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SUMMARY 

Let Aut(O"A) denote the group of automorphisms of a subshift of finite type 
(XA'O"A) built from a primitive matrix A. We show that the sign-gyration-
compatibility-condition homomorphism SGCC A, m defined on Aut( 0" A) factors 
through the group Aut(s A) of automorphisms of the dimension group. This is 
used to find a mixing subshift of finite type with a permutation of fixed points 
that cannot be lifted to an automorphism of the shift. We also give an example 
of a mixing subshift of finite type where the dimension group representation 
is not surjective. This example is used in [KR3] to give examples of subshifts 
of finite type (reducible, with two mixing components) that are shift equivalent 
but not strong shift equivalent over the nonnegative integers. 

O. INTRODUCTION 

Methods of symbolic dynamics arise in such fields as information theory, 
ergodic theory and dynamical systems, cellular automata theory, and statistical 
mechanics. Among the simplest symbolic systems are the subshifts of finite type 
O"A: XA -. XA coming from square matrices A with entries lying in the non-
negative integers A+. Consult, for example, [DGS, E, Fr, PT]. In the setting 
of smooth dynamical systems, the matrix A typically comes from a Markov 
partition on the zero-dimensional part of the nonwandering set of a diffeomor-
phism. There are many ways of choosing Markov partitions, and this produces 
different matrices A so that the various shifts O"A: XA -. XA are topologically 
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equivalent. In fact, a central and still open problem is to find good methods 
for determining whether two subshifts of finite type XA and XB are indeed 
topologically equivalent. 

One approach to this classification problem of subshifts of finite type (SFT's) 
was initiated by Williams in [Wi 1, Wi2] and involves the notions of strong shift 
equivalence (SSE) and shift equivalence (SE). An elementary strong shift equiv-
alence (R, S): A --+ B from A to B over Z+ consists of a pair of nonnegative 
integral matrices Rand S such that A = RS and B = SR. More generally, 
A and B are strong shift equivalent over Z+ iff there is a chain of elementary 
SSE's over Z+ from A to B. Williams proved that (XA , aA ) and (XB , aB ) 

are topologically conjugate iff A and B are strong shift equivalent over Z+ . 
The problem is that SSE over Z+ is difficult to decide. A shift equivalence 
R: A --+ B over Z+ is a nonnegative integral matrix R such that there is some 
nonnegative integral matrix S and a positive integer k satisfying AR = RB , 
BS = SA, Ak = RS, and Bk = SR. Shift equivalence over Z+ is easier to 
determine. In fact, it was proved in [KR 1] that SE is decidable. SSE implies 
SE, and Williams's influential work raised the now well-known question 
(SHIFT) Does SE imply SSE over over Z+? 
The nonnegativity condition is important, because it was shown by Effros and 
Williams that SE implies SSE over Z. See [BH, W4]. Using (4.1) of this 
paper, the first two authors [KR3] have recently given examples that now show 
the answer to SHIFT is negative in general. The examples of [KR3] are for 
reducible matrices A and B. However, SHIFT is still open when A and B 
are primitive, i.e., when a power of A and a power of B have strictly positive 
entries. Some results are known for 2 x 2 matrices [B, CK]. 

A key ingredient in our present understanding of SFT's turns out to be their 
group of symmetries. The automorphism group Aut(aA) of (XA, aA) con-
sists of those homeomorphisms of X A that commute with aA • Hedlund and 
coworkers [He] studied the automorphism groups of full Bernoulli shifts in the 
early 1960s. Then during the 1980s there was a renewed interest in the groups 
Aut(aA), which are countable but are generally enormous. See [BLR]. Two 
useful representations of Aut( a A) have emerged: Krieger's dimension group 
representation [K, BLR] and the sign and gyration number homomorphisms 
of Boyle-Krieger [BK]. The first is essentially a matrix group representation 
and the latter go into finite cyclic groups. The main result (1.4) of this paper 
establishes a connection between these representations. The work of Boyle-
Krieger [BK] and of Fiebig [Fl, F2] studies the fundamental "sign-gyration-
compatibility-condition," which is a relation between the sign numbers and the 
gyration numbers of certain automorphisms. We tum the relation into the "sign-
gyration-compatibility-condition homomorphism" SGCC A m from Aut( a A) to 
the cyclic group Zim and show it factors through a homomorphism sgccA m 
defined on the group Aut(SA) of automorphisms of the dimension group. An 
explicit formula is given for sgcc A 2 in (2.14) that is very useful for the appli-
cations mentioned in the Summary. 

