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GENERIC AND MOD p KAZHDAN-LUSZTIG THEORY FOR GL,
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ABSTRACT. Let F' be a non-archimedean local field with residue field F, and
let G = GLy/p. Let q be an indeterminate and let HMW (q) be the generic
pro-p Iwahori-Hecke algebra of the p-adic group G(F’). Let Vg be the Vinberg

monoid of the dual group G. We establish a generic version for H (1) (q) of the
Kazhdan-Lusztig-Ginzburg spherical representation, the Bernstein map and
the Satake isomorphism. We define the flag variety for the monoid Vg and
establish the characteristic map in its equivariant K-theory. These generic
constructions recover the classical ones after the specialization q = ¢ € C. At
q=qg=0¢ Fq, the spherical map provides a dual parametrization of all the

irreducible ’H%l) (0)-modules.
q
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1. INTRODUCTION

Let F' be a non-archimedean local field with ring of integers or and residue field
F,. Let G be a connected split reductive group over F. Let Hy, = (k[I\ G(F)/I],*)
be the Iwahori-Hecke algebra, i.e. the convolution algebra associated to an Iwahori
subgroup I C G(F), with coefficients in an algebraically closed field k. On the
other hand, let G be the Langlands dual group of G over k, with maximal torus
and Borel subgroup TcB respectively. Let Wy be the finite Weyl group.

When k£ = C, the irreducible Hc-modules appear as subquotients of the
Grothendieck group KS(G/B)¢ of G-equivariant coherent sheaves on the dual
flag variety G / B. As such they can be parametrized by the isomorphism classes
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of irreducible tame é(@)—representations of the Weil group Wpg of F' with unipo-
tent inertial type, thereby realizing a tame part of the local Langlands correspon-
dence (in this setting also called the Deligne-Lusztig conjecture for Hecke modules):
Kazhdan-Lusztig [KL87], Ginzburg [CG97]. Their approach to the Deligne-Lusztig
conjecture can be divided into two parts: the first part develops the theory of the
so-called spherical representation leading to a certain dual parametrization of Hecke
modules. The second part links these dual data to representations of the group Wp.

The spherical representation is a distinguished faithful action of the Hecke al-
gebra Hc on a maximal commutative subring A¢ C He via .A(‘év °_linear operators:
elements of the subring Ac¢ act by multiplication, whereas the standard Hecke op-
erators Ty € Hc, supported on double cosets indexed by simple reflections s € Wy,
act via the classical Demazure operators [D73,[D74]. The link with the geometry
of the dual group comes then in two steps. First, the classical Bernstein map 7
identifies the ring of functions C[T] with Ac, such that the invariants C[T]"° be-
come the center Z(Hc¢) = Ag/ ?. Second, the characteristic homomorphism cg of
equivariant K-theory identifies the rings C[T] and KS(G/B)¢ as algebras over the
representatlon ring C[T]"o = R(CA-})C.

When k = IF, any irreducible G( ,)-representation of Wp is tame, with semisim-
ple inertial type. Dually, one replaces the Iwahori-Hecke algebra by the bigger
pro-p-Iwahori-Hecke algebra

Hy) = 10\ G(F)/ 1V %),

q

where I(Y) C I is the pro-p-radical of I. The algebra H was introduced by

Vignéras and its structure theory developed in a series of papers [V04] V05, [V06,
V14 [V15,[VI6L[V17]. More generally, Vignéras introduces and studies a generic
version H (1) (q) of this algebra which is defined over a polynomial ring Z[q] in an

indeterminate q. The mod p ring ’H%l) is obtained by specialization q = ¢ followed
q

by extension of scalars from Z to Fq, in short q = ¢ = 0.

The present paper is the first in a series of papers in which we will show that
there is a generic version of Kazhdan-Lusztig theory, which applies to the generic
pro-p Iwahori-Hecke algebra H")(q). On the one hand, it gives back (and actually
improves) the classical theory after passing to the direct summand H(q) € H(V(q)
and then specializing ¢ = ¢ € C. On the other hand, it gives a genuine mod p
theory after specializing q = ¢ = 0 € F,. Our key observation is that, in the
generic setting, the Langlands dual group G needs to be enlarged to its Vinberg
monoid Vg [V95].

We will work in increasing generality, starting in the present paper with the
theory of the spherical representation and the dual parametrization in the simplest
case of the group G = GLs. Later, for a general split reductive G, we expect
that essentially the same constructions will hold, once the appropriate formulation
will have been understood (and checked explicitly) here for GL2. In particular, we
expect that the monoid fibration q :Va — Al geometrizing the indeterminate q,

and the dual parametrization of H —modules achieved over the 0-fibre V3 , forms

G0
a general pattern.

So let G = GL3 from now on. Let k = Fq and q be an indeterminate. Let
T C G be the torus of diagonal matrices. Let A1 (q) ¢ H)(q) be the maximal
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commutative subrind] and A® (q)"o = Z(#M(q)) be its ring of invariants. We
let Z := Z[ﬁ,ﬂqfl] and denote by  the base change from Z to Z. The algebra
HM(q) splits as a direct product of subalgebras H?(q) indexed by the orbits ~
of Wy in the set of characters of the finite torus T := T(F,). There are regular
resp. non-regular components corresponding to |y| = 2 resp. |y| = 1 and the
algebra structure of f{"*(q) in these two cases is fundamentally different. We define
an analogue of the Demazure operator for the regular components and call it the
Vignéras operator. Passing to the product over all ~, this allows us to single out
a distinguished Z(H™(q))-linear operator on A (q). Our first main result is the
existence of the generic pro-p spherical representation:

Theorem A (Cf. Theorems B3T B3Tl). There is a (essentially unique) faithful
representation

o/ M(q): HV(q) — Endz(gu)(q))(ﬂ(”(q»

such that
(i) .Qf:(l)(q)u(l)(q) = the natural inclusion AV (q) C Enfiz(gu)(q))(fl(l)(q))
(i) &M (q)(Ts) = the Demazure-Vignéras operator on A1 (q).
Restricting the representation Jz/(l)(q) to the Iwahori component, its base change

Zlq] — Z[qi%] coincides with the classical spherical representation of Kazhdan-
Lusztig and Ginzburg.

We call the left H")(q)-module defined by &) (q) the generic spherical module
M),

Let Matoyo be the Z-monoid scheme of 2 x 2-matrices. The Vinberg monoid Va,
as introduced in [V95], in the particular case of GL2 is the Z-monoid scheme

‘/G,L2 = Matgxg XGm.

It implies the striking interpretation of the formal indeterminate q as a regular
function. Indeed, denote by zo the canonical coordinate on G,,. Let q be the
homomorphism from Vgr,, to the multiplicative monoid (A, ) defined by (f, z2) —
det(f)zy "

Ve,
|
Al

The fibration q is trivial over Al \ {0} with fibre GLz. The special fibre at q = 0
is the Z-semigroup scheme

VGLLO = qil(o) = Sing2><2 XG'HM

where Sing,. , represents the singular 2 x 2-matrices. Let Diagy, o C Mataxo be
the submonoid scheme of diagonal 2 x 2-matrices, and set

V'f = Diag2x2 xG,, C ‘/YGL2 = Matgyo XG,,.

1For the choice of the antidominant spherical orientation.
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This is a diagonalizable Z-monoid scheme. Restricting the above Al-fibration to
V4 we obtain a fibration, trivial over A' \ {0} with fibre T. Its special fibre at
q = 0 is the Z-semigroup scheme
Vg = q|(,f1 (0) = SingDiagy 5 X Gy,
where SingDiag, ., represents the singular diagonal 2 x 2-matrices. To ease notion,
we denote the base change to F, of these Z-schemes by the same symbols. Let TV
be the finite abelian dual group of T. We let R(Vi(,l)) be the representation ring of
the extended monoid W
R \
Our second main result is the existence of the generic pro-p Bernstein isomorphism.

Theorem B (Cf. Corollary [6.1.2)). There exists a ring isomorphism
A0 (q) : AV (@) — R(V;")

with the property: Restricting the isomorphism 93(1)(q) to the Iwahori component,
its base change Z[q] — Z]q*2] recoverd the classical Bernstein isomorphism .

The extended monoid V*I(“l) has a natural Wy-action and the isomorphism %) (q)
is equivariant. We call the resulting ring isomorphism

(1) e ) (\Wo . A (o \Wo __~ (1)yw,
S H(q) =2 (@)™ AV(Q)" —— R(V )™

the generic pro-p-Iwahori Satake isomorphism. Our terminology is justified by the
following. Let K = G(op). Recall that the spherical Hecke algebra of G(F') with
coeflicients in any commutative ring R is defined to be the convolution algebra

HE" = (RIE\G(F)/K]. %)
generated by the K-double cosets in G(F). We define a generic spherical Hecke

algebra H*P"(q) over the ring Z|[q]. Its base change Z[q] — R, q — ¢ coincides with
High. Our third main result is the existence of the generic Satake isomorphism.

Theorem C (Cf. Theorem [6.23). There exists a ring isomorphism
S (q) : HPP(q) —— R(Vz)"°

with the property: Base change Z[q] — Z[qi%] and specialization q — q € C
recoverd? the classical Satake isomorphism between ’chph and R(T)EVO.

We emphasize that the possibility of having a generic Satake isomorphism is
conceptually new and of independent interest. Its definition relies on the deep
Kazhdan-Lusztig theory for the intersection cohomology on the affine flag manifold.
Its proof follows from the classical case by specialization (to an infinite number of
points q). The special fibre .#(0) recovers Herzig’s mod p Satake isomorphism
[H11], by choosing Steinberg coordinates on Vo

As a corollary we obtain the generic central elements morphism as the unique
ring homomorphism

Z(q) : HP"(q) —— A(q) C H(q)

2By ‘recovers’ we mean ‘coincides up to a renormalization’.
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making the diagram

%(1)(‘1)‘ q
A(q) 9 R(Vg)
ff(q)T
HPh (q) — 2 RV W

commutative. The morphism Z(q) is injective and has image Z(H(q)). Base
change Z[q] — Z[qi%] and specialization q — ¢ € C recovers? Bernstein’s classical
central elements morphism. Its specialization q — ¢ = 0 € Fq coincides with
Ollivier’s construction from [OT4].

Our fourth main result is the characteristic homomorphism in the equivariant
K-theory over the Vinberg monoid Vg. The monoid Vg carries an action by mul-

tiplication on the right from the Z-submonoid scheme

Vg = UpTriang, 5 Gy, C Mataxa xGy = Vg,
where UpTriang,, , represents the upper triangular 2 x 2-matrices. One can con-
struct (virtual) quotients in the context of semigroups and categories of equivariant
vector bundles and their K-theory on such quotients, similar to the classical de-
scription over a groupoid, and the usual induction functor for vector bundles gives
a characteristic homomorphism, which is an isomorphism in the case of monoids
[PS20]. Applying this general formalism, the flag variety Vi /Vg resp. its extended

version Vél) / V]él) is defined as a Z-monoidoid (instead of a groupoid).

Theorem D (Cf. Corollary 5:22). Induction of equivariant vector bundles defines
a characteristic isomorphism

~ vih 1
Cyw RV = KYs (v vy,

The ring isomorphism is R(V%l))WO = R( Cﬁ;l))—linear and compatible with passage
to q-fibres. Quer the open complement q # 0, its Iwahori-component coincides with
the classical characteristic homomorphism cg between R(T) and K¢ (G/B).

We define the category of Bernstein resp. Satake parameters BPg resp. SPg
to be the category of quasi-coherent modules on the Z-scheme V’I(“l) resp. V*I(“l) /Wh.

By Theorem [B] restriction of scalars to the subring AN (q) or Z(HM(q)) defines a
functor B resp. P from the category of H () (g)-modules to the categories BP g resp.
SPg. For example, the Bernstein resp. Satake parameter of the spherical module

M equals the structure sheaf © resp. the quasi-coherent sheaf corresponding

vV

T
to the R(V%l))WO—module Kvél) (Vél)/Vél)). We call P the generic parametrization
functor.
In the other direction, we define the gemeric spherical functor to be the func-
tor Sph := (MM Dz (q)) ) 0 S7! where S is the Satake equivalence between

Z(HM(q))-modules and SPg. Let m: 'I(“l) — V,IEI)/WO be the projection. The
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relation between all these functors is expressed by the commutative diagram:
Mod(H")(q))
>
B

SPg ———BPg ——— SPg.

T

This ends our discussion of the theory in the generic setting. _
Then we pass to the special fibre, i.e. we perform the base change Z[q] — k = F,,

q — q = 0. Identifying the k-points of the k-scheme Vrf(,lg /Wy with the skyscraper
sheaves on it, the spherical functor Sph induces a map )

Sph : (V%()J/WO) (k) —— {left Hé—‘lq)—modules}.

Considering the decomposition of VA b / W) into its connected components VA / Wo

indexed by v € TV /Wy, the Spherlcal map decomposes as a disjoint union of maps
Sph” : (V%O/Wo) (k) — {left H%q—modules}.

We come to our last main result, the mod p dual parametrization of all irreducible

H%l)—modules via the spherical map.

Theorem E (Cf. Theorems and [410).
(i) Let v € TV /Wy regular. The spherical map induces a bijection
Sph” : (V%O/Wo)(k) —— {simple finite dimensional left HY -modules}/ ~ .

The singular locus of the parametrizing k-scheme
%,O/WO ~ Vg , = SingDiagy, 5 xGy,

is given by (0,0) x Gy, C Vg, in the standard coordinates, and its k-points
correspond to the supersingular Hecke modules through the correspondence
Sph”.
(ii) Let v € TV/Wy be non-regular. Consider the decomposition
V%O/WO = Vg o/Wo = A' x G, = D(2), U D(1)s,

where D(1), is the closed subscheme defined by the parabola zo = 2% in
the Steinberg coordinates z1,z» and D(2), is the open complement. The

spherical map induces bijections
Sph”(2) : D(2) (k) —— {simple 2-dimensional left H%q -modules}/ ~ ,
Sph”(1) : D(1), (k) —— {spherical pairs of characters of 'H%q}/ ~.
The branch locus of the covering
Vio— Vi o/ Wo =~ VA /WO

is contained in D(2),, with equation z1 = 0 in Steinberg coordinates, and
its k-points correspond to the supersingular Hecke modules through the cor-
respondence Sph” (2).
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In combination with the computation of the Satake parameter S (M%l)) in The-

orem [D] we get that this dual parametrization of mod p Hecke modules is realized
in the equivariant K-theory of the dual Vinberg monoid at q = 0, whose Iwahori
block is a natural specialization at q = 0 of Kazhdan-Lusztig’s parametrization
for C-coefficients. This realizes the first part of a mod p semisimple Langlands
correspondence. We refer to [PS21[PS23] for the detailed relation between mod p
Satake parameters and mod p semisimple Galois representations.

