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UNIPOTENT CHARACTER SHEAVES AND STRATA OF A
REDUCTIVE GROUP

G. LUSZTIG

ABSTRACT. Let H be a connected reductive group over an algebraically closed
field. We define a surjective map from the set C'S(H) of unipotent character
sheaves on H (up to isomorphism) to the set of strata of H. To do this we use
the generalized Springer correspondence. We also give a new parametrization
of CS(H) in terms of data coming from bad characteristic.

INTRODUCTION

0.1. Let H be a reductive connected group over C. Let Pr = {2,3,5,...} be the
set of prime numbers; let Pr = PrU{0}. For r € Pr let k,. be an algebraic closure
of a finite field with r elements and let H, be a reductive connected group over k,. of
the same type as H and with the same Weyl group W (with set of simple reflections
{si;i € I}). Weset kg =C,Hy = H. Let K, = C (if r = 0) and K, = Q; where
1 € Pr—{r} (ifr € Pr). For r € Pr let CS(H,) be the (finite) set of isomorphism
classes of unipotent character sheaves on H,. These are certain simple perverse
K,-sheaves on H,, see |[L85]. It is known that C'S(H,) is independent of r in a
canonical way. Let Str(H,) be the (finite) set of strata of H,., see [L15]; these are
certain subsets of H, (unions of conjugacy classes of fixed dimension) which form
a partition of H,. (These subsets are locally closed in H,., see [C20].)
In this paper we shall define for any r € Pr a surjective map

(a) 71 CS(H,) — Str(H,).

In the remainder of this paper (except in[[J]and B3]) we shall assume that either
H is quasi-simple, that is, H modulo its centre is simple, or that H is a torus. (The
general case can be reduced in an obvious way to this case.)

Our definition of the map (a) is based on the generalized Springer correspondence
of L84, especially in bad characteristic.

In[[TTwe use the map (a) to give a new parametrization of C'S(H,) which differs
from the known classification [L86] in terms of two-sided cells in the Weyl group.
This involves associating to each stratum a very small collection of finite groups
which come from unipotent classes in bad characteristic. (It would be interesting
to give a definition of these finite groups and of the resulting parametrization which
is purely in characteristic 0.)

This can be also viewed as a parametrization of
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(b) Un(H,(Fy)), the set of unipotent representations of the group H,(Fj) of
F,-rational points of a split form of H, over a finite subfield F;, of k, (with r € Pr
and ¢ a power of ).

Indeed, it is known that
(c) CS(H,),Un(H.(F,)) are in a natural 1 — 1 correspondence.

We will show elsewhere that similar results hold when H is replaced by a con-
nected component of a disconnected reductive group with identity component H.

A number of results of this paper rely on the wonderful paper [S85] of Nicolas
Spaltenstein and also on [LS85].

0.2. Notation. Assume that G is a connected reductive group over an algebraically
closed field. We denote by Z¢ the centre of G and by Z2 its identity component.
Let Gaq be the adjoint group of G.

For g € G we denote by Z¢(g) the centralizer of g in G and by Z2(g) its identity
component.

If G’ is a subgroup of G, we denote by Ng(G’) the normalizer of G’ in G.

If W is a Weyl group we denote by Irr(W) the set of isomorphism classes of
irreducible representations of W over Q.

1. DEFINITION OF THE MAP T

1.1. For 7 € Pr let CS?(H,) be the subset of C'S(H,) consisting of unipotent
cuspidal character sheaves.

Let A € CS?(H,). The support of A is the closure in H, of a single orbit of
Z%T x H, acting on H, by (z,g) : g1 — zgg1g~"; this orbit is denoted by 0. Let
0(A) be the dimension of the variety of Borel subgroups of H, that contain a fixed
element h € o4 (this is independent of the choice of h). We have

CSY(H,) = UgenCSY(H,)
where CS%(H,) = {A € CSY(H,);5(A) = d}.

Lemma 1.2. For any d € N the function r — jj(CSg(Hr)) from Pr to N is
constant; its value is denoted by Ng(H) € N.

This can be deduced from the results in [L86]. (When H,4 is of type Es or Fy,
the results in loc. cit. are proved only under the assumption that r is not a bad
prime for H. But the same proof works without this assumption, by making use of
[S85l, p. 336, 337].)

