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1. INTRODUCTION 

In this paper we classify compact symplectic 4-manifolds which contain a 
symplectically embedded copy C of 8 2 with nonnegative self-intersection 
number. The classification is almost complete: the one remaining question 
concerns the uniqueness of blowing up in the symplectic category. The paper 
was inspired by Gromov's result in [G) that if (V, w) is a compact symplectic 
4-manifold whose second homology group is generated by a symplectically em-
bedded 2-sphere of self-intersection + 1 ,then V is CP2 with its usual Kahler 
structure. 

Here are our main results. All manifolds considered will be smooth, com-
pact and, unless specific mention is made to the contrary, without boundary. 
Throughout, (V, w) denotes a symplectic 4-manifold. It will be called minimal 
if it contains no exceptional curves, that is, symplectically embedded 2-spheres 
1: with self-intersection number 1:. 1: = -1. We showed in [McD2, Lemma 
2.1] that every such curve has a neighbourhood Ne whose boundary (8 Ne ' w) 
may be identified with the boundary (8B4(). + e), wo) of the ball of radius 
). + e in C2 , where 1[).2 = w(1:) and e > 0 is sufficiently small. Hence the 
curve 1: can be blown down by cutting out Ne and gluing in the ball B 4 ().+e) , 
with its standard form wo' It is easy to check that the resulting manifold is 
independent of the choice of e, so that there is a well-defined blowing down 
operation, which is inverse to symplectic blowing up. 

Theorem l.l(i). Every symplectic 4-manifold (V, w) covers a minimal sym-
plectic manifold (V, w) which may be obtained from V by blowing down a 
finite collection e of disjoint exceptional curves. Moreover, given e, the induced 
symplectic form w on V is unique up to isotopy. 

Theorem 1.1 also applies to manifold pairs (V, C) where C is a symplecti-
cally embedded compact 2-manifold. We will call sl,lch a pair minimal if V - C 
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contains no exceptional curves. Thus we have 

Theorem 1.1(ii). Every symplectic pair (V, C, w) covers a minimal symplectic 
pair (V, C, w) which may be obtained by blowing down a fmite collection e of 
disjoint exceptional curves in V - C . Moreover, given e, the induced symplectic 
form w on V is unique up to isotopy (rei C) . 

Note. If A is a closed subset of V, two symplectic forms Wo and COl are 
said to be isotopic (reIA) if they can be joined by a family of cohomologous 
symplectic forms whose restrictions to A are all equal. For further discussion 
of this notion see Definition 4.3ff. 

It is well known that the diffeomorphism type of V is not uniquely deter-
mined by that of V . For example, because (82 x 8 2 ) # Cp2 is diffeomorphic to 
Cp2 # Cp2 # Cp2 , the manifold V = (82 X 8 2) # Cp2 may be reduced to Cp2 
as well as to 8 2 x 8 2 • However, this is essentially the only ambiguity, and we 
will see that V is determined up to symplectomorphism if we fix the homology 
classes of the curves which are blown down. 

Conversely, one can ask to what extent the minimal manifold (V, w) deter-
mines its blowing up (V, w). Since each exceptional curve I: in (V, w) corre-
sponds to an embedded ball in V of radius A, where co(I:) = nA2 , this question 
is related to properties of the space of symplectic embeddings of 11 B(Aj ) into 
(V, w), where 11B(Aj) is the disjoint union of the symplectic 4-balls B(Aj) 
of radius Aj • We discussed the corresponding question for manifold pairs in 
[McD2]. We showed there that, if C· C = 1, and if V is diffeomorphic to 
CP2 with k points blown up, there is a unique symplectic structure on (V, C) 
in the cohomology class a if and only if the space of symplectic embeddings 
of 11 B(Aj) into Cp2 - Cpl is connected, where nAI, ... , nAi are the val-
ues of a on the exceptional curves in V. Unfortunately nothing is known 
about this space of embeddings per se. In fact, the information we have goes 
the other way: we proved in [McD2] that the structure on (V, C) is unique 
when k = 1, which implies that the corresponding space of embeddings is 
connected. (Because CP2 # Cp2 is ruled, this uniqueness statement is closely 
related to the results in Theorem 1,3 below.) It is not clear what happens when 
k ~ 2. However, because any two embeddings of 11 B(Aj ) into (V, co) are 
isotopic when restricted to the union 11 B(e j ) of suitably small subballs, any 
two symplectic forms on V which blow down to w may be joined by a family 
of noncohomologous symplectic forms. 

Because blowing up and down in the symplectic category involves large balls 
rather than just points, it is not obvious that the category of symplectic mani-
folds which we are considering is closed under these operations. However, we 
will prove 

Theorem 1.2. The category of symplectic 4-manifolds (V, w) which contain a 
symplectically embedded copy of 8 2 with nonnegative self-intersection is closed 
under blowings up and down. It is also closed under perturbations oj w through 
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noncohomologous symplectic forms: in other words, if WI' 0::; t ::; 1 , is a family 
of symplectic forms such that (V, wo) belongs to this category, then (V, WI) 

does too. 

The above results show that the classification problem is essentially reduced to 
understanding the minimal case. The next ingredient is a result on the structure 
of symplectic S2 -bundles (symplectic ruled surfaces). 

Theorem 1.3. Let V be an oriented S2 -bundle 11: : V -> M over a compact 
oriented surface M with fiber F . 

(i) The cohomology class a of any symplectic form on V which is nonde-
generate on each fiber of 11: satisfies the conditions: 

(a) a(F) and a2(V) are positive, and 
(b) a2(V) > (a(F))2 if the bundle is nontrivial. 

(ii) Any cohomology class a E H2(V; JR) which satisfies the above conditions 
may be represented by a symplectic form W which is nondegenerate on each fiber 
of 11:. Moreover, this form is unique up to isotopy. 

The existence statement in (ii) above is well known. It is obvious if the 
bundle is trivial. If it is nontrivial, one can think of V as the suspension of a 
circle bundle of Euler class 1 with the corresponding Sl-action, and can then 
provide V with an invariant symplectic form in any class a which satisfies 
(i)(a,b) since these conditions correspond to requiring that a be positive on 
each of the two fixed point sets of the Sl-action. (See [Au].) 

The other statements are more delicate. Consider first the case when the 
base manifold M is S2. Gromov showed in [G] that any symplectic form 
on S2 x S2 which admits symplectically embedded spheres in the classes 
[S2 x pt] and [pt XS2] is isotopic to a product (or split) form. (In fact, Gro-
mov assumed that the form has equal integrals over the two spheres, but it is 
not hard to remove this condition.) A corresponding uniqueness result when 
V = Cp2 # Cp2 (which is the nontrivial S2 -bundle over S2) was proved in 
[McD2]. This result requires the existence of just one symplectically embedded 
sphere, but it must be in the class of a section of self-intersection 1, not of the 
fiber. Gromov showed that this hypothesis also implies that there must be a 
symplectically embedded sphere in the class of the blown-up point, which, as 
we will see below, is equivalent to condition (i)(b). In the present situation, 
we have less information since we start with only one symplectically embedded 
sphere, the fiber. Following an idea of Eliashberg's, we can construct a sym-
plectic section of 11: (i.e., a section on which the symplectic form W does not 
vanish) and so reduce to the previously considered case. In the process, we have 
to change the form W by adding 11:* (0") where a is a 2-form on M such that 
a(M) > O. We then use the theory of holomorphic curves to show that if WI' 

0::; t ::; 1 , is a family of (noncohomologous) symplectic forms on V such that 
WI admits a symplectic section, then so does wo' When M is an arbitrary 
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Riemann surface, these arguments must be supplemented by some cutting and 
pasting in order to reduce to the case when M = S2 . 

We can now state the classification theorem for minimal symplectic pairs. 
By analogy with the complex case, we will sometimes call a symplectic image 
of S2 in V a "rational curve". 

Theorem 1.4. Let (V, C , w) be a minimal symplectic 4-dimensional pair where 
C is a rational curve with self-intersection C· C = P ~ o. Then (V, w) is 
symplectomorphic either to Cp2 with its usual Kahler form or to a symplectic 
S2 -bundle over a compact surface M. Further, this symplectomorphism may be 
chosen so that it takes C either to a complex line or quadric in Cp2, or to a 
fiber of the S2-bundle, or (if M is S2) to a section of this bundle. 

From this, it is easy to prove 

Corollary 1.5. (i) If (V, C, w) is as above, the diffeomorphism type of the pair 
(V ,C) is determined by p provided that p t- 0, 4. 

(ii) When p = 4, there are two possibilities for (V, C): it can be either 
(Cp2, Q) or (S2 x S2, r 2), where Q is a quadric and where r 2 is the graph 
of a holomorphic self-map of S2 of degree 2. When p = 0, C is a fiber of a 
symplectic S2 -bundle. 

(iii) (V, C, w) is determined up to symplectomorphism by the cohomology 
class of w. 

Corollary 1.6. A minimal symplectic 4-manifold (V, w) which contains a ra-
tional curve C with C· C > 0, is symplectomorphic either to Cp2 or to S2 x S2 
with the standard form. 

The main tool in the proof of Theorem 1.4 is the following homological 
version of the adjunction formula. We will suppose that J is a COO -almost 
complex structure on V with first Chern class c. If C is a J -holomorphic 
curve (see §2), we define its virtual genus g( C) to be 

g(C) = 1 + !(C. C - c(C». 
In [McD4] we show that if C is the J -holomorphic image of a Riemann surface 
of genus g then g( C) ~ g , with equality if and only if C is embedded. This 
is a homological criterion for a curve to be embedded, and using it, we prove 
Theorem 1.4 by showing that V must contain an embedded J -simple curve 
of self-intersection + 1 or O. (J -simple curves do not decompose, so that their 
moduli space is compact.) It then follows by arguments of Gromov that V is 
Cp2 in the former case and a symplectic S2 -bundle in the latter. 

Thus, the symplectic 4-manifolds under consideration behave in much the 
same way as complex surfaces. In particular, the analogue of Noether's ra-
tionality criterion holds: if (V, w) contains an embedded rational curve C 
with C· C > 0, then (V, w) is birationally equivalent to CP2 with its stan-
dard structure. Here "birational equivalence" means that one can get from 
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one manifold to the other by a sequence of symplectic blowings up and down. 
Guillemin and Sternberg show in [GS] that this relation can be thought of as a 
special kind of symplectic cobordism. Observe that, by Theorem 1.2, our class 
of manifolds is closed under birational equivalence. 

Note. Given an arbitrary symplectic 4-manifold one can always blow up some 
points to create a manifold (V, OJ) which contains a symplectically embed-
ded 2-sphere with an arbitrary negative self-intersection number. Hence, the 
existence of such a 2-sphere gives no information on the structure of V. 

Corollary 1.5 may be understood as a statement abut the uniqueness of 
symplectic fillings of certain contact manifolds. Indeed, consider an oriented 
(2n-1 )-dimensional manifold d with closed 2-form (1. We will say that (d, (1) 
has contact type if there is a positively oriented contact form 0 on d such that 
do = (1. It is easy to check that the contact structure thus defined is indepen-
dent of the choice of o. Following Eliashberg [E], we say that the symplectic 
manifold (Z, OJ) fills (d, (1) if there is a diffeomorphism f: {}Z --+ d such 
that ;((1) = OJI{}Z. Further, the filling (Z, OJ) is said to be minimal if Z 
contains no exceptional curves in its interior. 

As Eliashberg points out, information on symplectic fillings provides a way 
to distinguish between contact structures: if one constructs a filling of (d, (12) 
which does not have a certain property which one knows must be possessed by 
all fillings of (d, (11)' then the contact structures on d defined by (11 and (12 
must be different. In particular, it is interesting to look for manifolds of contact 
type which have unique minimal fillings. Obvious candidates are the lens spaces 
L p ' p > 1, which are obtained as the quotients of S3 c C2 by the standard 
diagonal action of the cyclic subgroup rp c SI of order p on C2 , and whose 
2-form (1 is induced by OJo. It is not hard to see that if (Z, OJ) fills (Lp' (1) 
we may quotient out {} Z = Lp by the Hopf map to obtain a rational curve Cp 
with self-intersection p in a symplectic manifold (V, OJ) without boundary. 
Hence Corollary 1.5 implies 

Theorem 1.7. The lens spaces Lp ' p ~ 1, all have minimal symplectic fillings. 
If p f. 4, minimal fillings (Z, OJ) of (Lp , (1) are unique up to diffeomorphism, 
and up to symplectomorphism if one fixes the cohomology class [OJ]. However, 
(L4 , (1) has exactly two nondiffeomorphic minimal fillings. 

