In particular, the existence of a non-zero U-invariant vector
is an invariant property of the conjugacy class of U. In light of this observation, we
let B be the set of compact open subgroups of G, P(B) be the power set of B and

C:B— P(B)

be the map sending a compact open subgroup to its conjugacy class in G. Let S
be a basis of neighbourhoods of the identity consisting of compact open subgroups
of G and let Fs = {C(U)|U € S}. In order to properly state our factorisation
property, we require a notion of relative size for the elements of S that is well
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behaved with respect to these conjugacy classes. To this end, we equip Fs with
the partial order given by the reverse inclusion of representatives. In other words,
we say that C(U) < C(V) if there exists U € C(U) and V € C(V) such that V C U.
For a poset (P, <) and an element € P, we let L, be the maximal length of a
strictly increasing chain in P<, = {y € Ply < z}. If L, is finite, we say that x has
height L, — 1 in (P, <). Otherwise, we say that x has infinite height in (P, <).

Definition 1.2. A basis of neighbourhoods of the identity S consisting of compact
open subgroups of G is called a generic filtration of G if the height of every
element in Fg is finite.

Lemma ensures that such a generic filtration exists for unimodular groups.

Lemma 1.3. Let G be a unimodular totally disconnected locally compact group,
w be a bi-invariant Haar measure on G and S be a basis of neighbourhoods of the
identity consisting of compact open subgroups such that p(U) < 1 for allU € S.
Then, S is a generic filtration of G.

Proof. Let C(U) € Fs. Since G is unimodular, the measure u(U) does not de-
pend on the choice of representative U € C(U). Now, let C(Uy) < C(Uy) < --- <
C(Up—1) < C(U) be a strictly increasing chain of elements of Fs. Changing repre-
sentatives if needed, we can suppose that U C U,,_1 C --- C Uy C Uy. In particular,
notice that

[UO : U] = [Uo : Ul]"'[Unfl : U] 2 AL
On the other hand, since U and Uy are both compact open subgroups of G observe

that ) )
H{Yo
Uy:U|= < —.
Yo U= o) = )
This proves that n < —log,(u(U)) and therefore that the height of C(U) in Fs is
finite. ]

Every generic filtration S of G splits as a disjoint union S = | |,y S[I] where
S[l] denotes the set of elements U € S such that C(U) has height | in Fs. The
elements of S[I] are called the elements at depth I. For every representation m of G
there exists a smallest non-negative integer I, € N such that 7 admits non-zero U-
invariant vectors for some U € S[l,]. This [, is called the depth of = with respect
to § in analogy with the similar notion of depth for representations of reductive
groups over non-Archimedean fields introduced by Moy-Prasad in [MP96].

Example 1.4. Let T be a thick regular tree and consider the full group of automor-
phisms Aut(T) of T'. This group is a non-discrete unimodular totally disconnected
locally compact group for the permutation topology. We recall that a subtree
T C T is complete if each of its vertices v € V(T) has degree 0,1 or has the same
degree in 7 as in T. Let = be the set of all complete finite subtrees of T" and let
S = {Fixpu(r)(T)|T € =} be the basis of neighbourhoods of the identity consisting
of the groups

Fixaur)(T) = {g € Aut(T)| gv = v Vv € V(T)},

where V(7)) denotes the set of vertices of 7. In Section we show that S is a
generic filtration. Furthermore, according to the terminology introduced on page
B51 and as a consequence of Lemma [3.4] the depth I, with respect to S of a
representation 7 of Aut(T") can be interpreted as follows:
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(1) 7 is a spherical representation of Aut(7') if and only if I, = 0.

(2)  is a special representation of Aut(T) if and only if I, = 1.

(3) m is a cuspidal representation of Aut(T) if and only if I, > 2. Furthermore,
lx is the smallest positive integer [ for which there exists a complete finite
subtree 7 of T" with [ — 1 of interior vertices such that 7 has a non-zero
Fix oy (7 (T)-invariant vector.

We now introduce the notion of Ol’shanskii’s factorisation.

Definition 1.5. Let G be a non-discrete unimodular totally disconnected locally
compact group, S be a generic filtration of G and [ be a strictly positive integer.
We say that S factorises at depth [ if for all U € SJI] the following conditions
are satisfied:

(1) For every V in the conjugacy class of an element of S with V' & U, there
exists a subgroup W in the conjugacy class of an element of S[I—1] satisfying
that

UCWCVU = {vulv e VueU}.

(2) For every V in the conjugacy class of an element of S, the set
Ne(U,V) ={g € Glg™'Vg C U}
is compact.

Furthermore, the generic filtration S of G is said to factorise™ at depth [ if in
addition for all U € S[I] and every W in the conjugacy class of an element of S[l —1]
such that U C W we have

W C Ne(UU)={g9€G|g 'UgC U}

Remark 1.6. The factorisation at depth [ defined here depends on the entire generic
filtration S and not only on the elements of S[I] and S[l — 1].

Remark 1.7. Since G is unimodular, notice that the set Ng(U,U) coincides with
the normaliser Ng(U) of U in G. Furthermore, notice that the conditions and
are satisfied for some U € SJ[I] if and only if they are satisfied for each of its
conjugates. In particular, a generic filtration S factorises at depth [ if and only if
the conditions and are satisfied for each subgroup U that is conjugate to an
element of S[I]. The same remark holds for the notion of factorisation*.

1.3. Main results and structure of the paper. This paper is divided in two
parts. The purpose of the first part of the paper (Sections [0l and [2)) is to establish
our axiomatic framework and to prove Theorem [Al

Theorem A. Let G be a non-discrete unimodular totally disconnected locally com-
pact group and S be a generic filtration of G factorising at depth l. Then, every
irreducible representation w of G at depth | satisfies the following:

(1) There exists a unique Cr € Fs = {C(U)|U € S} with height I such that for
all U € Cr, m admits a non-zero U-invariant vector.

(2) For every U € Cr, ™ admits a non-zero diagonal matriz coefficient sup-
ported in the compact open subgroup Ng(U) of G. In particular, 7 is in-
duced from an irreducible representation of Ng(U), belongs to the discrete
series of G and its equivalence class is isolated in the unitary dual G for
the Fell topology.
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Furthermore, if S factorises™ at depth l, there is a bijective correspondence between
the equivalence classes of irreducible representations w of G at depth | with C; =
C(U) and the equivalence classes of S-standard representations of the finite group
Ng(U)/U. This bijective correspondence is explicitly given by Theorem [2.22]

We refer to Section [2.4] for a proper definition of S-standard representations and
for the details of the bijective correspondence given by Theorem [2.22]

Remark 1.8. Theorem[Aldoes not ensure the existence of irreducible representations
at depth .

Remark 1.9. Different generic filtrations might factorise simultaneously and lead
to a different description of the same representations. A concrete example of this
phenomenon is given on the full group of automorphisms of a (dy, d1 )-regular tree in
Sections B @ and Blif dg # di. Furthermore, different generic filtrations might also
describe different sets of irreducible representations. A concrete example of this
phenomenon occurs for instance if we replace a generic filtration S of G factorising
at all positive depths with the generic filtration &’ = S§ — S[0]. In that case,
S8l = S[l +1] VI € N. In particular, when applied to S&’, Theorem [Al does not
describe the irreducible representations admitting a non-zero U-invariant vector if
U € S[1] while it does when applied to S.

In the second part of the paper, we look at various applications of the axiomatic
framework developed in the first part of these notes. In Section [3] we recover the
classification of the cuspidal representations of the full group of automorphisms
of a semi-regular tree made by Ol'shanskil [O'77] and later by Amann [Ama03].
In particular, the content of this section is redundant from the point of view of
new results. It serves instead as a section allowing the reader to understand and
interpret the abstract framework developed in the first part of these notes in a
concrete and well-understood case.

The purpose of Section@lis to apply our axiomatic framework to groups of auto-
morphisms of a thick semi-regular tree and satisfying the property [[P] (Definition
[4.1)) as defined in [BEW15]. Loosely speaking, this property ensures that the point-
wise stabiliser of any ball of radius £ — 1 around an edge decomposes as a direct
product of the subgroup fixing all the vertices on one side of the edge and the
subgroup fixing all the vertices on the other side. The main contributions of this
section are Theorems [B] and [C] which provide two ways to build generic filtrations
factorising™. To be more precise, let T' be a thick semi-regular tree with set of
vertices V(T'). For every finite subtree T of T" and each integer r > 0, we denote
by T the ball of radius r around 7 for the natural metric dr on V(T) that is

T = {v e V(T)|3w e V(T) s.t. dr(v,w) < r}.

Theorem B. Let T be a (dy,dy)-semi-reqular tree with do,d; > 3, G < Aut(T)
be a closed non-discrete unimodular subgroup satisfying the property [[Pg for some
k> 1, P be a complete finite subtree of T containing an interior verter, Yp be the
set of maximal complete proper subtrees of P and

Tp = {R € Lp|Fixg(R)* V)  Fixg(R*V) YR € £p — {R}}.

Suppose in addition that:
(1) VR, R' € =p,Yg € G, we do not have Fixg(R*~Y) C Fixg(g(R')*F—1).
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(2) For all R € sp, Fixg(P* V) # Fixg(R*V).  Furthermore, if
Fixg(P*~V) C Fixg(gR* ) we have P C gRF~1).

(3) ¥n € N,Yo € V(T), Fixg(v™) C Fixg(PF=V) implies PF=1 C (™),

(4) For every g € G such that gP # P, Fixg(P*~V) # Fixg(¢P* D).

Then, there exists a generic filtration Sp of G factorising™ at depth 1 with
Spl0] = {Fixg(R* V)[R € 5p},
Sp[1] = {Fixg(P*~D)1.

The author would like to underline how realistic the assumptions of Theorem [Bl
are. Indeed, any closed non-discrete unimodular subgroup G < Aut(7T) satisfying
the property [[P;] and such that Fixg(7) does not admit any fixed point other than
the vertices of T for every complete finite subtree T of T satisfies the hypotheses
of Theorem [Bl In light of Theorem [A] this allows one to describe the irreducible
representations of G which admit a non-zero Fixg(P®*~1) invariant vector but
do not admit a non-zero FiXG(R(k_l))—invariant vector for any R € Tp. Notice
furthermore that Theorem [Bl can be applied inductively with different P. This is
done for instance in Example [£.14]

Under a stronger hypothesis on G (the hypothesis [H] (Definition £2)), we are
even able to explicit a generic filtration factorising™ at all sufficiently large depths.
To be more precise, we have the following result.

Theorem C. Let T be a (do, dy)-semi-regular tree with do,dy > 3 and G < Aut(T)
be a closed non-discrete unimodular subgroup satisfying the hypothesis E;J and the
property [Py for some integers ¢ > 0 and k > 1. Then, there exists a generic
filtration Sy of G factorising®™ at all depths | > Lq ), where

L. - max{1,2k —q— 1} if q is even.
ok max{1, 2k — q} if q is odd.

The generic filtration S, is explicitly described on page B84l For concrete ap-
plications of Theorem [C] we refer to Examples B12] 13| and [£14l Furthermore,
we treat some existence criteria for the irreducible representations at depth [ with
respect to Sy in Section 43l Among the new applications we have the following
(Corollary [£3) where Sy is S; with ¢ = 0.

Corollary. Let T be a (do, d1)-semi-regular tree with do,d; > 6 and G < Aut(T) be
a closed subgroup acting 2-transitively on the boundary 0T and whose local action
at each verter contains the alternating group of corresponding degree. Then, there
exists a generic filtration Sy of G and a constant k € N such that the Sy factorises™
at all depths | > 2k — 1.

The groups appearing in the above corollary were extensively studied by Radu
in [Radl7] and we refer to them as Radu groups. Among other things, Radu
completely classified them and proved that each Radu group G is k-closed for some
constant k € N depending on G. Since Radu groups also satisfy the hypothesis Hy
and since k-closed groups satisfy the property [[P;} the corollary follows. Since this
family of groups plays a central role in Nebbia’s CCR conjecture on trees [Neb99]
it is natural to ask whether more can be said. The following Theorem provides a
positive answer without relying on the property [P}
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Theorem ([Sem22]). Let T be a (do,d1)-semi-reqular tree with do,diy > 6 and
G < Aut(T) be a simple Radu group. Then, the generic filtration Sy factorises™ at
all positive depths.

In particular, this factorisation leads to a description of the cuspidal represen-
tations of any simple Radu group. However, the proof of this theorem is quite
technical, relies heavily on Radu’s classification and is unrelated to the property
[P} Furthermore, since various important consequences such as the description of
the cuspidal representations of non-simple Radu groups and the progress related
to Nebbia’s CCR conjecture on trees need to be tackled in light of the result, the
author decided to present a proof in another paper (see [Sem22)).

The purpose of Section [{]is to apply our axiomatic framework to groups of type-
preserving automorphisms of a locally finite tree and satisfying the property
This serves as a preamble for Section [6] where we show that the universal groups
of certain semi-regular right-angled buildings can be realised as such groups. The
main result of Section [l is the following.

Theorem D. Let T be a locally finite tree and G be a closed non-discrete uni-
modular group of type-preserving automorphisms of T satisfying the property
(Definition [B11) and the hypothesis (Definition B3). Then, there exists a
generic filtration Sy, of G factorising™ at all depths | > 1.

The generic filtration Sy, is defined on page and an existence criterion for
the irreducibles at depth [ with respect to Sy, is given in Section (3

The purpose of Section [@] is to prove that the universal groups of certain semi-
regular right-angled buildings as introduced in [DMSS18] can be realised as groups
of type-preserving automorphisms of a locally finite tree T' in such a way that they
satisfy the hypotheses of Theorem[Dl We refer to Section for a proper reminder
on the notion of universal groups of semi-regular right-angled buildings and state
the main result of this section assuming that the reader is familiar with this notion.
We let (W, I) be a finitely generated right-angled Coxeter system and suppose that
I can be partitioned as I = | |;_, I} in such a way that I, = {i} U {i}* for every
i € Iy and for all k = 1, ..., 7 where {i}* = {j € I|ij = ji}. In particular, W is
virtually free and isomorphic to a free product W7 * W % - - - %« W,. where each of the
Wi is a direct product of finitely many copies of the group of order 2. Let (g;)icr
be a set of integers greater than 2 and A be a semi-regular building of type (W, I)
and prescribed thickness (g;)icr. Let (h;);er be a set of legal colorings of A, Y; be
a set of cardinal ¢; and G; < Sym(Y;) for every i € I.

Theorem E. There exists a locally finite tree T such that the universal group
U((hi, G;)icr) embeds as a closed subgroup of the group Aut(T)T of type-preserving
automorphisms of T satisfying the property [[Py,] Furthermore, if G; is 2-transitive
on Y; for each i € I, this group of automorphisms of tree corresponding to
U((hi, Gyi)icr) satisfies the hypothesis and is unimodular.

Together with Theorem [D] this proves that every non-discrete universal group
U((h;, G;)ier) with 2-transitive G; admits a generic filtration factorising™ at all
strictly positive depths.



364 LANCELOT SEMAL

Part 1. Ol'shanskii’s factorisation
2. THE PROOF OF THEOREM [Al

2.1. Direct consequences of Ol’shanskii’s factorisation. Let G be a non-
discrete unimodular totally disconnected locally compact group, let p be a Haar
measure on GG and let S be a generic filtration of G. This section explores the first
consequences of a factorisation of S at depth I. We begin with the following key
lemma.

Lemma 2.1. Suppose that S factorises at depthl. Let U be conjugate to an element
of S[l] and let V < G be conjugate to an element of S. Suppose that v : G — C is
a U-right-invariant, V -left-invariant function satisfying

/ plgh) du(h) =0 YgeG
w

for every W that is conjugate to an element of S[l—1] and such that U C W. Then,
@ is compactly supported and

supp(p) C Ne(U,V)={ge G |g 'VgC U}.

Remark 2.2. Since U is a compact open subgroup and since ¢ is U-right-invariant,

notice that ¢ is automatically continuous. In particular, the integrals
Sy ©(gh) du(h) are all well-defined.

Proof. Since S factorises at depth ! notice that Ng(U,V) is a compact set. Let
g € Ng(U,V) and notice that g~'Vg ¢ U. In particular, there exists W in the
conjugacy class of an element of S[I — 1] such that U C W C ¢g~'VgU. Hence,
gW C VgU and we have by U-right-invariance and V-left-invariance that ¢(gh) =
©(g) for all h € W. It follows that

; /
plg) = w(gh) du(h) =0,
which proves as desired that
supp(p) C Ne(U.V) ={9€ G| g 'Vg C U}.

Lemma 23] follows directly and proves Theorem [Af(1)

Lemma 2.3. Let m be an irreducible representation of G at depth | and suppose
that S factorises at depth l. Then, there exists a unique Cr € Fs with height | such
that for oll U € Cr, m has a non-zero U-invariant vector.

Proof. Since 7 is at depth [, there exists a compact open subgroup U € S[I] at
depth [ and a non-zero vector £ € HY. Now, let V < G be conjugate to an element
of 8[l] and admitting a non-zero invariant vector ¢’ € H, and let us show that
C(U) =C(V). The function

peer G — C: g (n(g)€, &)

is clearly U-right-invariant and V-left-invariant. On the other hand, since m does
not admit a non-zero W-invariant vector for any subgroup W < G that is conjugate
to an element of S[I — 1] we have that

/ veer(gh) du(h) = { / r(g)r(h)Edp(R),€) =0 YgeG
w

w
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for each such W. It follows from Lemma 2T that ¢ ¢ is supported inside Ng(U, V)
={g € G| g Vg CU}. On the other hand, since 7 is irreducible, ¢ is cyclic and
the function ¢¢ ¢ is not identically zero. This implies the existence of an element
g € G such that g7'Vg C U. Considering now the function ¢g ¢ : G — C :
g — (m(g)¢’,€) we obtain by symmetry the existence of an element h € G such
that h~'Uh C V. In particular, h"'Uh C V C gUg™'. Hence, g-'h='Uhg C U.
Since U is a compact open subgroup of G and since G is unimodular, this implies
that g 'h~'Uhg = U. In particular, we have that A~'Uh = V which implies that
C(U)=C(V). O

In light of this result we make Definition [2.4]

Definition 2.4. The unique element C, € Fs with height [ such that for all
U € C, m admits a non-zero U-invariant vector is called the seed of 7.

Proposition proves Theorem [A(2)

Proposition 2.5. Let w be an irreducible representation of G at depth | and sup-
pose that S factorises at depth I. Then, for every U € Cr, m admits a non-zero
diagonal matriz coefficient supported in the compact open subgroup Ng(U) of G.
In particular, 7 is induced from an irreducible representation of Ng(U), belongs to
the discrete series of G and its equivalence class is isolated in the unitary dual G
for the Fell topology.