In § 1 we define "sign-gyration-compatibility-condition homomorphism." 
The proof of (1.4) is given in §§2 and 3. The construction of sgcc A, muses 
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the algebraic topology framework for studying Aut(O"A) developed in [WI-W4] 
together with the positivity and localization methods of [KR2], the first step 
of which is the eventual positivity theorem of Handelman ([H, Theorem 2.3], 
see (3.4) below). All that is required to understand the examples in §4 is the 
statement (1.4) and the explicit polynomial formula (2.14) for sgccA 2. Our 
proof will show that primitive matrices shift equivalent over Z to the matrices 
in examples (4.1) and (4.3) also have, respectively, nonsurjectivity of the di-
mension group representation and a permutation of fixed points that does not 
lift to an automorphism of the shift. 

1. THE SIGN-GYRA TION-COMPA TIBILITY -CONDITION 

For m ~ 1, let GY Am: Aut(O"A) --+ Zim and OS Am: Aut(O"A) --+ Z/2 
be the dynamically defined gyration number and orbit sign number homomor-
phisms, respectively, introduced by Boyle-Krieger in [BK]. The definitions of 
GY A m and OS A m are repeated and generalized slightly in (2.3) and (2.4). 
When m is even; we will consider OS A m as a homomorphism into Z I m 
by viewing Z/2 as the subgroup {O, mil}. For m ~ 2, consider the sign-
gyration-compatibility-condition homomorphism SGCC Am: Aut ( 0" A) --+ Z 1m 
given by the formula ' 

(1.1 ) 

where i > 0 and OS A, m/2i (a) is taken to be zero whenever m Ii is not integral. 
In particular, SGCCA,m(a) = GYA,m(a) if m is odd. When m=2,wehave 

( 1.2) 

A basic fact expressed by the sign-gyration-compatibility-condition theorems in 
[BK, N] is 

(1.3) SGCCA,m(a) = 0 if a is a product of simple automorphisms. 

Fiebig showed ( 1.3) was valid for finite order elements a in the kernel Auto (0" A) 
of the dimension group representation JA: Aut(O"A) --+ Aut(SA) and it was finally 
proved in [KR2] that (1.3) holds for all a in AutO(O"A). A consequence is that 
SGCCA,m(a) only depends on its image JA(a) in Aut(SA). Our main result 
says that SGCC A m actually factors through Aut(s A) . 

( 1.4) Theorem. Let A be a square integral matrix that is conjugate over the 
integers to an eventually positive integral matrix. There is a homomorphism 
sgccA m: Aut(SA) --+ Zim with the property that if A is nonnegative and aperi-
odic, then SGCCA,m = sgccA,m· JA . 

For a nonnegative square integral matrix A, Aut(s A) is usually taken to be 
the group of automorphisms of the dimension group G A that commute with 
SA and preserve the order structure on GA. See [BLR]. In the statement of 
(1.4) and throughout this paper, we let Aut(SA) denote the larger group of 
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automorphisms of G A that commute with SA' We do not require that order be 
preserved even when A is nonnegative. 

