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CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS OF

METAPLECTIC COVERS OF THE GENERAL LINEAR GROUP

OVER A NON-ARCHIMEDEAN LOCAL FIELD

EYAL KAPLAN, EREZ LAPID, AND JIANDI ZOU

Abstract. Let F be a non-archimedean local field and r a non-negative in-
teger. The classification of the irreducible representations of GLr(F ) in terms

of supercuspidal representations is one of the highlights of the Bernstein–
Zelevinsky theory. We give an analogous classification for metaplectic cov-
erings of GLr(F ).
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1. Introduction

A cornerstone in the representation theory of p-adic groups is the Bernstein–
Zelevinsky theory, culminating in the classification of the irreducible representa-
tions of the general linear groups GLr(F ), where F is a non-archimedean local field
(of any characteristic) and r is a non-negative integer. (We refer to them collec-
tively as irreducible representations of GL. In this paper we only consider smooth,
complex representations.) The “elementary particles” in the classification are the
irreducible supercuspidal representations, which are treated as a black box. Using
them, one forms segments, which are simply finite sets of irreducible supercuspidal

representations of the form {ρ, ρ · |·| , . . . , ρ · |·|k−1}, where k ≥ 1 and ρ · |·|i de-

notes twisting by the character |det|i. Remarkably, the irreducible representations
of GL are classified by multisegments, which are nothing but finite formal sums of
segments – an ostensibly simple combinatorial object. This is the main result of
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Zelevinsky in [41]. Subsequently, his proof was (slightly) simplified and extended to
inner forms of GL and to representations in characteristic �= p. See [22, Appendix
A] for a recent account and more details.

The importance of coverings of reductive p-adic (and adelic) groups (the so-
called metaplectic groups) was realized early on by Steinberg, Weil, Moore, Kubota,
Matsumoto, Bass, Milnor and Serre among others [4,20,21,24,31,36,39]. A broader
scope for covering groups was later on conceived by Brylinski and Deligne in [8]. We
refer to [11, 12] and the references therein for general conjectures and perspective.
The basic elements of the representation theory of reductive p-adic groups carry
over to metaplectic groups essentially without change (see [1, 2, 18, 23]).

In this paper we will focus on the metaplectic covers of GLr(F ) considered in
the seminal work of Kazhdan and Patterson [19]. The main goal is to extend the
Bernstein–Zelevinsky classification to these groups.

Grosso modo, the classification scheme is similar to the linear case. (See Theorem
7.5 for the precise statement.) However, there are some subtle differences. The main
technical difficulty is to extend the notion of the Bernstein–Zelevinsky product
of representations of GL, namely, the parabolic induction of the tensor product
π1⊗· · ·⊗πk of representations πi of GLri(F ), viewed as a representation of the Levi
subgroup of type (r1, . . . , rk) of GLr(F ), where r = r1 + · · ·+ rk. While parabolic
induction still makes sense in the context of covering groups and enjoys similar
properties as in the linear case, the covering groups Gi of the blocks GLri(F ) do
not pairwise commute in the covering group G of GLr(F ). Therefore, the covering
group M of the Levi subgroup is not simply a central quotient of the product of
the Gi’s.

This problem was first dealt with by Banks–Levy–Sepanski who explicated 2-
cocycles for the coverings defined by Matsumoto and showed that they are “block-
compatible” upon restriction from SLr+1 to GLr [3]. Their work was used by
Kable, Mezo and Takeda to construct the Bernstein–Zelevinsky product, or more
precisely, the covering analogue of the tensor product – the so-called “metaplectic
tensor product”, at least in the case of irreducible representations [15, 25, 37, 38].
We follow their approach and consolidate it by introducing the notion of a special
subgroup (see §3.3). This is a normal subgroup of finite index satisfying certain
conditions. The main feature is that the “genuine” representation theory of the
ambient group and its special subgroup are essentially the same. An equivalence of
categories is fulfilled by the so-called “Lagrangian induction” (see §3.4).

A typical case of a special subgroup is the center of a Heisenberg group H over
a finite field. By the Stone–von-Neumann theorem, there is a unique irreducible
representation ofH with a given nontrivial central character ψ. In fact, the category
of all representations of H with central character ψ is equivalent to the category
of vector spaces. Such an equivalence can be realized (non-uniquely) by taking the
Jacquet module with respect to (L, χ) where L is a choice of a maximal abelian
subgroup of H and χ is an extension of ψ to a character of L. (See [14] for a
choice-free equivalence of categories.)

Using the notion of a special subgroup, we can compare the representation the-
ories of any two covering groups (of the same base group) that admit isomorphic
special subgroups – see §3.6. Specializing to the case at hand, the upshot is a
metaplectic tensor product multifunctor

Mω1
(Gr1)× · · · ×Mωk

(Grk) → Mω(M)
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of categories of representations, which is multiadditive and multiexact (§4). Here ωi

and ω are characters of the center of Gi and M respectively, which satisfy a certain
compatibility relation. The notation Mχ(H) stands for the Serre subcategory of
representations of H that admit a finite filtration such that the center Z(H) acts
by χ on the associated graded object.

This gives rise to a metaplectic analogue of the Bernstein–Zelevinsky product.
An important property of the metaplectic tensor product and Bernstein–Zelevinsky
product is their associativity.

Another technical difficulty is the extension of the basic irreducibility result of
Olshanski in the corank one case [33] to the metaplectic context. Olshanski’s result
is based on a computation of the residue of an intertwining operator. The covering
case is more delicate, but eventually the result is almost the same. It is carried out
in §6.

The argument yields the existence of a reducibility point s = sρ > 0 of ρ× ρ |·|s.
The uniqueness of sρ is proved separately. It is possible to determine sρ using a
trace formula comparison with the linear groups. However, we will not carry this
out in this paper. Instead, we will treat sρ as a black box. At any rate, given sρ,
one can construct segment representations as in the linear case.

With these two ingredients, the rest of the argument of the classification is
essentially the same as in the linear case, following Zelevinsky’s approach, refined
and extended by Mı́nguez and Sécherre [29] (see §7). We will only sketch it, as it is
very similar to [22, Appendix A]. The main difference is that one has to keep track
of the central characters. Alternatively, one works with irreducible representations
up to twist by characters whose order divides the degree of the covering.

2. Notation and preliminaries

Let G be a group. We use the following notation.

• Z(G) is the center of G.
• [·, ·] : G×G → G is the commutator map [x, y] = xyx−1y−1.
• For any elements x, y ∈ G, xy = y−1xy is the conjugation of x by y. Also,

yx = xy−1

= yxy−1, so that xyz = (xy)z and yzx = y(zx).
• Given subgroups G1, G2 of G, ZG2

(G1) is the centralizer of G1 in G2 and
[G1, G2] is the subgroup of G generated by the set of commutators {[g1, g2] |
g1 ∈ G1, g2 ∈ G2}.

We will consider �-groups as defined by Bernstein–Zelevinsky. We refer to [7]
and [34] for standard facts about �-groups. To simplify the discussion, we assume
that all �-groups considered here are countable at infinity, i.e. they are a union of
countably many compact subsets.

By convention, a subgroup of a topological group will always mean a closed
subgroup, unless specified otherwise.

Let α be an automorphism of G. We denote by modGα > 0 the module of α
given by ∫

G

f(α−1g) dg = modGα

∫
G

f(g) dg

where dg is a (left or right) Haar measure on G (whose choice is unimportant).
In particular, if g ∈ G normalizes a subgroup H of G, we denote by modH(g) the
module of the automorphism h �→ gh of H.
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By a representation of an �-group we will always mean a complex smooth rep-
resentation. (By the same token, by a character of an �-group we always mean a
locally constant homomorphism to C×.) Denote by M(G) the category of repre-
sentations of G and by Madm(G) and Mfl(G) the full subcategories of admissible
representations, and representations of finite length, respectively. Let (π, V ) be a
representation of G. (By abuse of notation, we sometimes write π ∈ M(G).) We
denote by m · π the direct sum of m copies of π and by π∨ the contragredient
of π. For an element x ∈ G, we denote by πx the representation on V given by
πx(g) = π(xg). Note that πxy = (πx)y. If π is of finite length, we denote by JH(π)
the Jordan-Hölder series of π as a multiset, and by soc(π) (resp., cos(π)) the so-
cle (resp., cosocle) of π, that is, the maximal semi-simple subrepresentation (resp.,
quotient) of π.

We denote by Irr(G) the set of equivalence classes of irreducible representations
of G and by Irrsqr(G) the subset of irreducible square-integrable representations.

Suppose that (π, V ) is an irreducible, essentially square-integrable representation
of G. We denote by dπ the formal degree of π. We view it as the Haar measure on
Z(G)\G satisfying
(2.1)∫

Z(G)\G
〈π(g)v, v∨〉 〈u, π∨(g)u∨〉 dπg = 〈v, u∨〉 〈u, v∨〉 , ∀u, v ∈ V, u∨, v∨ ∈ V ∨

where 〈·, ·〉 is the standard pairing on V ×V ∨. It is often useful to replace Z(G) by
a cocompact subgroup A thereof and view dπ as a Haar measure on A\G, which

we denote by d
A\G
π . The pushforward of d

A\G
π under A\G → Z(G)\G is d

Z(G)\G
π .

Let H be a subgroup of G. We denote by

IndGH , indGH : M(H) → M(G),

the (unnormalized) full induction and compact induction functors and by

ResGH : M(G) → M(H)

or simply |H , the restriction functor. For any π ∈ M(G), τ ∈ M(H) we have

(2.2a) modG · (indGH τ )∨ � IndGH(modH · τ∨)
and by Frobenius reciprocity

(2.2b) HomG(π, Ind
G
H τ ) = HomH(ResGH π, τ ).

If H is open in G (in which case modG = modH on H), then we have in addition

HomG(ind
G
H τ, π) = HomH(τ,ResGH π),(2.2c)

indGH(π|H⊗τ ) � π ⊗ indGH τ.(2.2d)

Let A be an abelian �-group and let χ be a character of A. We say that a
representation (π, V ) of A is locally-χ if for every v ∈ V there exists an integer
m ≥ 0 such that (π(a)− χ(a))mv = 0 for all a ∈ A. We denote by Mχ(A) the full
subcategory of M(A) consisting of locally-χ representations.

Every representation (π, V ) of A admits a unique maximal locally-χ subrepre-
sentation, denoted (π(χ), V (χ)), namely

V (χ) =
⋃
m≥0

⋂
a∈A

Ker(π(a)− χ(a))m.
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The sum ∑
χ

V (χ)

over all the characters χ of A is direct and is called the locally finite part of π,
denoted πlf . We say that π is locally finite if π = πlf . We denote by Mlf(A) the
full subcategory of locally finite representations of A. We have a decomposition

Mlf(A) =
∏
χ

Mχ(A)

over the characters of A.
More generally, let G be an �-group and A ⊂ G an abelian normal subgroup.

(Often, but not always, A will be central in G.) Let π be a representation of G and
denote by τ its restriction to A. For any character χ of A, the space

π(χ) :=
∑

g∈G/A

τ (χ
g) =

∑
g∈G/A

π(g)(τ (χ))

is a subrepresentation of π that depends only on the G-orbit of χ under conjugation.
We say that π is locally-χ if π(χ) = π. We denote by Mχ(G) the full subcategory of
M(G) consisting of locally-χ representations. (We do not include A in the notation
as it is encoded in χ.) Of course, Mχ(G) depends only on the G-orbit of χ.

In general, the sum ∑
χ

π(χ)

over the G-orbits of characters of A is direct and is called the A-locally finite part
of π, denoted πA- lf . Note that ResGA πA- lf = τlf . We say that π is A-locally finite
if π = πA- lf , or equivalently, τ is locally finite. We denote by MA- lf(G) the full
subcategory of A-locally finite representations of G. We have a decomposition

MA- lf(G) =
∏
χ

Mχ(G)

over the G-orbits of characters of A. The subcategories Mχ(G) and MA- lf(G) of
M(G) are closed under subobjects, quotients and extensions, i.e., they are Serre
subcategories.

We note that if B is a finite index subgroup of A which is normal in G, then

(2.3a) MB- lf(G) = MA- lf(G).

Moreover, for any character ψ of B we have

(2.3b) Mψ(G) = ⊕χMχ(G)

where χ ranges over the G-orbits of the characters of A that extend a character in
the G-orbit of ψ.

In the special case where A = Z(G), by Schur’s lemma every representation of
finite length is A-locally finite.

3. Clifford theory

3.1. General settings. We recall some standard results from Clifford theory.
Throughout this section, let G be an �-group and let H be a normal subgroup
of finite index. Let Γ be the finite quotient group G/H.
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By Mackey’s formula, for any τ ∈ M(H) we have

(3.1) ResGH(IndGH τ ) = ⊕γ∈Γτ
γ .

For any representation τ of H we denote by

Gτ = {g ∈ G | τg � τ}
the stabilizer of τ in G. Thus, Gτ is a subgroup of G containing H.

Recall that by definition, a representation is completely reducible if every sub-
representation admits a complement.

Lemma 3.1 ([7, Lemma 2.9]).

(1) Let π be a representation of G. Then,

(a) π is completely reducible if and only if ResGH π is completely reducible.

(b) π is of finite length if and only if ResGH π is of finite length.
(2) Let τ be a representation of H. Then,

(a) τ is completely reducible if and only if IndGH τ is completely reducible.

(b) τ is of finite length if and only if IndGH τ is of finite length.

Remark 3.2. The second part of Lemma 3.1 is not explicitly stated in [7] but it
follows from the first part by (3.1). In fact, the lemma holds without the assumption
that H is normal. One reduces to this case by considering a finite index normal
subgroup of G contained in H.

Lemma 3.3. Suppose that L is a subgroup of Z(H) that is normal in G. Let ψ be
a character of L. Assume that Gψ = H. Then, the induction functor defines an
equivalence of categories

(3.2) IndGH : Mψ(H) → Mψ(G).

An inverse is given by

π �→ (ResGH π)(ψ).

Moreover, if π ∈ Mψ(G) and τ = ResGH π, then

(3.3) τ = ⊕g∈Γτ
(ψg) = ⊕g∈Γπ(g)(τ

(ψ)).

Finally, suppose that L ∩ Z(G) is cocompact in Z(H). Let σ ∈ Irrψ(H) and π =

IndGH σ. Then, σ is essentially square-integrable if and only if π is essentially square-

integrable. In this case, the formal degree d
(L∩Z(G))\H
σ is the restriction of the formal

degree d
(L∩Z(G))\G
π .

Proof. By assumption, the subcategories Mψg (H), g ∈ Γ of M(H) are pairwise

disjoint. If τ ∈ Mψ(H), then by (3.1) we have IndGH(τ ) ∈ Mψ(G) and

(ResGH IndGH τ )(ψ) � τ.

Let π ∈ Mψ(G) and τ = ResGH π. Relation (3.3) follows from the assumption on ψ.

Moreover, it is easy to see that the morphism π → IndGH τ (ψ) corresponding
under (2.2b) to the projection τ → τ (ψ) is an isomorphism. (Up to a scalar, its
inverse is the map corresponding to the embedding τ (ψ) ↪→ τ under (2.2c).)

Finally, for any σ ∈ M(H) we can realize any matrix coefficient of σ (extended

by 0 outside H) as a matrix coefficient of IndGH σ. The last part follows. �

In the opposite extreme we have the following result.
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Lemma 3.4. Assume that G = HL with L ≤ Z(G). Let ψ be a character of L∩H.
Then,

(1) For any extension χ of ψ to L, the restriction functor ResGH defines an
isomorphism (and in particular, an equivalence) of categories

Mχ(G) → Mψ(H).

Thus, every τ ∈ Mψ(H) admits a unique extension τ [χ] to a locally-χ
representation of G (on the same space of τ). Moreover,

(3.4) (τ [χ])∨ = τ∨[χ−1].

(2) If χ′ is another character of L extending ψ, then

τ [χ′] = τ [χ] · μ
where μ = χ′χ−1 (viewed as a character of Γ � L/(L ∩H)).

(3) For any τ ∈ Mψ(H) we have a natural isomorphism

(3.5) IndGH τ � ⊕χτ [χ]

where χ ranges over the extensions of ψ to L (whose number is [G : H]).
(4) Suppose that L is cocompact in Z(G). Let τ ∈ Irrψ(H). Then, τ is essen-

tially square-integrable if and only if τ [χ] is essentially square-integrable, in

which case d
(H∩L)\H
τ = d

L\G
τ [χ] under the isomorphism L\G � (H ∩ L)\H.

Proof. We construct the inverse

Mψ(H) → Mχ(G).

