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A CRITERION FOR THE ABSOLUTE CONTINUITY
OF THE HARMONIC MEASURE
ASSOCIATED WITH AN ELLIPTIC OPERATOR

R. FEFFERMAN

INTRODUCTION

In this note, we consider elliptic operators L of the form

n
i L= 3 0a)
ij=1
where the coefficients a;; are defined in some bounded open set Q C R", are
measurable, and satisfy the ellipticity and boundedness condition
n
(2) AP <Y axeg <A’
ij=1
for some A >0 and for all x € Q and ¢ € R". We also assume a;=a;.

For such operators, the Dirichlet problem is solvable in Q if and only if it
is solvable for the Laplace operator, according to a theorem of Littman, Stam-
pacchia and Weinberger [1]. This means that if Q C R" is a sufficiently nice
bounded region (the unit ball, B, is an example) and f is a given continuous
function on the boundary of Q, then there exists a unique function u, continu-
ouson Q,sothat L(x) =0 in Q and u = f on Q. Let us assume, for con-
venience, that the origin belongs to Q. Then the mapping f € #(9Q) — u(0)
is a positive linear functional so there exists a unique nonnegative measure
on 9Q such that for every f € €(6Q),

fdo = u(0).
IQ

This measure « is called the harmonic measure associated to L. It is often
important for applications to know whether or not w is absolutely continuous
with respect to the surface measure do on the boundary of Q. If this is the
case, it is also of interest to know how nice the Radon-Nikodym derivative
dw/do (the Poisson kernel) is.

In recent years, several results have been found to answer these questions.
First, according to a result of Caffarelli, Fabes, and Kenig [2] there exist elliptic
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128 R. FEFFERMAN

operators L of the form (1) such that the measure w associated to L is not
absolutely continuous with respect to o . Later, Fabes, Jerison, and Kenig [3]
proved the following theorem:

Suppose L = 27’ = 9,(a;;0;), where the a, i satisfy (2). Suppose further that
the coefficient matrices A(x) = (a, j(x)) are continuous on B . Let the modulus

of continuity n be defined for 0 <t <1 by
n(t) = sup |lA(x —sx) — A(x)].
XEOB

O<s<t

Assume that fol nz(t)dt/t < o0o. Then w is absolutely continuous with respect to
o. In addition, if dw = kda then k satisfies the reverse Holder inequality

1 , 1/2 1
¥ (s [ o) < o [ ao
Sor all surface balls A C 0B .

Then in [4], Dahlberg extended this result to the case where the coefficients
of L are discontinuous, and to a more general setting. To describe his result,
let us recall several definitions. If A C 9B is a surface ball centered at x € 9B,
of radius r, then we set S(A) = B(x;r)NB. A nonnegative measure y in B is
called a Carleson measure if and only if 4(S(A)) < Ca(A) for all surface balls
A C 0B. We say that u is a Carleson measure with vanishing trace provided
there exists a function A(r) for 0 < r < 1, such that lim,_  A(r) = O and
1(S(A)) < h(r)a(A) for all surface balls A of radius r, and all 0 < r < 1.
If f(x) is a nonnegative function on 8B, then we say that f € B” for some
1 < p < oo if and only if for all surface balls A,

® (s [740) " << (st [ 1 20)

The smallest C for which (4) is valid is called the “ B’ norm” of f .
In [4], Dahlberg proves the following theorem:

Suppose L and L, are two operators of the form (1), with coefficient matrices
Ay(x) and A (x) respectively. For z € B set

a(z)= sup  [[4y(x) =4, (X)l,
xeB(z:6(2)2)

where 6(z) denotes the distance from z to OB. Assume that azdz/(S is a
Carleson measure with vanishing trace. Assume that the harmonic measure
associated with L is absolutely continuous with respect to ¢ and that dw, =
k,da where k, € B?, 1 < p < . Then the same must be true of the harmonic
measure w, associatedto L, i.e, w, =k do for some k, € B?.

