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TYPE-I PERMANENCE

ALEXANDRU CHIRVASITU

ABSTRACT. We prove a number of results on the survival of the type-I property
under extensions of locally compact groups: (a) that given a closed normal
embedding N < E of locally compact groups and a twisted action («, 7) thereof
on a (post)liminal C*-algebra A the twisted crossed product A x4, E is again
(post)liminal and (b) a number of converses to the effect that under various
conditions a normal, closed, cocompact subgroup N < E is type-I as soon
as E is. This happens for instance if N is discrete and E is Lie, or if N is
finitely-generated discrete (with no further restrictions except cocompactness).
Examples show that there is not much scope for dropping these conditions.

In the same spirit, call a locally compact group G type-I-preserving if all
semidirect products N x G are type-I as soon as N is, and linearly type-I-
preserving if the same conclusion holds for semidirect products V' x G arising
from finite-dimensional G-representations. We characterize the (linearly) type-
I-preserving groups that are (1) discrete-by-compact-Lie, (2) nilpotent, or (3)
solvable Lie.
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INTRODUCTION

The C*-algebras (or locally compact groups) of type I are those for which it is
possible to define a “reasonable” moduli space of irreducible *-representations on
Hilbert spaces. The literature is by now staggering in depth and breadth, so we
will content ourselves with citing some of the textbook-style sources (and pointing
indirectly to their references): these include, for instance, [37, Chapter 6], [4], §IV.1],
and [9, Chapters 4 and 9.

Apart from ‘type-I’ the phrases GCR, postliminal (or postliminary) and having
smooth dual are also in use and synonymous, and we might revert to some of the
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other terms for variety. They were at various points introduced as separate proper-
ties, but are now known to all be equivalent under sensible separability assumptions
[37, Theorem 6.8.7]. Many classes of (locally compact, second-countable) groups
are known to be type-I:

connected semisimple Lie groups;

connected nilpotent Lie groups;

connected components of real algebraic groups;

discrete groups precisely when they are virtually abelian (i.e. have finite-
index abelian subgroups);

e groups G(k) of k-points for linear algebraic groups G over local fields k of
characteristic zero.

Apart from the last item, which is [3, Theorem 2|, these are all recalled in [10]
Theorem 7.8] with citations to the original sources.

One familiar technique for improving on such results is to assemble a group out
of more manageable pieces, for which the property is already known to hold, and to
show that that property survives under the various group-theoretic constructions
involved: this is the permanence of the title.

Specifically, we are concerned here with how postliminality behaves under ex-
tensions

(0-1) (1} 5N E—G— {1}

of locally compact groups (always second-countable). Intuition and the examples
dictate, for instance, that E should again be of type I if N is, provided G is “man-
ageably small”:

e Thoma’s characterization of type-I countable discrete groups [50, Satz 6]
shows that finite-index embeddings make no difference.

o Similarly, [8, Lemme 3] shows (by induction on the finite index [E : N]) that
E is type-I along with N if the latter is normal and of finite index.

e In fact E is type-I whenever it contains a closed type-I subgroup N < E
such that E/N carries an E-invariant probability measure [23] Theorem 1]
(see also [13] Corollary 4.5]).

e So in particular this certainly happens when N < E is normal and cocom-
pact, as in that case the Haar probability measure on E/N is E-invariant.

e In a slightly different direction but the same spirit, [3, Corollary 23] proves
that if G is a reductive linear algebraic group over a non-archimedean local
field k, then certain finite central covers of the group G(k) of k-valued
points are type-I.

The upshot is that lifting (post)liminality along N < E goes through even upon
relaxing the normality requirement. On the other hand, keeping N < E normal,
one can add a twisted action [38] §3] of G into the mix, in the context of Green’s
twisted covariance algebras (Definition 2.JJ). In that setup a similar type-I-lifting
result holds (Theorem [22)):

Theorem. Let N < E be a closed, cocompact normal subgroup of a second-countable
locally compact group and (A, E,N, o, 7) a twisted action on a separable C*-algebra

A.
If A is (post)liminal then so, respectively, is the twisted crossed product Ax, . E.



576 ALEXANDRU CHIRVASITU

Deferring the details, roughly speaking, A is to A X, E as N is to E in the
sense that the pair (A4, A X, E) specializes back to (C*(N), C*(E)) under suitable
conditions (see [I5, p.199, Corollary] and Corollary 23)). In that sense, the theorem
fits with the spirit of the present discussion. Furthermore, the duality-based proof of
Theorem presumably allows for generalizations to gquantum groups (for which
imprimitivity /induction theory is available [52]), though we will not pursue this
here.

Given this wealth of material on (post)liminality permanence under passage to
“larger” objects, two flavors of possible converse present themselves.

First, one might wonder whether postliminality descends from E to N when the
latter is cocompact. This cannot happen in general, as attested by (non-type-I)
lattices in (type-I) Lie groups, Example 2.4l Discrete normal cocompact subgroups
will occasionally inherit the type-I property from the larger ambient group (Propo-
sition 2.8 and Proposition 2:19):

Theorem. Let N < E be a discrete, cocompact, normal subgroup of a second-
countable type-I locally compact group. N is type-I if either

e E (or equivalently, the compact group E/N) is Lie;

e or N is finitely-generated.

Construction 2.I6] Proposition .17 and Example 2.I8 show that one cannot,
in general, drop both finite generation and the Lie condition. On the other hand,
Example 2.I3] shows that even among Lie groups, this sort of type-I cocompact
descent doesn’t hold when the normal subgroup is not discrete. In other words,
there is not much room to maneuver in dropping assumptions.

Secondly, one can ask to what extent type-I permanence under extensions by G
characterizes compact groups. To simplify matters and fix ideas we will further-
more focus on semidirect products (rather than arbitrary extensions). The relevant
concepts, then, are as follows (see Definitions Bl and [B2).

Definition. A second-countable locally compact group G is

o type-I-preserving if N x G is of type I for every type-I (second-countable)
locally compact group N acted upon continuously by G.

o [inearly type-I-preserving if V X G is type-I for every finite-dimensional linear
representation G — GL(V).

The following is a sampling and aggregate of several results from Section 3] (Corol-
lary BI0, Proposition B2 Proposition B4 Proposition [3:221 and Theorem [B25)).

Theorem.

(1) Discrete countable groups are
o type-I-preserving precisely if compact;
o linearly type-I-preserving if they have finite-index bounded-order
abelian subgroups.
(2) Locally compact abelian groups are linearly type-I-preserving if and only if
they have open, compact subgroups with bounded-order quotients.
(3) Locally compact nilpotent groups are type-I-preserving if and only if they
are compact.
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(4) Connected semisimple linear Lie groups are linearly type-I-preserving.

(5) The linearly type-I-preserving connected solvable Lie groups are precisely
those with compact abelianization (or equivalently, those which do not sur-
ject onto (R, +)).

1. PRELIMINARIES

We work extensively with (post)liminal C*-algebras, as in [9, Definitions 4.2.1
and 4.3.1]. Postliminality is also referred to as being type I; the subject has been
studied extensively, and the relevant background is available in many good sources:
[37, Chapter 6], [4, §IV.1], or the already-cited [9] (especially Chapters 4 and 9
therein).

Of special interest will be the universal C*-algebras C*(G) of locally compact
groups G. As usual (e.g. [9, §13.4]), we refer to the groups as ‘type-I’ when these
C*-algebras are such. The pertinent literature on induced representations [30L3T]
and its applications to being type-I [2] will emerge more fully in the course of the
discussion below.

Given how central countability /separability assumptions are to type theory (as
made clear, for instance, in [37, §6.8.9 and §6.9]), the reader is encouraged to
assume all C*-algebras separable and all locally compact groups second-countable
(sometimes also termed ‘separable’ in the literature, in this context [2, Introduction,
Section 3]).

Hats atop locally compact groups, as in ((A}, do double duty, denoting

(a) Pontryagin duals: [48, §VIL.3], say, for the classical case of locally compact
abelian groups, and [28], §8] for the quantum version;

(b) and the set of isomorphism classes of unitary irreducible representations,
or the spectrum [9] §3.1.5] of the full C*-algebra C*(G).