1.3. For r € Pr and J C I we fix a Levi subgroup L j, of a parabolic subgroup of
H, of type J. (For example, L7, = H, and Ly, is a maximal torus.) We say that
J is cuspidal if for some (or equivalently any) r € Pr we have CS?(L;,) # 0. In
this case L, is quasi-simple or a torus and J is uniquely determined by the type
of (Ljr)aa- (This follows from the classification of cuspidal character sheaves.) Let
W be the Weyl group of L ;,, viewed as a parabolic subgroup of W.

Let us now fix a cuspidal J and A’ € CS®(L;,). The induced object ind(A’) is
a well defined semisimple perverse sheaf on H, (see [L85, §4]); it is in fact a direct
sum of character sheaves on H,. By arguments in [L84, §3, §4], End(ind(A4"))
has a canonical decomposition as a direct sum of lines ®,L, with w running
through Ny, (Lj.)/Ljr = Nw(Wy)/Wy such that L£,L, = Ly for any w,w’ in
Nw (W;)/W;. One can verify that there is a unique A € C'S(H,) such that A is
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a summand with multiplicity one of ind(A’) and the value of the a-function of W
on the two-sided cell of W attached to A is equal to the value of the a-function of
Wy on the two-sided cell of W; attached to A’. Now the summand A of ind(A’)
is stable under each £, and we can choose uniquely a nonzero vector t,, € L,
which acts on A as identity. We have ty,ty = tyq for any w,w’ in Ny (W;)/W.
We see that End(ind(A’)) is canonically the group algebra of Ny (W;)/W; (which
is known to be a Weyl group). For any E’ € Irr(Nw (W,)/Wy) let A'[E’] be the
perverse sheaf Hompy,, (w,y/w, (E’',ind(A’)) on H,. This is an object of C'S(H,.).

1.4. Let CS’(H,) be the set of triples (J, E’, A’) where J is a cuspidal subset of I,
E' € Trr(Nw (Wy)/Wy) and A’ € CS?(L;,). We have a bijection

(a) CS'(H,) = CS(H,)
given by (J, E’, A") — A'[E].

1.5. Let r € Pr. Let U(H,) be the set of unipotent classes in H,; for v € U(H,)
the Springer correspondence (defined for any r in [L84]) associates to v and the
constant local system K, on < an element e,(y) € Irr(W). Thus we have a well
defined (injective) map e, : U(H,) — Irr(W), whose image is denoted by Irr,(W).

Let CS°(H,)"" be the set of all A € CS?(H,) such that o4 = Z3 ya where
va €EU(H,). Let

CS'(H,)"" = {(J,E',A') € CS'(H,); A’ € CS°(L;,)""}.
We define a map
(a) e : CS'(H,)"" — Irr,. (W)

as follows. Let (J,E',A’) € CS'(H,)"". Then the unipotent class va of Ly,
is defined; the restriction of A’ to v4s is (up to a shift) a cuspidal local system.
Now the generalized Springer correspondence [L.84] associates to this cuspidal local

system and to E’ a unipotent class v of H, and an irreducible local system on it.
By definition, we have é,(J, E', A") = e, (7).

1.6. Let
Irr, (W) = Upepy Irr, (W) = U__5-Trr,. (W).

rePr
Let r € Pr. In [L15] a bijection
(a) Str(Hy) — Irr, (W)

is defined. Using this and [[4)(a), we see that defining 7 in [I}a) is the same as
defining a map
7, : CS'(H,) — Irr (W).

Lemma 1.7. Let d € N be such that Ng(H) > 0 (see [[2l). Let X = {r €
Pr;CSY%H,) c CSY(H,)""}. Then one of the following holds.

(i) X consists of a single element rg.

(il) X = Pr and d > 1. (In this case H,q is of type Eg, Fy or Ga, d is 16,4,1
respectively and Ngy(H) =1.)

(iii) X = Pr and d = 0. (In this case H is a torus.)

(iv) X = 0. (In this case d = 0 and Haq is of type Eg, Fy or Gs.)

This follows from
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1.8. Let 7 € Pr. We will now define the map 7, : CS’(H,.) — Irr,(W). In the case
where I = (, this map is the bijection between two sets with one element. Assume
now that I # (). Let (J, E’, A") € CS’(H,). We want to define r,.(J, E', A").

Let X be as in Lemma [[7 for L;, instead of H, and for d € N defined by
A€ 0SY(Ly,).

Assume first that J # I, J # (. Then X is not as in[[7(ii),(iii),(iv), hence it is as
in[[7(i). Let ro € Pr be such that X = {ro}. We set z,.(J, E’, A") = ¢&,,(J, E', A).