2. GYRATION AND ORBIT-SIGN NUMBERS 

To start, let A denote a nonnegative square integral matrix and let (XA' O"A) 
be the subshift of finite type associated to A. From [W3] we know there is an 
isomorphism 

(2.0) 

where Simp(O"A) denotes Nasu's group of simple automorphisms. In view of 
(1.3) we therefore know that SGCCA m is defined on :n: 1 (RS(Z+) , A). An 
element y of :n:1 (RS(Z+) ,A) is repre~ented by a loop 

(2.1) y = IT y(R;, SJf i 

based at A where f; = ±1 and (R;, SJ: P(i -1) -+ P(i) or (R;, Si): P(i)-+ 
P(i - 1) depending on whether fi = +1 or f; = -1, respectively. Our first 
goal will be to understand how to compute SGCC A (y) in terms of gyration 
and orbit sign numbers associated to each nonnegative elementary strong shift 
equivalence (Ri' SJ. Then we recall from [W4] that Aut(sA) ~ :n: 1 (RS(Z) , A) 
for a general matrix A as in (1.4) and will use this equation in §3 to define 
the required homomorphism sgccA on :n: 1 (RS(Z) , A) via the positivity and 
localization methods [KR2]. 

(2.2) Definition. Let m 2: 1. An m-basis Il for (XA' O"A) consists of the 
choice of (a) an ordering °1 , ••• , ON for all the orbits of periods dividing m 
and (b) a choice of a base point b; on each orbit 0i' 

Actually, we will only need to look at the orbits of periods m/2; where i 2: O. 
Let a: (XA' O"A) -+ (XB' O"B) be a conjugacy between SFT's, and let Il and 

v be m-bases, respectively, for (XA' O"A) and (XB' O"B)' Generalizing [BK], 
we define the gyration number GY.uv,m(a) in Z/m and the orbit sign number 
OS k(a) in Z/2 for k dividing m as follows: .uv , 

(2.3) OS k(a) = sign of the bijection between the period k orbits of .uv , 

(XA' O"A) and those of (XB' O"B) induced by a. 

Let 0i be a period m orbit of (XA' O"A)' and let OJ = a(OJ denote the 
period m orbit of (XB' O"B) which is its image by a. There is an integer 
r = ri , uniquely determined modulo m, so that a(bi) = O"'(b) where 0" = O"B' 
Define 

(2.4) GY (a) = ~ r. modulo m. .uv,m ~ I 

Finally, we let 

(2.5) SGCC.uv,m(a) = GY.uv,m(a) + LOS.uv,m/2i(a) for i > O. 
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The standard Boyle-Krieger gyration and orbit sign homomorphisms GYA ,m 
and OS A, k and the homomorphism SGCC A, m are obtained by taking A = B 
and Jl = v. In particular, they do not depend on the choice of Jl. See [BK]. 
However, the quantities GY m ,OS k' and SGCC do depend very pv, pv, pv,rn 
much on the choice of m-bases Jl and v when A -=1= B. Nevertheless, they 
are useful in constructing sgccA where we will take certain natural choices ,m 
of m-bases coming from lexicographical ordering. 

(2.6) Proposition. Let a: (XA' aA) --+ (XB' aB) and p: (XB' aB) --+ (Xc' ad 
be conjugacies, and choose m-bases Jl, v, and 1] for (XA' aA), (XB' aB), and 
(Xc' ac )' respectively. Then 

GYwl,m(ap) = GY/lZI,m(a) + GYv'l,m(P) , 
OSIl'I,k(ap) = OS.uv,k(a) + OSv'l,k(P) for k dividing m. 

Consequently 

SGCCIl'I,m(ap) = SGCC.uv,m(a) + SGCCv'l,m(P)' 

The proof follows easily from the definitions and is entirely similar to the 
one showing that GY A m and OS A k are homomorphisms. 