Proof. Since 7 is at depth [, there exists a compact open subgroup U € S[I] and
a non-zero vector ¢ € HY. Now, Lemma I3 ensures that the diagonal matrix
coeflicient

pee G —C: g (m(9),8)

is supported inside the compact set Ng(U,U). Furthermore, notice that Ng(U,U)
= N¢(U) is a compact open subgroup of G. In particular, the GNS construction
implies that © ~ Ind§ «(u)(0) where o is the irreducible representation of Ng(U)
corresponding to @5’5’ Ne(U)* Furthermore, since ¢ ¢ is compactly supported, the
representation 7 is both square-integrable and integrable. Hence, m belongs to the
discrete series of G and [DMT76l Corollary 1 pg.223] ensures that its equivalence
class is open in the unitary dual G for the Fell topology. ]

Remark 2.6. Notice that the irreducible representation ¢ of Ng(U) such that 7 ~
Ind%G(U) (o) is the inflation of an irreducible representation of a finite quotient of
N¢g(U). Indeed, as o is an irreducible of a compact group, it is finite dimensional. In
particular, o(Ng(U)) is a closed subgroup of the Lie group U(d) of unitary operators
of the d dimensional complex Hilbert space for some positive integer d € N. On the
other hand, o(Ng(U)) is a quotient of a totally disconnected compact group. In
particular, o(Ng(U)) is a totally disconnected compact Lie group and is therefore
finite. This implies that Ker(o) is an open subgroup of finite index of Ng(U) and
therefore that o is lifted to Ng(U) from an irreducible representation of the finite
group Ng(U)/Ker(o). The purpose of the rest of this section is to describe more
explicitly the irreducible representations of Ng(U) that arise in this manner if S
factorises™ at depth [ and show that under this hypothesis every equivalence class
of irreducible representations of G at depth [ can be obtained from this procedure.
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2.2. Subrepresentations of the regular representations. For the rest of this
section, let G be a non-discrete unimodular totally disconnected locally compact
group, S be a generic filtration of G factorising at depth I, U < G be conjugate to
an element of S[I], 1t be a bi-invariant Haar measure of G and let A¢ and pg be
respectively the left-regular and right-regular representations of G. The purpose
of this section is to study the space of functions of positive type associated with
irreducible representations of G with seed C(U). Lemma 2] motivates Definition

27

Definition 2.7. We define £s(U) to be the closure in L?*(G) of the set of all
functions ¢ : G — C satisfying the following properties:
(1) ¢ is U-right-invariant.
(2) ¢ is V-left-invariant for some V' < G conjugate to an element of S.
(3) For every W < G containing U and conjugate to an element of S[I — 1] we
have that

/ ¢(gh) du(h) = 0 VgeG.
w

Equivalently these three properties can be formulated in terms of fixed point sub-
space and orthogonal complement as follows:

(1) p € L2(G)ra¥).
(2) ¢ € Uwesveew) LG,

iR
(3) pe€ nves[lfl],UgWeC(V),geG (1gw) ™

By definition Ls(U) is a set of equivalence classes of functions up to negligible
sets and not a set of functions. However, Lemma [2.§ ensures the existence of a
canonical choice of representative.

Lemma 2.8. For every ¢ € Ls(U), there exists a unique U-right-invariant repre-
sentative ¢ of ¢. Furthermore, for every W < G containing U and conjugate to an
element of S[l] we have that

/ ¢(gh) du(h) = 0 VgeG.
w

Proof. By the definition of Ls(U), there exists a sequence (¢n)neny of complex
valued functions such that:

(1) p, — @ in L*(G) where $,, denotes the equivalence class of ¢,.
n—oo
(2) @y is U-right-invariant.
(3) For every W < G containing U and conjugate to an element of S[I — 1] we
have that

¢n(gh) dpu(h) = 0 VgeG.
w

Now, let ¢’ : G — C be any representative of ¢. The above implies that

/ (on(h) — @ (W) dp(h) —— 0.

1—> 00

On the other hand, since G is a disjoint union of its U-left-cosets, we have

/m W dpt) = S [ len(h) = (W dputh).

gUeg U’ 9Y
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Therefore, we obtain for all g € G that

on(h) — ' (W) dp(h) = /U (on(gh) — ' (gh) > d u(h) ——> 0.

_l]U n— oo

In particular, for every g € G this implies that ¢,(gh) converges to ¢'(gh) for
almost all o € U. Since the ¢, are constant on U-left-cosets, there exists of a
unique representative ¢ : G — C of ¢ such that

¢(gh) = ¢(g) Vg € G,Yh € U.
On the other hand, since U is a compact set, the convergence ¢,, —— ¢ is uniform
n—r oo

on U-left-cosets. Now, let g € G and let W be conjugate to an element of S[I — 1]

and such that U C W. Since gW is compact, it can be covered by finitely many

U-left-cosets and the convergence ¢, —— ¢ is also uniform on W-left-cosets.
n—oo

This implies as desired that

‘/Ww(gh)du(h) = ‘/WSO(gh)—gpn(gh)dM(h)‘ S/Wlso(gh)—gon(gh)\du(h)

< w(W) sup |o(k) — pn(k)] —— 0 Vg€ G.
kegW n— oo

O

In light of this result, we identify each equivalence class ¢ € Ls(U) with its
canonical continuous representative if it leads to no confusion. Lemma, shows
that Ls(U) is G-left-invariant and therefore defines a subrepresentation of the left-
regular representation (\g, L2(G)).

Lemma 2.9. L5(U) is a closed G-left-invariant subspace of L*(G).

Proof. By the definition of Ls(U), it is enough to prove that the subspace of func-
tions satisfying the three properties of Definition 2.7 is G-left-invariant. Let ¢ be
such a function, k € G and notice that:

(1) Aa(k)p € L*(G)Pe().

(2) Aa(k)p €U wes, LGV = wes, LX(G)oV).

vec(w) vec(w)
1 1
(3) Aa(k)e €N vesu—1], (thgw) =N vesp-1}, (1gw)". O
Ucwee(v), Ucwee(v),
geG geG

We denote by T's 7 the subrepresentation of Ag corresponding to Ls(U). The
following result shows that this representation depends, up to equivalence, only on
the conjugacy class C(U) and not on its representative U.

Lemma 2.10. Let C € Fs be a conjugacy class with height | and let U,U" € C.
Then, the representations (I's,y,Ls(U)) and (Ts,u, Ls(U')) are unitarily equiva-
lent.

Proof. Since U and U’ belong to the same conjugacy class C, there exists an element
k € G such that U’" = kUk™!. Now, notice that pg(k) : L?*(G) — L?*(G) is
a unitary operator and that pg(k)Ls(U) = Lg(U’). Indeed, for every function
¢ : G — C such that ¢ € L?(G)PeV), o ¢ Uwesveew) L2(@)*eWV) and ¢ €
Nvesp—1,vcweew).gec (“gW)l we have:

(1) pak)e € LA(G)re*UR D) = 12(G)re ).
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(2) pc(k)p € UWesyec(W) L2(G))\G(V)-

L iR
(3) pak)p € N vesu—1, (Lgwr-1)" =N vesp—1,  (gr—10wr-1)) " -
Ucwec(v), U'CkWk™tec(v),
geG gk~lea

It follows by density and by continuity of pg (k) that pg(k)Ls(U) C Ls(U'). In-
verting the role of U and U’, we obtain that pg(k=1)Ls(U’) C Ls(U) and thus
that pg(k)Ls(U) = Ls(U"). Since A\g(9)pc(k) = pa(k)Ac(g) for every g € G, the
restriction of pg(k) to Ls(U) provides the desired intertwining operator between
T&U and T&U/. O

Now, recall from Lemma [Z3] that for every irreducible representation 7 of G
at depth [ with a non-zero U-invariant vector &, the matrix coefficient ¢¢ ¢ is a
non-zero U-bi-invariant element of Ls(U). The following result shows that every
subrepresentation of Ls(U) contains such a function.

Lemma 2.11. Every G-left-invariant subspace of Ls(U) contains a non-zero U-
bi-invariant function.

Proof. Suppose that M is a non-zero closed G-left-invariant subspace of Ls(U),
consider any non-zero class of functions ¢ € M and let t € G be such that ¢(t) # 0.
Notice that the function

= /U Ts (Kt~ dp(k)

is U-left-invariant, U-right-invariant and satisfies
| wtah) dum) = 0 vgeq
w

for every W that is conjugate to an element of S[I — 1] and such that U C W.
Since M is a closed G-left-invariant subspace of Ls(U), we have that ¢ € M.
Furthermore, this function is not identically zero since the U-right invariance of ¢
implies that

b(ig) = /U o(th Yy d (k) = /U o(t) dp(k) = u(U)p(t) #0.
O

Proposition 212 shows that the space of U-bi-invariant functions of Ls(U) is
finite-dimensional and therefore that T's ;; decomposes as a finite sum of irreducible
representations of G.

Proposition 2.12. The subspace of U-bi-invariant functions of Ls(U) is finite
dimensional.

Proof. Lemma[ZT]ensures that the U-bi-invariant functions of Ls(U) are supported
inside the compact set Ng(U). On the other hand every U-bi-invariant continuous
function ¢ : G — C is constant on the U-left-cosets and Ng(U) can be covered by
finitely such cosets. This proves that the subspace of U-bi-invariant functions of
Ls(U) is in the span of finitely many characteristic functions and is therefore finite
dimensional. ]

Corollary 2.13. Tsy decomposes as a finite sum of irreducible square-integrable
representations of G with seed C(U).
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Proof. Lemma 2.11] and Proposition ensure that T's y decomposes as a finite
sum of irreducible square-integrable representations of GG; each of these containing
a non-zero U-invariant vector. Now, let W < G be conjugate to an element of S|r]
for some r < I. Lemma 2] ensures that the W-left-invariant functions of Ls(U)
are supported inside

Ne(UW)={geG|gWg ' CU}.

On the other hand, since C(W') has height r, since C(U) has height [ and since r <1
the set N (U, W) is empty. This proves that Ls(U) does not contain any non-zero
W-left invariant function and thus that every irreducible representation appearing
in the decomposition of T's iy has seed C(U). O

It is a natural to ask whether the reversed implication holds. The following
provides a positive answer to this question.

Lemma 2.14. Every irreducible representation w of G with seed C(U) is equivalent
to a subrepresentation of Ts y.

Proof. Let m be an irreducible representation of G with seed C(U) and let £ € HY be
a non-zero vector. Since m has seed C(U), notice with a similar reasoning as in the
proof of Lemma 23] that @¢ ¢ is a non-zero U-bi-invariant function of Ls(U) where
Pee: G — C:gr (m(g7hEE). Now consider the diagonal matrix coefficient
() = (Ts,u(-)Pe.¢, Pe.e) of Ts,y and notice from [Dix77, Theorem 14.3.3] that

(g) = /G Ts.(9)Pe.c (W) Beeh) d pu(h) = /G pee(h™1g)pee(h=1) d u(h)

=/ Ww(g)f,é(hfl)sﬂm(h‘l)du(h)=/ Or(gre.e(R) e (h)dp(h)
G G
=d ' €1P(m(9)€, &) = d €N e, (9),

where d, is the formal dimension of 7. The result follows from the uniqueness of
the GNS construction [BAIHVO08, Theorem C.4.10]. O

Corollary 2.15. Let C € Fs be a conjugacy class with height l. Then, there exist
at most finitely many inequivalent classes of irreducible representations of G with
seed C.

To improve the clarity of the exposition the author decided to gather the results
of the previous two sections in a theorem. Up to this point, Theorem [Al 1) and
[Al(2)] together with the following result.

Theorem 2.16. Let G be a non-discrete unimodular totally disconnected locally
compact group, S be a generic filtration of G factorising at depth | and U < G be
conjugate to an element of S[l]. Then, the following hold:
(1) The square-integrable representation (Ts,y,Ls(U)) depends, up to equiva-
lence, only on the conjugacy class C(U).
(2) Every G-left-invariant subspace of Ls(U) contains a non-zero U -bi-invariant
function and every such function is compactly supported inside Ng(U).
(3) Ts,u decomposes as a finite sum of square-integrable irreducible represen-
tations of G with seed C(U).
(4) Ewery irreducible representation of G with seed C(U) is a subrepresentation
Of TS,U-
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In particular, if S factorises at depth [ we have a bijective correspondence be-
tween the equivalence classes of irreducible subrepresentations of (T's 17, Ls(U)) and
the equivalence classes of irreducible representations of G with seed C(U). In the
following sections, we introduce a family of irreducible representations of the finite
group Ng(U)/U which can be lifted to representations of Ng(U) and show that
the irreducible representations of G with seed C(U) are induced from these when S
factorises™ at depth .

2.3. Induced representations. The purpose of this section is to recall the defi-
nition of induction and some related results that will be required to end the proof
of Theorem [Al Even if this notion makes sense in the context of locally compact
groups and closed subgroups, this level of generality comes with technicalities that
are unnecessary for the rest of our expository. Since most of the complexity van-
ishes if H is an open subgroup of G (because the quotient space G/H is discrete)
and since it is the only setup encountered in these notes, we will work under this
hypothesis and refer to [KT13, Chapters 2.1 and 2.2] for more details.

Let G be a locally compact group, let H < G be an open subgroup and let o be
a representation of H. The induced representation Indg(o) is a representation of
G with representation space given by

olah) = o(h™o(a). 3 (0la).0(a) <+ |.

md$ (H,) = {¢ G = H,
gHeG/H

For ¢, ¢ € Ind$ (H,), we let
<'(/)7¢>Indg(7-[g) = Z <'(/)(g)a¢(g)>

gHeG/H

Equipped with this inner product, Ind%(?—lo) is a separable complex Hilbert space.
The induced representation Ind$ (o) is the representation of G on Ind$ (H,,) defined
by
[Ind§(0)(h)]é(g) = ¢(h~'g) Vo € Indf (H,) and Vg, h € G.
The following three results are classical but the author did not find any conve-
nient sources in the literature and chose to give a proof for instructive purposes
and for completeness of the argument.

Lemma 2.17. Let G be a locally compact group, let H < G be an open subgroup
and let o be a representation of H. Then, there exists an isomorphism between

the Hilbert spaces o4 = {¢ € Ind%(H,)|p(9) = 0¥g € G — H} and H, that

intertwines the representations Indf](a)‘ and o. Furthermore, we have
H

ndf(He) = €  [Indf(0)(9)]0%-
gHeG/H

Proof. First notice that ©% is a closed subspace of Ind$ (#,) and therefore defines
a Hilbert space. Now, for every £ € H,, let

_ Jo(ghe ifgeH,
belg) = { 0 fgd H

and notice that ¢ = 0 only if £ = 0 and that ¢¢ € Ind%(?—[g). On the other hand,
every function ¢ € ©% is uniquely determined by the value it takes on 1 since
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#(g) = 0Vg € G — H and ¢(g9) = o(971)é(1g) Vg € H. Hence, we have that
oF = {¢¢|¢ € Ho} and the map

®: Hy, = 9F & = ¢

is a linear isomorphism between H, and ©%. Moreover, ® is unitary since V¢, n €
H, we have

(@(€), PMmag sy = D (Pe(9),n(9)) = (de(16): dn(1a)) = (&)

gHeG/H

Finally, ® intertwines o and Indg(a)‘H since Vh € H, Vg € G we have

(o (h)€)(9) = donic(9) = {dgoh)f ig ; Z

= ¢e(h™"g) = [Indf (o) (h)] ¥e(9)-

This proves the first part of the claim. To prove the second part of the claim, let
¢ € Ind%(H,) and let us show that

o= [nd5(0)(9)](¢(9))-

gHeG/H

First, notice that Ind$(c)(g)o% is the set of functions of Ind% (H,) that are sup-
ported inside gH. On the other hand, Vg,t € G, Vh € H we have that

[[Indf (o) (gh)] ®(6(gh))](t) =

(gh))(h"'g™"t)
ifhlglted H
1

(o
{ ot lgh)d(gh) if h-g~'te H,
= 3(¢

ot 1g)e(g) ifg~'te H,
ifg'te H

') = [[Ind§ () (9)]2(6(9)] (1)-

This proves that the map G/H — Ind%(H,) : gH [Ind%(o)(g)]@(qﬁ(g)) is
well-defined. On the other hand, Vg € G, Vh € H, we have

[ [[Id$ (0)(9)] @(6(9))] (gh)|| = [2(8(9)) () ]|= llo(h ™ )(9) 1= I ()Il-

Hence, we obtain that

2 2
> [df () (9)]2(6(9)) = > > [[mdG(o)(9)]@(6(g))] ()
gHEG/H Ind§(H,) tHEG/HI gHEG/H
= > lmaG@®le@m]OI = 3 1601P= 118174 (30,

tHeG/H tHEG/H
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This proves that 3, u[Ind% (0)(9)@(¢(g)) belongs to @/ md$ (o) (9)D9,.
gHeG/H

Finally, a direct computation shows that
Ind$ (o) tHeG/H

= > e —mdf (@)@ = D ) — e@)l*=o0.

tHEG/H tHEG/H

2 2

$(t) = D Ind§(a)(9)2(d(9)(1)

gHeG/H

Hqﬁ— Y. Ind§(0)(9)2(¢(9))

gHeG/H

O

The following provides a useful criterion to check the irreducibility of the induced
representation.

Proposition 2.18. Let G be a locally compact group, let H < G be an open sub-
group and let o be an irreducible representation of H. Then, Indf[(o) 18 irreducible
if and only if every non-zero closed invariant subspace of Ind%(?—{g) contains a
non-zero function supported in H.

Proof. The forward implication is trivial. For the other implication, let M be a
non-zero closed invariant subspace of Indg (H,). By the hypothesis, M N DY, # @.
In particular, since o is irreducible, the correspondence of Lemma 2.7 implies that
D% C M. We conclude from that same lemma that M = Ind$ (#,) since M is a

closed invariant subspace of Ind% (H,) and since

md§;(Ho) = @ [IndF(0)(9)]D%.
gHeG/H

O

The following provides a sufficient condition for the induced representations to
be inequivalent.

Lemma 2.19. Let G be a locally compact group, let H < G be an open subgroup
and let 01,09 be two inequivalent irreducible representations of H. Suppose that

there exists a subgroup K < H such that D% = (Ind%(?—{gi))K. Then, Ind% (o)
and Ind$ (02) are inequivalent.

Proof. The proof is by contradiction. Suppose that there exists a unitary operator
U intertwining Ind$ (o1) and Ind% (o2). In particular, we have U(Indg(Hgl))K =

K
(Ind5 (Ho,))
217 and notice that ®;(H,,) = D% = (Indg(’H,m))K. In particular, since ®; is

a unitary operator intertwining o; and Indg(ai)}H, the unitary operator ®5 ve,

Let ®; : H,, — DY be the correspondences given by Lemma

intertwines o and o9 which leads to a contradiction. O

2.4. The bijective correspondence of Theorem [Al Let G be a non-discrete
unimodular totally disconnected locally compact group and let S be a generic fil-
tration of G. The purpose of this section is to describe explicitly the bijective
correspondence of Theorem [Al This requires some formalism that we now intro-
duce.
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Let U be conjugate to an element of S[I] and notice that if S factorises at depth
I, N¢(U)/U is a finite group. Furthermore, notice that

Ne(g~'Ug) =g 'Na(U)g VYge @
which implies that
Ng(U)/U ~ Ng(V)/V VYU,V € C, VC € Fgs.
This motivates Definition

Definition 2.20. For every conjugacy class C' € Fg, the group of automor-
phisms Autg(C) of the seed C is the finite group Ng(U)/U corresponding to
any group U € C.

For all C' € Fs with height [ and every U € C, we set
Hs(U)={W |FgeGst. gWgt e S[l—1]and U C W},

and let py : Ng(U) — Ng(U)/U denote the quotient map. If S factorises™ at depth
[, notice that py(W) is a non-trivial (possibly not proper) subgroup of Autg(C)
for every W € $s(U). Moreover, notice that

9s(g7'Ug) =g 'Hs(U)g Vg €G.

In particular, the subset of non-trivial subgroups of Autg(C)

95(C) = {puy (W)W € Hs(U)}
does not depend on our choice of representative U € C.

Definition 2.21. An irreducible representation w of Autg(C) is an S-standard
if it does not have any non-zero H-invariant vector for any H € $s(C).

Our goal is to describe the irreducible representations of G with seed C' from these
S-standard representations. We recall that every representation w of Ng(U)/U
can be lifted to a representation w o py of Ng(U) acting trivially on U and with
representation space H,,. Furthermore, notice that w o py is irreducible if and only
if w is irreducible. We can now use the process of induction recalled in Section
For shortening of the formulation, we denote by

T w) = Ind%g(U) (wopy)

the resulting representation of G. Our purpose will be to show that T(U,w) is an
irreducible representation of G with seed C(U) if w is S-standard. Conversely, if
7 is an irreducible representation of G' with seed C, notice that HY is a non-zero
N¢g(U)-invariant subspace of H, for every U € C. In particular, the restriction
(7T|NG(U),H7({) defines a representation of Ng(U) whose restriction to U is trivial.
This representation passes to the quotient group Ng(U)/U and therefore provides a
representation w, of Autg(C). Theorem 2:22]describes the bijective correspondence

of Theorem [A] using these constructions.

Theorem 2.22. Let G be a non-discrete unimodular totally disconnected locally
compact group, S be a generic filtration of G factorising™ at depth | and C € Fs
be a conjugacy class at height l. There exists a bijective correspondence between the
equivalence classes of irreducible representations of G with seed C' and the equiva-
lence classes of S-standard representations of Autg(C). More precisely, for every
U € S the following hold:
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(1) If 7 is an irreducible representation of G with seed C(U), the representation
(wr, HY) of Autg(C(U)) is an S-standard representation of Autg(C(U))
such that

7~ T(U,w;) = Ind%G(U) (wr o py).