In higher dimensions, one cannot hope for such precise results. However, 
in dimension 6 there are certain contact-type manifolds (such as the standard 
contact sphere S5) which impose conditions on any filling (Z, OJ), even though 
they may not dictate the diffeomorphism type of minimal fillings. In dimensions 
> 6, one must restrict to "semi-positive" fillings to get analogous results. See 
[McDS]. 

In order to make this paper reasonably self-contained we have summarized 
what we need of the theory of pseudo-holomorphic curves in §2. The rest of this 
section details various consequences of the adjunction formula. Theorem 1.1 
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on blowing down and minimality is proved in §3. The structure of symplectic 
S2 -bundles is examined in §4, while §S contains proofs of the classification 
Theorems 1.4 and 1. 7, as well as Theorem 1.2. 

2. J-HOLOMORPHIC CURVES IN 4-MANIFOLDS 

This section establishes the basic results about J -holomorphic curves on sym-
plectic 4-manifolds which we will need later. For the convenience of the reader 
we will begin with a brief summary of Gromov's theory. For more details see 
[McDI, §4; McD3]. 

First recall that an almost complex structure J on a symplectic manifold 
(V, (0) is said to be co-tame if co is positive on all J-complex lines in TV. We 
will denote the Sobolev space of all H S -smooth co-tame J by f (co) , where s 
is suitably large. It is easy to check that f (co) is nonempty and contractible. 
Given a homology class A E H2(V, Z) and an co-~ame J, a parametrized J-
holomorphic A-curve (or A-curve for short) is a map I from a Riemann surface 
(1:g , J) to V, which represents the class A, and is J -holomorphic in the sense 
that dlo J = Jodi. If we need to emphasize the role of J we will call such I 
J- J-holomorphic. Further, unless specific mention is made to the contrary, we 
will assume that I is not a multiple covering, i.e., it does not factor as roy, 
where y : l:g -1:g is a J-holomorphic self-map of l:g • (According to [McDI, 
4.4] this will be the case provided that I is somewhere injective, i.e., there is 
some z E l:g such that jl(/(z)) = {z}.) We define the moduli space LA,g 

by setting 

LA,g = {(I, J, J) E F x.9'.; x f(co) : I is J-J-holomorphic} 

where F is a suitable Sobolev space of somewhere injective maps l:g - V, 
and .9'.; is the genus g Teichmiiller space. There is a projection operator 
PA : LA,g - f(co) defined by (I, J, J)..-. J, and we write M p (J,.9'.;, A) for 
the inverse image P; 1 (J). Thus Mp (J , .9'.; , A) is the space of all parametrized 
J -holomorphic A-curves of genus g. If the genus g is zero, then the curve is 
said to be rational and we suppress g and .9'.; from the notation. 

(2.1) Fredholm property. The main results are that LA, g is a Hilbert mani-
fold and that the projection operator PA : LA,g - f(co) is Fredholm. (The 
latter result holds because the linearization d PA of PA is a generalized Cauchy-
Riemann operator, and so is elliptic.) This means that for generic J in f(co) , 
Mp (J,.9'.;, A) is a manifold of dimension IndPA = dim.9'.; +2(c(A)+n(l-g» , 
where 2n = dim V, g = genus1:g , and c(A) is the value taken by the first 
Chern class of V on A. This was proved in [McD I] for rational curves, and 
the proof goes over without essential change for curves of higher genus. The 
formula for the index is discussed in [G, (2.1.A)]. 

(2.2) The compactness theorem (see [G, I.S.B; W]). In the rational case, this 
implies that the quotient space M(J, A) = Mp(J, A)/G of unparametrized 
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rational curves is compact whenever suitable assumptions are made about the 
class A. (Here G is the reparametrization group PSL(2, q.) In particular, 
M(J, A) is compact when A is J-simple, which means that A does not split as 
a sum Al + .. ·+Ak of classes all of which can be represented by J-holomorphic 
curves. (For a more precise definition in dimension 4, see §5.) The class A is 
called simple if it is J-simple for all w-tame J. 

If A is not simple, then M(J, A) is not in general compact. However 
Gromov and Wolfson show that if Ji is a sequence in few) which converges 
to Jo in f (w) in the Ck+Q -topology, where k ~ 2 , then any sequence Ci of 
rational Ji-holomorphic curves contains a subsequence which converges weakly 
to a rational Jo-holomorphic curve (which might be multiply-covered) or to a 
cusp-curve C, provided only that W(Ci) is uniformly bounded. (A rational 
cusp-curve is a connected union of two or more rational curves-the "original" 
curve plus some "bubbles"-some of which may coincide or even be multiply-
covered. The notion of weak convergence is quite complicated, but it implies 
convergence in the Hausdorff topology for subsets of V.) As we have done 
here, we will often denote an unparametrized curve 1m f by C. 

When considering curves of higher genus there is another source of noncom-
pactness since the domain (l:, J) may not stay within a bounded region in 
Teichmuller space. However, a statement analogous to that in the paragraph 
above still holds; see [W]. 

(2.3) Smoothness. Whenever the space of (unparametrized) curves under con-
sideration is compact, the set of generic almost complex structures is open and 
dense in f (w), and so we may choose our almost complex structures to be 
Coo. This means that all the maps f in Mp(J,.:t;, A) are Coo, and allows 
us to apply the results in (2.1)(iv) and (2.1)(v) below. In fact, by being a lit-
tle more careful about setting up the Fredholm theory, one need only consider 
COO -smooth J; see [McD3, §2]. 

(2.4) Chern class. In dimension 4, a curve C, which is the J -holomorphic 
imagt: of a Riemann surface l:g of genus g for generic J, must have c( C) ~ 
1- g. More precisely, given K> 0, define CU(K, g) to be the subset of few) 
consisting of all J such that, for each homology class B such that c(B) ~ -g 
and weB) ~ K , there are no J -holomorphic images of l:g in class B . Then the 
argument in [McD2, (3.1)(iv)] shows that CU(K, g) is open, dense, and path-
connected. (The main point here is that if c(B) < 1 - g, where g > 1, then 
Ind PB is negative so that no J -holomorphic B-curve of genus g is regular. 
Therefore, for generic J there are no J -holomorphic B-curves. A similar 
conclusion follows when g = 0, 1 since in this case the index of PB will be 
less than the dimension of the group of holomorphic self-maps of l:g.) 

(2.S) Positivity of intersections (see [Gl, 2.l.C2; McD4]). Assume that J is 
COO . Then, an intersection point of two distinct J -holomorphic curves C and 
C' always occurs with positive orientation. Moreover, if the curves C and C' 
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intersect at a point x which is a singular point of C , or if the intersection is not 
transverse, then x contributes a number kx > 1 to the algebraic intersection 
number C· C' . Thus, C· C' = 0 if and only if C and C' are disjoint; and 
C . C' = 1 if and only if C and C' meet exactly once transversally, and at a 
point which is nonsingular on both curves. Further, if two distinct classes A 
and B are realized by J -holomorphic curves for the same J, then A· B ~ 0 . 

(2.6) The virtual genus of a cu"e. Assume that J is Coo. Then, the virtual 
genus g( C) of a rational J -holomorphic curve is defined to be 

g(C) = 1 + !(C· C - c(C)). 

We show in [McD4, Theorem 1.3] that g( C) is a nonnegative integer which 
equals 0 if and only if C is embedded. (This can be considered as a homological 
version of the classical adjunction formula.) A similar result is true for an 
arbitrary curve, but we shall not need it here. 

(2.7) Regularity. We next discuss a criterion for an embedded curve C = Imf 
to be regular, i.e., for the triple (f, J , J) to be a regular point for the operator 
PA of (2.1). If C is rational and J is integrable near C, it follows from 
[McD3, Lemma 2.3.4] that the curve is regular if and only if the first Chern 
number Cv of the normal bundle of C in V is greater than -2. We now 
prove the analogue of this result for higher genus. This question is discussed 
implicitly by Gromov in [G, 2.1], but he never quite makes clear the role of g;. 
Also, the formula which he gives for c· in 2.1.C I should read c· = 2(q-l)-cv • 

Lemma 2.S. If f: l: g -+ V is an embedded J - J -holomorphic curve of genus g, 
such that J is integrable near 1m f, then (f, J, J) is a regular point for the 
operator PA if and only if the Dolbeault cohomology group HI (l:, vl;) vanishes, 
where vl; is the pull-back to l:g of the normal bundle to Imf in V, considered 
as a J-holomorphic complex line bundle. Thus the condition is Cv > 2(g - I) . 
Proof. If J is kept fixed, then it is shown in [McDI, §4.1] that dPA may 
be identified with the usual a-operator from the smooth sections Ao,o(l:g' E) 
of the bundle E = ](TV) to the (0, I)-forms AO, I(l:g' E). Since in the 
present situation J is allowed to vary in g; , the operator d PA which we must 
now consider is the sum of this a-operator with an operator from TJ(g;) to 
A 0, I (l:g , E). It is easy to check that this latter operator has image equal to 
AO,I(l:g, Tl:g). Hence CokerdPA is isomorphic to Hl(l:g, vl;)' and hence, 
via Kodaira-Serre duality, to no(l:g' v;®Kl;) ' where Kl; is the canonical bun-
dle over I g • It is well known that a holomorphic line bundle has no holomor-
phic sections if its first Chern class is negative. But ci (v;®Kl;) = -cv +2(g-I). 
Hence the results. 0 

We now use (2.6) to obtain information on the weak limit S of a sequence 
of rational J -holomorphic embedded curves. Observe that, since the virtual 
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genus of the latter curves is zero, S must satisfy the equation S· S = c(S) - 2. 
Throughout the following discussion, we will assume without further mention 
that all curves are rational and that J is Coo. We begin with a simple lemma. 

Lemma 2.9. Suppose that A and B are elements of H2 (V , Z) such that A· A = 
c(A) - 2, B· B ~ c(B) - 2, and A = kB for some integer k ~ 2. Then, if 
c(A) ~ 1, k = 2 and 1 = B . B = c(B) - 2. 

Proof. Since A· A = k 2 B· B ~ -1 , both A· A and B· B must be nonnegative. If 
A . A = B . B = 0, then c(A) = 2, k = 2, and c(B) = 1 . But this is impossible 
since B· B - c(B) is even by (2.6). Thus A· A and B· B are positive, and we 
have 

2 2 A· A = k B· B = (k - k)B. B + kB· B 
2 

~ (k - k) + k(c(B) - 2) ~ kc(B) - 2 = c(A) - 2 

because e - 3k + 2 ~ 0 if k > 1. Note that equality can occur here only if 
k = 2 and B· B = 1. 0 

Corollary 2.10. If C is a multiply-covered curve which is the limit of a sequence 
of rational J -holomorphic embedded curves, then C is a double covering of an 
embedded curve with self-intersection + 1 . 

By the compactness theorem, a sequence of rational J -holomorphic embed-
ded curves abuts either on a curve (possibly multiply-covered) or on a cusp-
curve, which, by definition, contains at least two components. These com-
ponents are rational, some of them might coincide and some might even be 
multiply-covered. We now investigate the possibilities when S is a cusp-curve. 
We remind the reader that the word "curve" below always denotes the image 
of a somewhere injective J -holomorphic map. If this map might be a multiple 
covering we use the word "component". Recall further that an exceptional curve 
is an embedded rational curve of self-intersection number -1. The homology 
clas~ [Si] of a component Si will also be denoted by Ai. 

Proposition 2.11. Let SI' ... ,Sm be the components of a J-ho[omorphic cusp-
curve S which satisfies the equation S· S = c(S) - 2. We suppose that each 
component Si is (a multiple covering of) a regular curve and that C(Ai) ~ 1 for 
all i. 

(i) If Ai· Ai ~ 1 for some i, then Si is an embedded curve, and Ai =1= Aj 
for any j =1= i except possibly if m = 2 and Ai· Ai = 1. 