The next step in constructing sgcc A, m for A as in (1.4) is to discuss the gyra-
tion and orbit sign numbers of an elementary strong shift equivalence (R, S) : 
P --+ Q over the nonnegative integers. Starting with a nonnegative integral ma-
trix P on a set of states J , the standard edge path construction produces a 
SFT (Xpl, apl,) where P' is a zero-one matrix whose states y' are edges 
e = (i, a, j) from i to j in J with 1 ::; a ::; P(i, j) and P' (e , f) = 1 iff 
the end state of e is the initial state of f. As in (2.1) of [W3] bipartite coding 
gives a certain elementary strong shift equivalence (R', S'): P' --+ Q' of zero-
one matrices determined up to composition with simple automorphisms on the 
right and left. Choose m-bases Jl for (Xpl, apl) and v for (XQI, aQ1)' We 
then define 

(2.7) SGCCm(R, S) = SGCC.uv,m(R', S') 

and see from (1.3) that this does not depend upon the choice of (R', S'), 
although it does depend upon Jl and v. For simplicity of notation, we will 
usually leave off the subscript JlV on the left-hand side of (2.7). We define 
OSk(R, S) and GY m(R, S) similarly. 

Consider the path y in RS(Z+) as in (2.1), but not necessarily a closed 
loop. Let a be the corresponding composition 

(2.8) 

of elementary conjugacies where E i = ± 1. Make a choice of an m-basis Jl i 
for each subshift of finite type (X P(i) , a P(i)) in the chain, and define each 
SGCCm(Ri'Si) accordingly as in (2.7). 
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(2.9) Proposition. If y is a closed loop in RS(Z+) starting and ending at A, 
then 

SGCCA,m(a) = L:>jSGCCm(Ri' SJ 
j 

In particular, 
L€jSGCCm(Rj , SJ 

j 

is independent of the choice of m-basis J1 j at each vertex P(i). 
Proof. SGCCm applied to the elementary conjugacy c(Rj' SJE; is equal to 
€j SGCCm(R j , Sj). So the equation in (2.9) follows directly from (2.8) and 
the composition formulas in (2.6). Consequently, the right-hand side does not 
depend on the choices of m-bases. Q.E.D. 

In our situation, a convenient choice for an m-basis will come from a linear 
ordering of the vertices and a lexicographical ordering of the edges in the graph 
associated to a nonnegative integral matrix. Let M: J x % ---- Z+ be any 
nonnegative integral matrix where each of the sets J and % are linearly 
ordered. Let e = (i, a, k) be an edge from i to k in the graph for M where 
1 ~ a ~ M jk . Similarly, let f = (j, b, I) be an edge from j to I where 
1 ~ b ~ M j/. The standard ordering of edges of M defines e < f iff 

(2.10) 
(i, k) < (j ,I) by left lexicographical ordering of J x %, or 

(i, k) = (j, I) and a < b. 

Let P: J x J ---- Z+ be any nonnegative integral matrix. A periodic 
point of (X p' , G pI) of period dividing m is given by a pair {i, p} where 
i = (io' ... , im) is a sequence of vertices in the graph for P with io = im and 
p = (PI' ... ,Pm) is a sequence of edges in the graph where Po. goes from io._ 1 
to i Ot' Make a choice 
(2.11 ) of a linear ordering of the set of vertices J. 
The sequences i = (io' '" , im) and p = (PI' ... ,Pm) can then be ordered lex-
icographically from the left, and we order the periodic points lexicographically 
from the left by setting 
(2.12) {i,p}<{j,q} iffi<j or i=jandp<q. 
(2.13) Definition. An m-basis for (XA' GA) with the standard lexicographical 
ordering is obtained by taking the reference point on each orbit with period di-
viding m to be the periodic point of least lexicographical order on that orbit and 
then ordering the orbits by the lexicographical order of these reference points. 

Let (R, S): P ---- Q be an elementary strong shift equivalence over Z+ . Let 
SGCC2(R, S) be computed dynamically as in (2.5) and (2.7) with respect to 
standard lexicographical 2-bases for (Xp, G p) and (XQ , GQ ) • 

(2.14) Proposition. The value of SGCC2(R, S) is given by the algebraicformula 

SGCC2(R, S) = L: RjkSkjRj/S/j + L: RjkSkjRj/S/i + L (R-t) (Ski 
1<] 1<] I,k 
b/ k?.l 
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modulo2 where (R:ik) = Rik(Rik -1)/2 is the binomial coefficient of Rik items 
taken two at a time. 