(2) If w is an S-standard representation of Autg(C(U)), the representation
T(U,w) is an irreducible representation of G with seed C(U).

Furthermore, if wi and we are S-standard representations of Autg(C(U)), we have
that T(U,w) ~ T(U,ws) if and only if wi ~ ws. In particular, the above two
constructions are inverse of one another.

The structure of the proof is given as follows:

Irreducible subrepre-

/ ‘ sentations of Ts i ‘\
© A ®

‘ Representations T'(U, w)

@/

@ Theorem [2.16] @ Proposition [2.24] @ Lemma [2.25]

Irreducible representa-
tions with seed C(U) ‘/

The last part of the statement is then handled by Lemma 226

We start the proof with an intermediate result. From now on and for the rest
of this section, let U < G be conjugate to an element of S[l] and suppose that S
factorises T at depth .

Lemma 2.23. Let ¢ be a U-bi-invariant function of Ls(U) and let @ be the function
defined by p(g) = p(g~ ') Yg € G. Then, ¢ is a U-bi-invariant function of Ls(U).

Proof. The function ¢ is clearly U-bi-invariant. Furthermore, since G is unimodular
and since ¢ € L?(G), notice that € L?(G). On the other hand, Lemma 2T ensures
that ¢ is supported inside Ng(U). The same holds for @ as Ng(U) is symmetric.
Now let W be conjugate to an element of S[I — 1] and such that U C W. Since
S factorises™ at depth I, we have that W C Ng(U). In particular, for every
g € Ng(U), gW N Na(U) = @ and [;, §(gh) dpu(h) = 0. On the other hand, if
g € Ng(U), notice that U = gUg~! C gWg~! which implies that

-~ _ —1 _ —1 _
/Wso(gh)du(h)—/ww(hg )du(h)—/ @(g~ " h)dpu(h) =0.

gWg—1

]

Proposition 2.24. Let w be an S-standard representation of Autg(C(U)). Then,
@WOPU

Ne(U) = 'Hg(aw) and T(U,w) is equivalent to an irreducible subrepresentation of
T&U.
Proof. We start by showing that T'(U,w) is equivalent to a subrepresentation of
Ts,uy. Let & € H,, be non-zero and consider the function
wopy(g—)¢ if g € Na(U)

¢5:G—>(C:g»—>{ 0 if g ¢ Ne(U)
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We have that ¢¢ € Hp ) and since w is irreducible, Lemma [ZI7 ensures that
¢¢ is cyclic for T(U,w). We consider the diagonal matrix coefficient pg, 4. (-) =

(T(U,w)(-)de, ¢¢) of T(U,w) and let

(wopu(9),&)n, ifge Na(U)

:G—-C:g— .
e ’ { 0 if g & No(U)

A straightforward computation shows for every g € G that
Pocoe(9) = (T(U,w0)(9)b¢, Pe)tmag_ ) (Huopy)

= Y T o)

(2.1) tNG(U)EG/Ng(U)

= > (De(g7 1), 0e(t)) = (De(97 1), be (1)) = pee(9)-

tNG(U)eG/Ng(U)

We are going to show that ¢ ¢ is a U-left-invariant function of Ls(U). It is clear
from the definition that ¢ ¢ is U-bi-invariant, compactly supported and hence
square integrable. Now, let W be conjugate to an element of S[l — 1] and such that
U C W. Since S factorisest at depth I, notice that W C Ng(U). In particular, for
every g & Ng(U) we have that gNg(U)NNg(U) = @ and thus [, ¢ e(gh) d p(h) =
0. On the other hand, for every g € N (U), since w is an S-standard representation
of Autg(C(U)) we have

/ pee(gh) dpu(h) = { / wo pu(h)Ed u(h),w o (g~ )b, = 0.
w w

This proves, as desired, that ¢¢ ¢ is a U-left-invariant function of Ls(U). In partic-
ular, Lemma 223 ensures that @¢ ¢ € Ls(U). Now, consider the diagonal matrix
coefficient ¥(-) = (Ts,u(-)Pe.e, Pee) of Ts y, let 1 be the Haar measure of G renor-
malised in such a way that u(Ng(U)) = 1 and notice from [Dix77, Theorem 14.3.3]
that

(2.2)
d)(g):/ Ts,U(g)@,f(h)@&,s(h)dﬂ(h):/ pec(h™'g)pec(h=1) dpu(h)
G Ng(U)

— [ pecthgrocamdnth) = d; ¢l eelo)
Ne(U)

where d,, is the dimension of w. In particular, renormalising ¢ if needed, the equal-
ities (2.1), (22) and the uniqueness of the GNS construction [BAIHV0S, Theorem
C.4.10] imply that T'(U,w) is a subrepresentation of Ts .

Now, let us show that D7, = (Ind%G(U) ('HwopU))U = Hipw.w)- Let
U HT(U,w) — ﬁg(U)
be a unitary operator intertwining T'(U,w) and Ts iy and notice that

QL]L\}IZP%) HT (U,w)"

Let g € G and ¢ € [T(U,w)](yg )D Ny~ Since

[T(U,w)](9)D%7, € HIG -
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the function U(¢) is a gUg !-left invariant function of L£s(U) and Lemma 2]
ensures that it is supported inside

Ne(gUg™ ', U) = {t € G|t 'gUg™ "'t CU} = gNe(U).

1
Now, let ¢ € (QTVOGP(%)) N ’Hg(U’w). By Lemma 2.I7 we have that

wopy L wopu
(gNg(U)) = @ [T(va)} (Q)CDNG(U)'
9NG(U)eG/Na(U)—{Nc(U)}
In particular, the above discussion implies that supp(U(y¢)) € G — Ng(U). On
the other hand, since ¢ € ’Hg(a w)» the function (p) is a U-left invariant function
of Ls(U) and is therefore supported inside Ng(U). This implies that U(p) = 0.
Hence, ¢ = 0 and @‘I'Jvzp(‘{]) = ’H%(U_’w).

Finally, we prove the irreducibility of T(U,w) with Proposition I8 Let M
be a non-zero closed invariant subspace of Hp(,,). Then U(M) is a non-zero
closed invariant subspace of Ls(U) and Lemma [2T11] ensures the existence of a
non-zero U-bi-invariant function ¢ € U(M). In particular, U1 (p) is a non-zero
U-invariant function of Hy () contained in M. The result follows from the fact
that 17y .y = DNer(tr)- 0

This proves @ We now prove @

Lemma 2.25. Let m be an irreducible representation of G with seed C(U). Then
wr is an S-standard representation of Autg(C(U)) (in particular it is irreducible)
and

7~ TU w,) = Ind](\;;G(U)(ww opy).

Proof. We start by showing that (w,,HY) is an S-standard representation of
Autg(C(U)). Let M be a non-zero closed Autg(C(U))-invariant subspace of HY
for w; and let ¢ € HY be a non-zero vector. Since ¢ is cyclic for m the func-
tion ¢, : G = C : g — (m(g)&,m) is not identically zero for every non-
zero 7 € M. On the other hand, Lemma 2] ensures that this function is sup-
ported inside Ng(U). In particular, there exists an element g € Ng(U) such that
0 # ¢en(g) = (€, wropu(g~)n). Since M is Autg(C(U))-invariant this proves the
existence of a vector / € M such that (¢,n') # 0. It follows that the orthogonal
complement of M in HY is trivial. This proves that M = HY and w; is irreducible.
Now, let W € $5(U) where we recall that

Hs(U)={W |3FgeGst. gWg ' €8S[l—1] and U C W}.

Since m(g) = wy o py(g) for every g € Ng(U) and since 7 has seed C, there does
not exist any non-zero W-invariant vector in ’HT[{ for w, o py. This proves that w,
is S-standard.

We now prove that 7 ~ T'(U,w,). Let £ € HY and consider the function ¢ ¢ :
G = C: g~ (m(9)§ ). The proof of Lemma 23] ensures that ¢ ¢ is a U-bi-
invariant function of Ls(U) and is therefore compactly supported inside Ng(U).
In particular, we have that

_ <w7r OpU(g)£a€> if g€ NG(U)
peelg) = { 0 it g & No(U) "



OL/SHANSKII’S FACTORISATION 377

On the other hand, the Equality ([2.1]) ensures that ¢ ¢ is a diagonal matrix coef-
ficient of IndJC\;,G(U)(w,r opy). Since Ind]C\;,G(U) (wr o py) is irreducible by Proposition
224 the result follows from the uniqueness of the GNS construction [BAIHVO0S|
Theorem C.4.10]. O

Lemma 2.26. Let wy, we be S-standard representations of Aute(C(U)). Then,
T(U,wy1) and T(U,ws) are equivalent if and only if w1 and we are equivalent.

Proof. Proposition ensures that @‘1‘\’;;’(’5) = ’ngwi). The result thus follows
from Lemma 219 applied with H = Ng(U) and K = U. O

2.5. Some existence criteria. Let G be a non-discrete unimodular totally dis-
connected locally compact group and S be a generic filtration of G. If S factorises™
at depth I, Theorem [A] provides a bijective correspondence between the equivalence
classes of irreducible representations of G' at depth [ with seed C' € Fs and the S-
standard representations of Aute(C'). However, it does not guarantee the existence
of an irreducible representation of G at depth [. The purpose of this section is to
provide some existence criteria that will be used in the second part of the paper.
The following results were used in [FTN9I1] to prove the existence of cuspidal rep-
resentations of the full group of automorphisms Aut(T") of a regular tree and their
proofs are essentially covered by [FTN91, Lemma 3.6, Lemma 3.7, Lemma 3.8 and
Theorem 3.9] but we recall them for completeness of the argument.

Lemma 2.27. Let Q be a finite group with |Q|> 2 acting 2-transitively on a finite
set X ={1,...,d}. There exists an irreducible representation of Q without non-zero
Fixq (i)-invariant vector for all i € X.

Proof. Since @) acts transitively on X, notice that Fixg (i) and Fixg(j) are conju-
gate to one another for all 4,7 € X. In particular, a representation 7 of ) admits
a non-zero Fixg(i)-invariant vector for all 4 € X if and only if it admits a non-zero
Fixg(1)-invariant vector. In light of these considerations we are going to prove the
existence of an irreducible representation of @) without non-zero Fixg(1)-invariant
vectors. We recall that the quasi-regular representation o of )/ Fixg(1) is the rep-
resentation Ind%xQ (1)(1F§Q\(1)) of @ induced by the trivial representation 1F§Q\(1)
of Fixg(1). On the other hand, for every representation = of @, the Frobenius
reciprocity implies that

Q — Q —
<ReSFiXQ(1)(7r)’1F§QTI)>F1"Q(1) = <7T’IndFiXQ(1)(1F§QTl))>Q = <7T,U>Q.

In particular, every irreducible representation = of @ with a non-zero Fixg(1)-
invariant vector is a subrepresentation of . Moreover, since @ acts 2-transitively
on X, [[sa76l Corollary 5.17] ensures the existence of an irreducible representation
pof @ such that o =1 0P Suppose for a contradiction that every irreducible rep-
resentation of @ has a non-zero Fixq(1)-invariant vector and is therefore contained
in . This implies that () has two conjugacy classes and is therefore isomorphic to
the cyclic group of order two which contradicts our hypothesis that |Q|> 2. ([l

The following result provides another useful criterion that we adapt below to the
context of trees.

Lemma 2.28 ([FTN9I, Lemma 3.7]). Let @ be a finite group, let H < Q be
a direct product Hy X Hy X --- X Hg of non-trivial subgroups H; of Q and sup-
pose that the group of inner automorphisms of Q acts by permutation on the set
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{Hi,...,Hs}. Then, there exists an irreducible representation m of QQ without non-
zero H;-invariant vectors for everyi=1, ..., s.

For every locally finite tree T' and each subtree 7 C T we set
Stabg(T) ={9€ G| ¢gT C T} and Fixeg(T)={9€ G |gv=0v Yo e V(T)}
We obtain Proposition

Proposition 2.29. Let T be a locally finite tree, G < Aut(T) be a closed subgroup,
T be a finite subtree of T and {T1, Tz, ..., Ts} be a set of distinct finite subtrees of T
contained in T such that T,UT; =T for everyi # j. Suppose that Stabe(T) acts by
permutation on the set {T1, T2, ..., Ts} and that Fixg(T) € Fixg(T;) € Stabg(T).
Then, there exists an irreducible representation of Stabg (T )/ Fixg(T) without non-
zero Fixg(T;)/ Fixg(T)-invariant vector for everyi=1, ..., s.

Proof. Since T is a finite subtree of T', Stabg(7) and Fixg(7) are compact open
subgroups of G. As Stabg(7T) is the normaliser of Fixg(T), Stabg(T)/ Fixa(T)
is a finite group and our hypothesis ensures that every H; = Fixg(7;)/ Fixa(T)
is a non-trivial subgroup of Stabg(7)/Fixg(7). On the other hand, for every
i # j, T; UT; = T which ensures that H; N Hj = {lstaby(7)/ Fixe ()} and that
the supports of elements of Fixe(7;) and Fixe(7;) are disjoint from one another.
This implies that the elements of H; and H; commute with one another and that
the subgroup of Stabg(T)/ Fixe(T) generated by |J;_, H; is isomorphic to Hy x
Hy x - -+ x Hg. Since the elements of Stabg(7) act by permutation on {71, ..., 75},
notice that the group of inner automorphisms of Stabg(7) acts by permutation on
{Fix¢(T1),. .., Fixg(Ts)}. The result follows from Lemma O

Part 2. Applications
3. THE FULL GROUP OF AUTOMORPHISMS OF A SEMI-REGULAR TREE

The purpose of this section is to apply our axiomatic framework to the full
group of automorphisms Aut(T) of a thick semi-regular tree T' and more generally
to groups of automorphisms of trees satisfying the Tits independence property
(Definition B:6). This section is therefore redundant from the point of view of new
results (see |O1'77],[Ama03]). It serves instead as a section allowing the reader to
interpret the machinery developed in the first part of these notes in a concrete and
well-understood case.

Let T be a (dp, d1)-semi-regular tree with dy,dy > 3, let Aut(T) be the group of
automorphisms of T' equipped with the permutation topology and let T be the set
of non-empty complete finite subtrees of T'.

Definition 3.1. A closed subgroup G < Aut(T) is said to satisfy the hypothesis
[H] if for all 7,7’ € T we have that

(H) Fixg(T") C Fixg(T) if and only if 7 C T".

For such groups, we are going to show that S is a generic filtration and that:
S[0] = {Fixg(v)|v € V(T)}.

S[1] = {Fixg(e)le € E(T)}.

S[l] = {Fixg(T)|T € T and T has [ — 1 interior vertices} VI > 2.
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In particular, the spherical, special and cuspidal representations as defined on page
357 correspond respectively to the irreducible representations at depths 0, 1 and at
least 2. The purpose of this section is to prove Theorem

Theorem 3.2. Let G < Aut(T) be a closed non-discrete unimodular subgroup
satisfying the hypothesis [Hl and the Tits independence property, then S is a generic
filtration of G factorising® at all depths 1 > 2.

Together with Theorem [A] this provides a description of the equivalence classes
of cuspidal representations in terms of S-standard representations of the group of
automorphisms of the corresponding seed. In Section M, we will give examples
of different generic filtrations that also factorise™ for Aut(7T"). These will lead to
different descriptions of cuspidal representations of Aut(7).

Remark 3.3. If G is locally 2-transitive, the above generic filtration & does not
factorise at depth 1. Indeed, let e and f be two different edges containing a common
vertex v € V(T), let U = Fixg(e), V = Fixg(f) and let W be in the conjugacy
class of an element of S[0] such that U C W. We are going to show that W ¢ VU.
From the definition of W, Lemma [34] ensures the existence of a vertex w € V(7))
such that W = Fixg(w). Since U C W and since G satisfies the hypothesis [H] we
must have w € e. However, if w # v, there exists an element g € W that does
not fix v (because Fixg(e) # Fixg(v)) but every element of VU fixes v. Moreover,
if w = v, there exists g € W such that ge = f (because G is locally 2-transitive)
but no element of VU maps e to f. In both cases, this proves that W ¢ VU and
therefore that S does not factorise at depth 1.

3.1. Preliminaries. The purpose of this section is to settle our formalism on trees
and their groups of automorphisms. If I' is a graph, we denote by V(I") its set of
vertices, by E(T) its set of edges and we equip V(I') with the metric dr given by
the length of geodesics. An isometry g : V(I') — V(I') for this metric is called
an automorphism of I" and we denote by Aut(T") the group of automorphisms of
I'. This group embeds naturally in Sym(V'(I')) and is therefore naturally equipped
with the permutation topology. A basis of neighbourhoods of the identity of
Aut(T") for this topology is given by the sets

Fixauery(F) = {g € Aut(T") | gv = v Vv € F},

where F' C V(T') is a finite set of vertices. We recall that for a locally finite graph
I', each Fixp gy (F) with finite ' C V(I') is a compact open subgroup of Aut(I)
and that Aut(T") is a second-countable totally disconnected locally compact group.
A tree is connected graph with no loops nor cycles and it is thick if the degree of
each vertex is at least 3. A subtree 7 of T is a connected graph that is a connected
subgraph of T' in the sense that V(7) C V(T) and E(7) C E(T). Notice that a
subtree 7 of T is completely determined by its set of vertices. Therefore, when
it leads to no confusion, we identify 7 with its set of vertices. A tree T is called
(do, d1)-semi-regular if there exists a bipartition V(T') = Vo U V4 of T such that
each vertex of V; has degree d; and every edge of T contains exactly one vertex in
each V;. Finally, we recall that for a thick semi-regular tree T, the group Aut(7T)
is non-discrete and unimodular.

3.2. Factorisation of the generic filtration S. The purpose of this section is to
prove Theorem [3.2] Let T be a thick semi-regular tree. Let G be a closed subgroup
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of Aut(T), let ¥ be the set of non-empty complete finite subtrees of T and let
S = {Fixg(T)|T € ¥}. Lemma [B4] ensures that S is a generic filtration of G and
identifies the elements at height [ with respect to S if G satisfies the hypothesis [H]

Lemma 3.4. Let G be a closed non-discrete unimodular subgroup of Aut(T) sat-
isfying the hypothesis [Hl Then, S is a generic filtration of G and:

e S[0] = {Fixg(v)|v e V(T)}.

o S[1] = {Fixg(e)le € E(T)}.

o S[l] = {Fixaq(T)|T € ¥ has | — 1 interior vertices} VI > 2

Proof. For every T € T and each g € Aut(T), notice that gFixg(T)g™! co-
incides with the pointwise stabiliser Fixg(¢g7). In particular, the elements of
Fs ={C(U)|U € 8} are of the form

C(Fixg(T)) = {Fixc(9T)lg € G}

with 7 € €. Thus, for all 7,7’ € T we have that C(Fixg(7T")) < C(Fixe(T)) if
and only if there exists g € G such that Fixg(7T) C Fixg(g7"). Since G satisfies
the hypothesis [H] this implies that C(Fixg (7)) < C(Fixg(T)) if and only if there
exists g € G such that g7’ C 7. In particular, since ¥ is stable under the action
of Aut(T), for every chain Cp < C; < -+- < Cphoq1 < O, of elements of Fg,
there exists a chain To € 71 € --+ C Thp—1 € 7T, of elements of T such that
C, = C(Fixg(T;)). Reciprocally, for every chain 7o € 71 C -+ C Tpo1 © T of
elements of T contained in a subtree 7 € ¥ we obtain a chain C(Fixg(7p)) <
C(Fixg(Th)) < -+ < C(Fixg(Tn-1)) < C(Fixg(T)) of elements of Fs with maximal
element C(Fixg(7)). This proves that the height of C(Fixg(7)) is the maximal
length of a strictly increasing chain of elements of ¥ contained in 7. The result
then follows from the following observations. If 7 is a vertex, it does not contain
any non-empty proper subtree. If 7 is an edge, every maximal strictly increasing
chain of non-empty complete subtree of 7 is of the form 7y C 7 where 7Ty is a
vertex. If T is a complete finite subtree of T" with n > 1 interior vertices, every
maximal strictly increasing chain of non-empty complete subtrees of 7 is of the
form 79 S T1 C --- € Tn, & T where 7 is a vertex, 77 is an edge and 7; contains

=

1 — 1 interior vertices for every i > 2. ]

Lemma 3.5. Aut(7T) satisfies the hypothesis [Hl

Proof. Tt is clear that Fixauyr)(7T') € Fixaur)(T) if T € T'. Now, suppose
that 7 & 7' and let us show that Fixauyr)(7T") € Fixawe(r)(T). Since T Z T’
there exists a vertex vy € V(T) — V(T'). We claim the existence of an element of
Fixaue(r)(T") that does not fix v7. If 7' is a vertex, this is obvious since Fixg (7”)
acts transitively on the vertices at distance n from 7’. On the other hand, if T’
contains at least two vertices, there exists a unique vertex v%- € V(7”) that is closer
to vy than every other vertex of 7’ and there exists a unique vertex w’- of 7' that
is at distance one from v/-. Furthermore, notice that 7" is a subtree of the half-tree

T(wr,vr) U{vs} = {v e V(T) : dr(wr,v) < dr(vr,v)} U {v}}.

