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O. INTRODUCTION 

By a Fano variety we shall mean a smooth, connected, complex projective 
variety with ample anticanonical line bundle. In dimensions one and two, the 
only Fano varieties are the projective line and the Del Pezzo surfaces. In di-
mension three, there are already 104 distinct families of Fano varieties. This is 
a consequence of the classification of Fano threefolds, due to Fano, Iskovskikh, 
Mori, Mukai, and Shokurov (see [Il-4, MoMu, Mu] and the references therein). 
For Fano varieties of arbitrary dimension m, we have the following well-known 
conjectures. 
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Conjecture (Fm)' There exists a constant C(m) such that ci (M)m ::; C(m) for 
every m-dimensional Fano variety M. 

Conjecture (F~). There are only finitely many deformation types of m-dimen-
sional Fano varieties. 

These two conjectures are equivalent. The implication (Fm) '* (F~) fol-
lows from [KMa, Ma], while the reverse implication is trivial. For m ::; 3, 
these conjectures follow from the classification of Del Pezza surfaces and Fano 
threefolds. 

In this paper we shall establish these conjectures in the case of arbitrary-
dimensional Fano varieties with Picard number one. I If M is any Fano va-
riety, we define d(M) to be the least positive integer d for which M can 
be covered by rational curves of (anticanonical) degree at most d. By Mori's 
theory, 2::; d(M) ::; dimM + 1 (see §1). Our main result is as follows. 

Theorem A. For any Fano variety M with Picard number one, ci (M)m ::; 
(md)m, where m = dimM and d = d(M). 

Corollary. In each dimension, there are only finitely many deformation types of 
Fano varieties with Picard number one. 

Kollar, Miyaoka, and Mori [KMiMo] have found a different and independent 
proof of Theorem A that is based on rational connectedness. They show that 
in a Fano variety with Picard number one, two general points can be joined 
by an irreducible rational curve of degree at most md(M). Both proofs of 
Theorem A involve the interaction between rational curves of low degree on the 
one hand, and multiplicity sets of plurianticanonical sections on the other hand; 
their proof focuses primarily on rational curves, while ours focuses primarily 
on multiplicity sets. In this sense, the two approaches are dual to one another. 
There is also a differential-geometric approach to this problem due to Tsuji. 

The basic idea of our proof is very simple. Let M be a Fano variety, and 
assume that cl(M)m > (md)m, where m = dimM and d = d(M). We 
would like to obtain a contradiction, at least if M has Picard number one. Let 
f: pi -+ M be a morphism of degree d, and set p = f(O) . Because of its large 
degree, M admits many plurianticanonical sections. A dimension-counting 
argument shows that some plurianticanonical section must vanish to very high 
order at p. Specifically, there exists an integer v > 0 and a section s E 
HO(M, K;)') - {O} whose vanishing order at p exceeds mdv. Now consider 
the pulled-back section f* s E HO (pi, f* K;/) . On the one hand, the vanishing 
order of f* s at 0 exceeds mdv. On the other hand, the line bundle f* K~IJ 
has degree only dv. This forces f* s to be identically zero. Thus the image 
f(pl) must lie entirely inside the zero set of s. We extend these ideas by 
proving a product theorem that is analogous to Faltings's product theorem (see 

I It should be noted that the Picard number of a Fano variety is always equal to the second 
Betti number, and is therefore a topological invariant. 
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[F]). The product theorem implies that M can be covered by proper subvarieties 
V c M that satisfy the following condition: For any morphism g: pi --t M 
with g * T M semipositive of degree d, either g(pl) n V = 0 or else g(pl) C V . 
These V's essentially form an algebraic family, a suitable subfamily of which 
will sweep out a closed hypersurface HeM. Finally, for any morphism g : 
pl--tM with g*TM semipositiveofdegree d and g(pl) ct.H, g(pl)nH=0. 
Thus M contains a curve and a hypersurface that are mutually disjoint. This 
forces the Picard number of M to be at least two. 