The overloaded notation seems justified on several counts:

e Both uses are fairly well entrenched: we have already cited a few sources for
Pontryagin duals, and G stands in for the spectrum of C*(G) in [9, 18.1.1],
[2, p.30], [32, §2.3, Definition (5)], [25, Definition 1.46], and doubtless many
other places.

e The two meanings converge for locally compact abelian (LCA, for short)
groups: irreducible unitary representations are in that case 1-dimensional,
and thus precisely characters G — S' (i.e. elements of the Pontryagin
dual).

e Finally, at no point will the notational overlap be confusing: context will
always suffice to distinguish meaning.

2. COCOMPACT EMBEDDINGS

2.1. Positive results. Recall (e.g. [29, Corollaries 1 and 2]) that crossed products
by compact groups preserve (post)liminality. In particular, whenever a compact
group G acts on a type-I group N, the semidirect product N x G is again type-1. A
generalization of this result will handle arbitrary extensions

{1} > N—-E -G — {1}

via the twisted covariant systems of [15]. We briefly review the constructions ([15]
§1] and [38] §3]).
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Definition 2.1. Let N < E be a closed normal embedding of locally compact groups
and A a C*-algebra.

A twisted (or N-twisted) action attached to this data is a pair («, T) consisting
of

e a G-action v on A;

e a strictly-continuous morphism 7 : N — U(M(A)) (unitary group of the
multiplier algebra of A);

e so that 7 intertwines the conjugation action of G on N and the action «;

e and furthermore such that a|y is conjugation by .

We depict a twisted action as the entire package as (A,E,«,7), or again
(A,E,N, o, 7) in order to highlight N.

One can then define covariant representations of this data, meaning Hilbert-
space representations of both E and A appropriately compatible with « and 7, and
introduce the twisted crossed product A x4, E attached to such a datum (denoted
by Ax,E on [38, p.42], with G in place of E) as the universal C*-algebra carrying
an (A,E, N, o, 7)-covariant representation.

The following result, whose short proof we include for completeness, is not ex-
actly new: it follows, for instance, from [6, Theorem 2.8.9 and Corollary 2.8.21].

Theorem 2.2. Let N < E be a closed normal subgroup of a second-countable locally
compact group with compact corresponding quotient G := E/N, and (A, E,N, o, 1)
an N-twisted action.

If A is separable and (post)liminal then so is the corresponding twisted crossed
product A X, E.

Proof. The argument proceeds by duality. According to [38, Proposition 3.1] the
twisted crossed product

B:=Axg, E

admits a coaction by G = E/N in the sense of [38, Definition 2.1] and hence one

can form the corresponding crossed product B x G (the symbol is simply ‘x’ in
[38, Definition 2.3 (v)]). The relevant duality result, [38, Theorem 3.6], then says
that we have

BxG=(Ax.,E)xG=AeKLG)),

and the conclusion follows: G being compact, we have an embedding B C B x @,
and hence an embedding of B into the (post)liminal C*-algebra A®K(L?(G)). Since
(post)liminality is inherited by C*-subalgebras [0, Propositions 4.2.4 and 4.3.5], we
are done. O

In particular, this recovers postliminality lifting along normal cocompact embed-
dings of locally compact groups, by different means than via [23] Theorem 1].

Corollary 2.3. If
(2-1) {1} > N—-E -G — {1}

is an extension of second-countable locally compact groups with N of type I and G
compact, E too must be type-1.
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Proof. Apply Theorem to the N-twisted action (C*(N),E,N, «, 7) attached to
the extension ([2=1)) as in [I5, p.199, Corollary], whose underlying crossed product
C*(N) Xq,r E is nothing but the group algebra C*(E). O

While it might seem reasonable to lift the type-I property along possibly-non-
normal cocompact (closed) embeddings [24, Conjecture 1], it certainly will not
descend from a locally compact group E to a cocompact closed subgroup N < E:

Example 2.4. Recall that a connected semisimple Lie group [E always has a cocom-
pact discrete closed subgroup N: see for instance [B, Theorem C] or [40, Theorem
14.1] (which sources refer to cocompact subgroups as uniform).

Now, being connected semisimple Lie, E is type-I [16, Theorem 7 and Introduc-
tion, p.186]. Its countable subgroup N though, by Thoma’s theorem ([50, Satz 6]
or [51, Theorem 1]), can only be type-I if it has a finite-index abelian subgroup.
The Zariski-density of N < E [40, Theorem 5.5] when E has no compact quotients
would then entail the abelianness of E, contradicting semisimplicity.

Remark 2.5. On several occasions we use the fact that the type-1 property sur-
vives under passage to open subgroups: this is [24] Proposition 2.4], and follows
alternatively by noting that

e (C*-subalgebras of type-1 C*-algebras are again type-I [9, Proposition 4.3.5];
e and an open embedding of groups induces an embedding of full C'*-algebras
[42, Lemma 1.1].
This latter result would have been unavailable in the slightly earlier [24], hence the
slightly more complicated proof given there.
In particular, since cofinite subgroups are both cocompact and open, being type-I
lifts and descends along cofinite embeddings.

Before stating a partial converse to Corollary 23] we need an auxiliary observa-
tion and some language.

Definition 2.6. For locally compact groups G;, i = 1,2 and D a central pushout
G111 G2 is a quotient of G; x G2 obtained by identifying
Ll(d) S (G% C Gl X Gg, 1= 1,2

for closed central embeddings ¢; : D — G;. In particular D is implicitly assumed
abelian.

Proposition 2.7. Consider a central pushout E := Gy [ [ G2 as in Definition 2.6l
If E and Gy are type-I so is Gy.

Proof. The type-1 group Gy is normal in E, so we can apply the usual Mackey
machinery as outlined in [2, Chapter I, Proposition 10.4]. Write

H:=G;/DXE/Gs.
The extension
{1} = D -Gy - H— {1}

corresponds to a cohomology class in H?(H, D), where the cohomology groups are
those introduced on [35, p.43] (see also [35, top of p.44, before §2] for a sketch
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of the extension-cohomology correspondence and [53, Theorem 7.8] for a detailed
treatment of central extensions).

A character

D> x:D— St
pushes this class forward to
ey € H*(H,Sh),
so that we can now speak of projective H-c, -representations ([2, p.22] or [53] §VI.2]).

The centrality assumption implies that the action of H on the spectrum D is
trivial, and [2 Chapter I, Proposition 10.4] then equates the type-I property for
G with the requirement that all projective H-c,-representations be type-I, for
arbitrary y € G.

Next, observe that every x € G (or rather a sum of copies thereof) arises as the
restriction to D of a factor Go-representation p: consider the induced representation
Indg"‘x (2, Chapter I, Section 9] or [25, §2.3]), and then take for p any of the
constituents in a direct-integral decomposition

Indg?y = /A po dp();
G2
see [9, Theorem 8.4.2] or [37, Theorem 4.12.4]. Fix x € D and p € Gz restricting
to the former.
Now apply the Mackey machine to the normal inclusion Gy < E instead; here
too, H = E/Gy acts trivially on @\2 By direct examination of its construction in
[2, Chapter I, Proposition 10.3], it is clear that the Mackey obstruction cocycle in

H?(E/G,S') = H*(H,S")

attached to p is nothing but c,. The type-I assumption on E together with [2]
Chapter I, Proposition 10.4] then tells us that indeed projective c,-representations
of

H>E/Gy = Gy/D

are type-I, so we are done. O

As a consequence, we obtain the following partial converse to Corollary 2.3
It also shows that Example 24 could not have gone through (for Lie groups; an
important constraint) if N were normal.

Proposition 2.8. If [2=1)) is a type-I extension with N discrete and G compact Lie
then N too must be type-1.

Proof. First, because G is compact Lie, it has finitely many connected components.
By Remark [2Z.5] there is no harm in assuming it connected upon passing to a finite-
index subgroup.

Being an extension of Lie groups, E itself is Lie [I1, Theorem 3.1] and hence its
connected component Eq is open. Since the map E — E/N = G is open, it maps
Eq onto an open subgroup. Because G is connected, Eq surjects onto G.

This means that E equals NEj. The intersection D := NN Eq is discrete and
normal in the connected group Eg, so it must be central there. It is also central in
N (and hence globally, in E) because the connected group Eq normalizes and hence
centralizes the discrete group N.
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We can now recover E as a central pushout
E~N ]_[ E,.
D

It is of type I by assumption, and Eq is of type I by Corollary 23] because it
contains an abelian, normal, cocompact subgroup . The conclusion follows from
Proposition 2.71 |

Given an extension (2=1]) with N discrete and G compact connected but not Lie,
the neat decomposition phenomena leveraged in the proof of Proposition 2.8 might
not hold. Specifically, the discrete normal subgroup N < E and the connected
component Eqg might not generate a closed subgroup of E.