It follows that Fixaur) (T (wr, v)) € Fixau ) (T7).
On the other hand, Fix ) (T(w7,v7)) acts transitively on the set

{ve V(T) — T(wr,v7) : dr(vy,v) = dr(vr, o)}
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Since T is thick, this set of vertices contains vy and at least one other vertex. This
proves the existence of an element of Fix () (T (w7, v5)) which does not fix v7.
It follows that FiXAut(T)(T/) Z FiXAut(T) (7). O

Our next task is to prove that S factorises™ at all depths [ > 2 for groups
satisfying the Tits independence property.

Definition 3.6. A group G < Aut(7T) satisfies the Tits independence property
if for any two adjacent vertices v,v" € V(T), the pointwise stabiliser of the edge
{v,v'} satisfies

Fixg({v,v'}) = Fixg(T(v,v")) Fixg(T(v',v)),
where T'(w,v) = {u € V(T)|dr(w,u) < dr(v,u)}.

In fact, if G satisfies the Tits independence property and if 7 is a complete
proper subtree of T' containing an edge we have that

(3.1) Fixg(T) = [] Fixa(Tf) NFixa(T),
fEOEL(T)

where OF,(7T) denotes the set of terminal edges of T oriented in such a way that the
terminal vertex of any f € 0F,(T) is a leaf of T and where T'f denotes the half-tree
of T of vertices which are closer to the origin of f than to its terminal vertex. More
general versions of this result are given by Lemma [5.8 and Proposition 7 The
following result is well known by the expert but we prove it for completeness of the
argument. We refer to [F'TN9T, Lemma 3.1] for the full group of automorphisms of a
regular tree and to [Ama03], Lemma 19] for groups satisfying the Tits independence

property.

Lemma 3.7. Let G < Aut(T) be a subgroup satisfying the Tits independence prop-
erty, let T, T’ be complete finite subtrees of T such that T has at least one interior
vertex and such that T' does not contain T. Then, there exists a complete proper
subtree R of T such that Fixg(R) C Fixg(T') Fixg(T). Furthermore, if G satisfies
in addition the hypothesis [H], R can be chosen in such a way that C(Fixg(R)) has
the height of C(Fixq(T)) less 1 in Fs.

Proof. Since T and T are complete and since 7' does not contain 7 there exists a
vertex wr of T such that all vertices adjacent to ws but possibly one are leaves of
T and none of those leaves is a vertex of 7’. Since T is complete it contains every
oriented edge of T" with terminal vertex wy. Furthermore, for one of those oriented
edges that we denote by e, the half-tree T'e U e contains 7'. Let R = [TeUe|NT.
Since R is complete, contains an edge and since G satisfies the Tits independence
property, notice that

Fixg(R) = [FixG(Te) N Fixg (’R)] H [FixG(Tf) n FixG(R)].
FEDE,(R)—{e}
On the other hand, Vf € JF,(R) — {e} we have that 7 C T'f and therefore that
Fixq(Tf) NFixg(R) C Fixg(T). Furthermore, since 7' C Te U e, we obtain that
Fixg(Te) NFixg(R) C Fixg(T’). The desired inclusion follows. Now, suppose that
G satisfies the hypothesis [Hl The first part of the proof ensures the existence of a
complete proper subtree P of T such that

Fixg(P) C Fixg(T") Fixg(T).
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If 7 has exactly one interior vertex, there exists an edge R in 7 such that P C
R € T. On the other hand, if 7 has more than one interior vertex, there exists a
complete subtree R of 7 with one less interior vertex than 7 such that P CR C T.
In both cases, this implies that Fixg(R) C Fixg(P) C Fixg(T’) Fixg(T) and R is
as desired. O

Proof of Theorem 3.2l To prove that S factorises™ a depth [ > 2, we shall succes-
sively verify the three conditions of Definition

First, we need to prove that for all U in the conjugacy class of an element of
S[l] and every V in the conjugacy class of an element of S such that V' ¢ U, there
exists a W in the conjugacy class of an element of S[l — 1] and U C W C VU. Let
U and V be as above. Since ¥ is stable under the action of G, since G satisfies the
hypothesis [H] and as a consequence of Lemma [3.4] there exist subtrees 7,7’ € ¥
such that 7 has [ — 1 interior vertices, 7' does not contain 7, U = Fixg(7T) and
V =Fixg(T'). Hence, as a consequence of Lemma 3.7, there exists a proper subtree
R of T such that Fixg(R) is conjugate to an element of S[I — 1] and

Fixg(R) C Fixg (T’) Fixg(T).
This proves the first condition. Next, we need to prove that
N(U,V)={g€Glg'Vg C U}

is compact for every V in the conjugacy class of an element of S. Just as before,
notice that V' = Fixg(7’) for some 7' € T. Furthermore, since G satisfies the
hypothesis [H] we have

Na(U,V)={g€Glg~'Vg C U} ={g € Glg~" Fixg(T")g C Fixc(T)}
= {g € G|Fixq(g~*T") CFixg(T)} ={g € GlgT C T’}

and this set is compact since both 7 and 7' are finite. This proves the second
condition. Finally, we need to prove that for any subgroup W in the conjugacy
class of an element of S[I — 1] such that U C W we have

W C Ne(UU)={g9€G|g 'UgC U}

For the same reasons as before, there exists a complete subtree R € ¥ such that
W = Fixg(R). Furthermore, since U C W and since G satisfies the hypothesis [[]
we have that R C 7. On the other hand, since R and T are both complete finite
subtrees and since R has exactly one less interior vertex than 7T, every interior
vertex of T belongs to R. Hence, g7 C T for every g € Fixg(R). This implies
that
W =Fixg(R) C{g€ G | gT C T} ={g € G|Fixg(T) C Fixa(gT)}
= {9 € Glg~! Fixa(T)g C Fixa(T)}
= Ne(Fixg(T), Fixg(T)) = Na(U,U).
O

In particular, for every complete finite subtree 7 containing an interior vertex,
Theorem [A] provides a bijective correspondence between the equivalence classes of
cuspidal representations of G with seed C(Fixg (7)) and the equivalence classes
of S-standard representations of Autg(C(Fixg(7))). On the other hand, notice
from the above computations that Autq(C(Fixg(7))) can be identified with the
group of automorphisms of 7 coming from the action of Stabg(T) = {g € GlgT C
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T} on T and that, under this identification, the S-standard representations of
Autg(C(Fixg(T))) are the irreducible representations that do not admit a non-
zero invariant vector for the pointwise stabiliser of any maximal proper complete
subtree of 7. The existence of S-standard representations of Autg(C) is shown for
any seed C at height [ > 2 in [FTN9I] Theorem 3.9].

4. GROUPS OF AUTOMORPHISMS OF TREES WITH THE PROPERTY [[Pg]

In this section, we apply our machinery to groups of automorphisms of semi-
regular trees satisfying the property [[Pgl In particular, the purpose of this section
is to prove Theorem[Bland Theorem[Cl We use the same notations and terminology
as in Section Let T be a (dy,d;)-semi-regular tree with dg,d; > 3. For every
subtree 7 of T we denote by Br(7,7) or simply by 7 the ball of radius r > 0
around 7T that is

TO = {ve V(T): 3w e V(T) st. dp(v,w) <r}.
In addition, for each subtree 7 of T we let
E,(T)={(v,w) :v,w e V(T), v#w}

be the set of ordered pairs of distinct adjacent vertices of 7. The elements of E,(7)
are called the oriented edges of 7. For every oriented edge f = (w,v) € E,(T),
we let f = (v,w) be the oriented edge with opposite orientation and we say that w
and v are respectively the origin and the terminal vertex of f. Finally, for every
oriented edge f = (w,v) € E,(T), we let

Tf=T(w,v)={ueV dr(w,u) <dr(v,u)}.

Definition 4.1. Let k > 1 be a positive integer. A group G < Aut(T) satisfies the
property [[P]if for all e € E,(T) we have that

(IPy)  Fixg(e* V) = [Fixg(Te) N Fixg(e* V)] [ Fixg(Te) N Fixg(e®*V)].

In particular, under our convention, IP; is the Tits independence property as
defined in Section Bl Theorem [B] states the following.

Theorem. Let G < Aut(T) be a closed non-discrete unimodular subgroup satisfying
the property [[Pg| for some k > 1, P be a complete finite subtree of T containing an
interior vertex, Xp be the set of mazimal complete proper subtrees of P and

Tp = {R € Up|Fixg((R)*V) Z Fixg(REV) YR € Bp — {R}}.
Suppose in addition that:
(1) VR, R' € Tp,Vg € G, we do not have Fixg(R*~1) C Fixg(g(R')*F-1).
(2) For all R € Tp, Fixg(P*~Y) # Fixg(R¥~V).  Furthermore, if
Fixg(P*~1) C Fixg(gR* 1) we have P C gRF=1),
(3) Vn € N,Vo € V(T), Fixg(v™) C Fixg(P¥*=V) implies P+~ C o),
(4) For every g € G such that gP # P, Fixg(P*~Y) # Fixg(¢P*~Y).

Then, there exists a generic filtration Sp of G factorising™ at depth 1 with
Sp[0] = {Fixg(RFV)|R € Tp},
Sp[1] = {Fixg(P*~1)}.
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In particular, Theorem [Al provides a description of the irreducibles of G' admit-
ting a non-zero Fixg(P*~1)-invariant vector but which do not admit a non-zero
Fixg(R¥~1)-invariant vector for any R € Lp.

Under stronger hypothesis on G, Theorem [Cl explicits a generic filtration
factorising™ at all depths greater than a certain constant. To be more precise,
let ¢ € N be a non-negative integer. If ¢ is even, let

T, = {BT(U,T)‘U eV(T),r> &21} L {BT(e,r)‘e € B(T),r> ﬂ}

%= {BT(Uar)‘U eV(T),r> g + 1} L {BT(e,r)‘e e E(T),r>

NSRS

If ¢ is odd, let

2
For any closed subgroup G < Aut(T'), we consider the set
S, = {Fixa(T)|T € T,}
of pointwise stabilisers of those subtrees.

Definition 4.2. A group G < Aut(T) is said to satisfy the hypothesis @if for all
T,T' € T, we have that

(Hy) Fixg(T’) C Fixg(T) if and only if T C T".

If G < Aut(T) is a closed non-discrete unimodular subgroup of Aut(T’) satisfying
the hypothesis @ Lemma [£.10] ensures that S, is a generic filtration of G' and:

o S,[l] = {Fixg(Br(e, &))|e € B(T)} if ¢ + 1 is even.
o S [l = {Fixg(Br(v, L5 [v € V(T)} if ¢ + 1 is odd.
Theorem [(] states the following.

Theorem. Let T be a (dy, dy)-semi-reqular tree with dy,dy > 3 and let G < Aut(T)
be a closed non-discrete unimodular subgroup satisfying the hypothesis @ and the
property [[Py] for some integers ¢ > 0 and k > 1. Then S, factorisest at all depths
I > Lg . where

I max{1,2k —q—1} if q is even.
ok max{1,2k — q} if q is odd.

Together with Theorem [A] this provides a description of the irreducibles of G
that do not admit any non-zero U-invariant vector for any U € S, with depth
strictly less than L, . For G = Aut(T), one can take ¢ = 0 and k = 1 so that
the generic filtration Sy factorises™ at all positive depths. This provides a second
description of the cuspidal representations of Aut(7"). On the other hand, Theorem
[T also applies to groups that were not yet treated in the literature. For instance
we have Corollary 3]

Corollary 4.3. Let T be a (dy, d1)-semi-reqular tree with dg,dy > 6 and let G <
Aut(T) be a closed subgroup acting 2-transitively on the boundary 0T and whose
local action at each vertexr contains the alternating group of corresponding de-
gree. Then, there exists a constant k € N such that the generic filtration Sy of
G factorisest at all depths | > 2k — 1.
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In fact, if G is in addition simple, one can even show that the generic filtration
Sp factorises™ at all positive depths [Sem22] which leads to a classification of the
cuspidal representations for these groups. However, the proof given in [Sem22] does
not (and cannot) rely on the property [[Pgl

4.1. Preliminaries. The purpose of this section is to provide some reminders and
an equivalent characterisation of the property [[Pg] that will be useful to prove that
the generic filtrations below factorise. Let T" be a thick semi-regular tree and k£ > 1
be an integer. We recall from Definition B] that a subgroup G < Aut(T') has the
property [[P4] if for every oriented edge e € F,(T) we have

Fixg(e® V) = [Fixg(Te) N Fixg(e* )] [ Fixg(Te) N Fixg(e* V)]

This notion has been extensively studied in [BEW15] and we now recall some of
its properties. We start with the following result.

Lemma 4.4 ([BEWI5, Proposition 5.3.]). A group G < Auwt(T) satisfying [Py
satisfies 1Py for every k' > k.

In particular, groups satisfying the Tits independence property satisfy the prop-
erty [Py for all ¥ > 1. Furthermore, natural examples of groups satisfying the
property [[Pz] can be constructed by the operation of k-closure.

Definition 4.5. Let G < Aut(T). The k-closure G*) of G in Aut(T) is
k) _ : _
G® = {ne Aw(T) | Vo e V(T), g€ G with al, (o =9l5 0]
A group is k-closed if it coincides with its k-closure.

Lemma 4.6 ([BEWI15, Lemma 3.2, Lemma 3.4 and Proposition 5.2]). Let G <
Aut(T) and let k > 1 be an integer. The k-closure G®) is a closed subgroup of
Aut(T) containing G and satisfying the property [Pyl

Our current purpose is to prove Proposition .8 which plays a similar role than
Lemma [37 in Section 8l To this end, we provide an equivalent formulation of the
property [P} For every subtree T of T' we denote by &7 the boundary of 7" and we
define the set of terminal edges of T as the set OE,(T) of oriented edges e € E,(T)
of 7 with terminal vertex in 7. For every H < G, for every complete finite
subtree T C T and for all f, f' € OE,(T) notice that the elements of Fixy (T f) and
Fixg (T f') commute with one another since their respective supports are disjoint.
This remark lifts the ambiguity in the group equality of Proposition 7]

Proposition 4.7. A group G < Aut(T) satisfies the property [Py if and only if
for every complete finite subtree T of T containing an edge we have

Fixg(T* )= [  [Fixa(Tf) N Fixa(TH)].
FEOEL(T)

Proof. The reverse implication is trivial. To prove the forward implication we apply
an induction on the number of interior vertices of 7 and treat multiple cases. If T
does not have an interior vertex, it is an edge and the group equality corresponds
exactly to the property IP;. If 7 has exactly one interior vertex, there exists
v € V(T) such that 7 = Bp(v,1). In particular, we have 7*+~1 = ¢*) Let
g € Fixg(v®) and let E,(T) = {f1,..., fn}. For every f € E,(T) notice that
f*=1D C »*) and therefore that Fixg(v®) C Fixg(f*~Y). In particular, since
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G satisfies the property [Pyl g = g7, g7, where gy, € Fixg(T f1) N Fixa( fkfl))
and g7, € Fixg(Tf1) N Fixg( fk_l)). On the other hand, since f; € 9FE,(T)
we have that v®) C Tf, U f*™V which implies that Fixg (T f1) N Fixg(fF ) €
Fixg(v(®)). This proves that gs, € Fixg(T f1) NFixg(v®)) and since g € Fixg(v*))
we obtain that g7, € Fixg(T f1) N Fixg(v®)). In particular, g5, € FixG(fQ(kfl))
and since G satisfies the property [[Pg] we obtain that 97, = 91,95, where gy, €
Fixg(Tf2) N FixG(fQ(kfl)) and g, € Fixg(Tf2) N FixG(fQ(kfl)). Furthermore, just
as before, since fo € E,(T), we have that v(®¥) C T'f, U fz(k_l) which implies that
Fixg (T f2) N Fixg( 2(]%1)) C Fixg(v*®) and we conclude that g5, € Fixg(Tf2) N
Fixg(7®*=1). On the other hand, Tf1 C Tfo which implies that gy, € FixG(Tf_l).
Since gy, € Fixg(T f1), the above decomposition of gf, implies that gz, € Fixg(T'f1)
and we obtain that g, € Fixg(Tf1 UT f2) NFixg(v®). Proceeding iteratively, we
obtain that
9=919f---9f. 9%,

for some gy, € Fix(Tf;) N Fixg(v*)) and some g7, € Fixa(U;, Tf;) NFixg(v®).
In particular since {f1,..., fn} = OF,(T), notice that g5 € Fixg(T) = {1g}. This
proves as desired that

ge I [Fixa(Tf) NFixa@®)].
fEOEL(T)

If 7 has two interior vertices or more, the reasoning is similar. We let g €
Fixg(T®*~1), let v be an interior vertex of 7 at distance 1 form the boundary 97
and let R be the unique maximal proper complete subtree of 7 such that v is not
an interior vertex. Notice that R is a complete subtree of T' with one interior vertex
less. In particular, our induction hypothesis ensures that

Fixg(R*V) =[] [Fixe(Tf) NFixg(RE)].
fEDEL(R)
Notice that exactly one extremal edge e € OE,(R) of R is not extremal in T; the

oriented edge e such that o(e) = v. Furthermore, since R*~1 € 71 we have
g € Fixg(R®* 1) which implies that

9= 9e 11 97
fEDEL(T)NIOE,(R)

for some g, € Fixg(Te) N Fixg(R*~Y) and some g; € Fixg(Tf) N Fixg(R*~Y).
Furthermore, for every f € 0E,(T) N OE,(R) notice that

Fixg(Tf) N Fixg(R*~Y) = Fixg(Tf) N Fixg (T*Y)

which implies that g € Fixq(Tf) N Fixg(7*=Y). In particular, since g €
Fixg (T ~1), the above decomposition implies that g, € Fixg(Te)NFixg(T*~1).
On the other hand, v*) C Te UT®*~1 which implies that g, € Fixg(v(*)). Hence,
by the first part of the proof, we have

Je = ge H 9b

bEDE,(T)NAE, (v(D)
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for some g, € Fixg(Te) N Fixg(v®* V) and some g, € Fixg(Th) N Fixg(v*~1).
Furthermore, for every b € OE,(T) NOE,(vM), notice that 7+~ C Thuv(™® and
therefore that g, € Fixg(Th) N Fixg(T*~Y). In particular, since g. € Fixg(Te) N
Fixg(T*~Y) the above decomposition of g implies that gz = 1¢. This proves as
desired that g belongs to

11 [ Fixg (T f) N Fixg(TH1)].
FEOEL(T)N[OE,(R)UOE,(v(D)]

O

Proposition 4.8. Let G < Aut(T) be a subgroup satisfying the property [Pyl let
T, T' be complete finite subtrees of T such that T contains at least one interior
vertex and such that T’ does not contain T. Then, there exists a mazimal complete
proper subtree R of T such that

Fixg(R*™) € Fixg((T")* V) Fixg(T* ).