In an earlier version [N2] of the Present paper, I gave a proof of Theorem A 
in the four-dimensional case. That proof was already independent of dimension 
except near the end, and here I adapt that proof to all dimensions by simplifying 
and improving the argument near the end, following a suggestion by J. Kollar 
[K2], to whom I am greatly indebted. Another improvement is as follows. The 
main intermediate theorem (Theorem 1 in the present paper) had appeared al-
ready in [N2], but the proof given there depended on transcendental techniques 
from the study of existence of Kahler-Einstein metrics on Fano varieties (see 
[N3-6]). The proof given here is entirely algebro-geometric in nature and is 
motivated by Faltings's work on diophantine approximation (see [F]). 

1. RATIONAL CURVES 

1.1. Deformation theory of morphisms. The reader is referred to Mori's paper 
[Mo] for the theory of deformation of morphisms between smooth projective 
varieties. We very informally recall here several relevant points. Let M be 
a smooth projective variety. The space Maps(pl , M) of all morphisms f : 
pi --t M has countably many connected components, each of which has the 
natural structure of a quasi-projective scheme. There is a universal morphism 
pi x Maps(pl , M) --t M. The Zariski tangent space of Maps(pl , M) at f is 
isomorphic to HO(M, f*TM)' If H1(M, f*TM) = 0 then Maps(pl, M) is 
smooth at f and there are no obstructions to deforming f. 
1.2. Free rational curves. Let M be a smooth projective variety. Grothendieck's 

splitting theorem asserts that every holomorphic vector bundle on pi is isomor-
phic to a direct sum of line bundles. Given any morphism f: pi --t M , we can 
thus write J*TM ~ &'pl(a1) EB··· EB &'pl (am) for suitable (uniquely determined) 
integers a l ~ ... ~ am ' where m = dim M. By regarding the differential D f 
as a global holomorphic section of f* T M Q9 T~l ~ &'pl (a l -2) EB·· 'EB&'pl (am -2) , 
we see that a l ~ 2 (unless f is constant). The number a l + ... + am will be 
called the (anticanonical) degree of f. It is equal to the degree of the line 
bundle f* K;/ on pi . 

Proposition 1. The following conditions on f are equivalent: 
(Fl) f*TM issemipositive(i.e., am~O). 
(F2) hl(pl, f*TM Q9&'pl(-I)) = O. 
(F3) f* T M is generically generated by global sections. 

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



684 A. M. NADEL 

The proof is very easy and is omitted. When these conditions hold we shall 
say that f is free. Note that freeness is a Zariski-open condition with respect 
to deformation (by the semicontinuity theorem and (F2)). 

The following application of Sard's theorem will be used to deduce the exis-
tence of free rational curves. This type of result fails in characteristic p , where 
there are examples of uniruled surfaces of general type. 

Proposition 2. Suppose that (for some k) F: pi x Ilk ---- M is a morphism 
whose image has positive measure in M. Then F( *, t) will be free for some, 
and hence for general, t. (Here and henceforth, 11 denotes the unit disk.) 
Proof. By Sard's theorem, the morphism F is generically submersive. The 
holomorphic tangent bundle of pi x Ilk is generated by global sections. Thus 
F* T M is generically generated by global sections. Clearly F (*, t) will satisfy 
(F3) for some t. 0 

1.3. The invariant d(M). We continue to work over the complex numbers. 
For any Fano variety M we definite integers d l (M), d2(M) as follows. 

(1) Define d l (M) to be the least positive integer d for which there exists a 
morphism F : pi x Ilk ____ M (for some k) whose image has positive measure 
in M, and such that each morphism F ( *, t) has degree d. 

(2) Define d2(M) to be the least positive integer d for which there exists 
a morphism pi ____ M that is free of degree d. 

We shall show that d l (M) = d2(M). Proposition 2 implies that d2(M) :::; 
d l (M). For the reverse inequality, suppose that f: pi ---- M is free of degree 
d for some d > O. Because f is free, it can be deformed without obstruction, 
and there exists (for suitable k) a holomorphic submersion F : pi x Ilk ____ 
M such that F (*, 0) = f( *). The inverse function theorem ensures that the 
image of F will be open and will thus have positive measure. This shows that 
d l (M) :::; d2(M) , as desired. 