Example 2.9. Take the group E in the extension (Z=I)) to be the product R x Z,
where the second factor is the profinite completion

Z=Q/Z
of Z (for the latter notion see [41] Example 2.1.6 (2)], with the caveat that reference
uses a hat for the bar; this would conflict with the present paper’s use of hats to

denote duals).
The normal subgroup N < E of ([2=I]) will be the “diagonal” copy of Z:

N:={(n,n) ERXZ | n € Z}.

The quotient G = E/N of Z=1]) is a central pushout R[], Z in the sense of Defi-
nition 226 and thus dual to the fibered product R xg, (Q/Z) of the two familiar
maps

R —S' and Q/Z — S'
(the latter identifying Q/Z with the torsion subgroup of the circle, i.e. the group
of roots of unity). This is easily seen to be precisely Q, and hence

G=E/Z~Q.
We thus have an (abelian) extension
(1} 2Z—-E—-Q— {1}

with Z discrete and @ compact and connected (being dual to a torsion-free discrete
group [20, Corollary 8.5]). Note, though, that the specific copy of Z C E we chose
maps densely into

E/Eq=E/R 27,
so that the subgroup NEy < E featuring in the proof of Proposition 2.8 this time
around, is proper and dense.

2.2. Cocompact counterexamples. We gather a number of examples of the
type-1 property failing to descend along cocompact normal embeddings. The first
batch, based on Construction [Z.10], will produce extensions with connected compact
quotient.

Construction 2.10. Let A be a torsion-free discrete abelian group fitting into a
non-type-I central extension

(2-2) {1} —» st E—— A — {1}.
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Denote by K := A its compact Pontryagin dual, and form the semidirect product
E x K with respect to the left action

KxE——E
defined by
x> x:=x(r(z))z, Ve € E, x € K|
where y(m(z)) € S! is regarded as an element of the central circle in (2=2)).
On the one hand, we are assuming that E itself is not type-1. On the other hand,
E x K will be. To see this, note that it can also be recovered as an extension
(2-3) {1} 5 S' xK - ExK— A — {1},

to which we can apply the usual Mackey analysis (as recalled, say, in [25, §4.3] or
[2, Chapter I]). ([2=3) induces an action of A on the discrete character space

SIxKXZx A
that is easily seen to be
e trivial on
A={0} xACZxA,

i.e. on those characters that vanish on S', and hence lift to characters of
the abelian quotient A x K of E x K;
e and free elsewhere: on the component

A xACZxA~S xK, n#0,
the action of @ € A is translation by na € A. Since we are assuming

torsion-freeness, the action is indeed free.

All spaces in sight (the character space Z x A being acted upon and the acting
group A) are discrete, so the regular embedding condition of [32] p.186, Definition]
holds. One can then apply [2, Chapter I, Proposition 10.4] to conclude that E x K
is indeed of type L.

As for producing central extensions (22 needed in Construction 210] we first
recall the following familiar construction (see e.g. the groups of Heisenberg type of
[33], discussion preceding Remarks 4]).

Definition 2.11. Let
p: A xA. —B

be a continuous bilinear map of locally compact abelian groups. The Heisenberg
double D(p) associated to it is the semidirect product

(B x A;) x A,
induced by the action
A, x (B x Ay) 3 (ar,b,a;) — (plar, ar)b,a;) € B x A

It can alternatively be described as a semidirect product (B x A,) x A; (by inter-
changing the roles of the two A,s) or as a central extension

{1} = B = D(p) —» A; x A, — {1}.

We can now elaborate on the extensions (2-2)).
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Construction 2.12. The discrete abelian group A of Construction 210 will be of
the form A; x A, and E will be a Heisenberg double D(p) (per Definition [ZTT]) for
a pairing

(2-4) p:hAyx A, — St
whose associated morphism
(2-5) ¢ : A, — A, = Hom (A;,S")

has infinite (or equivalently, non-discrete) image.
The action of A, on the dual

SﬂngXTA\l

is such that a, € A, operates on the copy of E indexed by n € Z by translation
with p(na,) € Ay

The hypotheses of [I2, Theorem 1] are met and condition (6) there is clearly
violated: being infinite, at least some of the orbits of this action are not homeo-
morphic to (discrete) quotients of As. But then we can conclude that D(p) is not
of type I by [2, Chapter II, Corollary to Proposition 9]: the discreteness condition
therein holds, hence the conclusion.

There is no shortage of concrete incarnations of Construction 2T0l (jointly with

Construction 2T2)):

Example 2.13. One can take the morphism (28] to be
e the embedding
Z—S'~7

sending the generator to a non-root of unity; this was (essentially) the
example produced by an anonymous referee in discussing an earlier version
of this work.

e or more generally, any morphism from Z to the discrete dual of a torsion-
free abelian group, sending a generator to a non-torsion element.

Any (non-trivial) torsion-free abelian group will do, since the dual of
such a group is compact connected [20, Corollary 8.5] and hence cannot be
torsion (e.g. [36l §5, Exercise 2]).

e or any non-trivial morphism Q — @

Such morphisms exist in abundance, since @ is divisible and hence any
morphism Z — @ extends [20, Corollary 8.5 and discussion preceding
Lemma 1.21]. And any such morphism will meet the requirements (i.e.
have infinite image), since Q is torsion-free [20, Corollary 8.5].

In summary, all examples produced this way will give non-type-I E with type-I
semidirect products E x K for compact connected K.

A different class of examples will produce type-I semidirect products D x K with

e D discrete, nilpotent but not of type I;
e and K profinite.

First, a follow-up on Definition 211}
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Definition 2.14. Let A be a locally compact abelian group.
e Its Heisenberg double D(A) is the D(p) of Definition 2.I1] for the canonical

pairing
(2-6) p:AxA—Sh
e The restricted (Heisenberg) double D,.(A) is D(p,), where
pr s A X AoP

is the corestriction of ([2=6)) to the closed subgroup of S! its image generates.

The distinction between D and D, of course only makes a difference for finite A:
D,.(A) is then finite, while D(A) is not.

Remark 2.15. For finite cyclic A = Z/n (in which case A = Z/n as well) the
restricted double D,.(A) is nothing but the finite Heisenberg group of order n?
denoted by H(Zy,) in [45] §2].

An arbitrary finite abelian A decomposes as a direct sum of finite cyclic groups.
Any decomposition A = A; & Ay provides its dual decomposition for A compatible
with pairings. This then gives embeddings

D,.(A;) € D.(A), i=1,2,
which induce a surjection
D, (A1) @ D,.(A2) — D,.(A).

All in all, we have a surjection of the form
P D.(z/n:) — D, (A)

realized by identifying the centers of the summands of the domain with cyclic
subgroups of the same circle; in particular, that surjection restricts to an embedding
for each individual D,.(Z/n). This will all be implicit in much of the discussion
below.

Construction 2.16. Let (A,,),cz., be any infinite family of non-trivial finite abel-
ian groups and set

Dy, = Dr(Ay), D:=EPD,.
n
Each A,, acts on its own D,.(A,) by conjugation, giving an action by the compact
product
K:= H A,
n

on D.
The group we are interested in will be the family-wise equivariant restricted

double
E, ((An)n) ;=D x K= (@ }D)n) >< (HAR> .

That D is not virtually abelian and hence not of type I is easily seen, being an
infinite sum of non-abelian groups. Alternatively, instead of appealing to Thoma’s
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[51, Theorem 1], note that every C*(D,,) has some matrix-algebra quotient M, for
dn, > 1 because D, = D,.(A,) is not abelian, and hence we have a surjection

C*(D) = Q) C*(Dn) — Q) M,

between the respective infinite tensor products [49], Definition XIV.1.5]. The right-
hand side is one of the Glimm algebras [37, §6.5], well known not to be of type I
[37, Theorem 6.5.15].

It thus remains to argue that E :=E, ((A,),) is type-L

Proposition 2.17. For any family (A,), of non-trivial finite abelian groups the
family-wise equivariant restricted double E := E, ((Ay)n) of Construction [2.10] is

of type I.