Proof. Since T and 7' are complete and since 7’ does not contain 7, there exists
an extremal edge b of T which does not belong to 7' and such that 7' C Tb.
Let R be the maximal complete subtree of 7 such that b  R. Notice that there
is a unique e € OF,(R) which is not extremal in 7. Furthermore, observe that
T' CTeUe, that R is a complete subtree of T' containing an edge and that R has
one less interior vertex than 7. In particular, Proposition 7] ensures that
Fixg(R*) =[] [Fixe(Tf) NFixg(RE)].
fEOEL(R)

However, by construction, we have that (77)*~1) C TeUR®*~1) which implies that
Fixg(Te) N Fixg(R*™Y) C Fixg((T7)*V).
On the other hand, notice that 0E,(R) — {e} C OE,(T). Therefore, for every
f € OE,(R) — {e} we have T =1 C Tf UR®* =Y which implies that
Fixg (T f) N Fixg(R* 1Y) C Fixg(T*V).
This proves as desired that
Fixg(R¥ D)= [Fixa(Te)nFixg(R* )] [[  [Fixa(Tf)NFixg(RH1)]
JEOEL(R)—{e}
C Fixg((T")* V) Fixg(THD).
]

4.2. Factorisation of the generic filtrations. Let T be a (do, d;)-semi-regular
tree with dg, dy > 3. Let G < Aut(T) be a closed non-discrete unimodular subgroup
and let u be a Haar measure of G. The purpose of this section is to prove Theorems
[Bl and [Cl This requires some preliminaries.

Lemma 4.9. Let P be a complete finite subtree of T' containing an interior vertex,
let Xp be the set of maximal complete proper subtrees of P and let

Tp = {R € Up|Fixg((R)*V) € Fixg(REV) YR € Bp — {R}}.
Suppose that:
(1) VR, R' € Tp,Vg € G, we do not have Fixg(R* 1) C Fixg(g(R')*F—1).
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(2) For every R € Tp, Fixg(P¥*~1) £ Fixg(RF-1).
Then, there exists a family } C Tp U {P} U {v™|n € N,v € V(T)} of complete
finite subtrees of T such that Sp = {Fixg(T*~V)|T € R} is a generic filtration of
G such that:

Sp[0] = {Fixg(R* V)[R € Tp}, Sp[1] = {Fixe(P* 1)}
and p(Fixg(PF=1) £ p(Fixg(T*=1)) for every T € R — {P}.

Proof. Since G is non-discrete, there exist a vertex v € V(T') and an integer N > k
such that P C v™) and Fixg(vV+E=1D) < Fixg(P*—D). We set R = Tp U {P} U
{v™|n > N} and let Sp = {Fixg(T*~Y)|T € R}. Notice by construction that
for every T € R there exists R € Tp such that R C 7. In particular, for every
U € Sp there exists R € Tp such that U C Fixg(R*~1). On the other hand,
since P is a finite subtree of T notice that Tp is finite. This implies that

< i (k—1) .
w(U) < max [1(Fixg(R )] < +oo YU € Sp

Renormalising p if needed, Lemma [[3] ensures that Sp is a generic filtration of G.
Now, notice for every 7 € R—(TpU{P}) and every R € Tp we have that R C P C
7. In particular, this implies that Fixg(7*~1) C Fixg(P*~V) C Fixg(R*~Y).
On the other hand, by the hypotheses none of those inclusions is an equality which
implies that

n(Fixg(TH1)) £ w(Fixg(PEY) < p(Fixg(RE)),

This proves, as desired, that pu(Fixg(P)*~1D) # u(Fixg(T*=1)) for every T €
R — {P}. Furthermore, since G is unimodular, the measure p(U) is an invariant of
the conjugacy class C(U) and one realises that

C(Fixg(R* 1)) < C(Fixg(P*Y)) < C(Fixg(T*Y)).

In particular, the depth of every subgroup Fixg(7®*~1) € Sp for which T €
R — (Tp U{P}) is at least 2. Now, let us prove that

Sp[0] = {Fixa(R* )R € Tp} and Sp[1] = {Fixe(P* 1)}

Let 7 € %t and R € Tp be such that C(Fixg(7T*Y)) < C(Fixg(R*~Y)). By the
definition, this implies the existence of an element g € G such that Fixg(R* 1) C
Fixg (g7 *~1) and by the first part of the proof we have that 7 € Tp. Our hypothe-
ses imply that Fixg (g7 *~Y) = Fixg(R®* 1) and therefore that C(Fixg (7T *~1))
= C(Fixg(R®*~1)). In particular, this proves that {Fixg(R* V)R € Tp} C
Sp[0]. On the other hand, we have proved that the depth of every subgroup
Fixg(T®*=Y) with T € | — (Tp U {P}) is at least 2. Since there must exist
an element at depth 1, this implies that Sp[1] = {Fixg(P*~1)} and it follows that
Sp[0] = {Fixg(RE"D)|R € Tp}. O

Proof of Theorem [Bl Let R be the family of subtrees of T' given by Lemma .9 and
consider the generic filtration Sp = {Fixg(7®*~Y)|T € R} of G. In order to prove
that Sp factorises™ at depth 1 we shall successively verify the three conditions of
Definition

First, we need to prove that for all U in the conjugacy class of an element of Sp|l]
and every V in the conjugacy class of an element of Sp such that V' & U, there
exists a W in the conjugacy class of an element of Sp[l—1] such that U C W C VU.
Let U and V be as above. By the definition of Sp there exist ¢t,h € G and some
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T € M such that U = Fixg(tP*~Y) and V = Fixg(h7T*~1). Furthermore, since
V ¢ U, we have that Fixg(t—'hT*~1) ¢ Fixg(P*~Y). In particular, we obtain
that P ¢ t~'hT. This follows from hypothesis (3) if 7 = v(™ for some n > N,
from hypothesis (4) if 7 = P and from the fact that t~*27*~1) can never contain
PE-D if T € Tp. In particular, Proposition A8 ensures the existence of a complete
finite subtree Q € ¥p such that

Fixg (tQ*~Y) C Fixg(hT* V) Fixg(tP*~Y) = VU.
On the other hand, by the definition of Tp there exists R € Tp such that
Fixg(tR*~Y) C Fixg(tQ*F~Y).

Furthermore, by the definition of Sp, the group Fixg(tR(¥~1) is conjugate to an
element of Sp[0] which proves the first condition.

Next, we need to prove that Ng(U,V) = {g € G|g~'Vg C U} is compact for
every V in the conjugacy class of an element of Sp. Notice that V = Fixg(RT*~1)
for some 7 € R and some h € G and that

Ne(U,V)={g € Glg~'Vg CU} = {g € G|Fixg(¢~*hT* ) C Fixg(tP*~1)}.

This leads to three cases. If T = v(™) for some n € N, the hypothesis (3) implies
that Ng(U,V) = {g € G|tP C g~ 'ho(™} which is a compact set. If 7 = T, the
hypothesis (4) ensures that Ng(V,U) = {g € G|gtP C tP} which is a compact set.
If 7 € %p, notice from Lemma that (V) is strictly smaller than p(U) which
implies that Ng (U, V) = @. In every case, this proves the second condition.

Finally, we need to prove that for any subgroup W in the conjugacy class of an
element of Sp[0] such that U C W we have

W CNgUU)={geG|g'UgCU}={geG|g'Ug=U}.

The hypothesis (4) of the theorem implies that Ng(U,U) = {g € G|gtP = tP}.
On the other hand, by construction of Sp, for every W in the conjugacy class of
an element of Sp[0], there exist an element h € G and a subtree R € Tp such
that W = Fixg(hR*~V). Furthermore, if U C W the hypothesis (2) implies that
P C ¢t~ AR* =V, In particular, we obtain that W = Fixg(hR* 1) C Fixg(tP) C
N¢(U,U) which proves the third condition. (]

Our next task is to prove Theorem [C] concerning groups satisfying the hypothesis
[H] (Definition E2)). Let ¢ € N be a non-negative integer. If ¢ is even, let

Ty = {BT(’U,T)"U eV(T),r> % + 1} U {BT(e,r)‘e e E(T),r > %}
If ¢ is odd, let

T, = {BT(U,T)"U eV(T),r> %1} L {BT(e,T)‘e e E(T),r > q;—l}

For any closed subgroup G < Aut(T"), we consider the set
Sy = A{Fixc(T)|T € T4}
of pointwise stabilisers of those subtrees.

Lemma 4.10. Let G < Aut(T) be a closed non-discrete unimodular subgroup sat-
isfying the hypothesis @fm" some integer ¢ > 0. Then, S, is a generic filtration
of G and:
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o S, [l] = {Fixg(Br(e, QTHE lee E(T)} if ¢+ 1 is even.
q

o S,[l] = {Fixg(Br(v, (FL1))) | v € V(T)} if ¢ +1 is odd.

Proof. For shortening of the formulation and readability, for all v € V(T) and
every e € E(T) we denote by Guv and Ge their respective orbit under the action
of G on V(T) and E(T) and by v(") and e(™) the balls of radius r around v and e
respectively. Since g Fixg(v()g~! = Fixg(gv™) Vg € G,Yv € V(T) and Vr €
N, notice that C(Fixg(v(™) = {Fixg(w)|lw € Gv}. Similarly, we have that
C(Fixg(eM)) = {Fixq(f"))|f € Ge} Ve € E(T). Furthermore, for every 7,7 €
%4, we have that C(Fixg(T")) < C(Fixg(T)) if and only if there exist g € G such
that Fixg(7) € Fixg(g97"). Therefore, since G satisfies the hypothesis[H,] we have
C(Fixg(T")) < C(Fixg(T)) if and only if there exists g € G such that g7’ C T.
Furthermore, notice that 7, is stable under the action of G. In particular, for every
increasing chain Cp < C1 £ -+ < O, 1 £ €y of elements of Fs, there exists a
strictly increasing chain 7o € 71 € -+ € Tp—1 € 7, of elements of ¥, such that
Cy = C(Fixg(Ty)). It follows that the height of an element C(Fixg(T)) € Fs, is
bounded above by the maximal length of a strictly increasing chain of elements of
T4 contained in 7. On the other hand, for every strictly increasing chain 7o C
Ti € - €T, € T of elements of ¥, contained in 7, we can build a strictly
increasing chain C(Fixg(70)) < C(Fixg(Th)) < -+ < C(Fixg(Tn)) < C(Fixg(T)) of
elements of Fs,. This proves that the height of C(Fixg(7)) is the maximal length
of a strictly increasing chain of elements of ¥, contained in 7. The result therefore
follows from the following observation. If ¢ is even, every such chain is of the form

'l 141 141 2490
B B C ) 4 o

where v, € V(T) and e; € E(T) for all ¢t and if ¢ is odd, every such chain is of the

form
g+1 atl
o Cef ) cupt T e T,

where the v; € V(T') and e¢; € E(T) for every t. O

H+1)

Lemma 4.11. Let G < Aut(T) be a closed unimodular subgroup satisfying the
hypothesis [ and the property [[Py] for some integers ¢ > 0, k > 1 and let

.- max{1,2k —q—1} if q is even.
ok max{1,2k — q} if q is odd.

Suppose further that 1, € N are such that | > Ly and I < 1. Then, for every
U in the conjugacy class of an element of Sy[l] and every V in the conjugacy class
of an element of Sy[l'] such that V- € U, there exists W € S,4[l — 1] such that
UCWCVU.

Proof. For every t € N, let T [t] = {T € T4|Fixq(T) € S[t]}. Notice that 7T,[t] is
stable under the action of G. In particular, there exist 7 € T,[l] and T’ € T,[l']
such that U = Fixg(T) and V = Fixg(T’). Since V € U, we have that T € T".
There are four cases to treat depending on the parity of ¢ and [. We suppose that
q is even (the reasoning with odd ¢ is similar). If [ is even, let &' = HTq. Lemma
10 implies the existence of an edge e € E(T) such that U = Fixg(Br(e, k')).
Furthermore, since I > L, and since [ is even, we have k' > k and Lemma (4]
implies that G satisfies the property IP,/. Therefore, Proposition [£.8] ensures the
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existence of a vertex v € e such that
Fixg(Br(v, k")) CVU

and Lemma ensures that Fixg(Br(v,k')) € Sl — 1]. Finally, notice that
U = Fixg(Br(e, k') C Fixg(Br(v, k') since v € e.

If I is odd, let k' = ZJ”ITH. Lemma [LT0 implies the existence of some v € V(7))
such that U = Fixg(Br(v,k’)). Furthermore, since I > L, we have k' > k and
Lemma 4] implies that G satisfies the property IP/. Therefore, Proposition L8|
ensures the existence of an edge e C Br(v,1) such that

Fixg(Br(e, k' — 1)) CVU

and Lemma ensures that Fixg(Br(e, k' — 1) € S|l — 1]. Finally, since e €
E(Br(v,1)), notice that Fixg(Br(v, k') C Fixg(Br(e, k' —1)). O

Proof of Theorem [Cl. To prove that S, factorises™ at depth I > L, ; we shall suc-
cessively verify the three conditions of Definition

First, we need to prove that for every U in the conjugacy class of an element of
S,ll] and every V in the conjugacy class of an element of S; with V' & U, there
exists a W in the conjugacy class of an element of S, [l —1] such that U C W C VU.
Let U and V be as above. If V' is conjugate to an element of S;[I'] for some I’ > [ the
result follows directly from Lemma LTIl Therefore, we suppose that I’ < I. By the
definition of S, and since ¥, is stable under the action of G, there exist 7,7" € T,
such that U = Fixg(T) and V = Fixg(T’). We have two cases. Either 7/ C T
and there exists a subtree R € T, such that 7/ C R C T and Fixg(R) € Sl — 1.
In that case

Fixg(T) C Fixg(R) C Fixg(T') C Fixg(T") Fixg(T).

Or else, 7" € T and since I’ < [, this implies the existence of a subtree P € T,
such that 77 C P # T and Fixg(P) € S;[l]. In particular, Lemma FLT1] ensures
the existence of a W € Sy[l — 1] such that U C W C Fixg(P)U. Since Fixg(P) C
Fixe(T'), this proves the first condition.

Next, we need to prove that Ng(U,V) = {g € Glg~'Vg C U} is compact for
every V in the conjugacy class of an element of S;. Just as before, notice that
V = Fixg(T") for some T’ € ¥,. Since G satisfies the hypothesis [Ty notice that

Ne(U,V)={g9€Glg 'Vg CU} ={g € Glg ' Fixg(T")g C Fixg(T)}
= {9 € G|Fixg(9~'T") C Fixa(T)} ={g € GlgT € T'}.

In particular, since both 7 and 7" are finite subtrees of T', Ng(U, V) is a compact
subset of G which proves the second condition.

Finally, we need to prove that for every W in the conjugacy class of an element
of §;[l — 1] with U C W we have

W C Ne(U,U)={geG|g 'UgCU}.

For the same reasons as before, there exists R € ¥, such that W = Fixg(R).
On the other hand, since U C W and since G satisfies the hypothesis @, notice
that R C 7. Furthermore, notice that Fixg(R) has depth [ — 1 and therefore
that R contains every interior vertex of 7. Since G is unimodular and satisfies the



392 LANCELOT SEMAL

hypothesis [[{] this implies that
Fixg(R) C {h € GIhT C T} = {h € G|Fix¢(T) C Fixg(hT)}
= {h € G| ' Fixg(T)h C Fixg(T)} = Ng(U,U)
which proves the third condition. O
We now give examples of groups satisfying the hypotheses of these Theorems.

Example 4.12. Let T be a thick semi-regular tree and consider the full group
Aut(T). By Lemma[35] Aut(T) satisfies the hypothesis[H]and hence the hypothesis
Hy. Furthermore, Aut(T') coincides with its 1-closure and therefore satisfies the
property [[Pg] for every integer ¥ > 1 by Lemmas [£4] and Since Aut(T') is non-
discrete and unimodular Theorem [Clapplies and the generic filtration Sy factorises™
at all depths [ > 1. In particular, Theorem [A] provides a description of all the
irreducibles at depth [ > 1 for Sg. Due to Lemma [I0] these are exactly the
cuspidal representations of Aut(T"). Notice however that Sy is quite different from
the generic filtration S of Aut(7T') considered in Section [ so that this procedure
leads to different description of these representations.

Example 4.13 (Proof of Corollary A3]). Let T be a (do, d1 )-semi-regular tree with
do,d; > 6. Then, any closed subgroup G < Aut(7T) that acts transitively on the
boundary and whose local action at every vertex contains the alternating group
of the corresponding degree satisfies the hypotheses of Theorem [Cl Those groups
were extensively studied by Radu in [Rad17]. Among other things, he showed that
every such group G is non-discrete [Rad17, Theorem G| and k-closed for some k
depending on the group (Definition 28] [Rad17, Theorem H]. On the other hand,
such a group is unimodular and since the local action at each vertex contains the
alternating group a similar proof as the one of Lemma shows that G satisfies
the hypothesis [H] (hence [Hy| Vg € N). In particular, Theorem [C] applies and the
generic filtration Sy factorises™ at all depths | > Lo = 2k — 1. In a forthcoming
paper [Sem22], we show without use of the property [[Pg] that the generic filtration
Sy factorises™ at all positive depths if the group is in addition simple. The proof of
that last statement is quite technical, relies heavily on Radu’s classification and is
unrelated to the property [[Pg] Furthermore, since various important consequences
such as Nebbia’s CCR conjecture on trees need to be discussed in light of the result,
the author decided to not present a proof in these notes.

Example 4.14. Let T be a thick semi-regular tree and consider a k-closed group
G < Aut(T') (Definition LH). Let w € 9T be an end T and consider the stabiliser
of the w-horocycles

Gl ={g€G:gw=wand eV st. gv=0}

Notice that GO is still k-closed and hence satisfies the property [Pz} Now, consider
an infinite geodesic v = (vg, v1,...) of T with end w and notice that

G2 = | Fixgo (vn)-
neN

In particular, G is a union of compact groups and is therefore unimodular. If
GY is non-discrete and satisfies the hypothesis @ it satisfies the hypothesis of
Theorem [Cl In particular, in that case, Theorem [Al provides a description of all
the irreducibles of GO at depth [ > L, for S,. However, G never satisfies the
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hypothesis Hy since for any edges e, f € E along an infinite geodesic with end w we
have either that Fixgo (€) C Fixgo (f) or that Fixgo (f) C Fixgo (e). Nevertheless,
in certain cases, a description of the remaining cuspidal representations of G can
be obtained using Theorem [Bl For instance let G = Aut(T). In that case, G sat-
isfies the hypothesis H; and the generic filtration S; factorises™ at all depths [ > 1.
In particular, by Theorem [C] we obtain a description of the cuspidal representations
admitting non-zero invariant vectors for the pointwise stabiliser of a ball of radius
one around an edge or bigger but not for the pointwise stabiliser of a ball of radius
one around a vertex. To obtain a description of the cuspidal representations ad-
mitting non-zero invariant vectors for the pointwise stabiliser of a ball By (v, 1) of
radius 1 around a vertex v € V, we let P = Bp(v,1), notice that ¥p = {e} where e
is the only edge of Br(v,1) contained in the geodesic [v,w] and apply Theorem [Bl
For G = Aut(T), the reaming irreducibles of G are all spherical and are classified
in [Neb90].

Other applications of Theorem Bl and Theorem [C] could be made for instance on
the k-closure of certain groups of automorphisms of trees and on the generalisation
of Burger-Mozes groups described in [Tor20].

4.3. Existence of S;-standard representations. Let T be a (do,d;)-semi-
regular tree with dg,d; > 3 and let ¢ € N be a non-negative integer. If ¢ is
even, let

T, = {BT(U,T)‘U eV(T),r> %} L {BT(e,r)‘e € B(T),r> q;—l}

NGRS

Ty = {BT(U,T)‘U eV(T),r> % + 1} L {BT(e,r)‘e e E(T),r >

If ¢ is odd, let

For any closed non-discrete unimodular subgroup G < Aut(T') satisfying the hy-
pothesis [H] we have shown that

Sy = A{Fixa(T)|T € T4}

is a generic filtration of G. Furthermore, if G satisfies the property [[P4] for some
integer k > 1 we have shown that S, factorises™ at all depths | > L, ; where

I - max{1,2k —q— 1} if ¢ is even.
ok max{1, 2k — ¢} if ¢ is odd.

In particular, Theorem [A] provides a bijective correspondence between the equiva-
lence classes of irreducible representations of G at depth [ > L ;. with seed C € Fs,
and the S;-standard representations of Autg(C'). However, no result so far ensures
the existence of such representations of G. The purpose of the present section is
to study the existence of those S;-standard representations. The following result
ensures the existence of S;-standard representations of Autg(C) for all C' € Fs,
with height { > L, ; if ¢ and [ have the same parity.