Denote by d(M) the common value of d l (M) and d2(M). We shall show 
that 2:::; d(M) :::; dimM + 1 . By the methods of Mori (see [Kl, Mo]) we know 
that M can be covered by rational curves whose degrees do not exceed dim M + 
1. By standard Hilbert scheme arguments we can then obtain a morphism 
F : pi x Ilk ____ M whose image in M has positive measure, and such that 
each morphism F(*, t) is non constant of degree at most dimM + 1. Thus 
d l (M) :::; dim M + 1. On the other hand, it is easy to see that d2 (M) ~ 2, and 
the assertion follows. 

2. SPECIAL SUBVARIETIES IN F ANO VARIETIES OF LARGE DEGREE 

2.1. The statement. In this section we shall prove the following theorem. 

Theorem 1. Let M be an m-dimensional Fano variety, and let d be a positive 
integer. Assume that c i (M)m > (md)m. Then there exists a collection r of 
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proper irreducible subvarieties of M satisfying the following conditions: 
(VI) M is covered by the subvarieties in cpr; that is, for each point p E M 

there exists at least one V E cpr such that p E V . 
(V2) For any morphism f : P' ~ M that is free of degree d, and any 

V E cpr, either f(P') c V or f(P') n V = 0. 

Remarks. (1) By a proper subvariety we mean a subvariety that is nonempty 
and not equal to the entire ambient space. 

(2) Let M be a Fano variety, and set m = dimM and d = d(M). Consider 
the following equivalence relation on the points of M. Two points are related 
if and only if they can be joined by a chain of free rational curves of degree 
d. The theorem above implies that if c, (M)m > (md)m then no equivalence 
class can be Zariski-dense. On the other hand, in [KMiMo] it is shown that if 
M has Picard number one then two general points can be joined by a chain of 
free rational curves of degree d . This gives another proof of Theorem A that 
extrapolates between the proof in [KMiMo] and the proof in the present paper. 

The remaining subsections will be devoted to proving this theorem. Vari-
ous themes from diophantine approximation will be apparent throughout. In 
particular, our product theorem is similar to G. Faltings's product theorem [F]. 

2.2. A Siegel type lemma. 

Lemma 1. Let M be an m-dimensional smooth connected projective variety, 
and let L be an ample line bundle on M. For every point p E M and every 
positive real number A < (c, (L)m)'/m, there exists an integer v > 0 and a 
section s E HO(M, LV) - {O} whose vanishing order at p exceeds vA. 
Proof of Lemma 1. By Riemann-Roch and Serre vanishing we have 

hO(M, LV) ~ ~c, (L)mvm + O(vm-') 
m. 

as v ~ 00. On the other hand, 

hO(M & /J1J+') _ (m + 17) < _1 m O( m-') 
, M - m - m! 17 + 17 

as 17 ~ 00. Here J denotes the ideal sheaf of the reduced point p. Now set 
17 = [v A] for some v > > O. Here the brackets denote the greatest integer func-
tion. The above inequalities, together with the inequality A < (c, (M)m)'/m , 
imply that hO(M, LV) > hO(M, &M/J1J+'). Hence there exists a section 
s E HO(M, LV) - {O} whose Taylor series expansion of order 17 at p is triv-
ial. 0 

2.3. Multiplicity subspaces. Let f be a holomorphic function on a domain 
n c em. For each integer j, define Jj(f) c n to be the set of all points at 
which the vanishing order of f is at least j. We can endow Jj(f) c n with 
the natural structure of a complex analytic subspace, possibly nonreduced, by 
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taking as a defining ideal the ideal generated by all partial derivatives of f of 
order strictly less than j . However, we will usually regard Jj (f) c n as merely 
a subvariety, ignoring any nonreduced structure. We set Jj(f) = n for j :::; O. 