For any vector space V and a non-zero integer k, the map T �→ T k is a bijection
on the set of linear operators on V such that T−idV is locally nilpotent. Its inverse,
denoted T �→ T 1/k, is given by the Taylor series of x1/k around 1. Thus,

T 1/kv =

∞∑
n=0

( 1
k

n

)
(T − idV )

nv, v ∈ V,

where only finitely many terms are non-zero for any v.
By assumption, Γ � L/(H ∩ L). Let (τ, V ) ∈ Mψ(H). We extend τ to G by

setting

(3.6) τ [χ](a) = χ(a)(ψ(ad)−1τ (ad))1/d, a ∈ L,

where d �= 0 is such that ad ∈ H. It is easy to see that τ [χ] is well defined and it
is the unique extension of τ to a locally-χ representation of G. Moreover, for any
τ, τ ′ ∈ Mψ(H) we have

HomG(τ [χ], τ
′[χ]) = HomH(τ, τ ′).

Relation (3.4) is clear. This proves part 1. Part 2 is clear.
Let π be a representation of G. Since H is normal in G and Γ is abelian, we

have
IndGH(π|H) � ⊕μπ · μ,

where μ ranges over the characters of Γ. (This follows from (2.2d) by taking τ to be
the identity one-dimensional representation.) It follows that if τ ∈ Mψ(H), then

the decomposition of IndGH τ according to (2.3b) (with respect to B = H ∩L ⊂ A =
L) is given by

IndGH τ � ⊕χτ [χ]
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where χ ranges over the extensions of ψ to a character of L. This proves part 3.
Finally, part 4 is straightforward. �

Remark 3.5. Lemmas 3.3 and 3.4 are dual in some sense. In Lemma 3.3, the
induction restricts to an equivalence of categories once we fix ψ and the restriction
is given as a direct sum. In Lemma 3.4, the roles of induction and restriction are
interchanged.

3.2. Groups of Heisenberg type. Consider now the following situation. Let N
be an �-group and let A be a finite cyclic subgroup of Z(N). We will say that the
pair (N,A) (or simply N itself) is of Heisenberg type if [N,N ] ⊂ A and the group
X = N/Z(N) is finite.

Lemma 3.6. Suppose that (N,A) is of Heisenberg type. Then,

(1) The group X = N/Z(N) is abelian.
(2) The commutator induces a bimultiplicative, alternate and non-degenerate

pairing

[·, ·] : X ×X → A

and hence a group isomorphism

ι : X → Hom(X,A) � PD(X), x �→ [x, ·],

where PD(X) is the Pontryagin dual of X.

Moreover, let L be a subgroup of N containing Z(N). Then,

(3) The image of L/Z(N) under ι is Hom(N/ZN (L), A), i.e., the annihilator
of ZN (L)/Z(N) in PD(X). In particular,

[L : Z(N)] = [N : ZN (L)]

and

(3.7) ZN (ZN (L)) = L.

(4) Suppose that there exists a character χ of L such that χ|A is faithful. Then,
Nχ = ZN (L). In particular, L is abelian.

(5) Suppose that L is abelian and let χ be a character of L such that χ|A is
faithful. Then, N/ZN (L) acts simply transitively (under conjugation) on
the set of characters of L that extend χ|Z(N). Moreover, the following
conditions are equivalent.
(a) [L : Z(N)] = [N : L].
(b) ZN (L) = L.
(c) L is a maximal abelian subgroup of N .
(d) The homomorphism L/Z(N) → Hom(N/L,A), x �→ [x, ·] is an iso-

morphism.
(6) Let ψ be a character of Z(N) such that ψ|A is faithful. Suppose that L is

a maximal abelian subgroup of N and χ is an extension of ψ to L. Then,
the functor

Mψ(Z(N)) → Mψ(N), τ �→ IndNL τ [χ]

is an equivalence of categories.
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Proof. This is elementary.
For part 2, observe that since ι is (clearly) injective, the order of every element

of X divides the order of A. Hence, by choosing an embedding of A in C∗, we may
identify Hom(X,A) with PD(X). Since X is finite, ι is surjective.

For part 5, observe that the character χxχ−1 = χ([x, ·]), where x ∈ N/ZN (L),
ranges over the characters of L/Z(N).

Part 6 follows by combining Lemma 3.4 for Z(G) ≤ L and Lemma 3.3 for L ≤ N
– the latter is applicable since Nχ = L.

The rest of the statements are straightforward. �
Suppose that (N,A) is of Heisenberg type. We call a subgroup L of N satisfying

the conditions of Lemma 3.6 part 5 a Lagrangian subgroup of N .
Note that a Lagrangian subgroup of N exists and [N : Z(N)] is a perfect square.

Remark 3.7. The last part of Lemma 3.6 is a version of the classical Stone–von-
Nuemann theorem. Note that the functor depends on the choice of L and χ although
its domain and codomain do not.

Note that if N is finite, then the forgetful functor from Mψ(Z(N)) to the cat-
egory of vector spaces (i.e., representations of the trivial group) is an isomorphism
of categories.

3.3. Special pairs. Suppose that G is an �-group and A is a finite cyclic group.
By an A-covering of G we mean a central topological extension of G by A, i.e.

a short exact sequence of topological groups1

1 → A → G
p−→ G → 1

where A is central in G. This automatically implies that G is an �-group and there
exists an open subgroup of G that splits.2

By general theory, the isomorphism classes of A-coverings of G are classified by
the second cohomology group H2(G,A) defined in terms of Borel cochains. (See
[32] for more details.)3

For the rest of the section we assume that G is an A-covering of G. By our
convention, if H is a subgroup of G, we will denote by H the preimage of H under
p. We say that a character χ of H is genuine if its restriction to A is faithful.

We would like to enhance the discussion of §3.2 to more general groups.

Definition 3.8. Let H be a finite index normal subgroup of G. We say that H is
special if there exists a subgroup N of Z(G) such that N ≤ ZG(H) and

(3.8) ZG(H ∩N) = NH.

In this case, we will also say that the pair (H,N) is special.

For instance, if (N,A) is a Heisenberg pair, then (Z(N), N) is a special pair in
N .

Note that in general, N is not uniquely determined by H, but given H there
exists Nmax such that N ≤ Nmax for any N such that (H,N) is special (see below).

As we will soon see, if H is special, then the representation theories of G and H
are essentially the same (Proposition 3.10).

1In particular, p is continuous and open.
2Indeed, since p is continuous, open and its fibers are finite of constant size, it is easy to see

that p is a topological covering map. Therefore, G is an �-space, and hence an �-group.
3By the above, in the case at hand we can use locally constant cochains instead.
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We start with some basic properties of special pairs.

Lemma 3.9. Suppose that (H,N) is a special pair and N ′ is a subgroup of N .
Then,

(1) H ∩N = Z(H) ∩ Z(N).
(2) The group N (or more precisely, the pair (N,A)) is of Heisenberg type. In

particular, N/Z(N) is a finite abelian group whose order is a perfect square.
(3) Let Nmax = Zp−1(Z(G))(H). Then, N ≤ Nmax and (H,N ′′) is special for

any N ≤ N ′′ ≤ Nmax.
(4) The commutator defines a non-degenerate bimultiplicative pairing

G/ZG(N
′)×N ′/ZN ′(G) → A.

Consequently, the groups G/ZG(N
′) and N ′/ZN ′(G) are finite abelian

groups of exponent dividing |A|, which are in Pontryagin duality.
(5) If N ′ ⊃ N ∩H, then

(3.9a) ZG(N
′) = ZN (N ′)H.

In particular (denoting the Pontryagin dual of a group X by PD(X)),

ZG(Z(N)) = NH,(3.9b)

ZG(N) = Z(N)H,(3.9c)

PD(G/Z(N)H) � N/ZN (G),(3.9d)

PD(G/NH) � Z(N)/ZN (G)

� (N ∩H)/ZN∩H(G).
(3.9e)

Thus,

Z(N) = ZN (G)(N ∩H),(3.9f)

ZG(N) = ZN (G)H,(3.9g)

Z(G) = ZN (G)ZH(G).(3.9h)

(6) Suppose that N ′ contains A and that there exists a genuine character χ of
N ′. Then, Gχ = ZG(N

′). In particular, N ′ is abelian. Denote by ψ the
restriction of χ to ZN ′(G). Then, the G-orbit of χ consists of the characters
of N ′ that extend ψ. Moreover,

(3.10) Mχ(G) = Mψ(G).

(7) Suppose that τ ∈ Mψ(H), where ψ is a genuine character of H ∩N . Then,

(3.11) Gτ = HN.

(8) Let G′ be a subgroup of G containing H (resp., N). Then,

(3.12) (H,N ∩G′) (resp., (H ∩G′, N)) is a special pair in G′.

Proof. Parts 1 and 2 are clear. Note that N/Z(N) � NH/Z(N)H is finite.
Clearly, N ≤ Nmax. On the other hand, if N ′′ ≥ N then N ′′ satisfies (3.8) while

if N ′′ ≤ Nmax then N ′′ centralizes H and p(N ′′) is central in G. Part 3 follows.
Part 4 is also straightforward. Note that G/ZG(N

′) is finite since H ≤ ZG(N
′).

Relation (3.9a) holds since H ≤ ZG(N
′) ≤ ZG(N ∩H) = NH; (3.9d) and (3.9e)

follow from part 4, (3.9b), (3.9c) and (3.8); (3.9f) follows from (3.9e); (3.9g) follows
from (3.9c) and (3.9f); (3.9h) follows from (3.9g).
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Part 6 follows from the fact that [N,G] ⊂ A and the character χgχ−1 = χ([g, ·]),
where g ∈ G/ZG(N

′), ranges over all characters ofN ′/ZN ′(G), because of the group
isomorphism

G/ZG(N
′) → Hom(N ′/ZN ′(G), A), g �→ [g, ·].

For (3.10) we use (2.3b).
Part 7 follows from the fact that Gψ = NH.
Part 8 is straightforward. �

3.4. Lagrangian induction. Assume that H is a special group in G. The main
result of this section is to relate the representation theories of G and H.

Given two subgroups H1, H2 of G, we say that characters χi of Hi, for i = 1, 2
are consistent if they agree on the intersection H1 ∩ H2. In the case where H1

commutes with H2, this condition implies that the character χ1χ2 of the group
H1H2 is well defined (and extends both χi).

Proposition 3.10. Assume that (H,N) is a special pair in G with [N : Z(N)] =
d2, d ≥ 0. Let χ and ψ be consistent genuine characters of N ∩Z(G) = ZN (G) and
N ∩H and denote by ϕ their common restriction to ZN∩H(G). Then,

(1) There is an equivalence of categories (“Lagrangian induction”)

(3.13) LIG,χ
H,ψ = LIG,χ

H,ψ,N : Mψ(H) → Mχ(G).

Up to natural equivalence, this functor does not depend on additional choices.
(2) For any τ ∈ Mψ(H) we have a natural isomorphism

IndGH τ � d · ⊕χ′LIG,χ′

H,ψ τ,

where χ′ ranges over the characters of N ∩ Z(G) that are consistent with
ψ (the number of which is [ZN (G) : ZN∩H(G)] = [Z(N) : N ∩H]).

(3) For any π ∈ Mχ(G) we have a natural isomorphism,

ResGH π � d · ⊕ψ′LRG,χ
H,ψ′π,

where ψ′ ranges over the characters of N∩H that are consistent with χ (the

number of which is [N ∩ H : ZN∩H(G)] = [Z(N) : ZN (G)]) and LRG,χ
H,ψ′

(“Lagrangian restriction”) is an inverse to LIG,χ
H,ψ′ .

(4) We have (LIG,χ
H,ψτ )

∨ = LIG,χ−1

H,ψ−1τ
∨ for any τ ∈ Mψ(H).

(5) LIG,χ
H,ψg (τ g) � LIG,χ

H,ψτ for any τ ∈ Mψ(H) and g ∈ G. Thus, for any

π ∈ Irrχ(G), the equivalence classes of LRG,χ
H,ψ′(π), where ψ′ ranges over

the characters of N ∩H that extend ϕ (i.e., are consistent with χ), form a
G/NH-orbit in Irrϕ(H) under conjugation.

(6) For any character ω of G we have

(3.14) LIG,χω|ZN (G)

H,ψω|H (τ · ω|H) � (LIG,χ
H,ψτ ) · ω

for any τ ∈ Mψ(H). In particular, if ω is trivial on HZ(N) = HZN (G),
then

(LIG,χ
H,ψ(τ )) · ω � LIG,χ

H,ψ(τ ).

Thus, for any π ∈ Mχ(G), up to isomorphism π · ω depends only on the
restriction of ω to HZ(N).



1052 EYAL KAPLAN, EREZ LAPID, AND JIANDI ZOU

(7) Suppose that Γ = G/H is abelian. Then, for any τ ∈ Irrψ(H), the equiv-

alence classes of LIG,χ′

H,ψ (τ ), where χ′ ranges over the characters of ZN (G)

that extend ϕ (i.e., are consistent with ψ), form a PD(Γ)-orbit in Irrϕ(G)
under twisting.

(8) Suppose that Γ is abelian. Then, we have a natural bijection between the Γ-
orbits in Irrϕ(H) under conjugation and the PD(Γ)-orbits in Irrϕ(G) under
twisting.

(9) Suppose that N ∩ H is cocompact in Z(H) and let τ ∈ Irrψ(H) and π =

LIG,χ
H,ψ,N τ . Then, π is essentially square-integrable if and only if τ is es-

sentially square-integrable. In this case,

(3.15a) d(H∩N)\H
τ = d−1 · p∗(dZN (G)\G

π |ZN (G)\NH)

where p∗ is the pushforward of measures with respect to the projection p :
ZN (G)\NH → N\NH � (H∩N)\H and | denotes restriction of measures.
Equivalently,

(3.15b)

dZH∩N (G)\H
τ = ([N : N ∩H][ZN (G) : ZN∩H(G)])

1
2 · dZN∩H (G)\G

π |ZH∩N (G)\H .

Proof. The functor LIG,χ
H,ψ is defined using a choice of a Lagrangian subgroup L of N

and a character θ of L that extends the character χψ of Z(N) = (N∩Z(G))(N∩H).
Note that by Lemma 3.9 part 1, we have L ∩ H = N ∩ H = Z(N) ∩ H and

Z(LH) ⊃ L. By Lemma 3.4, we have an equivalence (and in fact, an isomorphism)
of categories

Mψ(H) → Mθ(LH), τ �→ τ [θ].

On the other hand, since θ is genuine, Gθ = ZG(L) = ZN (L)H = LH by Lemma
3.9 part 6 and (3.9a) since L is Lagrangian. Therefore, by Lemma 3.3 and (3.10)
we have an equivalence of categories

IndGLH : Mθ(LH) → Mθ(G) = Mχψ(G) = Mχ(G).

The sought-after functor is the composition of the two equivalences above:

LIG,χ
H,ψτ = IndGLH τ [θ].

Recall that by Lemma 3.6 part 5, N acts transitively (by conjugation) on the set
of characters of L extending χψ. Since

IndGLH τ [θ] � IndGLH(τ [θ])g = IndGLH τ [θg], g ∈ N

we infer that up to a natural equivalence, LIG,χ
H,ψ is independent of the choice of θ.

To show independence of L, suppose that L′ is another Lagrangian subgroup of
N and θ′ is a character of L′ extending χψ. By the above, we may assume without
loss of generality that θ′ is consistent with θ. In this case, τ [θ](γ) = τ [θ′](γ) for
every γ ∈ L ∩ L′, and

TL,L′ : IndGLH τ [θ] → IndGL′H τ [θ′], f �→
(
g �→

∑
γ∈(L∩L′)\L′

τ [θ′](γ)−1(f(γg))
)
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defines an intertwining operator. Moreover, it is clear from Definition (3.6) that
the operators τ [θ](γ), γ ∈ L and τ [θ′](γ′), γ′ ∈ L′ pairwise commute. Therefore,

TL′,L ◦ TL,L′f(g) =
∑

γ′∈(L∩L′)\L′

τ [θ′](γ′)−1
∑

γ∈(L∩L′)\L
τ [θ](γ)−1f(γ′γg)

=
∑

γ′∈(L∩L′)\L′

τ [θ′](γ′)−1
∑

γ∈(L∩L′)\L
ψ([γ, γ′])−1f(γ′g) = #((L ∩ L′)\L)f(g).

Thus, up to natural equivalence, LIG,χ
H,ψ is independent of the choice of L.

Finally, using (3.5),

IndGH τ = IndGLH IndLH
H τ = ⊕χ′ IndGLH τ [χ′]

where χ′ ranges over the characters of L extending ψ. As we have already noted,
up to isomorphism IndGLH τ [χ′] depends only on the restriction of χ′ to Z(N). Part
2 follows since d = [L : Z(N)].

Part 3 is similar: an inverse LRG,χ
H,N is given by ResLH

H (ResGLH π)(θ).

