
REPRESENTATION THEORY
An Electronic Journal of the American Mathematical Society
Volume 27, Pages 734–765 (July 27, 2023)
https://doi.org/10.1090/ert/650

NAMIKAWA-WEYL GROUPS OF AFFINIZATIONS OF SMOOTH

NAKAJIMA QUIVER VARIETIES

YAOCHEN WU

Abstract. We give a description of the Namikawa-Weyl group of affinizations
of smooth Nakajima quiver varieties based on combinatorial data of the un-
derlying quiver, and compute some explicit examples. This extends a result of

McGerty and Nevins for quiver varieties associated to Dynkin quivers.
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1. Introduction

1.1. Poisson deformations of conical symplectic singularity. We start by
recalling the notion of conical symplectic singularity, first defined in [Bea00], and
their deformations. Let X be a normal affine Poisson variety.

Definition 1.1. We say X has symplectic singularities if its smooth locus Xreg is
a symplectic variety with symplectic form ω and there is a projective resolution of
singularities ρ : Y → X such that ρ∗ω extends to a regular 2-form on Y . We say
X is conical if there is a C∗-action on X that contracts X to a point, and ω has
positive weight under this action. We say ρ is a symplectic resolution of singularities
if ρ∗ω extends to a symplectic form on Y .

Definition 1.2. Let X be a normal affine Poisson variety equipped with a con-
tracting C∗-action. A graded Poisson deformation ofX is the data (X , B, j), where:

(1) B =
⊕

i≥0 Bi is a finitely generated positively graded C-algebra, such that
B0 = C.

(2) X is an affine Poisson variety equipped with a C∗-action over Spec(B), and
the structure morphism π : X → Spec(B) is C∗-equivariant and flat.
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(3) j : X
∼−→ π−1(0) is a C∗-equivariant Poisson isomorphism, where 0 ∈

Spec(B) corresponds to the maximal ideal
⊕

i>0 Bi.

Let X be as in Definition 1.2 and (X , B, j), (X ′, B′, j′) be two graded Pois-
son deformations. A morphism of graded Poisson deformations from (X , B, j) to
(X ′, B′, j′) consists of C∗-equivariant morphisms Φ : X → X ′ and f : Spec(B) →
Spec(B′), such that the following diagram is Cartesian

X X ′

Spec(B) Spec(B′)

Φ

π π′

f

and moreover, j′ = Φ|π−1(0) ◦ j.
We say a graded Poisson deformation (X , B, j) is universal if for any graded

Poisson deformation (X ′, B′, j′), there is a unique morphism of graded Poisson
deformations from (X ′, B′, j′) to (X , B, j).

Let X be a conical symplectic variety, ρ : Y → X be a symplectic resolution of
singularities.

Theorem 1.3 ([Nam11, Theorem 5.5]). There is a commutative diagram

(1.1)

Y X

H2(Y,C) Ad

πY πX

q

where d = dimH2(Y,C), πX , πY are universal graded Poisson deformations of X
and Y respectively, with π−1

X (0) = X, π−1
Y (0) = Y .

We write hX := H2(Y,C), which is known to depend only on X. Let L1, . . . ,Ln

be the codimension 2 symplectic leaves of X. The formal slice Si to Li is a Kleinian

singularity, of type A,D or E. Let Ŵi be the corresponding Weyl group and ĥ∗i
be the root space. The fundamental group π1(Li) acts on Ŵi and ĥ∗i by Dynkin

diagram automorphisms. Define Wi := (Ŵi)
π1(Li) and hi := (ĥ∗i )

π1(Li). They are
the Weyl groups and Cartan space corresponding to the folded Dynkin diagram by
the automorphisms π1(Li).

Definition 1.4.

(1) The vector space hX is called the Namikawa-Cartan space of X.
(2) The direct product

W =
∏
i

Wi,

where i runs over all the codimension 2 symplectic leaves of X, is called
the Namikawa-Weyl group of X.

The Namikawa-Weyl group is important for the following reason.

Theorem 1.5 ([Nam10, Theorem 1.1]). The map q in (1.1) is the quotient map
of the action of W .

The Namikawa-Cartan space hX has the following decomposition.
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Theorem 1.6 ([Los22, Lemma 2.8]). There is a vector space isomorphism H2(Y,C)
= H2(Xreg,C)⊕

⊕
i hi, where i run through the codimension 2 leaves of X.

Remark 1.7. Let us explain the projection H2(Y,C) � hi, following [Nam11]. Let
Li be a codimension 2 symplectic leaf of X, and let x ∈ Li. Then, there is an
analytic neighbourhood U of x in X, such that

(1) there is a Poisson isomorphism U ∼= Si ×ΔdimX−2, where ΔdimX−2 is the
complex polydisc of dimension dimX − 2;

(2) ρ−1(U) ∼= S̃i×ΔdimX−2, where S̃i is the minimal resolution of the Kleinian
singularity Si.

Take a class α ∈ H2(Y,C), restrict it to ρ−1(U), and we get a class [α]|i ∈ H2(S̃i,C).

The latter is isomorphic to the root space ĥ∗i . Namikawa showed [Nam11, Propo-
sition 4.2] that [α]i is invariant under the π1(Li) action, i.e. [α]i ∈ hi. This is the
projection of [α] to hi.

1.2. Quiver varieties. We recall the notion of quiver varieties, following [Nak94].
Let Q be a quiver which may contain edge loops, Q0 be the set of vertices and
Q1 be the set of arrows. For a ∈ Q1 let t(a), h(a) denote the tail and head of
a respectively. For i, j ∈ Q0 let nij denote the number of arrows between i, j,
regardless of the orientation. To each i ∈ Q0 we associate a simple root αi. We

identify Z
Q0

≥0 with the root lattice and define the Tits form on Z
Q0

≥0 by

Z
Q0

≥0 × Z
Q0

≥0 → Z, ((vi)i, (v
′
i)i) = viv

′
i

∑
i∈Q0

(2− nii)−
∑
i �=j

viv
′
jnij .

Let WQ be the Weyl group of Q generated by reflections on the root space
QQ0 = SpanQ{αi|i ∈ Q0} along real simple roots, i.e.

si : α �→ α− (α, αi)αi

for a vertex i that does not carry an edge loop.
For any quiver Q, let Q denote its double quiver. By definition, it has the same

vertex set as Q, and the set of arrows is Q1 = {a, a∗|a ∈ Q1}, where t(a∗) =
h(a), h(a∗) = t(a).

For v ∈ Z
Q0

≥0, the following definition will be frequently used:

p(v) := 1− 1

2
(v, v).

Let v, w ∈ Z
Q0

≥0; let Vi,Wi be vector spaces with dimVi = vi and dimWi = wi.
Define the coframed representation space

(1.2) R(Q, v, w) :=
⊕
a∈Q1

Hom(Vt(a), Vh(a))⊕
⊕
i∈Q0

Hom(Vi,Wi).

We omit w when w = 0 and write R for R(Q, v, w) when Q, v, w are clear from the
context. The cotangent bundle T ∗R = R ⊕ R∗ carries a natural symplectic vector
space structure; it can also be viewed as the representation space R(Q, v, w) of the
double quiver. The group G = GL(v) :=

∏
i∈Q0

GL(Vi) acts on R naturally; this

induces a Hamiltonian G-action on T ∗R. Let g :=
∏

i∈Q0
gl(vi) be the Lie algebra

of G. We G-equivariantly identify g ∼= g∗ via trace pairing. Then, the moment map
μ : T ∗R → g for the Hamiltonian G-action on T ∗R can be written as follows. Let
(x, y, p, q) = (xa, ya, pi, qi) ∈ T ∗R where

xa ∈ Hom(Vt(a), Vh(a)), ya ∈ Hom(Vh(a), Vt(a)), qi ∈ Hom(Vi,Wi), pi ∈ Hom(Wi, Vi),
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a ∈ Q1, i ∈ Q0. Then

μ((xa, ya, pi, qi)) = [x, y]− pq.

More precisely, the i-component of the right hand side is∑
h(a)=i

xaya −
∑

t(a)=i

yaxa − piqi.

Let θ be a character of G; it has the form θ(g) =
∏

i∈Q0
det(gi)

θi , gi ∈ GL(vi),

θi ∈ Z. We can thus identify ZQ0 and the character lattice of G, and write θ ∈ ZQ0 .
We write θ > 0 if θi > 0 for all i ∈ Q0. Let (T

∗R)θ−ss denote the set of θ-semistable
points of T ∗R. If θi > 0 for all i then (x, y, p, q) being semistable is equivalent to
ker q having no non-zero subspace stable under x, y.

We write p := (g/[g, g])∗, which is identified with CQ0 . Let λ ∈ p. The GIT
quotient

Mθ
λ(Q, v, w) := (μ−1(λ)θ−ss)//G

is called the Nakajima quiver variety. It inherits a Poisson variety structure from
the symplectic structure of T ∗R. We omit the letter Q when it is clear from context,
and omit the letter w when w = 0. The variety M0

λ(v, w) is affine, and we have a
projective morphism ρ : Mθ

λ(v, w) → M0
λ(v, w).

For θ ∈ ZQ0 , λ ∈ p, the pair (θ, λ) is said to be generic if there are no positive
roots v′ < v of Q such that λ · v′ = θ · v′ = 0. We say λ is generic if (0, λ) is generic
and we say θ is generic if (θ, 0) is generic. When (θ, λ) is generic, G acts freely on
(T ∗R)θ−ss by [Nak98, Section 3.ii], and Mθ

λ(v, w) is smooth.
We can also define families of Nakajima quiver varieties, i.e.

Mθ
p(v, w) := (μ−1(p)θ−ss)//G.

It is a scheme over p, and each Mθ
λ(v, w) is the fiber over λ ∈ p.

Let Λw =
∑

wi�i where �i is the fundamental weight corresponding to the
simple root αi. We will frequently use the weight ν defined by

ν = Λw −
∑
i∈Q0

viαi.

Assumption 1.8. Throughout the paper, we shall assume vi �= 0 for all i ∈
Q0, unless otherwise specified. In fact, if vi = 0 for some i, then we can view
Mθ

λ(Q, v, w) as Mθ
λ(Q

′, v, w′) where Q′ is the subquiver of Q obtained by deleting

i and all arrows adjacent to it, and w′ is the restriction of w to Z
Q0\{i}
≥0 .

Lemma 1.9 ([BL21, Section 2.1.8]). For generic θ, C[Mθ
λ(v, w)] is a finitely

generated algebra independent of θ.

Lemma 1.9 enables us to make Definition 1.10.

Definition 1.10. For λ ∈ p, we set Mλ(v, w) := Spec(C[Mθ
λ(v, w)]) for generic θ.

We say Mλ(v, w) is the affinization of Mθ
λ(v, w).

The proof of [BL21, Proposition 2.3] generalizes to show that, for generic θ, the
natural map p : Mθ

λ(v, w) → Mλ(v, w) is a symplectic resolution of singularities.
Therefore the variety M0(v, w) is a conical symplectic singularity, Definition 1.1.
The following observation will play an important role.
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Example 1.11. The morphism

Mp(v, w) := SpecC[Mθ
p(v, w)] → p

gives a graded Poisson deformation of M0(v, w).

1.3. Namikawa-Weyl group of quiver varieties. The goal of this paper is to
describe the Namikawa-Weyl group of quiver varieties M0(v, w). Let us first record
some known special cases. Assume Q is a simply-laced Dynkin quiver and ν = Λw−∑

viαi is a dominant weight. In this case it is known that M0(v, w) ∼= M0
0(v, w),

see Corollary 2.13. McGerty and Nevins in [MN19] described the Namikawa-Weyl
group of M0

0(v, w) as follows. Let Φ be the set of roots, Φν = {α ∈ Φ|〈ν, α〉 = 0}
and Φmax

ν be the maximal elements of Φν with respect to the usual partial order
on Φ.

Proposition 1.12 ([MN19, Lemma 5.1]). The set of codimension 2 symplectic
leaves of M0

0(v, w) is in bijection with Φmax
ν .

Proposition 1.13 ([MN19, Theorem 5.4]). The Namikawa-Weyl group of M0
0(v, w)

is Wν , where Wν is the Weyl group of the subroot system Φν of Φ.

The group Wν coincides with the stabilizer of ν in WQ.
Theorem 1.14 summarizes the main results of this paper.

Theorem 1.14. The following are true.

(1) Weyl groups of types An, Bn, Dn, E6, E7, E8, G2 can appear as components
of the Namikawa-Weyl group of the affinization of some quiver variety
M0(v, w).

(2) Weyl groups of types Cn, n ≥ 3, and F4 cannot appear as components of the
Namikawa-Weyl group of the affinization of any quiver variety M0(v, w).

(3) Weyl groups of types Bn, G2 can only appear when the underlying quiver is
wild (i.e. not finite type or affine type).

Part (1) follows from Proposition 1.13, Example 3.7 and Example 3.6. Part (2)
is proved in Proposition 3.8 and Proposition 3.9. Part (3) is proved in Proposi-
tion 6.10.

