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ALGEBRAIC CYCLES AND THE LIE ALGEBRA 
OF MIXED TATE MOTIVES 

SPENCER BLOCH 

The purpose of this note is to suggest a candidate for the category LyL = 
LyLF of mixed Tate motives (1:8) lQ) over a field F. We will define a graded 
pro-Lie algebra Y = Y- 1 E9 Y- 2 E9." defined over lQ and depending on F. 
LyL will be the category of f.d. graded lQ-representations of Y. To avoid 
having to work with pro-objects, we consider the co-Lie algebra L = yV 
(continuous dual). L is graded in positive degrees and is generated by suitable 
algebraic cycles. To link L to the category of mixed Tate motives, we will 
verify the following properties: 

(i) A; = F X 0lQ, where F X is the multiplicative group of F. 
(ii) L ~ .Aiog ' where .Aiog is the co-Lie algebra associated with the poly-

logarithm functions by Deligne [3]. In particular, the polylogarithm motives 
defined by Beilinson exist in our theory. 

(iii) Suppose F = C(V) , the field of functions on a variety V. Let ~op be 
the complex i-minimal model [6, 7] for the de Rham complex of F. We define 
a homomorphism of co-Lie algebras 

rp: L --t ~op. 

The theory of minimal models yields ~op = U ~op (i) , where ~op (i) is ob-
tained from ~op(i - i) by a Hirsch extension. We get 

rp(~~) c~op(i)· 
The composition 

F X 0lQ ~ A; '-+ H\L) .'!... Hl(~op) ~ H1(Q.) 

is given by f I--> df/ f . 
Roughly speaking, (i.e., ignoring problems with base points and limits, which 

means that in real life one must deal with open varieties V - D rather than 
Spec(C(V))) one has ~op(i) dual to the C-Lie algebra of n1(Spec(C(V)))/n;i+l) 

with n;i+l) = (i + l)st step in the descending central series, i.e., ni2) = [nl ' nd 
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772 SPENCER BLOCH 

and n;i+l) = [n;i) , nd. Dualizing, one gets with obvious notation 
v 

(jJ : ~oP ~ 2" Q9 C, 

so a representation of W of 2" gives rise to a representation (jJ * (W) of ~oP' 
i.e., an isomorphism class of C-Iocal systems defined on some V - D and having 
nilpotent monodromy. If our motivic interpretation of 2" is correct, such a W 
is a mixed Tate motive. Its Hodge realization is a nilpotent variation of mixed 
Tate Hodge structures defined on some open V - D ,and (jJ * (W) should be the 
underlying local system of C-vector spaces. One may look instead of the Q-co-
Lie algebra LHT corresponding to the Tannakian category of Zariski germs of 
variations of Tate mixed Hodge structure over V. Passing to the underlying 
C-local system gives a homomorphism C Q9 LHT ~ ~oP' and I expect there 
should be a lifting p: L ~ LHT of (jJ. Can one give a construction of LHT 

(or C Q9 L HT ) in the spirit of minimal models, starting from the de Rham 
complex? 

(iv) Finally, the construction of 2" is closely related to the interpretation of 
algebraic K-theory in terms of algebraic cycles suggested in [8, 9]. It would be 
of considerable interest to understand this relation more precisely. 

It should be noted that this work has been greatly influenced by the ideas of 
Beilinson, Deligne, and Goncharov. 

o. INTRODUCTION 

The notion of motive was first introduced by A. Grothendieck as a sort of 
universal Tannakian category associated to the category of smooth projective 
varieties over a field k. Cohomology theories like Betti, de Rham, or etale 
cohomology could be interpreted as fibre functors from the category of motives 
to vector spaces. Understanding the "Galois group" of this category seems 
difficult. The expected semisimplicity of these pure motives was reduced by 
Grothendieck to some "standard conjectures" about algebraic cycles, but these 
conjectures have proven intractible. 

More recently, work on regulator maps in higher K-theory has focused inter-
est on mixed Tate motives. Imagine given a field F and a candidate L!TL for 
the category of mixed Tate motives (® Q) over F. As a guide, the reader may 
think of F as the function field of a variety V over C and L!TL as a sort 
of refinement of the category L.9'Jf' of Zariski germs of variations of mixed 
Tate Q-Hodge structures. Semisimple objects in L!TL are the Q(n), n E Z. 
Objects M have an increasing weight filtration u-:.M with gr~2n M = EB Q( n) 
and gr~2n+1M = (0). One has Hom(Q(n), Q(m)) = (0) if m i= nand Q 
otherwise, and the functor 

(0.1) rP = EBrPn: L!TL ~ {f.d. graded Q-vector spaces}, 
w rP_n(M) = Hom(Q(n), gr_2nM) 

is a fibre functor [10]. 
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Lemma (0.2). Let I be a Q-linear endomorphism of the functor ¢. For M E 
ob(,A'y,A'), let 1M: ¢(M) -+ ¢(M) and write 1M = 'LIM i where 1M i ishomo-
geneous of degree i as a map of the graded vector space' ¢(M). Th~n 1M i = 0 
for i> O. ' 

Proof. Fix i > 0 and n. To see 1M, i: ¢n -+ ¢n+i is zero, let If!: W_ 2n M -+ M 
be the natural inclusion. The lemma follows from the commutative square 

I 
¢n(~nM) ~ ¢n+i(W2n M) = (0) 

1 qln(If/)=id 1 qln+j(lf/) 

Q.E.D 

For M E Ob(,A'y,A'), let (M) be the full subcategory of ,A'y,A' whose 
objects are subquotients of E9 N M for some n. Rather than considering en-
domorphisms I of ¢ directly, it works better (cf. [10]) to think of I as an 
endomorphism of ¢i (M) determined by its action on the finite-dimensional 
vector space ¢(M). Since (M) c (M EEl M') , one can (and we will) think of I 
as a pro-endomorphism. 