Part 4 is clear from (2.2a), (3.4) and the construction.
The first statement of part 5 is straightforward. The other statement follows

from Lemma 3.9 part 6.
Relation (3.14) is straightforward and it implies the rest of part 6. Part 7 follows

from part 6 and the fact that every character of ZN (G)/ZN∩H(G) can be extended
to a character of Γ (since Γ is abelian by assumption).

Part 8 follows from parts 5 and 7.
Before proving part 9 we make a straightforward remark. Suppose that we have

a commutative triangle of �-groups

H1 H2

G

p′
p

with [H2 : H1] < ∞. Then, for a Haar measure dh2 on H2 we have

(3.16a) p′∗(dh2|H1
) = [H2 : H1]

−1 · p∗(dh2) = [Ker p : Ker p′]−1 · p∗(dh2).

Dually, suppose that we have a commutative triangle of �-groups

G1 G2

H

q

with finite Ker q. Then, for a Haar measure dg1 on G1 we have

(3.16b) (q∗(dg1))|H= (#Ker q) · dg1|H .

Suppose now that N ∩ H is cocompact in Z(H) and let τ ∈ Irrψ(H) and π =

LIG,χ
H,ψ,Nτ . Note that ZN (G) is cocompact in Z(G) since by (3.9h), ZN (G)\Z(G) �

ZN∩H(G)\ZH(G) is a closed subgroup of (N ∩ H)\Z(H). Therefore, by Lemma
3.3 and Lemma 3.4 part 4 the essential square-integrability of τ , τ [θ] and π are

equivalent. Moreover, in this case d
L\HL
τ [θ] = d

(L∩H)\H
τ under the isomorphism
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L\HL � (L ∩ H)\H = (N ∩ H)\H while d
ZL(G)\HL
τ [θ] = d

ZL(G)\G
π |ZL(G)\HL. Note

that ZL(G) = ZN (G). Applying Relation (3.16a) to

HL/ZN (G) HN/ZN (G)

HN/N = HL/L

p′
p

we obtain (3.15a) since [HN : HL] = [N : L] = d. In order to deduce (3.15b),
consider the commutative diagram

G/ZN∩H(G) G/ZN (G)

H/ZN∩H(G) HN/ZN (G)

H/(N ∩H) = HN/N

q

p′′
p

Using (3.16a) and (3.16b), for any Haar measure dg on G/ZN∩H(G) we have

p∗((q∗(dg))|HN/ZN (G)) = [HN : ZN (G)H] · p′′∗((q∗(dg))|H/ZN∩H(G))

= [N : Z(N)] · p′′∗((q∗(dg))|H/ZN∩H(G))

= [N : Z(N)][ZN (G) : ZH∩N (G)] · p′′∗(dg|H/ZH∩N (G)).

Note that

d2 = [N : Z(N)] = [N : ZN (G)(H ∩N)] =
[N : N ∩H]

[ZN (G)(N ∩H) : N ∩H]

=
[N : N ∩H]

[ZN (G) : ZN∩H(G)]
.

Relation (3.15b) therefore follows from (3.15a). The proof of the proposition is
complete. �

Remark 3.11. Let Γ′ = ZN (G)/ZN∩H(G) = ZN (G)H/H ≤ Γ. Suppose that Γ is
abelian, so that the restriction map PD(Γ) → PD(Γ′) is surjective. Let π be a
genuine irreducible representation of G and ω ∈ PD(Γ). Then, up to isomorphism
the twist of π by ω depends only on the restriction of ω to Γ′. Thus, we will use
the notation π · ω for ω ∈ PD(Γ′). The PD(Γ)-orbit of π in Irr(G) coincides with
its PD(Γ′)-orbit.

Remark 3.12. As was pointed out above, up to natural equivalence the functor

LIG,χ
H,ψ does not depend on the choice of a pair (L, θ) consisting of a Lagrangian

subgroup L of N and a character θ of L extending χψ. Although it will not be
consequential for the purpose of this paper, it would be desirable to have a canonical
functor. A natural way to do that would be to define for any two pairs (Li, θi),
where i = 1, 2 as above (possibly with additional data) a functorial isomorphism

T
(L2,θ2)
(L1,θ1)

: IndGL1H τ [θ1] → IndGL2H τ [θ2], τ ∈ Mψ(H)

such that for any three pairs (Li, θi), where i = 1, 2, 3 we have

T
(L3,θ3)
(L1,θ1)

= T
(L3,θ3)
(L2,θ2)

◦ T (L2,θ2)
(L1,θ1)

.
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A closely related problem was considered in [16] (and the references therein), al-
though the setup of [ibid.] unfortunately excludes groups with non-abelian 2-part.

3.5. Compatibility. Lemma 3.13 is elementary.

Lemma 3.13. Let D be an abelian �-group. Let A1, A2, B1, B2 be subgroups of D
such that

A2 ≤ A1, B2 ≤ B1, D = A1B2 = A2B1, A1 ∩B2 = A2 ∩B1(= A2 ∩B2).

Let ψ2 and χ2 be consistent characters of A2 and B2. Denote by X (resp., Y ) the
set of extensions of ψ2 (resp., χ2) to a character of A1 (resp., B1). Let Z be the
set of pairs (ψ1, χ1) ∈ X × Y of consistent characters. Then,

(1) The set Z is in bijection with the set of extensions of χ2ψ2 to a character
of D.

(2) The set Z is the graph of a bijection between X and Y .

We continue to assume that G is an A-covering of G. We have the following
compatibility result.

Lemma 3.14. Suppose that (H,N1) and (H,N2) are two special pairs in G such
that N2 ≤ N1. Then,

(1) N1H = N2H, so that N1 = (N1 ∩H)N2.
(2) Z(N1) = (N2 ∩ Z(G))(N1 ∩H) = (N1 ∩ Z(G))(N2 ∩H).
(3) ZN1

(G) = ZN2
(G)ZH∩N1

(G).
(4) Let ψ1 and χ1 be consistent genuine characters of N1 ∩H and N1 ∩Z(G).

Let ψ2 (resp., χ2) be the restriction of ψ1 (resp., χ1) to N2 ∩ H (resp.,

N2 ∩ Z(G)). Then, LIG,χ1

H,ψ1,N1
is the restriction of LIG,χ2

H,ψ2,N2
to Mψ1

(H).

(5) Let ψ2 and χ2 be consistent genuine characters of N2 ∩H and N2 ∩Z(G).
Denote by X (resp., Y ) the set of extensions of ψ2 (resp., χ2) to a character
of N1 ∩H (resp., N1 ∩ Z(G)). Then, the set Z of pairs (ψ1, χ1) ∈ X × Y
of consistent characters (which is in bijection with the set of extensions of
χ2ψ2 to a character of Z(N1)) is the graph of a bijection between X and
Y . Moreover, under the decompositions

Mψ2
(H) = ⊕ψ1∈XMψ1

(H), Mχ2
(G) = ⊕χ1∈Y Mχ1

(G),

(cf. (2.3b)) we have

LIG,χ2

H,ψ2,N2
= ⊕(ψ1,χ1)∈ZLIG,χ1

H,ψ1,N1
: ⊕ψ1∈XMψ1

(H) → ⊕χ1∈Y Mχ1
(G).

Remark 3.15. It follows from Lemma 3.14, together with Lemma 3.9 part 3, that

for any special pair (H,N), we can recover LIG,χ
H,ψ,N from LIG,χ′

H,ψ′,Nmax
as we vary

over the consistent characters ψ′ and χ′ of Nmax ∩H and Z(G) extending ψ and χ.

For this reason, we often suppress the subgroup N from the notation LIG,χ
H,ψ,N . (In

any case, the subgroups N ∩H and N ∩ Z(G), and consequently NH and Z(N),
are recovered from the domains of ψ and χ.)

Proof. First note that using (3.9f),

Z(N2) = (N2 ∩H)ZN2
(G) ≤ (N1 ∩H)ZN1

(G) = Z(N1).

Also, since N1 ≤ ZG(H ∩N2) = N2H, we have N1 = N2(N1 ∩H). Together with
(3.9f) (for N2) it follows that

Z(N1) = Z(N2)(N1 ∩H) = (N2 ∩ Z(G))(N1 ∩H).
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By (3.9e) we also have

(N1 ∩H)/ZN1∩H(G) � (N2 ∩H)/ZN2∩H(G)

since HN1 = HN2. Hence, N1 ∩H ≤ (N2 ∩ H)(N1 ∩ Z(G)). Part 2 follows once
again from (3.9f) (applied to N1).

Part 3 follows from the relation Z(G) = ZN2
(G)ZH(G) (3.9h).

Let L2 be a Lagrangian subgroup of N2 and let L1 be a Lagrangian subgroup of
N1 containing L2. By (3.9a) we have

L1 ≤ ZG(L2) = ZN2
(L2)H = L2H.

Hence, HL1 = HL2.
Let χ1 and ψ1 be consistent characters of N1 ∩ Z(G) and N1 ∩H. Let θ1 be a

character of L1 extending the character χ1ψ1 of Z(N1). Let θ2 be the restriction
of θ1 to L2. Then, for any τ ∈ Mψ1

(H) we have

τ [θ1] = τ [θ2]

as representations of HL1 = HL2. Part 4 now follows from the definition of LI.
Part 5 follows from Lemma 3.13 together with parts 2 and 4. �

Next, we study the relation between different special subgroups.

Lemma 3.16. Let (H1, N1), (H2, N2) be two special pairs in G. Assume that
H1 ≤ H2 and N2 ≤ N1.

Let N ′
1 = N1 ∩H2, N

′
1,2 = N ′

1N2, N
′′
1 = ZN1

(H2) = N1 ∩Z(H2), N
′′
1,2 = N ′′

1 N2.
Then,

(1) The groups N ′
1 and N2 commute and their intersection is N2∩H2 = Z(N ′

1)∩
Z(N2).

(2) (H1, N
′
1) is a special pair in H2 with H1 ∩ N ′

1 = H1 ∩ N1 and Z(N ′
1) =

N ′′
1 (N1 ∩H1).

(3) (H2, N
′′
1,2) is a special pair in G with

(3.17a) H2 ∩N ′′
1,2 = N ′′

1 = Z(H2) ∩N ′
1 = ZN ′′

1
(G)(N2 ∩H2) = ZN ′

1
(G)(N2 ∩H2)

and

(3.17b) ZN ′′
1,2

(G) = ZN1
(G) = ZN2

(G)ZN ′
1
(G).

(4) N ′
1,2 is coisotropic in N1, i.e., ZN1

(N ′
1,2) = Z(N ′

1,2). Moreover,

(3.17c) Z(N ′
1,2) = Z(N ′

1)Z(N2) = Z(N1)(N2 ∩H2).

(5) Let χ1 and ψ1 be consistent genuine characters of ZN1
(G) and N1 ∩ H1.

Let ψ2 be a character of N2 ∩H2 that is consistent with the character χ1ψ1

of Z(N1) = ZN1
(G)(N1 ∩ H1). Let χ′

1 be the restriction of χ1 to ZN ′
1
(G)

and let η be the character χ′
1ψ2 of N ′′

1 . Then, we have a natural equivalence
of functors

LIG,χ1

H1,ψ1,N1
= LIG,χ1

H2,η,N ′′
1,2

◦ LIH2,η
H1,ψ1,N ′

1
: Mψ1

(H1) → Mχ1
(G)

Moreover, LIG,χ1

H2,η,N ′′
1,2

is the restriction of LIG,χ2

H2,ψ2,N2
to Mη(H2), where

χ2 is the restriction of χ1 to ZN2
(G).
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(6) Suppose that ZN ′
1
(G) ≤ H1. Then, ZN2∩H2

(N1) = N2 ∩ H1. Therefore,
if ψi are consistent genuine characters of Hi ∩ Ni, where i = 1, 2 and χ1

is a character of ZN1
(G) that is consistent with ψ1, then ψ2 is consistent

with χ1ψ1. Moreover, in this case the character η above is the restriction
of ψ1ψ2 to N ′′

1 = ZN ′
1
(G)(N2 ∩H2) ≤ (N1 ∩H1)(N2 ∩H2).

Proof. Part 1 is clear.
Part 2 follows from (3.12) and (3.9f).
Clearly, N ′′

1,2 ≤ ZG(H2) and p(N ′′
1,2) ≤ Z(G) since N ′′

1,2 ≤ N1. Also,

ZG(H2 ∩N ′′
1,2) ≤ ZG(N2 ∩H2) = N2H2 = N ′′

1,2H2.

Thus, (H2, N
′′
1,2) is special.

The first equality in (3.17a) holds since N ′′
1 ≤ H2 and H2 ∩ N2 ≤ N ′′

1 . The
second equality is trivial.

Applying Lemma 3.9 part 4 (with respect to (H,N) = (H1, N1) and N ′ = N ′′
1 )

we have
N ′′

1 /ZN ′′
1
(G) � PD(G/ZG(N

′′
1 )).

Clearly, N2H2 ≤ ZG(N
′′
1 ). On the other hand, since N ′′

1 ⊃ N2 ∩ H2, we have
ZG(N

′′
1 ) ≤ N2H2. Thus, ZG(N

′′
1 ) = N2H2. Using (3.9e) (with respect to (H,N) =

(H2, N2)) we conclude that

N ′′
1 /ZN ′′

1
(G) � (N2 ∩H2)/ZN2∩H2

(G).

Thus, N ′′
1 = ZN ′′

1
(G)(N2 ∩ H2). Finally, ZN ′′

1
(G) = ZN ′

1
(G). This concludes the

proof of (3.17a).
To show (3.17b), recall that Z(G) = ZN2

(G)ZH2
(G) by (3.9h). Hence,

ZN1
(G) = ZN2

(G)ZN1∩H2
(G) ≤ N ′′

1,2.

This concludes the proof of part 3.
The first statement in part 4 holds since

ZN1
(N ′

1,2) ≤ ZN1
(H2 ∩N2) = N1 ∩ ZG(H2 ∩N2) = N1 ∩N2H2 = N ′

1,2.

The first equality in (3.17c) holds since N ′
1 and N2 commute. Clearly, N2 ∩H2 ≤

Z(N2) ≤ Z(N ′
1,2) and Z(N1) ≤ Z(N ′

1,2) by the above. Conversely, Z(N2) =
ZN2

(G)(N2 ∩H2) ≤ Z(N1)(N2 ∩H2) and by part 2 and (3.17a),

Z(N ′
1) = N ′′

1 (N1 ∩H1) = ZN ′
1
(G)(N2 ∩H2)(N1 ∩H1) ≤ Z(N1)(N2 ∩H2).

Part 4 follows.
Let L′

1 be a Lagrangian subgroup of N ′
1 and let L2 be a Lagrangian subgroup

of N2. (In particular, both L′
1 and L2 contain N2 ∩ H2.) Then, L1 = L′

1L2 is a
Lagrangian subgroup of N ′

1,2, and hence of N1 since N ′
1,2 is coisotropic. (Indeed, if

L is a Lagrangian subgroup of N1 containing L1, then

L ≤ ZN1
(L1) ≤ ZN1

(Z(N ′
1,2)) = ZN1

(ZN1
(N ′

1,2)) = N ′
1,2

by (3.7). Hence, L = L1.) Note that H1L1 ≤ H2L2 and

L1 ∩H2 = L′
1L2 ∩H2 = L′

1(L2 ∩H2) = L′
1.

Also, L1 ⊃ Z(N ′
1,2).

Let χ = (χ1ψ1) · ψ2 be the character of Z(N ′
1,2) = Z(N1)(N2 ∩ H2) and let θ1

be an extension of χ to a character of L1. For any τ ∈ Mψ1
(H1) consider

IndGH1L1
τ [θ1] = IndGH2L2

IndH2L2

H1L1
τ [θ1].
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We claim that
IndH2L2

H1L1
τ [θ1] =

(
IndH2

H1L′
1
τ [θ′1]

)
[θ2]

where θ′1 (resp., θ2) is the restriction of θ1 to L′
1 (resp., L2). Indeed, it is enough

to note that
ResH2L2

H2
IndH2L2

H1L1
τ [θ1] = IndH2

H1L′
1
τ [θ′1]

since H2L1 = H2L2 and

H2 ∩H1L1 = H1(L1 ∩H2) = H1L
′
1.

It follows that
LIG,χ2

H2,ψ2,N2
LIH2,η

H1,ψ1,N ′
1
τ = LIG,χ1

H1,ψ1,N1
τ.

(Note that N1 ∩H1 = N ′
1 ∩H1.) Part 5 follows now from Lemma 3.14.

Finally, note that N2 ∩H1 ≤ N2 ∩H2 ∩ Z(N1). Conversely,

N2 ∩H2 ∩ Z(N1) = N2 ∩H2 ∩ ZN1
(G)(N1 ∩H1) = N2 ∩ (N1 ∩H1)ZN ′

1
(G)

which by our assumption is contained in N2 ∩H1. Part 6 follows. �
3.6. Well-matched covering groups. As before, suppose that A is a finite cyclic
group and G is an �-group.