In addition, we give a description of the Namikawa-Weyl group in Corollary 6.13
when the underline quiver is affine type, which turns out to be similar to Proposi-
tion 1.13.

1.4. Structure of the paper. In Section 2 we present more results on quiver
varieties. In Section 3, we introduce tautological line bundles on quiver varieties,
and use them to classify all the possible components of the Namikawa-Weyl group
of the affinization of a quiver variety. To carry out the methods in Section 3,
we must know certain information of codimension 2 leaves of the quiver varieties
(more precisely, Theorem 2.20), and this is usually difficult. Therefore, we take
a different approach. In Section 4, we examine the existence of codimension 2
symplectic leaves of deformations of M0(v, w) along a subgeneric parameter, and
fully classify them in Theorem 4.4. In Section 5, we recall general results about the
presence of codimension 2 symplectic leaves in deformations of conical symplectic
singularities. In Section 6, we use the results from the previous sections to compute
the Namikawa-Weyl groups of some quiver varieties.
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2. More on quiver varieties

In this subsection we present more results on quiver varieties. An important goal
is to reduce our problem to Assumption 2.18, which largely simplifies subsequent
computations.

2.1. Framed vs. non-framed quivers. The following notations are given in
[CB01, Section 1, Remarks]. Given a quiver Q, let Q∞ be the extended quiver with
Q∞

0 = Q0 ∪ {∞}; the arrows between vertices in Q0 are the same as those in Q1,
plus wi arrows from the vertex i to the vertex ∞. We denote the new simple root
associated to the vertex ∞ by α∞.

Given Q, v, w, we define the extended dimension vector ṽ ∈ Z
Q∞

0

≥0 by ṽ∞ = 1

and ṽi = vi for i ∈ Q0. It is clear that R(Q, v, w) = R(Q∞, ṽ) as in (1.2), and

Mθ
λ(Q, v, w) = Mθ̃

λ̃
(Q∞, ṽ), where λ̃∞ = −v · λ, λ̃i = λi for i ∈ Q0; θ̃∞ =

−θ · v, θ̃i = θi for i ∈ Q0.
By definition, 〈ν, v′〉 = −(ṽ, v′) for all v′ ∈ ZQ0 . We will use these two notions

interchangeably.

2.2. Stratification of affine quiver varieties. The quiver variety M0
λ(v, w),

which is isomorphic to M0
λ̃
(ṽ), has a stratification by symplectic leaves, which we

describe below. Let x ∈ M0
λ(v, w) and r ∈ T ∗R be a representative of x (with

closed G-orbit).

Definition 2.1. Suppose r = r0 ⊕ r⊕n1
1 ⊕ · · · ⊕ r⊕nk

k , where ri’s are pairwise non-

isomorphic simple representations of Q∞, and dim(r0)∞ = 1. Write vi = dim ri ∈
Z
Q∞

0

≥0 . We say

τ = (v0, 1; v1, n1; v
2, n2; . . . ; v

k, nk)

is the representation type of x.

Proposition 2.2 ([Nak98, Section 3.v]). The Poisson variety M0
λ(v, w) has finitely

many symplectic leaves. The symplectic leaf containing x consists of all elements
that has the same representation type as x.

Let us discuss what dimension vector vi can appear in a representation type τ .
For λ̃ ∈ CQ∞

0 , define the deformed preprojective algebra

Πλ̃ = CQ∞/(
∑

a∈Q∞
1

[a, a∗]−
∑

i∈Q∞
0

λ̃iei),

where CQ∞ is the path algebra of the double quiver of Q∞, and a∗ is the opposite
arrow to a in the double quiver. For details see [CBH98, Section 2]. An element in

μ−1(λ) ⊂ T ∗R is the same as a representation of Πλ̃. We will frequently use the
following results.

Theorem 2.3 ([CB01, Theorem 1.2]). For v ∈ Z
Q∞

0

≥0 , the following conditions are
equivalent.

(1) There is a simple representation of Πλ̃ (i.e. an element in μ−1(λ̃)) with
dimension vector v.

(2) v is a positive root of Q∞, λ̃ · v = 0, and for any decomposition v =
β1 + · · · + βn where n ≥ 2 and βi are positive roots of Q∞ such that
βi · λ̃ = 0, we have p(v) >

∑n
i=1 p(β

i).
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We write Σλ̃ for the set of v such that the conditions in Theorem 2.3 hold.

Theorem 2.4 ([CB01, Theorem 1.3]). Let τ = (v0, n0 = 1; v1, n1; . . . ; v
k, nk) be a

representation type such that
∑k

i=0 niv
i = ṽ. The stratum of M0

λ̃
(ṽ) associated to

τ has dimension

d(τ ) = 2

k∑
i=0

p(vi).

Lemma 2.5. If Mθ
0(v, w) is non-empty for generic θ, then ṽ is a root of Q∞. In

particular, w �= 0.

Proof. When λ is generic, the G-action on μ−1(λ) is free, so μ−1(λ) = μ−1(λ)θ−ss

and Mθ
λ(v, w)

∼= M0
λ(v, w). It is non-empty only if ṽ is a root due to Theorem 2.3.

Since μ is flat when restricted to the θ-stable locus of T ∗R, Mθ
0(v, w) is non-empty

only if Mθ
λ(v, w) is non-empty. Hence ṽ is a root. If w = 0, then ṽ has disconnected

support and cannot be a root. �
The following useful lemma is immediate from the definition of p.

Lemma 2.6. If a, b ∈ Z
Q0

≥0, then p(a+ b) > p(a) + p(b) if and only if −(a, b) > 1.

2.3. Local structure. In this subsection we follow [BL21, Section 2.1.6]. Similar
results under the hyper-Kahler setting are first given in [Nak94, Section 6].

For a fixed representation type τ = (v0, 1; v1, n1; v
2, n2; . . . ; v

k, nk), we define
a new quiver Q. It has k vertices, in bijection with the k dimension vectors

{v1, . . . , vk}. The number of arrows from i to j is −(vi, vj) if i �= j, and 1 −
1
2 (v

i, vi) = p(vi) edge loops at each i ≥ 1.

Let the dimension vector v ∈ Z
Q

0

≥0 be defined by vi = ni. Finally, let the framing

w ∈ Z
Q

0

≥0 be defined by wi = −(v0, vi). The property of this construction is that

the representation space T ∗R(Q, v, w) satisfies

(2.1) T ∗(g.r)⊕ T ∗R(Q, v, w)⊕ C2−(v0,v0) ∼= T ∗R.

Let H =
∏k

i=1 GL(ni), so that H is identified with the subgroup of G of automor-
phisms of a representation with type τ . The isomorphism (2.1) is an isomorphism of

symplectic H-modules, with trivial H-action on C2−(v0,v0). Write R0 := C2−(v0,v0)

and V := T ∗R(Q, v, w)⊕R0.

Let p := Ck ∼= (h/[h, h])∗, where h is the Lie algebra of H, viewed as a Lie

subalgebra of g. For θ ∈ ZQ0 , define

Mθ
p(v, w) := Mθ

p(Q, v, w).

Here we abuse notation and write θ for the restriction of θ to H. We define
Mθ

p(v, w) := p ×p Mθ
p(v, w), via the shifted restriction morphism p → p, η �→

(η − λ)|h.
Define M0

p(v, w)
∧x := Spec(C[M0

p(v, w)]
∧x) where ∧x in the right hand side

denotes the completion with respect to the maximal ideal of x. Define (M0
p(v, w)×

R0)
∧0 similarly. For generic θ, define

Mθ
p(v, w)

∧x := M0
p(v, w)

∧x ×M0
p(v,w) Mθ

p(v, w);

and define Mθ
p(v, w)

∧0 similarly. Theorem 2.7 describes the local structure of x in

Mθ
p (v, w).
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Theorem 2.7 ([BL21, Section 2.1.6]). There is a commutative diagram

Mθ
p(v, w)

∧x (Mθ
p(v, w)×R0)

∧0

M0
p(v, w)

∧x (M0
p(v, w)×R0)

∧0

ρ

∼

ρ×id

∼

,

where the horizontal morphisms are isomorphisms, and ρ̂ : Mθ
0(v, w) → M0

0(v, w)
is the natural projective map.

Specializing to λ ∈ p, we get isomorphisms Mθ
λ(v, w)

∧x ∼= (Mθ
0(v, w) × R0)

∧0 ,
where θ is generic or 0.

Let us record an analytic version of the local structure theorem. Consider the
homogeneous bundle G ×H ((g/h)∗ ⊕ V ). It is isomorphic to the Hamiltonian
reduction (T ∗G × V )///0H, and is therefore symplectic. The natural G action on
G×H ((g/h)∗⊕V ) is Hamiltonian, and the moment map is given by μG([g, α, v]) =
Ad g(α+ μH(v)), where μH is the moment map for the H-action on V .

Let π : T ∗R → T ∗R//G, and π : G×H ((g/h)∗ ⊕ V ) → ((g/h)∗ ⊕ V )//H be the
categorical quotients by G. Proposition 2.8 is an application of [Los06, Proposition
3].

Proposition 2.8. There is an analytic neighbourhood U of x in M0
p(v, w), an

analytic neighbourhood U of 0 in M0
p(v, w)×R0, and a symplectic isomorphism φ

from U to U intertwining the morphisms M0
p(v, w) → p,M0

p(v, w) → p. It lifts to
an isomorphism

φ̃ : π−1(U) → π−1(U)

of G-stable analytic neighbourhoods of the orbits Gr ⊂ T ∗R and of G.[1, 0, 0] ⊂
G×H ((g/h)∗ ⊕ V ); φ̃ is symplectic, G-equivariant, and intertwines moment maps.

2.4. Maffei’s isomorphism. Suppose (θ, λ) is generic. Then for any σ ∈ WQ, the
Weyl group of the quiver Q, we have an isomorphism

Mθ
λ(v, w)

∼= Mσθ
σλ(σ • v, w),

where we view σ as an element of WQ∞ , σ • v = σ(v+α∞)−α∞ (see Section 2.1),
σθ and σλ are defined so that (σθ) ·(σv) = θ ·v, (σλ) ·(σv) = λ ·v. Equivalently, the
weight ν corresponding to (σ • v, w) is σν, and σ acts on ZQ∞

0 by ṽ �→ σṽ. These
isomorphisms are first proved by Maffei in [Maf02]. We refer to them as Maffei’s
isomorphisms.

Remark 2.9. We can find σ ∈ WQ such that σṽ has minimal height with respect
to the simple real roots of Q; equivalently, (σṽ, αi) ≤ 0 for all i ∈ Q0 (this is auto-
matically true for imaginary simple roots); equivalently, ν′ = Λw −

∑
i∈Q0

(v′)iαi is

dominant. Therefore, we may always assume ν is dominant; equivalently, (ṽ, αi) ≤ 0
for all i ∈ Q0. Note that this does not imply (ṽ, α∞) ≤ 0.

2.5. Mλ(v, w) vs. M0
λ(v, w). In this subsection we study the relation between

affine quiver varieties and affinizations of smooth quiver varieties.

Proposition 2.10 ([BL21, Corollary 2.4, Proposition 2.5]). If the moment map μ
is flat, then M0

λ(v, w)
∼= Mλ(v, w).

Let us record some criteria for flatness of μ.
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Theorem 2.11 ([CB01, Theorem 1.1]). Fix a quiver Q and a dimension vector v
(without framing). The following are equivalent.

(1) μ : T ∗R → g is flat.
(2) dimμ−1(0) = v · v − 1 + 2p(v) = dimT ∗R − dimG+ 1.
(3) For any decomposition v = β1 + · · · + βk, where all βi are positive roots,

p(v) ≥
∑k

i=1 p(βi).

(4) For any decomposition v = β1 + · · · + βk, where all βi ∈ Z
Q0

≥0, p(v) ≥∑k
i=1 p(βi).

In particular, if ṽ ∈ Σ0, then μ is flat. Moreover, it is clear by Theorem 2.3 that
ṽ ∈ Σ0 implies ṽ ∈ Σλ̃ for all λ ∈ p. Thus, we get Corollary 2.12 of Proposition 2.10.

Corollary 2.12. If ṽ ∈ Σ0, then M0
λ(v, w)

∼= Mλ(v, w) for all λ ∈ p.

Corollary 2.13. If Q is a finite or affine type quiver, and ν = Λw −
∑

i∈Q0
viαi

is dominant, then M0
0(v, w)

∼= M0(v, w).

Proof. By [BL21, Lemma 2.1], μ is flat in these cases. �

Although it is not always true that M0
0(v, w)

∼= M0(v, w), we have the following
result.

Proposition 2.14. Suppose M0(Q, v, w) is non-empty. Then

M0(Q, v, w) ∼= M0
0(Q

′, v′, w′)

for possibly different Q′, v′ and w′.

Proof. By Remark 2.9 we may assume (ṽ, αi) ≤ 0 for all simple roots αi. The
assumption that M0(Q, v, w) is non-empty implies ṽ is a root, so w �= 0.