(0.3) Define Y to be the pro-vector space (in the above sense) of Q-linear 
endomorphisms of the functor ¢ satisfying 

(i) For lEY and M, N E Ob(,A'y,A') , 

IM0N = idM ® IN + 1M ® idN : ¢(M ® N) ~ ¢(M) ® ¢(N) -+ ¢(M ® N), 

(ii) gr(l): gr( ¢( M» -+ gr( ¢( M» is the zero map. 
Note (ii) makes sense, since by the lemma, I preserves the filtration filn¢ = 

E9m::;n ¢m' 
Lemma (0.4). Y = Y_ I EEl Y- 2 EEl . .. is graded in negative degrees and is a 
pro-Lie algebra under associative bracket [II ' 12] = 11/2 -12/1 of endomorph isms. 
( We do not introduce signs in the bracket. If one wants to think of Y as a graded 
Lie algebra in the usual sense, one should double all degrees to make them even.) 
Proof. The only thing to be checked is that (i) is stable under associative bracket, 
which is straightforward. Q.E.D. 

From the abstract theory of Tannakian categories, one has that ¢ identifies 
,A'y,A' with the category of finite-dimensional graded representations of the 
graded pro-Lie algebra 

Y = Y_ I EEl Y- 2 EEl··· . 
In fact, Y is the pro-Lie algebra associated with the nilpotent radical of the 
Galois group (= automorphism group of the fibre functor) of ,A'y,A'. It will be 
convenient to work with the linear dual 

(0.5) 
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Strictly speaking, ~ is an ind-object, but we will take the direct limit and view 
the ~ as vector spaces. The dual of the bracket is a map 

(0.6) 

which is homogeneous of degree O. The map a can be extended to a derivation 
of A L , and the Jacobi identity is equivalent to 

3 
O=aoa:L---+/\ L 

so (/\' L , a) is a graded, differential graded algebra. 

1. CONSTRUCTION OF L 
Write X = lP'~ - {1}, X S = X x ... x X (s times). Faces on X S are 

obtained by setting various coordinate functions = 0 or 00. An algebraic cycle 
Z on X S is said to be admissible if, for every face Xl C X S , the intersection 
Z . Xl is defined, and one has Z· Xl = L ni u-: with n i E Z and u-: absolutely 
irreducible as a variety over F . For example, a zero cycle L niZi is admissible 
if the Zi are closed points defined over F , none of which lie on a face. Notice 
that if ZI x Z2 C XSJ X X S2 is admissible, then both the Zi are admissible. 

The symmetric group Y; acts on XS. Let rr (s) denote the group of ad-
missible codimension r algebraic cycles with Q-coefficients on X S that are 
alternating with respect to the action of Y;. Define 

a = L(-l)i-l(aio - ato) , 

where af is the restriction map on cycles obtained by setting the ith coordi-
nate function = j. The following lemma shows that a preserves alternating 
representations so we have a: rr (s) ---+ rr (s - 1) . 

Lemma (1.1). Let .zr (s) be admissible cycles of codimension r on X S with no 
condition of alternation. Let 

~ r r r alt = lis! ~ sgn(a)a:.z (s) ---+ r (s) c.z (s) 

be the projection. Then 
a 0 alt = alt 0 a . 

Proof. Given a E Y; and 1 ~ i ~ s, let R( a, i) E Y;-I be the permutation 
If/ ;(:) 0 a 0 If/i where If/i: {1 , ... , s - 1} ---+ {1, ... , s} omits i and preserves 
order. Writing Zi for the basis of QS , one has 

sgn(R(a, i)) = Za(l) /\ ... /\ tali) /\ ... /\ Za(s/ZI /\ ... /\ taU) /\ ... /\ Zs 

= ZaU) /\ Za(l) /\ .,. /\ taU) /\ ... /\ Za(s)/Za(i) /\ ZI /\ ... /\ ta(i) /\ ... /\ Zs 

= (_l)i-a(i)sgn(a). 

Writing ai = aiD - aioo and a* for pullback of cycles under a, one has 

aia* =R(a, i)*oa(i)' 
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S 

8(alt(Z)) = lis! L L (_l)i-1 8 j sgn(a)a* Z 
i=1 aE~ 

= lis! L( -It(i)-l sgn(R(a, i))R(a, i)* 8a(i)Z 

= lis! L( -l/- l sgn(R(a, a -1(j)))R(a, a -I (j))* 8)Z . 
a,) 

775 

Given r E ~_I and j, k, there is a unique a E ~ such that R(a, k) = r 
and j = a(k). Hence 

8(altZ) = 1/(s - I)! L sgn(r)r*8)Z = alt(8Z). 
) ,TE~_1 

This proves Lemma (1.1). Q.E.D. 

Define a graded group '/yi = 61, r' (2r- i) and a complex ./Y' , which is '/yi 
in degree i with boundary 8:'/yi ---+ '/yi+1 induced by 8 on r' (s). One has 
a product structure r'(s) x rt(u) ---+ r'+t(s + u) given by obvious (external) 
product of cycles composed with projection on the alternating representation. 
This induces a graded product structure '/y i x ./Y) ---+ '/yi+) . 

Lemma (1.2) . ./Y' is a graded commutative differential graded algebra. (Note 
'/y i =1= (0) for i < 0.) 
Proof. The product in ./Y' is given by Z, W 1--+ alt(Z x W) , with alt as above. 
Suppose Z E r'(2r - i) c'/yi and W E r S(2s - j) c ./Y). Since '/y i = 
61,r'(2r - i), switching Z and W changes the sign by (_1)(2,-i)(2S-)) = 
(-1 )deg(Z)deg(W) , making ./Y' graded commutative. For associativity we need 
alt( T x alt( Z x W)) = alt( alt( T x Z) x W) where T, Z ,and Ware alternating 
cycles. For cycles A and B (not necessarily alternating) one has alt(A x B) = 
alt(altA x altB) , so it suffices to note that T x (Z x W) = (T x Z) x W, which 
is clear. This proves Lemma (1.2). Q.E.D. 