We would like to compare, under suitable conditions, the representation theories
of two A-coverings of G.

Definition 3.17. Let
pi : Gi → G, where i = 1, 2

be two A-coverings of G. We say that G1 and G2 are well matched if Gi admits a
special pair (Hi, Ni) for i = 1, 2, such that the following conditions hold.

(1) p1(H1)=p2(H2), p1(N1)=p2(N2) and p1(ZH1∩N1
(G))=p2(ZH2∩N2

(G)).
(2) H1 and H2 are isomorphic as covering groups.

In this case we will also say that the pairs (Hi, Ni) are well matched.

Assume that (Hi, Ni) are well-matched special pairs in Gi, where i = 1, 2. We
will writeH = pi(Hi) andN = pi(Ni) and Γ = G/H � Gi/Hi. Fix an isomorphism
of covering groups

(3.18) ιH2

H1
: H1 → H2.

This isomorphism induces a natural equivalence of categories

(3.19) IH2

H1
: M(H1) → M(H2).

Definition 3.18.

(1) Let B be a subgroup of H . Let Bi = p−1
i (B), where i = 1, 2, so that

ιH2

H1
(B1) = B2. We say that characters θi of Bi are congruous if θ1 = θ2◦ιH2

H1
.

(2) Let χi be genuine characters of ZNi
(Gi), where i = 1, 2. We say that χ1

and χ2 are compatible if their restrictions to ZHi∩Ni
(Gi) are congruous.

Proposition 3.19. Suppose that (Hi, Ni) are well-matched special pairs for Gi,
where i = 1, 2. Let χi be compatible genuine characters of ZNi

(Gi), for i = 1, 2.
Then, we have an equivalence of categories

F
G2,H2,χ2

G1,H1,χ1
: Mχ1

(G1) → Mχ2
(G2).

It satisfies

(FG2,H2,χ2

G1,H1,χ1
τ )∨ � F

G2,H2,χ
−1
2

G1,H1,χ
−1
1

τ∨, τ ∈ Mχ1
(G1)
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and for any character ω of G

(FG2,H2,χ2

G1,H1,χ1
τ ) · ω = F

G2,H2,χ2ω2

G1,H1,χ1ω1
(τ · ω)

where ωi is the restriction of ω ◦ pi to ZNi
(G).

Suppose that Γ is abelian. Let ϕi be congruous characters of ZHi∩Ni
(G), for

i = 1, 2. Then, we have a bijection between the sets of PD(Γ)-orbits under twisting
in Irrϕi

(Gi), for i = 1, 2.

Proof. Let X be the set of pairs (ψ1, ψ2) of congruous characters of Hi ∩Ni such
that ψi and χi are consistent for i = 1, 2. The set X is non-empty by the condition
on χi. In fact, X is the graph of a bijection between the sets of characters of Hi∩Ni

that are consistent with χi, for i = 1, 2. By Lemma 3.9 part 6 and (3.8), X is an
orbit of G/NH under diagonal action by conjugation.

Fixing (ψ1, ψ2) ∈ X we define

(3.20) F
G2,H2,χ2

G1,H1,χ1
= LIG2,χ2

H2,ψ2
◦ IH2,ψ2

H1,ψ1
◦ LRG1,χ1

H1,ψ1

where IH2,ψ2

H1,ψ1
: Mψ1

(H1) → Mψ2
(H2) is the restriction of the functor IH2

H1
in (3.19)

to Mψ1
(H1), which also induces an equivalence of categories. In other words, we

have a commutative diagram of equivalences of categories

Mχ1
(G1) Mχ2

(G2)

Mψ1
(H1) Mψ2

(H2).

LRG1,χ1
H1,ψ1

F
G2,H2,χ2
G1,H1,χ1

LRG2,χ2
H2,ψ2

I
H2,ψ2
H1,ψ1

Using Proposition 3.10 part 5, the functor F
G2,H2,χ2

G1,H1,χ1
is independent of the choice

of ψi.

The claimed properties of FG2,H2,χ2

G1,H1,χ1
follow directly from the corresponding prop-

erties of LIGi,χi

Hi,ψi
(Proposition 3.10). �

As before, we analyze the effect of Ni in the construction.

Lemma 3.20. Suppose that (Hi, Ni) and (H ′
i, N

′
i) are two well-matched special

pairs for Gi, where i = 1, 2. Assume that

(1) Hi ≤ H ′
i and N ′

i ≤ Ni, for i = 1, 2.

(2) The isomorphism ιH2

H1
of (3.18) is the restriction of ι

H′
2

H′
1
.

(3) ZNi∩H′
i
(Gi) ≤ Hi, for i = 1, 2.

Let χi be compatible genuine characters of ZNi
(Gi), for i = 1, 2. Let χ′

i be the re-
striction of χi to ZN ′

i
(Gi). Then, χ

′
i are compatible genuine characters of ZN ′

i
(Gi),

for i = 1, 2, and F
G2,H2,χ2

G1,H1,χ1
is the restriction of F

G2,H
′
2,χ

′
2

G1,H′
1,χ

′
1
to Mχ1

(G1).

Proof. The characters χ′
i are compatible since ZN ′

i∩H′
i
(Gi) ≤ ZNi∩Hi

(Gi) by as-
sumption.

Let ψi, for i = 1, 2 be congruous characters of Hi ∩Ni such that ψi and χi are
consistent. Then, by (3.20)

F
G2,H2,χ2

G1,H1,χ1
◦ LIG1,χ1

H1,ψ1,N1
= LIG2,χ2

H2,ψ2,N2
◦ IH2,ψ2

H1,ψ1
.

Let ψ′
1 be a character of H ′

1∩N ′
1 that is consistent with ψ1. Let ψ

′
2 be the character

of H ′
2 ∩N ′

2 that is congruous to ψ′
1. Then, ψ

′
2 is consistent with ψ2. Let ηi be the
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character ψi|ZNi∩H′
i
(Gi)ψ

′
i of ZNi∩H′

i
(Gi)(N

′
i∩H ′

i) = Z(H ′
i)∩Ni (see (3.17a)). Then,

by Lemma 3.16 parts 5 and 6,

LIGi,χi

Hi,ψi,Ni
= LIGi,χ

′
i

H′
i,ψ

′
i,N

′
i
|Mηi

(H′
i)
◦LIH′

i,ηi

Hi,ψi,Ni∩H′
i
, for i = 1, 2.

Using the commutative diagram

Mψ1
(H1) Mψ2

(H2)

Mη1
(H ′

1) Mη2
(H ′

2)

LIH′
1,η1

H1,ψ1

I
H2,ψ2
H1,ψ1

LIH′
2,η2

H2,ψ2I
H′

2,η2

H′
1,η1

it follows that

F
G2,H2,χ2

G1,H1,χ1
◦ LIG1,χ

′
1

H′
1,ψ

′
1,N

′
1
|Mη1

(H′
1)
= LIG2,χ

′
2

H′
2,ψ

′
2,N

′
2
|Mη2

(H′
2)
◦IH

′
2,η2

H′
1,η1

.

On the other hand, ψ′
i is consistent with χ′

i and therefore, again by (3.20)

F
G2,H

′
2,χ

′
2

G1,H′
1,χ

′
1
◦ LIG1,χ

′
1

H′
1,ψ

′
1,N

′
1
= LIG2,χ

′
2

H′
2,ψ

′
2,N

′
2
◦ IH

′
2,ψ

′
2

H′
1,ψ

′
1
.

The lemma follows. �

Finally, we address the transitivity of this construction.

Corollary 3.21. Let
pi : Gi → G, where i = 1, 2, 3

be three A-coverings of G. Let H ≤ H ′ and N ′ ≤ N be four subgroups of G. Let
Hi, H

′
i, Ni, N

′
i be the inverse images of H,H ′, N,N ′ under pi in Gi, for i = 1, 2, 3.

Assume that

(1) For 1 ≤ i < j ≤ 3, (Hi, Ni) and (Hj , Nj) are well-matched special pairs for
Gi and Gj.

(2) (H ′
2, N

′
2) and (H ′

3, N
′
3) are well-matched special pairs for G2 and G3.

(3) ιH3

H1
= ιH3

H2
◦ ιH2

H1
.

(4) ιH3

H2
is the restriction of ι

H′
3

H′
2
.

(5) ZNi∩H′
i
(Gi) ≤ Hi, for i = 2, 3.

Let χi be a genuine character of ZNi
(G), for i = 1, 2, 3 such that χi and χj are

compatible for i < j. Let χ′
i be the restriction of χi to ZN ′

i
(G), for i = 2, 3. Then,

F
G3,H3,χ3

G1,H1,χ1
= F

G3,H
′
3,χ

′
3

G2,H′
2,χ

′
2
|Mχ2

(G2)◦F
G2,H2,χ2

G1,H1,χ1
.

Proof. Indeed, by Lemma 3.20, it is enough to check that

F
G3,H3,χ3

G1,H1,χ1
= F

G3,H3,χ3

G2,H2,χ2
◦ FG2,H2,χ2

G1,H1,χ1
.

This is immediate from Definition (3.20). �

4. Metaplectic tensor product

For the rest of the paper, let F be a non-archimedean locally compact field of
residue characteristic p. The �-groups that will be considered henceforth are the
F -points of reductive groups over F (in the p-adic topology) as well as central
extensions thereof.

As pointed out in [23] and other sources, the basic ingredients of the represen-
tation theory of p-adic groups continue to hold for covering groups (see also [18]).
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Let F× be the multiplicative group of F , oF the ring of integers of F and |·| = |·|F
the normalized absolute value on F .

Throughout, we fix a positive integer n ≥ 1. We assume that the cyclic group
μn := μn(F ) of the nth roots of unity in F× is of order n. In particular, if char(F ) =
p, then p � n. We write F×n for the finite-index open subgroup {xn | x ∈ F×}
of n-powers in F×. For a, b ∈ F× we write a ≡n b if a/b ∈ F×n. We denote by
Xn(F

×) the finite group of characters χ of F× such that χn = 1, i.e., the characters
that factor through F×/F×n.

Denote by

(·, ·)n : F× × F× → μn

the nth order Hilbert symbol (see [40, XIII.§5]). It is a bimultiplicative, antisym-
metric pairing that descends to a non-degenerate pairing on F×/F×n × F×/F×n.

Moreover, for any integer k and x ∈ F× we have

(x, yk)n = 1 for all y ∈ F× ⇐⇒ xk ≡n 1.

Dually, we have
(4.1)

(x, y)n = 1 for all y ∈ F× such that yk ≡n 1 ⇐⇒ ∃z ∈ F× such that x ≡n zk.

Note that if p � n, then (x, y)n = 1 for every y ∈ o
×
F if and only if x ∈ o

×
FF

×n.

4.1. Kazhdan-Patterson covering groups. In this subsection, we recall the def-
inition and properties of Kazhdan–Patterson covering groups following [19] and [3].

Let r be a positive integer. We write Gr := GLr(F ) and

Zr = Z(Gr) = {λIr | λ ∈ F×},

the center of Gr. Let ν be the character |det ·|F of Gr.
We will consider μn-coverings of Gr. Recall that they are given by elements of

H2(Gr, μn). The basic example is the Hilbert symbol which defines a 2-cocycle on
F×. A 2-cocycle for a split simple simply connected p-adic group was considered
by Matsumoto in [24]. (See also [26, §11-12] for the special linear group.) In the
case at hand the Steinberg symbol is (·, ·)−1

n (cf. [3]). Specializing to SLr+1(F ), let
σ(0) be the pullback of this 2-cocycle to Gr via the embedding

Gr → SLr+1(F ), g �→ diag(det(g)−1, g).

More generally, for any c ∈ Z/nZ let σ(c) be the product of σ(0) with the pullback
of (·, ·)c via det, i.e.

σ(c)(g1, g2) = σ(0)(g1, g2) · (det(g1), det(g2))cn, g1, g2 ∈ Gr.

These 2-cocycles were considered by Kazhdan and Patterson in [19] and explicated
in [3]. We denote by Gr the corresponding nth fold cover of Gr. Note that the
cohomology classes in H2(Gr, μn) for different c’s in Z/nZ may coincide.

From now on we fix c ∈ Z and write c′ = 2c+ 1.
As a rule, for a subgroup H of Gr, we often denote its inverse image p−1(H) in

Gr simply by H.
The commutator [·, ·] : Gr ×Gr → Gr factors through Gr ×Gr. We denote by

[·, ·]∼ : Gr ×Gr → Gr
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the resulting map. (It should not be confused with the commutator in Gr itself.)
Note that if g1 and g2 commute in Gr, then

(4.2) [g1, g2]∼ = σ(c)(g1, g2)σ
(c)(g2, g1)

−1 ∈ μn.

Likewise, the conjugation action of Gr on itself factors through Gr. Thus, we
sometimes write xy for x ∈ Gr and y ∈ Gr.

Let β = (r1, . . . , rk) be a composition of r, i.e., r1, . . . , rk are positive integers
such that r1+ · · ·+rk = r. Let Gβ be the standard Levi subgroup of Gr isomorphic
to Gr1

× · · · × Grk
via the block diagonal embedding. We call Gβ the Kazhdan-

Patterson covering group of Gβ (with respect to n and c). Of course, when k = 1
and β = (r) we have Gβ = Gr.

We write Zβ = Z(Gβ) for the center of Gβ , isomorphic to k copies of F×. Let

Zβ,sml = {diag(λ1Ir1 , . . . , λkIrk) | λi ≡n 1 for all i},
Zβ,lrg = {diag(λ1Ir1 , . . . , λkIrk) | λri

i ≡n 1 for all i}.

Note that by our convention Zβ is p−1(Zβ), rather than Z(Gβ) (which is smaller).
We record the following basic facts.

Lemma 4.1.

(1) For r = 1 we have σ(c)(x, y) = (x, y)cn for x, y ∈ F×.
(2) ([3, Theorem 11]) The restriction of σ(c) to Gβ is given by

(4.3a)

σ(c)(diag(g1, . . . , gk), diag(g
′
1, . . . , g

′
k)) =[ k∏

i=1

σ(c)(gi, g
′
i)

]
·
[ ∏
1≤i<j≤k

(det(gi), det(g
′
j))

c+1
n · (det(gj), det(g′i))cn

]
.

In particular, for x1, . . . , xr, x
′
1, . . . , x

′
r ∈ F×, we have

σ(c)(diag(x1, . . . , xr), diag(x
′
1, . . . , x

′
r))

=

[ r∏
i=1

(xi, x
′
i)

c
n

]
·
[ ∏
1≤i<j≤r

(xi, x
′
j)

c+1
n · (xj , x

′
i)

c
n

]
.

(3) ([37, Lemma 3.9] and [9, §2.1, Lemma 1]) For z = λIr ∈ Zr and g ∈ Gr,
we have

(4.3b) [z, g]∼ = (λ, det(g))rc
′−1

n .

In particular,

(4.3c) Z(Gr) = p−1({λIr | λrc′−1 ≡n 1}).

(4) For any commuting elements g = diag(g1, . . . , gk), g
′ = diag(g′1, . . . , g

′
k) ∈

Gβ, we have

(4.3d) [g, g′]∼ =

k∏
i=1

[gi, g
′
i]∼ ·

∏
i �=j

(det(gi), det(g
′
j))

c′

n .
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(5) For z = diag(λ1Ir1 , . . . , λkIrk) ∈ Zβ and g = diag(g1, . . . , gk) ∈ Gβ, we
have

(4.3e)

[z, g]∼ =

k∏
i=1

(λi, det(gi))
ric

′−1
n ·

∏
i �=j

(λi, det(gj))
ric

′

n =

k∏
i=1

(λi, det(g)
ric

′
det(gi)

−1)n.

Thus,

(4.3f) Z(Gβ) = Z(Gr)Zβ,sml

and

(4.3g) Zβ,lrg ∩ Z(Gβ) = Zβ,sml.

Indeed, (4.3d) follows from (4.2) and (4.3a) while (4.3e) follows from (4.3b) and
(4.3d). Relation (4.3f) holds since Z(Gβ) ≤ Zβ and by (4.3e) and (4.3c)

Zβ,smlZ(Gr)≤Z(Gβ), ZZβ
(Gβ ∩ p−1(SLr(F )))=Zβ,smlZr and ZZr

(Gβ)=Z(Gr).

Finally, by (4.3f) and (4.3c), we have

Zβ,lrg ∩ Z(Gβ) = Zβ,lrg ∩ Z(Gr)Zβ,sml = Zβ,sml(Zβ,lrg ∩ Z(Gr)) = Zβ,sml.

From now on we fix a faithful character ε of μn. Let H be a subgroup of Gr

containing μn. By a genuine representation of H we will mean that μn acts by ε
(i.e., an object of Mε(H)).