If (ṽ, α∞) ≤ 0 as well, then ṽ lie in the fundamental domain F0. If ṽ ∈ Σ0

then μ is flat. Otherwise, ṽ falls in the 3 cases of [CB01, Theorem 8.1]. Case (I)
there cannot appear since the multiplicity of α∞ is 1 in ṽ, and in Cases (II) and
(III), μ is flat by [Su06, Theorem 1.1]. Therefore, M0

0(Q, v, w) ∼= M0(Q, v, w) by
Proposition 2.10.

Suppose now (ṽ, α∞) = 2 + (v, α∞) > 0. Then since w �= 0, we must have
(v, α∞) = −1. Therefore, the vertex ∞ is connected to a unique vertex i ∈ Q0, and
vi = 1.

Therefore, we can view the vertex i as a framing and ∞ as a usual vertex, and
apply Maffei’s isomorphism for s∞. Then we see M0(Q, v, w) ∼= M0(Q

′, v′, w′),
where Q′ is obtained from Q by deleting the vertex i, v′j = vj for j ∈ Q′

0 and the new

framings w′
j equals the number of arrows between i and j. This operation cuts down

the size of the underlying quiver. Repeat this process if necessary, and we either get
a M0(Q

′, v′, w′) for which ṽ′ ∈ F0 or get Q′ the quiver where all vertices have edge
loops. In either case, the moment map μ for (Q′, v′, w′) is flat by [Su06, Theorem
1.1], and we have M0(Q, v, w) ∼= M0(Q

′, v′, w′) ∼= M0
0(Q

′, v′, w′). �

Thanks to the above proof, we may always make Assumption 2.15.

Assumption 2.15. We assume (ṽ, αi) ≤ 0 for all i ∈ Q0 ∪{∞}, and that μ is flat.
In particular, Mλ(v, w) = M0

λ(v, w).
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2.6. The canonical decomposition. Crawley-Boevey introduced a decomposi-
tion of affine quiver varieties into a product of simpler subvarieties in [CB02]. More
precisely, fix a quiver Q, a dimension vector v, and a parameter λ ∈ p. Assume
there is no framing.

Theorem 2.16 ([CB02, Theorem 1.1, Proposition 1.2]). There exists a decomposi-

tion v =
∑k

i=1 mivi (called the canonical decomposition of v), where mi are positive
integers and vi ∈ Σλ, such that any decomposition of v as a sum of elements in Σλ

is a refinement of this decomposition. We have

M0
λ(v) =

k∏
i=1

SmiM0
λ(vi),

which we call the canonical decomposition of M0
λ(v). When vi is a real root, M0

λ(vi)
is a point. When vi is a non-isotropic imaginary root, mi = 1.

We can define the canonical decomposition of M0
λ(v, w) by identifying it with

M0
λ̃
(Q∞, ṽ).

Lemma 2.17. Assume Assumption 2.15. Suppose vi appears in the canonical
decomposition of M0

λ̃
(Q∞, ṽ). Write vi =

∑
j∈Q∞

0
cijαj. Then some cij = 1.

Proof. If ṽ ∈ Σλ̃ already, then the canonical decomposition is trivial, and note the
∞-component of ṽ is 1. If not, by [CB02, Section 6], we are in one of the following
three cases:

(I) The quiver Q∞ is an affine type quiver and ṽ = mδ for some m ≥ 2, where
δ is the minimal imaginary root.

(II) The quiver Q∞ decomposes as in [CB02, Lemma 5.3]. More precisely, the
vertex set Q∞

0 is a disjoint union J ∪K, there is a unique arrow a with one
end in J and the other in K, say connecting j ∈ J and k ∈ K. Moreover,
ṽj = ṽk = 1.

(III) The quiver Q∞ decomposes as in [CB02, Lemma 5.4]. More precisely, the
vertex set Q∞

0 is a disjoint union J ∪ K, there is a unique arrow a with
one end in J and the other in K, say connecting j ∈ J and k ∈ K.
Moreover, ṽj = 1, and the restriction of Q∞ to K is an affine type quiver,
the restriction of ṽ to K is mδ for some m ≥ 2, where δ is the minimal
imaginary root.

Since ṽ∞ = 1, case (I) is impossible. The canonical decomposition of M0
λ̃
(Q∞, ṽ) is

obtained as the product of those of M0
λ̃
(Q∞|J , ṽ|J ) and M0

λ̃
(Q∞|K, ṽ|K). In case

(II), the j-component of ṽ|J and the k-component of ṽ|K are 1; in case (III), the
j-component of ṽ|J is 1, and M0

λ̃
(Q∞|K, ṽ|K) = SmM0

λ̃
(Q∞|K, δ), where δ also has

a component 1. Inductively, we obtain Lemma 2.17. �

Therefore, we may view each component M0
λ̃
(Q∞, vi) as a framed quiver variety.

When λ = 0, it is clear that under Assumption 2.15, the Namikawa-Weyl group
of M0(v, w) ∼= M0

0(v, w) is the direct product of those of SmiM0
0(Q

∞, vi). This
allows us to assume ṽ ∈ Σ0.

In summary, we have reduced the problem of computing the Namikawa-Weyl
group of M0(v, w) to the following situation.
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Assumption 2.18. The dimension vector ṽ ∈ Z
Q∞

0

≥0 is a root, lies in Σ0, and

satisfies (ṽ, αi) ≤ 0 for all i ∈ Q∞
0 . The moment map μ : T ∗R → g is flat, so that

Mλ(v, w) = M0
λ(v, w) for λ ∈ p.

Remark 2.19. Thanks to Lemma 2.17, we can compute the Namikawa-Weyl group
of any affine quiver variety M0

0(v, w) once we know how to compute the Namikawa-
Weyl group of M0(v, w).

2.7. Isotropic decomposition. From the definition, the most straightforward
way to compute the Namikawa-Weyl group of a conical symplectic singularity is
to find its codimension 2 leaves, determine the corresponding slice Kleinian sin-
gularities, and examine the diagram automorphisms induced by the fundamental
group action. For affine quiver varieties under Assumption 2.18, the first two steps
are done by Theorem 2.20.

Theorem 2.20 ([BS21, Definition 1.18, Theorem 1.20]). Let v ∈ Σλ be imaginary.
Then the codimension 2 leaves of M0

λ(v) correspond to the representation types of
the form

τ = (β1, 1;β2, 1; · · · ;βs, 1; γ1,m1; · · · ; γt,mt)

such that

(1) the βi are imaginary roots, and the γi are pairwise distinct real roots;
(2) the slice quiver Q, after removing all the edge loops, is an affine type quiver;
(3) the dimension vector ṽ = (1, 1, · · · , 1;m1, · · · ,mt) equals the minimal imag-

inary root of Q.

The slice Kleinian singularity has the same type as the slice quiver Q.

The decomposition v = β1 + · · · + βs + m1γ
1 + · · · γtmt is called an isotropic

decomposition. Note that, when v ∈ Σλ is real, the dimension formula Theorem 2.4
implies M0

λ(v) is a point.

In [BS21], the action of π1(Li) on ĥ∗i is not computed, so we cannot directly
determine hX and W . In the remaining parts of this paper, we present two methods
for computing W , one via tautological line bundles (Section 3) and the other via
subgeneric deformations (Section 4).

3. Tautological line bundles

In this section, we recall the notion of tautological line bundles on Mθ
0(v, w)

and describe the Namikawa-Cartan space of M0
0(v, w) in terms of their Chern

classes. We also examine what type of Weyl groups can appear as components of the
Namikawa-Weyl group of M0

0(v, w). We make the assumptions of Assumption 2.18.

3.1. Tautological line bundles. Assume θ is generic so that G acts freely on
(T ∗R)θ−ss. Let χ ∈ ZQ0 be a character of G.

Definition 3.1. The line bundle over Mθ
p(v, w), whose total space is the homoge-

neous bundle
μ−1(p)θ−ss ×G Cχ,

where G acts on the one dimensional vector space Cχ by the character χ, is called
a tautological line bundle. We denote it by O(χ,Mθ

p).

For any λ ∈ p, we denote by O(χ,Mθ
λ) the restriction of O(χ,Mθ

p) to Mθ
λ(v, w);

its total space is
μ−1(λ)θ−ss ×G Cχ.
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Similarly, we can define the line bundle O(χ,Mθ
Cλ) on Mθ

Cλ(v, w).

For generic θ, Mθ
p(v, w) → p is a Poisson deformation of Mθ

0(v, w). By The-

orem 1.3, there is a unique linear map κ : p → H2(Mθ
0(v, w),C) such that the

pullback of the universal deformation by κ is Mθ
p(v, w) → p. Theorem 3.2 relates

tautological line bundles with the map κ. Let c1(L) denote the first Chern class of
a line bundle L.

Theorem 3.2 ([Los12, Proposition 3.2.1]). The map κ coincides with the map

ZQ0 → H2(Mθ
0(v, w),C), χ �→ c1(O(χ,Mθ

0))

extended by complex linearity.

Theorem 3.3 ([MN19, Corollary 3.8]). The map κ is surjective.

Let χ ∈ ZQ0 and Li be a codimension 2 leaf of M0
0(v, w). Let Si denote the

slice Kleinian singularity and S̃i its minimal resolution. Proposition 3.4 describes
the projection of κ(χ) to the component hi corresponding to Li.

Proposition 3.4. Let

τ = (β1, 1;β2, 1; · · · ;βs, 1; γ1,m1; · · · ; γt,mt)

be the representation type of the leaf Li, satisfying Theorem 2.20. Assume the ∞-
component of β1 is 1, and regard the vertex associated to β1 the extended vertex of
the affine type quiver. The projection of c1(O(χ,Mθ

0)) to hi is given by

(χ · β2, χ · β3, · · · , χ · γt) ∈ hi ⊂ ĥ
∗
i
∼= H2(S̃i,C).

Proof. Recall Remark 1.7. Let x ∈ Li, and let U be a small enough analytic

neighbourhood of x in M0
0(v, w) which is isomorphic to ΔdimM0

0(v,w)−2 × Si and
satisfies Proposition 2.8. We will restrict the line bundle O(χ,Mθ

0) to ρ−1(U) ⊂
Mθ

0(v, w).
Let U be an analytic neighbourhood of 0 ∈ M0

0(v, w) × R0 satisfying Proposi-
tion 2.8. Write

πθ
0 :μ−1(0)θ−ss → Mθ

0(v, w),

πθ
0 :G×H μ−1

H (0)θ−ss → Mθ
0(v, w)×R0

for the projections. We see

(πθ
0)

−1ρ−1(U) ∼= G×H (πθ
0)

−1ρ−1(U).

The total space of the restriction of O(χ,Mθ
0) to ρ−1(U) is

(πθ
0)

−1ρ−1(U)×G Cχ
∼= (G×H (πθ

0)
−1ρ−1(U))×G Cχ

= (πθ
0)

−1ρ−1(U)×H Cχ|H .
(3.1)

Remark 1.7 implies that the hi-component of κ(χ) is the Chern class of the tau-

tological line bundle on Mθ
0(v, w) associated to the character χ|H of H, which is

exactly (χ · β2, χ · β3, · · · , χ · γt). �

Therefore, given a codimension 2 leaf Li and the corresponding representation
type τ , we can determine hi thanks to Theorem 3.3 and Theorem 3.2.
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3.2. Examples. We give examples of M0
0(v, w) whose Namikawa-Weyl groups

have types Bn and G2, and show that type Cn, n ≥ 3 and F4 Weyl groups cannot
appear as a component of the Namikawa-Weyl group.

Example 3.5. By Proposition 1.13, any A,D or E type Weyl group can be the
Namikawa-Weyl group of some M0

0(v, w).

Example 3.6 is suggested to the author by Hiraku Nakajima, and it appears in
[BFN19, 5(v)].

Example 3.6. Consider the following quiver:

α∞ α1 β

1 2 3

where we view α∞ as a framing, so that ṽ = α∞ + 2α1 + 3β. It is not hard to see
ṽ ∈ Σ0, and the only codimension 2 leaf corresponds to the representation type

τ = (α∞, 1;α1, 2;β, 1;β, 1;β, 1).

For any x ∈ Lτ , the (extended) slice quiver Q∞ is the type D̂4 quiver, and the

dimension vector ṽ is precisely the minimal imaginary root type D̂4. The image

of κ : p → ĥ∗ is exactly the subspace of fixed points of the degree 3 diagram
automorphism, by Proposition 3.4. Therefore, the Namikawa-Weyl group of M0

0(ṽ)
is the Weyl group of type G2.

Example 3.7. For any k ≥ 0, consider the following quiver:

· · ·
α∞

α0
α1 α2 αk β

1

1

2 2 2 2

We view α∞ as a framing so v = α0+2(α1+· · ·+αk)+2β. A direct computation
shows that Σ0 = {αi, β, ṽ}, i ∈ {0, 1, · · · , k,∞}, and there is only one codimension
2 leaf of M0

0(v), corresponding to the representation type

τ = (α∞, 1;α0, 1;α1, 2; · · · , αk, 2;β, 1;β, 1).