Next we assume that J = I and X is as in [(i). Let rg € Pr be such that
X ={ro}. Weset 7.(J,E',A") =¢,,(J,E',A).

Next we assume that J = I and d, X are as in [[7[ii)). We have E' = 1. We
set 7,.(I,1,A’) = é.(I,1, A’) where v’ € Pr (this is independent of 7’ by results in
[S85]).

If J = I then d cannot be as in [[7(iii) since this would imply I = @), contrary to
our assumption.

Assume now that J = I and X is as in [[7(iv). We have B/ = 1. We set
7,.(I,1, A”) = unit representation.

Finally, assume that J = (). Then A’ is the constant sheaf K,.. For any r' € Pr
we set &,/ (0, E', K,) = E/,. If E!, is independent of 7/, then 7,.(0, E', K,.) is defined
to be this constant value of E/,. If E!, is not independent of 7/, then there is a
unique 79 € Pr such that E/, is constant for ' € Pr — {ro}. (This is an issue only
in exceptional types where it can be checked from the tables in [S85].) We then
set 7,.(0, E', K,) = E] . This completes the definition of 7, hence also that of 7 in
0I(a).

1.9. Let » € Pr. If H,q is of classical type or of type Eg, E7 or Fy, then for any
E' € Irr(W), E/, is constant for ' € Pr — {2}. It follows that

7.0, E' K,) = E).

Hence if £’ € Irrg(W), then 7,.(0, E', K,.) = E’. If H,q is of type Ga, then for any
E' € Irr(W), E!, is constant for v’ € Pr — {3}. It follows that
7.0, E' K,) = E.
Hence if E’ € Irrg(W), then 7,.(0, E', K,.) = E’. We see that if H,q4 is not of type
Es, then 7,.(0, E', K,) = E’ for E' € Irr,.(W). The same holds if H,q4 is of type Es
(we use the tables in [S85]).
Note that Irr, (W) can be viewed as a subset of C'S'(H,.) by E' — (0, E’, K,.).

The results above show that 7, can be viewed as a retraction of C'S'(H,) onto its
subset Irr, (W). In particular, 7, is surjective.

1.10. Let E € Trro(W). Let Pr(E) = {r' € Pr; E € Irr,.(W)}. For v’ € Pr(E) we
denote by vg the unique element of Uy , such that e, (vg) = E (see[L5). We set
A B =ZH,,)0a (u)/Z?H )., () where u is in the image of v under Hy,r — (Hy)qd;
this finite group is well defined up to isomorphism. If Pr(E) = Pr we define
ﬁ/(E) = {r' € Pr; A, g = Ao g}; this is a subset of Pr with finite complement.

We define a finite collection ¢(F) of finite groups as follows.

If Pr(E)=Pr= ﬁ/(E)7 then ¢(E) consists of Ag g.

If Pr(E) = Pr # Pr (E), then ¢(E) consists of {A. g;1' € Pr— Pr (E)}; one
can verify that for v/ # r” in Pr — ﬁ/(E), we have A, g % A g.

!
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If Pr(E) # Pr, then Pr(E) consists of a single element r, € Pr (we have
necessarily rj # 0); then ¢(E) consists of A, p.

If H is a torus, then ¢(F) consists of {1}. If H,g is of type A, B,C or D, then
¢(F) cousists of a single group and this is a product of cyclic groups of order 2. If
H,q is of exceptional type then ¢(E) consists of one of the following groups:

(a) 1, Cay, Co X Cq, S3, Ag, S35 x Ca, S5
or one of the pair of groups:

(b) (Cs,C3), (C4,C3), (C3 x Cq,Cq x C3)
or the triple of groups:

(c) (C4,C5,Cs).

(See the tables in §21) Here C,, denotes a cyclic group of oder m, S, denotes the
symmetric group in m letters, Ag denotes a dihedral group of order 8.

We now define a finite set ¢(E)* as follows. If ¢(E) consists of a single group
I then ¢(E)* = I. (For a finite group I' we denote by I' the set of isomorphism
classes of irreducible representations of I' over K,..)

If ¢(E) consists of two groups I', IV (see (b)), then I'' = A g is well defined and
is a quotient of both T',TV. (We have I' = 1,1, 55 respectively in the three cases
in (b).) Hence we can regard I as a subset of I' and also as a subset of I, We
define ¢(E)* = (D —T")u (I —=T")u1”.