For any representation π of H and a character χ of F×, we denote by πχ the
twist of π by the pullback of χ to H via det ◦p. Clearly, if π is genuine, then so is
πχ.

Definition 4.2. Two representations π, π′ ∈ Irrε(Gβ) are called weakly equivalent
if they are in the same Xn(F

×)-orbit under twisting. We denote by [π] the weak
equivalence class of π and by

Irrε,∼(Gβ)

the set of Xn(F
×)-orbits in Irrε(Gβ).

See Remark 4.4 for an equivalent definition.
Let P be a parabolic subgroup of Gr defined over F and let U be the unipotent

radical of P . Since by assumption char(F ) � n, there is a unique lifting

(4.4) sU : U → U,

i.e., a group homomorphism (necessarily continuous) such that p ◦ sU = idU . (See
[30, Appendix I]. Note that the proof in characteristic 0 works also in positive
characteristic not dividing n.) In fact, we will only use that sU is equivariant under
P -conjugation. We will identify U with its image under sU , a subgroup of U . Thus,
if M is a Levi subgroup of P , then we have a decomposition P = M � U .

Let Wr be the Weyl group of Gr, which is isomorphic to the symmetric group
on r elements. We identify Wr with the subgroup of permutation matrices of Gr.
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4.2. Metaplectic tensor product. Let β = (r1, . . . , rk) be a composition of r.
In the linear case, Gβ � Gr1

×· · ·×Grk
and there is a multiexact, multiadditive

multifunctor
M(Gr1)× · · · ×M(Grk

) → M(Gβ),

given by the tensor product. It gives rise to a bijection4

Irr(Gr1
)× · · · × Irr(Grk

) → Irr(Gβ).

On the other hand, for the covering case it is no longer true that the blocks Gri

commute in Gβ. Thus, Gβ is not isomorphic to Gβ := (Gr1 × · · · ×Grk)/Ξ where

Ξ = {(ζ1, . . . , ζk) ∈ μn × · · · × μn | ζ1ζ2 . . . ζk = 1}.
Nevertheless, as we shall see below, the representation theories of Gβ and Gβ

are essentially identical.
Let

Hr = {g ∈ Gr | det g ≡n 1},
and more generally

Hβ = {g = diag(g1, . . . , gk) ∈ Gβ | gi ∈ Hri
for all i}.

Lemma 4.3. The pair (Hβ, Zβ) is special in Gβ. Moreover, Zβ = ZGβ
(Hβ).

Proof. For simplicity, let G = Gβ, H = Hβ and N = ZG(H).

Let Gder
β � SLr1(F ) × · · · × SLrk(F ) denote the derived group of Gβ . Clearly,

ZGβ
(Hβ) = Zβ since Hβ ⊃ Gder

β and ZGβ
(Gder

β ) = Zβ . Hence,

p(N) ⊂ Zβ .

On the other hand by (4.3e), p(N) ⊃ Zβ . Hence, N = Zβ .
It remains to show (3.8). Obviously, ZG(N ∩ H) ⊃ NH. Suppose that g =

diag(g1, . . . , gk) ∈ p(ZG(N ∩ H)). By (4.3e), for every i we have (det gi, λi)n = 1
whenever λri

i ≡n 1. It follows from (4.1) that det gi ≡n νrii for some νi ∈ F×.
Therefore, g ∈ ZβHβ = p(NH).

In conclusion, (H,N) is special. The lemma follows. �

Remark 4.4. It follows from Lemma 4.3, together with Remark 3.11 that π, π′ ∈
Irrε(Gβ) are weakly equivalent if they are in the same PD(Gβ/Hβ)-orbit under
twisting. Moreover, if ω ∈ PD(Gβ/Hβ), then up to isomorphism π ·ω depends only
on the restriction of ω to the subgroup Z(Gβ)/ZHβ

(Gβ) � Z(Gr)/Zr,sml. (The last
equality follows from (4.3f) and (4.3g).)

We consider Gβ = (Gr1 × · · · ×Grk)/Ξ as a covering group of Gβ :

Gβ pβ

−−→ Gβ.

In general, for a subgroup H of Gβ, we will denote by Hβ its preimage in Gβ under

pβ. (In the case β = (r), H(r) = H.)
Recall that by (4.3a), for any s ≤ r and 0 ≤ t ≤ r− s the pullback of the cocycle

σ(c) defining Gr to Gs via x �→ diag(It, x, Ir−s−t) is independent of t. Thus, we
can identify Gri with the “ith block” of Gβ, as well as with the ith block in Gβ.
Of course, the different blocks do not commute with each other in Gβ, but only in

4In contrast, it is hopeless to classify indecomposable representations of groups as simple as
Z× Z (cf. [13]).
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Gβ. However, the images of Hri in Gβ pairwise commute by (4.3d). Thus, we get
an isomorphism of covering groups of Hβ

ιβ : Hβ → Hβ
β .

For inductive arguments, we will also need to consider the relative case. Given
two compositions γ and β of r we write γ ≺ β if Gγ ≤ Gβ, i.e., if γ is a refinement
of β. In this case we can write γ in the form (γ1, . . . , γk), where γi is a composition
of ri for each i = 1, . . . , k.

Let γ and β1 be compositions of r such that γ ≺ β1. Define

Hγ,β1
= Gγ ∩Hβ1

≤ Gβ1
.

Recall that according to our convention, for any additional composition β2 such

that β1 ≺ β2, Hβ2

γ,β1
is the inverse image under pβ2 of Hγ,β1

. As before, the

covering groups Hβ2

γ,β1
of Hγ,β1

essentially do not depend on β2. In particular, Hβ
γ,β

is naturally isomorphic to Hγ,β = H
(r)
γ,β for γ ≺ β. We will denote by

ιγ,β : Hβ
γ,β → Hγ,β

the natural isomorphism for any γ ≺ β.
As in Lemma 4.3, we have

Lemma 4.5. Let γ, β1 and β2 be compositions such that γ ≺ β1 ≺ β2. Let

Gi = Gβi
γ , Hi = Hβi

γ,β1
, Ni = Zβi

β1
, where i = 1, 2. Then, (Hi, Ni) are well-matched

special pairs in Gi, where i = 1, 2, and

Ni ∩Hi = Zβi

β1,lrg
, ZNi∩Hi

(Gi) = Zβi

β1,sml.

By Proposition 3.19 we conclude

Corollary 4.6. For any compatible genuine characters χi of ZNi
(Gi) = Z(Gβi

β1
)

we have an equivalence of categories

(4.5) T
β2,χ2

γ,β1,χ1
:= F

G2,H2,χ2

G1,H1,χ1
: Mχ1

(Gβ1
γ ) → Mχ2

(Gβ2
γ ).

In particular taking β1 = β and β2 = (r) in Corollary 4.6, we have the following
special case.

Corollary 4.7. Let γ and β be two compositions of r such that γ ≺ β. Let ωβ and
ωβ be compatible characters of Z(Gβ) = (Z(Gr1) × · · · × Z(Grk))/Ξ and Z(Gβ).
Then, we have an equivalence of categories

(4.6) T
ωβ

γ,β,ωβ : Mωβ (Gβ
γ) → Mωβ

(Gγ).

It respects the contragredient.

For β = γ, we also write T
ωβ

β,ωβ = T
ωβ

β,β,ωβ .

The following remark will be used repeatedly.

Remark 4.8. By (4.3f), given ωβ , the choice of ωβ amounts to a choice of a character
ω of Z(Gr) that is prescribed on Zr,sml. More precisely, writing ωβ = ω1 ⊗ · · · ⊗ωk

where ωi is a genuine character of Z(Gri), where i = 1, . . . , k, the condition on ω is

(4.7) (ω1|Zr1,sml
⊗ · · · ⊗ ωk|Zrk,sml

)Zr,sml
= ω|Zr,sml

.

In this case we will say that ω is a compatible character of Z(Gr) with respect to
ωβ or (ω1, . . . , ωk), or just a compatible character if ωβ is clear from the context.
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Remark 4.9. In the case k = 1 (and β = (r)), ωβ and ωβ are characters of Z(Gr)
that coincide on Z(Gr) ∩Hr = Zr,sml. We can extend ωβ(ω

β)−1 to a character ω
of the abelian group Gr/Hr. Then, T

ωβ

β,ωβ (π) � π · ω.

By abuse of notation we will also write

T
ωβ

β,ωβ : Mω1
(Gr1)× · · · ×Mωk

(Grk) → Mωβ
(Gβ)

for the multiexact, multiadditive multifunctor which is the composition of (4.6)
with the ordinary tensor product

⊗ : Mω1
(Gr1)× · · · ×Mωk

(Grk) → Mωβ (Gβ).

We caution however that the latter commutes with the contragredient only in the
admissible case. At any rate, by Proposition 3.19 and Remark 4.4, we get a bijection

Irrε,∼(Gr1)× · · · × Irrε,∼(Grk) → Irrε,∼(Gβ).

Moreover for each i and πi ∈ Mωi
(Gγi

), it is convenient to introduce

(4.8) (π1 ⊗ · · · ⊗ πk)ω := T
ωβ

γ,β,ωβ (π1, . . . , πk).

Note that for brevity we omit ωβ = ω1 ⊗ · · · ⊗ ωk from the notation since it is
encoded in the assumption on πi. We call (4.8) the metaplectic tensor product with
respect to (π1, . . . , πk;ω).

The following result is a consequence of Corollary 3.21. It essentially says that
the metaplectic tensor product is associative.

Lemma 4.10. Suppose that γ, β1, β2, β3 are compositions such that γ ≺ β1 ≺ β2 ≺
β3. Let χi be a genuine character of Z(Gβi

β1
), where i = 1, 2, 3. Assume that χi

are pairwise compatible. Let χ′
i, where i = 2, 3 be the restriction of χi to Z(Gβi

β2
).

Then, we have an equivalence of functors

T
β3,χ

′
3

γ,β2,χ′
2
|Mχ2

(G2)◦T
β2,χ2

γ,β1,χ1
= T

β3,χ3

γ,β1,χ1
.

Corollary 4.11. For i = 1, 2, 3 let γi be a composition of ri, ωi a genuine character
of Z(Gri) and πi ∈ Mωi

(Gγi
). Let ω, ω12 and ω23 be compatible characters of

Z(Gr1+r2+r3), Z(Gr1+r2) and Z(Gr2+r3) respectively. Then,

((π1 ⊗ π2)ω12
⊗ π3)ω � (π1 ⊗ π2 ⊗ π3)ω � (π1 ⊗ (π2 ⊗ π3)ω23

)ω.

Indeed, we take γ = (γ1, γ2, γ3), β1 = (r1, r2, r3), β2 = (r1 + r2, r3) (or (r1, r2 +
r3)) and β3 = (r1 + r2 + r3) in Lemma 4.10.

Remark 4.12. The choice of characters ω12 and ω23 is immaterial. Thus, to simplify
the notation we will henceforth write ((π1 ⊗ π2)⊗ π3)ω = ((π1 ⊗ π2)ω12

⊗ π3)ω and
(π1 ⊗ (π2 ⊗ π3))ω = (π1 ⊗ (π2 ⊗ π3)ω23

)ω.

Finally, suppose that β = (r1, . . . , rk) is a composition of r and ς is a permutation
of {1, . . . , k}. Let β′ be the composition (r′1, . . . , r

′
k) where r′i = rς(i), for i =

1, . . . , k. From the definition of Gβ, we have a commutative diagram

(4.9)

Gβ Gβ′

Gβ Gβ′

ς

pβ
pβ′

ς

where the horizonal arrows are permutation of the blocks of Gβ and Gβ .
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Let ωβ be a character of Z(Gβ) and let ωβ′
be the corresponding character of

Z(Gβ′
) under (4.9). Let ω be a character of Z(Gr) that is compatible with ωβ (or

equivalently, with ωβ′
) and let ωβ (resp., ωβ′) be the corresponding character of

Z(Gβ) (resp., Z(Gβ′)) (see Remark 4.8).
Let w ∈ Wr be the permutation matrix conjugating Gβ to Gβ′ (and hence Gβ

and Zβ to Gβ′ and Zβ′) such that

w diag(g1, . . . , gk) = diag(gς(1), . . . , gς(k)), ∀ diag(g1, . . . , gk) ∈ Gβ.

Consider the embedding jβ,i : Gri → Gβ in the ith block. Since p◦(wjβ,ς(i)) = p◦
jβ′,i, the embeddings wjβ,ς(i) and jβ′,i differ by a twist by a homomorphism Gri →
μn, i.e., by a character in Xn(F

×). In particular, wjβ,ς(i) and jβ′,i coincide on Hri .
Since the groups jβ,i(Hri) pairwise commute, we get a commutative diagram

Hβ
β Hβ′

β′

Hβ Hβ′ .

ιβ

ς

ιβ′

w

Let γ = (γ1, . . . , γk) be a refinement of β as before. Let γ′ = (γ′
1, . . . , γ

′
k) be

the refinement of β′ given by γ′
i = γς(i), where i = 1, . . . , k. Thus, wGγ = Gγ′ ,

wGγ = Gγ′ , ς(Gγ) = Gγ′ and ς(Gβ
γ) = Gβ′

γ′ . We have a commutative diagram

Hβ
γ,β Hβ′

γ′,β′

Hγ,β Hγ′,β′ .

ιγ,β

ς

ιγ′,β′

w

From the definitions (4.5) and (3.20), we infer

Proposition 4.13. The following diagram is commutative

Mωβ (Gβ
γ) Mωβ′ (Gβ′

γ′ )

Mωβ
(Gγ) Mωβ′ (Gγ′).

T
ωβ

γ,β,ωβ

ς

T
ω
β′

γ′,β′,ωβ′

w

5. Parabolic induction

5.1. Definition. Let β be a composition of r. As in the linear case, following
the notation of [5, §2.3], we consider (normalized) parabolic induction and Jacquet
functors

iβ = iUβ ,1
: M(Gβ) → M(Gr), rβ = rUβ ,1

: M(Gr) → M(Gβ),

defined with respect to the decomposition Pβ = Gβ � Uβ . (As usual, we identify
Uβ with a subgroup of Pβ.) Thus, iβ is the composition of the pullback M(Gβ) →
M(Pβ), twisting by mod

1
2

Uβ
and Ind

Gβ

Pβ
= ind

Gβ

Pβ
, while rβ is the Uβ-coinvariants,

twisted by mod
− 1

2

Uβ
. These functors preserve admissibility and finite length, and iβ

commutes with taking the contragredient.
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More generally, let β and γ be compositions of r with γ ≺ β. Let P γ,β =
P γ ∩Gβ, which is a standard parabolic subgroup of Gβ, and let Uγ,β = Uγ ∩Gβ be
its unipotent radical. We define the normalized parabolic induction and Jacquet
functors

iγ,β := iUγ,β ,1
: M(Gγ) → M(Gβ), rβ,γ := rUγ,β ,1

: M(Gβ) → M(Gγ)

with respect to the decomposition Pβ,γ = GγUβ,γ .
Similarly, we define

iγ,β := iU−
γ,β ,1

: M(Gγ) → M(Gβ), rβ,γ := rU−
γ,β ,1

: M(Gβ) → M(Gγ)

with respect to the opposite parabolic subgroup P−
γ,β = P−

γ ∩Gβ and its unipotent

radical U−
γ,β = U−

γ ∩Gβ.

From now on we fix a composition β = (r1, . . . , rk) of r.
Let δ and γ be compositions of r such that δ ≺ γ ≺ β. Define

iβδ,γ = iUδ,γ ,1
: M(Gβ

δ ) → M(Gβ
γ)

and similarly rβγ,δ, i
β
δ,γ and rβγ,δ.

Let ωβ = ω1⊗· · ·⊗ωk be a genuine character of Z(Gβ) and let ω be a compatible
genuine character of Z(Gr) (see (4.7)). Let ωβ be the character of Z(Gβ) that
extends ω and is compatible with ωβ .

Proposition 5.1. We have the following equivalences of functors

iδ,γ ◦ Tωβ

δ,β,ωβ = T
ωβ

γ,β,ωβ ◦ iβδ,γ : Mωβ (Gβ
δ ) → Mωβ

(Gγ),

rγ,δ ◦ Tωβ

γ,β,ωβ = T
ωβ

δ,β,ωβ ◦ rβγ,δ : Mωβ (Gβ
γ) → Mωβ

(Gδ),

iδ,γ ◦ Tωβ

δ,β,ωβ = T
ωβ

γ,β,ωβ ◦ iβδ,γ : Mωβ (Gβ
δ ) → Mωβ

(Gγ),

rγ,δ ◦ Tωβ

γ,β,ωβ = T
ωβ

δ,β,ωβ ◦ rβγ,δ : Mωβ (Gβ
γ) → Mωβ

(Gδ).