Proof. Decompose the finite-dimensional group algebra of each individual D,, =
D,(A,) as a product of matrix algebras, as in Construction 216 That decompo-
sition is of course invariant under the inner action by A,,, so every minimal central
projection in

c*(D,) c C*(D)
will act centrally in any representation of E = I x K. It follows that factor repre-
sentations factor through surjections of the form

C*(E) = C*(D x K)
>2C*"D)xK

(2-7) = (@ C*(ID)n)) K
— <® Mk> % K,

so it is enough to focus on these quotients of C*(E).
Consider an individual A,,. The quotient C*(D,,) = M}, can be identified, for
some quotient A,, — B,, (of order k)

e with the crossed product C* (B,,) x B,
e so that the inner action by A,, factors through the dual action [48], Definition
X.2.4] by B,, on that crossed product.

This is easy to see for cyclic A,, from the explicit construction of its finite-dimensio-
nal representations [14] §2], and follows in general from a decomposition of A,, as
a sum of cyclic summands, as in Remark

Piecing this all together then, ([2=7)) is isomorphic to

(2-8) <® C*(Bn)) x (@ @\) x (H An>
with the rightmost action factoring through the dual action of the smaller quotient

(2-9) K= HAn — HIB%H.
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If we had equality A,, = B,, (for all n) the resulting algebra, by Takai duality (|47,
Theorem 3.4], [39, Theorem 7], etc.), would be Morita equivalent to the leftmost
(commutative) factor C* (P B,,).

In general, (2-9) has a kernel

KO = H Amo

(say). That kernel will act centrally, and hence by a character in any factor rep-

resentation. Every character yo € Kg lifts to a character x on K; the lift is not
unique, but we choose one once and for all for each x¢. Then, in every factor rep-
resentation with Ky acting via xo, we can twist the action of the larger group K by
X! to obtain a (still factor) representation with K acting trivially.

All in all, we have decomposed the factor spectrum or quasi-spectrum ([9), §7.2]
or [37, §4.8.2]) of (2=8)) as a disjoint union of copies of

(©ee) - (@) «(11=)

Once more, Takai duality delivers the conclusion that the C*-algebra is of type
L. O

Per Construction [2.16] and Proposition 217 we now have examples

E=E, ((An)n) = <@ DT(AH)> X (H An)

of type-I semidirect products of non-type-I discrete groups by arbitrary products
of finite abelian groups.

We can now combine this discussion with Example to produce counterex-
amples to (the conclusion of) Proposition when the compact quotient G is
connected but not Lie.

Example 2.18. Consider the group E = R x Z of Example Its Z factor
decomposes the product

of the groups

of p-adic integers [41l, Examples 2.1.6 (2) and 2.3.11]. Its quotient
(2-10) z=]]z,~ [[2/p
P P

acts, as in the preceding discussion, on some discrete non-type-I group D; so that
Dy % (Hp Z/p) is type-I. If now that action is extended (i.e. pulled back) to all of

Z along ([2=I0) and then also to E along the surjection E — Z, we have an E-action
on D;. As in the proof of Proposition 217 the semidirect product

Dl xE=Rx (]D)l NZ)
is still of type I.
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Now recall the diagonally-embedded Z C E in Example 2.9 [I¢s action on Dy
will provide us with a normal subgroup

DZ:D1><IZ§]D1><1E,

with quotient
This is compact and connected, so Proposition fails even for connected compact
quotients G if they are not Lie.

For completeness, we end this section with a variant of Proposition 2.8 that
leaves the compact quotient unrestricted but instead places the requirements on
the discrete normal subgroup N < E.

Proposition 2.19. If 2=1) is a type-I extension with N discrete finitely-generated
and G compact then N too must be type-I.

Proof. Recall (e.g. [20] discussion preceding Theorem 10.89]) that a locally compact
group is almost connected if its quotient by its identity connected component is
compact.

Being locally compact, E has an open almost-connected subgroup E; [34] Lemma
2.3.1]. That group will then map onto an open (hence cofinite) subgroup of the
compact group G = E/N, so by passing to a cofinite subgroup (harmlessly, by
Remark 2.5]) we can assume that

E; surjects onto E/N = E = NE;.

Being almost-connected, Eq is approzimable by Lie groups (or pro-Lie [18, Chapter
3]): every neighborhood of the identity contains a closed (hence compact) normal
subgroup so that the resulting quotient is Lie [34], §4.6, Theorem]. It follows from
[19, Corollary 8.3] that E; is of the form

(2-11) E; =EgK, Eg the connected component of E, K profinite.

The inner action of the connected group Eg on the discrete group N is of course

trivial, while that of the compact group K has finite orbits. In particular, the

centralizer in K of the finitely many generators of N has finite index, so upon

passing to a cofinite subgroup again we can assume that all of (2=IT]) centralizes N.
Note then that E is a type-I central pushout

E=N [] Ei,
NNE,

and Proposition 2.7 will allow us to conclude as soon as we prove E; is of type L.
It contains NN E; as a cocompact discrete normal subgroup, so by Corollary 23]
it is enough to prove that NN E; is of type I, i.e. virtually abelian. That, in turn,
follows from Lemma O

Lemma 2.20. Let N < E be a closed, normal, discrete subgroup of an almost
connected locally compact group. There is a cofinite subgroup E1 < E such that

NNE; <E;

is central.
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Proof. Using once more the fact that E is pro-Lie [34] §4.6, Theorem]|, we can select
a compact normal subgroup K < E, sufficiently small that it intersects N trivially,
with Lie quotient E/K.

That quotient has finitely many connected components by the almost-connected-
ness of E; there is thus a group

K§E1§E7

cofinite in E, such that E; /K is Lie and connected. Because K is compact the image
Ny of

Nl =Nn El
in E; /K is still closed, discrete, and normal. But because E;/K is connected, Ny
must be central therein. This means that N; is central in E; modulo K, hence
central period by the assumption that Ny and K intersect trivially. ([l

3. CHARACTERIZING GROUPS VIA TYPE-I PERMANENCE

We focus here on results converse to those of Section 2k the goal is to deduce
various group-theoretic or topological properties (e.g. compactness) assuming ex-
tensions by the group in question preserve the type-I property. It will be convenient
to have a short phrase indicating this quality.

Definition 3.1. A second-countable locally compact group G is type-I-preserving
if for any action of G on a type-I second-countable locally compact group N the
semidirect product N x G is again type-I.

Since one salient procedure that will produce a semidirect product as in Defini-
tion Bl is to take for N the underlying space of a finite-dimensional G-representa-
tion, we single out a more restrictive notion.

Definition 3.2. A second-countable locally compact group G is linearly type-I-
preserving if for any finite-dimensional linear representation of G on R™ the semidi-
rect product R” x G is type-I.

Remark 3.3. Note that (linearly) type-I-preserving groups are always type-I, since
we can apply the defining property to the trivial action on the trivial group.

Lemma 3.4. If a second-countable locally compact group G is (linearly) type-I-
preserving, so, respectively, is any quotient G/H by a closed normal subgroup H <

G.

Proof. Consider an action of G/H on a second-countable locally compact type-I
group N. It restricts to an action of G along the quotient G — G/H, and we
correspondingly have a quotient

NxG — N x (G/H)
of semidirect products and hence one between their attached full C*-algebras. Since
C*(Nx@G) is assumed type-1, its quotient C*(Nx (G/H)) must be too [9, Proposition
4.3.5).

The proof applies uniformly whether N is the underlying vector space of a finite-
dimensional G/H-representation or not, so this argument delivers both claims. O
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We also have the following simple remark on how the various type-I-preservation
conditions relate to one another.

Lemma 3.5. Consider the following conditions for a second-countable locally com-
pact group G.

(a) G is compact.
(b) G is type-I-preserving.
(¢) G is linearly type-I-preserving.

We then have
[a)] = [®)] =

Proof. The first implication follows from Corollary 2.3l while the second is imme-
diate. 0

A few other fairly straightforward observations will help transition between
groups.

Lemma 3.6. Let H < G be a closed cocompact embedding of second-countable
locally compact groups.

(1) If H is (linearly) type-I-preserving then so, respectively, is G.
(2) IfH < G is furthermore cofinite and G is linearly type-I-preserving then so
s H.