If ¢(E) consists of three groups (see (c)) we define ¢(E)* = |—|me[1,6]dn where
C., consists of the faithful irreducible representations of C,,. (This case occurs only
when H,q is of type Eg and when F = 1. The fact that éé enters in the definition
should be connected to the fact that 6 appears as a coefficient of the highest root
of H.)

The following theorem can be deduced from the definitions using the results in

2
Theorem 1.11. Let r € Pr. There exists a bijection
CS(H,) = Upeter, (w)c(E)”

which makes the following diagram commutative:

CS(HT) — ‘—lEEIrr*(VV)C(E‘)»<

Str(H,) ————— Trr, (W)
(The left vertical map is as in [0dNa); the right vertical map is the obvious one; the
lower horizontal map is as in [LO(a).)

2. EXAMPLES
2.1. Assume that H,q is of type A,,_1, n > 2. We have
CS'(H,)={(0,E',K,); E' € Irr(W)}, Trru(W) = Trr(W).

In this case 7,. is the bijection (§, E/, K,.) — E’.



UNIPOTENT CHARACTER SHEAVES AND STRATA 1131

2.2. Assume that H,4 is of type D,, n > 4 or B,, n > 3, or Cp, n > 2. If
Hgq is of type D, let CS”(H) be the set of pairs (J, E') where J is either @ (so
that Ny (W;)/W; = W) or J is such that W is of type Dy for some k > 1
with 4k? < n (so that Ny (Wy)/W; is a Weyl group of type B,_4:2) and E’ €
Irr(Nw (W) /Wy). (We use the convention that a Weyl group of type By is {1}.)

If Hyq is of type B, or C,, let CS”(H) be the set of pairs (J, E’) where J is
either () (so that Ny (W;)/W; = W) or J is such that W is of type Bj(y1) for
some k > 1 with k(k + 1) < n (so that Ny (W;)/W; is a Weyl group of type
By _k(k+1)) and E' € Irr(Nw (W) /W ).

In any case we have a bijection CS'(H,) — CS”(H) given by (J,E', A")
(J, E"). Moreover we have Irr,. (W) = Irro(W). Hence the map 7, can be viewed as
a map

(a) CS"(H) — Irro(W).

Now CS”(H) can also be viewed as the set of pairs consisting of a cuspidal J and a
cuspidal local system on a unipotent class in L ;5. The generalized Springer corre-
spondence [L84] attaches to such a pair a unipotent class in Hs and an irreducible
local system on it.

By forgetting this last local system and by identifying U (Hz) with Irry(W) via
es (see [[H), we obtain a map CS”(H,) — Irro(W) which, on the one hand, is
explicitly computed in [LS85] in terms of certain types of symbols and, on the
other hand, it coincides with the map (a).

2.3. In Z4HZE we describe the map 7, in terms of tables in the case where H,q is
of type Ga, Fy, Eg, E7 or Eg. The tables are computed using results in [S85] with
one indeterminacy in type Es being removed by [H22].

In each case the table consists of a sequence of rows. There is one row for each
E € It (W); it is written as ()'....... ()" where ()’ represents the fibre of 7,. over F
and ()" is a sequence of finite groups of which the boxed ones describe ¢(E).

The elements of ()" are written as symbols (J, E, d)y=,. Such a symbol stands
for the n triples (J,E’', A") in CS’(H,) with J, E’ fixed and A’ running through
the set C’SS(LJ7T) (assumed to have n > 1 elements). When n = 1 we omit the
subscript § = n. We specify J by indicating the type of W;. (For example, in
the table for Eg in 2.8 the row of 8; contains an item (Es, €., 0); which stands for
two objects; in the triple (Eg, €., 0), Eg represents a subset of type Fg of the simple
reflections, €, is a certain representation of a Weyl group of type G5 and 0 represents
the dimension of a certain variety.) When J = () we must have d = 0,n = 1 and we
write E’ instead of (J, E',d). Note that the first entry in ()" is E itself.

The groups in ()" are as follows. If Pr(E) = Pr = ﬁ/(E) then ()" consists of
the single group in ¢(FE) put inside a box.

If Pr(E) = Pr # ﬁ/(E) then ()" is I, IV, (I") where I = Ay g, IV = A3 g, I =
Ap g; the boxed entries I' or I or both represent the set ¢(E); an exception is
when F =1 in type Es: in this case ()" is I, TV, T, (1) where I' = Ay g = C4, IV =
As g =C3, 1" = As g =C5, A0 g = 1 and ¢(E) consists of I', I, T (all boxed).