(ii) If Ai· Ai = 0 for some i, then Si is a k-fold cover of an embedded 
curve for some k ~ 1 . 

(iii) If Ai . Ai < 0 for some i, then either Si is an exceptional curve and 
Ai = A j for at most one j =1= i, or Si is a double cover of an exceptional curve 
and Ai ::j:. cA j for any j ::j:. i or c > o. Further Ai . [S] = 0 except in the case 
when Si is an exceptional curve distinct from all other Sj' 
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Proof. The proof of Lemma 2.9 shows that if Sj is a k-fold cover of a curve 
T such that T· T ~ 1 , then 

(# ) 

Note that equality can occur here only if k = 2 and T· T = 1 . 
Because c(Sj) ~ 1 for all i, (2.6) implies that no component can be a (multi-

ple cover of a) curve with self-intersection < -1 ,and that any J-holomorphic 
curve T with self-intersection -lor 0 must be embedded. This proves (ii). 
Next, observe that, because all the curves under consideration are regular by 
hypothesis, any curve T with T· T = 0 is part of a (local) 2-parameter family 
of embedded J-holomorphic [T]-curves. Hence, we may replace any compo-
nent of S which is a k-fold cover of T by k disjoint copies of T (which do 
not coincide with any other component). Note that this does not disconnect S. 
For, because S has more than one component, either there is some component 
Sj such that Sj' T > 0 in which case Sj will intersect all the copies of T, or 
all the components of S are multiple coverings of T. But the proof of Lemma 
2.9 shows that the latter case does not occur. Thus we may assume that all 
the components with zero self-intersection are distinct embedded curves and 
therefore satisfy (#). 

We next arrange that none of the homology classes Aj of the components 
Sj with Sj' Sj :f 0 are multiples of each other. For if Aj = cA j for some 
c ~ 1 , we may replace the components Sj and Sj by a single multiply-covered 
curve without disconnecting S or changing [S]. Since this operation reduces 
the number m of components, it is possible that the result consists of a single 
multiply-covered curve k T. But then Corollary 2.10 implies that we started 
with a cusp-curve which had exactly two homologous embedded components 
of self-intersection + 1 . Since this possibility is covered in (i), the proposition 
holds in this case. 

Now suppose that m> 1, that Aj :f cAj when i:f j and Aj . Aj :f 0, and 
that all the components of S = S I U' .. uS m satisfy (#). Since S· S = c( S) - 2 , 
we have 

L Sj . Sj + 22: Sj . Sj = L c(S) - 2. 
j<j 

Also, because S is connected and the Sj are distinct, there must be at least 
m - 1 pairs of components Sj' Sj which intersect. Thus Ej<j Sj . Sj ~ m - 1 , 
and so 

LS~ ·Sj ~ L(c(S) - 2). 
j j 

Therefore, by (#), we must have Sj . Sj = c(Sj) - 2 for each i. Further, 
Ej<j Sj . Sj = m - 1 > 0 which means that none of the components Sj with 
S;,Sj > 0 can be multiple covers, and so they are all embedded curves in distinct 
homology classes as required by proposition (i). 
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It remains to consider the case when some of the Si are ki-fold covers of 
curves Ri of negative self-intersection so that (#) does not hold for these i. 
We remarked above that the Ri must be embedded and satisfy Ri · Ri = -1 . 
Let us reorder the Si so that S = klRI U ... U krRr U Sr+1 U ... U Sm where 
kp > 1 for p ~ r, and where the Rp and Si' for i > r, satisfy (#). Then, 
because Rp. S ~ 0, for each p, 

L:Rp. Si + L:Rp. kqRq ~ kp. 
i>r qip 

Thus 

r<i 

+ 2 (L: kpRp. Si + L: kpRp . kqRq + L: Si . Sj) 
l>r,p p<q r<l<; 

> - L: k: + L: Si . Si + 2 (L: k: + m :- 1 - L: kp) . 
r<l 

The second inequality arises as follows. Because S is connected, there must be 
at least m-l distinct pairs from {R 1 , ••• , R r , Sr+1 ' ... , Sm} which intersect. 
Clearly, S· S will be smallest if Rp' Rq = 0 for p -:f:. q since the contribution of 
each such term to S·S is kpkqRp' Rq . Then, (*) implies that I:i>r Rp ·Si ~ kp . 
Hence, the lowest possible estimate for S· S arises if there are exactly kp 

distinct intersections of the Si with Rp (which contributes k: to the sum), 
and if the remaining (m-l- I: kp ) intersections occur as sins} for r < i < j. 
Since S· S = c(S) - 2 and c(Rp) = 1 we find 

L: Si . Si ~ L:(c(S) - 2) - L:(k: - 3kp + 2). 
r<i r<i 

Since I:(k: - 3kp + 2) ~ 0, this is possible only if all the inequalities are 
equalities. As before, this means that each Si' i > r, is embedded. Further, 
the Rp are disjoint, and, for each p, Rp. S = 0 and kp = 2. Thus condition 
(iii) is satisfied. 0 

3. BLOWING DOWN AND MINIMALITY 

We now turn to the proof of Theorem 1.1, which states that any compact 
manifold (V, w) covers a minimal manifold (V, w) which may be obtained 
by blowing down a set of disjoint exceptional curves simultaneously. Now, the 
definition of exceptional curve l.: was purely symplectic: we required that l.: be 
a symplectically embedded 2-sphere in a class E for which E· E = -1 . Since 
each blowing down operation reduces the rank of H2(V, Z), there evidently is 
a finite sequence of blowing down operations which reduces V to a minimal 
manifold. However, there seems to be no elementary way of proving that one 
blowing down will suffice. 
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The problem is that, even if one blows down a maximal collection of disjoint 
exceptional curves, it is not clear that the resulting manifold (V , w) is minimal. 
In fact, the symplectic form (rJ is constructed as a iarge perturbation of w, and 
it is not obvious how to lift an exceptional curve on V to one on V. One way 
of getting around this difficulty is to note that there are tame almost complex 
structures J and J on V and V, respectively, such that the blowing down 
map is holomorphic. Then, provided that exceptional curves may be assumed 
to be holomorphic, one can lift them from V to V. 

Here are the details of this argument. The first lemma describes the holo-
morphic representatives of an exceptional curve 1:. Recall from (2.2) that a 
cusp-curve is a connected union of two or more J -holomorphic curves, some 
of which may be multiply-covered. We write (cusp-) curve to denote something 
which is either a curve or a cusp-curve. Let ~ be the subset of f (w) defined 
in (2.4) with K ~ w(1:) , and write ~oo for the subset of ~ consisting of 
elements which are COO -smooth. 

Lemma 3.1. Let 1: be an exceptional curve in class E. For each w-tame J 
there is a unique J-holomorphic E-(cusp-)curve 1:J , which varies smoothly with 
J. Moreover, it is a curve if J E ~ , and is embedded if J E ~ is sufficiently 
close to ~ 00 • 

Proof. By the symplectic neighbourhood theorem, 1: has a neighbourhood N 
which is symplectomorphic to a neighbourhood ofthe zero section in the canoni-
cal line bundle L -+ Cpl. Thus N has an (rJ-:tame integrable complex structure 
for which 1: is holomorphic, and we may extend this to get an w-tame almost 
complex structure J1 on V. By (2.7), 1: is regular. Since there can be at most 
one JI-holomorphic E-curve by (2.5), J1 must be a regular value for PE. It 
follows that E has a J -holomorphic representative 1: J for each J near J1 , 

and in particular for some P E-regular element J E ~ 00. Since the curves 1: J 
are all isotopic if J is sufficiently close to J1 ' and since the image of J E ~ 00 

under small isotopies remains in ~ 00 ' we may in fact suppose that J 1 itself 
lies in ~oo. 

Next, observe that E is J -simple for J E ~. For, if C1 '.·.' Ck are 
the components of any cusp-curve in class E, then 1 = c(E) = 1:j c(Cj ) which 
implies that at least one of the c( C j ) is < 1 . But this is impossible by definition 
of ~ . Further, because E· E = -1 , (2.5) implies that for any J there can be 
at most one (unparametrized) J-holomorphic E-curve. 

Now, consider two regular values J 1 and J2 for PE in ~, and let 0: be 
a path in ~ joining them which is transverse to PE • Because E is J-simple 
for each J E 0:, p;l(o:)/G is a compact cobordism between the discrete sets 
Mp(J1 , E)/G and Mp(J2 , E)/G. But the number of points in Mp(J, E)/G 
counted mod 2 is a cobordism invariant. Hence, there must be exactly one J-
holomorphic E-curve for each PE-regular J E ~. Gromov's compactness the-
orem then implies that for every J E f (w) , there is exactly one J -holomorphic 
E-(cusp-)curve, which must be a curve when J E ~. Further, if J E ~oo' this 
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curve is embedded by (2.6). Moreover, LJ must vary smoothly with' by 
uniqueness, which means in particular that it is embedded for , sufficiently 
close to ~oo. 0 

Note that each collection of disjoint exceptional curves contains at most r 
elements where r is the rank of H 2(V; Z). Hence we may choose such a 
collection W with the maximal number of elements. Let {EI , ••• , Ek } be 
the set of homology classes represented by the elements of W, and let K = 
sup{w(Ej ): i= 1, ... , k}. 

Lemma 3.2. Given W as above. one can construct the blowing down map 7C : 

(V , w) -+ (V , w) so that it is holomorphic with respect to tame almost complex 
structures 'I and 71 on V and V respectively. 
Proof. Let 'I be an w-tame almost complex structure on V which is integrable 
near each Lj as in Lemma 3.1. Then, let (V, 7 1) be the almost complex 
manifold obtained by collapsing each Lj to a point Z j. The collapsing map 7C : 

V -+ V is obviously holomorphic, and we just have to put a suitable symplectic 
form w on V. 

By [McD2, Lemma 2.1], we may choose the neighbourhood N j of Lj so 
that its image Bj = 7C(Nj ) under 7C has the complex analytic structure of the 
ball B(e) in (;2 and so that wl8Nj = wol8B(Aj + e), where W(Lj) = 7CA; . 
Therefore, we may define w to be the push-forward by 7C of w outside these 
balls B j = 7C(N) , extended by suitable multiples of the standard form Wo 
inside the Bj • Note that w does tame 71 since 71 equals '0 in the ball B j 

and so is invariant under scalar multiplication. 0 

(3.3) Proof of Theorem 1.1. We first show that the blowing down (V, w) con-
structed in Lemma 3.2 above is minimal. Suppose not, and let ~ be an ex-
ceptional curve in V in class E. We can assume that 'I and also 71 are 
Coo. Suppose that 71 E ~ (V). Then, by Lemma 3.1, E has an embedded 
7 1-holomorphic representative, ~I say. If this does not go through the points 
Zj = 7C(LJ, it lifts to an exceptional curve in V which is disjoint from the 
curves in W, contradicting the maximality of W . Even if it goes through some 
Z j' it can be easily moved to an embedded 7 -holomorphic curve which does 
not meet any Z j as follows. 

Let U = 11 Bj • Because 71 is integrable inside U, we can move ~I inside 
U so that it does not go through the Z j (but remains 71 -holomorphic in U) 
and then patch this new piece of curve to the old one somewhere outside U. 
This process (which is described in detail in [McD4, Lemma 4.3]) yields an 
embedded curve ~ which still lifts to a symplectically embedded curve in V 
since it is 7-holomorphic for some 7 which equals 71 inside U. 

Thus, it remains to deal with the case when the 7 1-holomorphic represen-
tative fl is merely a cusp-curve. We can still move fl away from the points 
Z j as above, because there is a set X C fl with a finite set of accumulation 
points such that fl - X is embedded; see [McDl, Lemma 4.4(iii)]. There-
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fore, we may assume that 1:1 does not meet the z i. In this case, there is a 
small neighbourhood & of 71 in f (co) such that, for all 7 E & , the J-
holomorphic representative 1:J of E is disjoint from all the zi. Moreover, 
for the dense set of 7 in & n Uoo ' Lemma 3.1 implies that 1: J is embedded. 
Let B be a neighbourhood of the set of points {z I ' ... , Z k} which meets none 
of these 1: J. Then, because tameness is an open condition, if we choose J in 
&nUoo sufficiently close to 7 1 , J lifts to an w-tame almost complex structure 
on V - 7r:- I (B) , which implies that the lift of 1:J is symplectically embedded. 
Since this contradicts the maximality of the g, the existence of the minimal 
manifold (V, co) is established. 