Define '/y0+ = Ker(./Y° ---+ rO (0)). Let J = [61i<_I./Yi EEl ./Y0+] . ./Y'. J 
is a graded ideal that is not stable under 8. Let f be the differential graded 
ideal generated by J. f is generated as an ideal by 61i<_I./Yi EEl./Y°+ EEl8./Y°+ 
because rO(p) = (0) for p =1= 0 so 8./Y-I C '/y0+. i~ particular, the ideal 
f I J c ./Y I J is generated by elements of degree 1. 

Lemma (1.3). Let N = N 1 EEl N 2 EEl··· be a graded k-algebra (associative and 
graded commutative without unit) where k is a field. Let !!& = N I J be a 
graded quotient algebra, and suppose !!& is given the structure of a differential 
graded algebra; i.e., we are given 8:!!&i ---+ !!&i+1 satisfying the usual identities. 
Assume 

(a) the ideal J is generated by JI , and 
(b) /\2 N 1 C N 2 . 
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Then 

1\2 mJI C mJ 2 . (1.3.1) ,'7CJ ,'7CJ 

Define L = {r E !J81 18r E A2!J81 C !J82}. Assumefurther that 
(c) the map 

(.w2/ 1\2 .wI) 0.w 1 --+.w3/ 1\3 .w 1 

induced by multiplication is injective. Then 

1\2 1\2 I 2 (1.3.2) 8(L) c L c !J8 c!J8 . 
Proof. (a) implies that Ker(A 2 .w I --+ A 2 !J81) surjects onto Ker(.w 2 --+ !J82) , 
so (1.3.1) follows from (b). Similarly, (a) implies that 

Ker [ (.w 2 / 1\2 .w I) 0.w I --+ (!J82/ 1\2 !J81) 0!J8 1] 

_ Ker [.w 3/ 1\3 .wI -+!J83 /1\3 !J81] 

so (c) implies 

( 1.3.3) 

We are thus reduced to verifying (1.3.2) for a DGA !J8 satisfying (1.3.1) and 
(1.3.3). Choose a complement .9 so !J81 ~ L EB.9. We have 

1\2 I 1\2 1\2 (1.3.4) !J8 ~ LEB(.90L)EB .9. 

One has (induced by 8) 

Choose a splitting 
p: !J82/ 1\2!J81 --+.9, 

so p 0 8 = id,9. Consider the maps 

801:.9 0L --+ [!J82/ 1\2 !J81] 0L, 

8: 1\2.9 --+ [!J82/ 1\2!J81] 0.9, 8(pl\p') =8(P)0P' -8(p')0P. 

Clearly 8 0 1 is injective. Also p 0 1 0 8: A 2 .9 --+ .9 0.9 is the injective 
map p 1\ pi I--t P 0 pi - pi 0 p, so 8 is injective also. Let r E L , and write 
8 r = a + b + c according to the decomposition (1.3.4) above. Let a denote the 
map (1.3.3). One has 0 = 88r == a[(8 (1)(b) EB8(c)] (mod A3 !J81). From the 
injectivity of 8 0 1, 8, and a one concludes b = c = 0 so 8L c A 2 L as 
claimed. Q.E.D. 

We want to apply the lemma with .wi = (./Y / J)i and J = f / J , and it 
will suffice to verify conditions (b) and (c) above. 
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Lemma (1.4). Let X and S be sets, with S finite. Let Y c X S be a subset. Let 
S = SI 11· . ·11 Sp and S = S; 11· .. 11 S~ be partitions of S , and let Sij = Si n S; . 
Consider the diagram of projections 

X S ~ X Si 

Suppose one has Yi C X Si such that Y = TI n; I (Yi) and Y; c Xs; such that 
Y = TI n~ -I (Y;). Then there are Yij C X Sij such that Yi = TI j n;:/ (Yi) and 
Y; = TIi n;j -I (Yi). 

Proof. Set theory. 

For z irreducible with alt(z) E ./Y0+ ffi EBj::;_I./Yj and w arbitrary irre-
ducible and admissible, define rp z x w :./Y. ---+ Ql by defining for t irreducible 
rpzxw(t) = 1 if t = z x wand 0 otherwise, and extending linearly. A cycle 
in ./Y will be called negatively indecomposable if it lies in the kernel of rp zxw 
for all such choices of z and w. Write NINIY' c'/yp for the subspace of 
negatively indecomposable cycles. A cycle Z = I:: niZi in./YP (Zi admissible 
and irreducible of codimension ri in X 2ri - p , n i =f 0) lies in NINIY' if and 
only if no Zi admits a decomposition Zi = Zil X Zi2 where Zij C X2rij-Pj has 
codimension rij with ril + ri2 = ri , PI + P2 = P such that one of the Pj ~ 0, 
and if Pj = 0 with PI + P2 > 0 then rij > O. 

Lemma (1.5). (i) ./Yo = NINDo ffi f. (ii) NINDo is closed under products. It 
forms a graded subalgebra of./Y· (not stable under f)). 
Proof. (i) seems clear. For (ii), note an alternating cycle is negatively inde-
composable if and only if it has no component of the form z x w with z 
irreducible of codimension r 2: 0 on X 2r- j for j ~ 0, the case r = j = 0 
being excludedo Suppose t l , t2 are irreducible and the alt(tp) are negatively 
indecomposable, with tp codimension r(p) on X 2r(p)-j(p) with j(p) > 00 Let 

S = {1, .0. , I::p 2r(p) - j(p)} so tl X t2 C Xs. Let S = SI 11 S2 be the corre-
sponding partition, so ti becomes a cycle on X Si 

0 Let S = TI 11 T2 be another 
partition with prk : X S ---+ X Tk . Suppose given r 2: 0 and j ~ 0 not both 0 
such that #TI = 2r - j, and suppose given z a cycle of codimension r on 
X Tt 