If Pr(E) # Pr then Pr — Pr(E) = {r}} where rj € {2,3}. If rj = 2 then ()" is
I, —,(—) where I' = Ay g and ¢(F) consists of ' (it is boxed); if r{; = 3 then ()" is
—, I, (=) where I" = A3 g and ¢(E) consists of I'" (it is boxed).

If H,q is of type G, we have J =0 or W; = W with Ny (W;)/W; = {1}.
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If H,q is of type Fy, we have J = () or W of type By with Ny (W;)/W of type
B2 or WJ =W with Nw(WJ)/WJ = {1}

If Hyq is of type Eg, we have J = () or W of type Dy with Ny (W;)/W of type
A2 or WJ = W with NW(WJ)/WJ = {1}

If Huq is of type E7, we have J = (0 or W, of type Dy with Ny (W;)/W;
of type Bs or Wy of type Eg with Ny (W;)/W; of type A1 or W; = W with
Nw (W) /Wy ={1}.

If Hyq is of type Eg, we have J = () or W of type Dy with Ny (W;)/W; of
type Fy or W of type Eg with Ny (W;)/W; of type Ga or W of type E; with
NW(WJ)/WJ of type Ay or W; = W with NW(WJ)/WJ = {1}

The notation for the elements of Irr(W) or Irr(Nw (W) /W) is taken from [S85]
with one note of caution. In the case where H,q is of type Eg and W is of type
Es, the two 2-dimensional irreducible representations 6’6" of Ny (W;)/W; which
appear in the generalized Springer correspondence with » = 3 are identified in [S85]
only up to order. This indeterminacy is removed in [H22] which shows that 6’ is
the reflection representation.

TABLE 2.4. Table for Go

X2,2  eeeeees , -, (—)
X4,4 ....... , CQ, ( 2)

X8747 XLQ .......

X8.2y X1,3  «oeeens , 1, (1)
X4, (B2,6,0) ....... , -, (_)
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TABLE (Continued from previous page)

X9,2  eeeen , Ca, (C2)

X6,1  eeeeens

X16  ceeeees , Cg, (Cg)

X12, X6,2, (Fa,1,4) ... , Sy, (S4)

X8.3, (B2,€,0) ... , 1, (1)

Xs.15 (Ba,€,0) oo, (] 1, ()

X9,1, X215 X2,3, (B2,6,0), (F4,1,2) ... Ag |, Ca, (C2)
Xa,1, (Fy,1,1) ...

Xl,la (32,1,0), (F4,1,0)ﬁ:4 ....... C4,C3 5 (1)

TABLE 2.6. Table for Fg

136 coonn
625 onnn.
2050 ..
1516 wvoone.
3015, 1517  couen.
6413 o
215 .
6011 e
8110 woveene
109 ...
605 ooeee.
807, 90g, 2010 .......
81 ...
24g, (D4, €,0) ... , 1, (1)
605 oo
644 oo
154 .
303, 155 ...

1133
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TABLE (Continued from previous page)

205, (D4, ,0) ... , 1, (1)

61 e

lo, (D4, 1,0), (Eg,1,0)—g oo C2,C5 ), (1)

lgs  wornnn
T
2757 oo
235w
3531 oo

5630, 2153  ceevnn.
1508 oo,

12025, 10508 .......
1892 ...
10521 et
1681 ...
21051 oo,
18920 et
7018 v
28017 eveene

31516, 28015, 3522 .......
21615  ..o....

40515, 1897

10515, (D4, (0, 13)a 0)

[C] 1 ()

8415 . (1], -, ()
37814 e 1], Ca, (C2)
21015 oo

42013, 33614

8412, (D4, (137 O)a 0)
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TABLE 271 (Continued from previous page)

10512 ..
51211, 51212 ceoen.
21010 ...
42010, 33611  eo...
3789 e
2169  .......
709 e
2808 ...
4055, 18910  .......
189, (Dy, (1,12),0) ... , 1, (1)
3157, 2809, 3513  .o....
168¢, (D4, (12,1),0) ....... , 1, (1)
2106, (Dy, (0,21),0) ....... G2 1, (1)
1056, 157  ....... (] 1, ()
1895 oo [1], Ca, (C2)
354, (Dy, (21,0),0) ... G2 1, (1)
1204, 1055  .......
213, (D4, (1,2),0), (Be,1,0)4—2 .oo.. [C2.05], (1)
563, 21 ...
275, (D4, (2,1),0) ... , 1, (1)
71, (D4,(0,3),0) ....... [C] 1, ()
1o, (D4, (3,0),0), (Es,1,0)4—2, (B7,1,0)4—3 ....... C..C5] (1)