Before starting on the proof of (2.14) we will discuss the three main steps 
in computing SGCCm (R, S) using m-bases with the standard lexicographical 
ordering (2.13). This is also needed for the construction of sgccm in §3. 

Let P: J x J -+ Z+ and Q:.J't x.J't -+ Z+ be a nonnegative integral 
matrices where J and .J't are linearly ordered. First we recall more explicitly 
how a strong shift equivalence (R, S): P -+ Q over Z+ gives rise to a bipartite 
code (R', S'): P' -+ Q' by way of two bijections p: P ~ RS and q: Q ~ SR 
as in [W3, 2.5]. Suppose P is an (m x m)-matrix and Q is an (n x n)-matrix. 

Fix a pair of vertices (i, j) of P and consider an entry Pij in P. Use the 
equation P = RS to write 

(2.15) Pij = Ril Slj + ... + RikSkj + ... + RinSnj , 

where the terms on the right are ordered increasingly in accordance with the 
given ordering of the states k of Q as chosen in (2.11). Let Co = 0 and for 
each 1 ::; k ::; n - 1 , let 

Ck = RiJ Slj + ... + RikSkj" 

Then choose p: P ~ RS so that for each 1 ::; k ::; n, p is the bijection between 
the set of edges 

(2.16) 

and the set of pairs of edges 

(2.17) { ((i , r , k), (k , s , j)) 11 ::; r ::; R ik and 1 ::; s ::; S k j } 

defined by the formula 

(2.18) p = Ck_1 + (r - l)Skj +s. 

For each k, (2.18) is an order-preserving bijection between the set (2.16) or-
dered linearly by the integers p and the set (2.17) of pairs of integers (r, s) 
ordered lexicographically from the left. 

Fix a pair of vertices (k, I) of Q and consider an entry Qk in Q. Use the 
I 

equation Q = SR to write 

(2.19) 

where the terms on the right are ordered increasingly in accordance with the 
given ordering of the states i of P as chosen in (2.11). Let Do = 0 and for 
each 1 ::; i ::; m - 1 , let 

Di = SklRll + ... + SkiRi/" 

Then choose q: Q ~ SR so that for each 1 ::; i ::; m, q is the bijection between 
the set 

(2.20) 
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and the set 
(2.21) {(k, s, i), (i, r, I), )11 ~ S ~ Ski and 1 ~ r ~ R iI } 
defined by the formula 
(2.22) q = D i_ 1 + (s - l)RiI + r. 
For each i, (2.22) is an order-preserving bijection between the set (2.20) ordered 
linearly by the integers q and the set (2.21) of pairs of integers (s, r) ordered 
lexicographically from the left. 

At this point we have a bijection p(X) = UV between the (directed) edges 
X = (i , P ,j) from i to j in the graph of P and pairs of edges U V where 
U = (i, r, k) is an edge from i to k in the graph of R and V = (k , S ,j) is 
an edge from k to j in the graph of S. We will call U the tail of p(X) and 
V the head of p(X). In particular, the initial point of U is i and the final 
point of U is k. The initial point of V is k and the final point of V is j. 
Similarly, we have a bijection q(Y) = VU where Y = (k, q, I), V = (k, s, i) 
is the tail of q(Y) ,and U = (i, r, I) is the head of q(Y). As in [W3], we then 
obtain the strong shift equivalence P' = R'S' and Q' = S'R' by letting 

R' (X, Y) = 1 iff head of p(X) = tail of q(Y), 

s' (Y, X) = 1 iff head of q(Y) = tail of p(X). 
(2.23) 

The resulting conjugacy c( R' , S'): (X p' , a p' ), ~ (X Q' , a QI) can then be de-
scribed in three stages: 

Step 1. The bijection p takes 
(2.24) {i,p}~{i,k,r,s}. 

Here i = (io' ... ,im) where ia is a vertex in the P-graph with io = im , 
P = (PI' •.• ,Pm) where POI is an edge in the P-graph from ia_1 to ia , k = 
(ko' ... , km) where ka is a vertex in the Q-graph with ko = km' r = (rl ' ... , 
r m) where ra is an edge in the R-graph from ia_1 to ka_1 ' and s = (SI' ... ,sm) 
where sa is an edge in the S-graph from ka _ 1 to ia . 