0 We must rule out an equation tl x t2 = pr~(z) opr;(w) for some cycle w 
on XT2. Let Spq = Sp n Tq be the refined partition and let prpq: X S ---+ XSpq 0 

Lemma 4 implies that such an equation comes from a refined product decom-
position tl xt2 = TIpr;q(zpq) where tp = pr;I(zpI)opr;2(zp2) and Z = zII·z2I. 
Let #Spq = 2r(p, q) - j(p, q) where Zpq has codimension r(p, q) on XSpq 0 

We have r = r(1, 1) + r(2, 1) and 02: j = j(1, 1) + j(2, 1) 0 Thus either one 
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at least of the j(p, 1) is < 0, in which case the corresponding tp is not neg-
atively indecomposable (a contradiction), or both the j(p, 1) = o. But in the 
latter case, for tp to be negatively indecomposable, we must have r(p, 1) = 0 
as well so r = j = 0 and again there is a contradiction. This proves Lemma 
(1.5). Q.E.D. 

Lemma (1.6). We have 

A 2 NIND 1 '--t NIND2 ; 

(NIND2 I A2NINDl) ® NINDI '--t NIND3 I A 3NIND 1 • 

Proof. Let Z be an irreducible component of a cycle in NINoP. Then Z 
is geometrically irreducible. Suppose Z C X 2r- p has codimension r. If Z 
admits a nontrivial decomposition Z = ZI X Z2 with Zi of codimension r i 

in X 2r,-p; then both Pi > o. If Z = ZI X Z2 = Z3 X Z4 are two distinct such 
decompositions with Zi of codimension ri on X 2r,-p, , then by Lemma (1.4) 
there is a common refinement 

(1.6.1) 

Suppose Zij has codimension rij on X 2r;j-Pij • We have L rij = rand LPi} = 
p. By negative indecomposability, Pi} ~ 0 and Pi} = 0 if and only if rij = 0, in 
which case the factor Zij is trivial. Assuming the decompositions ZI x Z2 and 
Z3 x Z4 distinct, we can have Pi} = 0 for at most one pair (i, j). If P = 2, 
this is a contradiction so there is at most one decomposition. The inclusion 
1\ 2 NINDI '--t NIND2 follows without difficulty. If P = 3, one of the Pi} is 
necessarily 0, which implies that (exchanging ZI and Z2 if necessary) that 
Z = ZI X Z23 X Z24 and Z2 = Z23 X Z24 with PI = P23 = P24 = 1. This implies 
(NIND2 11\2 NINDl) ® NINDI '--t NIND3 11\3 NINDI as claimed. Q.E.D. 

Recall we have defined J c f c JII . Define 

L = {x E (JII If)lj8x E A\JII If)1 c (JII If)2} . 

Lemma (1.7). 8L c 1\2 L C 1\2 (JIIlf) 1 C (JIIlf)2. 
Proof. We have NIND· ~ (JIll J)" as an algebra by Lemma (1.5). Lemma 
(1.6) implies that sf = JIll J and J = f I J satisfy the hypotheses of Lemma 
(1.3). Lemma (1.7) is a restatement of (1.3.2). Q.E.D. 

2. PROPERTIES OF L 
Let F be a field, and let L be associated to F as in § 1. L is a subquotient 

of JIll = EBr cyr (2r-l) and is graded by codimension of cycle: L = EBr~1 .$1,; 
.$I, a sub quotient of cyr(2r - 1). We have 

(2.0) 8: .$I, -+ [A2 ( EB ~)] , 
19:5r-1 r 
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where the final subscript r refers to the obvious grading on ;\2 (E9 ~). For 
example 

(2.0.1 ) 8(L;) = (0); 
2 

8:~~/\L;. 

Proposition (2.1). L; ~ F X @ ~. 

Proof. The relevant piece of the boundary map 8:./Y° ~'/yl maps rl (2) ~ 
rl(1). Totaro has shown [11] that writing %'(s) for the larger group of 
integral cycles on X S meeting faces properly but without the conditions of 
admissibility and alternation (so ..2"(s) @ ~:J r'(s)), one has 

F X ~ Coker(%\2) ~ %\1)). 

Given a, b E F X , Totaro writes down a Ca,b E %\2) with 

8Ca b = (a· b) - (a) - (b). 

It is easy to see this Ca , b is admissible. Since r I (1) ~ Z[ F x - {I}], it is 
straightforward from Lemma (Ll) to show F X @~ ~ Coker(r l (2) ~ rl(1)). 
One checks easily that J n rl(1) = (0) and f n rl(1) = 8(rl(2)), proving 
the lemma. 

Proposition (2.2). Coker(8: ~ ~ ;\2 L;) ~ K 2(F) @ ~. (Milnor K 2 ) 

Proof. It follows from admissibility that 

8(r2(3)) c Image (/\2rl(l) ~ r 2(2)) . 

This implies r2(3) -» ~. Totaro [op. cit.] proved that 
2 2 coker(% (3) ~ % (2)) ~ K 2 (F). 

(This result was first proved by Suslin, working in simplicial rather than cubical 
coordinates.) He noted that for a E F X - {l}, the cycle 

V;(a) ~f {(t, 1 - t, 1 - at-I)It E ]pI} n X 3 c X 3 

satisfies 8 V;(a) = (a, 1 - a) E %2(2). Clearly V;(a) is admissible, and the 
proof of the proposition follows again by Lemma (1.1). 