It remains to consider its uniqueness. Observe first that the manifold V 
is uniquely determined by the choice of g, and that the form co on V is 
also unique up to isotopy. We now claim that the symplectomorphism type 
of (V, co) is determined by the set {EI' ... ,Ek } of homology classes of the 
curves in g. To see this, note that, given {EI , ••• , Ek }, each corresponding 
set g of exceptional curves is J -holomorphic for some co-tame J. As in 
Lemma 3.1, we may suppose that J E Uoo • Since Uoo is path-connected, two 
homologous sets of curves g; and g;, which are holomorphic with respect 
to J I and J2 respectively, are isotopic through sets of Jt-holomorphic curves, 
where Jt , 1 ::; t ::; 2, is a path in U 00 joining J I to J2 • Hence, there is 
a symplectic isotopy of V which takes g:; to g;, and so the corresponding 
reduced manifolds (VI' COl) and (V2' co2) are symplectomorphic. 0 

There is a relative version of minimality which may be stated as follows. If 
A is a subgroup in H2(V; Z), we say that (V, co) is A-minimal if no element 
E E A may be represented by an exceptional curve. By ~hoosing a maximal set 
g of disjoint exceptional curves which represent classes in A, one can easily 
prove 
Theorem 3.4. Let A be a subgroup in H2 (V ; Z). Then there is a blowing down 
map 7r:A : (V, co) -+ (V, co) such that (V, co) is A-minimal, where A is the 
push-forward of A by 7r:. 

If A = {A E H 2(V; Z) : A· [C] = O}, this is Theorem 1.1(ii). 

4. SYMPLECTIC FIBRA TIONS 

General remarks. We will say that a symplectic form co on V and a fibration 
7r: : V -+ M are compatible if co is nondegenerate on the fibers of 1(.. In this 
section we study such triples (V, co, 1(.) ,where V is a 2-sphere bundle over a 
compact 2-manifold M. We will begin by giving a criterion for a form co on 
V to be compatible with some fibration. 
Proposition 4.1 (see [G, 2.4.A]). Let F be a symplectically embedded rational 
B-curve in a symplectic 4-mani/old (V, co) where B is a simple homology class 
of self-intersection zero. Then there is a fibration 7r: : V -+ M which is compatible 
with co and has one fiber equal to F. 
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Proof. Let J' be any w-tame almost complex structure which splits near F. 
(This means that a neighbourhood of F is biholomorphic to a neighbourhood 
of {O} X S2 in the complex manifold C x S2 .) Then, if f is a J' -holomorphic 
parametrization of F , it follows from (2.7) that (/, If) is a regular point for 
the Fredholm projection operator PB • Hence there is a nearby regular value J 
for PB which admits a I-holomorphic B-curve Fl which is close to F and 
hence symplectically isotopic to F . Thus, by changing I by a small symplectic 
isotopy (which does not affect the fact that it is regular) one may assume that 
F itself is I -holomorphic. 

Since B is simple, (2.2) implies that the 2-dimensional manifold of un-
parametrized I -holomorphic B-curves is compact. Further, because B· B = 0, 
there is at most one B-curve through each point. It follows that the evaluation 
map 

2 
eB(/) : Mp(1 , B) xG S - V 

given by (f, z) ~ f( z) has degree 1. Hence there is exactly one I -holomorphic 
B-curve through each point of V . Further, by (2.6), these curves will be embed-
ded provided that I is COO . Thus these curves form the fibers of a continuous 
surjection 7t: V - M which is smooth by Lemma 3.5 of [McD2]. 0 

Note. In fact, when B is simple, the I -holomorphic B-curves form the fibers 
of a smooth fibration V - M for every COO smooth element I of f (w) . 
For, since the set of regular elements is dense, the compactness theorem implies 
that there is a I -holomorphic B-curve through each point of V , and the proof 
that these are the fibers of a smooth fibration goes through as before. 

This proposition applies whenever V is a bundle over a Riemann surface M 
of genus > 0, since then the image of the Hurewicz homomorphism 7t2 (V) -
H2(V) is generated by the class B of the fiber, so that B is always simple. 
However, if V is a bundle over S2 the class B of the fiber need not be simple. 
We now show that B is I-simple for almost all I. Let ~ c few) be as 
defined in (2.4) with K = weB) , and let ~ 00 consist of all COO -smooth elements 
of ~. Recall that ~ is open, dense, and path-connected. 

Lemma 4.2. Let (V, c.o) be a symplectic manifold which is diffeomorphic to an 
S2 -bundle over S2 with fiber in class B. and suppose that B is represented by 
a symplectically embedded curve F. Then B is I -simple for all I E ~', and 
the conclusions of Proposition 4.1 hold for F . 

Proof. Suppose first that V = S2 X S2 and let A = [S2 x pt], B = [pt xS2] . 
If there is a B-cusp-curve, it must have one component Sj with c(Sj) $ 0 
because c(B) = 2 and c takes only even values. Hence B is I-simple as 
claimed. Therefore the proof of Proposition 4.1 remains valid, provided that 
we choose I E ~oo. (Note that both ~ and ~oo are invariant under the group 
of symplectic diffeomorphisms of V, so that it is permissible to change I by 
a small symplectic isotopy in order to make Fl coincide with F.) 
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Next, suppose that V is the total space of the nontrivial bundle. Then V is 
diffeomorphic to Cp2#Cp2 and H2(V) has generators L = [Cpl] and E (the 
class of the blown up point). Thus L·L = 1, E·E = -1 ,and B = L-E. Since 
c(L - E) = 2, an (L - E)-cusp-curve, whose components all have c ~ 1, must 
have exactly two components both with c = 1 . Thus one component is in class 
BI = kL - mE where k, m ~ 1 and 3k - m = 1 (because 0 < w(B I ) < w(B) 
and c(BI) = 1), and the other is in class B2 = -(k - I)L + (m - I)E. But 
then Bj • B j < 0 for i = 1 , 2 which implies that there is at most one such cusp-
curve for each value of k. Further, because (kL - mE)· (kL - mE) < 0 when 
k > m ~ 1 and k ~ m ~ 1, L - E is J-simple for each J E lit which admits 
(L - E)-curves, and if it is not simple there is at most one J -holomorphic 
(L - E)-cusp-curve. 

Therefore, in order to prove the lemma it suffices to show that (L-E)-curves 
exist for all J E lit. We do this by using some arguments from [McD2, Lemma 
3.3]. By hypothesis, there is a symplectically embedded (L - E)-curve F, and 
we may choose a regular value J for PL-E as before so that the evaluation 
map 

2 
eL_E(J) : Mp(J , L - E) xG 8 -+ V 

has degree 1. Given Jo E lit , let JI , 0:::; t :::; 1 , be a generic path in lit from 
J = JI to Jo ' and choose a generic path x(t), 0 :::; t :::; 1, in V such that 
x(t) does not lie on the JI-holomorphic (L - E)-cusp-curve (if this exists). It 
is easy to see that the manifolds eL_E(Jj)-I(x(i)) , i = 0, 1 are (compactly) 
cobordant: cf. Lemma 4.7. Thus, there is a Jo-holomorphic (L - E)-curve, as 
claimed. 0 

Note. When V = 8 2 X 8 2 one can avoid the use of (2.6) in Proposition 4.1 
by considering the intersections of the B-curves with the transverse family of 
curves in the class A = [82 x pt]. See Lemma 4.6 below. Similar but more 
roundabout arguments are possible with CP2 # Cp2 ; see [McD2]. 

Definition 4.3. If X is a closed subset of V, we will say that 000 and WI are 
isotopic (reI X) if they may be joined by a family of cohomologous symplectic 
forms WI whose restrictions to X are all equal. Further, they are isotopic 
(preserving X) if they may be join'ed by a family of cohomologous symplectic 
forms WI whose restrictions to X are all nondegenerate. 

Note that if X is a submanifold of V which is either wo-symplectic or of 
codimension 1 (or more generally, if the kernel of wolX has constant rank) 
then Moser's theorem implies that, given two forms 000 and WI which are 
isotopic (reI X) , there is a corresponding family of diffeomorphisms gl which 
are the identity on X and are such that gl*(wl ) = 000 , Further, if the forms 
are isotopic (preserving X), we may choose the family gl so that gl(X) = X . 
Similar remarks apply if X is the union of two symplectic submanifolds, which 
intersect transversally in a symplectic submanifold. In particular, we can take 
X to be the union of two transversally intersecting curves r u F . 
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Lemma 4.4. Let 1C : V ~ M be an S2 -bundle as above, and let the forms CUo 
and CUI be compatible with 1C. Then the following conditions are equivalent: 

(i) the forms are isotopic; 
(ii) they are isotopic preserving F; 

(iii) they may be joined by a family W t of cohomologous symplectic forms 
which are compatible with 1C. 

Proof. Since the remarks above imply that (iii) ~ (ii) ~ (i), it suffices to prove 
that (i) ~ (iii). By hypothesis, there is an isotopy 't which joins CUo to WI. 

Let i = 0 or 1. Since 1C is compatible with CUi' there is an cu;-tame Ji such 
that the fibers of 1C are Ji-holomorphic. We claim that we may suppose that 
Ji E Ztoo(cui ). To see this, observe first that, as in Lemma 4.2, the class [F] is 
Ji-simple. Hence, by the compactness theorem, it is J -simple for all J near Ji • 

Therefore, each such J defines a fibration 1C J of V . By choosing J sufficiently 
close to Ji , we may suppose that there is an isotopy gt' 0:5 t :5 1 , such that 
1C J 0 gl = 1C. Further, since compatibility with 1C is an open condition, we 
may suppos~ that all the forms g;(cui ) are 1C-compatible. Therefore, we may 

, • I f replace CUi by CUi = gl (cu;) and Ji by the pull-back 'i 0 'by gl . Observe 
that if we choose , in Zt 00 ( CUi) , then ,; E Zt 00 ( cu~) as required. 

Now, choose a path 't E Ztoo(rt ) joining '0 to 'I and let 1Ct be the corre-
sponding fibrations. Then 1C 1 = 1CO = 1C , and there is an isotopy gt such that 
1Ct 0 gt = 1CO = 1C. Since the set of orientation preserving diffeomorphisms g 
such that 1C 0 g = 1C is path-connected, we may suppose that gl = id. Thus 
g;(rt ) = CUt is the desired path. 0 

. Note. Even though the CUt above are compatible with 1C, there need not be a 
family of fiberwise diffeomorphisms ht (i.e., diffeomorphisms which project to 
diffeomorphisms of the base) such that h;(cut ) = cuo. To see this, note that 
because compatibility is an open condition such ht would exist only if every 
closed form cu close to Wo = d x 1\ d y + d u 1\ d v were the pull-back of CUo under 
some diffeomorphism which has the form (x, y, u, v) 1-+ (gl, i, g3, l), 
where g3 and g 4 depend only on u and v. However, if this were true cu-
d g3 1\ d g 4 = d g 1 1\ d g2 would have to contain all the terms in cu except that 
involving du A dv and would always have to have zero square, which is clearly 
not always the case. Therefore, we will work with forms on V which are 
compatible with 1C, under the relation of isotopy. In this connection it is worth 
pointing out that Guillemin and Lerman in [GL] define an invariant of the pair 
(cu, 1C) which is a closed 2-form cur on V with the property that cu - cur is the 
pull-back of some form on M. This invariant is called the coupling form, and 
exists whenever 1C : V ~ M is a fibration with simply-connected fibers which is 
compatible with a symplectic form on V. (V can have any dimension here.) 
Since cur depends only on cu and 1C, it transforms in an obvious way under 
fiberwise diffeomorphism, and provides a more sophisticated way of showing 
that a family ht such that h; (CUt) = CUo need not exist. 
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Uniqueness of symplectic structures on S2 x S2. We now begin the study of 
the uniqueness question by looking at symplectic fibrations whose underlying 
bundle is the trivial bundle 1t: S2 x S2 -+ S2 , where 1t is projection onto the 
first factor. Our results in the general case will follow by cutting and pasting. 
As always, F will denote a chosen fiber of 1t. Further, we will say that a form 
00 is split on some subset V of V if we have chosen a diffeomorphism from 
V to a product VI x V2 and if this diffeomorphism takes w to a form PI E9 P2 
where P j is the pull-back to V of a symplectic form on Vj • 

Proposition 4.5. ]f 00 is a symplectic form on S2 x S2 which is compatible with 
1t , then 00 is isotopic to a split form. 
Proof. We first show that there is a family w t ' 0:5 t :5 1, of (not necessarily 
cohomologous) symplectic forms on S2 x S2 such that: 

(i) Wo = 00; 

(ii) each w t is compatible with 1t; 

(iii) there is an WI-symplectic section of 1t in the class A = [S2 x pt]. 
The desired result will then follow by standard arguments. 