Regarding the strategy of proofs, once the Vinberg monoid is introduced, the
generic Satake isomorphism is formulated and the generic spherical module is con-
structed, everything else follows from Vignéras’ structure theory of the generic pro-
p-Iwahori Hecke algebra and her classification of the irreducible representations.

Notation. In general, the letter F' denotes a locally compact complete non-
archimedean field with ring of integers op. Let F; be its residue field, of char-
acteristic p and cardinality q. We denote by G the algebraic group GL2 over F'
and by G := G(F) its group of F-rational points. Let T C G be the torus of
diagonal matrices. Finally, I C G denotes the upper triangular standard Iwahori
subgroup and I(!) C I denotes the unique pro-p Sylow subgroup of I.

2. THE PRO-p-IWAHORI-HECKE ALGEBRA

2.1. The generic pro-p-Iwahori Hecke algebra.

2.1.1. We denote by ® = {+a} the root system of (G, T). Welet Wy = {1,5 = s}
and A = X, (T) = ZXZ be the finite Weyl group of G and the lattice of cocharacters
of T respectively. If T = k* x k* denote the finite torus T(F,), then Wy acts

) as a lift of s in G; then the

naturally on T x A. We choose the element ( (1) (1)

extended Weyl group, split by this choiceE is
WO = (T x A) x W.
It contains the affine Weyl group and the Iwahori- Weyl group
Wag =Z(1,-1) x Wy CW = A x Wy

The affine Weyl group W,g is a Coxeter group with set of simple reflections Syg =
{s0, s}, where s = (1,—1)s. Moreover, setting u = (1,0)s € W and Q = u%, we
have W = W, x Q. The length function £ on W,g can then be inflated to W and
W,

Definition 2.1.1. Let q be an indeterminate. The generic pro-p Iwahori Hecke
algebra is the Z[q]-algebra H (Y (q) defined by generators

HY(a):= P ZldT,
weW (1)
and relations:
e braid relations: T, Ty = Ty for w,w’ € WO if (w) + £(w') = £(ww')

3Note that a splitting always exists for GLn, but not for a general split reductive G, cf.
[VO5| Erratum 1)].
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e quadratic relations: T§2 =q+csT; if § € Sag, where

te(l,—1)(k>) 0 1

ci= ) -1 0
(1)

2.1.2. The identity element is 1 = T;. Moreover we set
S:=T,, U:=T, and Sy:=Ts = USsU—1.

Definition 2.1.2. Let R be any commutative ring. The pro-p Iwahori Hecke
algebra of G with coefficients in R is defined to be the convolution algebra

My = (RIONG/TV], %)
generated by the I(M-double cosets in G.

Theorem 2.1.3 (Vignéras). Let Z[q] — R be the ring homomorphism mapping q
to q. Then the R-linear map

7‘[(1) (q) ®Z[q] R—— 7—[531)

sending Ty, w € WU | to the characteristic function of the double coset I \w /T,
is an isomorphism of R-algebras.

Proof. This is [V16, Thm. 2.2, Prop. 4.4], up to the fact that here our choice
of splitting s is different from there. For this reason, in the generic quadratic
relations, we need to take the element c; as defined above instead of the element
Zte(l,fl)(kx) T; used in loc. cit.; then the relations do specialize to the quadratic
relations in ’Hg) , as can be checked by the direct computation of the corresponding
convolution products. ([l

2.2. Idempotents and component algebras.

2.2.1. Recall the finite torus T = T(F,). Let us consider its group algebra Z[T]
over the ring

~ 1

L =71——, pg—1]-

[q _ 17/“’Lq 1]

As g—1is invertible in Z, so is |T| = (¢—1)2. We denote by TV the set of characters
AT — py—1 C Z, with its natural Wy-action given by *A(t1,t2) = A(t2,t1) for
(t1,t2) € T. The set of Wy-orbits TV /W, has cardinality f%q. Also WO acts on
TV through the canonical quotient map W) — W. Because of the braid relations
in HM(q), the rule t — T} induces an embedding of Z-algebras

ZIT) € Hy (@) = HO(a) @2 Z.
Definition 2.2.1. For all A € TV and for v € TV /Wy, we define
exi=|T|I! Z/\_l(t)Tt and e, := Za,\.

teT A€y

Lemma 2.2.2. The elements ex, A € T, are idempotent, pairwise orthogonal and
their sum is equal to 1. The elements e, v € TV /Wy, are idempotent, pairwise
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orthogonal, their sum is equal to 1 and they are central in ’H( (q). The Z[q]—algebm
H(Zl)( ) is the direct product of the Z|q]-algebras ’H%( )= 7—[( )( ey :
1
)@= [ #i
~YETY /Wy
In particular, the category of ’H(zl)(q)—modules decomposes into a finite product

of the module categories for the individual component rings Hg)(q)ev.

Proof. The elements ¢, are central because of the relations 7,1} = TyyTs, Ts, Ty =
TootyTs, and Ty, Ty = Tyy Ty for all t € (1, 1)k O

2.2.2. Following the terminology of [V04], we call |y| = 2 a regular case and |y| =1
a non-regular (or Iwahori) case.

2.3. The Bernstein presentation. The inverse image in W) of any subset of

W along the canonical projection W) — W will be denoted with a superscript
D,

Theorem 2.3.1 (Vigneras [V16, Th. 2.10, Cor 5.47]). The Z[q]-algebra HV)(q)
admits the following Bernstein presentation:

@)= @ ZldEw)

weW )
satisfying
e braid relations: E(w)E(w') = E(ww') for w,w' € Wél) if {(w)+L(w') =
L(ww’)

o quadratic relations: E(3)? = qE(5?) + csE(3) if § = ts € sV, where c5 :=
Ts(t)cs with t € T

e product formula: E(AN)E(w) = q
wew®

e Bernstein relations for § € s and A € AWV : set V := RV and let

v AW v

be the homomorphism such that X\ € A acts on V' by translation by v(A);
then the Bernstein element

B(\,3) :== E(3)\§ Y)E(3) — E(3)E(\)

L) +£(w) —L(Aw)
2

E(\w) for X € AWM and

= 0 if e (A%)W
sign(a o v(A) SO gk, Nelk, VE(u(k, A) - if A € AW\ (A%,

where q(k, \)e(k, \) € Z[q)[T] and p(k,\) € A are explicit, cf. [V16, Th.
5.46] and references therein.

2.3.1. Let
=P zlEN) c AV (@) = P ZlEM) < HY(q).
AEA AeAD)

It follows from the product formula that these are commutative sub-Z[q]-algebras of
HM)(q). Moreover, by definition [VI6] 5.22-5.25], we have E(t) = T} for all t € T,
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so that Z[T] ¢ AM(q). Then, again by the product formula, the commutative
algebra A(Y)(q) decomposes as the tensor product of the subalgebras

AN (q) = Z[T] ®z A(q).

Also, after base extension Z — Z, we can set .A%(q) = .A(zl)(q)ev, and obtain the
decomposition

AV@= ] AAwc ][I *a)=1(a)
YETY /Wy YETY /W

Lemma 2.3.2. Let X,Y, 2o be indeterminates. There exists a unique ring homo-
morphism

Zld)[25][X, Y]/(XY - az) — A(q)
such that
X +— E(1,0), Y+— E(0,1) and z2— E(1,1).
It is an isomorphism. Moreover, for all v € TV /Wy,

A2(q) = (Za,\ X ZEH) ®z A(q) if v ={\ u} is regular,
AL Zex @7 A(qQ) if v = {A} is non-regular.

Proof. For any (ni,ns2) € Z*> = A, we have £(nq,n2) = |n; — na|. Hence it follows
from product formula that zo is invertible and XY = qzq, so that we get a Z[q]-
algebra homomorphism

Zld][z X, Y]/(XY — qz) — A(q).
Moreover it maps the Z[q][z3!]-basis

(X" bzt [N [T b
to the Z[q][E(1, 1)*!]-basis

{E(n, 00}z [T TTHE(O, )}z,

and hence is an isomorphism. The rest of the lemma is clear since A(il)(q) =
Z[T]) ®z A(q) and Z[T] = [T, cpv Zex. O

In the following, we will sometimes view the isomorphism of Lemma as an
identification and write X = E(1,0),Y = E(0,1) and 2, = E(1,1).

2.3.2. The rule E(A) — E(w()\)) defines an action of the finite Weyl group Wy =
{1,s} on A (q) by Z[q]-algebra homomorphisms. By [V05, Th. 4] (see also
[Vi4, Th. 1.3]), the subring of Wo-invariants is equal to the center of #(!)(q), and
the same is true after the scalar extension Z — Z. Now the action on A(Zl)(q)
stabilizes each component .A%(q) and then the resulting subring of Wy-invariants
is the center of H;(q). In terms of the description of AJ(q) given in Lemma 232
this translates into :

Lemma 2.3.3. Let v € TV /W.
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o Ifv={\ u} is reqular, then the map
Az(a) — AL(@)"° = Z(H](a)),
a— agy + s(a)e,
is an isomorphism of Z[q]-algebms. It depends on the choice of order (A, p)

on the set ~y.
o If v ={\} is non-regular, then

Z(H1(q)) = AL(@)"° = Z[q][z5", 21]ex
with z1 =X +Y.

2.3.3. One can express X,Y, 2z, € AV (q) € HP(q) in terms of the distinguished
elements This is an application of [V16l Ex. 5.30]. We find:

(1,0) =spu=us € A = X := E(1,0) = (So — ¢5,)U =U(S — ¢s),
(0,1) =sue A=Y :=FE(0,1) = SU,
(1,1)=u® € A= 2z := FE(1,1) = U

Also
21:=X+Y =U(S—¢s)+SU.

3. THE GENERIC REGULAR SPHERICAL REPRESENTATION
3.1. The generic regular Iwahori-Hecke algebras. Let v = {\, u} € TV/W,
be a regular orbit. We define a model Ha(q) over Z for the component algebra
Hi(a) C H(zl)(q). The algebra Hz(q) itself will not depend on .

3.1.1. By construction, the Z[q-algebra H%(q) admits the following presentation:

H%(q) = (ZE)\ X 2511) ®/Z @ Z[Q]Tw;
wew

where ®7, is the tensor product ®z of Z-modules, whose algebra structure is twisted
by the W-action on {\, u} through the quotient map W — Wy, together with the
orthogonality relation exe, = 0 and the

e braid relations: T,,Ty = Ty for w,w’ € W if f(w) + £(w’) = L(ww")

e quadratic relations: T2 = q if § € Sag.

Definition 3.1.1. Let q be an indeterminate. The generic second Iwahori-Hecke
algebra is the Z[q]-algebra Ha(q) defined by generators

Ha(q) = (Zey x Zey) @4 €D Zla T,
weWw

where ®7, is the tensor product ®z of Z-modules, whose algebra structure is twisted
by the W-action on {1, 2} through the quotient map W — Wy = &5, together with
€162 = 0, and the relations:

e braid relations: Ty, Ty = Ty for w,w’ € W if L(w) + £(w') = £(ww')

e quadratic relations: T2 = q if § € Sag.



GENERIC AND MOD p KAZHDAN-LUSZTIG THEORY FOR GL» 1153

3.1.2. The identity element of Ha(q) is 1 = T7. Moreover we set in Ha(q)
S:=T,, U:=T, and Sy:=T,, =USU "
Then one checks that
Ho(q) = (Zey x Zeoy) @4 Z[q)[S, U*], S*=q, U?S=SU>
is a presentation of Ha(q) (where S and U do not commute). Note that the element

U? is invertible in Ha(q).

3.1.3. Choosing the ordering (A, u) on the set v = {A,u} and mapping &1 —
€x, €2 +> €, defines an isomorphism of Z[q]-algebras

Ha(q) ®ZZL}H%(Q)7
such that S® 1 — Se,, U®1+— Uey and Sy ® 1 — Spe,.

3.1.4. We identify two important commutative subrings of Ha(q). We define Az (q)
C Ha(q) to be the Z[q]-subalgebra generated by the elements €1, €2, US, SU and
U*2. Let X,Y and z; be indeterminates. Then there is a unique (Ze; x Zey ) @zZ[q]-
algebra homomorphism

(Zey x Zez) @2 Z[d)[25)[X, Y]/ (XY — qzz) — As(q)

such that X — US,Y — SU, 2z, — U?, and it is an isomorphism. In particular,
As(q) is a commutative subalgebra of Hs(q). The isomorphism [B.1.3] identifies
As(q) ®z Z with A%(q). Moreover, permuting ¢; and &5, and X and Y, extends
to an action of Wy = &3 on Az(q) by homomorphisms of Z[q]-algebras, whose
invariants are the center Z(Hz(q)) of H2(q), and the map
Zld)[z X, Y]/ (XY —qz) — Ax(@)"° = Z(Ha()),

a— agy + s(a)es
is an isomorphism of Z[q]-algebras. This is a consequence of SectionsB.I3 and 2:33]
and Lemmas and In the following, we will sometimes view the above

isomorphisms as identifications. In particular, we will write X = US,Y = SU and
29 = U2.

3.2. The Vignéras operator. In this subsection and the following, we will investi-
gate the structure of the Z(H2(q))-algebra Endz (3, (q))(A2(q)) of Z(Hz2(q))-linear
endomorphisms of A3(q). Recall from the preceding subsection that Z(Ha(q)) =
Az(q)® is the subring of invariants of the commutative ring As(q).

Lemma 3.2.1. We have
Az(q) = Az2(q)’e1 © A2(q)’e2
as As(q)®-modules.