Proof. Recall the subgroups Hδ,β , Hγ,β of Gγ and the subgroups Hβ
δ,β , H

β
γ,β of Gβ

γ

introduced in §4.2.
By Lemma 4.5, (Hδ,β , Zβ) and (Hβ

δ,β , Z
β
β ) are well-matched special pairs in Gδ

and Gβ
δ . Similarly, when replacing δ by γ. Let ψ1 be a character of Zβ ∩ Hδ,β =

Zβ∩Hγ,β = Zβ,lrg that is consistent with ωβ . Let ψ2 be the character of Z
β
β ∩H

β
δ,β =

Zβ
β ∩Hβ

γ,β = Z lrg
β that is congruous to ψ1 with respect to ιβ.

Consider the diagram

Mωβ (Gβ
δ ) Mψ2

(Hβ
δ,β) Mψ1

(Hδ,β) Mωβ
(Gδ)

Mωβ (Gβ
γ) Mψ2

(Hβ
γ,β) Mψ1

(Hγ,β) Mωβ
(Gγ).

LR
G

β
δ
,ωβ

H
β
δ,β

,ψ2

iβδ,γ

ιδ,β

iUδ,γ

LI
Gδ,ωβ
Hδ,β,ψ1

iUδ,γ iδ,γ
LRG

β
γ ,ωβ

H
β
γ,β

,ψ2 ιγ,β
LI

Gγ,ωβ
Hγ,β,ψ1

The square on the right is commutative by transitivity of induction. Similarly for
the square on the left, since LR∗ is the inverse of LI∗. The middle square is
clearly commutative. Hence, the whole diagram is commutative. This proves the
first stated equivalence of functors. The other ones are proved similarly. �
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5.2. Bernstein–Zelevinsky product. As before, fix a composition β=(r1, . . . , rk)

of r. Let πi ∈ Mωi
(Gri) where ωi is a genuine character of Z(Gi) for each i =

1, . . . , k, and let ω be a genuine compatible character of Z(Gr).
We define the Bernstein–Zelevinsky product by

(π1 × π2 × · · · × πk)ω := iβ((π1 ⊗ π2 ⊗ · · · ⊗ πk)ω).

As in the linear case, it enjoys the following properties, which will be used below
freely.

Proposition 5.2.

(1) The multifunctor

(×k
i=1)ω : Mω1

(Gr1)× · · · ×Mωk
(Grk) → Mω(Gr)

is multiexact and multiadditive.
(2) If the πi’s are admissible, then

(5.1) (π1 × · · · × πk)
∨
ω � (π∨

1 × · · · × π∨
k )ω−1 .

(3) We have
(5.2)
(πk×πk−1×· · ·×π1)ω � iw0(β)(

w0(π1⊗π2⊗· · ·⊗πk)ω) � iβ((π1⊗π2⊗· · ·⊗πk)ω),

where w0 ∈ Wr ⊂ Gr denotes the longest element and w0(β) :=
(rk, rk−1, . . . , r1).

(4) Let k = 3. Then,

(5.3) (π1 × π2 × π3)ω � ((π1 × π2)× π3)ω � (π1 × (π2 × π3))ω,

where (π1×π2) and (π2×π3) denote the corresponding Bernstein-Zelevinsky
products by omitting the subscript of characters.

(5) (cf. [6, Lemma 5.4.(iii)]) For any π ∈ Mfl
ω(Gβ) we have JH(iβ(π)) =

JH(iβ(π)).
In particular, if (π1 × π2)ω is irreducible, then (π1 × π2)ω � (π2 × π1)ω.

(6) Let π ∈ Mω(Gr) and πi ∈ Mωi
(Gri), where i = 1, . . . , k. Then,

(5.4a) HomGr
(π, (π1 × π2 × · · · × πk)ω) � HomGβ

(rβ(π), (π1 ⊗ π2 ⊗ · · · ⊗ πk)ω).

If π and the πi’s are admissible, then

(5.4b) HomGr
((πk ×πk−1× · · ·×π1)ω, π) � HomGβ

((π1⊗π2⊗ · · ·⊗πk)ω, rβ(π)).

Proof. Part 1 follows from the multiexactness and multiadditivity of the metaplectic
tensor product, together with the exactness of iβ .

Part 2 follows from the corresponding properties of iβ , the metaplectic tensor
product and the ordinary tensor product.

For part 3, the first isomorphism in (5.2) follows from Proposition 4.13 while the
second one follows from the fact that P−

β = w0Pw0(β).

Relation (5.3) follows from Corollary 4.11, Proposition 5.1 and transitivity of
parabolic induction.

Part 5 is proved as in [6, Lemma 5.4.(iii)]. The proof relies on the Langlands
classification, which in the covering case is proved in [1, 2].

Part 6 follows from Frobenius reciprocity and Casselman’s pairing. �
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Remark 5.3. In fact, Relation (5.4b) holds without the admissibility assumption.
In other words, Bernstein’s second adjointness holds in the covering case as well,
essentially with the same proof. However, this is unnecessary for the purpose of
this paper.

5.3. An irreducibility criterion. Let β = (r1, . . . , rk) be a composition of r and
let γ be a refinement of β. The following result is proved as in the linear case.

Lemma 5.4 (cf. [29, Lemme 2.5]). Let π ∈ Mfl
ε (Gβ) and σ ∈ Irrε(Gγ). Suppose

that the following conditions are satisfied.

(1) π is a subrepresentation of iγ,β(σ) and a quotient of iγ,β(σ).
(2) σ occurs with multiplicity one in JH(rβ,γ(iγ,β(σ))).

Then, π is irreducible.

Corollary 5.5. Let π ∈ Mfl
ε (Gr) and σi ∈ Irrε(Gri) for each i = 1, . . . , k. Suppose

that

(1) π is a subrepresentation of (σ1×· · ·×σk)ω and a quotient of (σk×· · ·×σ1)ω.
(2) (σ1 ⊗ · · · ⊗ σk)ω occurs with multiplicity one in JH(rβ((σ1 × · · · × σk)ω)).

Then, π is irreducible.

5.4. Cuspidal support. Let β = (r1, . . . , rk) be a composition of r and let π ∈
Mε(Gβ). Recall that by definition, π is cuspidal if all its matrix coefficients are com-
pactly supported modulo the center, or equivalently all its proper Jacquet modules
are trivial. If π ∈ Irrε(Gβ), this is equivalent to π not occurring as a subrepre-
sentation of a proper parabolic induction. Note that if π = (π1 ⊗ · · · ⊗ πk)ω with
πi ∈ Irrε(Gri) for i = 1, . . . , k and ω a compatible character of Z(Gr), then π is
cuspidal if and only if each πi is cuspidal.

A cuspidal pair of Gr consists of a standard Levi subgroup Gβ of Gr and an
irreducible cuspidal representation ρ of Gβ. Two cuspidal pairs (Gβ, ρ) and (Gβ′ , ρ′)
are called associated if there exists w ∈ Wr such that wGβw

−1 = Gβ′ and wρ � ρ′.
As in the linear case we have (cf. [5, §2])

Proposition 5.6. Let π ∈ Irrε(Gr). Then, there exists a cuspidal pair (Gβ, ρ)
of Gβ, unique up to association, such that π is a subrepresentation of iβ,(r)(ρ).
Moreover, the following are equivalent.

(1) (Gβ, ρ) and (Gβ′ , ρ′) are associated.
(2) JH(iβ,(r)(ρ)) = JH(iβ′,(r)(ρ

′)).
(3) JH(iβ,(r)(ρ)) ∩ JH(iβ′,(r)(ρ

′)) �= ∅.
(4) HomGr

(iβ,(r)(ρ), iβ′,(r)(ρ
′)) �= 0.

Let (Gβ, ρ) be a cuspidal pair. Write ρ = (ρ1 ⊗ · · · ⊗ ρk)ω with ω a compatible
character of Z(Gr). Then, ρi is an irreducible cuspidal representation ofGri for each
i. Thus, the set of associated classes of cuspidal pairs (Gβ , ρ) corresponds bijectively
to the set of pairs ([ρ1] + · · ·+ [ρk], ω) where [ρ1] + · · ·+ [ρk] is a multiset of weak
equivalence classes of irreducible cuspidal representations and ω is a compatible
character of Z(Gr) with respect to ([ρ1], . . . , [ρk]). (The latter makes sense since
the notion of compatibility depends only on the weak equivalence classes of the
ρi’s.) We denote by

Cusp(π) = ([ρ1] + · · ·+ [ρk], ω)
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the cuspidal support of π. Sometimes it is convenient to omit ω. In this spirit we
denote by

WCusp(π) = [ρ1] + · · ·+ [ρk]

the weak cuspidal support of π. It depends only on the weak equivalence class of π.
Therefore, we also write WCusp([π]).

We view the set of multisets of weak equivalence classes of irreducible cuspidal
representations as an ordered monoid.

5.5. Geometric lemma. Let β = (r1, . . . , rk) and γ = (s1, . . . , sl) be two compo-
sitions of r. (Unlike before, we do not assume that γ is a refinement of β.) By defi-
nition, β∩γ is the maximal common refinement of β and γ, so that Gβ∩γ = Gβ∩Gγ .

Let ti = r1+ · · ·+ri, where i = 1, . . . , k and uj = s1+ · · ·+sj , where j = 1, . . . , l.
Define

W β,γ = {w ∈ Wr | w(i) < w(i+ 1) for all i /∈ {t1, t2, . . . , tk−1};
w−1(j) < w−1(j + 1) for all j /∈ {u1, u2, . . . , ul−1}}.

The geometric lemma of Bernstein–Zelevinsky takes the following form in the case
at hand.

Proposition 5.7 ([5, Theorem 5.2]). The functor r(r),γ ◦ iβ,(r) : Mε(Gβ) →
Mε(Gγ) is glued from the functors iw(β)∩γ,γ ◦ w ◦ rβ,β∩w−1(γ), where w ranges

over W β,γ .
In particular, iβ∩γ,γ(rβ,β∩γ(π)) is a quotient of r(r),γ(iβ,(r)(π)) for π ∈ Mε(Gβ).

As usual, it is possible to give a “coordinate version” of the geometric lemma
(or more precisely, after semisimplification) – cf. [41, §1.6]. For instance, as in
[27, Proposition 2.1 and Corollaire 2.2] we can conclude the following.

Lemma 5.8. Let π = (π1 ⊗ · · · ⊗ πk)ω ∈ Irrε(Gβ). Assume that for every i =
1, . . . , k, every composition βi = (bi1, bi2) of ri with at most two blocks, and every
irreducible subquotient σ = (σ1 ⊗ σ2)ωi

of r(ri),βi
(πi), we have

WCusp(σ2) �
∑

i<j≤k

WCusp(πj).

Then, π occurs with multiplicity one in JH(r(r),β(iβ,(r)(π))). Moreover, iβ,(r)(π)

(resp., iβ,(r)(π)) has a unique irreducible subrepresentation (resp., quotient) and it

occurs with multiplicity one in JH(iβ,(r)(π)) = JH(iβ,(r)(π)).

By Corollary 5.5, we infer

Corollary 5.9. Let π ∈ Mfl
ε (Gr) and σi ∈ Irrε(Gri), where i = 1, . . . , k. Assume

that

(1) π is a subrepresentation of (σ1×· · ·×σk)ω and a quotient of (σk×· · ·×σ1)ω.
(2) WCusp(σi) ∩WCusp(σj) = ∅ for 1 ≤ i < j ≤ k.

Then, π is irreducible.

6. An analogue of a result of Olshanski

In this section we will prove the fundamental irreducibility result for parabolic
induction from irreducible cuspidal representations in the corank one case, following
Olshanski [33] and Bernstein–Zelevinsky [41] in the linear case. The main ingredient
is the analysis of intertwining operators.
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6.1. Computation of the residue of the intertwining operator. Consider
the composition β = (r, r) of 2r. Let G = G2r, P = Pβ , M = Gβ � Gr ×Gr and
U = Uβ . As usual, p : G → G is the Kazhdan-Patterson covering group of G and
P , M , U are the corresponding inverse images in G.

Let (π, V ) be a genuine admissible representation of M . Define

IP (π, s) = iβ(π · (νs/2 ⊗ ν−s/2)), s ∈ C

where ν is the character |det| ◦ p of Gr.
The normalizer NG(M) of M in G contains M as an index two subgroup. Fix

w ∈ NG(M)−M and consider the intertwining operator

M(w, s) : IP (π, s) → IP (π
w,−s).

It is defined for �s � 0 by

M(w, s)f(g) =

∫
U

f(wug) du

and admits a meromorphic continuation to a rational function in q−s [23, Théorème
2.4.1]. (As usual, we view U as a subgroup of U via the canonical lifting sU (see
(4.4)).) Moreover, if π is tempered, then the integral above converges for �s > 0.

Let Irrε(M)w be the set of π ∈ Irrε(M) such that πw � π.
Fix a genuine character ω of Z(Gr). Let ωβ be the character ω ⊗ ω of Z(Gβ)

and fix a character ωβ of Z(M) compatible with ωβ .

Remark 6.1. By Proposition 4.13, the map

τ �→ T
ωβ

β,ωβ (τ ⊗ τ )

is a bijection between Irrω(Gr) and Irrωβ
(M)w, preserving cuspidality, square-

irreducibility and temperedness.

The following is an analogue of a result of Olshanski in the linear case [33].5 It
will be proved in §6.3.

Theorem 6.2. Let ρ ∈ Irrsqrω (Gr) and π = T
ωβ

β,ωβ (ρ ⊗ ρ). Then, the intertwining

operator M(w, s) (which is holomorphic for �s > 0) has a simple pole at s = 0.
Moreover, let

(6.1) M∗(w) = lim
s→0

(1− q−rns)M(w, s)

where the Haar measure on U defining M(w, s) depends on the formal degree of ρ
(see below). Let T : πw → π be an intertwining operator (uniquely determined up
to a sign) such that T 2 = π(w−2). Then, we have

(6.2) IP (T, 0)M
∗(w) = ±[Z(Gr) : Zr,sml]

− 1
2 · idIP (π,0) .

The Haar measure on U defining M(w, s) is specified as follows. We take the
usual Haar measure on F× such that vol(o×) = 1 and its pushforward to Zr,sml

via λ �→ λnIr. Together with the formal degree d
Zr,sml\Gr
ρ of ρ, which is a Haar

measure on Zr,sml\Gr � Zr,sml\Gr, this determines a Haar measure dx on Gr. In

turn, we obtain a Haar measure |detx|r dx on the space of r × r-matrices over F ,
which we identify with U in the usual way.

5In fact, Olshanski considered inner forms of GL as well.
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Remark 6.3. The set Irrε(M)w and the validity of Theorem 6.2 do not depend on
the choice of w ∈ NG(M)−M .

6.2. θ-integrable representations. Consider the following situation. Let G be a
unimodular �-group and let θ : G → G be a measure preserving automorphism of �-
groups. Let Gθ be the fixed point subgroup of θ and assume that Gθ is unimodular
as well. We are also given a central, θ-stable subgroup B of G.

For any representation (π, V ) of G, let θ(π) be the representation on V given by

θ(π)(g) = π(θ(g)), g ∈ G.

In particular, if θ(g) = xg for some x ∈ G, then θ(π) = πx.

Definition 6.4. We say that π is θ-integrable if the following conditions hold.

(1) π is admissible (but not necessarily irreducible).
(2) π has a central character, which is θ-invariant.
(3) The integral

(6.3)

∫
BGθ\G

〈θ(π)(g)v, π∨(g)v∨〉 dg

converges for all v ∈ V , v∨ ∈ V ∨.

Assume that π is θ-integrable. Then, (6.3) defines a G-invariant pairing for the
representation θ(π)⊗ π∨. Thus, we can write it as

〈
Sθ
πv, v

∨〉, where Sθ
π : θ(π) → π

is an intertwining operator that depends on the choice of an invariant measure on
BGθ\G. If we want to emphasize it, we will write Sθ,dg

π . Note that in principle Sθ
π

could be trivial even if θ(π) � π.
Clearly, if τ is a subrepresentation of π, then τ is θ-integrable and Sθ

τ is the
restriction of Sθ

π to τ .

Example 6.5. Suppose that G = H ×H, θ : G → G is the involution θ(h1, h2) =
(h2, h1) and B = A×A where A is a cocompact subgroup of Z(H). Let π = σ⊗ σ
where σ is an irreducible representation ofH. Then, π is θ-integrable if and only if σ
is essentially square-integrable, in which case, by the Schur orthogonality relations
(2.1)

Sθ,dA\H
σ

π (v1 ⊗ v2) = v2 ⊗ v1

where we recall that d
A\H
σ is the formal degree of σ and we identify A\H with

BGθ\G.

Assume that θ is an involution. Then, π is θ-integrable if and only if θ(π) is
θ-integrable, in which case Sθ

θ(π) = Sθ
π. More generally, we have the following.