It is convenient to transfer the problem to R2 x S2 . To do this, first isotop 
wrelF to a form 00 which splits in a small neighborhood N(F) of the fiber 
F = {zo} X S2 . Then, identify (S2 - zo) X S2 with (IntI2) x S2 by a product 
diffeomorphism, where ]2 denotes the square {(x, y) E R2 : 0 :5 x, y :5 I}. 
This takes 00 to a form • which splits near (8]2) x S2 and does not vanish 
on the fibers pt xS2 . Clearly, we may suppose that. equals the standard split 
form '0 = dx 1\ dy E9 0'0 near (8]2) X S2, where 0'0 is the standard area form 
on S2 , and may then extend it over R2 x S2 by '0. _ 

We now show how to find a symplectic section r of the fibration 1t: R2 x 
S2 -+ R2 which is constant (i.e., equal to R2 x {uo}) outside some compact 
set. As Eliashberg pointed out in [E2], one can construct the section rover 
the part of the space where • is not split by considering the Hamiltonian flow "'t of the function x. Observe that this is just the linear flow y ~ y + t 
outside of ]2 x S2 , and that it preserves the hypersurfaces x = const. On 
these hypersurfaces, it flows along the null direction of • and so is everywhere 
transverse to the fibers of 1t since these are symplectic. 

Choose a point Uo in S2, and let y be the arc {(x, 0, uo) : 0:5 x :5 I} in 
8]2 xS2 . Then consider the surface r = Ut>o{ "'t(y)}nI2 XS2 . By construction 
r is transverse to the fibers of 1t. Also, the restriction of • to r does not 
vanish since the initial arc y is transverse to the level sets of the Hamiltonian 
x . Note that r coincides with the plane u = Uo near the three faces y = 0 and 
x = 0, 1 , and has the form (x, y, u = A(X» over some strip 1 - e < y :5 I , 
where A is a loop in S2 which is based at uo . 

We extend the section r over the rest of R2 in two steps. First, let At(X) , 
o :5 t :5 1, be a homotopy from the based loop A = AO to the constant loop 
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AI' and then extend r over the strip {(x, y) X S2 : 0 ~ x ~ 1, 1 ~ y ~ N} 
by setting it equal to the graph of the map (x, y) 1-+ Aa(y)(x) for a suitable 
function a which equals 0 near y = 1 and 1 near y = N. If N is sufficiently 
large, we may clearly choose a so that 1'lr never vanishes. Further, we may 
choose the At so that the section r thus constructed coincides with the constant 
section ]R2 x {uo} near the boundary a of the rectangle [0, 1] x [0, N] and 
is homologous (reW) to this section. Finally extend r over the rest of ~? by 
the constant section. 

In order to transfer our results back to S2 x S2 , choose a diffeomorphism 
() : 12 -> [0, 1] x [0, N] which preserves the area form dx A dy near a12, 
and let 1'1 be the pull-back of 1'1[0, 1] x [0, N] X S2 via (). Then 1'1 admits 
a symplectic section r 1 which is constant near a 12 x S2. Since 1'1 = l' near 
al2 x S2, 1'1 gives rise to a symplectic form WI on S2 x S2 which clearly has 
the properties (ii) and (iii) above. Moreover, the path w t may be constructed 
in an obvious way from the restrictions of l' to the sets [0, 1] x [0, s N] X S2 , 
I/N~s~l. 

The proof is now completed by Lemmas 4.6 and 4.7 below, which are mild 
improvements of results in [G, 2.4]. 0 

Lemma 4.6 (cf. [G,2.4.Ad). Let W be a symplectic form on S2 x S2 which is 
compatible with 1C and suppose that there is a symplectically embedded section 
r in class A = [S2 x pt]. Then W is isotopic to a split form. 
Proof. By Lemma 4.2 both classes A and Bare J -simple for all J E ~, 
and, by Proposition 4.1, for each co-tame J E ~ there are two families of 
J -holomorphic curves, one in class A and the other in class B. Since each A-
curve meets each B-curve exactly once, it follows from (2.5) that these curves 
are all embedded. Thus, for each such J we get a diffeomorphism 1C B x 1C A : 

S2 x S2 -> S2 X S2 where the fibers of 1C A (resp. 1C B) are the J -holomorphic 
A- (resp. B-)curves. By arguing as in Proposition 4.1, we may choose J E ~ 
so that rand Fare J -holomorphic. Then, because 1C B X 1C A is determined by 
its restriction to ruF, we may suppose that it is the identity on F and takes r 
by any preferred diffeomorphism to S2 x {uo} where (zo' uo) = rnF . Further, 
it is clear from the construction that 1C B x 1C A is isotopic to the identity map. 
Hence each split form COo is isotopic to its pull-back w~ by 1C B X 1C A ' and it 
suffices to show that W is isotopic to w~ , where Wo is chosen to be homologous 
to w. To prove this, observe that w~ is nondegenerate on the J -holomorphic 
A- and B-curves. Further, these curves are w~-orthogonal. It follows easily 
that w~ tames J, so that the linear family (1 - t)w + tw~, 0 ~ t ~ 1, is an 
isotopy from w to w~. 0 

Lemma 4.7. Suppose that w t ' 0 ~ t ~ 1, is a family of symplectic forms on 
S2 x S2 such that WI is split. Then COo is isotopic to a split form. 
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Proof. This is obvious if the cohomology class [Wt] is constant. Thus the 
interesting case is when [Wt] varies. 

Let '!I' be Ut ~ , where t E [0, 1] and where ~ is the subset of f (wt ) 

defined in (2.4) with K = maxt{wt(A) , wt(B)}. Then '!I' is path-connected. 
Further, if J I is the standard product almost complex structure on S2 x S2 
(which, by hypothesis, is wI-tame), then J I E '!II because the only JI-holomor-
phic curves are graphs of holomorphic self-maps of S2 and so lie in the classes 
A + kB or B + kA for k ~ o. Choose some COO -smooth element Jo E '!Io 
which is regular for PA and PB ' and let a(t), 0 ::5 t ::5 1, be a path in '!I' 
joining Jo to JI • We may suppose that a is transverse to the operators P~ 
and P~, where P~, for example, is the obvious projection of the manifold 

L~ = {(f, J) E F x Uf(wt ) : f is J-hOlomorphic} 
t 

onto f' = Urf(wt ). By Lemma 4.2, the class A is Jt-simple for each t. 
Hence the set p~-I(Q;)/G is a compact nonempty manifold which provides a 
cobordism between the manifolds M(Jo' A) and M(JI , A) of Jo- and J I -

holomorphic A-curves. Further, the evaluation maps 
222 eA(Jj ) : Mp(Jj , A) xG S -+ S x S 

are (compactly) bordant. Since eA(JI ) has degree 1, eA(JO) must also have 
degree 1, which implies, in particular, that Mp(Jo, A) is nonempty. A similar 
argument shows that Mp(Jo, B) is nonempty. Thus there are Jo-holomorphic 
A- and B-curves. Since these must be embedded by (2.6) (or (2.5», the previous 
lemma implies that Wo is isotopic to a split form. 0-

This completes the proof of Proposition 4.5. Clearly this result is equivalent 
to the following. 

Corollary 4.8. [f W is a symplectic form on [2 x S2 which is split near a [2 x S2 , 
then w is isotopic reI a [2 x S2 to a split form. 

Uniqueness for the nontrivial S2 -bundle over S2. Let us now consider the non-
trivial S2 -bundle 7t : X -+ S2 . We aim to show that, if w is compatible with 
7t , it is determined by its cohomology class up to isotopy and that its cohomol-
ogy class a satisfies the conditions in Theorem 1.3(i). If we identify X with 
CP2 # Cp2 and use the basis L, E of H2 (X ,Z) considered in Lemma 4.2, 
an easy calculation shows that these conditions are equivalent to requiring that 
both a(F) = a(L - E) and a(E) are positive. In [McD2, §4] we considered 
a closely related problem, looking at symplectic forms 1: on Cp2 # CP2 which 
are nondegenerate on a fixed copy SL of the complex line Cpl in X. We 
proved that these forms are determined by their cohomology class a up to a 
diffeomorphism which preserves SL' and that a(F) and a(E) are positive. 
The second statement follows from an argument of Gromov's which shows that 
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if this were not true, the class L would be simple and the manifold X would 
have to be CP2. To prove the first statement, we first showed that. is sym-
plectic on the fibers of some fibration 1CT : X -+ S2 , which is determined up to 
isotopy by the form • and may be chosen so that S L is a section of 1C L. Then, 
we used a· cutting and pasting argument to show that any two cohomologous 
symplectic forms .0 and .1 which are nondegenerate on one fiber F of 1CT 

and on the section S L are isotopic preserving S L U F . Thus we showed 

Lemma 4.9. Let COo and COl be cohomologous symplectic forms on X which are 
nondegenerate both on S L and on one fiber F of 1C. Then, there is an isotopy 
COt which preserves SL U F and joins COo to COl. Further [coo] = [cod satisfies 
the conditions of Theorem 1.3(i). 

Next, we prove the analogue of Lemma 4.7. 

Lemma 4.10. Suppose that COt' 0:::; t :::; 1, is a family of symplectic forms on X 
such that COl is nondegenerate on SL uF. Then COo is isotopic to aform which 
is nondegenerate on S L U F . 

2#-2 Proof. Let JI be the usual complex structure on X = CP CP. We may 
suppose that 1C is a holomorphic map from (X, J I ) to the Riemann sphere, and 
that SL is a JI-holomorphic copy of Cpl. By Lemma 4.9, we may suppose 
that COl is a Kahler form with respect to JI • Then JI E U"(co l ) and is regular 
for the classes L, L - E, and E (with notation as in Lemma 4.2). 

Define U"' as in Lemma 4.7, and choose a path a(t) E U"', 0 :::; t :::; 1, 
which begins at a generic element of U"O and ends at JI , and is transverse 
to the projection operators P~ for A = L, L - E, and E. Observe that, 
if a E H2(X) is such that a2 =I- 0, then a(L - E) =I- o. Hence, because 
COl (L - E) > 0, we must have cot(L - E) > 0 for all t. Further, by combining 
the arguments of Lemma 4.2 with those of Lemma 4.7, one easily sees that, for 
all t, L - E is a Jt-simple class which has Jt-holomorphic representatives. 

We next show that there is a Jo-holomorphic L-curve S L. We use essentially 
the same argument as before, but now must cope with the fact that L is no 
longer a simple class. However, because (kL - mE) . (L - E) = k - m, the 
only possible Jt-holomorphic L-cusp-curves have type (L - E, E). Let X t 
be the set of pairs (x, y) E V x V such that x and y lie on the same Jt -

holomorphic L-cusp-curve. Thus (x, y) E XI if either of x and y lie on the 
unique JI-holomorphic E-curve or if they both lie on the same ~-holomorphic 
(L - E)-curve. Since XI has codimension ~ 2, one can choose a path p(t) = 
(XI' YI) E V x V - XI for 0:::; t :::; 1 such that XI and YI are distinct points 
on SL. Now, as in the proof of Lemma 4.7, consider the evaluation map 

eL(a): UMp(JI , L) xG (S2 X S2) -+ V X V. 
I 

We may jiggle p so that it is transverse to eL(a). Then, because p(t) avoids 
the L-cusp-curves, the manifold UI e L (a) -I (P (t)) is compact, and its boundary 
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lies over P(O)uP(I). Since, by construction, it has exactly one point which lies 
over P( 1) , it must have at least one point lying over P(O). In other words, there 
must be a Jo-holomorphic L-curve S L ' as claimed. Note that it is embedded 
by (2.5). 