Proof. This is immediate from the two isomorphisms in 3141 O

According to Lemma B2l we may use the As(q)®-basis £1,e2 to identify
Endz(3,(q))(A2(q)) with the algebra of 2 x 2-matrices over

Az(q)° =Z[q][z '][X, Y]/ (XY ~ az).
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Definition 3.2.2. The endomorphism of A3(q) corresponding to the matrix

V() = 0 Ye, + Xeq
s\ = 22_1(X€1 +Y52) 0

will be called the Vignéras operator on As(q).
Lemma 3.2.3. We have Vi(q)? = q.
Proof. This is a short calculation. ]

3.3. The generic regular spherical representation. In Theorem [B:3.1] we de-
fine the generic regular spherical representation of the algebra H2(q) on the
Z(H2(q))-module Asz(q). Note that the commutative ring Az(q) is naturally a
subring

Az(q) C Endz(,(q) (A2(q)),
an element a € Ay(q) acting by multiplication b — ab on Ax(q).

Theorem 3.3.1. There exists a unique Z[q]-algebra homomorphism

(q) : Ha(q) —— Endz(3,(q)) (A2(q))

such that
(i) 2%(q)|ay(q) = the natural inclusion Az(q) C Endz(z,(q))(A2(q))
(i) (q)(5) = Vi(a).

Proof. Recall that Ha(q) = (Ze1 x Zes) ®Y, Z[q][S, UF!] with the relations S? = q
and U2S = SUZ. In particular % (q)(S) := Vi(q) is well-defined thanks to B.2.3l
Now let us consider the question of finding the restriction of 2%(q) to the subalgebra
Z[q][S, U*']. As the Z[q]-algebra Ay (q) N Z[q][S, U*'] is generated by

29=U% X=US and Y =SU,
such a Z[q]-algebra homomorphism exists if and only if there exists

o (q)(U) € Endz 3¢,(q))(A2(a))
satisfying
(1) @(q)(U)? = #(q)(U?) = #(q)(22) = 221d (in particular @ (q)(U) is
invertible)
(2) 24(q)(U)Vs(q) = multiplication by X
(3) Vi(q)e4(q)(U) = multiplication by Y.
As before we use the Z(Ha(q))-basis €1, €2 of As(q) to identify Endz(z,(q))(Az2(a))
with the algebra of 2 x 2-matrices over the ring Z(H2(q)) = A2(q)®. Then, by
definition,
. 0 Yei + Xeo
Vila) = ( 2y H(Xe1 + Yeo) 0 )
Moreover, the multiplications by X and by Y on As(q) correspond then to the
matrices

Xe1+Yes 0 and Yei + Xeo 0
0 Yei + Xeo 0 Xer+Yeo ’

Now, writing

a@) =( 7).
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we have:

%(q)(U)z—zzId:*(&ZilZzC) éL%‘(OQ Oz)

24(q)(U)Vs(q) = multiplication by X

CZ;l(XEl +Y€2) CL(YEl +X€2) _ Xe1+Yeo 0
( dZ;l(Xf:l +Y€2) b(Y€1 +X62) ) o ( 0 Yei + Xeg )
and
Vs(q)e(q)(U) = multiplication by Y

b(Ye, 4+ Xeo) d(Ye, + Xeo) Y&+ Xeo 0
azy{(Xe1 +Yer) ez (Xer+Yes) ) 0 Xey+Yey )

Each of the two last systems admits a unique solution, namely

fa ¢\ _ [0 =2
which is also a solution of the first one. Moreover, the determinant

ad —bc = —2z5

is invertible.
Finally, Az(q) is generated by A2 (q) NZ[q][S, UT!] together with £ and 5. The
latter are assigned to map to the projectors

multiplication by &1 = ( (1) 8 ) and multiplication by 2 = ( 8 (1) ) .

Thus it only remains to check that

(5 0 )@= () )
and
(0 1)@ - ().
and similarly with 7% (q)(U) in place of @4 (q)(S), which is straightforward. O

Remark 3.3.2. The map %(q), together with the fact that it is an isomorphism
(see below), is a rewriting of a theorem of Vignéras, namely [V04, Cor. 2.3]. In
loc. cit., the algebra Ho(q) is identified with the algebra of 2 x 2-matrices over the
ring Z[q)[z5'][X,Y]/(XY — qz2). In our approach, we have replaced the abstract
rank 2 module underlying the standard representation of this matrix algebra, by
the subring As(q) of Ha(q) with {e1,e2} for the canonical basis.

Proposition 3.3.3. The homomorphism /5(q) is an isomorphism.

Proof. Tt follows from and B4 that the Z[q]-algebra Ha(q) is generated by
the elements
€1, €2, S, U, SU

as a module over its center Z(Hz2(q)). Moreover, as SU? = U2S =: 2,5 and
SU =Y, we have

S =2'YU =25V (61U 4+ e2U) = 25 (Yer + Xep)a1U + 25 H(Xey + Yeo)exU,
U=¢eU+eU and SU= (Ye;+ Xeg)e1 + (Xep + Yeg)es.
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Consequently Hz(q) is generated as a Z(H2(q))-module by the elements

—1
€1, €2, 25 €1U, eU.

A(@)(U) = ( D)

these four elements are mapped by 2%(q)
() (3 (52).(08)
0 0 ’ 1 0 )"
As o#5(q) identifies Z(Hz2(q)) C Hz(q) with the center of the matrix algebra
Endz (34, () (A2(a)) = Endz (3, (q)) (Z(H2(a))er & Z(H2(a))e2),

it follows that the elements €1, €2, 25 151U , eaU are linearly independent over
Z(H2(q)) and that @%(q) is an isomorphism. O

We record Corollary B34 of the proof.

Corollary 3.3.4. The ring Ha(q) is a free Z(Ha2(q))-module on the basis 1, e,
2’2_161 U7 EQU.

Since

3.3.1. We end this section by noting an equivariance property of @%(q). As already
noticed, the finite Weyl group Wy acts on Az(q) by Z[q]-algebra automorphisms,
and the action is clearly faithful. Moreover Az(q)V° = Z(Ha(q)). Hence Wy
can be viewed as a subgroup of Endz,(q))(A2(q)), and we can let it act on
Endy 3, (q))(Az2(a)) by conjugation.

Lemma 3.3.5. The embedding 2/5(q)| a,(q) 75 Wo-equivariant.
Proof. Indeed, for all a,b € A2(q) and w € Wy, we have

s (q)(w(a))(b) = w(a)d = wlaw™" (b)) = (waw™")(b) = (wea(q)(a)w™")(b).
O

4. THE GENERIC NON-REGULAR SPHERICAL REPRESENTATION

4.1. The generic non-regular Iwahori-Hecke algebras. Let v = {\} € TV /W,
be a non-regular orbit. As in the regular case, we define a model H;(q) over Z for

the component algebra ’H%(q) C Hg) (q). The algebra H;(q) will not depend on ~.

4.1.1. By construction, the Z[q-algebra ’H%(q) admits the following presentation:

= @ Z[q)Twex,

weW
with
e braid relations: T, Ty = Ty for w,w’ € W if £(w) + £(w’) = L(ww")
e quadratic relations: T2 = q+ (¢ — 1)T5 if § € Sag.
Definition 4.1.1. Let q be an indeterminate. The generic Iwahori-Hecke algebra
is the Z[q]-algebra H;(q) defined by generators

Hi(a) == €D Zla|Tw

weWw
and relations:
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e braid relations: Ty, Ty = Ty for w,w’ € W if L(w) + £(w') = L(ww')
e quadratic relations: T2 = q+ (q — 1)T5 if § € Sag.
4.1.2. The identity element of H1(q) is 1 = T1. Moreover we set in H1(q)
S:=T,, U:=T, and Sy:=T,, =USU "
Then one checks that
Hi(q) = Z[q)[S,U*"], S*=q+(q—1)S, U?S=SU"

is a presentation of #;(q). Note that the element U? is invertible in H;(q).
4.1.3. Sending 1 to ., defines an isomorphism of Z[q]-algebras

Hi(q) @z Z ——H](a),
such that S® 1+ Se,, U® 1+~ Uey and Sp ® 1 — Spe.

4.1.4. We define A;(q) C Hi(q) to be the Z[q]-subalgebra generated by the ele-
ments (So — (q — 1))U, SU and U*2. Let X,Y and 2z, be indeterminates. Then
there is a unique Z[q]-algebra homomorphism

Zld)lz '][X, Y]/ (XY —qz) — Ai(q)

such that X — (Sp — (q — 1))U, Y = SU, 25 — U2, and it is an isomorphism. In
particular, A;(q) is a commutative subalgebra of Hi(q). The isomorphism T3]
identifies A;(q) ®z Z with A%(q). Moreover, permuting X and Y extends to an

action of Wy = G2 on A;(q) by homomorphisms of Z[q]-algebras, whose invariants
are the center Z(H1(q)) of H1(q) and

Z[q)[3"][21] = Av(@)"° = Z(Hi(q))

with 217 := X + Y. This is a consequence of I.1.3] 2.3.3] 2.3.2] and 233l In the
following, we will sometimes view the above isomorphisms as identifications. In
particular, we will write

X=(Sy—(q-1))U=U(S—(q—1)), Y=SU and 2z =U? in Hi(q).

4.1.5. Tt is well-known that the generic Iwahori-Hecke algebra H;(q) is a g-deforma-
tion of the group ring Z[W] of the Iwahori-Weyl group W = A xW,. More precisely,
specializing the chain of inclusions A;(q)""° C A;(q) C Hi(q) at q = 1 yields the
chain of inclusions Z[A]"e C Z[A] C Z[W].

4.2. The Kazhdan-Lusztig-Ginzburg operator. As in the regular case, we
will study the Z(H1(q))-algebra End (3, (q))(A1(q)) of Z(H1(q))-linear endomor-
phisms of A;(q). Recall that Z(H1(q)) = .A1(q)® is the subring of invariants of the
commutative ring A;(q).

Lemma 4.2.1. We have
Ai(q) = Ai(@)°X @ Ai(q)® = Ai(q)® & Ai(q)°Y
as A1 (q)®-modules.
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Proof. Applying s, the two decompositions are equivalent; so it suffices to check
that Z[z5'][X,Y] is free of rank 2 with basis 1,Y over the subring of symmetric
polynomials Z[zéﬁl][X + Y, XY]. First if P = QY with P and @ symmetric, then
applying s we get P = QX and hence Q(X —Y) = 0 which implies P =Q = 0. It
remains to check that any monomial X*Y7, i, j € N, belongs to

ZEEN[X 4+ Y, XY + Z[z5[X + Y, XY]Y.
As X = (X +Y)—Y and Y2 = —XY + (X + Y)Y, the latter is stable under
multiplication by X and Y; as it contains 1, the result follows. O
Remark 4.2.2. The basis {1, Y} specializes at q = 1 to the so-called Pittie-Steinberg
basis [StT5] of Z[A] over Z[A]Wo.

Definition 4.2.3. We let
D, := projector on A;(q)°Y along A;(q)?,
D! := projector on A;(q)° along A;(q)°X,
Dy(q) := Dy — aD.
Remark 4.2.4. The operators Dy and D’ specialize at q = 1 to the Demazure
operators on Z[A], as introduced in [D73[D74].

Lemma 4.2.5. We have
Dy(q)* = (1 —q)Ds(q) +q.
Proof. Noting that Y = z; — X, we have
Dy(q)*(1) = Dy(q)(—a) =q* = (1 - q)(—q) + a = (1 — q)Ds(aq) + q)(1)
and
Dy(q)*(Y) = Ds(q)(Y — qz1)

=Y —qz1 — qz(—q)

=(1-aq)(Y —qz) +qY

= (1 —a)Ds(q) + a)(Y).

O

4.3. The generic non-regular spherical representation. We define the generic
non-regular spherical representation of the algebra H;(q) on the Z(H;(q))-module
Ai(q). The commutative ring A;(q) is naturally a subring

Ai(q) C Endzy, (q))(Ai(aq)),
an element a € A;(q) acting by multiplication b — ab on A;(q).

Theorem 4.3.1. There exists a unique Z[q]-algebra homomorphism
() : Hi(a) — End gz, (q)) (A1(a))

such that

(i) “1(q)|a,(q) = the natural inclusion Ai(q) C Endz (s, (q))(A1(q))
(i) #(a)(S) = —Ds(q).
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Proof. Recall that H(q) = Z[q][S, U*!] with the relations S? = (q — 1)S + q and
U2S = SU2. In particular % (q)(S) := —Ds(q) is well-defined thanks to On
the other hand, the Z[ql-algebra A4, (q) is generated by

2=U? X=US+(1-qU and Y =SU.

Consequently, there exists a Z[q]-algebra homomorphism .27 (q) as in the statement
of the theorem if and only if there exists

A (q)(U) € Endz 3, (q)(A1(a))
satisfying

(1) Wl(Q)(U); = 2(a)(U?) = 21(a)(z2) = 221d (in particular @ (q)(U) is
invertible

(2) 1 (a)(U)(—=Ds(a)) + (1 — a)#(q)(U) = multiplication by X

(3) —=Ds(q)«4(q)(U) = multiplication by Y.

Let us use the Z(H1(q))-basis 1,Y of A;i(q) to identify Endzy, (q))(A1(q)) with
the algebra of 2 x 2-matrices over the ring Z(H1(q)) = A1(q)®. Then, by definition,

ow=(o 4 )ra(o 5 )=(0%)

Moreover, as X = z; — Y, XY =qz and Y2 = - XY + (X + Y)Y = —qz + 1Y,
the multiplications by X and by Y on A;(q) get identified with the matrices

Z1 gz 0 —qgz
<_1 0) and <1 a )

a@© =( 5 5 ).