Proof. An action of G on a locally compact group M (resulting from a linear rep-
resentation or not) restricts to H and we have a cocompact embedding

MxH<MxG.

Claim now follows from Corollary
As for claim suppose G is linearly type-I-preserving and let = : H — GL(V)
be a finite-dimensional representation and

p:=Indir : G — GL(W)
its induction to G (unproblematic to define, given that the embedding H < G is

cofinite). Then

e W x G is type-I by assumption;
e hence its cofinite closed subgroup W x H is type-I by Remark 2.5t
® so its quotient

WxH—-V xH

is type-1 because that property survives taking group quotients.

This concludes the proof. O
And also:

Lemma 3.7. Let G and H be two locally compact groups, with H type-I-preserving.
If G is (linearly) type-I-preserving then so, respectively, is G x H.
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Proof. Consider an action of G x H on a type-I group M (linear or not, depending
on which branch of the statement we are considering). That action restricts to
either

G<GxHorH<G x H,

and upon extending the H-action to M x G by acting trivially on the G factor we
have an isomorphism

(3-1) Mx (G xH)=(MxG) xH.

The initial semidirect product M x G is type-I by the assumption on G (either of
the two), whence ([B=I)) is type-I because H is assumed type-I-preserving. O

The distinction between type-I preservation and its linear counterpart is already
visible for discrete groups: this is obvious from Corollary B.I0] say, but we prove a
more general version thereof.

Theorem 3.8. Let G be a second-countable locally compact group fitting into an
exact sequence

(3-2) {1} - D—->G— K- {1},

with D discrete and K compact.

(1) G is type-I-preserving if it is compact, and the converse holds if K is Lie.

(2) G is linearly type-I-preserving if it has a cocompact, discrete, normal abelian
subgroup A so that the orbit of every infinite-order element of;& under the
conjugation action is infinite.

(3) Conversely, if some cocompact normal, discrete subgroup A < G has an
infinite-order character with finite orbit under the conjugation G-action
then G is not linearly type-I-preserving.

(4) G is of type I if D is virtually abelian, and the converse holds if K is Lie.

Proof. Part follows immediately from Corollary 2.3l and Proposition 2.8 in con-
junction with the previously-cited theorem of Thoma characterizing discrete type-I
groups, so we focus on the three other claims.

(<) part |(1)} Immediate from Lemma

(=) part D is virtually abelian. G itself is type-I in both cases by
Remark [3:3] hence so is its cocompact subgroup D (Proposition 2.8). We conclude
via Thoma’s theorem.

(=) part D can be assumed abelian. Given that D is virtually abelian,
it has a finite-index abelian characteristic subgroup [27, Lemma 21.1.4] (i.e. one
invariant under all automorphisms of D). In particular such a group will be normal
in G, and we can substitute it for D in the statement.

This abelianness assumption on D is in force throughout the rest of the proof;
in other words, the goal in is now to show that D is finite.

(=) part finitely-generated-kernel surjections onto direct prod-
ucts. D being abelian, the exact sequence ([B=2) corresponds to a cohomology class
in H2(K, D), where the cohomology groups are those introduced on [35, p.43] (see
also [35, top of p.44, before §2] for a sketch of the extension-cohomology correspon-
dence and [53, Theorem 7.8] for a detailed treatment of central extensions).
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Because K is compact, [35, Lemma 2.2] shows that the cohomology class in
question is in the image of

H*(K,D,) — H*(K,D)

attached to the inclusion D < DD of some K-invariant finitely-generated subgroup.
But this means that the cohomology class attached to the extension

{1} = D/D; — G/D; —» K — {1}
is trivial, i.e. this latter extension splits:
G/Dy = (D/D1) x K.
We retain this setup of an extension
(3-3) {1} »D; -G — (D/D;) x K — {1}

for finitely-generated abelian I; throughout.
(=) part semidirect products. That is, we consider the particular case
where ([B=2) splits, and thus
G=DxK;

that type-I preservation entails finiteness for I is precisely the content of Lemma[3.9l

(=) part conclusion. We have already disposed of the semidirect-product
quotient in (B3], which we now know is compact; we can thus absorb the D/D;
kernel into K:

(3-4) {1} - Dy -G —-K— {1}.

D, is finitely-generated abelian, so its finiteness amounts to the vanishing of its
free abelian quotient Z?, d € Z>¢ by its torsion. To that end, we will assume that
in fact D; = Z¢, d > 1 and show we cannot even have linear type-I preservation.

The compact group K acts on D; =2 Z¢ through a finite quotient because

Aut(Z}) = GL(d,Z)

is discrete. Some finite-index subgroup of K thus acts trivially on Dy, so for our
purposes we may as well assume that (=4 is central (since the passage to a finite-
index subgroup will not affect linear type-I preservation Lemma [3.0)).

We can now further surject Dy — Z (since the kernel of such a surjection is
central in G), so that (B=4)) is a central extension

(3-5) {1} -Z—-G—-K— {1}

It again corresponds to a cohomology class in H?(K,Z), and the discussion on
[35, p.61] provides an identification

H*(K,Z) = H'(K,S') = Hom(K,S").
Running through that argument, said identification recovers a central extension
{1} 2Z — e > K — {1}
from a morphism ¢ : K — S! as a pullback
o ——— K
_— l l w\

\R——>81/

1} —— 7
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where the bottom extension results from the usual exponential map
R >t~ exp(27it) € S*.

It follows that we can replace G by its quotient obtained upon substituting the
image ¢(K) C S! for K; the problem has thus been further reduced to abelian K
(and in fact a closed subgroup of the circle).

Now, since ([B=8]) is a central extension with abelian quotient, the commutator

G x G > (g1,92) = [91,02) := 919297 ‘95 L € Z

induces a continuous bilinear map K? — Z, trivial because K is compact. G is thus
abelian, and we can fall back on Proposition (which only uses Lemma [39)
to conclude that indeed the group Dy of (3=4)) is finite. This finishes the proof of

Part Suppose A < G is as in the statement. The plan will be to show that
A operates on V' through a finite quotient. Assuming this for now, we can proceed
as follows.

e Because 7|y factors through a finite group, G acts on V* = V with compact
orbits;

e and hence the regular embedding condition of [32 p.186, Definition] is sat-
isfied (e.g. by [12 Theorem 1]);

e 50 [32] Theorem 3.12] applies (in particular the last paragraph of that state-
ment, on semidirect products with abelian kernel) to conclude that V' x A
is of type 1.

Since
VA<V G

is cocompact and normal, the larger group must also be of type I by Corollary 23]
and we are done. It thus remains to prove the claim that 7(A) C GL(V) is finite.
The representation 7 : G — GL(V) factors through the quotient

/”T;)T\

\AO—>GO/

where
Ay = A/ ker(r|a).

The closure 7(Ag) in GL(V) is an abelian Lie group, and hence of the form

(3-6) m(Ag) ZR" x T™ x D, D finitely-generated discrete abelian
(e.g. by [7, Theorem 4.2.4]). The compact group
Go/Ag =2 G/A =K

acts by conjugation on Ay, and that action extends to a continuous one on (B=6]).
Since the automorphism group of the latter Lie group is Lie again [17 Theorem 2],

the action of K on m(A) factors through a compact Lie quotient K of K.
The claim now is that said K-action on W(AO) factors through a finite group, or,

in other words, that the identity connected component Kg acts trivially on (3=6).
If this were not the case, some

Ko-orbit Oz, x € m(Ay)
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would be a positive-dimensional submanifold [Il, Corollary 1.1.2], and orbits suffi-
ciently close to it would be submanifolds of the same positive dimension [T, Theorem
1.2.1] (so in particular, infinite).

At the same time though, the action of the compact group K on the discrete
group Ao has finite orbits; it follows that (3=6) has a dense set m(Ag) = Ag of
elements fixed by ]Ko, contradicting the preceding paragraph. In conclusion, the
centralizer of m(Ag) = Ay in G is cofinite.

The infinite-orbit assumption then implies that all characters of A( are of finite
order, and hence so are those of ([B=6). This, in turn, implies that the continuous
Cartesian factors R™ and T™ in that product are trivial, and D is finite.

Part Consider a character xy : A — S! as in the statement. Since it has
finite orbit under the G-action, passage to a cofinite subgroup (which does not
affect linear type-I preservation by Lemma [B.0) allows us to assume that x is in
fact G-invariant.