These concepts globalize in the obvious way. Let M be a complex manifold, 
let L be a holomorphic line bundle on M, and let s E HO(M, L). For each 
integer j, we can define a complex analytic subspace Jj(s) c M consisting of 
precisely those points at which the vanishing order of s is at least j . 

An alternative approach for showing that Jj(s) has a natural complex ana-
lytic subspace structure uses jets directly rather than partial derivatives. It has 
the advantage of working in characteristic p and on singular spaces; however, 
the present approach will be adequate for our purposes. 

Now let f: M ---+ N be a holomorphic mapping of complex manifolds, and 
let s be a global holomorphic section of a hoi om orphic line bundle on N. 
Then f*Jj(s) c Jj(f*s) , with equality if f is submersive. 

2.4. The product theorem, part I. 

Theorem 2. Fix positive integers d and k. Set M = pi X Ll k, let L be a 
holomorphic line bundle on M whose restriction to pi x {O} has degree d, 
and let s E HO(M, L). For every integer j, either pi x {O} n Jj+d(s) = 0 or 

I p X {O} c Jj(s). 
Proof. We may assume that s is not identically zero, for otherwise we would 
be done. If k > I then we can reduce to the case k = I by restricting to 
a linearly embedded disk Ll c Llk passing through the origin, in a sufficiently 
general direction. Thus we may assume that k = I and that M = pi X Ll. Let 
z denote the holomorphic coordinate function of Ll, pulled back to M via the 
projection. Note that the desired assertion holds for s if and only if it holds 
for zs. Therefore, by dividing s by a suitable power of z, we can reduce to 
the case in which s does not vanish identically along the curve pi x {O}. Since 
the restriction of L to pi X {O} has degree d, the vanishing order of s at 
each point in pi x {O} will not exceed d. Hence pi x {O} n Jj+d(s) will be 
nonempty only when j :::; 0, in which case Jj(s) = M, from which the desired 
conclusion follows. 0 

2.5. The product theorem, part II. 

Theorem 3. Let M be a complex manifold, let L be a holomorphic line bundle 
on M, and let s E HO(M, L). Suppose f : pi ---+ M is a morphism that is 
free, and set d = deg(f* L). For every integer j, either f(pl) n Jj+d (s) = 0 or 
f(pl) C Jj(s). 

I Proof. Let us assume that f(O) E Jj+d(S). We want to show that f(P ) c 
Jj(s). We may assume that f is nonconstant, for otherwise we would be done. 
Since f is free, it can be deformed without obstruction, and there exists (for 
suitable k) a holomorphic submersion F : pi x Ll k ---+ M such that F (*, 0) = 
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f( *). The submersivity implies that F* ~+d(s) = ~+d(F* s). Since (0, 0) E 

F*~+d(S) = ~+d(F*s), we can deduce from §2.4 that pi x {O} c ~(F*s) = 
F* ~(s). The result follows. 0 

2.6. The proof. In this subsection we shall complete the proof of Theorem 1. 
Let m, d , and M be as in the statement of the theorem. Fix any point p EM. 
Since c1 (M)m > (md)m , we can apply Lemma 1 to get an integer v > 0 and 
a section s E HO(M, K;/) - {O} whose vanishing order at p strictly exceeds 
mdv. 

For simplicity of notation, we set ~ = V;+dllj(s). We have a descending 
chain of subvarieties 

Wo ~ WI ~ ... ~ Wm :3 p. 

For each j E {O, ... , m} we choose an irreducible component of ~ contain-
ing p, and denote this irreducible component by w;. We may assume that 
these irreducible components have been chosen so that 

W; ~ W; ~ ... ~ W~ :3 p. 

Since this chain has length greater than the dimension of M, there exists some 
j E {O, ... , m - I} such that 

, , 
~=~+1' 

Set W := W; = W;+I' Clearly PEW, and it remains only to verify that 
condition (V2) is satisfied in an appropriate sense. Namely, suppose that f: 
pi -+ M is any free morphism of degree d with f(O) E W. We must show 
that f(pl) C W; then the theorem will be proved. 