The slice quiver Q∞ has type D̂k+3, and it is easy to see the image of κ is the
subspace stable under the order 2 diagram folding. Therefore, the Namikawa-Weyl
group of M0

0(ṽ) is the Weyl group of type Bk+2.

Proposition 3.8. F4 cannot appear as a component of the Namikawa-Weyl group.

Proof. Assume F4 Weyl group appears. Recall that F4 is obtained by folding the
type E6 diagram. Therefore, by Theorem 2.20, the slice quiver Q∞ is Ê6, and the
dimension vector ṽ is the minimal imaginary root δ. Under a suitable labeling,
the root δ takes the form (1, 2, 3, 2, 1, 2, 1), and we require the image of κ to be
pointwise fixed by the order 2 folding. In particular, the first two “2” in the expres-
sion of δ must both correspond to the same real root in Σ0(Q

∞, ṽ), contradicting
Theorem 2.20. �
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Proposition 3.9. For n ≥ 3, Cn cannot appear as a component of the Namikawa-
Weyl group.

Proof. Suppose Li is a codimension 2 leaf such that hi has type Cn. Then ĥ∗i has

type A2n−1 or A2n. Suppose first ĥ∗i has type A2n−1. Then the slice quiver Q∞ is

Â2n−1, and dimension vector ṽ is the minimal imaginary root δ. Let the vertices of

Â2n−1 be denoted by α0, α1, α2, · · · , αn−1, β, γn−1, · · · , γ1, where α0 corresponds
to the extended vertex, αj , γj and β are elements of Σ0, and the representation
type of Li is

τ = (α0, 1;α1, 1; · · · ; γ1, 1).
The diagram automorphism identifies αi and γi. Since hi has type Cn, αj = γj and
they are all imaginary roots. In particular, 2αj are roots.

We claim that Li cannot have codimension 2. Let us compute dimLi first:

dimLi = d(τ ) = 2− (α0, α0) + 2− (β, β) + 2
∑
j≥1

(2− (αj , αj))

= 4n− ((α0, α0) + (β, β) + 2
n−1∑
j=1

(αi, αi)).

(3.2)

On the other hand, by assumption ṽ = α0 + β + 2
∑

αj ∈ Σ0. Therefore,

dimM0
0(Q, v, w) = 2p(ṽ)

= 2− ((α0, α0) + (β, β) + 4
n−1∑
i=1

(αi, αi))

+ (α0, 2α1) + (2α1, α0 + 2α2)

+ (2α2, 2α1 + 2α3)

...

+ (2αn−1, 2αn−2 + β) + (β, 2αn−1)

= 2− ((α0, α0) + (β, β) + 4

n−1∑
i=1

(αi, αi)) + 8(n− 1).

(3.3)

Therefore, Li has codimension 2 if and only if n = 2 and (α1, α1) = 0 (this is
exactly the situation of Example 3.7 when k = 0).

The proof for the case where Q∞ has type Â2n is completely analogous. We
conclude that Cn for n ≥ 3 cannot appear as a Namikawa-Weyl group component
of M0

0(v, w). �

4. Subgeneric deformations

It is not easy to classify codimension 2 leaves of M0
0(v, w) (equivalently, find

all the isotropic decompositions Theorem 2.20), although once this is done, it is
straightforward to calculate the Namikawa-Weyl group by methods in Section 3.
We will take a different approach to determine the Namikawa-Weyl groups, one via
subgeneric deformation. We will see the relation between subgeneric deformations
and isotropic decompositions in Corollary 6.5.

In this subsection, we examine the deformations M0
λ(v, w) of M0

0(v, w) where
λ is subgeneric, i.e. very close to being generic. In particular, we examine when
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such a deformation has a codimension 2 symplectic leaf. We continue to assume
Assumption 2.18.

4.1. The set Σλ̃ for subgeneric λ.

Definition 4.1. Let λ ∈ p and v1 ≤ v be a dimension vector in Z
Q0

≥0.

(1) We say v1 is indecomposable with respect to λ if there is no proper decom-
position v1 =

∑
βi where all βi are positive roots such that βi · λ = 0.

(2) We say λ is subgeneric for v if there is a unique (up to scalar) positive root
v1 of Q such that v1 < v and λ · v1 = 0. We just say λ is subgeneric when
v is clear from context.

Recall the definitions of ṽ, λ̃ in Section 2.1. If λ is subgeneric and v1 is indecom-
posable with respect to λ, then v1 ∈ Σλ̃ if we view it as an element of CQ∞

0 whose
∞-component is 0. Lemmas 4.2 and 4.3 are used in the proof of Theorem 4.4.

Lemma 4.2. Let λ be subgeneric and v1 be the indecomposable root with respect to
λ. Let n ∈ Z>0.

(1) If v1 is a real root, then nv1 ∈ Σλ̃ if and only if n = 1.
(2) If v1 is an isotropic imaginary root, i.e. (v1, v1) = 0, then nv1 ∈ Σλ̃ if and

only if n = 1.
(3) If v1 is a non-isotropic imaginary root, i.e. (v1, v1) ≤ −2, then nv1 ∈ Σλ̃

for all n.

Proof. The assumption on v1 guarantees that for n ≥ 2, any decomposition of nv1

in (2) of Theorem 2.3 has the form nv1 =
∑k

i=1 niv
1 where

∑k
i=1 ni = n.

The first two parts follow easily from Theorem 2.3. Let v1 be a non-isotropic
imaginary root. We have

p(nv1) = 1− n2

2
(v1, v1),

k∑
i=1

p(niv
1) = k −

k∑
i=1

n2
i

2
(v1, v1).

Since (v1, v1) ≤ −2, it is clear that, for k ≥ 2 and
∑k

i=1 ni = n,

(4.1) 1− n2

2
(v1, v1) > k −

k∑
i=1

n2
i

2
(v1, v1),

i.e. p(nv1) >
∑

p(niv
1), which proves part (3) of the lemma. �

If λ is subgeneric for v and v1 is the indecomposable root with respect to λ, then
any u ∈ Σλ̃ satisfying u ≤ ṽ have the form u = nv1 or u = ṽ− nv1 for some n ≥ 0.
Lemma 4.3 gives some conditions for ṽ − nv1 ∈ Σλ̃.

Lemma 4.3. Assume Mθ
0(v, w) is non-empty for generic θ. Let λ ∈ p be subgeneric

for v, and v1 be the unique indecomposable positive root such that v1 ≤ v and
v1 · λ = 0 (so that v1 ∈ Σλ̃). Let n ∈ Z≥0.

(1) Suppose v1 is a real root. Then ṽ − nv1 ∈ Σλ̃ if and only if ṽ − nv1 is a
root and (ṽ − nv1, v1) ≤ 0.

(2) Suppose v1 is an isotropic imaginary root. If (ṽ, v1) = 0 or −1, then
ṽ − nv1 ∈ Σλ̃ if and only if n is the largest integer such that ṽ − nv1 is a
root. If (ṽ, v1) ≤ −2, then ṽ ∈ Σλ̃.
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(3) Suppose v1 is a non-isotropic imaginary root, and let N be the largest in-
teger such that ṽ −Nv1 is a root. Then ṽ− nv1 ∈ Σλ̃ if and only if n = N
or p(ṽ − nv1) > p(ṽ −Nv1) + p((N − n)v1).

Proof. (1) Let v1 be a real root. Assume ṽ−nv1 is a root, and (ṽ−nv1, v1) =
c > 0. Let s be the reflection along the real root v1. Then s(ṽ − nv1) =
ṽ−(n+c)v1 is a root. But since (ṽ−nv1, ṽ−nv1) = (s(ṽ−nv1), s(ṽ−nv1)),
and p(v1) = 0, we have

p(ṽ − (n+ c)v1) + cp(v1) = p(ṽ − nv1).

Therefore ṽ − nv1 �∈ Σλ̃.
Conversely, suppose (ṽ − nv1, v1) ≤ 0 and ṽ − nv1 is a root. Let (ṽ −

nv1 − lv1) + v1 + · · · + v1 be a decomposition of ṽ − nv1, l > 0, and note
that any decomposition in (2) of Theorem 2.3 has this form. We have

p(ṽ − nv1 − lv1) + lp(v1) = p(ṽ − nv1) + (ṽ − nv1, lv1)− 1

2
l2(v1, v1) + 0

= p(ṽ − nv1) + l(ṽ − nv1, v1)− l2

< p(ṽ − nv1).

Therefore ṽ − nv1 ∈ Σλ̃.
(2) Let v1 be an isotropic imaginary root. Suppose (ṽ, v1) = 0 or −1. If n is

the largest integer such that ṽ − nv1 is a root then clearly ṽ − nv1 ∈ Σλ̃,
since condition (2) of Theorem 2.3 is automatic. Conversely, suppose there
is m > n such that ṽ −mv1 is a root. Then

p(ṽ − nv1) = p(ṽ −mv1 + (m− n)v1)

= p(ṽ −mv1)− (m− n)(ṽ −mv1, v1)− 0

≤ p(ṽ −mv1) + (m− n)

= p(ṽ −mv1) + (m− n)p(v1).

Therefore, ṽ − nv1 �∈ Σλ̃. This proves the first half of (2).
Now assume (ṽ, v1) ≤ −2. For any n ≥ 1 and any decomposition ṽ =

(ṽ − nv1) + n1v
1 + . . .+ nkv

1 where
∑k

i=1 ni = n,

p(ṽ − nv1) +
∑
i

p(niv
1) = p(ṽ) + n(ṽ, v1) + k < p(ṽ).

Since ṽ is a root by Lemma 2.5, ṽ ∈ Σλ̃.
(3) It is clear from definition that ṽ − Nv1 ∈ Σλ̃, and if ṽ − nv1 ∈ Σλ̃ then

p(ṽ − nv1) > p(ṽ −Nv1) + p((N − n)v1).
Conversely, suppose n < N and p(ṽ−nv1) > p(ṽ−Nv1)+p((N−n)v1).

By Lemma 2.6, this inequality holds if and only if−(N−n)(ṽ−Nv1, v1) > 1,
which implies (ṽ −Nv1, v1) ≤ −1.

Let N > m > n be such that ṽ −mv1 is a root. Note that

(ṽ −mv1, v1) = (ṽ −Nv1, v1) + (N −m)(v1, v1) < (ṽ −Nv1, v1) ≤ −1

and therefore −(m − n)(ṽ −mv1, v1) > 1. So p(ṽ − nv1) > p(ṽ −mv1) +
p((m − n)v1) by Lemma 2.6. Thanks to Inequality (4.1), we conclude
ṽ − nv1 ∈ Σλ̃.

�
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4.2. Codimension 2 roots. In this subsection we investigate for which subgeneric
λ ∈ p the variety M0

λ(v, w) has a codimension 2 symplectic leaf. Let v1 ∈ Σλ be
the minimal positive root such that λ · v1 = 0.

Theorem 4.4. The affine variety M0
λ(v, w) = M0

λ̃
(ṽ) has a codimension 2 sym-

plectic leaf if and only if one of the following conditions hold:

(1) v1 is a real root, 〈ν, v1〉 = 0, and ṽ − v1 is a root of Q∞.
(2) v1 is an isotropic imaginary root, 〈ν, v1〉 = 2, and ṽ − v1 is a root of Q∞.
(3) v1 is a non-isotropic imaginary root, ṽ − nv1 is a root for n = 1 or 2,

(ṽ − nv1, nv1) = −2, and ṽ −mv1 is not a root for any m > n.

Definition 4.5. We say an indecomposable root v1 of Q is a codimension 2 root
if it satisfies one of the conditions in Theorem 4.4. We say it is of type (i) if it falls
in Case (i) in Theorem 4.4, i = 1, 2, 3.

Lemma 4.6 and Corollary 4.7 on imaginary roots are useful. It was proved for
quivers without loops, but the proof works for quivers with loops as well, thanks
to [Kac80, Lemma 5,Lemma 6].

Lemma 4.6 ([Mor80, Theorem 2]). Let Q be a quiver and α =
∑

niαi �= 0, ni ∈
Z≥0. Then α is an imaginary root if and only if for any σ ∈ WQ, we have σ(α) > 0
and Supp(α) is connected.

Corollary 4.7. Suppose v is a positive root, α is a positive imaginary root, and
(v, α) ≤ −1, then v + α is a positive imaginary root.

Proof. If v is real, then the v-string through α contains α + v since (v, α) ≤ −1.
Since (v+α, v+α) = (v, v)+2(v, α)+(α, α) ≤ 0, v+α must be an imaginary root.

If v is imaginary, then for any w ∈ WQ, w.α and w.v are positive with connected
support. Since (w.α,w.v) = (α, v) �= 0, we conclude w.(v + α) has connected
support. Therefore, v + α is an imaginary root by Corollary 4.7. �
Proof of Theorem 4.4. We use Theorem 2.4 to search for codimension 2 strata.
Recall, Theorem 2.4, that d(τ ) denotes the dimension of the stratum associated to
a representation type τ . Moreover, by the assumption ṽ ∈ Σ0, we see ṽ ∈ Σλ̃ for
all λ ∈ p. Therefore, dimM0

λ(v, w) = 2p(ṽ).