To state our result, let us recall that a function f(x) > 0 on 0B belongs to
A% if and only if for dv = fdo, and any subset E C A, A a surface ball, we
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ABSOLUTE CONTINUITY OF HARMONIC MEASURE 129

have

v(E) o(E)
5 <C 5
Then it is well known, [5], that f € A% if and only if f € B? forsome p> 1.
The result of this article will give a criterion which, on the formal level,
looks very much like the Dini condition of Fabes, Jerison, and Kenig which
guarantees that if the difference of the coefficient matrices 4, and 4, of two
elliptic operators L, and L, meets the criterion, then w, = kydo, k, € A%
implies that w, = k,do , with k € A% . We are not able to prove that the B’
condition is preserved for a given p. Thus the conclusion of the theorem of
Dahlberg is stronger than ours here. The significance of our result comes from
the fact that, unlike the results in [3] and [4] our hypothesis does not require
that the coefficients of L, be uniformly close to those of L, as we approach the
boundary of B, in order to guarantee that the good properties of the harmonic
measure associated with L, are inherited by that of L,.

0
] , for some 6 > 0.

STATEMENT OF THEOREM

Suppose that L, and L, are elliptic operators in divergence form (1) with
bounded measureable coefficients defined in the unit ball, B. Suppose, as above,
Ay(x) and 4,(x) denote their coefficient matrices, and w; and w, the asso-
ciated harmonic measures.

As above, for z € B set

a(z)=  sup [A4y(x) — 4,(x)]
xeB(z:8(2)/2)
where d(z) is the distance of z to the boundary of B. Then we have the
following:

Theorem. Suppose, for each x € 6B,

1
/ a’((1 —z)x)ﬂ <C,
0 t

Jor some constant C independent of x. Assume that w, = kydo where k, €
A% . Then w, is absolutely continuous with respect to g and w, = k,do where
k€A%,

The proof of our theorem follows the method of Dahlberg in [4]. There,

Dahlberg considers the family of operators L,, 0 <t < 1, given by L, =
(1-t)Ly+tL, . Let w, denote the harmonic measure associated to L, and Q(¢)

the B” norm of w,. He proves the differential inequality IQ(t)I < CQ(t)N

where Q(t) is the ¢ derivative of Q(t), C depends on the Carleson measure
constant of azdz/(S , and A, the ellipticity constant. N is some large positive
integer. This differential inequality shows that if a dz/d is a Carleson measure
of vanishing trace (so that essentially C can be taken as small as desired) and
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130 R. FEFFERMAN

Q(0) < 00, then Q(1) < co. The smallness of C is obviously crucial, since the
solution of the equation |Q(t)| = CQ(t)N has a singularity when N > 1. Our

aim here is to replace the differential inequality above with IQ(I)I < CQ(1),
i.e., N =1. C can then be as large as we like.

As one application of our theorem, we introduce the following notion, which
we call “region of arbitrary perturbation.” Let Q C R" be a bounded region
in which the classical Dirichlet problem is solvable, and let Q;, C Q be a
subregion. We call Q, a region of arbitrary perturbation provided whenever
L, and L, are two elliptic operators of the form (1) with coefficients 4;(x)
and A4,(x), then if A4)(x) — A4,(x) is supported in Q,, and if the harmonic
measure associated with L is A% on 8%, then this implies that the same is
true for the harmonic measure associated with L, . Now set B C R"! to be

B, ={(x.y)|xeR",p>0, and |x]" +y° < 1}
and
B,(3)={(x.y)|x€R",y>0and x|’ + y* < 1}.

Suppose ¢(x) is a function defined on the ball centered at 0 of radius % in

R" whose graph is contained in B +(%) and which is slowly oscillating in the
sense that there exists a constant C so that for each x, € B, /4(0) , we have
$0(x,) < ¢(x) < 2¢(x,) whenever x € B, ;;c(x0) N B, 4(0). Let

Q, = {(x,») | IxI’ + »* < } and p(x) < y < 2¢(x)}.

Then Q, is a region of arbitrary perturbation, as can easily be seen from our
theorem.

The notion of regions of arbitrary perturbation can be used to yield informa-
tion on the harmonic measure associated with some basic examples of elliptic
operators. A discussion of these will appear elsewhere.