TABLE 2.8. Table for Eg

1190 oo,
891 e
3574 oo
CY P
11263, 2868 v.v...
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TABLE 2.8 (Continued from previous page)

5056 .eene
21059, 16055  .......
56047 ...
56746 oevene
40043 cvooee.
70049, 30044  .......
44839 ...
134435 ...
140037, 100839, 5649  .......
17536 voonne.
52536, (D, X1.4,0)  eon. (] 1, ()
105034 oo,
140032, 157534, 35038  .......
97230 o (1], -, (=)
324031 ... 1], Ca, (C2)
226830, 129635 .......
140029 ...

224048, 8403;

7002g, (D47 X2,25 O)

84026

409626, 409627

280025, 210025

420024, 336025

16824, (D4, x1,3,0)

453693 ...,
283520 ...
607520 ceoeee.
320032 ...
420091 ... (1] Co, (C2)
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42050 ...
210040, (D4, X4.4,0) ev.. , 1, (1)

134419 ...

201619  .......

315018, 11349

420015, 268820

716817, 560019, 44805

320016, (D4, X3,2,0)

448016, 567015, 453615, 140040,
168052, 7032, (Es, 1,16)

560015, 240017, (D4, X9,4,0), (D4, x2,4,0)

Ca x Ca |, Ca, (C2)

420015, 70016

[C] 1, (1)

283514 ...

607514  ceovnn. [1], ¢, (C2)
84014, (D4, X4.3,0) oveen. , - (=)

453613 oo [1] Ca, (C2)

280013, 210046

97219, (D47 X9,3, O)

420012, 336013

52512, (D4, X8,45 0), (Eﬁa €, 0)1122

17512

140013

409611, 409612

226810, 129613

224010, 84015

S37 7 (53)

1050105 (D47 X4 O)

7 B (_)

3240,

a C2 B (62)

4489; (D47X6,1; 0)7 (EG; €1, 0)1122

CQ,C3 i (1)

1344g, (D4, x16,0)

[C] 1 ()

14005, 157510, 35014
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TABLE 2.8 (Continued from previous page)

14007, 1008y, 5619, (D4, x12,0),
(D4a X6,2, 0)3 (E87 13 7)

4007, (Da, X2,8,0)  woonne. C] 1, (1)

7006, 300, 509, (D4, Xx8.3,0), (Fs,1,6) ....... [As], G, (C2)
5676, (D1, X0.2,0) weovv. (] 1, ()
5605, (D4, X4.2,0) oo
2104, 1607  .......
844, (D4, x0.1,0), (B, 0",0)s—2, (E7,1,0)4—0  .ooeoe. ]04—03\ (1)

11237 2887 (D47X8,170)7 (D47X1,2>O)7
(E67 9/70)ﬁ227 (E8a 173){‘1:2

359, (D4, X41,0)  ooee.. , 1, (1)

81, (D4,X2,1,0), (E6;607O)ﬁ=27 (Eg,l,l)uZQ ....... C47C3 5 (1)

107 (D4aX17170)a (E671a0) =2,
L ot t) (1)

(E7a 17 O)ﬁ=27 (ESa 17 O)ﬁ=6

....... ‘CQ x Ca,Co X Cs |, (CQ)

3. COMPLEMENTS

3.1. The restriction of the map 7 in[ld}(a) to C'S?(H,) has an alternative definition.
Namely, for A € CS?(H,), there is a unique stratum X € Str(H,) such that
o4 C X (notation of [[T)); we have 7(4) = X.

3.2. The results in this subsection can be used to verify [l In the examples below
we assume that H is semisimple, H # {1}, and for A € C'S?(H,) we denote by s
the semisimple part of an element of o 4. We describe the structure of Z%(s) in
various cases. We also specify the value of X in[[71

If H is of type C,, with n = k(k + 1),k > 1 then:

if r # 2 then Z%T(S) is of type Cy, /2 x Cy, 93 if 7 = 2 then Z%T(S) = H,. Thus X
is as in [L7(i).