(1) If v1 is real, then by Lemma 4.2, any possible representation type has the
form τn = (ṽ − nv1, 1; v1, n). We have

d(τn) = 2(p(ṽ − nv1) + p(v1)) = 2(p(ṽ) + n(ṽ, v1)− n2).

Note this formula holds for n = 0 as well. Then dimM0
λ(v, w) − d(τn) =

2n2 − 2n(ṽ, v1). If the leaf associated to τn has codimension 2 if and only
if ṽ − nv1 ∈ Σλ̃ and n(n− (ṽ, v1)) = 1, i.e.

n = 1, (ṽ, v1) = 0.

Conversely, if (ṽ, v1) = 0 and ṽ − v1 is a root, then by Lemma 2.5 and
Lemma 4.3, ṽ − v1 ∈ Σλ̃. This proves case (1).

(2) Suppose v1 is an isotropic imaginary root, i.e. (v1, v1) = 0. By Lemma 4.2,
nv1 ∈ Σλ̃ if and only if n = 1. Therefore, any valid representation type has
the form τ = (ṽ − nv1, 1; v1, n1; . . . ; v

1, nk) where n = n1 + · · · + nk. By
Theorem 2.4, the dimension of the stratum corresponding to τ is

(4.2) d(τ ) = 2(p(ṽ − nv1) + k) = 2(p(ṽ) + n(ṽ, v1) + k).
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Therefore, for fixed n, the dimension of stratum is maximal when k = n
and all nk = 1; in this case, d(τ ) = 2p(ṽ) + 2n(1 + (ṽ, v1)). The dimension
difference is

dimM0
λ(v, w)− d(τ ) = −2n(1 + (ṽ, v1)).

The difference is 2 if and only if

n = 1, (ṽ, v1) = −2.

This proves part (2) of the theorem.
(3) Suppose v1 ∈ Σλ̃ is a non-isotropic imaginary root, i.e. (v1, v1) ≤ −2. By

Lemma 4.2, nv1 ∈ Σλ̃ for all integers n ≥ 1. Any representation type has
the form τ = (ṽ − nv1, 1;n1v

1,m1; . . . ;nkv
1,mk) where ṽ − nv1 ∈ Σλ̃ and∑

i mini = n. The dimension of the corresponding stratum is

d(τ ) = 2(p(ṽ − nv1) +
∑
i

p(niv
1)) = 2p(ṽ − nv1) + 2k −

∑
i

n2
i (v

1, v1).

For fixed n, the dimension is maximal when k = 1. For n ≥ 1, we denote

τn = (ṽ − nv1, 1;nv1, 1),

so that

(4.3) d(τn) = 2(p(ṽ) + n(ṽ, v1) + 1− n2(v1, v1)).

The dimension difference is

dimM0
λ(v, w)− d(τn) = −2(n(ṽ, v1) + 1− n2(v1, v1)).

The difference is 2 if and only if n(ṽ − nv1, v1) = −2. Therefore, either
n = 1 and (ṽ − v1, v1) = −2; or n = 2 and (ṽ − 2v1, 2v1) = −2.

In either case, if ṽ − mv1 is a root for some m > n, then it is easy to
see d(τm) > d(τn), contradicting that ṽ ∈ Σλ̃. This proves part (3) of the
theorem.

�

Example 4.8. We give an example of each of the above cases.

(1) Let Q be the type A1 quiver, with one vertex and no loops. Let v = 1, w =
2. Let α be the simple root. The variety M0(v, w) = Spec(C[T ∗P1]) ∼= N ,
the nilpotent cone of sl2. We can take v1 = α. This is an example of case
(1).

(2) Let Q be the type Â2 quiver, v = δ and w be 2 at the extending vertex, 0
at the other two vertices. Then v1 = δ is an example of case (2).

(3) Let Q be the following quiver, v = α+ 2β and the framing be 1 over β.

α β

1

Then, v1 = α+ 2β is an example of case (3) with n = 1. Note that this
is a special case of Example 3.7 for k = 0.
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(4) Let Q be the quiver with 1 vertex and 2 edge loops; let v = 2, w = 1. Then
v is an example of case (3) with n = 2.

Remark 4.9. Theorem 4.4 is an example of Theorem 2.20. In each case, the slice
quiver Q∞ (without edge loops) for a codimension 2 leaf is type Â1, and the di-
mension vector ṽ is (1, 1), the minimal imaginary root. Moreover, it is clear from
the proof that in each case M0

λ(v, w) has exactly one codimension 2 leaf.

4.3. Restriction of tautological line bundles. Let v1 be a codimension 2 root of
Q, λ a subgeneric parameter such that λ·v1 = 0. The varietyM0

λ(v, w)
∼= Mλ(v, w)

has a unique codimension 2 symplectic leaf L. Let x ∈ L and consider the natural
map ρ : Mθ

λ(v, w) → M0
λ(v, w).

Lemma 4.10. Assume θ · v1 > 0. Then the fiber ρ−1(x) is identified with P1, and
the restriction of O(χ,Mθ

λ) to ρ−1(x) has degree χ · v1.

Proof. The quiver Q defined with respect to x ∈ L in Section 2.3 can be viewed
as a type A1 quiver, with dimension vector 1 and framing 2. Therefore, the fiber
ρ−1(x) ∼= ρ−1(0) ∼= P1 is the zero section of T ∗P1. Thanks to Proposition 2.8, we
can pick analytic neighbourhoods U,U as in the proof of Proposition 3.4, so that
the restriction of O(χ,Mθ

λ) to U ∼= U is

(R0 × μ−1
H (0)θ−ss ×H Cχ|H )|U .

We have H ∼= C∗ acting on C by the character χ · v1. Therefore, the restriction of
μ−1
H (0)θ−ss ×H Cχ|H to ρ−1(0) ∼= P1 is the line bundle O(χ · v1). �

We remark that if we assumed θ ·v1 < 0 instead, then the restriction of O(χ,Mθ
λ)

to ρ−1(x) has degree −χ · v1.

5. Codimension 2 leaves in deformations of conical symplectic

singularities

Let X be a conical symplectic singularity and π : X → hX/W be the univer-
sal graded Poisson deformation. Let λ ∈ hX and λ̄ be its image in hX/W . We
investigate when does Xλ = π−1(λ̄) have a codimension 2 symplectic leaf.

5.1. Deformation of Kleinian singularities. In this subsection we classify the
deformation parameters of a Kleinian singularity that gives codimension 2 symplec-
tic leaves in the deformed variety. We follow [CBH98].

Let Γ ⊂ SL2(C) be a finite subgroup. Let Q be the corresponding McKay quiver,
which is an affine type quiver. Its vertex set Q0 is in bijection with {Ni}, the set of
simple representations of Γ. Let δ be the minimal positive imaginary root of this
quiver. Then the quiver variety M0

0(Q, δ) is isomorphic to X = C2/Γ.
Let λ ∈ (CΓ)Γ (where Γ acts on CΓ by conjugation). We can identify λ with

(trλ|Ni
) and view it as an element of p. Define the algebra I λ = (C〈x, y〉#Γ)/(xy−

yx − λ) where # denotes the skew group algebra. Then define Oλ = eI λe where
e = 1

|Γ|
∑

γ∈Γ γ.

Theorem 5.1 ([CBH98, Theorem 0.2]). Suppose λ · δ = 0, then the algebra Oλ is
commutative, and Spec(Oλ) = M0

λ(Q, δ).

We say a root α of Q is a Dynkin root if N0 �∈ Supp(α).
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Theorem 5.2 ([CBH98, Theorem 0.4]). If λ · δ = 0, then the global dimension of
Oλ is finite if and only if λ · α �= 0 for any Dynkin root α of Q.

Corollary 5.3 now follows from the fact that a Noetherian local ring is regular if
and only if its global dimension is finite.

Corollary 5.3. Suppose λ · δ = 0, then M0
λ(Q, δ) is smooth if and only if λ ·α �= 0

for any Dynkin root α of Q.

Let g be the simple Lie algebra whose Dynkin diagram is Qfin (that is Q without
the extended vertex), h ⊂ g be a Cartan subalgebra, and W be the Weyl group of g.
Slodowy showed in [Slo80, Section 1.5, Theorem 1] that π : S ↪→ g � g//G ∼= h/W
is the universal graded Poisson deformation of C[X], where S is the Slodowy slice
to a subregular nilpotent orbit of g.

Let μ : T ∗R(Q, δ, 0) → g be the moment map. We have an identification h = {λ ∈
p|λ · δ = 0}. By remarks at the end of [CBH98, Section 8], the map μ : μ−1(h) → h

is obtained from π : S → h/W by pulling back through the quotient h → h/W .
Therefore, by Corollary 5.3, we have

Corollary 5.4. Suppose λ ∈ h, and λ̄ is its image in h/W . Then π−1(λ̄) is not
smooth (i.e. has a codimension 2 leaf) if and only if λ ·α = 0 for some Dynkin root
of Q.

5.2. General conical symplectic singularities. In this subsection we describe
the conditions on λ ∈ hX for Xλ = π−1(λ̄) to have a codimension 2 symplectic leaf.

Let XCλ = π−1(Cλ̄). We have a graded Poisson morphism π|XCλ
: XCλ → Cλ =

SpecC[t]. Therefore, each fiber of π|XCλ
is a Poisson subvariety. Let Z ⊂ Xλ be

a closed Poisson subvariety of dimension d. Let Y = C∗ · Z and consider Y ∩ X0.
The following result is standard.

Proposition 5.5. Y ∩ X0 is a d-dimensional Poisson subvariety of X.

Corollary 5.6. If Z ⊂ Xλ is a codimension 2 symplectic leaf, then Y ∩ X0 is the
union of the closures of some codimension 2 symplectic leaves of X.

Proposition 5.7. If λ ∈ hX , then Xλ has a codimension 2 symplectic leaf if and
only if λ lies in a root hyperplane of the Namikawa-Weyl group W .

Proof. We may assume X has at least one codimension 2 symplectic leaf. Other-
wise, the proposition is vacuous by Theorem 1.6.

Let Li be a codimension 2 symplectic leaf of X and Σi be the slice Kleinian
singularity at some x ∈ Li. Let λi be the projection of λ to the Cartan space of Σi

in the decomposition in Theorem 1.6, viewed as an element of ĥi. Let λ̄i ∈ ĥi/Ŵi

be its image in the quotient. Let πi : Si → ĥi/Ŵi be the universal graded Poisson
deformation of the Kleinian singularities Σi, and let SCλi

= π−1
i (Cλ̄i) ⊂ Si.

Let mx be the maximal ideal of C[XCλ] corresponding to x, and define

(XCλ)
∧x = Spec((OXCλ,x)

∧mx ).

Let V be the tangent space TxLi, and consider V × SCλi
, viewed as a scheme over

Cλi. Let m0 be the maximal ideal corresponding to 0 ∈ V × SCλi
. Let

(V × SCλi
)∧0 = Spec(C[V × SCλi

]∧m0 ).

Then (XCλ)
∧x ∼= (V × SCλi

)∧0 (see [Los22, Section 2.3]).
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Consider the completion of the sheaf of relative differentials (ΩXCλ/Cλ)
∧x (it is

different from Ω(XCλ)∧x/Cλ), viewed as a sheaf on (XCλ)
∧x . It only depends on the

completed algebra (OXCλ,x)
∧mx . Similarly, we define the completion of the module

of relative differentials (Ω(V×SCλi
)/Cλ)

∧0 , which only depends on (V × SCλi
)∧0 .

Therefore, we have

(5.1) (Ω(V×SCλi
)/Cλ)

∧0 ∼= (ΩXCλ/Cλ)
∧x .

By Corollary 5.6, Xλ has a codimension 2 symplectic leaf Z if and only πλ :
XCλ → Cλ is non-smooth along a codimension 2 closed Poisson subvariety (i.e.
C∗ · Z), which intersects X at a union of closure of codimension 2 leaves. Equiv-
alently, for some codimension 2 leaf Li of X, there is a point x ∈ Li, and a (non-
closed) point p of XCλ whose closure contains x, such that (ΩXCλ/Cλ)

∧x has rank
larger than dimX at p (viewed as a point in (XCλ)

∧x). By (5.1), this is equiva-
lent to that (Ω(V×SCλi

)/Cλ)
∧0 has rank larger than dimX at some non-closed point

q ∈ V × SCλi
whose closure contains 0. This happens if and only if V × SCλi

has
a codimension 2 symplectic leaf, which is further equivalent to λi lying on a root
hyperplane of the Cartan space of Si, by Corollary 5.4. Since π1(Li) act by diagram

automorphisms, by restricting to hi = (ĥ∗i )
π1(Li), we see λ lies in a root hyperplane

of Wi. �

6. Namikawa-Weyl group via codimension 2 roots

In this section, we continue to make the assumptions of Assumption 2.18, unless
otherwise stated.