Thus, there is a Jo-holomorphic L-curve S L and a Jo-holomorphic (L - E)-
curve F. It follows easily from their construction that they are isotopic to S L 

and F, respectively. Since COo is nondegenerate on S Land F, the result 
follows. 0 

Proposition 4.11. Suppose that co is a symplectic form on X which is compatible 
with 1t. Then co satisfies the conditions of Theorem 1.3(i) and is determined 
by its cohomology class up to isotopy. 
Proof. Let F be one of the fibers of 1t. Then, by the symplectic neighbourhood 
theorem, we may identify a neighbourhood 1t -I ( U) of F with U x S2 in 
such a way that co corresponds to a split form. Therefore, we may cut out a 
small piece (YI , 'r I) from X, in such a way that 'r I is the restriction of the 
standard split form 'ro = dx /\ dy e (Jo to YI = [0, 1] x [0, Td X S2 C ]R2 X S2 , 

and 1t corresponds to the obvious projection of YI onto [0, 1] x [0, TI ]. As 
explained in [McD2, (4.4)], the complementary piece (Y2 , 'r 2) may be described 
as follows. Let p, : S2 ~ [0, a] be the moment map of the standard action 
«(}, z) ~ (} . z of the circle on S2 by rotation, and let f be a nondecreasing 
function from [0, 1] onto itself which is constant near the endpoints. Then Y2 
is the set 

Y2 = {(x, y, z) : 0 ~ x ~ 1, -/ (x)p,(z) ~ y ~ 1, z E S2} C ]R2 X S2, 

and the form 'r2 equals 'ro near 8Y2 • To see this, consider the map a which 
takes the face {y = T I } of YI to the face {y = -/(x)p,(z)} of Y2 and is 
defined by 

a(x, y, z) = (x, y - TI -/ (x)p,(z) , f(x). z). 
It is not hard to check that a*('ro) = 'rl so that YI ua Y2 has a symplectic form 
'r which is split near its boundary. Hence, if we identify this boundary to a 
single fiber, we get a symplectic manifold (X, co) which fibers over S2. Note 
that this fibration X --+ S2 is nontrivial because of the twist in the gluing map 
a. 

Under this identification the map 1t gives rise to a fibration 1t2 : Y2 --+ ]2 

which is defined on 8 Y2 by 

1t2(x, y, z) = (x, y) if y > 0, 
= (x, 0) if y ~ O. 

Since we can freely choose the identification of Int(X - YI ) with Int Y2 , we 
will suppose, as we may, that 1t2 has the form (x, y, z) ~ (x, g(x, y, z», 
and that the surfaces rj =]R2 X {zJ n Y2 , i = 0, I, are transverse to the fibers 
of 1t2 ,where Zo and z I are the fixed points of the circle action on S2 , named 
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SO that J.l(Zo) = 0 and J.l(ZI) = a. (It is easy to see that the section of X 
corresponding to r I is isotopic to S L and that r 0 corresponds to a curve in 
class E.) 

As in the proof of Proposition 4.4, we now construct a family w t ' 0 ~ t ~ 1 , 
of symplectic forms on Y2 such that: 

(i) wt = T2 near 8Y2 for all t and on Y2 when t = 0; 
(ii) each w t is nondeg~nerate on the fibers of 1t2 ; 

(iii) there is a section r of 1t2 which coincides with r l near 8Y2 , is ho-
mologous to r l (reI8Y2), and is symplectic with respect to WI. 

To do this, one starts with the arc y(t) = (t, -/(t)a, ZI) (where a = J.l(ZI)) ' 
and constructs a section over Y2 U [0, 1] x [1, N] x S2 using the Hamiltonian 
flow of x. Note that, by our choice of 1t2 , the level sets of the function x are 
unions of fibers of 1t2 , so that the argument goes through just as before. 

It follows easily that the original form W = Wo on X is part of a family wt 
which satisfies the hypotheses of Lemma 4.10. Hence the desired result follows 
from Lemmas 4.10 and 4.9. 0 

Since all the isotopies considered above are constant near the fiber F of 1t, 
we have shown 

Corollary 4.12. If T is any symplectic form on Y2 which equals the standard 
split form TO near 8 Y 2' then T is isotopic to TO rei 8 Y2 . 

Bundles over surfaces of higher genus. Now let us consider a symplectic S2_ 
bundle 1t : V -- M over a Riemann surface M of genus g > O. First of 
all, we describe the "standard forms" on V. If V is trivial, these are just the 
split forms. Otherwise, we identify V with the projectivization P(LI ffi C) of 
a rank 2 holomorphic bundle LI ffi Cover M, where the line bundle LI has 
Chern number 1. Then the associated complex structure J is invariant under 
the action of Sl induced by mUltiplication by e21/lit in LI ' and P(LI ffiC) has 
invariant Kahler forms which are nondegenerate on the fibers of 1t and on the 
two fixed point sets, M+ (the zero section of L I ) and M_ (the zero section 
of C). See [Au]. If {b+, b_} is the dual basis of H2(V) , it is easy to check 
that b:(V) = -b:'(V) = 1 and that [M+] - [M_] is the class [F] of the fiber. 
An easy calculation now shows that a = A+b+ + A_b_ is the class of one of 
these Kahler forms if and only if A+ > A_ > 0, and hence if and only if the 
conditions in Theorem 1.3(i) hold. 

We aim to show that any 1t-compatible symplectic form W on V is isotopic 
to one of the above "standard" forms. We will suppose that M has been 
assembled from a 4g-sided polygon P c ]R2 by identifying its sides in the 
standard way ala2a~la~la3a4" .a~gl. The vertices of P are identified to a 
point Xo in M and the sides form embedded loops ).1 ' ••• , A2g which intersect 
only at xO. Let A = Al U··· UA2g and let F be the fiber at xO. If 1t is trivial, 
we identify (V, 1t- 1(A)) with (M x S2, A X S2) in the obvious way, and if 1t 
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is not trivial, we choose some identification of n-I(A) with A x S2. It then 
makes sense to talk about a form being split near n-I(A). 

Lemma 4.13. Any n-compatible symplectic form which splits near n- I (A) is 
isotopic to a standard form. 
Proof. When n is the trivial bundle this follows immediately from Corollary 
4.8. For, one can cut V along n-I(A) to obtain a form 't on P x S2 which 
is split near the boundary. If n is nontrivial use Corollary 4.12 instead. 0 

Lemma 4.14. If W is compatible with n, there is a family W t of symplectic 
forms on V withwo = w such that WI splits near n-I(A) ~ A x S2. 
Proof. Let D be a small neighbourhood of Xo in M. By the symplectic neigh-
bourhood theorem, we may suppose that w splits on n-I(D) ~ D x S2. The 
family wt will consist of forms which equal w in V -n- I (D) and which equal 
w+x*(ptdXAdy) in x-I(D),where Pt is a function on D which is zero on 
the boundary and is ~ ° inside. 

Let Do be a smaller neighbourhood of Xo inside IntD. For each i, choose 
a diffeomorphism ofa neighbourhood of X-I (A. i ) in n-I(M -Do) with the set 
W = [0, 1] x [-e, e] x S2 which extends the above diffeomorphism n-I(D)-
D x S2 , and is such that w is nondegenerate on each fiber of the projection 
x: W - [0, 1] x [-e, e]. We will show that, for suitable Pt ' there is an isotopy 
'1'1 with support in Int W such that '1'; (w I) splits on H = [0, 1] x {o} X S2 . 
By the symplectic neighbourhood theorem, '1'; (w I) must then be isotopic to a 
form which splits near H, and, because we can do this for each i separately, 
the lemma follows. 

As a first attempt at finding '1'1 ' let e be a vector field on H which points 
along the null-directions of wlH. Since w is nondegenerate on the fibers of 
n, e is transverse to these fibers and we can normalize it so that it covers the 
vector field a/as on [0, 1]. Then e = a/as near a H , so that its flow has the 
form (s, z) 1-7 (s + t, gt(s, z)), and the diffeomorphism hs of S2, defined by 
hs(z) = gs(O, z) , equals the identity for s near ° and is independent of s for s 
in some interval [1-11, 1]. Define G: H - H by setting G(s, z) = (s, hs(z)). 
It is easy to check that G*(w) splits on H. Unfortunately, this G does not 
quite do for '1'1 since it may not equal the identity on the boundary component 
{I} x S2 of H. 

To remedy this, we alter G on [1 - II, 1] X S2 to an embedding G' of this 
set into [1 -II, 1] x [ -e , e] x S2 C W which equals G near {I - v} X S2 , is the 
identity near {I} X S2 , and which pulls back w to a split form. Note that we 
can choose II so small that [1 - v, 1] x [-e, e] c D - Do. We will choose Pt 

so that wt=w in [0, I-v]x[-e,e]xS2 ,andsothat ([I-v, I]x[-e,e]x 
S2, Wt) is symplectomorphic to a subset of the form {(x, y, z) : Iyl :5 P(x)} 
in ([1 - v, 1] x R X S2, 'to). Clearly, we may choose Pt so that P is any 
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function which is ~ e , with equality when x is near 1 - v and 1. Now define 
G' by the formula 

(s, z) ~ (s, - Is(h l (z)) ,ha(S)(z)) 

where the values of a(s) decrease from 1 to 0, and where Is : S2 -+ R is a 
(time-dependent) Hamiltonian which generates the ao-preserving flow ha(s)h~1 
on S2 , and is zero for s near 1 - v and 1. (Since each Is must be constant 
for s near 1 - v and 1, we can adjust it by a function of s to make it zero 
there.) It is easy to check that d*(r)IH = 't'IH as required. 0 

Lemma 4.15. If W is nondegenerate on some section r of 1C, we may choose 
the family W t of Lemma 4.14 so that its cohomology class is constant and so 
that wtlr = wlr for.all t. 

Proof. First observe that we may identify 1C -1 (A U D) with (A U D) x S2 in 
such a way that r n 1C- l (A U D) is taken to (A U D) x {zo} for some point 
Zo E S2 . Further, we may isotop W near (A U D) x {zo} so that (JJ splits near 
(A U D) x {zo} as well as in 1C -1 (D). Hence, we may choose the identification 
of W with a neighbourhood of 1/:-1 (A) in such a way that W splits near 
[0, 1] x {O} x {zo}. Then the diffeomorphisms gs will be the identity in a 
neighbourhood U of {zo} , and we may assume that G' = G there. It follows 
that we may choose '1'1 to be the identity on r. Thus, the family (JJt as 
constructed in Lemma 4.14 consists of forms which are nondegenerate on r. 

We now change wt to wt = AiWt + }.ltp) where p is a closed 2-form on V 
whose integral over r (resp. F) is 0 (resp. 1) and where the numbers At and 
}.It are chosen so that [Wt] is independent of t. If V is the product M x S2 
and r = M x pt, we may choose p to the pull-back of a form on the fiber S2 
with support in U. In general, we identify a neighbourhood N(r) of r with 
an SI -invariant neighbourhood of the zero section in a complex line bundle 
over r, and let p be the pull back of an SI-invariant form on C with support 
near zero. Thus p restricts to 0 on r, and restricts on H = [0, 1] X S2 C W to 
a form which is pulled back from S2 . It follows that the fernel of plH agrees 
with that of w t near the line [0, 1] x {zo} in H, so that the embeddings G 
and G' as constructed in Lemma 4.14 are symplectic with respect to (JJt' as 
required. 0 

Lemma 4.16. Suppose that the 1/:-compatible form 0.>0 may he joined to a 
standard form WI by a family wt ' 0 ::5 t ::5 1, of symplectic forms on V. 
Then Wo is nondegenerate on a section of 1/: . 

Proof. Suppose first that V is the nontrivial bundle over M where genus M = 
g > 1, and let D = [M+] + (g - I)[F] , where [M+] is the section with self-
intersection + 1 as described above. Then D· D = 2g - 1 , which, by Lemma 
2.8, is the smallest possible value for regular curves. Define ~' = ~'(K, g) as 
in Lemma 4.7 (with K = maxt wt(D)} , and let Jo be a generic element of ~o. 