Now, writing

we have:

szl(q)(w?—zﬂd@*(ziﬁzc) ﬁgifi?)‘(zoz zoz)

24 (q)(U)(—Ds(q)) + (1 — @)« (q)(U) = multiplication by X
a qlazr—¢) \ [ = 2z
A ( b g(bzll—d) > - ( S >
—D;(q)#(q)(U) = multiplication by Y

PN ( q(a;i—bzlb) q(ci—dzld) ) _ ( (; —;1122 ) '

Each of the two last systems admits a unique solution, namely

o (q)(U) = ( Z 2 ) _ ( fll Z%_—leQ )

which is also a solution of the first one. Moreover, the determinant

and

ad —be=—22 + (22 — ) = —x

is invertible. O
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4.3.1. The relation between our generic non-regular representation 7 (q) and the
theory of Kazhdan-Lusztig [KL8T7], and Ginzburg [CGI7], is the following. Intro-
ducing a square root q2 of q and extending scalars along Z|q) C Z[qi%], we obtain
the Hecke algebra Hl(qi%) together with its commutative subalgebra A; (qi%).
The latter contains the elements ON,\, A € A, introduced by Bernstein and Lusztig,
which are defined as follows: writing A = Ay — Ao with A1, A2 antidominant, one has

_ ) £(x9)

9~)\ = Texl T;l =q 2 q 2 T, Te;l.

They are related to the Bernstein basis {E(w), w € W} of Hi(q) introduced

by Vignéras (which is analogous to the Bernstein basis of ?—l(l)(q) which we have
recalled in 23] by the formula:

2(eMw)—L(w) ~
2

VA €A, Ywe W, E(e)‘w) =q 0T, € Hi(q)C Hl(qi%).

e ~
In particular E(e*) = qz(—’z) 0y, and by the product formula (analogous to the
product formula for H(V)(q), cf. 23], the Z[qi%]—linear isomorphism

0 : ZlgT5][A] = Ay (gF3),
6>‘ — é>\

is in fact multiplicative, i.e. it is an isomorphism of Z[qi%}-algebras.
Consequently, if we base change our action map &4 (q) to Z[qi%], we get a
representation

+1. +1 L E AT ) +1

which coincides with the natural inclusion Z[qF2][A] C Endz[qi%][ Ao (Z[g*=2][A])

when restricted to A;(q¥2) ~ Z[q¥2][A], and which sends S to the opposite
—D;(q) of the g-deformed Demazure operator. Hence, modulo our choice of an-
tidominant orientation, this is the spherical representation defined by Kazhdan-
Lusztig [KL8T, Lem. 3.9] and Ginzburg [CGI7, 7.6]@

In particular, <7 (1) is the usual action of the Iwahori-Weyl group W = A x W,
on A, and /(0) can be thought of as a degeneration of the latter.

Proposition 4.3.2. The homomorphism </ (q) is injective.

Proof. Tt follows from and 1.4 that the ring H;(q) is generated by the
elements
1, S, U, SU

as a module over its center Z(Hi(q)) = Z[q][z1,25"]. As the latter is mapped

isomorphically to the center of the matrix algebra Endzy, (q))(Ai(q)) by <1(q),
it suffices to check that the images

L A (q)(5), Z(a)(U), (q)(SU)

4Moreover, it can be checked, in analogy to loc. cit., that the H1(q)-module <7 (q) is isomorphic
to the induction of the trivial character of the finite Hecke (sub)algebra Z[q][S]. But we will not
make use of this in the following.
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of 1,5,U, SU by </ (q) are free over Z(H1(q)). So let a, 8,7, € Z(H1(q)) (which
is an integral domain) be such that

1 0 q 9z 21 22— 2 0 —qz \ _
a(o 1)+ﬁ<o —1)+7(—1 N P B

Then
a+ fq+ vz =0,
—y+9 =0,
Bazy + (2 — 22) —dqzz =0,
a—B+(6—7)zn =0.
We obtain § = v, a = § and
a(l+q)+v2 =0,
aqz +7(2f — 22 —qz) =0.

The latter system has determinant
(1+q)(27 — 22 — qze) — q2% = 27 — 20 — 2q22 — Q°2»
which is non-zero (its specialization at q = 0 is equal to 27 — 25 # 0), whence
a=y=0=p=9. ]
We record Corollaries [£.3.3] and .34 of the proof.
Corollary 4.3.3. The ring H1(q) is a free Z(H1(q))-module on the basis 1, S,U, SU.
Corollary 4.3.4. The homomorphism <% (0) is injective.

4.3.2. We end this section by noting an equivariance property of < (q). As already
noticed, the finite Weyl group Wy acts on A;(q) by Z[q]-algebra automorphisms,
and the action is clearly faithful. Moreover A;(q)"V° = Z(Hi(q)). Hence W
can be viewed as a subgroup of Endzy,(q))(A1(q)), and we can let it act on
Endz (3, (q))(A1(q)) by conjugation.

Lemma 4.3.5. The embedding </ (q)|a,(q) i5 Wo-equivariant.
Proof. Indeed, for all a,b € A;(q) and w € Wy, we have
1 (q)(w(a))(b) = w(a)b = w(aw ' (b)) = (waw™")(b) = (we(a)(a)w™")(b).
([l

5. K-THEORY OF THE DUAL FLAG VARIETY

5.1. The Vinberg monoid of the dual group G= GL-.

5.1.1. The Langlands dual group over k := F, of the connected reductive algebraic
group GLs over F' is G = GL,. We recall the k-monoid scheme introduced by
Vinberg in [V95], in the particular case of GLy. It is in fact defined over Z, as the
group GL5. In the following, all the fibre products are taken over the base ring Z.

Definition 5.1.1. Let Matayo be the Z-monoid scheme of 2 x 2-matrices (with
usual matrix multiplication as operation). The Vinberg monoid for GLg is the
Z-monoid scheme

VoL, 1= Mataxa XGyy,.
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5.1.2. The group GL2 x G,, is recovered from the monoid Vg, as its group of
units. The group GLs itself is recovered as follows. Denote by zo the canonical
coordinate on G,,. Then let q be the homomorphism from Vi, to the multiplicative
monoid (A',-) defined by (f,z2) — det(f)z; '

Var,
|
Al

Then GL3 is recovered as the fibre at q = 1, canonically:

a '(1) ={(f,z2) : det(f) = 22} — GLz2, (f,22)~ f.
The fibre at q = 0 is the Z-semigroup scheme
VaL,.0 :=q *(0) = Singy, 5 XG,p,
where Sing, ., represents the singular 2 x 2-matrices. Note that it has no identity

element, i.e. it is a semigroup which is not a monoid.

5.1.3. Let Diagy, 5 C Matsxa be the submonoid scheme of diagonal 2 x 2-matrices,
and set

Vz = Diagy o XGyy C VoL, = Mataxe XGpy.
This is a diagonalizable Z-monoid scheme with character monoid
X*(Va) = N(1,0) ®N(0,1) ©Z C Z(1,0) ®Z(0,1) ®Z = ABZ = X*(T) ©X*(G,,).
In particular, setting X := €% and Y := e(®1) in the group ring Z[A], we have
T = Spec(Z[X ™, Y*]) C Spec(Z[z3][X,Y]) = V.

Again, this closed subgroup is recovered as the fibre at q = 1 of the fibration q|vT :
Va — Al, and the fibre at q = 0 is the Z-semigroup scheme SingDiagy, o XG,,
where SingDiag, , represents the singular diagonal 2 x 2-matrices:

TC Vi >SingDiagy o X Gy,

| |

Spec(Z)—— Al OSpec(Z).

In terms of equations, the A'-family
q: Vg = Diagy, o XGyp, = Spec(Z[z5][ X, Y]) — Al
is given by the formula q(diag(z,y),z2) = det(diag(z,y))z; ' = zyz; ‘. Hence,

after fixing zo € G,,, the fibre over a point q € A! is the hyperbola zy = qz,
which is non-degenerate if q # 0, and is the union of the two coordinate axes if

q=0.

5.2. The associated flag variety and its equivariant K-theory.
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5.2.1. Let B C GL5 be the Borel subgroup of upper triangular matrices, let
UpTriang,,, be the Z-monoid scheme representing the upper triangular 2 x 2-
matrices, and set

Vg = UpTriang, ., xG,,, C Mataxa XG,,, =: Vgr,-

Then we can apply to this inclusion of Z-monoid schemes the general formalism
developed in [PS20]. In particular, the flag variety VgL,/Vg is defined as a Z-
monoidoid. Moreover, after base changing along Z — k, we have defined a ring
KVerz (Vgr, /Vg) of Vaw,-equivariant K-theory on the flag variety, together with
an induction isomorphism

IndyS** : R(Vg) —~ Kot (Var, /Vg)

from the ring R(Vg) of right representations of the k-monoid scheme Vg on finite
dimensional k-vector spaces.

5.2.2. Now, we have the inclusion of monoids
Vs = Diagy, 5 XG,,, C Vg = UpTriangy o XGyy,
which admits the retraction

Vﬁ —>VT

((55) =)= ((50) =)

Let Rep(Vz) be the category of representations of the commutative k-monoid
scheme V4 on finite dimensional k-vector spaces. The above preceding inclusion
and retraction define a restriction functor and an inflation functor

Vg — Va
Resy? Rep(Vg) Rep(V3) : Infl2 .
These functors are exact and compatible with the tensors products and units.
Lemma 5.2.1. The ring homomorphisms
Vs . — . Vi
Resvz t R(Vg) R(Vz) : Inﬂvz
are isomorphisms, which are inverse one to the other.

Proof. We have Resy, o Inﬂ“;_‘:i = Id by construction. Conversely, let M be an object
of Rep(Vg). The solvable subgroup BxG,, C Vg stabilizes a line L C M. As B x
G, is dense in Vg, the line L is automatically Vg-stable. Moreover the unipotent

radical U C B acts trivially on L, so that B x G,,, acts on L through the quotient
T x G- Hence, by density again, Vg acts on L through the retraction Vg — V.
This shows that any irreducible M is a character inflated from a character of V.
In particular, the map R(Vz) — R(Vg) is surjective and hence bijective. O

Corollary 5.2.2. We have a ring isomorphism
CVar, = Tndyo™? o InflyP : Z[X, Y, 257 2 R(Vz) — KVe12 (Var, /Vg)

that we call the characteristic isomorphism in the equivariant K-theory of the flag
variety VoL, /Vg-
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5.2.3. We have a commutative diagram specialization at q =1

C Va

ZX,Y, 25" —NL2> KVerz (Var,/Vg)

| |

CGLy

ZIXE v+ ——2 , KGL2(GLy/B).

The vertical map on the left-hand side is given by specialization q = 1, i.e. by the
surjection

ZIX,Y, 25" = ZI][X, Y. z3 '] /(XY — qz»)
— Z[X,Y, /(XY — z) = Z[X T, YFY,

The vertical map on the right-hand side is given by restricting equivariant vector
bundles to the 1-fibre of q : Vgr, — Al, thereby recovering the classical theory.

5.2.4. Let Rep(Vgr,) be the category of right representations of the k-monoid
scheme V@i, on finite dimensional k-vector spaces. The inclusion Vg C Ve,
defines a restriction functor

Resy 2" : Rep(Var,) — Rep(Vg),
whose composition with Res“;‘? is the restriction from VgL, to Va:
T

Res&?‘z = Resé o Res“;‘;Lz :Rep(VarL,) — Rep(V3).

These restriction functors are exact and compatible with the tensors products and
units.

~

5.2.5. The action of the Weyl group Wy on X*(T) @ X*(G,,) (trivial on X*(G,,))
stabilizes X'(V,f.). Consequently Wy acts on Vg and the inclusion T C Vz is Wo-
equivariant. Explicitly, Wy = {1, s} and s acts on V4 = Diag,,, XG,, by permuting
the two diagonal entries and trivially on the G,,-factor.

Lemma 5.2.3. The ring homomorphism
Vi
Resv_(;Lz : R(Vgr,) — R(V3)

is injective, with image the subring R(Vz)"o C R(Vg) of Wo-invariants. The
resulting ring isomorphism

XVar, : R(Var,) —— R(Vz)"
is the character isomorphism of Vgr, -

Proof. This is a general result on the representation theory of V. Note that in the
case of G = GL-, we have

R(Va)"o = Z[X + Y, XYz, ' =1 q,25"] C Z[X,Y, 23] = R(V).
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6. DUAL PARAMETRIZATION OF GENERIC HECKE MODULES
We keep all the notations introduced in the preceding section. In particular,
k=TF,.
q

6.1. The generic Bernstein isomorphism. Recall from 23] the subring A(q)
C HW(q) and the remarkable Bernstein basis elements F(1,0), £(0,1) and E(1,1).
Also recall from B.I13] the representation ring R(Vz) = Z[X,Y, zQil] of the diago-
nalizable k-submonoid scheme Vg C Vg of the Vinberg k-monoid scheme of the

Langlands dual k-group G= GL; of GLs F.
Theorem 6.1.1. There exists a unique ring homomorphism
#(q) : Alq) — R(Vz)
such that
(@)(E(1,0) = X, B(a)(E(0,1) =Y,
BQEL1D) =2 and B(a)a) = XYz,
It is an isomorphism.
Proof. This is a reformulation of the first part of O

6.1.1. Then recall from 23 the subring A" (q) = Z[T] @7 A(q) € H(q) where
T is the finite abelian group T(F,). Let TV be the finite abelian dual group of
T. As TV has order prime to p, it defines a constant finite diagonalizable k-group
scheme, whose group of characters is T, and hence whose representation ring R(TV)
identifies with Z[T]: ¢t € T C Z[T] corresponds to the character evy of TV given by
evaluation at t. Set

VAV =TV x Vg

Corollary 6.1.2. There exists a unique ring homomorphism
#0(q) : AD(q) — R(VL)
such that
2V(Q)(B(1,0) =X, 2Y(q)(E(0,1)) =Y, 2 (a)(E(1,1)) = 2,
#V(a)(q) = XYz
and Yt e T, BV (q)(T;) = ev;.
It is an isomorphism that we call the generic (pro-p) Bernstein isomorphism.
6.1.2. Also, setting Vél) :=TY x Vg, we have from 5.2 the ring isomorphism
A’ — Va . py)y =
nﬂvf“) = Idzm ®z Resy? R(VT ) = Z[T] ®z R(Vz)
> R(V{Y) = Z[T] &z R(Vg),

and setting Vél) =T x Vg, we have from [PS20, 2.5.2], the ring isomorphism

v
G
vy
B

- )
Ind %, : R(VLD) — K's (v /viD),
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hence by composition we get the characteristic isomorphism

1 ~ v 1 1
ey R Dy = k'S (v VD).