If H is of type B,, with n =k(k+ 1),k > 1 then:

if r # 2 then Z§; (s) is of type B, x Dy where (2a+1,2b) = ((k+1)2,k?) if k is
even and (2a + 1,2b) = (k?, (k + 1)) if k is odd; if r = 2 then Z}; (s) = H,. Thus
X is as in [[7(i).

If H is of type D,, with n = 4k2,k > 1 then:

if r # 2 then Z%T(s) is of type Doyp2 X Do2; if r = 2 then Z?{T(s) = H,. Thus
X is as in [L7(i).

If H is of type Go and A € CS%(H,) then:

if d =1 then Z; (s) = H, (thus X is as in[[7(ii)); if d = 0 and r ¢ {2,3} then
Z3; (s) is of type Ay for two values of A and of type A; x A; for the third value of
A;if d = 0 and r = 2 then Z}; (s) is of type Ay for two values of A and is H, for
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the third value of A; if d = 0 and r = 3 then Z}; (s) is H,. for two values of A and
is of type A; x A; for the third value of A. Thus X is as in [[7(iv).

If H is of type Fy and A € CSY(H,) then:

if d =4 then Z9; (s) = H, (thus X is as in [77(ii));

if d =2, r # 2, then Z%T(s) is of type By; if d = 2, r = 2, then Z%T(s) =H,
(thus X is as in [[7(1));

ifd=1,r # 2, then Z%T(s) isof type Csx Ay;if d =1, r = 2, then Z?{T(S) = H,
(thus X is as in [[7(i));

if d =0, r ¢ {2,3}, then Z%T(S) is of type As x Ay for two values of A and of
type Az x A; for the other two values of A; if d =0, r = 2, then Z%T(s) is of type
Ag x Ag for two values of A and is H,. for the other two values of A;if d =0, r = 3,
then Z%T(S) is of type Az x A; for two values of A and is H, for the other two
values of A. Thus X is as in [[7(iv).

If H is of type Fg then:

if r # 3, then Z} (s) is of type Ay x Ay X Ag; if r = 3, then Z}; (s) = H,. Thus
X is as in [L7(1).

If H is of type E; then d =0 and:

if r # 2, then Z} (s) is of type Az x Az x Ay; if r = 2, then Z¥ (s) = H,. Thus
X is as in [[7(i).

If H is of type Eg and A € C'SY(H,) then:

if d =16 then Z3; (s) = H, (thus X is as in [L7(ii)).

if d =7 and r # 2 then Z?{T(S) is of type Fy x Ay; if d = 7 and r = 2 then
Z3 (s) = H, (thus X is as in [L7i));

if d = 6 and r # 2 then Z§; (s) is of type Dg; if d = 6 and r = 2 then Z§; (s) = H,
(thus X is as in [[7(i));

if d =3 and r # 3 then Z§ (s) is of type Eg x Ap; if d = 3 and r = 3 then
Z% (s) = H, (thus X is as in [L7(i));

if d =1 and r # 2 then Z} (s) is of type D5 x Ag; if d = 1 and r = 2 then
Z% (s) = H, (thus X is as in [L7(i));

ifd=0and r ¢ {2,3,5} then Z%T(s) is of type A4 x A4 for four values of A and
of type As x Ay x A; for two values of A; if d =0 and r = 5 then Z%T (s) is H, for
four values of A and of type A5 x Ay x Ay for two values of A; if d =0 and r = 3
then Z%T(s) is of type A4 x Ay for four values of A and of type E; x Ay for two
values of A; if d =0 and r = 2 then Z}; (s) is of type A4 x Ay for four values of A
and of type Eg x Az for two values of A. Thus X is as in [[7(iv).

The results in this section (for H of type Es and d = 0) contradict the statement
(f) on p. 351 in [Sh95]. (Indeed, if r = 2 there is no semisimple s € Hy with Zp, (s)
of type A5 X A2 X Al)

3.3. Let H* be a connected reductive group over C of type dual to that of H. Let
CS(H) be the set of isomorphism classes of (not necessarily unipotent) character
sheaves on H. We now assume that Zy = Z%. It is known that we can identify
CS(H) with UsCS(Zg+(s)*) where s runs over the semisimple elements of finite
order of H* up to conjugacy. Using [II(a), we obtain a surjective map CS(H) —
UsStr(Zg-(s)*). From [L15] we can identify Str(Zp«(s)*) = Str(Zp«(s)). Hence
we obtain a surjective map

CS(H) — UsStr(Zi-(s)).
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3.4. Let Xj; be the set of numbers which appear as coeflicients of the highest root
of H; let Xy = Xj; U{1}. Note that Xy consists of the numbers 1,2, ..., zg where
zg = 1 for H of type A, zg =2 for H of type B,C, D, zg = 3 for H of type G5 or
Fg, zg = 4 for H of type Fy or E7, zy = 6 for H of type Eg.