Since f(O) E ~+1' we can deduce from §2.S that f(pl) C ~. Recall 
that W is an irreducible component of ~. For most points q E W, the 
variety ~ will be irreducible locally at q and will agree with W in an open 
neighborhood of q. For some special points q E W , however, the variety ~ 
may be reducible locally at q, in which case we will have to be careful. 

First consider the case in which the point f(O) E W is one at which ~ is 
locally irreducible. In this case, we can deduce from f(pl) C ~ that f(pl) C 
W, as desired. Next consider the case in which the point f(O) E W is one 
at which ~ is locally reducible. Deform f slightly to get a free morphism 
g : pi -+ M such that g(O) E Wand such that ~ is locally irreducible 
at g(O). From our argument in the first case we are able to conclude that 
g(pl) C W. Finally, let g converge back to f to get f(pl) C W , as desired. 
This concludes the proof. 

3. THE COVERING LEMMA 

Lemma 2. Let M be a complete irreducible variety, and let V C M x T be 
a family of proper subschemes of M parameterized by a projective scheme T. 
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Suppose that M is the union of all the ~. Then there exists a closed hypersurface 
in M that is the union of some of the ~. 

Remarks. ( I) By a proper subscheme of M we mean a subscheme that is 
nonempty and not equal to all of M. 

(2) We do not require V to be flat over T. 

Proof. Obviously T cannot be zero-dimensional. First consider the case in 
which dim T = I . We will complete the proof in this case by showing that some 
~ is already a hypersurface in M. We have dim V ::;: maxt dim ~ + dim T. 
We also have dimM::;: dim V, since M is covered by the ~. Thus dim ~ ~ 
dim V - dim T ~ dim M - I for some t, as desired. 

Now suppose that dim T ~ 2. Consider a Lefschetz pencil of hypersurfaces 
of T. This consists of an irreducible subvariety AcT X pi such that each 
As (s E pi) is a hypersurface in T and such that T is the union of all these 
hypersurfaces. For each s E pi , define a subvariety ~ c M as follows. 
Set theoretically, ~ = UtEAs Lt' These subvarieties ~ can be given scheme 
structures so that they fit together to form an algebraic family of subschemes of 
M with parameter space pl. Since the parameter space is one-dimensional, 
we can apply the argument from the paragraph above to conclude that some ~ 
is a hypersurface in M, in which case we are done, or is all of M, in which 
case we can replace T by some hypersurface in T and proceed by induction 
on dim T. D 

4. COLLECTIONS OF SUBSETS 

4.1. Base change and push forward. Let '?? be a collection of subsets of an 
algebraic variety M. For any algebraic variety T, define '??T' a collection of 
subsets of M x T , as follows. A subset X c M x T belongs to '??T if and only 
if X t c M belongs to '??, for every t E T. (Here X t denotes the projection 
of Xn(Mx{t})cMx T to M.) 

The collection'?? may (or may not) satisfy one or more of the following 
properties: (I) closure under finite unions, (2) closure under arbitrary unions, 
(3) closure under finite intersections, (4) closure under arbitrary intersections, 
(5) closure under complements, (6) possession of the empty subset, and (7) 
closure under Zariski-closure (i.e., for every subset X c M belonging to '??, 
the Zariski-closure X c M also belongs to '??). We shall say that '?? satisfies 
a property P universally if '??T satisfies P for every algebraic variety T. 

Thus we shall say that '?? is universally closed under Zariski-closure, abbre-
viated u.c.u.z.c., if the following is true. For any algebraic variety T, and any 
subset X c M x T belonging to '??T' the Zariski-closure X c M x T also 
belongs to '??T' 