3. THE POLYLOG LIE ALGEBRA 

The purpose of this section is to show the polylog mixed Hodge structures 
defined in [3] lift to motives in our sense. That is, we will define a graded sub-
co-Lie algebra .A;Og C L (or what is the same thing, a quotient .5f -» ..2;'Og) 
together with representations associated to N 2': 1 and Z E F x - { 1 }, M N z E 

.A;Og @ End( ~[O, N]). Our construction is purely algebraic and does not even 
require char(F) = O. When F = C, it seems likely that further development 
of the theory will yield a homomorphism ~MH ~.5f (~MH = Lie algebra 
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associated to the Tannakian category of Tate mixed Hodge structures) in such 
a way that the composition 

eLl eLl eLl [0, N] (3.0) ..z;TMH --+..z; --+ ..z;log --+ End(Q! ) 

is the mixed Hodge structure defined by Deligne. 
Define a map 

(3.1) P r: Z[ F - {O, 1}] --+ L,. 
as follows. Take 

(3.2) 

For r 2: 2, let To"'" Tr_ 1 be homogeneous coordinates on pr-I. For a E 

F - {O, 1}, let ~ (a) C X 2r- 1 be the subvariety described parametrically by 

(3.3) ~(a) = {(aTr_2ITr_l' ... , aToITr_l' (To - T1)ITo' (TI - T2)IT1, 
... , (Tr_2 - Tr_1)ITr_2, (Tr_1 - aTo)ITr_1)}· 

Define 

(3.4) Pr(a) = alt(~(a)). 

For a more careful description of ~(a), let ViO , Vii be homogeneous coor-
dinates on the ith copy of pi , and write 

u i = Vil/(Vil - V iO ) , 

so X 2r- 1 = Spec(F[u l , ..• , U 2r- 1]). One has 

u 1 = Tr_1/(Tr_1 - aTr_2) , ... , ur_1 = Tr_I/(Tr_1 - aTo), 
-I 

ur = TolTI ' ... , U2r- 2 = Tr_2ITr_1 ' U2r- 1 = a Tr_1ITO' 

Let A be the algebra over F generated by all the TJ Tj . One gets 
-I -1 

F[ul' ... , U 2r_ l] -# A[(1 - aToITr_l) , ... , (1 - aTr_2ITr_l) ], 

and hence a closed immersion from the indicated open affine subscheme of pr-I 
into X 2r- 1 • 

It is now straightforward to show ~(a) is admissible, and to compute 
8(Pr(a)). The result is as indicated in (3.5). Most of the boundary terms 
die. Setting one coordinate ViOl Vii = 0, 00 either makes another coordinate 
= 1 or makes two coordinates equal, so the resulting cycle dies when taking alt. 
One verifies for r 2: 2 

(3.5) 8 Pr(a) = -(a) . Pr- I (a) = Pr-I (a) . (a). 

In particular, 8 Pr(a) is decomposable, so Pr(a) E L,. . 
Define 

(3.6) ~og,r = Image(Pr )· 
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It follows that ~og c L is a graded sub-eo-Lie algebra, with dual graded 
pro-Lie algebra 2;'Og a quotient of g . 

To write down the N -polylog motif, M N , z ' associated to z E P x - { 1 } , one 
may simply copy from [3]. Define 

o 0 
o 0 
o 

eo = 0 
1 
o 
o 

o 
o 

o 
Then MN ELI Q9 End(Q[O,N)). Taking , z og 

N 

o 

(3.6) MN,z = -(z) Q9 eo - L p,(z) Q9 ad(eo),-I(el ) 

yields 

(3.7) 

,=1 

so the resulting map 2;'Og ~ End( Q[O, N)) is a representation. 

J 

Remark (3.8). It follows from (3.5), Lemma (1.7), and induction that when pX 
is not a torsion group, L, i (0) for any r. In particular, our theory is not 
trivial! 

4. RELATION WITH MINIMAL MODELS 

Let V be a smooth affine variety defined over C. One knows that the alge-
braic de Rham complex Q~ calculates the singular cohomology H*(V(C) , C). 
Writing g"~ for the complex of C-valued COO -forms, one has that the natural 
map A: Q~ ~ g"~ is a quasi-isomorphism. Recall that an n-minimal model 
(2" of a differential graded algebra.s1'· (.s1'i = (0) for i < 0) is a DGA (2" 
satisfying certain minimality properties independent of.s1' (we will recall the 
construction of the I-minimal model, which is the only one we need, below) 
together with a map /: (2" ~ .s1" such that z': H' ((2') ~ H' (.s1') is an isomor-
phism for r ::::; n and injective for r = n + 1 . Hence, if ((2', /) is an n-minimal 
model for Q~, then ((2', A 0/) is an n-minimal model for g"~. 

The I-minimal model for Q~ is an exterior algebra A (2' on a C-vector 
space (2' in degree 1. Further, (2' = U (2'(i), i 2: 1 , with (2'(i - 1) c (2'(i) and 
the differential 

(4.1 ) 
2 

[}:(2'(i)~1\ (2'(i-l). 

In particular, the differential on (2'( 1) is zero. (2'(i) is dual to the Lie algebra 
associated to the nilpotent group n l (V)/n)i+l) and [}: (2'(i) ~ 1\2 (2'(i) is dual 
to the Lie bracket. (This identification depends on the choice of a basepoint.) 
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Let n" = n~(V)/c be the de Rham algebra of the function field of V, and write 
.A;op = U.A;op(i) for the degree 1 part of the 1 minimal model of n" " 

We begin with some comments about the construction of .A;op . .A;op(l) c 
n~losed must be chosen so .A;op(l) ~ H1(n·). The map dlog: C(V)x/C x ----t 

n~losed is defined by dlog(f) = df If. By composing with the residue, one sees 
immediately that the resulting map C 1:9 (C(V)x ICx) ----t H 1(n·) is injective. 
Thus we may (and do) assume 

(4.2) Cl:9dlog(C(V(IC x ) c.A;op(I). 