We can now further annihilate the (normal) subgroup of A generated by com-

mutators

l9,a) = gag~ta™', g€G, a €A,

thus reducing to the case of central A. The character x descends to the respective
quotient of A (by G-invariance), so it is still present under the centrality assumption.
The central extension

(3-7) {1} A -G —->K— {1}
corresponds to a cohomology class in
(3_8) HQ(K’A) %@H2(K25A)a
where

K = lgle

expresses K as an inverse limit of compact Lie groups [34], §4.6, Theorem] and ([B=8)
is [35, Theorem 2.3 (2)]. It thus follows that the kernel of some K — K; pulls down
as a normal subgroup of G, and quotienting by it we can assume that K is Lie, and,
for good measure, also connected (the connected component has finite index).

A quotient of K by some finite central subgroup F < K is a product of a torus
and simple compact factors [20, Theorem 9.24]. We can first regroup F together
with A into a central extension

{1} 2 A— e TF — {1},

which becomes abelian after quotienting by a finite subgroup of A: because A is
central and F abelian the commutator on e descends to a bilinear map F x F — A,
which must take values in a finite subgroup because F is finite.

It follows, then, that we can further assume that

n
(3-9) K =~ T% x HSi’ S; simple, compact, connected Lie groups.

i=1
Because A is discrete, we have, for any compact connected Lie group H, an identi-
fication

H?(H, A) = Hom(m (H), A),



594 ALEXANDRU CHIRVASITU

noted in [35] II, proof of Proposition 2.2]. The reader can easily check how the
argument goes: every central extension

E : {1} A—-e—-H-— {1}

of H by A (which is what cohomology classes in H?(H, A) classify [53, Theorem
7.8]) arises as a pushout along the corresponding morphism

m (H) —252— A
of the universal-cover extension
{1} 5 m(H) - H—H- {1}
of H, per the commutative diagram
mH) — " H
{1}/ 1%3 l\H%{u.
T c—

Setting H to be either K or any one of its factors in (B=9]), and using the fact that
the fundamental-group functor 7; preserves products, we obtain a decomposition

(3-10) H*(K, A) = H*(T%, A) x [[H*(Si,A).
i=1
Semisimple compact Lie groups have compact universal covers [20, Theorem 6.6],
so the S;-components of a 2-cocycle representing ([B=1) as an element of B=I0) will
take values in some finite subgroup of A. Quotienting again, the semisimple factors
fall out as subgroups, and can be annihilated. (B=7) has become

{1} A= G—>T¢— {1}

Note furthermore that we can assume G is abelian, by the same commutator bilinear
map argument employed above.

The cocycle corresponding to this extension factors through some finitely-genera-
ted abelian subgroup Ay < A [35, Lemma 2.2]; it follows that G contains

{1} = Ay = Gy — T — {1},
as an open subgroup, with corresponding quotient
G/Gy =2 A/Ay.
There are now two cases to consider:

(a) The quotient A/A; has an infinite-order character. The quotient
A/A; then acts on C via some infinite-order character. The image through
that character must then be an infinite countable subgroup of the circle,
so it is not locally closed in C (i.e. relatively open in its closure). That
C x (A/Ay) cannot be of type I follows from [2, p.110, Corollary to The-
orem 9| (that result only discusses “non-transitive quasi-orbits”, but by
[12, Theorem 1] we have these precisely under the stated condition).

(b) The quotient A/A; has no infinite-order characters. We will see
later, in the course of the proof of Corollary B.10, that this means precisely
that it has bounded order [26] §8]: it is torsion, with a uniform bound on
the orders of its elements.
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It is not difficult to see then that some finitely-generated extension of
Ay in A is pure [26] §7], whence [26, Theorems 5 and 6] imply that newly-
enlarged A splits off as a direct summand:

A=A;®B, B of bounded order.

Quotient out B and some cyclic summands of (the finitely-generated) A
to finally bring G to the form

{1} 72— G —T?— {1}.
The identification
H?*(T,Z) = Hom(m;(T?), Z) = Hom(Z%, Z)

mentioned in the proof of [35, II, Proposition 1.2] makes it clear that G
either splits as Z @ T¢ or contains R @ T9~! as a cofinite subgroup. Either
way, it fails to be linearly type-I-preserving:
e 7 isn’t, as in @, because it is discrete and has an infinite-order char-
acter,
e and R isn’t by Mautner’s example [2, pp.137-138], of a non-type-I
group of the form C? x R for an appropriately-chosen linear (unitary,
in fact) representation of R on C2.

This concludes the proof of the result as a whole. O

Lemma 3.9. If a semidirect product G =2 D x K with D discrete abelian and K
compact is type-I-preserving, then D is finite.

Proof. The goal will be to assume D infinite and derive a contradiction. Consider
the countable group

F := {finitely-supported functions D — Z/2}

with its obvious additive structure (Z/2 is there only to fix ideas: it can be any
fixed finite abelian group for our purposes). D acts on F by translation:

(9f)d") = f(d'9), ¥g,9' €D, ¥Vf € F.

That translation action extends to one by G =2 D x K, and the semidirect product
(F x D) x K is type-I by assumption. But then so is the countable discrete group
F x D (being normal cocompact: Proposition 28], and Thoma’s theorem provides
a cofinite abelian subgroup

A<F xD.

We can now obtain our contradiction: A has finite index, so the intersections
FNnAand DNA

must both be infinite and in particular non-trivial. But this contradicts the abelian-
ness of A, since any non-trivial ¢ € DNA will translate the support of any non-trivial
feFNA,sothat gfg~! # f. O

As a consequence, when the compact quotient K in ([B=2]) is absent we have a
characterization for (linear) type-I preservation for discrete groups. Recall that a
group is of bounded order if there is some n such that all elements are of order < n
([26, §8], for instance).
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Corollary 3.10. A discrete countable group G is
(1) type-I-preserving if and only if it is finite;
(2) linearly type-I-preserving if and only if it has a finite-index abelian subgroup
A < G satisfying any of the following equivalent conditions.
(a) A is of bounded order.
(b) A is a direct sum

A @Z/ni, (ni); bounded.
ng

(¢) The compact Pontryagin dual A is a product
A= H Z/n;, (n;); bounded.

(d) The dual A is of bounded order.
(e) The dual A is torsion.

Proof. The two claims are what parts and respectively of Theorem [3.§]
specialize to upon setting K = {1}, modulo the mutual equivalence of the various
conditions in Theorem requires that the compact group A be torsion,
i.e. condition |(2)(e)| of the present statement. We briefly sketch why the others
amount to the same constraint (a well-known result).

Note that

(2)(a){and |(2)(d)| are mutual Pontryagin duals and hence equivalent;
similarly for [(2){(c)] and [2)(b)}

the latter pair clearly implies the former;

whereas the converse, in the form|(2)j(a)| = |(2){(b)] say, is [26l Theorem 6];
so that the first four conditions are mutually equivalent, and they clearly
imply the fifth.

It thus remains to recall that compact abelian torsion groups are automatically of
bounded order: e.g. [36] p.70]. O

An analogue to Corollary B.I0 holds upon substituting abelianness for discrete-
ness. We will make repeated use of the main structure theorem for locally compact
abelian (LCA, for short) groups [7, Theorem 4.2.1]: an LCA group G decomposes
as

(3-11) G =G, xR?

with G; admitting a compact open subgroup.

The number d is an invariant attached canonically to G that we will refer to
as the characteristic index (following [22] Definition preceding Lemma 3.15], which
introduces an overlapping notion).

Definition 3.11. A locally compact abelian group G with an open subgroup B=11])
is vector-group-free or vector-free or vector-less if its characteristic index d vanishes.

Proposition 3.12. A second-countable locally compact abelian group G is

(1) type-I-preserving if and only if it is compact;
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(2) linearly type-I-preserving if and only if it has an open compact subgroup
K < G with bounded-order quotient G/K.

Proof. A number of partial results will coalesce into the desired result. Throughout,
we consider a decomposition ([B=IT]).

(Linearly) type-I-preserving implies vector-less. Lemma [3.4] implies that
the quotient G — R? must itself be (linearly) type-I-preserving, along with its
quotient R — R if d > 1. This, though, is not the case:

e represent R on some 2-dimensional complex vector space V' via
R 3t diag (2™, e*™M) € U(V)

for irrational A, as in the Mautner exzample denoted by My on [2] pp.137-
138] (also [10, §6.8, 1.]);

e and conclude as in loc. cit., from [2, p.110, Corollary to Theorem 9], that
the semidirect product V' x R cannot be of type I.