Proof of the Theorem. Consider L and L, as in the statement of our theorem,
and let L, = (1-1¢)L,+tL, with associated harmonic measure w, . In [4] it is
shown that we may assume that the coefficients of the L, are C ® in B. Let
w,=k,do,and A be a surface ball on 9B ,A centered at x, of radius r. Let
A = B(x,;2r)N B. We are trying to show that if &, € A then the same is
true of k,. To this end, let & be the normalized surface measure on A, i.e.,
o = o/o(A). We shall show that

(5) "k| ”L(IogL)(dfl) < Cllk, ”L'(dé)

and this shows that k, € A% . To do this, we require a trivial lemma, which the
reader will notice is essentially just exploiting the duality of H ' with BMO.

Lemma. Fix t,€[0,1], and A C OB a surface ball centered at x, of radius r.
There exists a function f(x) defined on the boundary of B, which is continuous,
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ABSOLUTE CONTINUITY OF HARMONIC MEASURE 131

nonnegative, supported in the surface ball centered at x, of radius %r , A, such
that

”f"BMO(dU) + “f”L‘ (da/a(A)) < Cn

and
/Zﬂ(t" dg > Cn"kt()”L(log L)(dé)"

(Here C, ,c, depend only on n.)

n
Proof of Lemma. We clearly may assume, by homogeneity, that ||k,0|| Lide) = 1.
By a well-known theorem of E. M. Stein [6],

kil i) 2 Aullkigll o Ly

where k,’; denotes the Hardy-Littlewood (dyadic) maximal function of k,0
taken over cubes contained in A. Perform the Calderon-Zygmund decomposi-
tion of the k, at heights B’, j=1,2,...,where B is as follows:

Let the Calderon-Zygmund cubes at height B’ be called Q{ . Then choose

B so large that
o (Q{n [UQ,’:'D < %G(QZ).

m
Then let (o{ be a nonnegative smooth bump function which is 1 on Q{ and
0 off of the dilate of Q) by 3/2. It is trivial to show that the function f =
¥, 1 9; + ¢ belongs to BMO(do) (p € C*(9B)), 920, p=1 on A, and
is supported in the concentric dilate of A by 3/2) and
I/ Nemoras) + 1/ prias) < C»

while

[ o> [kds+ S [ ko
a et

—1— _1_ j 1
s [ ([ 10) ¢ o100 (g )

vV

J.f

[ 1 j j
oK [“w (5@ [ fute) + 7€ ’]

" * g 7
Z Cn /Aklodo Z ann“kro”Llog L(do) "

This proves the lemma.

vV

Now, to show (5), we fix ¢, € [0, 1] and A, and we select f asin the lemma,
and estimate

(6) /z fie, do / /A k, da,
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132 R. FEFFERMAN

and this ratio is shown in Dahlberg [4] to be equivalent to a quantity V' as fol-
lows: Let u, be the solutionof L,u, =0 in 4 and u, = f on 0A4. Let y(z) €
C*™(R"), w supported inside the ball B(0;1r), v =2 inside B(0;4r). Let
Z=(1-3r)x, and y(z) =y((s-2z)/r)r™". Put V = [, u, v dz. We have
¢,V <(6) <c,V, so we estimate (6) by estimating V. Following [4] we con-
trol [ 4 4,wdz, via a differential inequality. We consider the modified Green’s
function 4, definedby L h, =y in 4 and h, =0 on 94. Then as in [4],

'/ uwydz
A

where &(z) = ||4,(z) — 4,(2)] .
Now, our assumption on a implies that |[¢||, ., < C. Let 4, = B(xo;%r)nB
and 4, =A4- A, . Then

, \!/2 , \'2
/ elVu,||Vh|dz < C (/ [Vu,| dz) (/ |Vh,| dz>
A> A> A

and this is easily seen to be

< c/ e[V, ||V, dz
A

§C/~ﬂ<,da,
A

where in this case and from here on w, will stand for the harmonic measure
associated with L, in A taken at the point Z, and w, = k,do . Then

do
A,ﬂ(,dd < CG(A)/Xﬂ('a—(Z—)
do

do
C — J~ k —_— ~ k —_—
. ”(A)/zlf ik T R

(where f; = f; f do/a(&))
<Ca(Q)|Sf - fgl!exp(da)llk,”ugg Le) T c

< Cll NemowayQONK N 1 oo (an e (A) + € < C'Q(1)

where
”kf ” LlogL (a’a/a(A) ;A)