Whence a ring isomorphism

~ (1)
ey 0 B0 (@) : AV(a) — KV (V) VED).

6.1.3. The representation ring R(V4) is canonically isomorphic to the ring Z[V4] of
regular functions of V4 considered now as a diagonalizable monoid scheme over Z.

Also recall from 2.2.1] the ring extension Z C Z, and denote by ¢ the base change
functor from Z to Z. For example, we will from now on write A (q) instead of

A(Zl)(q). We have the constant finite diagonalizable Z-group scheme TV, whose
group of characters is T, and whose ring of regular functions is

ZT) = [] Zex.
ATV

Hence applying the functor Spec to @(1)(q), we obtain the commutative diagram
of Z-schemes

~ S 21
Spec(.A(l)(q)) pec( - (a)) V,I(,l) — TV % fo

(A =TV x Al

where 7y : Spec(AM)(q)) — TV is the decomposition of Spec(A™M(q)) into its
c9nnected components. In particular, for each A € TV, we have the subring A*(q) =
AN (q)ey of AM)(q) and the isomorphism

Spec(#*(a))

Spec(A*(q)) A} x Vg

of Z-schemes over {\} x Al. In turn, each of these isomorphisms admits a model
over Z, obtained by applying Spec to the ring isomorphism in 1.4

#1(q) : Ai(q) —— R(Vz).
6.2. The generic Satake isomorphism. Recall part of our notation: G is the

algebraic group GLy (which is defined over Z), F is a local field and G := G(F).
We have denoted by o the ring of integers of F. Now we set K := G(op).

Definition 6.2.1. Let R be any commutative ring. The spherical Hecke algebra of
G with coefficients in R is defined to be the convolution algebra

HE" = (RIK\G/K], )

generated by the K-double cosets in G.
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6.2.1. By the work of Kazhdan and Lusztig, the R-algebra 'H%’h depends on F only
through the cardinality ¢ of its residue field. Indeed, choose a uniformizer w € op.
For a dominant cocharacter A € A*T of T, let 1, be the characteristic function of
the double coset KA\(w)K. Then (1)),ea+ is an R-basis of 'H%’h. Moreover, for all
A, i, v € AT there exist polynomials

N}\,M;V(q) € Z[q]
depending only on the triple (A, p, v), such that
Iy+1, = Z N (@)1,
vEAT

where N ,,..(¢) is the image under Z — R of the value of N, ,..(q) at q = g¢.
These polynomials are uniquely determined by this property since when the non-
archimedean local field F varies (already over its unramified extensions), the corre-

sponding integers ¢ form an infinite set. Their existence can be deduced from the

theory of the spherical algebra with coeflicients in C, as H%)h = R®y 'Hszph and

’H%ph C Héph (e.g. using arguments similar to those in the proof of [(.2.3] below).

Definition 6.2.2. Let q be an indeterminate. The generic spherical Hecke algebra
is the Z[qg]-algebra H*P"(q) defined by generators

HPM(q) := Drea+Zla]Ty
and relations:

T\T, = Z Ny ()T,  for all A\, u € AT,
veAT

Theorem 6.2.3. There exists a unique ring homomorphism

Z(q) : HPq) —— R(V5)
such that

(@) Tan) =X+Y, ZL@Tu) =2 ad L(q)(q)=XYz"
1t is an isomorphism onto the subring R(Vrf‘)w0 of Wy-tnvariants
Z(q) : HPP(q) —— R(Vz)"* € R(V5).

In particular, the algebra H**(q) is commutative.
Proof. Let

Sy M s X (T) W0
be the ‘classical’ isomorphism constructed by Satake [Sat63]. We use [Gr98] as a
reference. R

For A € AT, let x» € Z[X*(T)]"° be the character of the irreducible represen-

tation of G of highest weight . Then (xx)aea+ is a Z-basis of Z[X*(T)]"o. Set

o= L7 gPM ), where 2p = o := (1,—1). Then for each \,u € A%, there
exist polynomials dy ,(q) € Z[q] such that

B=1a+ Y dau()l, € HE,

pn<A
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where dy ,,(¢q) € Z is the value of dy ,(q) at q = g; the polynomial d» ,(q) depends
only on the couple (A, i), in particular it is uniquely determined by this property.
As (1)) xea+ is a Z-basis of HSph, 50 is (fx)rear- Then let us set

Q) =T+ Y dru(@)T, € HP(q).
pn<A

As (Ta)rea+ is a Z[q]-basis of H>"(q), so is (fx(a))rea+-
Next consider the following Z[q2]-linear map:

Fa(q) : Z[a?] @g1q) HPM (@) — Z[a?] @7 Z[X*(T)] = Z[q?][X*(T)],
1@ fala) — q®Vx,

We claim that it is a ring homomorphism. Indeed, for hi(q), ha(q) € Z[q?] ®z[q]
HPP(q), we need to check the identity

Fa(@)(hi1(@)h2(q)) = La(q)(hi(a))Fa(q) (ha(q)) € Z[q?][X*(T)].

Projecting in the Z[qz]-basis X'(T), the latter corresponds to (a finite number of)
identities in the ring Z[q%] of polynomials in the variable q?. Now, by construction
and because .7, is a ring homomorphism, the desired identities hold after special-
izing q to any power of a prime number; hence they hold in Z[q%]. Also note that
Za(q) maps 1 = T{g,0) to 1 = x(g,0) by definition.

It can also be seen that .#(q) is injective using a specialization argument: if
h(q) € Z[q?] ®zq MM (q) satisfies .71(q)(h(q)) = 0, then the coordinates of h(q)
(in the basis (1 ® fa(q))aea+ say, one can also use the basis (1 ® T)\)rep+) are
polynomials in the variable q% which must vanish for an infinite number of values
of q, and hence they are identically zero.

Let us describe the image of H*"(q) C Z[q?] ®zjq HP"(q) under the ring
embedding .%;(q). By construction, we have

Fa(@)HP (@) =  Zldla"x».
AEAT
Explicitly,
AT =N(1,0) ® Z(1,1) C Z(1,0) ® Z(0,1) = A,
so that

Fa(@)(HP(q)) = (@Z[Q]Q%X(nm) @2 ZPGh))-
neN
On the other hand, recall that the ring of symmetric polynomials in the two
variables e(1:) and e(®1) is a graded ring generated the two characters X(1,0) =
e(10) 4 ¢(0,1) gnd X1 = e(1,0)0(0,1).

2[e0,eOV) = Pz, OV = Zlxa,0p xa.0)-
neN

As x(1,0) is homogeneous of degree 1 and x(; 1) is homogeneous of degree 2, this

implies that
Z[e(l’o) (© 1) EB ZX 1 O)X 1,1)

(a,b)EN?
a+2b=n
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. n 1 .
Now if a +2b = n, then a2 x{, 4)X{1.1) = (A% X(1,0)*(ax(1,1))"- As the symmetric
polynomial x(, ¢y is homogeneous of degree n, we get the inclusion

Fa(@)(HP(a)) C Zlal[a® X100 AX(1,1)) Dz Zx{ihy) = Zld] [Q%X(Loyx(iﬁl)]-

Since by definition of .%1(q) we have 71 (q)(f(1,0)(q)) = q%X(1,0)7 Za(a)(fa,(q))
= Xx(1,1) and Za(q)(f-1,-1)(q)) = X(=1,-1) = X(fl)v this inclusion is an equality.
We have thus obtained the Z[q]-algebra isomorphism:

ycl(q)

~ 1
HsPh(q) HSph(Q) — Z[Q] [q2X(1,0)7X(i111)]'

Also note that T{y ) — q%X(l,O) and T(q1) = Xx(1,1) since T(1,0y = f(1,0)(q) and

Ta1y = fa,n(a)
Finally, recall that V4 being the diagonalizable k-monoid scheme

Spec(k[X,Y, 23 ']),
we have
RVa)" =Z[X,Y, 5 |V = Z[X + Y, XY, 257" | = Z[X + Y, XYz, ', 257'].

Hence we can define a ring isomorphism
1 ~
v Zldlla X0y X1y —— R(Vg)™

by i(q) = XYz, ', L(q%x(lp)) = X +Y and ¢(x(1,1)) = 22. Composing, we get the
desired isomorphism

Z(q) =10 Fu(a)

Hsph(q) * HSph(q) L) R(VT)WD

Note that .7(q)(T(1,0) = X +Y, L(q)(T(1,1)) = 22, Z(q)(q) = XYz, ", and that
Z(q) is uniquely determined by these assignments since the ring H*P"(q) is the
polynomial ring in the variables q, 71,0y and T(illl), thanks to the isomorphism
ycl(q.)

Hsph(q)- O
Remark 6.2.4. The choice of the isomorphism ¢ in the preceding proof may seem
ad hoc. However, it is natural from the point of view of the Vinberg fibration
q: V’T — AL

First, as pointed out by Herzig in [H11], §1.2], one can make the classical complex

Satake transform .7 integral, by removing the factor & 3 from its definition, where §
is the modulus character of the Borel subgroup. Doing so produces a ring embedding

S HPPC—— Z[X(T)).

The image of S’ is not contained in the subring Z[X’(T)]WO of Wy-invariants. In
fact,

S'"(Ta,0)) = qe? 4+ O and S'"(Tan) = et
so that
S HPY = Z](qe0) 4 0D £1D] C Z[X*(T)).

Now,

~

ZIX*(T)] = Z(T] = Z[V5 4,
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where T 2 Vg, is the fibre at 1 of the fibration q : V4 — A considered over Z. But

the algebra ’H%ph is the specialization at q of the generic algebra H*P"(q). From this
perspective, the morphism &’ is unnatural, since it mixes a 1-fibre with a g-fibre.
To restore the gq-compatibility, one must consider the composition of Q ®z S’ with
the isomorphism

QVz, ) = QX Y, 2 '/(XY — 22) = QV | = QX Y, 5]/ (XY - gz),
X —q X,
Y=Y,
2o > Z9.
But then one obtains the formulas
HP 5 QVg ) = QX, Y, 257/ (XY — gz0),
T(LO) — X +Y,
T(l,l) = Z9.
This composed map is defined over Z, it sends ’H,zph onto the subring Z[V,iq]WU of

Wo-invariants, and its integral model is precisely the specialization q = ¢ of the
isomorphism .7 (q) from [6:23]

Definition 6.2.5. We call
Z(q) : HPMq) —— R(Vg)"

the generic Satake isomorphism.

~

6.2.2. Composing with the inverse of the character isomorphism X;/,Gl\ : R(Vp)We =
R(Vg) from B.2.3] we arrive at an isomorphism

Xvg 0 (@) s HPM(q) —— R(Vg).

6.2.3. Next, recall the generic Iwahori-Hecke algebra H;(q) EEII] and the com-
mutative subring A;(q) C Hi(q) BT together with the isomorphism % (q) in
0.1.0l

Definition 6.2.6. The generic central elements morphism is the unique ring ho-
momorphism

Zi(q) : HP(q) —— Ai(q) € Ha(q)
making the diagram

B
Ay(q) — 2 R(vy)

Q"l(Q)T

245vh (Q) Z(a)

R(Vg)"e

commutative.
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6.2.4. By construction, the morphism %7(q) is injective, and is uniquely determined
by the following equalities in A;(q):

21 @)(Ta0) =21, 21(@)(T1) =2 and  Zi(q)(q) =q.

Moreover the group Wy acts on the ring A;(q) and the invariant subring A; (q)"°
is equal to the center Z(Hi(q)) C Hi(q). As the isomorphism %:(q) is Wo-
equivariant by construction, we obtain that the image of Z(q) indeed is equal to
the center of the generic Iwahori-Hecke algebra Hi(q):

Zi(q) : P a) —— Z(Hi(a)) € Ai(q) € Hi(a).

6.2.5. Under the identification R(V4) = Z[V4] of G.1.3] the elements . (q)(T(1,0)) =
X +Y, Z(a)(q) = q, L (q)(T(1,1)) = 22, correspond to the Steinberg choice of
coordinates z1, q, zz on the affine Z-scheme Vi/Wy = Spec(Z[Vz]"?). On the

other hand, the Trace of representations morphism Tr : R(Vg) — Z[V@]G fits into
the commutative diagram

Xva
R(Vz)Vo «—— R(Vg)

-

ZVg]"o 2 Z[Vg)C

where Xy, is the character isomorphism of (23] and Ch is the Chevalley isomor-
phism which is constructed for the Vinberg monoid Vi by Bouthier in [Bol5l, Prop.
1.7]. So we have the following commutative diagram of Z-schemes

Spec(21(q))

Spec(Ai(a)) ~ Vg© Ve
Spec(ffl(q»l l
Spec( Spec(Ch ~
Spec(H*P"(q)) ? C(N (@) Va/Wo # Va//G
(T(1,o),qm /@1722)
A% x G,,.

Note that for G = GLz2, the composed Chevalley-Steinberg map Vg — A% x G,, is
given explicitly by attaching to a 2 x 2 matrix its characteristic polynomial (when
29 = 1).

6.2.6. We have recalled that for the generic pro-p-Iwahori-Hecke algebra H(1)(q)
too, the center can be described in terms of Wy-invariants, namely Z(H(1)(q)) =
AWM (q)Wo, cf. As the generic Bernstein isomorphism %) (q) is Wy-equi-
variant by construction, cf. [(.1.2] we can make Definition

Definition 6.2.7. We call
(1) e () (\Wo - A (\Wo ™ (1)\w,
S (q) =%V (@)™ AV(q)" —— R(Vz')™°

the generic pro-p-Iwahori Satake isomorphism.
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6.2.7. Note that with V2 = ][, Vg we have VA" = TV x Vg = [T cpvjw, V2
and the Wy-action on this scheme respects these y-components. We obtain the
decomposition into connected components

Dwo= 11 qIva/we= 11 vi/We.

YETY /Wy A€y YETY /Wy
If 7 is regular, then V% /Wo ~ V4, the isomorphism depending on a choice of order

on the set v, cf. 233l Hence, passing to Z as in[B.1.3) with #((q) := 'H(Zl)(q), we

obtain the following commutative diagram of Z-schemes.