704 DUSAMCDUFF 

We claim that the lemma will follow if we show that there is a Jo-holomorphic 
D-curve Co' For, because B· D = I, such a curve Co must intersect each 
Jo-holomorphic B-curve exactly once, and so be a section of the fibration 1to 
which is defined by these curves. To get a section of 1t, we may take a limit 
of the curves Co as Jo converges to an almost complex structure J7[ whose 
corresponding fibration is 1t. If this li'tnit is a curve, we are done. But, if it is a 
cusp-curve, it must be the union of a number of fibers of 1t together with some 
section roof 1t. Thus, in either case, there is an wo-symplectic section of 1t. 

One shows that Co exists much as in Lemma 4.10. First of all, we must 
establish the existence of an WI-symplectic section which belongs to a well-
understood family of holomorphic curves. We do this as follows. Because the 
space of standard forms on V is connected we may suppose that 

WI ([M+] - g[F]) > 0, 
i.e., that [00+] = )'+b+ + )'_b_ where g).+ > (g - 1»)'_. Then WI tames 
not only the "standard" complex structures described above coming from the 
identification of V with P(L I EEl q, but also those coming from a properly 
chosen identification of V with P(L2g_ 1 EElC), where L 2g_ 1 has Chern number 
2g - 1 . (This holds because WI has positive integral on the exceptional divisor 
M_ = P(L2g_ 1 EEl 0). See Lemma 3.1 of [McDl] for a similar argument.) Let 
J; be a complex structure on V coming from an identification of V with 
P(L2g_ 1 EEl C), and let r be the J;-holomorphic section P(O EEl C) which has 
class D. By Lemma 2.8, r has a parametrization J; : (l:g' J) -+ (V, J;) such 
that (1;., J, J;) is a regular point for PD' 

We claim that there is an open set U C V x ... x V such that the evaluation 
map 

I I C7 2 2 
e = eD, g (JI ) : Mp (JI' ..7 g , D) x S x .. · x S -+ V x ... x V 

given by (f, zi ' ... , Zg) t-+ (!(ZI)' ... , !(Zg» , maps e- I (U) bijectivelyonto 
U . To see this, observe first that, by the index formula of (2.1), both sides have 
the same dimension. Next observe that, because D· [M_] = 0, every D-curve 
sits inside V - M _ == L2g_ 1 • In fact, the D-curves are just the J; -holomorphic 
sections of L 2g_ l • By Riemann-Roch, the C-dimension hO(l:g, L 2g_ l ) of the 
space of hoi om orphic sections of L 2g_ 1 is g. Further, it follows from the prop-
erties of linear systems (see, e.g., [GH, Chapter 2, §3)) that (J;, zl' ... , Zg) is 
a regular point of e for generic (zl"" , Zg)' Thus e maps some neighbour-
hood of U;, ZI ' ... ,Zg) diffeomorphically onto some neighbourhood U of 
w = e(J;, zl' ... , Zg)' But, for any:!. E U, e- I(:!.) cannot contain more than 
one point, for if it did, the linearity of the space of sections of L 2g_ 1 would 
imply that e -I (:!.) is a subspace and so could contain no regular points. This 
proves the claim. 

As in the proof of Proposition 4.1, there is a regular value JI for the operator 
PD which belongs to the set fi'oo(K, g) of (2.4) (where K = w(r» and is such 



RATIONAL AND RULED SYMPLECTIC 4-MANIFOLDS 705 

that r has a JI-holomorphic parametrization f. (Note that J; does not 
belong to '!Ioo(K, g) since c(M_) < 1 - g.) Further, we may choose J I to 
be so close to J; that, for some open subset UI C U, the evaluation map 
e I = eD, g (JI ) maps e ~ I ( UI ) bijectively onto UI . Thus, one might say that 
e l has degree lover the points of UI • Let J I be a generic family of wI-tame 
almost complex structures in '!I' which join J I to the element Jo considered 
in the first paragraph of this proof, and let P(t) be a path in V x··· x V which 
ends at P(I) E UI . We may suppose that P(t) is generic, so that it is transverse 
to eD,g(JI) (as well as to any other evaluation map under consideration). The 
arguments of Lemma 4.10 will show that there is a Jo-holomorphic D-curve, 
provided that the path P(t) may be chosen so that P(t) does not lie on the 
image of any JI-holomorphic D-cusp-curve. Therefore we must analyse the 
J -holomorphic D-cusp-curves, where J E ~ for some t. 

As mentioned above, any such cusp-curve must be the union of a number 
of spheres which represent the class [F] of the fiber, together with some J-
holomorphic curve Cm which represents a class D - m[F] where m > o. We 
will say that such a cusp-curve has type m. Since Cm is a section of the fibration 
11: J ' it is an embedded curve of genus g. Hence, because c( Cm) = 1-2m > - g 
by definition of '!Ioo(K, g), m < (g+ 1)/2. Taking p to be the largest of these 
values of m, we find that the class [Cp ] is J -simple, and that the image of 
e[Cp],g(J) is a compact set of codimension ~ 4p. Since a D-cusp-curve is the 
union of such a curve Cp with p fibers, the set of g-tuples in V x ... x V 
which lie on a D-cusp-curve of type p has codimension ~ 2p. Therefore, we 
may choose P(t) to avoid these cusp-curves. Now consider cusp-curves of type 
p - 1. Their image under e[Cp+IJ,g(J) is a noncompact set of codimension 
~ 2(P - 1) which accumulates on the image of the set of D-cusp-curves of type 
p. Hence, this image intersects a neighbourhood of P in a compact set, so that 
we may arrange that P avoids them. Continuing in this way, we see that we 
can suppose that P avoids all D-cusp-curves, as required. 

This completes the proof in the case when g > 1 and V is nontrivial. The 
other cases are essentially the same. When g = lone has to remember the 
reparametrization group T2 of the torus ~I ' and when V is trivial one should 
take D so that D· D = 2g. 0 

Proposition 4.17. Let 11: : V -+ M be an S2 -bundle over a Riemann surface 
M. Then any two cohomologous 1I:-compatible symplectic forms are isotopic 
and satisfy the conditions of Theorem 1.3(i). 

Proof. We claim that every 1I:-compatible symplectic form W is isotopic to 
a 1I:-compatible symplectic form which splits near 11:- 1 (A). The result then 
follows from Lemma 4.13. To prove the claim, first use Lemma 4.14 to find 
a family of 1I:-compatible symplectic forms WI with Wo = W such that WI 
splits near 11:- 1 (A) . Then, by either Corollary 4.8 or Corollary 4.12, WI is 
isotopic to a standard form w~. Lemma 4.16 now implies that Wo admits 
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a symplectic section, and so, by Lemma 4.15, OJ = OJo IS lsotopic to a 1C-

compatible symplectic form which splits near 1C -I (A). 0 

Propositions 4.5, 4.11, and 4.17 clearly constitute a proof of Theorem 1.3. 
Uniqueness of symplectic sections. 
Proposition 4.18. Let 1C : V --+ M be an S2 -bundle over a Riemann surface of 
genus g ~ O. and let OJ be a compatible form on V. which is nondegenerate 
on two homologous sections ro and r l such that r i · r i ~ 2g - 1. Then. there 
is a symplectic isotopy gt which preserves one fiber F of 1C and is such that 
gl(ro) = r l · 

Note. It follows easily from Moser's theorem that this proposition is equivalent 
to the statement that two cohomologous forms on V which are nondegenerate 
on rUF are isotopic (relrUF). 
Proof. We claim that there is a family of symplectically embedded curves r t 
which joins ro to r l . Using this, one easily finds a suitable family gt of 
embeddings (r 0' ron F) --+ (V, F) such that gl (r 0) = r I ' which may be 
extended to V by the symplectic isotopy extension theorem. Clearly, it suffices 
to consider the case when one of the sections, say r 0 ' is standard. As in Lemma 
4.16, this means that it is Jk -holomorphic for some complex structure Jk on 
V == P(Lk $ C) where k = D· D and D = [ro]' One can construct the family 
r t as the set of Jt-holomorphic D-curves through a generic path P(t) in the 
m-fold product V x ... x V , where m is chosen so that there is exactly one 
J,-holomorphic D-curve through each generic m-tuple of distinct points. The 
details of the argument are very similar to those of Lemma 4.16, and will be 
left to the reader. 0 

5. THE CLASSIFICATION THEOREMS 

Our first aim is to classify minimal rational pairs (V, C , OJ). It will be 
convenient to amplify the definition of "simple" given in (2.2) to take into 
account that in dimension 4 the connectedness of a cusp-curve can be described 
homologically. Thus we will say that the class A is J-simple if it cannot be 
written as a sum Al + ... + Am for some m ~ 2 where 

(i) each Ai has a J-holomorphic representative Si; and 
(ii) if Ai 1= Aj there is a sequence Ai = Ai) , A i2 , ... , Ain = Aj such that 

A jp • AiP+ I ~ 1 for p = 1, ... , n - 1 . 
It is easy to see that these conditions are satisfied if the Ai are the classes of 
the components of any A-cusp-curve. Further, condition (ii) is phrased in such 
a way that the class mB, m ~ 2, is not J -simple if B has a J -holomorphic 
representative, since it has the allowable decomposition B + ... + B . 

Let C be a symplectically embedded 2-sphere with C· C ~ O. 
Lemma 5.1. There is an element J of ~oo such that the class [C] may be 
represented by a J-holomorphic cusp-curve S = SI u··· U Sm' where. for each 
i. the class Aj = [Sj] is J-simple and J is regular for Ai-curves. 
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Proof. Let Jo be an w-tame almost complex structure for which C has a 
Jo-holomorphic parametrization. As in the proof of Proposition 4.1, we may 
assume that Jo is a regular value for the projection operator Pc and that it 
belongs to ~oo. It follows easily from the compactness theorem that there is a 
neighbourhood N(Jo) of Jo in few) such that only finitely many classes A 
in H2 (V ; Z) with w( A) ::; w( C) have J -holomorphic representatives for some 
J in N(Jo). Hence we may further assume that Jo is a regular value for all 
such PA • 

Thus there are only finitely many decompositions of the homology class [C] 
as A) + ... + Am which satisfy the conditions (i) and (ii) above with J = Jo. 
Oearly, each such decomposition gives rise either to a cusp-curve S = S) u 
... U Sm or to a representation of [C] as a multiply-covered curve. Corollary 
2.10 implies that in the latter case [C] has a decomposition with m = 2, 
AI = A2 , and AI . A2 = 1, so that it also has a representation by a cusp-curve. 
Thus, if [C] is not Jo-simple, it may always be represented by a cusp-curve. 
If the constituent components of this cusp-curve are not simple, they may be 
decomposed further. And so, among the finite set o(decompositions of [C], 
there clearly is at least one such that each Ai is Jo-simple. 0 

Lemma S.2. Let J be a regular value for PA and suppose that A is a J -simple 
class which may be represented by an embedded J -holomorphic 2-sphere. Then 
p=A·A::;l. 
Proof. Since A can be represented by an embedded curve, c(A) = 2+A·A and 
the dimension of the compact manifold M(J, A) = Mp(J, A)/G is 2c(A)-2 = 
2p+2. 