Proposition 4.15. Let G < Aut(T') be a closed non-discrete unimodular subgroup
satisfying the hypothesis @ and the property [[Pg] for some integers ¢ > 0, k > 1
and let | > Ly . Suppose that one of the following happens:

e ¢ andl are even.

e g andl are odd but | # 1.



394 LANCELOT SEMAL

e qis odd, | =1 and Fixg(v(3TV) # {g € G|ge = ¢} Ye € E(T), Vv € e.
Then, there exists an Sq-standard representation of Autg(C) for every C € Fs, at
height [.

Proof. Let C € Fs, be at height [. Since q and [ have the same parity, Lemma
[LI0 ensures the existence of an edge e € E(T) and an integer r > k and such that
Br(e,r) € ¥, and C' = C(Fixg(Br(e,r)). For shortening of the formulation we
let T denote the subtree Br(e,r). Since G satisfies the hypothesis [] and as a
consequence of Lemma [£10] notice that
Ne(Fixg(T)) ={9 € G| gT C T} = Staba(T) = {9 € Glge = e},

that Autg(C) ~ Stabg(7)/ Fixg(T) and that

Hs,(Fixg(T)) ={W | g € G s.t. gWg~' € Syl — 1] and Fixg(T) C W}

= {Fixg(Br(v,r))|v € e}.
Let vy, v1 denote the two vertices of e, let T; = By (v;, ) and notice that ToUT; = T.
In particular, the action of N¢g(Fixg(7T)) on T permutes the subtrees {7g, 71}. On
the other hand, since G satisfies the hypothesis @ our hypotheses imply that
Fixg(T) C Fixg(T;) € Staba(T).

The result therefore follows from Proposition a

The following two results ensure the existence of S;-standard representations of
Autg(C) for all C € Fs, with height | > L if ¢ and [ have opposite parity. We
start with the degenerate case ¢ = 0,k = 1 and [ = 1 where Proposition does
not apply.

Lemma 4.16. Let G < Aut(T) be a closed non-discrete unimodular subgroup satis-
fying the hypothesis Hy, the Tits independence property 1Py and such that Fixg(v)
is 2-transitive on the set of edges of Br(v,1) for everyv € V(T). Then, there exists
an So-standard representation of Autg(C) for every C € Fg, at height 1.

Proof. Let C' € Fs, be at height 1. Lemma ensures the existence of a vertex
v € V(T) such that C = C(Fixg(Br(v,1)). Let U = Fixg(Br(v,1)) and notice
that
Na(U) ={g € G| gBr(v,1) € Br(v,1)} = {g € Glgv = v} = Fixg(v).
Furthermore, since G satisfies the hypothesis Hy, Lemma [£.10 implies that
s, (U)={W |3g e Gst. gWg™t eS,[l —1] and Fixg(Br(v,1)) €W}
= {Fixg(e) | e € E(Br(v,1))},

where E(Br(v,1)) denotes the set of edges of Br(v,1). Let d be the degree of v
in T, let X = E(Br(v,1)) and notice that our hypotheses imply that Autg(C) ~
Fixg(v)/ Fixg(Br(v,1)) is 2-transitive X. In particular, Lemma implies the

existence of an irreducible representation o of Autg(C) without non-zero
Fixauts (¢)(e)-invariant vectors for all e € X. Since

95,(U) = {pv(Fixg(e))le € X} = {Fixaut (o) (€e)e € X},

this proves the existence of an Sp-standard representation of Autg(C). a

The following result treats the remaining cases.
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Proposition 4.17. Let G < Aut(T) be a closed non-discrete unimodular subgroup
satisfying the hypothesis [Hy| and the property [Pyl for some integers ¢ > 0, k > 1
and let | > Ly . Suppose further that

Fixg((Br(v,1) — {w})™) # Fixg(Br(v,r + 1)) Vv € V(T),Yw € Br(v,1) — {v}
for allr > 1 if q is even and for all v > % if q is odd and that one of the following
happens:

e ¢ is odd and l is even.

e g is even, | is odd and [ # 1.

e qis even, ¢ # 0, | = 1 and Fixg((Br(v,1) — {w})3)) # Fixg(v) Vv €
V(T), Yw € Br(v,1) — {v}.

Then, there exists an Sq-standard representation of Autg(C) for every C € Fs, at

height [.

Proof. Suppose that C € Fs, is at height [. Since ¢ and [ have opposite parity,
Lemma [L.T0] ensures the existence of a vertex v € V(T') and an integer r > k — 1
such that Br(v,r + 1) € ¥, and C = C(Fixg(Br(v,r + 1))). For shortening of
the formulation we let 7 denote the subtree Br(v,r + 1). Since G satisfies the
hypothesis @ and as a consequence of Lemma [£.10] notice that

N¢(Fixg(T)) ={9€ G | gT C T} = Stabe(T) = {g € G|gv = v},
that Autg(C') ~ Stabg(T)/ Fixg(T) and that
9s,(Fixe(T)) ={W |3g € G s.t. gWg* € S,[l — 1] and Fixa(T) C W}
— {Fixg(Br(e,r))le € B(Br(o, 1)},
Now, let {wi,...,wy} be the leaves of Br(v,1), let T; = (Br(v,1) — {w;})"=Y

i =1, ..., d and notice that 7; U7T; = T Vi # j. On the other hand, the
action of Stabg(7) on T permutes the subtrees {Ti,...,Tq} and since each T;
contains v we have that Fixg(7;) C Stabg(T) Vi = 1, ..., d. Furthermore, the

hypotheses on G imply that Fixg(T) € Fixg(7;) € Stabg(7). In particular,
Proposition 229 ensures the existence of an irreducible representation o of Autg(C)
without non-zero pix, (1) (Fixg(7;))-invariant vectors. Moreover, for every edge
e € E(Br(v,1)) there exists some i € {1,...,d} such that Br(e,r) C T; which
implies that ppix, (7 (Fixg(T:)) € prixe () (Fixe(Br(e,r)). Hence, o is an Sg-
standard representation of Autg(C). O

5. GROUPS OF AUTOMORPHISMS OF TREES WITH THE PROPERTY

In this section, we apply our machinery to groups of automorphisms of locally
finite trees satisfying the property (Definition [B.1]). We use the same notations
and terminology as in Section Bl Let T be a locally finite tree and let Aut(T)™ be
the group of type-preserving automorphisms of 7.

Definition 5.1. A group G < Aut(7)7 is said to satisfy the property if
there exists a bipartition V(T') = VpUV; such that every edge of T' contains exactly
one vertex in each V; and such that Yw € V; we have

(IPy,) Fixg(Br(w,1)) = 11 Fixg (T (w,v)),
vEBp (w,1)—{w}
where T'(w,v) = {u € V(T)|dr(w,u) < dr(v,u)}.
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Example 5.2. Let T be a locally finite semi-regular tree and let G < Aut(T)*
satisfy the property IP;. Then, G satisfies the property

Other examples are given in Section [6l where we show that the universal groups
of certain semi-regular right-angled buildings can be realised as closed subgroups
of Aut(T)™" satisfying the property but where T is in general not semi-regular

(Theorem [6:24)).

The purpose of the present section is to prove Theorem |D| which provides an
explicit generic filtration factorising™ at all positive depths for subgroups G <

Aut(T)™ satisfying the property and the hypothesis (Definition B.3]).
This requires some formalism that we now introduce. Let V(T') = Vo U V; be a
bipartition of T" such that every edge of T contains exactly one vertex in each V;.
For every subtree T C T, we set

Q71 ={v € Vo|Br(v,2) C T}
and we define Ty, as follows:
(1) (0] = {Br(v,1)|v € V1 }.
(2) For every | € N such that | > 0, we define iteratively
Sy l+1]={TCT|IReZTy][l],Twe (V(R)—Qr)NW
st. T=RUBr(w,2)}.

(3) We set Ty, = | ;e Tv, [1]-
For every closed subgroup G < Aut(T)* we set

Sy, = {Fixa(T)|T € Ty, ).

Definition 5.3. A group G < Aut(7T)7 is said to satisfy the hypothesis if for
all 7,7’ € Ty, we have

(Hvy,) Fixg(T") < Fixg(T) if and only if 7 C T".

If G < Aut(T)* is a closed non-discrete unimodular subgroup of Aut(7T)" sat-
isfying the hypothesis Lemma [57] ensures that Sy, is a generic filtration of G
and that

Sy, [l] = {Fixa(T)|T € Ty, 1]}
Theorem [Dl states the following.

Theorem. Let T be a locally finite tree and let G < Aut(T)t be a closed non-
discrete unimodular subgroup that satisfies the hypothesis and the property
[Pv,] Then, the generic filtration Sy, factorises™ at all depths 1 > 1.

5.1. Preliminaries. Let T be a locally finite tree and let V(T) = Vo U V; be a
bipartition of T such that every edge of T contains exactly one vertex in each
Vi. The purpose of the present section is to describe further the elements of Ty, .
For every subtree 7 C T, we associated a set Q7 = {v € Vy|Br(v,2) C T}. The
purpose of Lemmas 54 and [55is to give a characterisation of the elements 7 € Ty,
in terms of their corresponding sets Q7.

Lemma 5.4. The elements of Ty, satisfy the following:

(i) Every T € Ty, is a complete finite subtree of T with leaves in Vj.
(ii) For every T € Ty, — Tv,[0] we have that T =U,cq, Br(v,2).
(iii) For every T € Tv,, we have T € Ty, [l] if and only if |Q7|= L.
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Proof. Since each element of Ty, belong to some Ty, [l] for some | € N, in order
to show |(iii)| it is enough to show that VT € Ty, [l], |Q7|= I. We prove
and that |Qr|= 1 for every T € %y,[!] by induction on I. If I =0, T = Br(v,1)
for some v € V;. Hence, T is a complete finite subtree with leaves in V and
|Q7|= 0. Similarly, if | = 1, T = Br(v,2) for some v € V5. In particular, T
is a complete finite subtree of T' with leaves in Vj and since Q7 = {v} we have
that T = U,eq, Br(v,2) and |Q7|= 1. If | > 2, by construction, there exist
R e %yl —1] and w € (V(R) — Qr) N Vp such that T = R U Br(w,2). By the
induction hypothesis we have:

(1) R is a finite complete subtree of T' with leaves in Vj.

(2) R=U,eqy Br(v,2).

®3) lQrl=1-1.
Since T = RU Br(w,2), (1) implies that T is a complete finite subtree with leaves
in Vp which proves On the other hand, (2) implies that Qr U {w} C Q7 and
therefore that 7 C (J,cq, Br(v,2). The reverse inclusion follows trivially from the
definition of Q7 which proves Now, let w' € Q7 — Qr. To prove that |Qr|=1
we have to prove that w’ = w. Since w’ € Q7 — Qr, there exists u € Br(w’,2)NVy
such that v ¢ V(R). Moreover, since the leaves of 7 belong to V; and since the
distance between two vertices of V; is even, notice that dr(u, R) = 2. On the other
hand, there exists a unique vertex € V(R) — Qg such that u € Br(x,2). Since
T = RUBr(w,2) this proves that w = & = w’, that Q7 = Qr U{w} and therefore
that |Q7|=I. O

Lemma 5.5. Let T = UveQ Br(v,2) for some finite set Q C Vy of order 1 > 1.
Then T € Ty, [l] if and only if Con(Q) N'Vy = Q where Con(Q) denotes the conver
hull of @ in T.

Proof. Suppose first that 7 € Ty, [l]. The definition of Q7 implies that @ C Q7
and Lemma [5.4] ensures that |Q7|= [ which proves that Q = Q7. We prove that
Con(Q7)NVy = Q7 by induction on [ > 1. If I = 1 the result is trivial. Suppose
that [ > 2. By construction, there exist R € Ty, [l — 1] and w € (V(R)NVy) — Qr
such that T = RU Br(w, 2). Furthermore, since I — 1 > 1, Lemma[5.4 ensures that
R =U,eqy Br(v,2). Since T is a tree and since w € R, there exists a unique u €
Qr such that dr(u,w) = 2 and we have that Con(Q7) = Con(Qxr)U[u, w]. Finally,
notice that [u, w]|NVy = {u, w} which proves that Con(Q7)NVy = QrU{w} = Q7.

Now, we show by induction on [ that T = UUEQ Br(v,2) € Ty if Q C Wy
is a set of order I such that Con(Q) NV, = Q. If | = 1, the result is trivial.
Suppose that [ > 2, choose any vertex v € @ and let Q™ = {w € Qldr(w,v) = 2n}.
Since Q is finite there exists N € N such that QY # @ but Q" = @ for every
n > N. In particular, notice that @ = |],.y Q™. For every n < N, we let
Sp = Upegn s<n Br(w,2), I, = |[_|S§n Q*!| and we notice by induction on n
that S,, € Ty, [l,,]. Notice that the result is trivial for n = 1, so let n > 2 and let
Q" = {v1,...,v,, }. Since Con(Q) NV, = Q, for all w € Q™ there exists v,, € Q™!
such that dr(w,v,) = 2. In particular, starting from our induction hypothesis we
obtain iteratively for every 0 < ¢ < r, that S, U (Ui<t Br (v, 2)) € Ty, [ln + t].
The result follows since [y =1 and Sy =T O

This description allows one to prove the following result.

Lemma 5.6. Let T € Ty, [l] and g € Aut(T)*F, then we have gT € Ty, [1].



398 LANCELOT SEMAL

Proof. If | = 0, T = Br(v,1) some v € V;. Furthermore, gBr(v,1) = Br(gv,1)
and since the elements of Aut(T)* are type-preserving, gv € Vi which proves that
9T € T, [0]. If I > 1, Lemma ensures that Con(Q7) N Vy = Q7. Tt is clear
from the definition that Q,7 = gQ7 and since g is a type-preserving automorphism
of a tree we have Con(gQ71) N Vy = gQ7. In particular, Lemma ensures that
gT € Ty, [l] O

5.2. Factorisation of the generic filtration Sy,. The purpose of this section is
to prove Theorem We adopt the same notations as in the above sections.

Lemma 5.7. Let G < Aut(T)" be a closed non-discrete unimodular subgroup
satisfying the hypothesis [Hy,| Then, Sy, is a generic filtration of G and

Svl [l] = {FlXG(T)|T S TVI [l]} Vi € N.

Proof. For every T € Ty, notice that gFixg(T)g~! = Fixg(9T) Vg € G and
therefore that C(Fixg(T)) = {Fixg(¢9T)|g € G}. In particular, for every 7,7’ €
%y, we have that C(Fixg(T")) < C(Fixg(T)) if and only if there exists g € G such
that Fixg(7T) < Fixg(gT"). Since G satisfies the hypothesis this implies that
C(Fixg(T")) < C(Fixg(T)) if and only if there exists some g € G such that g7’ C T.
On the other hand, Lemma ensures that Ty, is stable under the action of G.
In particular, for every strictly increasing chain Cyp < C; < - < Cp—1 < G, of
elements of Fg, there exists a strictly increasing chain 7o C 1S CTho1 CTh
of elements of Ty, such that C; = C(Fixg(T;)). On the other hand, for every strictly
increasing chain 7o C 71 € --- € 7, C T of elements of Ty, contained in 7 we can
build a strictly increasing chain C(Fixg(70)) < C(Fixg(T1)) < -+ < C(Fixg(Th)) <
C(Fixg(T)) of elements of Fs,, . This proves that the height of C(Fixg(7)) is the
maximal length of a strictly increasing chain of elements of Ty, contained in 7.
The result therefore follows from the following observation. Lemma [.4] ensures
that every maximal strictly increasing chain of elements of ¥y, contained in 7T is
of the form 7o €71 € -+ € Ti—1 C T where T; € Ty, [t]. O

Lemma [5.8 shows that independence properties such as IP; or can be
realised as factorisation properties for the pointwise stabilisers of particular families
of complete finite subtrees.

Lemma 5.8. Let T be a locally finite tree, G < Aut(T), A be a family of finite
subtree of T with at least two vertices such that

Fixg(P) = [ Fixa(T(P,v)) VP €A,
veEIP
where OP denotes the set of leaves of P and T'(P,v) denotes the half-tree T(P,v) =
{w e V(T)|dr(w,P) < dr(w,v)} and let T be a non-empty complete finite subtree
of T such that for every v € JT, there exists a subtree T, € A with v € T, C T.
Then, we have that
Fixg(T) = [ Fixa(T(T,v)).
vedT

Proof. For every subset V. C V(T), we denote by V¢ the complement of V in
V(T). First, notice that for every two distinct leaves v,v’ € 9T, the supports
of the elements of Fixg(T(T,v)) and Fixg(T(T,v")) are disjoint. In particu-
lar, the elements of Fixg(T(7T,v)) and of Fixg(T(T,v')) commute with one an-
other and [], .oy Fixg(T(T,v)) is a well-defined subgroup of G. On the other
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hand, Vv € 9T we have Fixg(T) 2 Fixg(T(T,v)) and therefore that Fixg(7) 2
[I.cor Fixg(T(T,v)). In order to prove the other inclusion let g € Fixg(7) and
let T = {v1,...,v,}. The hypotheses on G imply the existence of a subtree
T1 € A such that v; € 7y € 7. Furthermore, since v; € 97 and 71 C T, we
observe that v1 € 9Ty and T(71,v1) = T(T,v1). Furthermore, since 71 C 7 and
g € Fixe(T), notice that g € Fixg(71). Our hypotheses on G ensure the existence
of some hy € Fixg(T(7T1,v1)) and

ae [ Fixe(T(Ti,v) C Fixa(T(Ti,01)°)
vedTr—{v1}
such that g = higi. Since g € Fixg(T) and Fixq(T(Ti,v1)) C Fixg(T), this
decomposition implies that g1 € Fixg(T)NFixq(T (T, v1)°). Proceeding iteratively,
we prove the existence of some h; € Fixg(T(T,v;)) and some g; € Fixg(T) N
(N, <; Fixa(T(T,v,)¢)) such that g;_1=h;g;. To see that g; €, ; Fixg(T(T,vr)),
notice by induction that -
gi—1 € m FiXG(T(T, ’UT)C),
r<i—1

that h; € Fixg(T(T,v;)) and that Fixg(T(T,v;)) C Fixq(T(T,v;)°) Vi # j. This
implies that h;e(, <, Fixa(T(T,v,)¢) and therefore that g;€ (", ,Fixa (T(T, v,)¢).
The result follows since we have by construction that ¢ = hihs...h,gn, that
h; € Fixg(T(T,v;)) and that

gn € Fixg(T) N ( m Fixq(T(T, 'U)C)) = Fixg(T) = {1Aut(T)}.
veAT

O

This result provides an alternative proof of the group equality ([B.I]) or equiva-
lently of Proposition . 7if k = 1 and allows one to prove the following result which
is key to the proof of Theorem

Proposition 5.9. Let G < Aut(T)" be a subgroup satisfying the property [[Py,]
Then, for every T € Ty, , we have

Fixg(T) = [] Fixa(T(T,v)).
vedT

Proof. It T € %y,[0], there exists w € V; such that 7 = Br(w,1). Notice that
T = {v € V(T)|dr(v,w) = 1} and that T(T,v) = T(w,v) Yv € 9T. Since G
satisfies the property we obtain, as desired, that

Fixg(T) = [] Fixa(T(T,v)).
veIT
Now, let A = ¥y, [0] and notice from Lemma [54(ii)| that the hypotheses of Lemma
are satisfied for every 7 € €y, . The result follows. O
Lemma 5.10. Let G < Aut(T)" and suppose that

Fixg(T) = [ Fixa(T(T,v)) VT € Ty,.
vedT
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Then, for every integer I,I' > 1 with I > I, VT € Ty, [l] and VT € Ty, [I'] such that
T Z T, there exists a subtree R C T such that R € Ty, [l — 1] and

Fixg(R) C Fixg(T") Fixg(T).