Spec(#) (q))

Spec(AM)(q)) - v
- Spec(# M (q)) l
Spec(Z(H M (q))) - vV w,
2 zlm
(A2 X (Gm)’]I‘V/Wo ———— H(TV/Wo)reg V,f H(Tv/Wo)non.reg VT/W(),

where the bottom isomorphism of the diagram is given by the standard coordinates
(z,y, z2) on the regular components and by the Steinberg coordinates (21, q, z2) on
the non-regular components.

6.3. The generic parametrization. We keep the notation Z C Z for the ring
extension of ZZIl Then we have defined the Z-scheme V%l) in 1.3 and we have

considered in[G27its quotient by the natural Wy-action. Also recall that G = GLo
is the Langlands dual k-group of GLg r.

Definition 6.3.1. The category of quasi-coherent modules on the Z-scheme V’I(“l) /Wo
will be called the category of Satake parameters, and denoted by SPg:

SPg = QCoh (V1" /o).

For v € TV/Wy, we also define SPZA; := QCoh (V%/Wo), where as above V,I:’ =
H)\E'y V’i‘

6.3.1. Now, over Z, we have the isomorphism

i 0 (g = Spec(LD(q)) : VA /Wy — Spec(Z(HD(q)))
from the scheme V%l)/WO to the spectrum of the center Z(H(V)(q)) of the generic
pro-p-Iwahori Hecke algebra H()(q), cf.

Corollary 6.3.2. The category of modules over Z(HV(q)) is equivalent to the
category of Satake parameters:

S = (Z’;Zm(q))* : MOd(Z(#(l)(Q))) = SPg : (iﬁ“)(Q))*'
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The equivalence S will be referred to as the functor of Satake parametersﬁ The
quasi-inverse (i,siu)(q))* will be denoted by S—1.

6.3.2. Still from [E.2.7] these categories decompose as products over TV /Wy (con-
sidered as a finite set), compatibly with the equivalences: for all v € TV /W,

87 = (i) + Mod(Z (@) T2 SPY + (i) o
where
SPY ~ QCoh(V3) if ~y is regular,
G~ QCoh(V4/Wy)  if 7 is non-regular.
In the regular case, the latter isomorphism depends on a choice of order on the set
.
6.3.3. In particular, we have the trivial orbit v := {1}. The corresponding com-

ponent H}(q) of H()(q) is canonically isomorphic to the Z-base change of the
generic non-regular Iwahori-Hecke algebra Hi(q). Hence from [6.2.4] we have an
isomorphism

Z1(q) : HP(q) —— Z(H (Y (q)) € Al (q) ¢ H{V (q) ¢ HWV(q).

Using these identifications, the equivalence S7 for v := {1} can be rewritten as
ST Mod(HPh(q)) —— SPEY .

Definition 6.3.3. The category of quasi-coherent modules on the Z-scheme V%l)
will be called the category of Bernstein parameters, and denoted by BPg:

1
BPg = QCoh (VA").
6.3.4. Over Z, we have the isomorphism
i50(q) = Spec(BD(q)) : VLY — Spec(AW(q))

)

from the scheme V'I(‘l to the spectrum of the commutative subring .,Zl(l)(q) of the

generic pro-p-Iwahori Hecke algebra ﬂ(l)(q), cf. 613l Also we have the restriction
functor

Resjﬁ%:i : Mod(H™(q)) —— Mod(A™ (q)) = QCoh(Spec(A™(q)))

from the category of left #()(q)-modules to the one of A(l)(q)-modules, equiva-
lently of quasi-coherent modules on Spec(A™M)(q)).

Definition 6.3.4. The functor of Bernstein parameters is the composed functor

. y 70 .
B = (Z(@(l)(q)) o ReSA(U((:; : Mod(HM(q)) —— BPg .

5We hope that there is only little risk of confusing the notation S with the Hecke operator
introduced in 217
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6.3.5. Still from [6.1.3] the category BPg decomposes as a product over the finite
group TV:

BPg H BPY, where VA€TY, BP} ~ QCoh(Vz).
AETY

6.3.6. Denoting by 7 : V'i(“l) — V,I(,D /Wy the canonical projection, the compatibility

between the functors S and B of Satake and Bernstein parameters is expressed by
the commutativity of the diagram

Mod(H")(q)) —2— BPg

Rcsﬂ(l)(Q) T
z(AM) (a))

Mod(Z(H™M(q))) —— SPg .
Definition 6.3.5. The generic parametrization functor is the functor

.7 HD(q) )
P = SoResZ(g(D(q)) =m,0B:

Mod(H™(q))

|

SPg -

6.3.7. It follows from the definitions that for all v € :]I‘V /W, the fibre of P over the
direct factor SP% C SPg is the direct factor Mod(H"(q)) C Mod(H™" (q)):

P~1(SPY) = Mod(H"(q)) C Mod(H")(a)).

Accordingly the parametrization functor P decomposes as the product over the
finite set TV /Wy of functors

P7: Mod(H"(q)) — SPY, .

6.3.8. In the case of the trivial orbit « := {1}, it follows from B33 that P{1} factors
as

Mod(HM (q))

R ARG pi
8 sph (q)

Mod(#:h(q)) —525 s

6.4. The generic spherical module. Recall the generic regular and non-regular
spherical representations 2% (q) B3dland 7 (q) 3T of Ha(q) and #H1(q). Thanks
to B3 and B3, they are models over Z of representations «/7(q) of the regular
and non-regular components .77 (q), v € TV /Wy, of the generic pro-p-Iwahori Hecke
algebra HM (q) over Z, cf. and 23] Taking the product over TV /W) of these
representations, we obtain a representation

o W(q) : HV(q) — Endz(ﬂu)(q))(ﬂ(l)(@)
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By construction, the representation .o/ (1)(q) depends on a choice of order on each
regular orbit .

Definition 6.4.1. ~VVe call eﬁzj(l)(q):che generic spherical representation, and the
corresponding left ’H,(l)(q)—module M) the generic spherical module.

Proposition 6.4.2.

(1) The generic spherical representation is faithful.
(2) The Bernstein parameter of the spherical module is the structural sheaf:

BMW) =0,,q.

(3) The Satake parameter of the spherical module is the R(Vél))—module of

él)—equivariant K -theory of the flag variety of Vél) :
~ o~y
6VL1) : S(./\/l(l)) — Kva (Vél)/V]él)).
G

Proof. Part (1) follows from B33 and [L32] part (2) from the property (i) in B3
and A3.7] and part (3) from the characteristic isomorphism in a

6.4.1. Now, being a left H (1) (q)-module, the spherical module MO defines a func-
tor

MD Dz @D (q) ® - Mod(Z(HM(q))) — Mod(HV(q)).

On the other hand, recall the canonical projection  : Vél) — Vi(,l) /Wy from
Then point (2) of has the following consequence.

Corollary 6.4.3. The diagram
Mod(H(q)) —— BPg
Mu)@Z(ﬂ(l)(q)).T }r*
Mod(Z(HW (a))) —>— SPg
18 commutative.

Definition 6.4.4. The generic spherical functor is the functor
Sph == (MW @101 (g ®) 0 5" s
SPg —— Mod(H(V(q)).
Corollary 6.4.5. The diagram
Mod(H™"(q))
/ Jr
P
SPg — BPg ——SPg
18 commutative.

Proof. One has P o Sph = 7, o (B o Sph) = m, o m* by the preceding corollary. [
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6.4.2. By construction, the spherical functor Sph decomposes as a product of func-
tors Sph” for v € TV /Wy, and accordingly the previous diagram decomposes over
TV /Wy.

6.4.3. In particular for v = {1} we have the commutative diagram

Mod(H ! (q))

#{1}(q)
sph’ lpm Rcsﬁsph(;
spy) ——BPL ———— spl) —— Mod (HPh(q)).

7. THE THEORY AT q=¢q¢ =0

We keep all the notations introduced in the preceding section. In particular,
k=F,

7.1. K-theory of the dual flag variety at q = 0.

7.1.1. Recall from 5] the k-semigroup scheme
VGL2,0 = Sing2x2 XGm,

which can even be defined over Z, and which is obtained as the 0-fibre of

VL,
lq
Al
7.1.2. It admits
Vg o = SingDiagy, o XGpy

as a commutative subsemigroup scheme. The latter has the following structure: it
is the pinching of the monoids

A% x G, := Spec(k[X, 25']) and A} x G,, := Spec(k[Y, z5'])
along the sections X = 0 and Y = 0. The categories of representations of these
monoids on finite dimensional k-vector spaces are semisimple, with corresponding
representation rings
R(AY xG,,) =Z[X,2zF'] and R(A} x G,,) = Z[Y, 2.

There are three remarkable elements in Vz , namely

T,00
ex = (diag(1,0),1), ey := (diag(0,1),1) and e&p:= (diag(0,0),1).
They are idempotents. Now let M be a finite dimensional k-representation of Vz .

The idempotents act on M as projectors, and as the semigroup Vz , is commutative,
the k-vector space M decomposes as a direct sum

M= @ M()\X7)\Y7)\O)7
(Ax, Ay ,X0)€{0,1}3
where

M(Ax, Ay, Ao) ={m € M | mex = Axm, mey = Aym, meg = Agm}.
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Moreover, since Vg , is commutative, each of these subspaces is in fact a subrepre-
sentation of M.
As exey = €9 € Va

T 0> we have M(Ax,Ay,Xo) #0 = AxAy = Ag. Conse-
quently

M = M(1,0,0) D M(0,1,0) P M(1,1,1) @D M(0,0,0).
The restriction ResX?’O M(1,0,0) is a representation of the monoid A% where 0
X

Va

acts by 0, and ReSAT‘0 M(1,0,0) is the null representation. Hence, if for n > 0
Y

we still denote by X™ the character of V4 , which restricts to the character X™ of

A% x Gy, and the null map of A} x G,,, then M(1,0,0) decomposes as a sum of
weight spaces

M(1,0,0) = ®psoM(X") := BnsomezM (X"25").
Similarly

M(0,1,0) = ®psoM(Y™) := BpsomezM (Y™25").
Finally, V”I“,o acts through the projection V’T‘,O — G,, on

M(1,1,1) =: M(1) = @mezM(25"),
and by 0 on
M(0,0,0) =: M(0).

Thus we have obtained the following

Lemma 7.1.1. The category Rep(Vg ) is semisimple, and there is a ring isomor-
phism

R(Vgo) = (Z[X,Y, 2] /(XY)) x Z.
7.1.3. Next let
Vi, = SingUpTriang,, o XGrm C Var,,0 = Singy o XGon

be the subsemigroup scheme of singular upper triangular 2 x 2-matrices. It contains
V’I‘,Ov and the inclusion V’I‘,o C Vf3,o admits a retraction Vﬁ,o — Va o, namely the
specialization at q = 0 of the retraction

Let M be an object of Rep(Vg ). Write

,0?

Resy 2 M = M(1,0,0) & M(0,1,0) & M(1) & M(0).

For a subspace N C M, consider the following property:

(Pn) the subspace N C M is a subrepresentation, and Vg , acts on N through
the retraction of k-semigroup schemes Vg o — Vg -

Let us show that (Paz(0,1,0)) is true. Indeed for m € M(0,1,0) = @psoM(Y™),

we have
T c — ) T c\ —0= z 0
m\ o o )= (mey 0 o ) =meo=0=m{ o

and
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Next assume M(0,1,0) = 0, and let us show that in this case (Pyz)) is true.
Indeed for m € M(0), we have

(i 5)-nfe (i 8)) - )0

and if we decompose

m’ :—m< 8 ; ) =My 0,0y + ™My +mg € M(1,0,0) ® M(1) © M(0),

then by applying ex on the right we see that 0 = m’(1 0,0) + M1 so that m” € M(0)

and hence
m( 0 ¢ )=m 0 e =mley =0
0 y = 0 y gy | = gy = U.

Next assume M(0,1,0) = M(0) = 0, and let us show that in this case (Pas(1,0,0)
is true. Indeed, let m € M(1,0,0) = ®p,~oM(X™). Then for any ¢ € k,

;o 0 ¢
mo=m{ o

satisfies m’ex = 0, m’ey = m/, m’eg =0, i.e. m’ € M(0,1,0), and hence is equal
to 0 by our assumption. It follows that

(o y )=y )=m(x (0 5))=m(5

On the other hand, if we decompose

0 0
then by applying g on the right we find 0 = m}, i.e. m’ € M(1,0,0) and hence

(3 §) ot n( (3 §)) (3 ).

Finally assume M (0,1,0) = M(0) = M(1,0,0) = 0, and let us show that in this
case (Ppr(1)) is true, ie. that Vg, acts through the projection Vg, — G, on
M = M(1). Indeed for any m we have

(5 3)- (i 5))omn( (3 §)o)-memn
(3 5)=(n(8 5)Jamn( (3 5) ) man

It follows from the preceding discussion that the irreducible representations of
Vg, are the characters, which are inflated from those of V4 ; through the retraction

m/ ::m( x ¢ ):m/(17070)+m3EM(l,O,O)@M(l),

and

Vao = V4, As a consequence, considering the restriction and inflation functors

Res“jz’z : Rep(Vg ) Rep(Vg ) : Inﬂ“jiz,

which are exact and compatible with tensor products and units, we get:
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Lemma 7.1.2. The ring homomorphisms

Vé,o . e . Vﬁ,o
Resv"io . R(Vﬁp) R(VT,O) : Inﬂvi‘,o
are isomorphisms, which are inverse one to the other.