Step. 2 The bijection tS coming from (2.23) takes 
(2.25) {i , k, r, s} ~ {k, i, s, a(r)} 
where a(r) = (r2' ... , r m ' rl ). On occasion we will abbreviate (2.25) by writing 
(2.26) Irlsl lr2s21·· ·Irmsml ~ ISlr2Is2r31·· ·Ismrll. 

Step 3. The inverse of the bijection q takes 
(2.27) {k, i, s, a(r)} ~ {k, q}, 
where q = (ql' ... ,qm) with qa an edge in the Q-graph from ka_1 to ka . 
The quadruples {i, k , r, s} and {k, i, s, a (r)} are ordered lexicographically 
from the left. 

Now we can give the proof of (2.14). 

Contribution of OSI . To compute the determinant of a = c(R' ,S') on fixed 
points, it suffices to count the number of pairs modulo 2 of fixed points X and 
X' such that X < X' , but where Y = a(X) and y' = a(X') satisfy Y> y' . 
The following diagram describes the procedure in (2.23): 
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i • 

f • • k k 

The edges in the diagram are labelled 

x = (i, a, i), 
V=(i,r,k), 
V = (k, s, i), 
Y = (k, b, k), 

a • 

h'· 

X , (. , .) = J, a ,J , 
V' = (j, r' , I), 
V' = (l, s' , j) , 
y' = (l, b' , I). 

199 

j • 

f' • I 

There are only four cases where the values i, j , k , 1 are such that a switch 
in the order of the fixed points might occur. 

Case 1. i < j and k > I. Then X < X' and Y > y' for all relevant values 
of a, b, r, s , and a', b' , r' , s' . The total number of switches is 

L RikSkiRj/Slj' 
kj, k>' 

Case 2. i < j and k = I. Then X < X'. We have Di_ 1 < b :S Di and 
D 1 < b' < D . . Since i < J' , we must have b < b' and therefore Y < y' . No j- - j 

switches. 

Case 3. i = j and k > I. We have Ck _ 1 < a :S Ck and C'_I < a' :S C,. The 
assumption k > 1 implies a > a' and contradicts the assumption that X < X' . 
So this case does not occur. 

Case 4. i = j and k = I. As in (2.26), X = Irsl, y = Isrl, X' = lr's'l, and 
y' = Is'r'l. We must count the number of pairs rs, r's' such that rs < r's' 
but s'r' < sr. 

(a) If r < r' , then we must have s' < s in order to get a switch. The total 
number of switches is 

(b) If r = r' but s < s' , then s r < s'r' and no switch occurs. 

Contribution of GY 2' Let X be the base point on an orbit of period exactly 
2, and let Y = a(X) be its image under a = c(R' , S') . The following diagram 
describes the procedure in (2.23): 
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As in (2.26) we have X = 1'lSd'2s21 and Y = ISl'21s2'11. To compute GY2 
we must count the number of times that O"B(Y) = IS2'llsl'21 is the base point 
on the orbit through Y; that is, we must compute the number of times where 
Y > O"B(Y)' There are only four cases where the values i, j, k, 1 are such that 
this might occur. 

Case 1. i < j and k > I. Then Y > O"B(Y) for all relevant values of 
PI ' ql ' P2, and q2' The total number of contributions to GY 2 is 

L RikSkjRjIS/i' 
i<j, hi 

Case 2. i < j and k = I. We have Dj _ I < ql ~ Dj and D i- I < q2 ~ D i • 
Since i < j, we must have q2 < ql and therefore Y > O"B(Y)' The total 
number of switches is Ei<j, k=1 RikSkjR jkSki . 

Case 3. i = j and k > I. We have Ck _ I < PI ~ Ck and CI _ l < P2 ~ CI • The 
assumption k > I implies PI > P2 and contradicts the assumption that X is 
the base point on its orbit. No contribution. 