Proof. Let I,I’ > 1 be such that I’ > [, let T € Ty, [I] and let T' € Ty, [l'] be such
that T € 7'. It Il = 1, Q7 = {vr} for some vy € V. Since T € T', we have
that v € Q7. Hence dr(vr, Q1) > 2. In particular, there exists a unique vertex
w € V1 N Br(vr, 1) such that 77 C T'(w, vy) U{vr}. Let R = Br(w, 1) and notice
that R € Ty, [0]. Our hypotheses on G ensure that

Fixg(R) = [[ Fixa(T(R,v)).
vEIR
On the other hand, OR C 9T U {vr} and T(R,v) = T(w,v) Yv € OR. This
proves that Fixg(T(R,v)) C Fixg(T) for every leaf v € OR — {v1} and since T’ C
T(w,vr)U{vr} =T(R,vr)U{vr} we also have that Fixqg(T(R,v1)) C Fixg(T").
This proves, as desired, that

Fixg(R) = [[ Fixe(T(R,v)) C Fixa(T') Fixa(T).
vEOR

If | > 2, we have that |Q7|> 2 and since T € T', Q7 € Q7. In particular,
there exists v € Q7 such that dr(vy, Q) = max{dr(v,Q71)|v € Q7}. On the
other hand, since Q7,Q7 C Vp the distance dr(vy,@7/) must be even, hence
dp(vr,Q7+) > 2. Now, let Qr = Q7 — {vr}. Notice that Con(Qr) N Vy = Qx.
Indeed, suppose for a contradiction that there exists w € Con(@Qx) N Vp such that
w & Qr. Since T € Ty, [|Q7|], Lemma guarantees that Con(Qr) N Vy = Q7.
In particular, we observe that w € Q7 — Qg and since Qr = Q7 — {vy} this
implies that w = vy. In particular, v € Con(Qr) N Vp, there exists wi,wy €
Q1 — {vr} such that ([wy,ws] N Vy) — {wy, w2} = {vr}. If I = 2, this leads
to a contradiction since Q7 contains only two elements. On the other hand, if
I > 3, we obtain a contradiction with our choice of vy. Indeed, for i = 1,2 we
have that dr(w;, Q@7) < dr(vyr, Q7). Since vy & T, this implies the existence
of w; € Q7 NT(w;,vr) and since there exists a unique simple path between
and Wy, we obtain that vy € [wy, W] NV C Con(Q7/) N Vo = Q7 NVy. This is a
contradiction since vy € @7~ which proves that Con(Qr)NVy = Qx. In particular,
Lemma 5.5 ensures that R = ¢, Br(w,2) € Ty, [l — 1]. On the other hand, by
choice of vy, we have dr(vy,w) > dr(v,w) Yv € Q7, YVw € Q7 which implies that
Fixg(T(R,vr)) C Fixg(T’). On the other hand, 9R C 9T U {vr} and T(R,v) =
T(T,v) Yv € 9R N OT. In particular, since Fixg(T) = [[,cor Fixa(T(T,v)), we
obtain that

Fixg(R) = H Fixg(T(R,v)) C Fixg(T(R,v7)) Fixg(T) C Fixg(T") Fixg(T).
vEIR
]

The following result plays a similar role as Proposition 8 in Section [l

Proposition 5.11. Let G < Aut(T)* be a closed subgroup satisfying the hypothesis
and the property [[Py,] Then, for every integer 1,I' > 1 such that I > 1, for
every U in the conjugacy class of an element of Sy, [l] and every V in the conjugacy
class of an element of Sy, [l'] such that V- € U, there exists W € Sy, [l — 1] such
that U CW CVU.
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Proof. Lemmal[b.6lensures that Ty, is stable under the action of G. In particular, by
Lemma B there exist T € Ty, [I] and T’ € Ty, [I'] such that U = Fixg(T) and V =
Fixg(T’). Furthermore, since G satisfies the hypothesis and since V & U we
have T & T’. In particular, since G satisfies the property Lemma 5.0 ensures
the existence of R € Tl — 1] such that R C 7 and Fixg(R) C Fixg(T") Fixg(T).
The result follows since, by Lemma (.7 W = Fixg(R) € Sy, [l — 1]. O

We are finally ready to prove the main result of this Section.

Proof of Theorem [Dl To prove that Sy, factorises™ at all depths I > 1 we shall
successively verify the three conditions of Definition

First, we need to prove that for every U in the conjugacy class of an element of
Sv, [I] and every V in the conjugacy class of an element of Sy, such that V' Z U, there
exists a W in the conjugacy class of an element of Sy, [l —1] such that U C W C VU.
Let U, V be as above. If V is conjugate to an element of Sy, [I'] for some I’ > [
the result follows directly from Proposition [5.IT} Therefore, we suppose that I’ < .
Since Ty, is stable under the action of G (Lemma [5.f]), Lemma [5.7] ensures the
existence of T € Ty, [I] and T’ € Ty, [I'] such that U = Fixg(T) and V = Fixg(T).
We have two cases.

Either 77 C 7. In that case, we prove the existence of a finite subtree R €
Tv, [l — 1] such that 7/ € R € 7 by induction on I — 1. If I’ —1 = 1 we can
take R = 7' and the result is trivial. On the other hand, if I’ — [ > 2, notice
that Q7+ € Q7 and Lemma [5.4] ensures that Q+ — Q7 contains !’ — [ vertices.
If Q7 is empty, there exists v € Q7 such that 7' C Br(v,2). In particular,
we let P = Bp(v,2) and notice that P € Ty, [I’ + 1] and that 7/ C P C 7. If
Q7 is not empty, Lemma ensures that Con(Q7) NV = Q7 and at least one
vertex v € Q7 — Q7 satisfies that dr(v, Q1) = 2. We let Q@ = Q7 U {v} and
P = Uuweq Br(w,2). Notice that Con(Q) N Vo = Q. In particular, Lemma
ensures that P € Ty, [I’ + 1] and we have, by construction, that 7/ C P C 7. In
both cases (Q7 is empty or not) our induction hypothesis ensures the existence of
a finite subtree R € Ty, [l — 1] such that 7/ C P C R C T. In particular, we have
Fixg(R) C Fixe(T’) which implies, as desired, that

Fixg(R) C Fixg(T') C Fixg(T") Fixa(T).

Or else, 7" € T. If Qr+ = @, there exists a vertex v € Vo — Q7 such that
T’ C Br(v,2). In particular, we choose a set Q C V; of order ! containing v, such
that Con(Q) NV = @ and we set P = UweQ Br(w,2). Similarly, if Q7 # &,
since Con(Q7/) NV = Q7 by Lemma[5.4] there exists a finite set @ C Vj of order
| containing Q7 and such that Con(Q) NVo = Q. We set P = J,cq Br(w,?2).
In both cases (Q7 is empty or not), Lemma ensures that P € Ty, [l] and
we have by construction that 7/ C P. In particular, Proposition 511l applied
to Fixg(T) and Fixg(P) ensures the existence of a W € Sy, [l — 1] such that
Fixg(T) C W C Fixg(P) Fixg(T). On the other hand, 7/ C P which implies that
Fixg(P) < Fixg(T’). This proves the first condition.

Next, we need to prove that Ng(U,V) = {g € G|g~'Vg C U} is compact for
every V in the conjugacy class of an element of Sy,. Just as before, notice that
V = Fixg(T") for some T’ € Ty, [I']. Since G satisfies the hypothesis notice
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that
Ne(U,V)={g9€Glg 'VgCU} ={g € Glg ' Fixg(T")g C Fixg(T)}
= {9 € G|Fixg(9~'T") C Fixa(T)} ={g € GlgT € T'}.

Since both T and 7" are finite subtrees of T', this implies that Ng (U, V) is a compact
subset of G which proves the second condition.

Finally, we need to prove that for every W in the conjugacy class of an element
of Sy, [l — 1] such that U C W we have

W C Na(UU)={g9eG|g 'UgC U}
The same reasoning as before ensures the existence of some R € Ty, such that
W = Fixg(R). On the other hand, since U C W and since G satisfies the hypothesis
notice that R C 7. We have multiple cases. If | = 1, there exist vertices v € Vj
and w € V; such that T = By (v,2) and R = Br(w, 1). In particular, since R C T,
this implies that v € R and therefore that

Fixg(R) C Fixg(v) = {h € GlhBr(v,2) € Br(v,2)} = {h € GIhT C T}

Similarly, if [ > 2, notice that @7 and Q% are non-empty sets. Furthermore, since
R C T, we have that Qr C Q7 and there exists a unique v € Q7 — Qr. On the
other hand, Lemma[.5 implies that dr (v, @r) = 2 and since R = o, Br(w,2)
we observe that Fixg(R) C Fixg(®7). Since T = Br(w,2), this implies
that

wEQT

Fixg(R) C{h e GIhT C T}.
In both cases, since G satisfies the hypothesis we obtain that
Fixg(R) C{h € G|hT C T} ={h € G|Fixg(T) C Fixq(hT)}
= {h € G|h ' Fixq(T)h C Fixg(T)} = Ng(U,U)
which proves the third condition. O

In particular, if G < Aut(T)* is a closed non-discrete unimodular subgroup
satisfying the hypothesis and the property Theorem [Al provides a bijec-
tive correspondence between the equivalence classes of irreducible representations
of G at depth [ > 1 with seed C' € Fg,, and the Sy,-standard representations of
Autg(C). As a concrete example, the group Aut(T)™ of type-preserving automor-
phisms of a (dg, dq)-semi-regular tree T with dy,d; > 3 satisfies the hypotheses of
Theorem Other examples will be constructed in Section

5.3. Existence of Sy,-standard representations. Let 1" be a locally finite tree
and let V(T) = Vy U V4 be a bipartition of T such that every edge of T' con-
tains exactly one vertex in each V;. Let ¥y, be the family of subtrees defined on
page [396] let G be a closed non-discrete unimodular subgroup of Aut(7T")™ and let
Sy, = {Fix¢g(M)|T € Ty, }. If G < Aut(T)7 is a closed unimodular subgroup
satisfying the hypothesis and the property we have shown that Sy, is a
generic filtration of G factorising™ at all depths [ > 1. In particular, Theorem [Al
ensures the existence of a bijective correspondence between the equivalence classes
of irreducible representations of G at depth [ > 1 with seed C' € Fs,, and the
Sy, -standard representations of Autg(C). The following result treats the existence
of Sy,-standard representations of Auts,, (C) for all C € Fs,, at height [ > 1
provided that G satisfy some geometric property.
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Proposition 5.12. Let G < Aut(T)™ be a closed non-discrete unimodular subgroup

satisfying the hypothesis and the property let1>1 andlet T € Ty, [l] be
such that for every R € Ty, [l — 1] with R € T we have

Fixg(R) C Stabg(T) ={g € GlgT C T}.
Then, there exists an Sy, -standard representation of Auts,, (C(Fixg(T))).

Proof. Let C' = C(Fixg(T)). Lemma [5.1 ensures that C' has height [ in Fs,, .
Since G satisfies the hypothesis and as a consequence of Lemma 5.7 notice
that Ng(Fixq(T),Fixg(T)) = {9 € G | gT C T} = Stabg(T), that Autg(C) =
Stabg(T)/ Fixg(T) and that

5;33‘/1 (Fixg(T)) = {W |3g € G st. gWg ' € Sy, [l — 1] and Fixg(T) C W}
={Fixg(R)|R € Sy, [l — 1] st. RC T}.

Furthermore, the hypotheses on G imply that Fixg(7T) € Fixg(R) C Stabg(T) for
every R € Ty, [l — 1] with R C T.

We have two cases. If T € Ty, [1], there exists v € Vj such that 7 = Brp(v,2)
and every subtree R of 7 that belongs to Sy, [0] is of the form Bp(w,1) for
some w € OBr(v,1). Let {T1,...,7a} be the set of subtrees of T of the form
Uweanr (w,1)—{uy Br(w, 1) for some u € 0Br(v,1). Notice that each element of
Stabg(T) = Fixg(v) permutes the vertices of dBr(v,1) and therefore permutes
the elements of {71,...,74}. On the other hand, for every i, € {1,...,d} with
i # j, we have that 7, U7, = T and thanks to Lemma [5.8] Fixg(7T) € Fixe(7;) &
Stabg (7). In particular, Proposition ensures the existence of an irreducible
representation o of Autg(C) = Stabg(T)/Fixe(T) without non-zero
Prixe (7) (Fixg(7;))-invariant ~ vector — and  therefore ~ without  non-zero
Prixe (7) (Fixe(R))-invariant vector for every subtree R € Sy, [0] such that R C 7.

If T € Ty, ] for some | > 2, every subtree R € Sy, [l — 1] is such that Qr # 2.
Let {T1,...,Ta} be the set of subtrees R of Sy, [l — 1] such that R C T and
notice that Qr; C Q7 Vi. Furthermore, notice the elements of Stabg(7) per-
mute the elements of @7 and therefore the elements of {77,...,74}. On the other
hand, for every ¢,j € {1,...,d} with i # j, we have 7; UT; = 7. In partic-
ular, Proposition ensures the existence of an irreducible representation o of
Autg(C) = Stabg(T)/ Fixg(T) without non-zero pr(Fixg(7;))-invariant vectors
and the result follows. ]

6. UNIVERSAL GROUPS OF CERTAIN RIGHT-ANGLED BUILDINGS

The purpose of this section is to prove that the universal groups of certain semi-
regular right-angled buildings embed as closed subgroups of the group Aut(T)* of
type-preserving automorphisms of a locally finite tree T' and that those subgroups
satisfy the hypotheses of Theorem [Dlif the prescribed local action is 2-transitive on
panels. In particular, for every such group we obtain a generic filtration factorising™
at all depths and the machinery developed in the first part of these notes applies
to these groups.

6.1. Preliminaries. In this document, we realise buildings as W-metric spaces
associated with a Coxeter system (W, I). We now formalise these concepts and
refer to [ABOS8] for more details. In what follows, given a Coxeter system (W, I)
and an element w € W, we denote by /(w) the length of w with respect to I.
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Definition 6.1. Let (W, I) be a Coxeter system. A building A of type (W, ) is
a couple (Ch(A),d) where Ch(A) is a set called the set of chambers of A and
where
0 : Ch(A) x Ch(A) = W
is a map satisfying the following conditions for all chambers ¢,d € Ch(A):
(i) d(c,d) = 1w if and only if ¢ = d.
(i) If 6(¢,d) = w and ¢’ € Ch(A) satisfies §(¢/,c) =i € I we have that (¢, d) €
{w,iw}. If, in addition, I(iw) = I(w) 4+ 1, then 6(¢, d) = iw.
(ili) If 6(c,d) = w, then for any i € I, there is a chamber ¢/ € Ch(A) such that
d(c',c) =4 and §(c, d) = iw.
The map ¢ is called the Weyl distance of A.

Definition 6.2. For every subset J C I we let W be the subgroup of W generated
by J and we define the J-residue of A containing a chamber ¢ € Ch(A) to be the
set

Ry(c) ={d € Ch(A):d(c,d) € Wy}.
An {i}-residue is called an i-panel. In addition, when R is a residue of A, we
denote by Ch(R) the set of chambers ¢ € Ch(A) that belong to R.

In these notes, we will only be interested in right-angled buildings. We recall
that a building is right-angled if its type (W, I) is given by a right-angled Coxeter
system that is if for any two generators ¢, 7 € I we either have that ¢ and j commute
or generate a free product Cy *x Cy of two copies of the cyclic group of order two
C5. The following result ensures the existence of a rich family of regular buildings
for any right-angled Coxeter system.

Theorem 6.3 ([HP03| Proposition 1.2]). Let (W, I) be a right-angled Cozeter sys-
tem and (q;)icr be a set of positive integers with q; > 2. Then, there exists a
right-angled building A of type (W, I) such that for every i € I, each i-panel of A
has size q;. This building is unique, up to isomorphism.

Definition 6.4. The essentially unique building A given by Theorem [6.3] is the
semi-regular building of prescribed thickness (¢;);c;-

Our next task is to recall one of the fundamental features of buildings that is
the existence of combinatorial projections between residues. To this end, we make
a series of definitions.

Definition 6.5. Two chambers ¢,d € Ch(A) are said to be i-adjacent for some
i€ Iif §(c,d) =i. A gallery in A between two chambers ¢, d is a finite sequence
c1, ..., ¢y of chambers such that ¢; = ¢, ¢, = d and such that ¢; and c¢;41 are
it-adjacent for all t € {1,...,n—1}. In that case, the gallery is said to have length
n — 1 and it is minimal if there is no shorter gallery between ¢ and d.

This notion of gallery provides a discrete valued metric
da : Ch(A) x Ch(A) - N

on the set of chambers Ch(A) where da(c,d) is the length of a minimal gallery
containing both ¢ and d. Now, given a chamber ¢ € Ch(A) and a residue R
in a building A, the gate property ensures the existence of a unique chamber
d € Ch(R) that is closest to ¢ for the chamber metric da. This unique chamber is
called the projection of ¢ on R and is denoted by projg(c). We refer to [Tit74]
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for more details about this notion and state some of its properties. To start with,
we recall that for any two residues R and R’ of A, the set

{projr () : c € Ch(R")}

is the chamber set of a residue of A contained in R. Furthermore, as we recall
below, if A is a right-angled building this notion of projection provides a way to
partition the building into convex chamber sets. A subset C' C Ch(A) is said to
be convex if for any two chambers ¢,d € C, C contains each of the chambers
appearing in any minimal gallery between ¢ and d.

Definition 6.6. Let A be a right-angled building of type (W,I), J C I and ¢ €
Ch(A). The J-wing of A containing c is the set

X (c)={d € Ch(A) : projRJ(C)(d) = c}.
If J = {i} is a singleton, we refer to this set as the i-wing X;(c) of c.

It is shown in [Capl4] that wings are convex chamber sets and that for every
J-residue R, Ch(A) is partitioned by the J-wings X ;(c) with ¢ € R. We now recall
some of their properties.

Lemma 6.7 ([Capl4, Lemma 3.1]). Let A be a right-angled building of type (W, I),
J C I be a non-empty set and ¢ € Ch(A). The J-wing X j(c) containing ¢ satisfies
the following properties:

(1) Xy(c) = ﬂieJ Xi(c).
(2) Xj(c)=Xy() foralld € Xy(c) N R u51(c).

Lemma 6.8. Let A be a right-angled building of type (W, 1), J,J" C I be two
disjoint subsets and ¢ € Ch(A). Then R;(c) € Xy (c).

Proof. The result follows directly from the fact the two residues R ;(c) and R j:(c)
contain ¢ and that the intersection of a J-residue and a J'-residue is a J N J'-
residue. In particular, this proves that projg , () (R.(c)) = {c} and therefore that
RJ(C) QXJI(C). U

Lemma 6.9 ([Capl4, Lemma 3.4]). Let A be a right-angled building of type (W, I),
i,i" € I be such that m;; = oo and ¢, € Ch(A) be such that ¢ € X;(c) but
c & Xy (). Then, we have X;/ (') C X;(c).

Another feature of combinatorial projections is given by the relation of par-
allelism. Two residues R and R’ in a building A are said to be parallel if
projz(R’) = R and projz.(R) = R’. Notice that the chamber sets of parallel
residues are in bijection under the respective projection maps and that two parallel
residues have the same rank. Caprace showed that the relation of parallelism has
a particular flavour in right-angled buildings.

Lemma 6.10 ([Capl4] Corollary 2.9]). Let A be a right-angled building. Then the
relation of parallelism of residues is an equivalence relation.

Lemma 6.11 ([Capl4] Proposition 2.8]). Let A be a right-angled building of type
(W,I) and let J C 1. Then two J-residues R and R’ are parallel if and only if they
are both contained in a common JUJ*-residue where J* = {i € I :ij = ji Vj € J}.
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We now recall the notion of universal groups of semi-regular right-angled building
introduced by Tom De Medts, Ana C. Silva and Koen Struyve in [DMSSIg| to
generalise the concept of Burger and Mozes universal groups on trees. We start by
recalling the definition of type-preserving automorphisms of buildings.

Definition 6.12. Let A be a building of type (W,I) and Weyl distance 6. A
type-preserving automorphism of A is a bijection
g : Ch(A) — Ch(A) : ¢ — gc
preserving the Weyl distance in the sense that for all ¢,d € Ch(A) one has
d(ge, gd) = d(c,d).
We denote by Aut(A) the group of type-preserving automorphisms of A.