7.1.4. Finally, note that g € Vgr,(k) belongs to all the left Var,(k)-cosets in
Var, (k). Hence, by [PS20} 2.4.3], the category Rep(Vg ) is equivalent to the one
of induced vector bundles on the semigroupoid flag variety Var, 0/Vg o:

Vi ~ AV
Indvgzz’o : Rep(Vﬁ’O) — CIS(;?’O(VGL%()/V];O) C CVGL%O(VGL%O/V];O).
Corollary 7.1.3. We have a ring isomorphism

Vg ~
TndyC**° o WAl : R(Vy,) —— Ky (Varao/Va,o)-

B,0
Definition 7.1.4. We call relevant the full subcategory
Rep(ViO)rel C Rep(Vg )

whose objects M satisfy M(0) = 0. Correspondingly, we have relevant full subcat-
egories

r VaL,, r Var,,
Rep(Vg )" CRep(Vgo) and  Criv?”(Var,o/Va o)™ C Crna® (Var.o/Vao)-
Corollary 7.1.5. We have a ring isomorphism
~ Vi
CVarg.0 = Z[X7 Y, ZQil]/(XY) = R(VT70)rel — KISUIl‘z’O (VGLZ,O/Vﬁp)rel

that we call the characteristic isomorphism in the equivariant K-theory of the flag
variety Var,,0/Va o-

7.1.5. We have a commutative diagram specialization at q = 0

CVGL,

Z[X,Y, 27" — KVerz (Var,/Vg)

| l

€VGL,,0

ZIX,Y, 2/ (XY) 20 K782 (Var, 0/ Vi o)™,

where the vertical right-hand side map is given by restricting equivariant vector
bundles to the O-fibre of q : Vgr, — Al

7.2. The mod p Satake and Bernstein isomorphisms.

Notation 7.2.1. In the sequel, we will denote by (')Fq the specialization atq = q = 0,
i.e. the base change functor along the ring morphism

Zlq) — F, =: k,
q—0.

Also we fix an embedding pqg—1 C qu , so that the above morphism factors through
the inclusion Z[q] C Z|[q], where Z C Z is the ring extension considered in ZZ2:11
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7.2.1. The mod p Satake and pro-p-Iwahori Satake isomorphisms. Special-
izing [6.2.5], we get an isomorphism of F -algebras

T, M o[V " = (F,[X, Y, 257)/(XY))"
In [HII], Herzig constructed an isomorphism

Fter : HP? =S Ty [XS(T)_] = Fyfe®D, e+ (D))

(this is F,®78’, with the notation &’ from[6.24). They are related by the Steinberg
choice of coordinates z; := X +Y and 2, on the quotient Vi ,/Wo, cf. B23 i.e.
by the following commutative diagram

5

sph q = W
F}: ~ (Fq[XaYaZzil]/(XY)) ’

XA /l—m,;l‘l)»—wz

Fy[e©D), oD,

_ Specializing and using R(TV) = Z[T], cf. Bl we get an isomorphism of
F -algebras

S (AL W S F VAT = (F,[TIIX, Y, 25/(xY) ™

7.2.2. The mod p Bernstein isomorphism. Specializing G.T.2, we get an iso-
morphism of IF,-algebras

A AD B VA = B MX, Y, 25/(XY).

Moreover, similarly as in [6.1.2] but here using [7.1.2] and 2.5.1], we get the

characteristic isomorphism

ey ROV = K Sp (VA0 VD)

Whence by [Tl (and recalling [[T4]) an isomorphism

1%
I 1 ) 1 1 T
cve}l) 5 0B AL T K S (VUL VR

Also, specializing [6.1.3] f%ﬁ) splits as a product over TV of F,-algebras isomor-
phisms f@%‘ , each of them being of the form
q

By, Ay, —— F[Va o] = Fo[X, Y, 23]/ (XY).
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7.2.3. The mod p central elements embedding. Specializing [6.2.6] we get an
embedding of [F-algebras

%,Fq : bph —— Z(H ) - Al,]l_?q C Hl,]l_?q

making the diagram

RB. =

1,Fq — _
Al,Fq v E— Fq[vio] =F,[X.Y, chl]/(XY)
ffqu
sph yﬁq = W, = +1 W,
P Fy[Vg o] = (Fy[X,Y, 53]/ (XY))

Fq

commutative. Then ffl F, coincides with the central elements construction of Ol-

livier [O14, Th. 4.3] for the case of GLy. This follows from the explicit formulas
for the values of 27(q) on T(1,0y and T(y 1), cf.

7.3. The mod p parametrization.

Definition 7.3.1. The category of quasi-coherent modules on the k-scheme
%1()) /Wy will be called the category of mod p Satake parameters, and denoted by
SP(A;’O:
SPg., == QCoh (Vi) /W)
For v € TV/Wy, we also define SPé0 := QCoh (V%O/WO), where V%O =
H)\ny V'T,O'

7.3.1. Similarly to the generic case [6.3] the mod p pro-p-Iwahori Satake isomor-
phism induces an equivalence of categories

S+ Mod(Z(HY)) —— SPg

that will be referred to as the functor of mod p Satake parameters, and which
decomposes as a product over the finite set TV /Wy:

S = HS"’ HMod —’HSP
~ H QCoh (Vo) H QCoh( Vg o/ Wo)-

v reg 7y non-reg

For v = {1} and using [[.2.3] we get an equivalence
st Mod(’HSph) SP“} QCoh(Vz o/ W)

spho_, F, correspond to the

Note that under this equivalence, the characters 7-[
skyscraper sheaves on V4 ,/Wo, and hence to its - pomts Choosing the Steinberg
coordinates (21, 22) on the k-scheme Vz /Wy, they may also be regarded as the

k-points of Spec(k‘[X‘(’f),]), which are precisely the mod p Satake parameters
defined by Herzig in [HII].
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Definition 7.3.2. The category of quasi-coherent modules on the k-scheme VA(l())
will be called the category of mod p Bernstein parameters, and denoted by BPg

— (1)
BPg = QCoh ( p 0)'
7.3.2. Similarly to the generic case [6.3] the inclusion 7—[( ) A(l) together with the
mod p Bernstein isomorphism defines a functor of mod p Bernstem parameters

B : Mod(H\)) —— BPg .

Moreover the category BPg , decomposes as a product over the finite group T":
A
o= [[BP&, = [[QCoh(Vz ).
A A

Notation 7.3.3. Let 7 : V%l()) — V%l())/WO be the canonical projection.

Definition 7.3.4. The mod p parametrization functor is the functor
HD

P:=SoRes &

q — B .
1y, =Tx0B:
2(1)

7‘[(1))

Q)(—

7.3.3. The functor P decomposes as a product over the finite set TV /Wy:
— . v ~ v
P= H7 P H7 Mod(HFq) — Hv SP(A}’O
In the case of the trivial orbit v := {1}, P!} factors as

Mod(#Hi')

{1}
ETAL {1}
P
Res ¢ J{

g1}

Mod(HZ") = SP{l}

7.4. The mod p spherical module.

Definition 7.4.1. We call

M1 s End
F, "',

q

&
2(Hg) (AFQ )

the mod p spherical representation, and the corresponding left Hé—‘l)—module M%l)
q q
the mod p spherical module.

Proposition 7.4.2.
(1) The mod p spherical representation is faithful.
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(2) The mod p Bernstein parameter of the spherical module is the structure
sheaf:

BMWY)y =0

F, v

T,0
(3) The mod p Satake parameter of the spherical module is the Ry, (X/i(?l()))’r"l’w0 -
module of the relevant induced Vélz)—equivariant Kﬁq -theory of the flag va-

riety of v,

G,0°

I (1) Ve 1) el
re . ~ G,0 re
G F, SMG") = K 5% (Vg o/ Vao)™

Proof. Part (1) follows from B33 and [£34] part (2) from the property (i) in 31
and 3.7] and part (3) from the characteristic isomorphism in a

Corollary 7.4.3. The diagram

Mod(#g!)) —7— BPg,

(1)
Mﬁq ®Z(’H(l)).T ]\ﬂ'*
g

Mod(Z(H

~
=
=
%)

18 commutative.
Definition 7.4.4. The mod p spherical functor is the functor
yoS~t:

Sph = (M%l) ®Z(HS1)) °
q Fq

SPg,, —— Mod ().

Corollary 7.4.5. The diagram

Mod(HL)

s commutative.

7.4.1. The spherical functor Sph decomposes as a product of functors Sph” for
v € TV/Wy, and accordingly the previous diagram decomposes over TV/Wy. In
particular for v = {1} we have the commutative diagram

Mod(H) it

. q Resniph

Sph lp{ 5 Fq
{1} , {1} {1} ~ sph
Spé,o * BP@,O T Spé,o i1} d(HFq )
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7.4.2. Now, identifying the k-points of the k-scheme Vrf(,l()) /Wy with the skyscraper
sheaves on it, the spherical functor Sph induces a map )

Sph : ( %lé/WO) (k) — {left H%l)—modules}.

Considering the decomposition of V / Wy into its connected components, cf. B.2.7]
1
'?(.“,())/WO - H V’%,O/WO = H Vo H V’I‘,O/VVO7
vE(TV /Wo) YE(TY /Wo)rex YE(TY /Wo)non-reg
the spherical map decomposes as a disjoint union of maps
Sph”: (V%’O/Wo) (k)= Vg o(k)—{left H%q—modules} for ~ regular,
Sph”: ( %,O/WO) (k)= (Vi o/ Wo) (k) —{left ’H%q-modules} for v non-regular.

7.4.3. In the regular case, we make the standard choice of coordinates

Vo) = ({.0) |28 T110) [y €1} ) x {2 € 1)
(0,0)
and we identify 7—[% with H, 5 using BT3l A point v € Vg (k) corresponds by
q v q k]
BT 4 to a character

Ou: Z(Hyz,) = Fg[X,Y, 23" /(XY) — Ty,
and then Sph”(v) identifies with the central reduction
Az, = AyF, ®z(, 5 )60, Fa

of the mod p regular spherical representation .7, 7, specializing [3.3.11 The latter
being an isomorphism by B33 so is

%’gv : Hgyov N—> Endﬁq (Agyov).

Consequently H2 g, is a matrix algebra and Aj g, is the unique simple finite di-
mensional left HQVE—mOdule with central character 6, up to isomorphism. It is the
standard module with character 6,, with standard basis {€1,e2} (in particular its
F,-dimension is 2). Conversely, any simple finite dimensional ’Hzfq—module has a
central character, by Schur’s lemma.

Following [V04], a central character 6 is called supersingular if (X +Y) = 0,
and the standard module with character 6 is called supersingular if 6 is. Since
XY =0, one has (X +Y) =0 if and only if §(X) =6(Y) =

Theorem 7.4.6. Let v € TV /Wy regular. Then the spherical map induces a bijec-
tion

Sph” : (V%O/Wo)(k) —— {simple finite dimensional left HY -modules}/ ~ .
3 q
The singular locus of the parametrizing k-scheme VA /WO is given by (0,0) x

Gm C Vg 7.0 in the standard coordinates, and its k—pomts correspond to the super-
singular Hecke modules through the correspondence Sph”.
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7.4.4. In the non-regular case, we make the Steinberg choice of coordinates
(Vi o/ Wo)(k) = {z1 € k} x {z € kE*}
and we identify HZ with HiF, using T3l A point v € (Vi ,/Wo)(k) corresponds
to a character
0, Z(Hy5,) ~ Tyl 5] — F,,
and then Sph”(v) identifies with the central reduction
Ao, = A5, @z, ; )0, Fq

of the mod p non-regular spherical representation *5271,1?‘(1 specializing 311

Now recall from [V04, 1.4] the classification of the simple finite dimensional
Hqu—modules: they are the characters and the simple standard modules. The
characters

Hip, = Fo[5, U] — qu
are parametrized by the set {0, —1} x qu via evaluation on the elements S and U.

On the other hand, given v = (21, 22) € k x kX =TF, x F:, a standard module with
character 6, over H, F, is defined to be a module of type

My (21, 22) 1= qu @Fqu, Sm=—-m, SUm=zm, U’m=zm

(in particular its F,-dimension is 2). The center Z(H, Fq) acts on Ma(z1, z2) by
the character 6,. In particular such a module is uniquely determined by its central
character. It is simple if and only if 2 # 22. It is called supersingular if z; = 0.

Lemma 7.4.7. Set
szl,gu = JZ{LFq ®Z(’H1,ﬁq)x9v ﬁq : ,Hlﬂv —_— EHqu (A179v)'

o Assume zo # 27. Then g, is an isomorphism, and the H, 7 -module
]

Ay g, is isomorphic to the simple standard module My (21, z2).
o Assume zo = 2i. Then <, has a 1-dimensional kernel, and the H, F,"

module A; g, is a non-split extension of the character (0,z1) by the char-
acter (—1, —z1).

Proof. The proof of Proposition [4.3.2] shows that 7{; ¢, has an Fq—basis given by
the elements 1,5, U, SU, and that their images

1, h,(5), e, (U), e, (5),U)
by 4 g, are linearly independent over Fq if and only if 22 — 25 # 0.

If 2o # 22, then 9, is injective, and hence bijective since diqu A, = 2
from 2Tl Moreover S-Y = =Y and U - Y = (22 — 23) — 1Y and so SUY =
S((22 = 22) — 1Y) = S(=21Y) = 1Y, so that

-’41,0” = FQY @FqU Y = MQ(Zla 22)~
If zp = 27, then the proof of Proposition f.3.2] shows that .7 4, has a 1-dimensional
kernel which is the F,-line generated by —z1(1 + S) + U + SU. Moreover F,Y C
Ay p, realizes the character (—1,—z;) of Hyp,, and Ay, JF,Y ~ F,1 realizes the

character (0, z1). Finally the O-eigenspace of S in A g, is Fql, which is not U-stable,
so that the character (0, z1) does not lift in A; g, . O
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Remark 7.4.8. Geometrically, the function z; — 27 on Vi /Wy defines a family of
parabolas

VT70/W07

122—2%

Al

whose parameter is 4A, where A is the discriminant of the parabola. Then the
locus of V’i‘,o /Wo where 2o = 27 corresponds to the parabola at 0, having vanishing
discriminant (at least if p # 2).

Definition 7.4.9. We will say that a pair of characters of H, 5 = F,[S, U+ — qu

is spherical if there exists z; € qu such that, after evaluating on (S,U), it is equal
to

{(0’ Zl)v (_17 _Zl)}'

7.4.5. Note that the set of characters H, F, qu is the disjoint union of the
spherical pairs, by the very definition.

Theorem 7.4.10. Let v € TV /Wy non-reqular. Consider the decomposition

V2 /Wo = D(2), UD(1),,

where D(1)., is the closed subscheme defined by the parabola zo = 2% in the Steinberg
coordinates z1,z2 and D(2)y is the open complement. Then the spherical map
induces bijections

Sph™(2) : D(2),(k) —— {simple 2-dimensional left H -modules}/ ~,
q

Sph™(1) : D(1),(k) —— {spherical pairs of characters of HZ }/ ~ .
q

The branch locus of the covering
VT,O — VT,O/WO ~ V%O/WO

is contained in D(2)~, with equation z1 = 0 in Steinberg coordinates, and its k-
points correspond to the supersingular Hecke modules through the correspondence

Sph(2).