Suppose that p > 1 and let LA be the set of pairs (f, J) where J E f (w) 
and f is J -holomorphic. Then consider the evaluation map 

2 2 eA,p: LA xG (S x··· x S ) -+ V x ... x V 

given by (f, J, zo' ... , zp) ~ (f(zo) , ... , f(zp)) , where there are p + 1 fac-
tors in each product and G acts diagonally. We first claim that e A,p is trans-
verse to the inclusion j : V -+ V x ... x V given by z ~ (z, XI ' ••• , xp) , 
where XI' •.• ,xp are distinct points. To prove this, it suffices to show that 
given tangent vectors Vi to V at Xi for 1 ::; i ::; p, there are a family of diffeo-
morphisms gl' almost complex structures JI , and a tangent vector Wo at Xo 

so that the path eA,p(gt O f, Jt , zo' Zl ' ••• , zp) is tangent to (wo' VI' ••• , vp) 
at t = o. But this is obvious if Xo #; any Xi' and it holds if Xo = Xi for some 
i since we may take Wo = Vi. Therefore, because PA is a Fredholm map from 
the manifold e;;,lp(Imj) to f(w), 

-I -I R=PA (J)neA,p(Imj) 

is a manifold for generic J . It is easy to check that R is a compact 4-manifold 
and that the composite e = pr oe A, k is a degree 1 map from R onto V, where 
pr is the projection onto the first factor. 
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Let 1t: Mp(J, A)XG (S2 X ... xS2) - Mp(J, A)/G be the obvious projection. 
We claim that 1t induces a submersion of R onto a submanifold 1t(R) of 
Mp(J, A)/G. In fact, if p ~ 3, then, for each C E 1t(R) , there is a unique 
parametrization fe of C which takes three fixed points WI' w2 ' W3 to the 
three points XI' x2 ' x3 • Hence, R n 1t- I (C) = {(fe' z, WI' ••• , wp ) : Z E 

S2}, where rc l (xj ) = Wj for 3 < i 5: p. Thus, in this case, R is diffeomorphic 
to the product of S2 with the manifold 1t(R). When p = 2, one can find a 
local product structure near a curve Co E 1t(R) as follows. Choose a third 
point x3 on Co and let T C V be a little 2-disc which is transverse to Co at 
x 3 • Then choose the parametrization fe of the curves C E 1t(R) near Co by 
requiring that f(w j ) = Xj for i = 1,2 and f(w3 ) E T. Since Ie is unique, 
the previous argument shows that 1t: R - 1t(R) is a locally trivial fibration. 

We now claim that 1t(R) ~ S2 . To see this, identify the tangent space to V 
at XI with C2 and consider the map R _ Cpl = S2 given by 

(f, zo' ... ,zp) - tangent space to Imf at f(zl) = XI. 

This map is well defined since all the elements of R are embeddings by (2.6). 
Further, it clearly factors through 1t, so that we get a map () : 1t(R) _ S2 . 
It follows easily from (2.5) that this map is injective. Hence it must be a 
homeomorphism. 

Thus R is an S2 -bundle over S2, and e : R - V is a degree 1 map 
which takes the fiber F of R to a curve in class A. Since F· F = 0 and 
A·A = p > 1, e cannot induce an isomorphism on homology and cohomology. 
However, it does induce an injection on cohomology since dege = 1. It follows 
that the cohomology ring of V is isomorphic to that of CP2. Since there is 
no injection of H* (CP2 ; Z) into Ho. (S2 x S2; Z) which is an isomorphism on 
H4 , the bundle R must be nontrivial. An easy calculation now shows that, if 
p > 1 , there is no suitable injection in this case either. 0 

Lemma 5.3. Let (V, C, w) be minimal, and suppose that C is a rational curve 
with C· C ~ o. 

(i) We may assume in Lemma 5.1 that the Sj are distinct embedded curves 
with self-intersection numbers equal to -1, 0, or 1. 

(ii) If Sj· Sj = 1 for some i, then V = Cp2 and m = 1 or 2. 
(iii) If Sj . Sj = -1 for some i, then there is only one such i and all the 

2#-2 other Sj are homologous and have Sj . Sj = o. Further V = CP CP. 
(iv) If Sj . Sj = 0 for all i, then all the Sj, except perhaps for one, are 

homologous, and V is an S2 -bundle. 

Proof. (i) Let J be as in Lemma 5.1. Because J E Uoo ' each c(A) ~ 1, 
and so the cusp-curve S satisfies the conditions of Proposition 2.11. Using 
the minimality of (V, C, w) and Proposition 2.11(iii), one sees that the only 
components Sj with negative self-intersection are disjoint exceptional curves. 
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Therefore, all the components of S are embedded and disjoint except possibly 
for those which are k-fold covers of embedded curves T with T· T = O. 
However, as explained in the proof of Proposition 2.11, we may replace such 
components by k disjoint copies of T. The result now follows from Lemma 
5.2. 0 

(ii) We showed in Lemma 3.2(a) of [McD2] that if V contains a J-simple 
class which has an embedded representative of self-intersection 1, then V = 
Cp2. The fact that m ~ 2 follows by Proposition 2.11(i). 0 

(iii) Now suppose that for some r ~ 1 the curves SI"'.' Sr have self-
intersection -1. By (i) and (ii) the other Sj have self-intersection O. If the Sj 
for i> r represent at least two homology classes, say Bl and B2 , then, by the 
argument of Proposition 4.1, each point of V lies on a unique (J -holomorphic) 
embedded B1-curve and a unique (J-holomorphic) embedded B2-curve. Since 
each B,-curve intersects each B2-curve exactly once, V must be diffeomorphic 
to S2 x S2 . But this is impossible since r > 0 . 

Thus [Cf=A,+ ... +Ar+kB where the Aj are distinct and k=m-r~O. 
We aim to show that r = 1 and k ~ 1. Suppose first that k = O. Then, 
by minimality, Aj • [C] ~ 1 for all i. Hence C· C ~ r = c(C) , which 
contradicts the fact that C· C = c( C) - 2. On the other hand, if k ~ 1 , then 
V is an S2 -bundle over a Riemann surface M. The only such bundle which 
contains a 2-sphere with self-intersection -1 is the nontrivial bundle over S2 , 
and this contains just one homology class of such spheres. Therefore r = 1 as 
claimed. 0 

(iv) We saw in (iii) above that if the Sj represent more than one distinct 
class with Aj • Aj = 0, then V must be S2 x S2 • Hence there can be at most 
two distinct classes. Further, if C = miA, + m2A2 satisfies C· C = c(C) - 2 
then at least one of m 1 and m2 must be ~ 1. 0 

(5.4) Proof of Theorem 1.4 and Corollary 1.5. The statements about the dif-
feomorphism type of (V, C) follow immediately from Lemma 5.3. When 
V = Cp2, V contains an embedded curve of self-intersection 1 by Lemma 
5.3(i) and so has the standard Kiihler structure by [G, 2.4.B;]; see also [McD2, 
Note 4.2]. The claims made about symplectic structures on S2 -bundles are 
proved in §4. Further, if C· C = 0, the symplectomorphism from V to the 
bundle may be assumed to take C to a fiber by Proposition 4.1. 

If C· C ~ 2 then we are in case (iii) or (iv) of Lemma 5.3. In case (iii), 
[C] = E+kA, where E·E = -1 and A·A = O. Since C is connected E·A > O. 
In fact, E· A must be 1, because C· C = c(C) - 2. Hence [C]. A = 1 and 
C meets each fiber exactly once. Thus C is a section of the nontrivial bundle 
7t : V -+ S2 , and the desired uniqueness statement is proved in Proposition 
4.18. Similar remarks apply in case (iv). 0 
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(5.5) Proof of Theorem 1.2. We must show that the category of symplectic man-
ifolds (V, co), which contain a symplectically embedded 2-sphere C of non-
negative self-intersection, is closed under blowing up and down, and under per-
turbations of co through noncohomologous forms. Let us first consider what 
happens when we blow down the curve 1:.. We first claim that by isotoping C 
(or equivalently 1:.) we may assume that both C and 1:. are J -holomorphic 
for some J which is integrable near 1:.. This follows by choosing J E ~oo as 
in Proposition 4.1 so that it is integrable near C and C is J -holomorphic; 
isotoping 1:. to the J-holomorphic representative of [1:.] as in (3·3); and then 
making J integrable near 1:.. By Lemma 3.2 we may suppose that the blowing-
down map V - V is J -J -holomorphic for a suitable almost complex structure 
J on V. Hence C pushes forward to an embedded J-holomorphic (and hence 
symplectic) curve in (V, co) , the self-intersection number of which is equal to 
C·C+C·1:.~C·C. 

Next, consider blowing up. By Theorem 1.1 it suffices to consider the case 
when (V, C , co) is a minimal pair which is being blown up at k points. Thus 
we are cutting out the images g(llj B(l) of k balls in V and collapsing their 
boundaries to exceptional curves. Clearly, a symplectically embedded copy of 
S2 in V which is disjoint from g(llj B(A) will lift to the blow up (V', co'). 
If the lj are large, it is not obvious that this will exist. However, by reducing 
the A. j one can clearly find a family of symplectic forms £0; starting at co' 
and such that (V', £O~) does contain a symplectically embedded copy C' of 
S2. Moreover, by Lemmas 5.1 and 5.2, we may suppose that C'· C' = 0 
or 1. When C'· C' = 1, one can now complete the argument as in Lemma 
4.10, the only difference in the present situation being that there are several 
classes E j which may be represented by exceptional curves instead of just one. 
When C'· C' = 0 one argues similarly, noting that, by Proposition 2.11, if 
J E ~ the only J -holomorphic [C' ]-cusp-curves consist of a pair of intersecting 
exceptional curves. 

The proof of the deformation result is similar and will be left to the reader. 0 

We now tum to Theorem 1.7, which concerns the filling of lens spaces. In 
view of the above results, it clearly suffices to prove the following lemma. 

Lemma 5.6. (i) Equivalence classes of symplectic fillings of (Lp, p) correspond 
to equivalence classes of triples (V, Cp ' (0) where Cp is a symplectically em-
bedded 2-sphere with Cp ' Cp = p in the closed symplectic manifold (V, co). 

(ii) Minimalfillings correspond to A-minimal triples (V, Cp ' co), where A = 
{A : A . [Cp] = O} . 

Note. The equivalence relation in (i) can either be that of diffeomorphism or 
that of symplectomorphism. 

Proof. Let (Np ' 0") be the quotient by r p of a small neighbourhood of a B\ 1 ) 
in B4 ( 1) . Further, let Up be a small neighbourhood of the zero section Sp in a 
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complex line bundle over Cpl with c1 = p. By the symplectic neighbourhood 
theorem, Up has a symplectic form 1" which is unique up to isotopy (reISp ) 

and which restricts on Sp to the standard form with integral 1t. It is not hard 
to check that there is a continuous map 

'1': (Np' L p ' 0') -+ (Up' Sp' 1") 

such that '1'* ( 1") is well defined and equal to 0'. In fact, using the obvious 
coordinates, we may take 

m 2 1/2 ·f 2 12 2 r(zl' z2) = - (I/r - 1) . (zl' Z2) 1 r = IZI + IZ21 < 1, 
=[Zl:Z2] ECp l ifr2=1. 

Thus 'I' is a diffeomorphism except on L p ' and restricts on Lp to the standard 
circle fibration Lp -+ Sp. Hence, if (Z, w) is a filling of (Lp ' 0'), we can 
replace a neighbourhood of Lp by a neighbourhood of Sp thus getting a triple 
(V, Cp ' w), and conversely. The rest of the lemma is obvious. 0 
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ABSTRACT. This paper investigates the structure of compact symplectic 4-mani-
folds (V, w) which contain a symplectically embedded copy C of S2 with 
nonnegative self-intersection number. Such a pair (V, C , w) is called minimal 
if, in addition, the open manifold V - C contains no exceptional curves (i.e., 
symplectically embedded 2-spheres with self-intersection -1). We show that 
every such pair (V, C , w) covers a minimal pair (J1, C , CO) which may be 
obtained from V by blowing down a finite number of disjoint exceptional 
curves in V - C. Further, the family of manifold pairs (V, C , w) under 
consideration is closed under blowing up and down. We next give a complete 
list of the possible minimal pairs. We show that V is symplectomorphic either 
to CP2 with its standard form, or to an S2 -bundle over a compact surface with 
a symplectic structure which is uniquely determined by its cohomology class. 
Moreover, this symplectomorphism may be chosen so that it takes C either to 
a complex line or quadric in cr, or, in the case when V is a bundle, to a 
fiber or section of the bundle. 

DEPARTMENT OF MATHEMATICS, STATE UNIVERSITY OF NEW YORK AT STONY BROOK, STONY 
BROOK, NEW YORK 11794-3651 

E-mail address: dUsa@math.sunysb.edu 


	0020183
	0020184
	0020185
	0020186
	0020187
	0020188
	0020189
	0020190
	0020191
	0020192
	0020193
	0020194
	0020195
	0020196
	0020197
	0020198
	0020199
	0020200
	0020201
	0020202
	0020203
	0020204
	0020205
	0020206
	0020207
	0020208
	0020209
	0020210
	0020211
	0020212
	0020213
	0020214
	0020215
	0020216