We note the following property (which can be verified from the results in §2)).

(a) The fibre of T in [0INa) at the stratum consisting of reqular elements in H,
(or equivalently at E =1 € Irr,, (W) ) is in bijection with the set

(b) UmeN;1<m<zy Pm

where p., is the set of primitive mth roots of 1 in K.

It is remarkable that the set (b) appears also in a quite different situation. Let
r,q, H,.(F,) be as in[0.I(b). We can view H,.(Fy) as a fixed point set of a Frobenius
map F': H. — H,. For any w € W let X,, be the variety attached to H,, F,w
in [DL76]. Now F acts on the cohomology with compact support H:(X,,) of X,
and in particular on le‘(Xw). (We denote by |w| the length of w.) Let w be a
Coxeter element of minimal length in W. From [L76] it is known that the F-action
on le‘(Xw) is semisimple and that the eigenspaces are irreducible (unipotent)
representations of H,(Fy). These unipotent representations are in bijection with
the character sheaves in the fibre of 7 at E = 1. (We use the usual bijection
Un(H,(Fy)) <> CS(H,) composed with the involution of Un(H, (F,)) which inter-
changes “small” representations with “big” representations.) The eigenvalues of
the F-action are listed in [L76, p. 146, 147]. It turns out that

(c) these eigenvalues are exactly the roots of 1 in (b) times integral powers of
1/2
q’c.

3.5. Let cl(W) be the set of conjugacy classes in W. In [L15l §4], a surjective map
O : (W) — Irri (W) is defined. In [L15] 4.10] a map Irr, (W) — (W), E — Cg,
is described; it is such that ®(Cg) = E for all E € Irr, (W), hence its image
cl(W) C cl(W) is such that ® restricts to a bijection cl, (W) = Irr,(W). This
allows us to identify the sets cl,. (W), Irr (W) = Str(H,), so that 7 : CS(H,) —
Str(H,) becomes a surjective map

(a) 7 Un(H, (F,)) — cla (W)

(with 7, ¢, H,.(F,) as in [LI(b), see @(c)). Let Un®(H,.(F,)) be the subset of
Un(H,(Fy)) consisting of unipotent cuspidal representations.

One can verify that the restriction of 7/ to Un®(H,.(F,)) coincides with the map
p+— C, in [L0O2, 2.17]. From [L02] we see that

(b) for any p € Un®(H,(F,)), p appears with multiplicity 1 in Hc‘wl(Xw) (nota-
tion of B4]) where w is an element of minimal length in 7/(p).

3.6. In this subsection we assume that H, is the symplectic group with W of
type Bs. The simple reflections s1, sy satisfy s1s28152 = s2518281. We have
Irr, (W) = Irr (W) = Irrg(W); this set consists of 1, p, €1, €2, € where p is the reflec-
tion representation, € is the sign representation and €, €2 are the one-dimensional
representations other than 1,e. We have cl(W) = cl.(W). (The numbering of s1, s2
and of €7, €5 is chosen so that (a),(b) below hold.)
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The conjugacy classes in W are (1), (s1), (s2), (s152), (s1525152) where (w) is the
conjugacy class of w € W. The bijection Irr, (W) — cl.(W) is given by

(a) 1 (8182), p = (81828182), €1 — (81), € > (82), € > (].)

There are five strata; they are indexed by the elements of Irr.(W); we denote them
by o(1),0(p),o(€1),0(e2),0(e). Here

(b) o(1) is the union of all conjugacy classes of dimension 8; o(p) is the union
of all conjugacy classes of dimension 6; o(e;) is a conjugacy class of dimension 4
(a semisimple one if 7 # 2 and a unipotent one if r = 2; o(e2) is a union of one (if
r = 2) or two (if r # 2) conjugacy classes of dimension 4; o(e) is the centre of H,..

CS(H,) consists of six objects: Q;[1], Qilp], Qile1], Qie2], Qi[e] and A (an
object of C'S?(H,)). The map 7 is Q;[1] — 1, Qi[p] — p, Qile1] — €1, Qilea] — €2,
Qile] e, A 1.
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