Given a morphism of varieties f: M --+ N, define the push-forward J:. '?? , 
a collection of subsets of N, as follows. A subset X c N belongs to J:. '?? if 
and only if its inverse image f- I (X) c M belongs to '?? 
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4.2. An example. Let S be any algebraic variety, and set M = pi X S. Let 
~ be the collection of all subsets of M of the form pi x X , where X is an 
arbitrary subset of S. Obviously ~ satisfies properties (1)-(6) above. We 
shall show that ~ satisfies (7) and is u.c.u.z.c. Let G be the group of all 
automorphisms of pi . Let G act on M by acting as usual on the first factor 
pi and acting trivially on the second factor S. Then ~ consists of precisely 
those subsets of M that are invariant under G. If a given subset of M is 
invariant under G, then its Zariski-closure will also be invariant under G, 
since the action of G on M is an algebraic one. This shows that ~ is closed 
under Zariski-closure. That ~ is u.c.u.z.c. can be shown in a similar fashion. 
Suppose that T is any algebraic variety. Let G act on M x T by acting as 
before on the first factor M, and acting trivially on the second factor T. Then 
~T consists of precisely those subsets of M x T that are invariant under G. 
This shows that ~T is closed under Zariski-closure, and hence that ~ itself is 
u.c.u.z.c. 

4.3. Universally open morphisms. A morphism of algebraic varieties f: M ---+ 

N is said to be open if it takes Zariski-open sets to Zariski-open sets. It is said 
to be universally open if the morphism f x IdT : M x T ---+ N x T is open, for 
every algebraic variety T. 

Example. A flat morphism of algebraic varieties is universally open. 

Lemma 3. If f : M ---+ N is an open morphism of varieties then f- I (X) 
f-I(X) for every subset X eN. (Here the bar denotes Zariski-closure.) 

Proof. Clearly f- \ X) :J f- I (X). For the reverse inclusion, set U = M -
f- I (X). Since f is an open morphism, f( U) will be Zariski-open in N. 
Clearly f(U) nX = 0, and hence f(U) nX = 0, and hence unf- I (X) = 0. 
This shows that f-I(X) c f-I(X), completing the proof. 0 

Proposition 3. Let f : M ---+ N be a morphism of varieties that is universally 
open, and let ~ be a collection of subsets of M that is u.c.u.z.c. Then I.. ~ is 
u.c.u.z.c. 
Proof. For any algebraic variety T, we know that ~T is closed under Zariski-
closure and that f x IdT : M x T ---+ N x T is open. The lemma above implies 
that (fx IdT)*~ is closed under Zariski-closure. Since (fx IdT)*~ = (I.. ~)T' 
the latter is also closed under Zariski-closure, which is what we want to show. 0 

4.4. Flat families. 

Proposition 4. Let ~ be a collection of subsets of an algebraic variety M, and 
let V c M x T be a flat family of subschem es of M, parameterized by a scheme 
T. Define T' c T to be the set of all t E T for which ~ (as a subset of M, 
ignoring all scheme structure) belongs to ~. Assume that ~ is u.c.u.z.c. and 
contains the empty set. Then T' is Zariski-closed in T. 
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Proof. We may assume that T' is Zariski-dense in T. Our goal is to show that 
T' = T or equivalently, that V E ~T' Let W = V n (M x T') c M x T. Clearly 
W E ~T' since ~ = ~ E ~ for t E T' and ~ = 0 E ~ for t E T - T' . 
We know that ~T is closed under Zariski-closure, since ~ is u.c.u.z.c., by 
hypothesis. Therefore, W E ~T' Clearly We V. Now set U = V - W, to be 
regarded as a Zariski-open subset of V. Since the projection p : V --+ T is flat 
by assumption, it is open, whence the image p( U) is Zariski-open in T. Since 
p( U) is disjoint from the Zariski-dense subset T' c T, it is empty. Therefore, 
W = V, whence V E ~T ' as desired. 0 

5. PROOF OF THEOREM A 

In this section we shall prove Theorem A. Suppose that M is a Fano variety 
with cl(M)m > (md)m, where m=dimM and d=d(M). We wish to show 
that the Picard number of M is strictly greater than one. 

5.1. Let S be the (nonempty) collection of all morphisms f: pI --+ M that 
are free of degree d. We know from Hilbert scheme theory that S has the 
natural structure of a quasi-projective scheme, and that there exists a universal 
morphism F : pI x S --+ M. 