Remark 7.4.11. The matrices of S, U and Sy = USU~! in the F,-basis {1,Y} of
the supersingular module A4, o, = M5(0, z3) are

(0 0 _ 0 —2 (-1 0
=0 5) v (5 ) (0 h)
The two characters of the finite subalgebra F,[S] corresponding to S + 0 and
S +— —1 are realized by 1 and Y. From the matrix of Sp, we see in fact that the
whole affine subalgebra Fy[So, S] acts on 1 and Y via the two supersingular affine
characters, which by definition are the characters different from the trivial character

(So, S) — (0,0) and the sign character (Sp, S) — (—1,—1).
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7.4.6. Finally, let v be any k-point of the parametrizing space VA b / Wy. As a

particular case of [[.4.50] the Bernstein parameter of the spherical module Sph(v) is
the structure sheaf of the fibre of the quotient map 7 at v, and its Satake parameter
is the underlying k-vector space:

B(Sph(v)) = Or-1¢y and S(Sph(v)) = m.Or-1(y).

7.5. Central characters. In this final subsection, we show that the dual paramet-
rization [.4.10] behaves naturally with respect to central characters.

7.5.1. Let w: FX — k* be induced by the inclusion F, C k. Then (F;)" = (w) is
a cyclic group of order ¢ — 1. An element w” defines a non-regular character of T:

w"(ty,t2) = w" (t1)w" (t2)
for all (t1,t2) € T = F; x F¥. Composing with multiplication in TV, we get an
action of (F)¥ on TV, which factors on the quotient set TV /Wy:

TV/WO X (}F;)v - TV/WOa (,y’wr) = 70‘)7"
If v € TV/W, is regular (non-regular), then yw” is regular (non-regular).

7.5.2. Restricting characters of T to the subgroup Fy ~ {diag(a,a) : a € F)}
induces a homomorphism TV — (IF;)V which factors into a restriction map

Tv/VVO — (]F;)v’ 0 s V‘Fg‘

The relation to the (IF))Y-action on the source T" /W is given by the formula

(VWT)‘FL; = 7|]qu w?
We describe the fibres of the restriction map v — 7|qu .

Let ()|I;X1 (w?") be the fibre at a square element w?”. By the above formula, the
q
action of w™" on TV /W, induces a bijection with the fibre ()\ngl(l) The fibre

()h;j(l) ={l® 1}H{w®w‘1,w2 Rw 2. . W ®w_q2;3}H{wq;_l ®w_q;_l}

has cardinality q+1 and, in the above list, we have chosen a representative in TV
for each element in the fibre. The qng elements in the middle of this list, i.e. the
Wy-orbits represented by the characters w” @w™" forr =1,..., 23, are all regular
Wo-orbits. The two orbits at the two ends of the list are non-regular orbits (note
that % = —qg—l mod (¢ — 1)). Since the action of w™" preserves regular (non-
regular) orbits, any fibre at a square element (there are %1 such fibres) has the
same structure.

On the other hand, let ()|];X1 (w?"~1) be the fibre at a non-square element w? 1.
q

The action of w™" induces a bijection with the fibre ()|];X1 (w™1). The fibre
aq
-1 -1
(-)|];X1(w_1) ={1ew hwew?. w7 lew T}

has cardinality %5+ and we have chosen a representative in TV for each element in
the fibre. All elements of the fibre are regular Wy-orbits. Since the action of w™"
preserves regular (non-regular) orbits, any fibre at a non-square element (there are
=1 such ﬁbres) has the same structure.

Note that 1 (L 4+ 1) = f%q is the cardinality of the set TV /Wh.
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7.5.3. Recall the commutative k-semigroup scheme

Vf(l()) =T x Vg, =T x SingDiag, ., xGyn,

together with its Wy-action, cf. .27t the natural action of Wy on the factors TV
and SingDiag,,, and the trivial one on G,,. There is a commuting action of the
k-group scheme

2V = (F;)" x Gy,

).
o
TV and in the way described in [[.5.1} an element zg € G,, acts trivially on TV,
by multiplication with the diagonal matrix diag(zo,z0) on SingDiag,,, and by

\%

on V,]Agl the (constant finite diagonalizable) group (IF;)¥ acts only on the factor

multiplication with the square 22 on G,,. Therefore the quotient V%l()) /Wy inherits

a ZV-action. Now, according to [[L4.2], one has the decomposition
) _
VidWo= T V& I Vaud/M
’YG(TV/WO)reg ’YG(TV/WO)non—reg
Then the (Fx)Y-action is by permutations on the index set TV /Wy, i.e. on the set

of connected components of V"_T(“lg /Wo; as observed above, it preserves the subsets

of regular and non-regular components. The G,,-action on V%lg /Wy preserves each

connected component.

7.5.4. The two canonical projections from V%l()) to TV and G,, respectively induce

two projection morphisms

(1)
VT,O/WO
PITV /7wy prg

TV /W, Gm.
Then we may compose the map pryv yy, with the restriction map (-) |qu TV /Wy —
(F)Y, set
0= (()hp; O Prrv /w, ) X prg,

and view Vri(,l()) /Wy as fibred over the space ZV:

1)
VT,O/WO
Je
AN
The relation to the ZV-action on the source Vi(}é /Wy is given by the formula
0", 20)) = O() (W, 22) = O(x)(w", 2)?

for z € V,i(,l()J /Wo and (w", 29) € ZY. This formula follows from the formula in
and the definition of the G,,,-action in [T.5.3]
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Definition 7.5.1. Let ¢ € ZV. The space of mod p Satake parameters with central
character ¢ is the k-scheme

(Vao/Wo)e = 074(C).
7.5.5. Let ¢ = (Q\qu,zQ) € Z2Y(k) = (FX)" x k*. Denote by ( %13/W0)Z2 the fibre
of prg at 2o € k™. Then by we have
1
( ig‘,()J/WO)C = H VT;0722 H VT,O,ZQ/WO'

'YE(TV/WO)regv’YlF; =<|JF¢;< 'YG(TV/WO)non—regv’YlF; =<|JF¢;<

Recall that the choice of standard coordinates z,y identifies

Al 1
V’T‘,O,zz ~ A" Up A

with two affine lines over k, intersecting at the origin, cf. [[4.3] On the other hand,
the choice of the Steinberg coordinate z; identifies

V’i‘,O,zQ/WO >~ Al
with a single affine line over k, cf. [[4.4]
Lemma 7.5.2. Let(,n € ZV. The action of n on V%lg/Wo induces an isomorphism
1 1 ’
of k-schemes (V%’())/WO)C ~ (VT(’S/WO)C,,Q.
Proof. Follows from the last formula in [7.5.4 O

7.5.6. Recall from the spherical map

Sph : (V%l())/WO)(k) — {left H%l)—modules}/ ~ .

The H];—,l)-modules in the image of this map are of length 1 or 2, cf. and
We write Sph(v)® for the semisimplification of the module Sph(v), for
ve (VD /Wo) (k).

Let (w", z0) € ZY (k). Recall that the standard or irreducible H%l)—modules may
be ‘twisted by the character (w”, zo): in the regular case, the actions of X,Y,U?
get multiplied by 20, 29, 25 respectively and the component + gets multiplied by
w", cf. [V04, 2.4]; in the non-regular case, the action of U gets multiplied by 2y,

the action of S remains unchanged and the component v gets multiplied by w”, cf.
[V04, 1.6]. This gives an action of the group of k-points of Z¥ on the standard or

irreducible ’H,%l)—modules. It extends to an action on semisimple ’H,%l)—modules.
q q

Proposition 7.5.3. The map Sph(—)* is ZV(k)-equivariant.

Proof. Let (w",z0) € ZV(k). Let v € (V%l())/WO)(k) and let its connected com-

ponent be indexed by v € TV /W,. Suppose that « is regular, choose an ordering

v = (x, x*) on the set v and standard coordinates. Then Sph(v) = Sph”(v) is a sim-

ple two-dimensional standard ’H% -module, cf. [[L6 i.e. of the form M (x,y, 22, X)
P

[V04, 3.2]. Then
Sph(v.(w", 20)) =~ M (20, 20y, 2222, X-w") =~ Sph(v).(w", 20).
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Suppose that v = {x} is non-regular and choose Steinberg coordinates. (a) If
v € D(2),(k), then Sph(v) = Sph”(2)(v) is a simple two-dimensional #J -module,
cf. [[AT0 i.e. of the form M (z1, 22, x) [V04, 3.2]. Then
Sph(v.(w", 20)) =~ M (2021, 2222, x-w") =~ Sph(v).(w", 20).

(b) If v € D(1)(k), then the semisimplified module Sph(v)® is the direct sum of the
two characters in the spherical pair Sph” (1)(v) = {(0, z1), (=1, —z1)} where 23 = 2.
Similarly Sph(v.(w", 29))* is the direct sum of the characters {(0, z9z1), (—1, —2021)}
in the component v.w”, and hence is isomorphic to Sph(v).(w", z0). O

7.5.7. We now explain the compatibility with central characters for G-represent-
ations. In order to do this, let us consider Wy to be a subgroup of G, by sending

s to the matrix > and by identifying the group A with a subgroup of T

1
1 0
via (1,0) — diag(cw™1,1) and (0,1) + diag(1,w~!). We obtain for example (recall
that v = (1,0)s € W)

(0 w! 4 {01 (=t o (1 0
u = 1 0 , U = o , US = 0 1 , Su = 0 w71 .

0
Moreover, u? = diag(w_l,w_l)ﬁ Since

0 w! a b 0 1Y)\ d =l
1 0 c d w 0 ) \w a ’
the element v € G normalizes the group IV,

7.5.8. Let Mod®™ (k[G]) be the category of smooth G-representations over k. Tak-

ing IM-invariants yields a functor = — 7/ from Mod®"(k[G]) to the cate-

gory Mod('H%l)). If F = Q,, it induces a bijection between the irreducible G-
q

representations and the irreducible H%l)—modules, under which supersingular rep-

resentations correspond to supersingulz:r Hecke modules [V04].

For future reference, let us recall the I(-invariants for some classes of represen-
tations. If 7 = Indg(x) is a principal series representation with y = x1 ® x2, then
71" is a standard module in the component 7 := {x|T, X*IT}

In the regular case, one chooses the ordering (x|r, x*|r) on the set v and standard

coordinates z,y. Then

md$ ()" = M(0, x(su), x(u?), X|r) = M(0, xa(w ), x1(@ xalew ™), xlr)-

In the non-regular case, one has

md$ ()" = M(x(su), x(u®), xIr) = M (xa(@ ), x1 (@ xa(@ ), xlr)-

These standard modules are irreducible if and only if x # x* [V04] 4.2/ 4.3]E|
Let F' = Q. If 7 = m(r,0,n) is a standard supersingular representation with

parameter r = 0,...,p — 1 and a character n : Q; — k*, then 1 s a su-

persingular module in the component v = {x, x*} represented by the character

6Note that our element u equals the element v~ in [Bell], [Bx07] and [V04].

7Our formulas differ from [V04, 4.2/4.3] by x(-) + x(-)~1, since we are working with left
modules; also compare with the explicit calculation with right convolution given in [V04] Appendix
A.5].
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xi=wW®Il)- (T]‘]Fg ), cf. [Br07, 5.1/5.3]. If  is the trivial representation 1 or the

Steinberg representation St, then v = 1 and 71" is the character (0,1) or (—1,-1)
respectively.

7.5.9. Let m € Mod™ (k[G]). Since u € G normalizes the group IY), one has
IMyIM = wIM | Tt follows that the convolution action of the Hecke operator U
(resp. U?) on 71" is therefore induced by the action of u (resp. u? on 7). Similarly,

the group I} is normalized by the Iwahori subgroup I and I/I(") ~ T. It follows

s

that the convolution action of the operators T;,¢ € T on 7 " is the factorization

of the T(op)-action on .

7.5.10. We identify F* with the center Z(G) via a — diag(a,a). A (smooth)
character

C: 2(G) = F* — k*
is determined by its value ((cw™!) € k* and its restriction C\O;. Since the latter is

trivial on the subgroup 1+ wor, we may view it as a character of F; we will write
¢ |qu for this restriction in the following. Thus the group of characters of Z(G) gets

identified with the group of k-points of the group scheme ZV = (IFqX)V X Gyt
Z(G)Y = ZY(k), (= (Clex S ).

Proposition 7.5.4. Suppose that 7 € Mod™ (k[G]) has a central character ¢ :
Z(G) — k*. Then the Satake parameter S(wl(n) of w1 € Mod(’Hg)) has central

character (, i.e. it is supported on the closed subscheme

1 1
(V'f(‘,())/WO)(C‘mg C(w=1)) C V,i("())/WO-

Proof. If M is any H%l)-module, then

M= P M= P arcarM,

~YETY /Wy ~YETY /Wy
and T C F,[T] C 7—[]%1) acts on xM through the character A : T — Fy. Now if

M = 71" then the T-action on M is the factorization of the T (oFr)-action on T,
cf. [L59 In particular, the restriction of the T-action along the diagonal inclusion
F7 C T is the factorization of the action of the central subgroup op C Z(G) on ,
which is given by ¢ |o; by assumption. Hence

E»YM 7é 0 - YA€ Y A‘]F; = C|]F;< i.e. ’Y‘F; = C|]F;<

Moreover, the element u? = diag(w™!,@w™1) € Z(G) acts on m by multiplication
by ((w™!) by assumption. Therefore, by [[.5.9] the Hecke operator zp := U? € 'H,%l)

q

1y .
™)

acts on 7! by multiplication by ((zw~!). Thus we have obtained that S(m is

supported on

H Vi 0,c(w1) H Vio,aw—l)/WO
’YG(TV/WO)regv'Y‘]F; :<|F;< ’YG(TV/WO)non-regv'Y‘F; :qm(f

_
= (V3,0/Wo) (¢l s (=)
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