6.1. Linear relations between codimension 2 roots. We combine the results
of Section 4 and Section 5 to describe the Namikawa-Weyl group of the affinization
of a smooth quiver variety. Recall the map κ : p → H2(Mθ

0(v, w),C) defined in
Section 3.1.

Write X = M0
0(v, w). For any positive root v1 of Q, let Hv1 ⊂ p be the

hyperplane {λ|λ · v1 = 0}.

Proposition 6.1. The map κ gives a bijection between the set

{Hv1 |v1 is a codimension 2 root of Q}

and the set of root hyperplanes of hX .

Proof. Since a generic element in Hv1 produces a deformation of M0(v, w) which
contains a codimension 2 leaf, κ(Hv1) must be a proper subspace of hX . Since κ
is surjective by Theorem 3.3, κ(Hv1) is in fact a hyperplane. By Proposition 5.7,
κ(Hv1) is a root hyperplane of hX .

Conversely, for any root hyperplane H of hX , the preimage κ−1(H) is a hy-
perplane of p since κ is surjective. The fiber over any h ∈ H has a codimension 2
symplectic leaf, so by Theorem 4.4, κ−1(H) must be of the form Hv1 . It is clear that
κ and κ−1 give mutually inverse bijections on the set of hyperplanes as desired. �

Recall the simply laced Cartan space ĥ∗i
∼= CQ

0 where Q is the slice quiver
associated to the leaf Li; it is a finite type quiver by Theorem 2.20. Note there is

a unique Dynkin diagram automorphism σ such that hi = (ĥ∗i )
σ. If α is a root of

hi, then there exists a (unique up to σ translation) positive root α in ĥ∗i , such that
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α =
∑m(α)

j=1 σjα, where m(α) is the size of the σ-orbit of α. View α as an element

of Z
Q

0

≥0.

Lemma 6.2. Suppose the hyperplane of p cut out by v1 maps to the root hyperplane
of α in hi under the map κ, and let α be defined as above. Then for any χ ∈ ZQ0 ,
χ · v1 = κi(χ) · α.

Proof. Let Li be the codimension 2 leaf of M0(v, w) corresponding to hi, and
x ∈ Li. Let S denote the slice Kleinian singularity. Let λ be a subgeneric parameter
annihilated by v1. Let λi be the image of λ under the natural restriction p → p. We
know by Theorem 2.20 that Q∞ is an affine type quiver and the dimension vector

is the minimal imaginary root δ. For each c ∈ C∗, M0
cλi

(δ) has m(α) codimension

2 leaves, corresponding to the representation types (δ − σj(α), 1;σj(α), 1) for 1 ≤
j ≤ m(α).

Pick analytic open neighbourhoods U of x ∈ M0
Cλ(v, w), U of 0 ∈ M0

Cλi
(δ)×R0

and an isomorphism φ : U → U that satisfy Proposition 2.8. Pick y ∈ U that lies in
the unique codimension 2 leaf of M0

ελ(v, w) for some small ε �= 0. Then, y′ := φ(y)

lies in one of the m(α) codimension 2 leaves of M0
ελi

(δ)×R0. By Lemma 4.10, for

θ > 0, the restriction of the line bundle O(χ,Mθ
p(v, w)) to ρ−1(y) has degree χ · v1.

Thanks to Remark 1.7 and Theorem 3.2, φ identifies the line bundles

O(χ,Mθ
p(v, w))|U ∼= O(κi(χ),Mθ

p(δ))� C[R0]|U .

Lemma 4.10 then shows the restriction to (ρ × id)−1(y′) ∼= P1 × R0 has degree

α · κi(χ). Therefore, χ · v1 = κi(χ) · α. �

Corollary 6.3 enables us to recover the linear relations of roots of hi from linear
relations of codimension 2 roots of Q.

Corollary 6.3. Suppose vj are codimension 2 roots of Q corresponding to the root
αj of hi, for j = 1, 2, 3. Then the following conditions are equivalent:

(i) α1 = α2 + α3 in hi;

(ii) m(α1)v
1 = m(α2)v

2 +m(α3)v
3 in Z

Q0

≥0.

Proof. We have

α1 = α2 + α3

⇐⇒
m(α1)∑
j=1

σjα1 =

m(α2)∑
j=1

σjα2 +

m(α3)∑
j=1

σjα3

⇐⇒
m(α1)∑
j=1

σjα1 · κi(χ) =

⎛
⎝m(α2)∑

j=1

σjα2 +

m(α3)∑
j=1

σjα3

⎞
⎠ · κi(χ), ∀χ ∈ ZQ0

⇐⇒ m(α1)α1 · κi(χ) = (m(α2)α2 +m(α3)α3) · κi(χ), ∀χ ∈ ZQ0

⇐⇒ m(α1)v
1 = m(α2)v

2 +m(α3)v
3.

The first equivalence above holds by the definition of α; the second equivalence
holds since κ is surjective; the third equivalence holds since κi(χ) is invariant under
σ-action; the last equivalence holds by Lemma 6.2. �
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Remark 6.4. It is classical that if hi is type B,C or F4 (we have seen the latter two
cases are impossible) then m(α) = 2 when α is a long root, and m(α) = 1 when α
is a short root. If hi is type G2 then m(α) = 3 when α is a long root, and m(α) = 1
when α is a short root. If hi is simply-laced then all m(α) = 1.

Therefore, thanks to Corollary 6.3, by examining the root strings of multiply-
laced Dynkin diagrams, we see that only the following relations for codimension 2
roots vj , j ∈ {1, 2, 3}, are possible (up to reordering):

(a) v1 + v2 = v3

(b) v1 + 2v2 = v3

(c) v1 + v2 = 2v3

(d) v1 + 3v2 = v3

(e) v1 + v2 = 3v3

In the above list, if the coefficient before vj is greater than 1, then vj corresponds
to a long root, and the other two roots in the relation are short roots.

Therefore, we can recover the Namikawa-Weyl group of M0(v, w) by finding all
linear relations of codimension 2 roots of Q of the forms (a)-(e).

We say a codimension 2 root v1 is simple if it does not satisfy any relation
m1v

1 = m2v
2 +m3v

3 for codimension 2 roots v2, v3 and mi ∈ {1, 2, 3}. Corollary
6.5, which follows directly from Corollary 6.3, relates the isotropic decomposition
Theorem 2.20 and codimension 2 roots. It enables us to find all the codimension 2
leaves of M0(v, w).

Corollary 6.5. If a root appears in an isotropic decomposition, then it is a multiple
of a simple codimension 2 root. Conversely, if v1 is a simple codimension 2 root,
then a multiple of v1 appears in an isotropic decomposition.

The following is a consequence of Proposition 6.1 and Corollary 6.5.

Corollary 6.6. If v1 is a simple codimension 2 root, then there is a unique isotropic
decomposition in which a multiple of v1 appears. In particular, all the roots appear-
ing in the representation types of different codimension 2 leaves are distinct.

Let us recall the four types of codimension 2 roots of Q, given by Theorem 4.4:

(1) v1 is a real root, 〈ν, v1〉 = 0, and ṽ − v1 is a root of Q∞.
(2) v1 is an isotropic imaginary root, 〈ν, v1〉 = 2, and ṽ − v1 is a root of Q∞.
(3) v1 is a non-isotropic imaginary root, ṽ − nv1 is a root for n = 1 or 2,

(ṽ − nv1, nv1) = −2, and ṽ −mv1 is not a root for any m > n.

The relations in Remark 6.4 are not arbitrary. For i, j, k ∈ {1, 2, 3}, if α, β, γ
are type (i), (j), (k) codimension 2 roots respectively, and there exists m,n, p ∈
{1, 2, 3} such that mα+nβ = pγ, then we write (i)+ (j) = (k); otherwise we write
(i) + (j) �= (k).

Theorem 6.7. The following (symmetric) table lists all possibilities for (i)+(j) =
(k).

+ (1) (2) (3)
(1) (1)
(2) (2),(3) (3)
(3) (2),(3) (3) (3)
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Proof. We first prove all statements (i) + (j) �= (k), then give an example for each
valid (i) + (j) = (k).

(a) (1) + (1) �= (i), (i) + (j) �= (1), (1) + (i) �= (1) for i, j ∈ {2, 3}.
If α is a type (2) or (3) codimension 2 root then (ṽ, α) < 0, but if α is

type (1) then (ṽ, α) = 0.
(b) (2) + (2) �= (2).

Suppose α, β, γ are linearly independent imaginary roots and m,n, p ∈
{1, 2, 3} such that mα+ nβ = pγ as in Remark 6.4. Take the Tit’s form of
both sides, we see (α, β) = 0. Let σ ∈ WQ be such that σα = δ for some
affine Dynkin diagram, then (σα, σβ) = (δ, σβ) = 0. Since Supp(mσα +
nσβ) = Supp(pσγ) is connected, we must have Supp(σβ) ⊂ Supp(δ). By
Lemma 4.6, σβ is a positive isotropic imaginary root, so we must have
σβ = δ, which implies α = β, contradiction.

(c) (3) + (2) �= (2) and (3) + (3) �= 2.
In fact, if α is a positive non-isotropic imaginary root, β is a positive

imaginary root, and m,n > 0 such that mα+ nβ is an isotropic imaginary
root, then (mα + nβ,mα + nβ) = 0, so (α, β) > 0. But if σ ∈ WQ is
such that (σα, αi) ≤ 0 for all simple roots αi, we would have (σα, σβ) > 0,
implying σβ < 0. This contradicts that β is an imaginary root.

We now provide examples for all (i) + (j) = (k) in the table.

(d) (1) + (1) = (1), see Proposition 1.13.
(e) (1) + (2) = (2). Consider the following quiver

11

α0

α1 α2

β1 β2

We take v = α0 + α1 + α2 + β1 + β2, and w be 1 over the vertices
(corresponding to the simple roots) β1, β2, and 0 elsewhere, as is indicated
by the squares. Let δ = α0 + α1 + α2 which is easily checked to be a root
of type (2). The simple real roots β1 and β2 are both of type (1). The root
δ + β1 is of type (2). This gives examples of (1) + (2) = (2).

(f) (1) + (2) = (3), (1) + (3) = (2).
Consider the quiver in part (3) of Example 4.8. In the notations there,

α is a type (1) codimension 2 root, β and α+ β are type (2), while α+ 2β
is type (3). The relations

α+ 2β = α+ 2β, α+ (α+ 2β) = 2(α+ β)

giving examples of (1) + (2) = (3) and (1) + (3) = (2) respectively.
(g) (1) + (3) = (3), (2) + (2) = (3) and (3) + (3) = (3).

Consider the quiver and the dimension vector in Example 3.6, i.e. v =
2α1+3β, w is 1 over α1 and 0 elsewhere. We see α1 is a type (1) codimension
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2 root, α1 +2β, α1 +3β and 2α1 +3β are type (3) roots, β and α1 + β are
type (2). We have relations

(α1) + (α1 + 3β) = 2α1 + 3β;

(β) + (α1 + β) = α1 + 2β;

(α1 + 3β) + (2α1 + 3β) = 3(α1 + 2β)

which are examples of (1) + (3) = (3), (2) + (2) = (3) and (3) + (3) = (3).
(h) (2) + (3) = (3). Consider the following quiver.

11

α3α0

α1

α2

β3 β0

β1

β2

Write δ1 = α0+α1+α2 and δ2 = β0+β1+β2. Let v = δ1+α3+β3+2δ2,
and w be 1 over α3, β3, 0 elsewhere. Let α = δ1+α3 so that α is an isotropic
imaginary root, and (ṽ, α) = −2. Since ṽ − α = α∞ + β3 + 2δ2 is an
imaginary root, we see α is a type (2) root. Let β = 2δ2 + β3 so that β is a
non-isotropic imaginary root, and (ṽ−β, β) = (α∞+α3+δ1, 2δ2+β3) = −2.
Also, ṽ − β = α∞ + δ1 + α3 is an imaginary root, and ṽ �≥ nβ for n ≥ 2.
Therefore, β is a type (3) root.

Note v is a non-isotropic imaginary root. (ṽ − γ, γ) = (α∞, γ) = −2,
ṽ− v = α∞ is a root, and clearly ṽ− nv is not a root for n ≥ 2. Therefore,
v is a type (3) root and v = α+ β gives an example of (2) + (3) = (3).

�

Remark 6.8. We finish this subsection with a remark on generalizing our method to
quiver varietiesM0

0(v) without framing. An important ingredient of our approaches
is the surjectivity of κ, Theorem 3.3. For non-framed quiver variety, the source of
κ is restricted to {λ ∈ p|λ · v = 0}. However, it is not known to our knowledge
whether similar results hold when all components of the dimension vector v are
larger than 1, even if it is indivisible, which means v is not a non-trivial integral
multiple of a smaller root. For more details, see [MN18, Lemma 4.11].