Lemma 6.6. Suppose that there exist elements x, y ∈ G such that θ−1(g) = θ(g)x

for all g ∈ G and x = θ(y)−1y. Then,

(1) y normalizes Gθ.

(2) Suppose that π is θ-integrable. Then, θ(π) is θ−1-integrable and Sθ−1

θ(π) =

c−1Sθ
π ◦ π(x) where c = modGθ (y).
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Proof. The first part is straightforward. Making a change of variables we get〈
Sθ
π ◦ π(x)v, v∨

〉
=

∫
BGθ\G

〈π(θ(g)x)v, π∨(g)v∨〉 dg

=

∫
BGθ\G

〈
π(xθ−1(g))v, π∨(g)v∨

〉
dg =

∫
BGθ\G

〈π(xg)v, π∨(θ(g))v∨〉 dg

=

∫
BGθ\G

〈π(yg)v, π∨(θ(yg))v∨〉 dg = c

∫
BGθ\G

〈π(g)v, π∨(θ(g))v∨〉 dg

= c

∫
BGθ\G

〈π(g)v, (θ(π))∨(g)v∨〉 dg = c
〈
Sθ−1

θ(π)v, v
∨
〉
.

The lemma follows. �

For Proposition 6.7, let H be a normal, θ-stable subgroup of G of finite index and
let θH be the restriction of θ to H. Assume that H contains B. Let Γ = H\G and
Γθ = H\HGθ � Hθ\Gθ. (Hopefully, this notation will not create ambiguity. We
will not consider the automorphism on Γ induced by θ and its fixed point subgroup
which contains Γθ.) For any representation τ of H let

Γθ
τ = {x ∈ Γ | θ(τx) � τx}.

This is a (possibly empty) right H\HGθZG(H)-invariant subset of Γ.

Proposition 6.7. Let τ be an admissible irreducible representation of H. Assume
that τγ is θH-integrable for every γ ∈ Γ. Then, π is θ-integrable. Assume that

(6.4a) Γθ
τ = H\HGθZG(H)

(and in particular, τ is θ-invariant), and that

(6.4b) H ∩GθZG(H) = HθZ(H).

Let Ω be the (finite) set of cosets ZG(H)/Z(H)ZGθ (H).6 Let Π = IndGH τ . Then,

(6.4c) Sθ
Πϕ(g) =

∑
x∈Ω

SθH
τ ϕ(xθ(x)−1θ(g))

provided that the invariant measure on BHθ\H is the restriction of the invariant
measure on BGθ\G.

Moreover, assume that θH(τγ) is θ−1
H -integrable for every γ ∈ Γ,

(6.4d) {z ∈ ZG(H) | zθ(z)−1 ∈ Z(ZG(H))} = Z(H)ZGθ (H),

and there exists a finite cyclic subgroup A of B such that

(6.4e) ZG(H)/A is abelian and ωτ |A is faithful.

Then, θ(Π) is θ−1-integrable and

(6.4f) Sθ
ΠSθ−1

θ(Π) = #Ω · IndGH(SθH
τ Sθ−1

H

θH(τ)).

Proof. We will write the standard pairing on Π×Π∨ as 〈〈·, ·〉〉, in order to distinguish
it from the standard pairing on τ ⊗ τ∨.

6In fact, by (6.4b) we have Ω = ZG(H)/ZHGθ (H).
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Since H is normal,
(6.5)∫

BGθ\G
〈〈Π(θ(g))ϕ,Π∨(g)ϕ∨〉〉 dg =

∑
γ∈Γθ\Γ

∫
BHθ\H

〈〈Π(θ(hγ))ϕ,Π∨(hγ)ϕ∨〉〉 dh.

Identify Π∨ with IndGH τ∨ via the pairing

〈〈ϕ, ϕ∨〉〉 =
∑
γ∈Γ

〈ϕ(γ), ϕ∨(γ)〉 .

Consider ∫
BHθ\H

〈〈Π(θ(h))ϕ,Π∨(h)ϕ∨〉〉 dh.

It can be written as

(6.6)

∫
BHθ\H

∑
γ∈Γ

〈ϕ(γθ(h)), ϕ∨(γh)〉 dh

=

∫
BHθ\H

∑
γ∈Γ

〈τγ(θ(h))ϕ(γ), (τγ)∨(h)ϕ∨(γ)〉 dh

=
∑
γ∈Γ

∫
BHθ\H

〈τγ(θ(h))ϕ(γ), (τγ)∨(h)ϕ∨(γ)〉 dh.

The convergence of the left-hand side of (6.5) follows from the convergence of the
right-hand side of (6.6). This implies the first part of the proposition.

In order to prove (6.4c), it suffices to show that
(6.7)∑
γ∈Γ

∫
BHθ\H

〈τγ(θ(h))ϕ(γ), (τγ)∨(h)ϕ∨(γ)〉 dh =
∑
x∈Ω

∑
γ∈Γθ

〈
SθH
τ ϕ(xθ(γ)), ϕ∨(xγ)

〉
.

Note that the right-hand side makes sense.
Since τ is irreducible, the integral over h on the left-hand side of (6.7) will be

non-zero only if γ ∈ Γθ
τ . By assumption, this occurs only if γ ∈ H\HGθZG(H).

Thus, we obtain (using (6.4b))

∑
γ∈H\HGθZG(H)

∫
BHθ\H

〈τγ(θ(h))ϕ(γ), (τγ)∨(h)ϕ∨(γ)〉 dh

=
∑

γ∈HθZ(H)\GθZG(H)

∫
BHθ\H

〈τγ(θ(h))ϕ(γ), (τγ)∨(h)ϕ∨(γ)〉 dh

=
∑

γ∈HθZ(H)\GθZG(H)

∫
BHθ\H

〈τ (θ(h))ϕ(γ), τ∨(h)ϕ∨(γ)〉 dh

=
∑

γ∈HθZ(H)\GθZG(H)

〈
SθH
τ ϕ(γ), ϕ∨(γ)

〉
.
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Finally, we can write∑
γ∈HθZ(H)\GθZG(H)

〈
SθH
τ ϕ(γ), ϕ∨(γ)

〉

=
∑

γ∈ZG(H)Hθ\ZG(H)Gθ

∑
x∈Z(H)\ZG(H)

〈
SθH
τ ϕ(xγ), ϕ∨(xγ)

〉

=
∑

γ∈Z
Gθ (H)Hθ\Gθ

∑
x∈Z(H)\ZG(H)

〈
SθH
τ ϕ(xγ), ϕ∨(xγ)

〉

=
∑

γ∈Z
Gθ (H)Hθ\Gθ

∑
x∈Ω

∑
x′∈Z(H)θ\Z

Gθ (H)

〈
SθH
τ ϕ(xx′γ), ϕ∨(xx′γ)

〉

=
∑
x∈Ω

∑
γ∈Hθ\Gθ

〈
SθH
τ ϕ(xγ), ϕ∨(xγ)

〉
.

This implies (6.7), and hence (6.4c).
To show (6.4f), we note that Ω is an abelian group, since by assumption,

ZG(H)/A is abelian. By the previous part,

Sθ
ΠSθ−1

θ(Π)ϕ(g) =
∑

x,y∈Ω

SθH
τ Sθ−1

H

θH(τ)ϕ(xθ(x
−1y)y−1g)

=
∑
z∈Ω

∑
x,y∈Ω|x−1y=z

SθH
τ Sθ−1

H

θH(τ)ϕ(
x(θ(z)z−1)g)

=
∑
z∈Ω

∑
x,y∈Ω|x−1y=z

ωτ ([x, θ(z)z
−1])SθH

τ Sθ−1
H

θH(τ)ϕ(θ(z)z
−1g).

Since ωτ |A is faithful, the inner sum vanishes unless θ(z)z−1 ∈ Z(ZG(H)). Hence,
by (6.4d) only z = 1 contributes. We remain with

|Ω| · SθH
τ Sθ−1

H

θH(τ)ϕ(g).

The proposition follows. �

6.3. Proof of Theorem 6.2. We go to the setup of §6.1. By Remark 6.3 we may
work with w ∈ NG(M)−M of our choice.

Identify U with the space Matr of r × r-matrices over F via X �→
(
Ir X

Ir

)
.

Thus, we view sU as a group embedding ς+ : Matr → U . Similarly, we identify
the unipotent radical U− of the parabolic subgroup opposite to P with Matr via
X �→

(
Ir
X Ir

)
and consider sU− as a group embedding ς− : Matr → U−. From now

on let

w = ς+(−Ir)ς−(Ir)ς+(−Ir),

so that w = p(w) =
( −Ir
Ir

)
.

Let j1 : Gr → G be the embedding in the upper left corner. Let j2(x) =
wj1(x).

Note that by (4.3b) we have

wj2(x) =
w2

j1(x) = (−1, detx)nj1(x), x ∈ Gr.

Hence, by (4.3d),

w(j1(x)j2(y)) = (−1, det y)nj2(x)j1(y)

= (−1, det y)n(detx, det y)
c′

n j1(y)j2(x), x, y ∈ Gr.
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In particular,

(6.8) w(j1(x)j2(y)) = j1(y)j2(x), x, y ∈ Hr.

Let Δ = {diag(g, g) | g ∈ Gr}.

Lemma 6.8.

(1) The centralizer of w in M is Δ.
(2) For any x ∈ Gr we have

(6.9) wς+(x) = ς+(−x−1)j2(x)j1(x)
−1ς−(x

−1).

Note that j2(x)j1(x)
−1 = [w, j1(x)] is well defined.

(3) Let J1 = diag(−Ir, Ir). Then,

(6.10) w2 = [w, J1]∼.

Proof. Clearly, the centralizer of w in M is contained in Δ, since the centralizer of
w in M is Δ. Conversely, for any x ∈ Gr and y ∈ Matr we have

j1(x)ς+(y) = ς+(xy), ς+(y)
j2(x) = ς+(yx),

j2(x)ς−(y) = ς−(xy), ς−(y)
j1(x) = ς−(yx).

Hence, from the definition of w, for any x ∈ Gr

wj1(x)j2(x) = ς+(−Ir)
j1(x)j2(x)ς−(Ir)

j1(x)j2(x)ς+(−Ir)
j1(x)j2(x)

= ς+(−Ir)ς−(Ir)ς+(−Ir) = w.

It follows that the centralizer of w contains Δ.
Moreover,

wς+(x) = wj1(x)ς+(Ir)j1(x)
−1 = j2(x)wς+(Ir)j1(x)

−1

= j2(x)ς+(−Ir)ς−(Ir)j1(x)
−1 = ς+(−x−1)j2(x)j1(x)

−1ς−(x
−1).

Finally,

J1w = J1ς+(−Ir)
J1ς−(Ir)

J1ς+(−Ir) = ς+(Ir)ς−(−Ir)ς+(Ir) = w−1.

Hence,

w2 = [w, J1]∼.

The lemma follows. �

Let π be an admissible representation of M . We compute M(w, s) on vectors in
IP (π, s) that are supported in the big cell PU−.

Fix v ∈ V and a Schwartz function Φ on Matr. Then, there is a unique vector
fs in IP (π, s) such that

(6.11) fs(ς−(x)) = Φ(x)v, x ∈ Matr .
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It follows from (6.9) that

M(w, s)fs(e) =

∫
Matr

fs(wς+(x)) dx =

∫
Gr

fs(wς+(x)) |detx|rF dx

=

∫
Gr

fs(j2(x)j1(x)
−1ς−(x

−1)) |detx|rF dx

=

∫
Gr

fs(j2(x
−1)j1(x)ς−(x)) |det x|−r

F dx

=

∫
Gr

|detx|sF Φ(x) · π(j2(x−1)j1(x))v dx.

Hence, for any v∨ ∈ π∨ we have

〈M(w, s)fs(e), v
∨〉 =

∫
Gr

|detx|sF Φ(x)
〈
π(j2(x

−1)j1(x))v, v
∨〉 dx

=

∫
Gr

|detx|sF Φ(x) 〈π(j1(x))v, π∨(j2(x))v
∨〉 dx.

Assume from now on that π has a central character, which is invariant under con-
jugation by w. Then, we can write the above as

(6.12)

∫
Zr,sml\Gr

(
|detx|sF

∫
F×

|λ|rnsF Φ(λnx) dλ
)
〈π(j1(x))v, π∨(j2(x))v

∨〉 dx.

From now on we assume that the integral∫
Zr,sml\Gr

〈π(j1(x))v, π∨(j2(x))v
∨〉 dx

converges. The inner integral in (6.12) can be written as a sum over χ ∈ Xn(F
×)

of Tate integrals with respect to Φ and χ. In particular, it is a rational function
in qs with at most a simple pole at s = 0 whose residue is Φ(0). Moreover, let
C ′ = max |Φ| and suppose that the support of Φ is contained in the ball {x ∈
Matr(F ) | ‖x‖ ≤ C} where ‖x‖ is the maximum of the absolute values of the
coordinate of x. Then, for any s > 0 and x ∈ Gr

|det x|s
∫
F×

|λ|rs |Φ(λx)| dλ ≤ C ′ |detx|s
∫
|λ|≤C‖x‖−1

|λ|rs dλ

= C ′ · (1− q−rs)−1(C |detx| ‖x‖−r)s ≤ C ′(1− q−rs)−1Cs.

In particular, the double integral (6.12) converges for �s > 0. By a lemma of Rallis
(cf. [35, Lemma 4.1]) it follows that M(w, s) is holomorphic for �s > 0 and has
at most a simple pole at s = 0. (Note that the argument of [ibid.] is valid for any
admissible representation, not necessarily irreducible.) Moreover, if M∗(w) is as in
(6.1), then we may take the residue at s = 0 in (6.12) inside the inner integral and
obtain

(6.13a) 〈M∗(w)f0(e), v
∨〉 = Φ(0) ·

∫
Zr,sml\Gr

〈π(j1(x))v, π∨(j2(x))v
∨〉 dx.

Let θ be the automorphism of M (of order two or four, depending on whether
or not −1 ≡n 1) given by θ(m) = wm. Then, by Lemma 6.8 part 1, Mθ = Δ and
hence

(6.13b) M = Mθj1(Gr).
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Therefore, we can write the integral above as
(6.13c)∫
Zβ,smlMθ\M

〈π(m)v, π∨(θ(m))v∨〉 dm =

∫
Zβ,smlMθ\M

〈
π(θ−1(m))v, π∨(m)v∨

〉
dm.

We will apply the above discussion in the following situation. Let ρ be a genuine,
irreducible, essentially square-integrable representation of Gr. Fix a character ψ
of Zβ,lrg that is consistent with ωρ. Since (Hr, Zr) is a special pair in Gr, we may

write ρ = LIGr ,ωρ

Hr,ψ,Zr
σ where σ ∈ Irrψ(Hr). Moreover, by Proposition 3.10 part 9

we have

(6.14) d
Zr,sml\Hr
σ = a · dZr,sml\Gr

ρ |Zr,sml\Hr

where a = ([Zr : Zr,lrg][Z(Gr) : Zr,sml])
1
2 .

Consider the irreducible representation σ ⊗ σ of Hβ and its extension τ = (σ ⊗
σ)[ωβ] to the group H = Z(G2r)Hβ = Z(M)Hβ (cf. Lemma 3.4). Let Rτ be the
intertwining operator (cf. (6.8))

Rτ : τw → τ, v1 ⊗ v2 �→ v2 ⊗ v1.

Let Π = IndMH τ . Consider the intertwining operator

TΠ : θ(Π) → Π, TΠϕ(g) =
∑

x∈Zβ/Zβ,lrgZθ
β

Rτϕ(xθ(x)
−1θ(g)).

Let b = #(Zβ/Zβ,lrgZ
θ
β) = [Zr : Zr,lrg]. We claim that

(6.15) IP (TΠ, 0)M∗(w) = a−1b · idIP (Π,0) .

By Rallis’s lemma, it is enough to show that

(6.16) (IP (TΠ, 0)M∗(w)f)(e) = a−1b · f(e)
for every f ∈ IP (Π, 0) supported in PU−. Note that the left-hand side is

TΠ(M∗(w)f)(e).

We take the Haar measure on U as specified following the statement of Theorem
6.2. Recall that by (6.13a) and (6.13c), taking f = f0 with fs as in (6.11) we have

(M∗(w)f)(e) = Φ(0) · Sθ−1,d
Zr,sml\Gr
ρ

θ(Π) v

in the notation of §6.2, where we identify Zβ,smlM
θ\M with Gr/Zr,sml. Note that

Π is θ-integrable and θ(Π) is θ−1-integrable by the first part of Proposition 6.7
together with Example 6.5. Thus,

(6.17) (IP (TΠ, 0)M∗(w)f)(e) = Φ(0) · TΠSθ−1,d
Zr,sml\Gr
ρ

θ(Π) v.