Q(t) = sup

ACIB ”k1”L'(dg/a(A) A)

the sup being taken over all surface balls A C 6B .
Now we must estimate | 4, €IVu ||Vh |dz. For each dyadic surface cube

QQZ,welet

O={zeB|z/|z]|€Q, c,t <8(z) <2k, £ = side length of Q},
c,=10vn.
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ABSOLUTE CONTINUITY OF HARMONIC MEASURE 133

Then if a, = sup{e(z)|z € 0},

/aquHVhldz< ) /equHVhIdz
A

ocA
Q dyadic

N , A\
<Y 4 (/aWu,] dz) (/@IVh,l dz) .

Qca
Q dyadic

By Caccioppoli’s inequality,

1/2 12
( /A |Vh,|2dz> <C ( /A hfdz) 5(0)”"
Q o~

where QN denotes the concentric dilate of Q by (1 +ﬁ), and 4(Q) denotes
the side length of Q. ~
By standard estimates on Green’s function [7], if z € Q7, h/(z) <

C8(Q)*"w,(Q), so that

(/A ”rzdz>l/2<C6(Q>2 "w,(0)

so that
6 [ dAvulivhidzs ¥ e / IV, dz) 5" (Q)w,(Q)
A QCA
Q dyadic
. 12
< Z (/ |Vu|5 "(z)dz) w,(Q).
oca
Q dyadic
Define F(x) € ¢* for x € 0B, by letting F(x) = {aQ} xeg - Define

Q dyadic
G(x) € ¢* for x € OB by

1/2
2:2—-n
Gx) = {(/@ Vu,’s (z)dz) } <o
Q dyadic
Then (8) < [, F - G(x)dw,(x). Also, our assumption on a implies that F €
L*(e?) and |G(x)|,. = S(/)(x).
We therefore see that

1/2
®)<C /o S((da(x) < C [ /o ) Sz(f)(x)dw,(x)] .

By a result of Dahlberg, Jerison, and Kenig [8], S is bounded on L’ (dw,) with
a bound depending only on »n and the ellipticity constant of L, . Thus this last
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134 R. FEFFERMAN

quantity is bounded by
9)

where :
_~ = — d(,l)
/3 w,(A) /X S de,

At this point, we observe that w, satisfies a doubling condition on surface
balls [7], with doubling constants depending only on the ellipticity constants of
L , and so

1 b

( (A)/lf f~| dw)l/2 SCH:S%(Z)I_;A_)/AV_TAIdwz)

= C'I/ pmoden
where C" depends only on n, C, and the ellipticity constant of L, and L,
and where f, = (1/w,(4)) [, f do, .
Next, we claim that ||f|lgyoe,) < € Q(2). In fact, if Q is a surface cube
on 0B, and if f, = l/a(Q))foda then

! ) )
w,(Q)/Q'f Soldw = 20y /'f lek’a @

a((QQ)) 1= Sollexptaorator o 1¥ill L iog Lidorar0r 0)

~w
C “f"BMO(da)Q "k ”L'(da/a(Q) :0)
<c” Q(t)
proving the claim.
Finally
(10) (9 <TQN)+C —-——/fk do <TQ(1) +C'Z "(A)
w,(A) a(A)
But

/fk < 17 - ik ~+f/kda

(where fx = (1/0(A)) f; f do < C)

< ”f”BMO(da)”kt”LlogL(da/a(X) nt¢€
S. CQ(I)"kf”L‘(do'/U(X) ,Z) + C *

From this it follows that (10) < CQ(t). This proves that | [, u,wdz| <
o).
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ABSOLUTE CONTINUITY OF HARMONIC MEASURE 135

Now we have shown that

/Au,o«//afzs/Auoq/afz+/ol0 (/Au,y/a'z> a’tsC[Q(O)+/OtOQ(t)dt] ,

while Q(t,) < C [, U Y dz , if we choose A correctly, so that

Q) <C [Q(O) +/010 Q(t)a't]

and this implies the bound on Q(1) we require to finish the proof of the theo-
rem.
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