If v is not indivisible, then κ need not be surjective. In fact, let Q be the
quiver with a single vertex and 2 edge loops, and let v = 2. Then the set {λ ∈
p|λ · v = 0} is just {0}. On the other hand, it is known that (e.g. [BS21, Section
5]) M0

0(v)
∼= N × C4 where N ⊂ sp(4) is the closure of the nilpotent orbit {B ∈

sp(4)|B2 = 0, rankB = 2}. The variety N has a symplectic resolution given by
T ∗(G/P ) where P ⊂ Sp(4) is the stabilizer of a Lagrangian subspace. Therefore,
T ∗(G/P ) × C4 → M0

0(v) is a symplectic resolution of singularities. The base of
universal deformation is H2(T ∗(G/P ) × C4,C) ∼= H2(G/P,C) �= 0, e.g. by the
Bruhat decomposition. Therefore, κ is not surjective.

6.2. Examples. We now apply the idea of subgeneric deformation to compute
some Namikawa-Weyl groups. Let us first consider Example 3.6 again.
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Example 6.9. Let Q, v, w be as in Example 3.6. Then the codimension 2 roots are
listed below: α1, type (1); β and α1 + β, type (2); α1 + 2β, α1 + 3β and 2α1 + 3β,
type (3). The linear relations between them satisfy the G2 Dynkin diagram:

0 α1

2α1 + 3β α1 + ββ α1 + 3β

α1 + 2β

Here, linear relations are normalized according to short/long roots: if a long root
γ is involved, we replace γ by 3γ. For example, α1 + (2α1 + 3β) = 3(α1 + β); the
left hand side is the sum of short roots, and the right hand side is a normalized long
root. Therefore, M0

0(v) has only one codimension 2 root, and its Namikawa-Weyl
group is the Weyl group of type G2.

Proposition 6.10. Suppose Q is a Dynkin quiver or an affine quiver. Then the
Namikawa-Weyl group of M0(v, w) is a direct product of type A,D or E Weyl
groups.

Proof. For Dynkin or affine Q, type (3) codimension roots cannot appear. Suppose
a codimension 2 root α of type (1) or (2). We show all α-root strings have length
at most 2. This will imply all the components of the Namikawa-Weyl group are of
simply-laced type.

If not, then there exist m,n, p,m′, n′, p′ ∈ {1, 2, 3} and roots β, γ, γ′ of type
(1), (2) such that mα + nβ = pγ,m′α + n′γ = p′γ′. Since Q is simply laced
Dynkin or affine, it is impossible that all of α, β, γ, γ′ are real. By Theorem 6.7,
the only possibility is α is type (1) and β, γ, γ′ are type (2). Pair both sides
of mα + nβ = pγ with ṽ, we see n = p = 1. Then (mα + β,mα + β) = 0
implies (α, β) = −m. Similarly, m′α + n′γ = p′γ′ implies (α, γ) = −m′. But
(α, γ) = (α, β +mα) = m > 0, contradiction. �

We recover McGerty and Nevins’ results, Proposition 1.13, from Corollary 6.3.
We need a combinatorial lemma, whose proof we postpone to the end of this section.

Lemma 6.11. Suppose Q is a type A,D or E Dynkin or affine type quiver, the
dimension vector v and framing w are such that ν = Λw−

∑
viαi is dominant, and

w �= 0. Then for any positive real root α such that 〈ν, α〉 = 0, ṽ − α is a root of
Q∞.

The above statement does not hold for wild quivers. For example, consider the
following quiver with dimension vector and framing indicated by the numbers.
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1 1 1

α

2

The only simple real root α, associated to the vertex without an edge loop,
satisfies 〈ν, α〉 = 0, but ṽ − α does not have connected support and cannot be a
root.

Corollary 6.12 ([MN19, Theorem 5.4]). Suppose Q is a Dynkin quiver and v, w are
dimension vectors and framing such that ν is dominant. Let Wν denote the Weyl
group of the subroot system Φν . Then the Namikawa-Weyl group of M0

0(v, w) is
Wν .

Here, we do not a priori assume Assumption 2.18; instead, we deduce it from
our weaker assumptions.

Proof. Recall by Corollary 2.13 that μ is flat and M0
0(v, w)

∼= M0(v, w). Suppose,
for a contradiction, that (ṽ, α∞) > 0. We have seen in the proof of Proposition 2.14
that (α∞, v) = −1 in this case, and v is a (real) root supported on Q. Then
(ṽ, v) = 1, contradicting the assumption that ν is dominant. Therefore, (ṽ, αi) ≤ 0
for all i ∈ Q∞

0 , i.e. Assumption 2.18 is satisfied.
Only type (1) codimension 2 roots can appear. Let β be a maximal root of Q

with 〈ν, β〉 = 0. By Lemma 6.11, all positive roots v1 ≤ β satisfy conditions of
a type (1) codimension 2 root. The linear relations between these codimension
2 roots are exactly the linear relations between the subroot system generated by
Supp(β). Let Wβ denote the Weyl group of this root system. Repeat for all such
maximal β, we see the Weyl group W =

∏
β∈Φmax

ν
Wβ, where Φmax

ν denotes the set

of maximal positive roots of Q vanishing at ν. Equivalently, W = Wν . �
We can generalize the above result to affine type quivers.
Let Q be affine type. By the construction of Proposition 2.14 and the canonical

decomposition Theorem 2.16, we see that for any v, w, we can reduce the compu-
tation of the Namikawa-Weyl group of M0(v, w) to that of

(1) M0
0(Q

′, v′, w′), where Q′ is a finite type quiver and (v′)∼ ∈ Σ0, or
(2) M0

0(Q, v′, w′), so that ṽ ∈ Σ0.

Therefore, we may assume Assumption 2.18. Let δ be the minimal positive imag-
inary root of Q. Let WQfin

denote the Weyl group of Qfin, the Dynkin quiver
corresponding to Q. Let (Φmax

ν )′ be the set of maximal positive real roots β of Q
such that 〈ν, β〉 = 0 and Supp(β) � Q0. Let Wβ denote the Weyl group corre-
sponding to Supp(β) which is a Dynkin diagram. Write W be the Namikawa-Weyl
group of M0

0(v, w).

Corollary 6.13. The group W takes the following form.

(1) If 〈ν, δ〉 = 2 and ṽ − δ is a root, then W =
∏

β∈(Φmax
ν )′ Wβ × Z/2Z.

(2) Otherwise, W =
∏

β∈(Φmax
ν )′ Wβ

Proof. We first show (ṽ, δ) ≤ −2. In fact, suppose (ṽ, δ) ≥ −1. Then since (αi, δ) =
0 for all i ∈ Q0, we conclude (α∞, v) ≥ −1. But then (α∞, ṽ) ≥ 1, contradicting
Assumption 2.18.
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Only type (1) and (2) codimension 2 roots can appear, and a type (2) root must
be δ. Suppose v1 is type (1). Then since ν is dominant, 〈ν, δ〉 ≥ 2 and 〈ν, v1〉 = 0,
we have Supp(v1) � Q0, i.e. the support is Dynkin. Let β be maximal among such
roots. Then by Lemma 6.11, every real root α ≤ β is a type (1) codimension 2 root.
These real roots give subroot systems supported on Suppβ and corresponding Weyl
groups Wβ.

Suppose v1 = δ is a type 2 codimension 2 root, which implies ṽ − δ is a root
and (ṽ, δ) = −2. By Theorem 6.7, δ is not a linear combination of other (real)
codimension 2 roots. Therefore, it contributes a Z/2Z component in the Namikawa-
Weyl group. �

Let us finish by examining a related problem, i.e. the Namikawa-Weyl group of
symplectic quotient singularities, see [BC20].

Example 6.14. Let Q be affine type, v = mδ and w be 1 over the extended vertex
and 0 elsewhere. Recall μ is flat by Corollary 2.13, so M0(v, w) = M0

0(v, w). It is
classical that M0

0(v, w) is the symplectic quotient singularity C2m/(Γ�Sm), where
Γ is the finite subgroup of SL(2,C) corresponding to Q under McKay correspon-
dence and Sm is the symmetric group; see e.g. [BC20, Section 1].

In this situation, Assumption 2.18 is not satisfied. Nevertheless, it is easy to
write down the canonical decomposition of M0

0(v, w):

M0
0(v, w) = SmM0

0(δ)× pt.

Clearly, M0
0(v, w) has 2 codimension 2 leaves. Let α0, · · · , αn be the simple real

roots of Q and write δ =
∑n

i=0 ciαi. Then, the two codimension 2 leaves correspond
to representation types

τ1 = (α∞, 1;α0, c0; · · · ;αn, cn; δ,m− 1)

and

τ2 = (α∞, 1; δ, 1; δ,m− 1).

The first leaf gives a Namikawa-Weyl group component of type WQfin
, and the

second leaf gives a Z/2Z. Therefore, the Namikawa-Weyl group of C2m/(Γ�Sm)
is WQfin

× Z/2Z. This is exactly [BC20, Proposition 2.2].

We now prove Lemma 6.11.

Proof of Lemma 6.11. Suppose β is a maximal element among

{β|〈ν, β〉 = 0, β is a positive root}.
First we show that β must be a real root. In fact, if β is imaginary (for affine type
Q), then (β, v) = 0, so 〈Λw, β〉 = 0. But Supp(β) = Q0 and w �= 0, contradiction.
Note that if β =

∑
i miαi where αi are simple roots and mi ∈ Z>0, then (ṽ, αi) = 0

since ν is dominant. Note also that if i ∈ Supp β, then (αi, β) ≥ 0; otherwise
si(β) > β and (ṽ, siβ) = 0, contradicting the maximality of β.

Step 1. We show ṽ − β has connected support.
If not, let v1, v2, . . . , vr be the restrictions of ṽ−β to the connected components of

Supp(ṽ − β); that is,
∑r

i=1 vi = ṽ − β, and Supp(ṽ − β) =
⊔r

i=1 Supp(vi). Exactly
one of Supp(vi), say Supp(v1), contains the vertex ∞. For i ≥ 2, Supp(vi) is a
proper subdiagram of Q (since it is not connected to ∞), and is therefore a Dynkin
diagram.
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Let i ∈ Supp(v2), αi be the simple root attached to i, and consider (ṽ−β, αi) =
(v2, αi); the equality holds since Supp(v2) is a connected component of Supp(ṽ−β).
We have the following possibilities for i.

(1) i ∈ Supp(β).
In this case (ṽ, αi) = 0 and (v2, αi) = (ṽ − β, αi) = −(β, αi) ≤ 0 by

maximality of β.
(2) i �∈ Supp(β) and is not connected to Supp(β) by an edge.

Then (αi, β) = 0, and (v2, αi) = (ṽ − β, αi) = (ṽ, αi) ≤ 0 since ν is
dominant.

(3) i is connected to Supp(β) by an edge and (αi, β) = −1.
By maximality of β, we know that (ṽ, siβ) = (ṽ, β + αi) < 0; therefore

(ṽ, αi) ≤ −1. Then (v2, αi) = (ṽ − β, αi) ≤ 0.
(4) i is connected to Supp(β) by an edge, and (αi, β) ≤ −2.

We still have (ṽ, αi) ≤ −1. Note that both β and siβ = β− (αi, β)αi are
roots, so β+αi is also a root. Now consider (αi+β, αi +β) = 4+2(αi, β).
Since Q is of Dynkin or affine type, we must have (αi, β) = −2. In this
case, if Q is affine type, then αi + β = δ, the minimal positive imaginary
root.

Suppose for all i ∈ Supp(v2), i falls in case (1), (2) or (3) above. Then (v2, αi) ≤ 0
for all i ∈ Supp(v2). This contradicts that Supp(v2) is a Dynkin diagram.

Therefore, let i ∈ Supp(v2) fall in case (4) and (v2, αi) = (ṽ − β, αi) > 0.
Since (ṽ, αi) ≤ −1 and (β, αi) = −2, we must have (ṽ − β, αi) = (v2, αi) = 1.
Therefore, for all i �= i′ ∈ Supp(v2), (v2, αi′) = (ṽ − β, αi′) = (ṽ, αi′) − (β, αi′) =
(ṽ, αi′)− (δ − αi, αi′) = (ṽ, αi′) + (αi, αi′) ≤ 0.

We conclude that Supp(v2) is a proper subdiagram of Q that contains an ex-
tended vertex. By checking the position of extended vertices of all affine type quiv-
ers, we see Supp(v2) must be of type An, Dn, E6 or E7. In terms of [OV12, Table
2] (and compare to [OV12, Table 6]), i may correspond to

(a) any column of the Cartan matrix if Supp(v2) is type An;
(b) the first column or the last two columns of the Cartan matrix if Supp(v2)

is type Dn;
(c) the first or the fifth column of the Cartan matrix if Supp(v2) is type E6;
(d) the first column of the Cartan matrix if Supp(v2) is type E7.

By inspection, we see there is no positive integral vector satisfying (v2, αi) =
1, (v2, αj) ≤ 0 for all j �= i. Therefore, the component v2 of v − β cannot ex-
ist, and we conclude ṽ − β has connect support.

Step 2. We show ṽ − β is a root. We have the following cases.