Assume 

(4.3) 

.A;op (i - 1) ; 
2 2 

8: .A;opU - 1) ----t 1\ .A;op(i - 2) c 1\ .A;opU - 1); and 

aU - 1): .A;op U - 1) ----t n 1 

defined so 
1\. aU - 1): 1\ . .A;opU - 1) ----t n· 

is compatible with differentials and is an isomorphism on HI . Take 

( 4.4) 

Define 
(4.5) 

Z2 (1\ . .A;opU - 1), n·) 
= {( m , (j)) E 1\ 2 .A;op U - 1) x n I [8 m = 0; ( 1\ 2 a (i - 1)) (m) = d (j) } 

(Z2 = 2-cocyles for the mapping cone of aU - 1).) Define 

(4.6) 
X(i - 1) ~f {m E 1\2 .A;opU - 1)[8m = 0 = 1\2 aU - 1)(m)} 

c Z2 (1\ . .A;opU - 1), n·) . 
Write 2 1\2 2 I p: Z ----t .A;opU - 1) (resp. q: Z ----t n ) 
for the projections. Let 

s: ~ '----> Z2 (1\ . .A;opU - 1), n·) 
be a chosen splitting of the natural surjection t: Z2 - ~. Write 

~ = t(XU - 1)) c ~. 
We can assume 

(4.7) s(~) cXU-l). 
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Take ~op(i) = ~op(i - 1) EB ~. Define 
2 2 

8: ~op(i) --> 1\ ~op(i - 1) c 1\ ~op(i), 
81~op (i - 1) = inductively defined map; 81~ = p 0 s . 

Define 

a(i): ~op(i) --> 0' , 
a(i)I~op(i - 1) = a(i - 1); a(i)l~ = q 0 s. 

One checks without difficulty that .A;op (i), 8, and a( i) satisfy the required 
hypotheses. Note that (4.7) implies 
( 4.8) a(i)(~) = (0). 

In the next two sections, we will define a map of co-Lie algebras 

qJ : L --> ~oP , 
where L is the co-Lie algebra defined in §1. This could be done directly, but 
it is more informative to construct qJ as a composition 

L ~ .9 !!.. ~oP • 
Here .9 =.9, EB.92 EB'" is a graded Q-co-Lie algebra and y is a morphism of 
graded co-Lie algebras . .9 depends only on the vector space 

.9, ~f (C(V( I(e) ® Q 
and 

.92 ~ Ker (diog i\ dlog: 1\2 (C(V) x IC x ) ® Q --> 0 2 ) . 

The morphism 
x def x x (4.9) y,:~ =C(V) ®Q-->.9, = (C(V) IC )®Q 

is the obvious one. Details of the construction of .9 and yare given in §5 . 
.9 is filtered by sub-eo-Lie algebras .9(n) =.9, EB··· EB.9n , and p(.9(n)) c 

~op(n). The map P is constructed in §6. 

5. CONSTRUCTION OF CERTAIN GRADED Co-LIE ALGEBRAS 

Let .9, be a vector space, and let .92 c /\ 2 .9, be a given subspace. We will 
define inductively vector spaces .9n and boundary maps 

(5.1) 8 = 8(n): .9(n) ~f EB .9n --> 1\2 .9(n - 1) C 1\2 .9(n). 
'~j~n 

Extending 8 in the usual way to an endomorphism of /\'.9 (n) we will have 
808 = 0, and writing .9 = E9'~j<CXl.9n 

(5.2) 

The dual gz of .9 will be a (pro) Lie algebra with these cohomology groups. 
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Inductive hypothesis (5.3). Let n ~ 3, and supppose 9'1' ... ,9'n_1 defined 
along with 

2 2 
8(m): 9'(m) -+ I\. 9'(m - 1) c I\. 9'(m); 

We assume the following conditions satisfied for m < n : 
(i) 8(m)I9'(m - 1) = 8(m - 1). 
( ii) Ker( 8 ( m ) : 9' ( m) -+ 1\ 2 9' ( m )) = 9' (1) . 
(iii) 8 (m ) 2 = 0. 

m < n. 

(iv) 8(m) is homogeneous of degree ° for the grading on A 9'(m), which 
assigns grade I: ri to an element ql 1\ .. . 1\ qp with qi E 9', . 

(v) For 3 ::; m < n, I 

9' m = Ker [1\.2 9' (m - 1) -+ 1\.3 9' (m - 1)] / [/\2 9' ( 1) + 89' (m - 1)] . 
(vi) For 3 ::; m < n, 

9' m ~ Ker [1\.2 9' (m - 1) -+ I\. 3 9' (m - 1)] m ' 

where the subscript m refers to the piece of graded degree m. The boundary 
map 

is induced from this isomorphism. 

Note 8(1) = 0, and 

satisfy conditions (5.3). 

Inductive step (5.4). Suppose n ~ 3, and these conditions hold for m < n. 
Define 
(5.4.1) 

9'n = Ker [1\.2 9'(n - 1) -+ 1\.3 9'(n - 1)] / [1\.29'(1) + 89'(n - 1)] . 

Lemma (5.4.2). Assume n ~ 3. Then 

9'n ~ Ker [1\.2 9' (n - 1) -+ I\. 3 9' (n - 1) L . 
Proof. We have 

9' (n - 1) = 9' (n - 2) EB 9'n -I ; 

2 ( 2) 2 I\. 9'(n - 1) = I\. 9'(n - 2) EB (9'(n - 2) 09'n_l) EB I\. 9'n_'· 
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The boundary 8(n - 1)11\2 .9n _ 1 is the composition 

/\2 .9n _ 1 ~ ®.9n _ 1 ~ (/\2 .9(n - 2)) ®.9n _ l, 
x A y f--+ X ® Y - Y ® x ; Z f--+ (8 (n - 1) ® id) ( z) . 

Both these arrows are injective. Since 8 (n - 1) is homogeneous, we get 

Ker [/\2 .9 (n - 1) ~ /\ 3 .9 (n - 1)] 
~ Ker [/\2 .9(n - 2) EB (.9(n - 2) ®.9n _ l) ~ /\3 .9(n -1)] 

Write an element in this kernel as 

b+a; 
2 

bE /\ .9(n - 2); a E .9(n - 2) ®.9n_ l . 