5.2. Observe that S is a smooth everywhere and F is submersive. The 
first statement is a consequence of the fact that each J : pI --+ M in our 
collection is free and thus satisfies HI (pI, j* T M) = O. The second state-
ment is a consequence of the following two facts. First, the linear mapping 
Ts,f --+ H O (pI , f* T M) is surjective since F is everywhere a universal defor-
mation. Second, the bundle f* T M is generated by its global sections since it is 
semipositive. 

Because the morphism F is submersive, it is flat, and hence universally open, 

5.3. Let ~ be the collection of all subsets of pI x S of the form pI x X, 
where X is an arbitrary subset of S. Obviously ~ contains the empty subset 
and is closed under arbitrary unions. We have seen that ~ is universally closed 
under Zariski-closure (u.c.u.z.c.). See §4.2 for an elaboration on this. 

5.4. Denote by F* ~ the collection of all subsets X c M for which F- I (X) E 
~. The following description of F* ~ may be helpful. A subset X c M 
belongs to F* ~ if and only if the following is true. For every morphism J: 
pI --+ M that is free of degree d, either f(pI) C X or f(pl) n S = 0. 

5.5. Since ~ contains the empty subset and is closed under arbitrary unions, 
the same will be true of F* ~. Since ~ is u.c.u.z.c. and the morphism F is 
universally open, F*~ will also be u.c.u.z.c. (see Proposition 3). 

5.6. We now come to a key idea of the proof. Suppose for the time being that 
we have an algebraic family {~} of proper sub schemes of M, with projective 
parameter space T, such that each ~ belongs (as a subset of M, ignoring all 
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sub scheme structure) to F. C?f. Then we can use the covering lemma (Lemma 
2) to construct an algebraic hypersurface HeM that is the union of some of 
the V;. This hypersurface will belong to F. C?f since the latter is closed under 
arbitrary unions. Thus for every s E S we will have eithere F(pl , s) c H or 
F(pl, s)nH = 0. Since F is an open morphism, it cannot satisfy F(pl xS) c 
H. Thus there exists some s E S for which F(pl, s) n H = 0. In particular, 
M contains a curve and a hypersurface that are mutually disjoint. This shows 
that the Picard number of M must be at least two, as desired. 

5.7. We now turn our attention to constructing an algebraic family of sub-
schemes as above. According to Theorem 1, M can be covered by proper alge-
braic subvarieties that belong to F. C?f • It is here that the hypothesis c 1 (M) m > 
(md)m has been used. We want to show that these subvarieties can be put 
together to form an algebraic family. 

5.8. Let Hilb(M) be the Hilbert scheme parameterizing all proper subschemes 
of M. Let T c Hilb(M) be the set of Hilbert points of all proper sub-
schemes of. M that (as subsets of M) belong to F. C?f. Recall that Hilb( M) 
is a countable disjoint union of connected projective schemes. Let Hilb(M)1 ' 
Hilb(M)2' ... be an enumeration of these connected components of Hilb(M) . 
Set TJ = Hilb(M) j n T (j = 1, 2, ... ). Since F. C?f contains the empty set 
and is u.c.u.z.c. (see §5.5), each Tj will be Zariski-closed in Hilb(M)j (see 
Proposition 4). 

5.9. Each Tj can be endowed with the induced reduced scheme structure and 
regarded as the parameter space of an algebraic family of sub schemes of M. 
Together these families cover all of M (by §5.7). Since M cannot be expressed 
as a countable union of lower-dimensional subvarieties, at least one of these 
families must already cover all of M. We can then proceed as in §5.6 to 
conclude that the Picard number of M must be at least two. This concludes 
our proof of Theorem A. 

Remarks. ( 1) In § 5.6 we do not really make full use of the hypothesis concern-
ing the Picard number of M. The hypersurface HeM can be taken to pass 
through a general point. This is enough to get the desired contradiction even 
for some M with Picard number greater than one 

(2) In §5.9 all we really need is that M cannot be expressed as a/mite union 
of lower-dimensional subvarieties. Indeed, the subvarieties V c M constructed 
in Theorem 1 will form a bounded collection. 
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