(I) For all i ∈ Supp(v − β), (ṽ − β, αi) ≤ 0. There are 2 subcases.
(i) (ṽ−β, α∞) ≤ 0. In this case, (ṽ−β, αj) ≤ 0 for all j ∈ Q∞

0 , and ṽ−β
is an imaginary root.

(ii) (ṽ − β, α∞) ≥ 1. In this case, note that (ṽ − β, α∞) = (α∞ + v −
β, α∞) = 2 + (v − β, α∞) ≤ 1, so (ṽ − β, α∞) = 1. Thus, there
is a unique edge connecting the vertex ∞ to some other vertex in
Supp(ṽ − β); we call this vertex i1. The multiplicity of αi1 in ṽ − β is
1. See Figure 1 for a sketch; there the numbers below the vertices are
the multiplicities of the corresponding simple roots in ṽ − β.
Therefore, (ṽ − β, αi1) ≤ 1.
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elseṽ − β =
∞

1

i1

1

Figure 1. The dimension vector ṽ − β.

If (ṽ − β, αi1) ≤ −1, then (s∞(ṽ − β), αj) = (ṽ − β − α∞, αj) ≤ 0 for
all j ∈ Q∞

0 , and we get an imaginary root.
If (ṽ − β, αi1) = 1 then ṽ − β = α1 + α∞ is a real root.
Finally, if (ṽ−β, αi1) = 0 then there is a unique vertex i2 ∈ Supp(ṽ−β)
such that i1 is connected only to ∞ and i2 by a single edge, and the
multiplicity of αi2 in ṽ − β is 1. In Figure 1, i2 belongs to the “else”
part. Apply the previous arguments to s∞(ṽ − β) = v − β (now
αi1 plays the role of α∞ before). After finitely many iterations we
see siksik−1

. . . s∞(ṽ − β) is a root for a sequence of vertices ik, and
therefore ṽ − β is a root.

(II) For some i ∈ Supp(v − β), (ṽ − β, αi) ≥ 1. Since (ṽ, αi) ≤ 0, we have
(αi, β) ≤ −1. Then the vertex i is connected to β; so by maximality of β
we have (ṽ, αi) ≤ −1, so (αi, β) ≤ −2. In other words, i must fall in case
(4) in Step 1. In particular, Q is affine type, i �∈ Supp(β), (ṽ, αi) = −1 and
δ = αi + β. Therefore

(ṽ, δ) = (ṽ, αi + β) = (α∞, δ) = −1,

so the framing w has the form wi′ = 1 for some i′ such that multiplicity of
αi′ in δ is 1, and wj = 0 for all other j.

We claim i′ = i. Otherwise, i′ ∈ Supp(β), and (v, αi′) = −(α∞, αi′) = 1.
Also, (v, αi) = (ṽ, αi) = −1, and (v, αj) = 0 for Q0 � j �= i, i′. The set for
all such v = (vk)|k∈Q0

, i.e. the integral solution set of the linear system⎧⎪⎨
⎪⎩
(v, αi′) = 1,

(v, αi) = −1,

(v, αj) = 0 for all j ∈ Q0, j �= i, i′

is the set of integral elements in the affine line v′ + Cδ, where v′ is any
special solution.

To find a special solution v′ = (v′k)|k∈Q0
, we may let v′i = 0. Then

Supp(v′) ⊂ Supp(β), a Dynkin diagram, and the problem is reduced to
solving the system

(�′)

⎧⎪⎨
⎪⎩
vi = 0,

(v, αi′) = 1,

(v, αj) = 0 for all j ∈ Supp(β), j �= i′

which has a unique solution. Recall that the multiplicity of αi′ in δ is 1. In
terms of [OV12, Table 2], i′ may correspond to any column of the Cartan
matrix if Q is type An; i

′ may correspond to the first or last 2 columns of
the Cartan matrix if Q is type Dn; i

′ may correspond to the first or the
fifth column of the Cartan matrix if Q is type E6; i

′ may correspond to
the first column of the Cartan matrix if Q is type E7; and Q cannot be
type E8. By inspection, we see v′ cannot be integral in any case. But the
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multiplicity of αi in δ is 1, and therefore an integral solution for v has the
form v′ + nδ. We conclude there is no integral solution for v.

Therefore wi = 1, wj = 0 for j �= 0. Then for j ∈ Supp(β), (v, αj) =
(ṽ, αj) = 0; and (v, αi) = (ṽ, αi) + 1 = 0. Hence v = nδ for some positive
integer n, and it is clear that ṽ − β is a real root.

This finishes Step 2 of the proof.

Step 3. We show that for any positive real root α ≤ β, ṽ − α is a root.
In fact, there is a sequence of simple reflections si1 , . . . , sim where each ik ∈

Supp(β) such that α = si1si2 . . . simβ. Since (ṽ, αik) = 0, we have si1si2 . . . sim(ṽ−
β) = ṽ − α. Hence ṽ − α is also a root. This finishes the proof of the lemma. �

Acknowledgments

I am deeply grateful to Ivan Losev, without whom this paper would never appear,
for suggesting this problem and for many fruitful discussions as well as numerous
suggestions to improve the exposition. I would like to thank Travis Schedler for
useful discussions, especially on relations between M0 and M0

0, and Gwyn Bellamy
for pointing me to [BC20] which contains a result on Namikawa-Weyl groups of
quiver varieties from affine type quivers. I would like to thank Hiraku Nakajima
for suggesting Example 3.6. I would like to thank Do Kien Hoang and Dmytro
Matvieievskyi for inspiring conversations. I would like to thank the anonymous
referee for providing many suggestions that helped improve the exposition and
pointing out several mistakes in the earlier versions of this paper.

References

[Bea00] Arnaud Beauville, Symplectic singularities, Invent. Math. 139 (2000), no. 3, 541–549,
DOI 10.1007/s002229900043. MR1738060

[BC20] Gwyn Bellamy and Alastair Craw, Birational geometry of symplectic quotient singu-
larities, Invent. Math. 222 (2020), no. 2, 399–468, DOI 10.1007/s00222-020-00972-9.
MR4160872

[BS21] Gwyn Bellamy and Travis Schedler, Symplectic resolutions of quiver varieties, Selecta
Math. (N.S.) 27 (2021), no. 3, Paper No. 36, 50, DOI 10.1007/s00029-021-00647-0.
MR4265941

[BL21] Roman Bezrukavnikov and Ivan Losev, Etingof’s conjecture for quantized quiver va-
rieties, Invent. Math. 223 (2021), no. 3, 1097–1226, DOI 10.1007/s00222-020-01007-z.
MR4213772

[BFN19] Alexander Braverman, Michael Finkelberg, and Hiraku Nakajima, Ring objects in the

equivariant derived Satake category arising from Coulomb branches, Adv. Theor. Math.
Phys. 23 (2019), no. 2, 253–344, DOI 10.4310/ATMP.2019.v23.n2.a1. Appendix by Gus
Lonergan. MR4033353

[CB01] William Crawley-Boevey, Geometry of the moment map for representations of quiv-
ers, Compositio Math. 126 (2001), no. 3, 257–293, DOI 10.1023/A:1017558904030.
MR1834739

[CB02] William Crawley-Boevey, Decomposition of Marsden-Weinstein reductions for rep-
resentations of quivers, Compositio Math. 130 (2002), no. 2, 225–239, DOI
10.1023/A:1013793632709. MR1883820

[CBH98] William Crawley-Boevey and Martin P. Holland, Noncommutative deformations of
Kleinian singularities, Duke Math. J. 92 (1998), no. 3, 605–635, DOI 10.1215/S0012-
7094-98-09218-3. MR1620538

[Kac80] Victor G. Kac, Some remarks on representations of quivers and infinite root systems,
Representation theory, II (Proc. Second Internat. Conf., Carleton Univ., Ottawa, Ont.,
1979), Lecture Notes in Math., vol. 832, Springer, Berlin, 1980, pp. 311–327. MR607162

https://mathscinet.ams.org/mathscinet-getitem?mr=1738060
https://mathscinet.ams.org/mathscinet-getitem?mr=4160872
https://mathscinet.ams.org/mathscinet-getitem?mr=4265941
https://mathscinet.ams.org/mathscinet-getitem?mr=4213772
https://mathscinet.ams.org/mathscinet-getitem?mr=4033353
https://mathscinet.ams.org/mathscinet-getitem?mr=1834739
https://mathscinet.ams.org/mathscinet-getitem?mr=1883820
https://mathscinet.ams.org/mathscinet-getitem?mr=1620538
https://mathscinet.ams.org/mathscinet-getitem?mr=607162


NAMIKAWA-WEYL GROUPS OF QUIVER VARIETIES 765

[Los12] Ivan Losev, Isomorphisms of quantizations via quantization of resolutions, Adv. Math.
231 (2012), no. 3-4, 1216–1270, DOI 10.1016/j.aim.2012.06.017. MR2964603

[Los22] Ivan Losev, Deformations of symplectic singularities and orbit method for semisim-
ple Lie algebras, Selecta Math. (N.S.) 28 (2022), no. 2, Paper No. 30, 52, DOI
10.1007/s00029-021-00754-y. MR4359565

[Los06] I. V. Losev, Symplectic slices for actions of reductive groups (Russian, with Russian sum-
mary), Mat. Sb. 197 (2006), no. 2, 75–86, DOI 10.1070/SM2006v197n02ABEH003754;

English transl., Sb. Math. 197 (2006), no. 1-2, 213–224. MR2230091
[Maf02] Andrea Maffei, A remark on quiver varieties and Weyl groups, Ann. Sc. Norm. Super.

Pisa Cl. Sci. (5) 1 (2002), no. 3, 649–686. MR1990675
[MN18] Kevin McGerty and Thomas Nevins, Kirwan surjectivity for quiver varieties, Invent.

Math. 212 (2018), no. 1, 161–187, DOI 10.1007/s00222-017-0765-x. MR3773791
[MN19] Kevin McGerty and Thomas Nevins, Springer theory for symplectic Galois groups,

Preprint, arXiv:1904.10497, 2019.
[Mor80] Jun Morita, Roots of Kac-Moody Lie algebras, Tsukuba J. Math. 4 (1980), no. 2, 349–

354, DOI 10.21099/tkbjm/1496159186. MR623447
[Nak94] Hiraku Nakajima, Instantons on ALE spaces, quiver varieties, and Kac-Moody alge-

bras, Duke Math. J. 76 (1994), no. 2, 365–416, DOI 10.1215/S0012-7094-94-07613-8.
MR1302318

[Nak98] Hiraku Nakajima, Quiver varieties and Kac-Moody algebras, Duke Math. J. 91 (1998),
no. 3, 515–560, DOI 10.1215/S0012-7094-98-09120-7. MR1604167

[Nam10] Yoshinori Namikawa, Poisson deformations of affine symplectic varieties, II, Kyoto J.
Math. 50 (2010), no. 4, 727–752, DOI 10.1215/0023608X-2010-012. MR2740692

[Nam11] Yoshinori Namikawa, Poisson deformations of affine symplectic varieties, Duke Math.
J. 156 (2011), no. 1, 51–85, DOI 10.1215/00127094-2010-066. MR2746388

[OV12] Arkadij L. Onishchik and Ernest B. Vinberg, Lie groups and algebraic groups, Springer
Science & Business Media, 2012.

[Slo80] Peter Slodowy, Four lectures on simple groups and singularities, Communications of
the Mathematical Institute, Rijksuniversiteit Utrecht, vol. 11, Rijksuniversiteit Utrecht,
Mathematical Institute, Utrecht, 1980. MR563725

[Su06] Xiuping Su, Flatness for the moment map for representations of quivers, J. Algebra
298 (2006), no. 1, 105–119, DOI 10.1016/j.jalgebra.2006.01.039. MR2214399

Department of Mathematics, Yale University, New Haven, Connecticut 06511

Email address: yaochen.wu@yale.edu

https://mathscinet.ams.org/mathscinet-getitem?mr=2964603
https://mathscinet.ams.org/mathscinet-getitem?mr=4359565
https://mathscinet.ams.org/mathscinet-getitem?mr=2230091
https://mathscinet.ams.org/mathscinet-getitem?mr=1990675
https://mathscinet.ams.org/mathscinet-getitem?mr=3773791
https://arxiv.org/abs/1904.10497
https://mathscinet.ams.org/mathscinet-getitem?mr=623447
https://mathscinet.ams.org/mathscinet-getitem?mr=1302318
https://mathscinet.ams.org/mathscinet-getitem?mr=1604167
https://mathscinet.ams.org/mathscinet-getitem?mr=2740692
https://mathscinet.ams.org/mathscinet-getitem?mr=2746388
https://mathscinet.ams.org/mathscinet-getitem?mr=563725
https://mathscinet.ams.org/mathscinet-getitem?mr=2214399

	1. Introduction
	2. More on quiver varieties
	3. Tautological line bundles
	4. Subgeneric deformations
	5. Codimension 2 leaves in deformations of conical symplectic singularities
	6. Namikawa-Weyl group via codimension 2 roots
	Acknowledgments
	References