If a = 0, it follows from (v) and (vi) above applied with m = n - 1 that 
2 

bE /\ .9(1) + 8.9(n - 1). 

The only component of 8(b + a) involving .9n _ 1 is 

(8 ® id)(a) E 8.9(n - 2) ® .9n_ 1 C /\3 .9(n - 1), 

so by (ii) 
a E .9(1) ® .9n_ 1 =.91 ® .9n_ 1 • 

In particular, a is homogeneous of degree n, and Lemma (5.4.2) follows. 

Remark (5.4.3). For n ~ 3, the isomorphism 

Ker [/\2 .9(n _ 1) ~ /\3 .9(n _ 1)] / [/\2.9(1) + 8.9(n - 1)] 

~ Ker [/\2 .9(n - 1) ~ /\3 .9(n - 1)L 

785 

is given by projection on the component of degree n . The inverse is the obvious 
map. Note the argument in the lemma does not imply 

Ker [/\2 .9 (n - 1) ~ /\ 3 .9 (n - 1) L c.91 ®.9n -I . 

We now complete the inductive step (5.4). Define 

.9 (n) = .9 (n - 1) EB .9n ; 8 (n) 1.9 (n - 1) = 8 (n - 1) ; 

8 (n ) l.9n : .9n ~ Ker [/\2 .9 (n - 1) ~ /\ 3 .9 (n - 1) L 
2 2 

C /\ .9(n - 1) c /\ .9(n). 

One checks easily that (i)-(vi) hold with m = n. This completes the inductive 
construction. 
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Examples (5.5). (1) The argument of Lemma (5.4.2) does imply that the pro-
jection 

,9'n = Ker [1\2 .9(n - 1) ---> 1\3 .9(n - 1)] n --->.9, ~ .9n_, 

is injective. If .9p = 0 therefore, .9n = 0 for n ~ p. In particular, if .92 = 0, 
we get .9 = .9" a = 0, and the corresponding Lie algebra is abelian. 

(2) We show in (5.7) below that when .92 = 1\2 .9, ' the Lie algebra 9( is 
the free Lie algebra on .9, . 

(3) The construction is functorial; a map .9, --->.9; inducting .92 --->.9; gives 
a map .9(.9, ' .92) ---> .9(.9; ,.9;) and hence 9(.9; , .9;) ---> 9(.9, ' .92). 

Questions (5.6). What is the structure of the quotient co-Lie algebra .92 EEl 
.93 EEl ... ? 

What can one say when .92 is generated by decomposable tensors a 1\ b ? 

Proposition (5.7). 9(.9,,1\2.9,) is thefree (pro)-Liealgebra on the (pro)-vector 
u71 V space./, . 

Proof. Let rff be a co-Lie algebra. Define rff( 1) = Ker( a: rff ---> 1\2 rff). Suppose 
given p(I): rff(l) ---> .9(1) =.9,. Assume inductively that sub-eo-Lie algebras 
rff(m) c rff are defined for m < n, and define 

(1\2 rff) (n) = (1\2 rff(n - 1)) (n) 

= Image l~n rff(p) ~ rff(r) ---> 1\2 rff(n - 1) 1 
Define 

rff(n) = a-i [(1\2 rff) (n)] . 

Assume rff = Urff(n) , and suppose inductively that p(n - 1): rff(n - 1) ---> 
.9(n - 1) , a homomorphism of filtered co-Lie algebras is defined. Consider the 
diagram 

o ---> rff(l) 

1 p(') 

o ---> .9(1) 

---> rff ( n ) ---> 
1 ? 

---> .9 ( n ) ---> 

(1\2 rff(n-l))(n) ---> 
1 N p(n-') 

(1\2 .9(n -1)) (n) ---> 

(1\3rff(n -1)) (n) 

1 N p(n-') 

(1\3 .9(n - 1)) (n). 

The top line is a complex that is exact at rff(n) . The bottom line is exact by (5.2), 
and the arrows are already defined except the one labeled ? It follows easily that 
p(n) =? can be defined to make the diagram commute. Finally, p = lim p(n) 

---+ 
is dual to a homomorphism of Lie algebras, so .9v is free. Q.E.D. 

Proposition (5.8). With reference to (5.5)(3), consider the case .9, =.9;, .92 c 
.9;. We have 
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Moreover, !Jt (9'J ' 9'2) ~ !Jt (9'J ' 9'~) I I, where I is the ideal generated by 
(9'~/9'2)v . 
Proof. The first statement is clear. For the second, consider the diagram for 
n ~ 3. 

[A3 9'(9'J' 9'~)(n - l)VLn -> 

1 
[A 3 9'(9'J ' 9'2)(n - l) VLn -> 

1 
o 

[A 2 9'(9'J ' 9'~)(n - l) VLn -> 

1 a 

[A 2 9'(9'J ' 9'2)(n - l) VLn -> 

1 
o 

1 
o 

Surjectivity of vertical arrows is verified by induction on n, since surjectlvlty 
of the two left-hand arrows implies surjectivity on the right. A diagram chase 
shows Ker(a) - Ker(b). Again by induction on n we deduce that Ker(b) = 
(9'~/9'2)v EB [!Jt(9'p 9'~), (9'~/9'2)v]. Q.E.D. 

Corollary (5.9). !Jt(9'J' 9'2) ~ !Jt (9'J ' A 2 9'J)1 I, where I is the ideal generated 
by (A 2 9'J 19'2) v c [!Jt (9'J ' A 2 9'J L J ' !Jt (9'J ' A 2 9'J L d . 

Finally we construct a graded map 

(5.10) 

with 

(1\2 x x 2) 9'2 = Ker (C(V) IC 0 Q) -> 0 . 