We will compute the right-hand side using Proposition 6.7 applied with G = M ,
B = Zβ,sml, A = μn and H, θ as above.

Lemma 6.9. Conditions (6.4a), (6.4b), (6.4d) and (6.4e) of Proposition 6.7 are
satisfied.

Proof. In order to show (6.4a), it is enough by (6.13b) to show that if x ∈ Gr and
θ(τ j1(x)) � τ j1(x), then x ∈ HrZr. Note that since θ(τ ) � τ ,

θ(τ j1(x)) � τ j1(x) ⇐⇒ τ j2(x) � τ j1(x) ⇐⇒ σx � σ.
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Applying (3.11) with respect to the special pair (Hr, Zr) of Gr we conclude that
x ∈ HrZr as required.

By Lemma 4.3, (3.9f) and (4.3f) we have

ZM (H) = Zβ and Z(Zβ) = Z(M)Zβ,lrg = Z(G2r)Zβ,lrg = Z(H).

Next, we show (6.4b). Since H = Z(G2r)Hβ and Z(G2r) ≤ Mθ we have

H ∩MθZβ = Z(G2r)(Hβ ∩MθZβ)

and therefore, it is enough to show that

Hβ ∩MθZβ = Hθ
βZβ,lrg.

Since Hβ = (Hβ ∩Δ)j1(Hr) = Hθ
βj1(Hr) we have

Hβ ∩MθZβ = Hθ
β(j1(Hr) ∩MθZβ),

and it is easy to see that j1(Hr) ∩ MθZβ = j1(Hr) ∩ Zβ = j1(Zr,lrg) ≤ Zβ,lrg.
Relation (6.4b) follows.

We show (6.4d). Since Zβ = (Δ ∩ Zβ)j1(Zr) = Zθ
βj1(Zr), it is enough to show

that

{z ∈ Zr | j1(z)θ(j1(z))−1 ∈ Z(H)} = Zr,lrg.

Suppose that z′ = j1(z)θ(j1(z))
−1 ∈ Z(H). Write z′ = z1z2 where z1 ∈ Z(G2r)

and z2 ∈ Zβ,lrg. Write z1 = λI2r, z2 = diag(μIr, νIr). Then, λμ = λ−1ν−1

and μr ≡n νr ≡n 1. It follows that λ2r ≡n 1. On the other hand, by (4.3c),

λ2rc′−1 ≡n 1, and hence λ ≡n 1. Thus, z ∈ Zr,lrg since z = λμIr, as claimed.
Finally, Condition (6.4e) is clear since ρ is genuine. �

We can therefore apply Proposition 6.7.
Note that θH acts identically on Z(G2r) and by “interchanging the blocks” on

Hβ (by (6.8)). Thus, by Example 6.5 we have

SθH ,d
Zr,sml\Hr
σ

τ = Rτ

where we identify BHθ\H with Hr/Zr,sml. Hence, by (6.4c) and (6.14) we get

TΠ = Sθ,a·d
Zr,sml\Gr
ρ

Π ,

where we identify BGθ\G with Gr/Zr,sml. Also, since Rτ is an involution,

SθH ,d
Zr,sml\Hr
σ

τ Sθ−1
H ,d

Zr,sml\Hr
σ

θH(τ) = idτ .

Together with (6.17) and (6.4f) we deduce that

I(TΠ, 0)M∗(w)f(e) = Φ(0) · Sθ,a·d
Zr,sml \Gr
ρ

Π Sθ−1,d
Zr,sml\Gr
ρ

θ(Π) v

= a−1b · Φ(0) · IndMH (SθH ,d
Zr,sml\Hr
σ

τ Sθ−1
H ,d

Zr,sml\Hr
σ

θH(τ) )v = a−1b · Φ(0) · v = a−1b · f(e).

This implies (6.16) since the space of sections in IP (Π, 0) supported in PU− is
spanned by f0 where fs is as in (6.11). We infer (6.15).

By Lemma 6.6 (which is applicable with x = w2 and y = J1 by (6.10)) we have

Sθ−1

θ(Π) = Sθ
Π ◦Π(w2).
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Thus, as before

T 2
Π ◦Π(w2) = (Sθ,a·d

Zr,sml\Gr
ρ

Π )2 ◦Π(w2) = Sθ,a·d
Zr,sml\Gr
ρ

Π Sθ−1,a·d
Zr,sml\Gr
ρ

θ(Π)

= b · IndMH (SθH ,d
Zr,sml\Hr
σ

τ Sθ−1
H ,d

Zr,sml\Hr
σ

θH(τ) ) = b · idΠ .

Recall that Π is a semisimple, isotypic representation of M of type T
ωβ

β,ωβ (ρ⊗ρ).

Also, TΠ preserves any subrepresentation of Π, since it is proportional to Sθ
Π. Thus,

if π is any irreducible constituent of Π, then the restriction T of b−
1
2 · TΠ to π

satisfies T 2 = π(w)−2. Observe that a−1b
1
2 = [Z(Gr) : Zr,sml]

− 1
2 . Theorem 6.2

follows.

6.4. Bernstein-Zelevinsky product for two cuspidal representations. We
can now state the fundamental irreducibility result for the Bernstein–Zelevinsky
product of two cuspidal representations.

Proposition 6.10.

(1) Let ρi be irreducible genuine cuspidal representations of Gri , where i = 1, 2.
Then, (ρ1 × ρ2)ω is irreducible unless r1 = r2 and [ρ1ν

s] = [ρ2] for some
real number s.

(2) Let ρ be a genuine irreducible cuspidal representation of Gr. Then, there is
a unique positive real number sρ such that (ρ× ρνsρ)ω is reducible. More-
over, for s ∈ R, (ρ× ρνs)ω is reducible if and only if s = ±sρ.

The first statement follows from [34, Théorème VII 1.3] whose proof works di-
rectly in our case in view of Proposition 4.13.

To prove the second part, we may assume without loss of generality that ρ is
unitary.

The irreducibility of (ρ× ρ)ω is deduced from Theorem 6.2 by a standard result.
(See Proposition 6.3 (appendix by Savin) in https://doi.org/10.48550/arXiv.

1706.05145 for the covering case.) Alternatively, we can use the argument of
[22, Lemma A.5] (which is special for GL).

The existence of s > 0 such that (ρ × ρνs)ω (or equivalently, πs := (ρν−s/2 ×
ρνs/2)ω) is reducible also follows from Theorem 6.2. Indeed, assume on the contrary
that πs is irreducible for all s > 0. Then, by a standard argument (cf. [41, §1.11])
πs would be unitarizable for all s > 0, in contradiction to the fact that for s large,
the matrix coefficients of πs are not bounded.

It remains to show the uniqueness of sρ. (Clearly, −sρ is then the unique negative
real number s such that (ρ × ρνs)ω is reducible.) We will return to this point in
Section 7.

For the time being, by abuse of notation we write

νρ = νs

for some s > 0 such that (ρ× ρνs)ω is reducible.

Remark 6.11. Let π be the irreducible, essentially square-integrable representation
of Gr corresponding to ρ under the metaplectic correspondence introduced in [10].
By Bernstein–Zelevinsky theory in the linear case, π corresponds to a segment, say,
of length m. One can prove that sρ = m

n . Details will be given elsewhere.

https://doi.org/10.48550/arXiv.1706.05145
https://doi.org/10.48550/arXiv.1706.05145
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7. Segments, multisegments, standard modules and classification

In this section, we complete the analogue of the classification scheme of Bernstein–
Zelevinsky for the metaplectic groups Gr, r ≥ 0. We have already developed the
necessary ingredients in the previous sections. The rest of the argument follows
[22, Appendix A] (and the references therein), so we will only sketch it. The
argument of [ibid.] uses among other things Casselman’s criterion for square-
integrability (cf. [1, Theorem 3.4]) and repeated application of Corollary 5.5 and
Lemma 5.8 (see Corollary 5.9 in the simplest case).

7.1. Segments. The following definition is motivated by the linear case.

Definition 7.1. A segment is a set of the form

[a, b]ρ = {ρνaρ , ρνa+1
ρ , . . . , ρνbρ}

where ρ is an irreducible cuspidal representation of Gr0 , r0 > 0 and a, b are integers
such that a ≤ b.

Let Δ = [a, b]ρ be a segment. Define degΔ = r0(b−a+1) and Δ∨ = [−b,−a]ρ∨ .
For any compatible character ω of Z(GdegΔ) let

Π(Δ)ω = (ρνaρ × ρνa+1
ρ × · · · × ρνbρ)ω,

←−
Π(Δ)ω = (ρνbρ × ρνb−1

ρ × · · · × ρνaρ )ω ∈ Mω(GdegΔ).

As in the linear case we have

Proposition 7.2. The representations Z(Δ)ω := soc(Π(Δ)ω) and L(Δ)ω :=
cos(Π(Δ)ω) are irreducible and occur with multiplicity one in JH(Π(Δ)ω). They
satisfy the following properties.

L(Δ)ω = soc(
←−
Π(Δ)ω) and Z(Δ)ω = cos(

←−
Π(Δ)ω),

Π(Δ)∨ω =
←−
Π(Δ∨)ω−1 , Z(Δ)∨ω = Z(Δ∨)ω−1 and L(Δ)∨ω = L(Δ∨)ω−1 ,

r(r0,...,r0)(Z(Δ)ω) = (ρνaρ ⊗ ρνa+1
ρ ⊗ · · · ⊗ ρνbρ)ω,

r(r0,...,r0)(L(Δ)ω) = (ρνbρ ⊗ ρνb−1
ρ ⊗ · · · ⊗ ρνaρ )ω.

For any integer 0 ≤ s ≤ degΔ we have

r(s,degΔ−s)(Z(Δ)ω) =

{
(Z([a, a+ s0 − 1]ρ)⊗ Z([a+ s0, b]ρ))ω if s = s0r0,

0 if r0 � s.

r(s,degΔ−s)(L(Δ)ω) =

{
(L([b− s0 + 1, b]ρ)⊗ L([a, b− s0]ρ))ω if s = s0r0,

0 if r0 � s.

Moreover, L(Δ)ω is essentially square integrable.

Recall that hitherto, the character νρ = νsρ was chosen so that (ρ × ρνρ)ω is
reducible. At this point we can follow the argument of [22, Lemma A.3] to show
the uniqueness of sρ, completing the proof of Proposition 6.10.

Definition 7.3. We say that two segments Δ1,Δ2 are weakly equivalent if we can
write Δi = [a, b]ρi

, where i = 1, 2 with ρ1 weakly equivalent to ρ2.
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The terminology is justified by the fact that the weak equivalence classes of
Z(Δ)ω and L(Δ)ω depend only on the weak equivalence class of Δ (and not on Δ
itself or on ω).

Let Δ1 and Δ2 be two segments. As in the ordinary case, we say that Δ1 and
Δ2 are linked if Δ1 ∪Δ2 forms a segment and neither Δ1 ⊂ Δ2 nor Δ2 ⊂ Δ1. In
this case, we may write Δ1 = [a1, b1]ρ and Δ2 = [a2, b2]ρ for an irreducible cuspidal
representation ρ of Gr0 and integers b1 ≥ a1, b2 ≥ a2 and moreover, either a2 > a1,
b2 > b1 and b1+1 ≥ a2 (in which case we say that Δ1 precedes Δ2) or the symmetric
condition.

The conditions above do not depend only on the weak equivalence class of Δ1

and Δ2. We will say that Δ1 and Δ2 are weakly linked if Δ′
1 and Δ2 are linked for

some Δ′
1 in the weak equivalence class of Δ1. This notion will be more useful than

linking itself. Similarly, we say that Δ1 weakly precedes Δ2 if Δ′
1 precedes Δ2 for

some Δ′
1 in the weak equivalence class of Δ1. Of course, Δ1 and Δ2 are weakly

linked if and only if either Δ1 weakly precedes Δ2 or Δ2 weakly precedes Δ1.
The crucial ingredient for the classification theorem is the following.

Proposition 7.4. Let Δ1 and Δ2 be two segments and let ω be a compatible char-
acter of Z(Gr) where r = degΔ1 + degΔ2. Let

Π = (Z(Δ1)× Z(Δ2))ω, Λ = (L(Δ1)× L(Δ2))ω.

Then, Π and Λ are either both of length 2 or both irreducible, depending on whether
or not Δ1 and Δ2 are weakly linked.

Moreover, if Δ1 weakly precedes Δ2, then

socΠ � (Z(Δ1 ∩Δ2)× Z(Δ1 ∪Δ2))ω, cosΛ � (L(Δ1 ∩Δ2)× L(Δ1 ∪Δ2))ω.

For the unlinked case see [22, Lemma A.7], which is proved by induction on
degΔ1 + degΔ2. The special case of the irreducibility of the representations

(Z([0, 1]ρ)× ρ)ω, (Z([0, 1]ρ)× ρνρ)ω′ , (L([0, 1]ρ)× ρ)ω, (L([0, 1]ρ)× ρνρ)ω′ ,

where ρ is an irreducible cuspidal representation, is considered separately (cf. [22,
Lemma A.6]).

For the linked case see [22, Lemma A.9] which relies on [41, §2 and §4].

7.2. Multisegments and classification. By definition, a multisegment is a mul-
tiset of segments.

As usual, we view the set of multisegments as an ordered monoid. Thus, we
write a typical multisegment as

m =
k∑

i=1

Δi

where Δi is a segment. We write degm =
∑k

i=1 degΔi and

m
∨ = Δ∨

1 + · · ·+Δ∨
k .

We say that two multisegments m and m′ are weakly equivalent, denoted m ∼ m′,
if we can write m = Δ1 + · · · +Δk and m′ = Δ′

1 + · · · +Δ′
k where Δi and Δ′

i are
weakly equivalent segments for every i.

Clearly, the set of weak equivalence classes of multisegments is in bijection with
the set of multisets of weak equivalence classes of segments.
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We can now state the classification theorem, which is analogous to the linear
case [41, Theorem 6.1].

Theorem 7.5. Let m = Δ1 + · · · + Δk be a multisegment and ω a compatible
character of Z(Gdegm). Assume that the Δi’s are enumerated such that Δi does
not weakly precede Δj for every 1 ≤ i < j ≤ k. (This is always possible.)

Then, up to isomorphism, the representations

ζ(m)ω = (Z(Δ1)× · · · × Z(Δk))ω and λ(m)ω = (L(Δ1)× · · · × L(Δk))ω

depend only on m and ω and not on the enumeration of the Δi’s subject to the
above constraint.

Moreover, the representation

Z(m)ω = soc(ζ(m)ω) (resp., L(m)ω := cos(λ(m)ω))

is irreducible and occurs with multiplicity one in JH(ζ(m)ω) (resp., JH(λ(m)ω)).
We have Z(m)∨ω � Z(m∨)ω−1 and L(m)∨ω � L(m∨)ω−1 .
Let m′ be a multisegment and ω′ a compatible character of Z(Gdegm′). Then,

Z(m)ω � Z(m′)ω′ ⇐⇒ L(m)ω � L(m′)ω′ ⇐⇒ m ∼ m′ and ω = ω′.

Finally, any genuine irreducible representation of Gr with central character ω is
of the form Z(m)ω (resp., L(m)ω) for a multisegment m such that ω is compatible
with m.

In particular, this gives rise to a bijection between the weak equivalence classes
of irreducible representations of Gr, r ≥ 0 and weak equivalence classes of multi-
segments (i.e., multisets of weak equivalence classes of segments).

The proof relies on the special case of two segments (Proposition 7.4).
The first two parts are proved as in [28, §5.2 and §5.3]. An important technical

step is to show that if the Δi’s are pairwise unlinked, then the induced represen-
tations ζ(m)ω and λ(m)ω are irreducible. This is proved as in [22, Lemma A.7] by
induction on k.

The proof of the uniqueness and exhaustion parts follows [28, §5.5, 5.6, 5.7]. We
omit the details.

Remark 7.6. When studying covering groups of classical groups one encounters
a different covering of GLr(F ), namely the pullback of Matsumoto’s covering for
the symplectic group of rank r via the embedding of GLr as a Levi subgroup.7

This covering is simpler than the Kazhdan–Patterson covering (coming from the
embedding of GLr in SLr+1). In particular, different blocks in the preimage of a
Levi subgroup commute. Therefore, the tensor product is the ordinary one and the
classification theorem and its proof are as in the linear case [22, Appendix A]. We
omit the details.
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[33] G. I. Ol′ šanskĭı, Intertwining operators and complementary series in the class of represen-
tations of the full matrix group over a locally compact division algebra that are induced by
parabolic subgroups, Mat. Sb. (N.S.) 93(135) (1974), 218–253, 326. MR0499010 (58 #16988)

[34] David Renard, Représentations des groupes réductifs p-adiques (French), Cours Spécialisés
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