Claim That compactness implies type-I-preservation follows from Lemma
B3] so we are interested in the converse. Vector-less-ness implies that G has an
open compact subgroup; the quotient is discrete and type-I-preserving, hence finite
by Lemma 3.9, and we are done.

Claim @ (=). Vector-less-ness again implies the existence of a compact open
subgroup K, and the discrete quotient G/K must be of bounded order by Lemma[34]

and Corollary

Claim («). Consider a finite-dimensional G-representation
m: G — GL(V).

The type-I character of V x G will follow from [32] Theorem 3.12] via [12, Theorem
1] once we argue that all orbits in finite-dimensional G-representations are locally
closed.

To that end, note that in fact all such orbits are compact (and hence closed).
Indeed, let K < G be a compact open subgroup with bounded-order attached
quotient M := G/K. The closed images

m(K) € GL(V) (compact hence automatically closed) and 7(G) C GL(V)

are both closed abelian Lie subgroups with finitely many components. It follows
that for every n the group of elements of order < n in the Lie group 7(G)/7(K) is
finite, and hence the image of the bounded-order group M in that quotient is finite.

All in all, this implies that the image 7(G) (without taking the closure) is a
finite extension of the compact Lie group 7(K) and hence again compact Lie. In
particular, its orbits in V' (or V*) are compact. O

Proposition BI2(1)| goes through under the weaker hypothesis of nilpotence (as
opposed to abelianness). We first need the following auxiliary observation.

Proposition 3.13. A locally compact nilpotent group with no quotients that are
either infinite discrete abelian or vector-groups is compact.
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Proof. The (closed) lower central series [43, Definition following Lemma 5.30]
(3-12) {1} c--- C [G,[G,G]] C [G,G] Cc G

of our nilpotent group G is finite. We proceed by induction on its length.

The base case of abelian G follows from the product decomposition ([B=I1), so
suppose the claim holds for groups with shorter central series. To tackle the induc-
tion step, it will be enough to restrict attention to the following simplified setup:

e (G has a central subgroup M;
e with K := G/M compact (i.e. M < G is cocompact).

Being abelian, Ml decomposes as
M = M; x R¢
with M; having a compact open subgroup L (by [7, Theorem 4.2.1], as in B=11])),
and the central extension
(3-13) {1} - M- G—-K-— {1}
corresponds to a cohomology class in
H*(K,M) = H*(K,M; x RY) = H*(K,M,) & H*(K,R?).

The cohomology group H?(K,R¢) vanishes (for any compact K [35, Theorem 2.3]),
so the R? summand of M splits off globally. In particular G surjects onto R%, so
d = 0. By further quotienting out the compact open subgroup L < M (which is
central in G), we can assume M itself is discrete.

Now, let H < G be the closed subgroup such that H/M < G/M is the center.
The commutator map

G xH > (g,h) — [g,h] :=ghg *h™t e M

is continuous, bilinear (because H is central modulo M, which is central period),
and factors through the compact space G/M x H/M. It follows that map takes
values in a finite subgroup of M; upon quotienting it out, we can assume that H
itself is central in G.

But now we have shortened the central series, and can conclude by induction. O

This now easily implies the announced

Proposition 3.14. A second-countable locally compact nilpotent group G is type-
I-preserving if and only if it is compact.

Proof. Immediate from Proposition [3.13] given that type-I preservation passes to
quotients and neither vector groups nor infinite discrete nilpotent groups have it

(Proposition BI2((1)]). O

3.1. Some totally disconnected examples. We gather some examples meant
to address various questions that the preceding results might raise naturally.

First, prompted by Corollary one might wonder whether the discrete
group D in (B=2)) must be of bounded order. The answer is negative.

Example 3.15. Let

D:= & z/p,

primes p
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take for K its (compact) automorphism group

(3-14) K = Aut(D) = [ Aut(Z/p) = [[ 2/(p - 1),

and assemble the extension ([B=2)) out of the semidirect product G :=D x K.
Evidently, D is not of bounded order. On the other hand, it must be linearly
type-I-preserving by Theorem B.8(2); the infinite-order elements of the compact

dual R
D = HZ/p
p

are precisely the elements with non-zero components in infinitely many Z/p factors,
and such elements have infinite orbits under ([B=14)).

Remark 3.16. Although obviously solvable, the group G of Example is not
nilpotent, and cannot be: in Theorem under the additional assumption that
G is nilpotent, we can filter the discrete, normal, abelian subgroup A < G by

{1} =A 1 <A <--- <A, =A

so that each A, 1/A,, is central in G/A,,. That centrality then ensures that K acts
trivially on A, 11/A,, and A can be shown to have bounded order by induction on
n.

Remark 3.17. Incidentally, Example also shows that linear type-I preservation
does not descend along normal, cocompact embeddings: we argued in the exam-
ple that G is linearly type-I-preserving, whereas the normal, cocompact, discrete
abelian group D < G cannot be (by Proposition BI(2)).

The cofiniteness assumption of Lemma is thus essential.

Next, regarding Proposition BI2(2)} note that the compact and discrete pieces
may well both be present.

Example 3.18. Consider the abelian extension
{1} = (Z/n)¥ = G — (Z/n)P — {1}

(so that the quotient is a discrete direct sum and the kernel is a compact direct
product) associated via [53, Theorem 7.8] to the image through

H? ((Z/n)®%, (Z/n)*™) = H? ((Z/n)*™, (Z/n)™)
of the 2-cocycle giving the obvious extension
{1} = (@2/m)® = (Z/n*)®" = (Z/n)®™ — {1}.
G is linearly type-I-preserving by Proposition but this time the compact
group is a kernel and cannot be a quotient, as in Example

On the other hand, nilpotent examples covered by Theorem B.8(2)| show that
such a group need not have compact open normal subgroups.

Example 3.19. Consider

e the compact group
K := (Z/n)%;
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e the discrete groups
A=D:= (Z/n)®;
e the (continuous) bilinear morphism
p: AxK—D
pairing the individual Ny-indexed summands via the ring multiplication
Z/n x Z/n — Z/n.
This data gives rise to a nilpotent central extension
{1} > D—-G—-AxK— {1}
whereby the commutator morphism

G*? 3 (g1,92) = g1, 92) := 919297 "95 *

descends to ¢. More formally, this is the central extension associated via [53|
Theorem 7.8] to the unique 2-cocycle

m:(AxK)*? =D

that restricts to ¢ on A x K and is trivial on

A%, K? and KxA.
The group G alternatively fits into (non-central) extensions
(3-15) {1} »DxA—-G—-K-— {1}
and

{1} 5 DxK—-G — A — {1}.

Cast as (B=I5) it is proven linearly type-I-preserving by Theorem but G
is easily seen not to have a compact, open, normal subgroup K; 4 G: G/K;
being open the intersection K NK; would have to be of finite index in K, but the
construction makes it clear that operating on the finite-index subgroup

KnK; <K

by conjugation with A will produce elements ranging over a finite-index subgroup
of the discrete center D, and hence force us out of the supposedly-normal subgroup
K; <G.

Remark 3.20. The issue of whether a totally-disconnected locally compact group G
has compact, open, normal subgroups has received some attention in the literature:
there are always, in a sense, “enough” such subgroups when G is compactly generated
[54, Theorem]. The example following that result shows that compact generation
is necessary, as does Example

Examples B.I8] and B.19 neatly split off a compact from a discrete subquotient,
fitting the group into one of the two patterns
e compact-by-discrete;
e or discrete-by-compact.
Examples 318 and [B.19 can be combined to produce a nilpotent linearly type-I-
preserving group that is of neither type: there is a discrete subquotient “trapped”
between a normal compact subgroup and a compact quotient.
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Example 3.21. This time we denote by D the abelian group G of Example B.I8]
so that we have an extension
(3-16) {1} = (Z/n)¥ =D — (Z/n)®0 — {1}.
Next, set
K:= (Z/n*)%, A= (Z/n?)®.
Finally, consider a pairing
©: AXK— (Z/n?)PR c D,

where the left-hand arrow is as in Example BI9 and the right-hand map is the
obvious inclusion. This data is again sufficient to recover a central extension

{1} =2D—>G = AxK— {1},
linearly type-I-preserving:
e the cocompact, abelian subgroup e < G in
{1} > D —e— A — {1}

is linearly type-I-preserving by Proposition B.12k
e hence so is G, by Lemma

That G has no normal compact open subgroups can be argued as in Example
On the other hand, we now no longer have closed, discrete, normal, cocompact
groups either. In fact, cocompactness does not play much of a role: every closed,
discrete, normal subgroup E < G is finite, as we now argue.