The map YJ : ~ -> 9'J is the obvious one (4.9). 
To define Y2 : Lz -> 9'2 consider the diagram 

Lz !!... A2 ~ ~ A2 C(V)x 0 Q -> K 2(C(V)) 0 Q -> 0 
dJogAdJog "-,. 1 

0 2 

where the top line is exact by (2.2) and the factorization of dlog 1\ dlog exists, 
e.g., because the relations in K2 are generated by the Steinberg relation x 0 
(l - x) t---+ o. In particular the composite 

f) 1\2 1\2 Lz -> vltJ -> 9'J 

has image c 9'2. Write Y2 : Lz -> 9'2 for this map. The diagram 

Lz~A2~ 

commutes. 

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



788 SPENCER BLOCH 

Assume inductively for some n 2: 3 that Y m : Lm ----+ .9 m has been defined 
for m ~ n - 1 . We have 

Ln ~ [;\2(~ EB··· EB~-,)L ~ [;\3(~ EB··· EB~-,)L 
lNr lNr 

o ----+ .9n ~ [;\2(.9, EB··· EB.9n-,)L ~ [;\3(.9, EB··· EB.9n-,)L 
where the bottom row is exact. There is a unique map 

Yn : ~ ----+.9n 

making the diagram commute. 

6. THE MAP fJ 

Write .9 = (.9" .92) with .9i as in (5.11). Let .9(n) =.9, EB··· EB.9n • In 
this section we define a morphism of graded co-Lie algebras 

(6.1) fJ:.9----+~op. 

We use the notations of §4. 
(6.2) fJ(l): .9( 1) = (C(V( lex) 0 Q ----+ ~op(l) 
is the given inclusion (4.2). Write f)2 for the inclusion 

2 
(6.3) f)2:.92 C X(l) c 1\ ~op(l) 
so there is a natural map 

(6.4) fJ2 ~f t a f)2: .92 ----+ %z C ~ C ~op(2). 
Write 
(6.5) fJ(2) = fJ( 1) EB fJ2 : .9(2) = .9( 1) EB.92 ----+ ~op(2) = ~op( 1) EB ~ . 
Since a = 0 on ~op(I), t: X(l) ~ %z and sot = id on X(I). It follows that 
the diagram 

.9(2) -----> ;\2.9(1) 

(6.6) lp(2) 1 N P(1) 

2 
~op(2) -----> ;\ ~op(l) 

commutes. 
Let Ii 2: 3 , and suppose inductively 

(6.7) fJi:.9i----+%zEB···EB~C~op(i) 

has been defined for 2 ~ i ~ n - 1 . Consider the commutative diagram defining 
f)~O) : 

(6.8) 

;\3(EB i ::;n_, .9) 
T a 

Np 3 
----+ ;\ ~op(n - 1) 

T a 
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One has from this that 

( 6.9) 

Also since n 2: 3, the projection !\ 2(EB i <n_1 .9') -> !\ 2.9'1 maps 8(.9'n) to O. 
Since P(.9') C Ker(o:) for 2::; i::; n - 1 ~ we see also that 

(6.10) 

whence 

(6.11 ) 

Define 

( 6.12) PrO) = t 0 $(0) . 
n n 

Unfortunately it is no longer the case that tIX(n-1) is injective, so the analogue 
of the argument showing (6.6) commutative gives only 

(6.13) $~l) d~f (1\2 p) 08 - 8 0 p~O):.9'n -> Ker(tIX(n - 1)). 

Write 

(6.14) d (1\' A;op(n - 1), g.) = A;op(n - 1) EP qV), 

and define 

(6.15) d: C l (1\' A;op(n - 1), g') -> Z2 (1\' A;op(n - 1), g') , 
d(m, f) = (8m, df + o:(m)). 

Because of (4.1), 

( 6.16) I 2(' ) 2(' ) d (C ) C Z 1\ A;op (n - 2) , g' c z 1\ A;op (n - 1), g' . 

We have 

exact, and 

(6.18) X(n - 2) = Z2 (1\' A;op(n - 2), g') n X(n - 1) 

from which we deduce 

( 6.19) I Ker(tIX(n - 1)) = d(C ) n X(n - 1) c X(n - 2). 

With reference to (6.13) we can now define 

(6.20) 

We have 
(6.21 ) 

P(I) = to $(1) '.9' -> 2" n n' n n-I' 

8 0 (P~O) + p~I)) = 8 p~O) + $~I) + (8 p~l) _ $~I)) = (1\2 p) 08 + (p 0 sot _ 1)$~I) . 

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



790 SPENCER BLOCH 

Define 

(6.22) f)~2) = -(posot-l)of)~'). 

Arguing as above, 

(6.23) f)~2): !JOn ---+ X(n - 3); 

P(2) = t 0 f)(2) .!JO ---+ ffC? • 
n n' n n-2' 

8 0 (P~O) + p~') + p~2)) = (1\2 p) 08 + (8 p~2) _ f)~2)) 

= (1\2 p) 08 + (p 0 sot - 1 )f)~2) . 
This construction can be repeated until finally 

(6.24) 8 0 (P~O) + ... + p~n-2)) = (1\2 p) 08 _ f)~n-') . 

But f)~n-'):!JOn ---+ X(O) = (0). (Note f)~n-2):!JOn ---+ X(1) and f)~n-') = 

(p 0 sot - 1 )f)~n-2) = 0, since tlX( 1) is injective.) Writing 

P (0) (n-2) r72l O}::l O}::l /f (6.25) n = Pn + ... + Pn : .::Tn ---+ a 2 Ell··· Ell an C -Mtop(n), 

we get 8 0 Pn = (/\2 P) 08 completing the inductive step. 

Remark (6.26). Note Image(p) C ~op is a Q-vector space, and it seems natural 
to relate it to the Q-minimal model of V. One has, of course, 

(2ni)-'.9'(1) C lim H'(U, Q). 
--+ 
VcV 

Details remain to be worked out. 
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