The definition of universal groups of right-angled building requires a notion of
coloring of the building. Let A be a semi-regular right-angled building of type
(W, I) and prescribed thickness (g;)icr-

Definition 6.13. For each i € I, let Y; be a set of size ¢; which we will refer to as
the set of i-colors of A. A set of legal colorings of A is a set (h;);cr of maps

hi : Ch(A) = Y

such that hi‘Ch(T) : Ch(7) — Y; is a bijection on each i-panel 7 of A, and such that
hi(e) = hi(c') for every (I — {i})-residue R and each ¢,¢’ € Ch(R).

Now, for each i € I, let G; < Sym(Y;) be a transitive permutation group and let
(hi)icr be a set of legal colorings of A.

Definition 6.14. The universal group U((h;, G;)icr) of A with respect to the
set of legal colorings (h;);ecr and prescribed local action (G;);er is the subgroup of
Aut(A) defined by

{g € Aut(A): (hi|gT) ogo (hi}T)*l € G; Vi € I and every i — panel 7 of A}.

It appears that those groups satisfy a factorisation property similar to the Tits
independence property that we now introduce.

Definition 6.15. Let A be a right-angled building of type (W,I) and J C I. A
subgroup G' < Aut(A) is said to satisfy the property [[P]if for all J U J+-residues
R of A we have that

(IP;) Fixg(R) = [ ] Fixa(Vi(c)),

ceER
where Vj(c) = {d € Ch(A) : projg(d) # c} is the complement of the J-wing
containing ¢ and where Fixg(R) = {g € G : gc = ¢ Vc € Ch(R)}.

Proposition [6.16] ensures that every universal group of right-angled building sat-
isfies the property IP;, for every i € I. Furthermore, Proposition [6.17 ensures that
they also satisfy the property [[P ] for every finite set J C I such that {i}U{i}*t = J
VieJ.

Proposition 6.16 ([DMSSI18| Proposition 3.16]). Let G be a universal group of a
semi-regular right-angled building A. Then G satisfies the property IP gy for every
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i € I. Furthermore, for alli € I, g € Fixg(Ry;ugiy+ () and for each ¢ € Ch(A)
the type-preserving automorphism

N ' gr  if v € X;(c),
g .Ch(A)%Ch(A)'xH{I if v € Vi(c)

is an element of G.

Proposition 6.17. Let G < Aut(A) be a universal group of a semi-reqular right-
angled building A. Then, G satisfies the property [[P] for every finite set J C I
such that {i}U{i}* =J Vie J.

Proof. If |J|= 1, the results follows directly from Proposition Suppose there-
fore that |J|> 2 and let us show that

Fixg(R) = || Fixa(Vi(0))
ceER

for every J-residue R. First, notice that Fixg(V;(c)) is a subgroup of Fixg(R) for
every ¢ € R. Lemma [6.7] ensures that X ;(c) = [, ; Xi(c) for every c € Ch(R). In
particular, taking the complement, we obtain that Vj(c) = (J;,c; Vi(c) and there-
fore that Fixg(Vy(c)) = (;c; Fixa(Vi(c)). Let i € J and recall from Proposi-
tion that G satisfies the property IPg;; which implies that Fixg(Vi(c)) C
Fixg(Ruqip- (¢)). Furthermore, since J = {i} U {i}*, we obtain that R =
Ryiyugiy- (¢) and therefore that Fixg(Vy(c)) € Fixg(R). Notice that for every two
distinct ¢, d € Ch(R), the supports of the elements of Fixg(V;(c)) and Fixg(V;(d))
are disjoint from one another which proves that [[ .. Fixg(V(c)) is a well-defined
subgroup of G. The above discussion proves that [[..r Fixg(Vs(c)) C Fixg(R).
To prove the other inclusion, let g € Fixg(R) and let J = {i,...,i,}. For any
i € J and ¢ € Ch(R), let R;(c) be the i-panel containing ¢ in R. Let us fix some
chamber ¢ € Ch(R) and let

vz V()

for every d € R;,(c). Proposition [6.16] ensures that ¢¢ € G Vd € R;, (c) and that
g = HdeR- (© g{. On the other hand, for every d € R, (c), there exists a unique
1
is-panel R;,(d) such that d € R;,(d). Since g¢ € Fixg(V;,(d)) C Fixg(R), we can
repeat the above argument and we obtain that g¢ = [] dERy, (d) ggl where
i2

glx ifx e X;,(d),

4. Ch(A) — Ch(A) :
95 (A) = Ch(A) iz — . it e Vi, (d)

for every d' € R;,(d). Just as before, Proposition ensures that ¢g¢ € G for
every d' € R;,(d). On the other hand, R;, (c) N R, (d) = Ry, (d) N R4, (d) = {d}.
In particular, this implies that projz, (. (Riy(d)) = {d} and d' € X,;,(d). Since
R is an {iy} U {i1}*-residue, Lemma ensures that X; (d) = X, (d'). This
proves that g4 has support in X; (d') N X, (d') = X{i1,i,3(d’) and therefore that
gd € Fixg (Vs 1,3(d')). Proceeding iteratively, for any of the constructed g with
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ke{2,...,n— 1}, we set

gz ifze X, (d),

d . Ch(A Ch(A) :
k1 (A) — Ch(A) xr—>{x if v € Vi, (d)

irs1(d). Once more, Proposition ensures that gg;l e G
vd' € R;,,,(d) and that gf = Hd/ERik+1(d) gg;l. On the other hand, R;,(d) N
Riy..(d) = {d} for every | = 1, ..., k which implies that d’ € X (d). Since
R is an {i;} U {i;}*-residue, Lemma ensures that X, (d) = X;,(d’). Finally,
since g¢ has support in X;, (d) N X;,(d) N -+ N X;,(d) this proves that gg/ﬂ has
support in Xy, (d') N ... X5, (d') N Xy, ,,(d') = X4, ip,,1(d") and therefore that

gg,—i—l € FiXG(V{ilqi27»--vik+1}(d/))‘ 0

6.2. Groups of automorphisms of certain right-angled buildings as groups
of automorphisms of trees. The purpose of this section is to show that the group
of type-preserving automorphisms Aut(A) of certain semi-regular right-angled build-
ings A can be realised as closed subgroups of the group Aut(7T")" of type-preserving
automorphisms of a locally finite tree 7" in such a way that the universal groups of
those buildings embed as closed subgroups G < Aut(T)" satisfying the property
This applies only to certain Coxeter types and motivates Definition

for every d € R

Definition 6.18. A right-angled Coxeter system (W, I) is said to satisfy the hy-
pothesis ® if it is finitely generated and there exists r > 2 such that

(%) I=| ]I
k=1

for some I, = {i} U {i}t Vi€ [y and Vk =1, ..., 7.

Remark 6.19. A right-angled Coxeter system satisfying the hypothesis His isomor-
phic to a free product Wy * Wy % - - - x W,. where each of the Wy, is a direct product
of finitely many copies of the group of order 2. In particular, W is virtually free.

Let (W,I) be a right-angled Coxeter system satisfying the hypothesis & let
(¢i)ier be a set of positive integers ¢; > 2 and let A be a semi-regular building of
type (W, I) and prescribed thickness (g;);cr. We associate a locally finite bipartite
graph to A as follows. We let V; = Ch(A),

Vi = {R|R is an I, — residue of A for some k € {1,...,r}}

and we define T' as the bipartite graph with vertex set V(T) =V, U V5 and where
a chamber ¢ € V) is adjacent to a residue R € V; if ¢ € R.

Lemma 6.20. The graph T is a locally finite tree.

Proof. The graph T is locally finite since each chamber is contained in finitely many
residues and since each Ij-residue is finite. The graph 7' is path connected since
every two chambers of A are connected by a gallery and since each such gallery
corresponds naturally to a path in 7. We now show that T" does not contain any
cycle. Suppose for a contradiction that there is a simple cycle in T, say

Cl—Rl—CQ—"'—Rn—Cl.

Since each chamber ¢ € Ch(A) is contained in a unique residue R of type I; and
since the cycle is simple, notice that Ry and R,, have different types. In particular,
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Lemma, ensures that R,, C X, (¢1) where J; is the type of Ry. On the other
hand, as we show below, R,, C X, (¢2). For now, we assume this inclusion that
is R, € Xj,(c1) N Xy, (c2) and we show this leads to a contradiction. Since the
cycle is simple, we have that ¢; # co. Furthermore, since c¢1,c2 € Rq, there exists
some ¢ € Jy such that ¢; € X;(c2). Hence, we have that X;(c1) N X;(c2) = @ and
therefore that X, (c1) N Xy, (c2) = @. The desired contradiction follows from our
inclusion.

Now, let us prove that R, € X, (cz). To this end, we show that X,  (ci42) C
X, (ct41) for every t € {1,...,n — 2} where J; is the type of R:. Since the cycle
is simple notice that R; and R4, have different types and that Ri11 C X, (cr41)
for every t = 1, ..., n — 2. On the other hand, since c;41 # ct42, there ex-
ists some i’ € J;4q such that ¢;41 & Xi(ciy2). Notice for every i € J; that
m; = oo and that ¢y0 € Rip1 C Xi(c41). In particular, Lemma implies
that X, , (cir2) © Xi(crr2) € Ny, Xi(ctr1) = X, (ce41) which completes the
induction. This proves as desired that R,, C X; _ (cs) C - C X, (¢2). O

Our next goal is to explicit an injective map « : Aut(A) — Aut(7)* defining
an homeomorphism on its image. Notice that any type-preserving automorphism
g € Aut(A) is bijective on the set of chambers Ch(A) but also on the Ij-residues
of A for any fixed k. For every g € Aut(A) we define the map a(g) : V(T') — V(T)
as follows:

o If v € Vj then v is a chamber ¢ € Ch(A) and we define a(g)v = ge.

o If v € V; then v is an Ii-residue R of A for some k € {1,...,r} and we define
alg)v = gR.

The map «(g) clearly defines a type-preserving bijection on V(T). In fact, a(g)

is a tree automorphism of 7 and « : Aut(A) — Aut(T)7" is a well-defined group

homomorphism since for every g € Aut(A), every residue R of A and every ¢ €

Ch(A), we have that ¢ € R if and only if gc € gR.

Proposition 6.21. The map a : Aut(A) — Aut(T)™" is an injective group homo-
morphism; a(Aut(A)) is a closed subgroup of Aut(T)" and o defines an homeo-
morphism between Aut(A) and a(Aut(A)).

Proof. The homomorphism « is injective, since
ker(ar) = {g € Aut(A)|a(g) = 1)}
C {g € Aut(A)|gc = c Ve € Ch(A)} = {1aut(a)}-
We recall that the sets
Ur(Fr)={g € Aut(T)"|gv = v Yo € Fr}
with finite subset Fpr C Vj form a basis of open neighbourhoods of the identity

in Aut(7)". On the other hand, an element h € Aut(7T)" belongs to Aut(7)* —
a(Aut(A)) if and only if there exist ¢ € I and two i-adjacent chambers ¢,d € Vj
such that hc and hd are not i-adjacent. In particular, for every such automorphism
h, the set hUr({c,d}) is an open neighbourhood of h in Aut(7T)" — a(Aut(A)).
This proves that the complement of a(Aut(A)) is an open set and therefore that
a(Aut(A)) is a closed subgroup of Aut(T)™.

Let @ : Ch(A) — V, be the map sending a chamber of A to the corresponding

vertex of Vy C V(T) and recall that the sets
Ua(Fa) ={g € Aut(A)|gc =c Vc € Fa}
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where FA C Ch(A) is finite form a basis of open neighbourhoods of the identity in
Aut(A). In particular, notice that « : Aut(A) — a(Aut(A)) is continuous since for
every finite subset Fr C Vj we have that o= (U (Fr)Na(Aut(A)) = Ua (@~ H(Fr)).
Finally, notice that a : Aut(A) — a(Aut(A)) is an open map since, for every finite
set Fa € Ch(A) we have that a(Ua(Fa)) = Ua(®(Fa)) N a(Aut(A)). O

Proposition [6.22] shows that under this correspondence, the property of
groups of type-preserving automorphisms of trees is tightly related to the property
[[P] of groups of type-preserving automorphisms of right-angled buildings.

Proposition 6.22. Let G < Aut(A) be a closed subgroup satisfying the property
IP;, for everyk =1, ..., r. Then, a(G) is a closed subgroup of Aut(T)*t satisfying
the property [[Py,]
Proof. Proposition ensures that a(G) is a closed subgroup of a(Aut(A)) and
therefore of Aut(T)*. Let ® : Ch(A) — V, be the map sending a chamber of A to
the corresponding vertex of Vy C V(T') and notice that:
e For every residue R € V1, ®(R) = {v € Wy|lv € R} = Bp(R,1)NV}. In particular,
we have that
a(Fixg(R)) = Fixq ) (®(R)) = Fixa ) (Br(R,1) N V)
= FiXQ(G)(BT(R, 1))
e For every k € {1,...,7} and every chamber ¢ € Ch(A) we have
®(Ch(A) — X7,(¢) = ®({d € Ch(A)[projr,, ()(d) # c})
— (v € Voldr(v, Re, (<)) < dr(v,)}
=T(Ryp(c),c) NV.
In particular, we obtain that
a(Fixg(Ch(A) - X7, ())) = Fixa(c)(®(Ch(A) - X7, ()
= Fixa(G) (T(le (C)a C))
The results follows from the definitions of the properties 1P, and O

The proof of Theorem [E] requires one last preliminary. Let (W,I) be a right-
angled Coxeter system. Let (g;);cr be a set of positive integers ¢; > 2 and let A be
the semi-regular building of type (W, I) and prescribed thickness (g;)ics. Finally,
let (h;)ier be a set of legal colorings of A with i-colors given by a set Y; of size g;
and let G; < Sym(Y;) be transitive on Y;.

Proposition 6.23. For every J C I, every (gj)jes € [l;c; Gj and every c €
Ch(A), there exists g € U((hi, Gi)icr) such that gR(c) = Ry(c), hjog=g;oh,
forallj € J and h;og=h; foralliel—J.

Proof. Let (h})ier be the set of legal colorings obtained from (h;);e; by replacing
hj by g; o h; for all j € J and leaving the other colorings unchanged. Notice that
R is still a legal coloring of G' for every j € J since for all I — {j}-residues R and
for all d,d’ € R we have hj(c) = gj o h;j(d) = g; o h;j(d') = h)(d’). Now, let ¢’
be the chamber of R;(c) with colors h;(c’) = g; o h;(c) for every j € J. Since
R}(c") = hi(c) for every ¢ € I, [DMSSIS8| Proposition 2.44] ensures the existence of
an automorphism g € Aut(A) mapping ¢ to ¢’ and such that h; o g = R} for all
i € I. Since ¢ € Ry(c) notice that g stabilises Rs(c). Finally, notice that g acts
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locally as the identity on ¢-panels for all ¢ € I — J and as g; on j-panels for all
j € J. Hence, g is as desired. O

The following result proves Theorem [El

Theorem 6.24. Suppose that (W,I) satisfies the hypothesis B The group
a(U((hi, Gi)ier)) is a closed subgroup of Aut(T)*t satisfying the property [Py,] In
addition, if G; is 2-transitive on'Y; for everyi € I, a(U((hi, G;)icr)) is unimodular
and satisfies the hypothesis [Hy,]

Proof. Let G = U((hi, G;)icr)- The first part of the theorem follows directly from
Proposition and Proposition Now, suppose that G; is 2-transitive on
Y; for every i € I, let Ty, be the family of subtrees defined on page and let
T,T"€ Zy,. If T C T we clearly have that Fix,g)(7’) € Fixq@) (7). On the
other hand, if T & T, let v7 be a vertex of V;N7T that is at maximal distance from
T and let wr € Br(vy, 1) — {vr} be such that T’ C T(wr,vy). In particular, we
have that Fix, g (T (w7, v7)) < Fixeq)(T'). Let I), denote the type of v7 seen as a
residue of A and let j € Ij,. Consider an element g; € G; that is not trivial and such
that g; o hj(wr) = hj(wr) and let g; = idy, for every ¢ € I —{j}. Proposition
ensures the existence of an element g € U((h;, G;)icr) such that gR;(c) = Ry(c)
and h; o g = g; o h; for every i € I. Now, notice that there exists a unique vertex
v’ that is adjacent to wy and such that 7' C T'(v%, wr) U{w7s}. Now, notice that
v/ is a residue of type I» with I, # Ij, and we realise from the definition that
g fixes every chamber of v or equivalently that a(g) fixes Br(v/-, 1) pointwise.
Proposition implies the existence of an element h € Fixyg)(Br(vy),1) N
Fixg (T (v, wy)) such that hv = a(g)v for every v € T(wy,v/). In particular, we
have that h € Fix, ) (T’) but h & Fix,(g)(T) since by the definition g does not
fix every chamber of v7. This proves as desired that Fix, (e (T") € Fixaq)(T).
To prove that a(G) is unimodular, we apply [BRW0T7, Corollary 5]. This result
ensures that a group G which acts d-2-transitively on the set of chambers of a locally
finite building is unimodular. Choose a chamber ¢ € Ch(A). Since G is transitive
on the chambers of A, we need to show for any two chambers di,dy € Ch(A)
that are W-equidistant from ¢ that there exists an element g € Fixg(c¢) such that
gdi = do. First of all, notice from the hypothesis @ and the solution of the word
problem in Coxeter groups that every w € W admits a unique decomposition
w=wi.. w, with wy € W, — {1w} such that Iy, # Iy, , for every t. Suppose
that di,dy € Ch(A) have W-distance w; ... w, from ¢ with w; € Wi, and let us
show the existence of g by induction on n. If n = 1, the result follows from the
first part of the proof since for every j € I, there exists an element g; € G; such
that g; o hj(c) = h;(c) and g; o h;j(d1) = hj(d2). Hence, there exists an element
g € G such that hj o g; = go h; for every j € J. In particular, gc = ¢, gdi = d»
and the result follows. If n > 2, we let d, = projRIk” (a.)(c) and notice that

0(e,d)) = wy ... wp—1. Our induction hypothesis therefore ensures the existence
of a ¢ € G such that ¢'c = ¢ and ¢'d} = d,. Now, notice that §(dy,d2) = w,
and §(d,, g'dr) = 6(¢'d}, g'd1) = §(d},d1) = w,. In particular, the first part of the
proof ensures the existence of an element h € G such that hd = d for every d €

T (db) and hg'd; = da. Since G satisfies the property IPIM,,_U by Proposition

[6I7 this implies the existence of an element h’' € FiXG(ij( o (d%)) such that
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h'b = hb for every b € XI,C(’ ) (db). Since ¢ € Vlk( o (dy), the automorphism

h'g' € G satisfies that h'g’c = ¢ and that h'g’dy = ds. The result follows. O

In particular, if U((h;, G;)ier) is non-discrete, Theorem [D] applies to a(G) and
Theorem [A] provides a bijective correspondence between the equivalence classes of
irreducible representations of a(G) at depth [ > 1 with seed C' € Fs,, and the
Sy, -standard representations of Aut,(g)(C). We recall further that an existence
criterion for those representations was given in Section

Since « is a homeomorphism on its image, the same holds for the representations
of G. Notice that under the correspondence given by a1, the generic filtration Sy,
describes a generic filtration Sa of G that factorises™ at all depths { > 1 and which
can be interpreted as follows. We explicit this correspondence below. Let § denote
the W-distance of A and let us consider the set

R'(c) = {d € Ch(A)|é(c,d) = w s.t. Tk € {1,...,r} for which w € Wy, }

for every chamber ¢ € Ch(A). By use of the correspondence ® : Ch(A) —
Vo between chambers of A and vertices of V{, notice, for every ¢ € Vj, that
O~ Y(Br(®(c),2) N Vy)) = R'(c). We define a family Ta of subsets of Ch(A) as
follows:

(1) Tal0] ={R1.(c)|k € {1,...,7},c € Ch(A)}.

(2) For every [ such that [ > 0, we define iteratively:

Tall+ 1] ={R C Ch(A)|FQ € Tall], Jc €Qs.t. R'(c) Z Q
and R = QUR/(c)}.

(3) We set Ta = | |,y Tal[l]-
It is quite easy to realise that SA = {Fixg(R)|R € Ta} is the generic filtration of
G corresponding to Sy, under the correspondence given by a~! and that

Sall] = a7 (Sn[l]) = {Fixg(R)|R € Tall]}-
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