The extension ([B=I0]) is easily seen to be essential [44], Definition preceding Propo-
sition 3.43], in the sense that every subgroup of D intersects the left-hand term.
Because that term is compact, E intersects it and hence D along a finite group:

(3-17) [END| < oo.

Next, if E were infinite, it would have infinite image in A X K and hence in one of A
or K. If the former, operating on that infinite image by conjugation with K would
produce infinitely many elements of D, contradicting (B=I7). If the latter, act by

conjugation with A instead.
Either way, we conclude that E must be finite.

3.2. Connected groups.

Proposition 3.22. Connected, semisimple, linear Lie groups are linearly type-I-
preserving.

Proof. The hypothesis implies that
e G is the identity component of the group H(R) of real points of a real-
algebraic group H (e.g. [40, §2.4]);
e and upon complexifying, the classification [2I], §20.3] of finite-dimensional
representations of semisimple Lie algebras implies that our representation
G — GL(n,R) is algebraic.
But then R™ x G can once more be identified with the identity component of H(R)
for some real-algebraic H, and is thus of type I by [8, Théoreme 1]. ([l

At the other end of the spectrum (from semisimplicity):
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Proposition 3.23. For a second-countable, locally-compact, connected nilpotent
group G the following conditions are equivalent.

(a) G is compact abelian.

(b) G is compact.

(¢) G is linearly type-I-preserving.
(d) G does not surject onto R.

Proof. [(a)] = [(b)} obvious.

(®)] = [} by Lemma

((c)] = [(d)} linear type-I preservation is inherited by quotients Lemma [B4] and
R does not have the property, by Mautner’s example [10] §6.8, 1.] used in the proof
of Proposition

@ = @. This is general structure theory for locally compact nilpotent groups.

Connected, locally compact nilpotent groups have unique maximal compact sub-
groups, and these are central: this is mentioned in [40, §1.8] for Lie groups, but
connected locally compact groups surject onto Lie groups with arbitrarily small
compact normal kernels [34] §4.6, Theorem], and the remark of [40], §1.8] extends
to the present setting.

Now, if K < G is the maximal compact subgroup, then G/K is a successive
extension of vector groups [22] Theorem 13], and it follows that G/K surjects onto
R unless it is trivial. O

Upon relaxing nilpotence to solvability, compactness is no longer necessary.

Example 3.24. Given the usual rotation action of the circle S' on C = R2, the
group G := C x S! is linearly type-I-preserving. This will be an immediate conse-
quence of Theorem [3.27)]

Rather, for solvable groups it is condition @ of Proposition B.23] that is relevant
to linear type-I preservation.

Theorem 3.25. For a connected solvable Lie group G the following conditions are
equivalent.

(a) G is linearly type-I-preserving.
(b) G does not surject onto R.
(¢) The abelianization

Gaw :=G/[G,G]

18 compact.
(d) Ggp is a torus.
(e) G is of the form M x K, where
o K=T"™ is a torus;
e and M is a nilpotent, connected Lie group;
e s0 that the abelianization My, = R? is a vector group carrying a K-
action with no trivial summands.
(f) G has a closed, connected, cocompact subgroup which acts by unipotent
operators in every finite-dimensional G-representation.
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Proof. Deducing@from the other conditions is the most effortful part of the proof,
so we defer it and address everything else first.

@ = @. Immediate from Lemma [34] recalling that R is not linearly type-I-
preserving because of Mautner’s example [I0] §6.8, 1.].

@, and @ are all equivalent. The abelianization G, is a connected
abelian Lie group, and hence a product T" x R? of a torus and a vector group [7,
Theorem 4.2.4]. Clearly, then, failure to surject onto R is equivalent to compactness
and to being a torus.

@ = The M of @ is precisely such a group. It is cocompact by assump-
tion, so it remains to argue the unipotence claim. Let

m: G — GL(V)

be a finite-dimensional representation. Because M is solvable and connected we
can assume [46, Theorem V.5.1*], after complexifying, that m(M) leaves invariant
a complete flag

{O}IVvalC"‘CVdimV:V@Z:V(@R(C

with one-dimensional (complex) subquotients V;y1/V;. Each subquotient corre-
sponds to a character
M — Mab — (CX;

since everything in sight carries a K-action, the multiset of such characters must
be invariant under that action. But by assumption the non-trivial orbits of the K-
action on M, (and hence also on its space of characters) are all infinite. It follows,
then, that M acts (via 7) trivially on each V;11/V;, i.e. by unipotent operators on
V as a whole.

= @ Let M < G be a cocompact subgroup with the requisite unipotence
property, and 7 : G — GL(V) a finite-dimensional representation. The fact that
m(M) consists of unipotent operators on V implies that V' x M is a nilpotent,
connected Lie group, hence type-I [10, Theorem 7.8 (b)]. But then so is the larger
group in the cocompact embedding

VxM<VxG,

by Corollary 231
Finally, one last implication will complete the circle.
[(d)] = [(e)} Several claims need proving.

Step (1) (The abelianization of |G, G] is a vector group). Consider the metabelian
(i.e. abelian-by-abelian) quotient

{1} = A= H— G — {1},
of G, where A is the abelianization [G,G],, of the derived group (so that H is the

quotient of G by its second derived group). Since A is connected and abelian, it
decomposes as

(3-18) A=RExT™

([7, Theorem 4.2.4] again). The conjugation action of the torus G, on A will leave
its unique maximal compact abelian subgroup T™ invariant, and hence centralize
it because Gy is connected and

Aut(T™) =2 GL(Z, m)
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is discrete. Further, because G, is compact, its adjoint action on the Lie alge-
bra Lie(A) is completely reducible, so there is a Ggp-invariant complement to the
invariant subspace

Lie(T™) < Lie(A);
we can thus assume that the decomposition [B=I8) is Ggp-invariant, so we can
quotient by the R? factor to obtain a compact quotient

{1} 5 T? = ¢ = Gy — {1}

of G. Since compact solvable groups are abelian [46], Corollary V.5.3*] and we
are assuming Gy, is the largest abelian quotient of G, we must have d = 0. This
concludes the proof of Step ().

Step (2) (The Ggp-action on [G,G],, has no trivial summands). Let R? be such
a summand. Quotienting by a K-representation complementary to R¢ produces a
central extension

{1} = RY —» ¢ - K — {1},

which splits [35, Theorem 2.3] as a product R% x K. Since that product is obtainable
as a quotient of G, the compactness assumption on G,; ensures that d vanishes.

Step (3) (G — Gygp splits). We prove this by induction on the length of the
(closed) derived series

{1} c---C[G,G],[G,G]| C [G,G] CG,

the base case of abelian groups being trivial.
For the induction step, fit G into the extension

{1} 2 A—>G - H— {1},

where A is the smallest (abelian) term of the derived series. We have the splitting
claim for H by the induction hypothesis, so we can pass from G to its subgroup

(3-19) {1} > A — e K- {1}

for a torus K < H surjecting onto Hy, = Ggp. As in the argument for Step (),
we have a K-invariant decomposition ([B=I8)); this means that the extension ([B=19)
corresponds to a cohomology class

o e H*(K,R? x T™) =~ H*(K,RY) @ H*(K,T™),
and note that both of these two latter cohomology groups vanish:

e the first by [35, Theorem 2.3] because K is compact;

e and the second because dualizing an (automatically-abelian [46], Corollary
V.5.3*]) extension of a torus by a torus gives an abelian extension of a
free abelian group by another, and free abelian groups are projective in the
category of abelian groups [44], Theorem 3.5].

(B=I9) then splits, and we are done.

Step (4) (Conclusion). The pieces are ready for assembly: take the closed derived
subgroup [G, G] for M, and let K < G be the image of any splitting ¢ : G = G. O
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