Case 4. i = j and k = I. Since X is the base point on the orbit, we have 
'lSI < '2S2 as left lexicographically ordered pairs. 

(a) If 'I < '2' then whenever S2 ~ SI we have Y > O"B(Y) and the number 
of contributions is 

'" Rik(Rik - 1) Ski(Ski + 1) 
~ 2 2' 
i,k 

(b) If 'I ='2 but SI < S2' then SI'2 < S2'I as left lexicographically ordered 
pairs. So Y < O"B(Y)' No contribution. 

Summing up all these contributions completes the proof of (2.14). As an 
immediate consequence, we have 

(2.28) Addition Lemma (m = 2). Let (E, F): EF --> FE and (G, H): GH--> 
HG be elementa,y st,ong shift equivalences ove, Z+. Assume the sizes of E 
and G and of F and H a,e the same. Let a == 0 mod 4 and b == 0 mod 2. 
Then 

SGCC2(E + aG, F + bH) = SGCC2(E , F) , 
whe,e 

(E+aG, F+bH): EF+aGF+bEH+abGH 
--> FE + aFG + bHE + baHG. 
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(2.29) Remark. If the Rik and Ski are allowed to assume integer values, the 
algebraic formula in (2.14) still clearly satisfies the same addition property as 
in (2.28). 

We next extend (2.28) to all m ~ 2 . 

(2.30) Addition Lemma (m ~ 2). Let (E, F): EF -t FE and (G, H): GH -t 

HG be elementary strong shift equivalences over Z+. Assume the sizes of E 
and G and of F and H are the same. Let a and b be nonnegative integers 
that are congruent to zero modulo m((2m)!). Then 

SGCCm(E + aG, F + bH) = SGCCm(E, F). 

This is an immediate consequence of the following proposition. Let (R, S) : 
P -t Q be a strong shift equivalence over Z+ where the states of P and Q 
are respectively linearly ordered sets J and % . 

(2.31) Proposition. Fix m ~ 2. There is an algebraic expression sgcm(R, S) 
formed by taking a sum of certain products of binomial coefficients (;) such that 

(1) L is either an entry Rik of R or an entry Ski of Sand 1 ~ d ~ 2m ; 
(2) sgcm depends only on m and the choice of linear ordering for 

J and %; 
(3) SGCCm(R, S) = sgcm(R, S). 

The remainder of this section concerns the proof of (2.31). 
Let f and g be functions from a set X to a linearly ordered set £>. We 

say f and g have the same order type provided that for any pair of elements 
x and y in X we have 

(2.32) 
f(x) = f(y) 
f(x) < f(y) 

iff g(x) = g(y), 
iff g(x) < g(y). 

For example, let f: {I, 2,3, 4} -t R be given by f(l) = 2, f(2) = 10, f(3) 
= 5 , and f ( 4) = 2. Then the set of all functions with the same order type as f 
consists of those functions g where g(l) = g(4) < g(3) < g(2). If X is finite 
and £> is infinite, then the number of order types is finite and only depends on 
the cardinality of X. If fJ: X -t X is a bijection, then f and g have the same 
order type iff f fJ and g fJ have the same order type. More generally, consider 
two sequences {h, ... ,Iq} and {g" ... , gq} where for each 1 ~ i ~ q both 
J; and gi are functions from a set Xi to a linearly ordered set 2;. We allow 
for the possibility that Xi =I- Xi or 2; =I- ~ when i =I- j. We say that these 
sequences have the same order type iff each of J; and gi have the same order 
type for 1 ~ i ~ q . 

Let X = {I, 2, ... , n} and let a: X -t X be the shift, i.e., a(i) = i-I 
mod n. Order the functions from X to £> lexicographically from the left. 
The basic observation underlying the proof of (2.31) is that, for any integer k, 
the order type of f completely determines the order type of f a k and whether 
f = f a k . Therefore the order type of f determines 
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(2.33) 

(i) the exact period of any function f: X -+.5? under a (by 

definition, this period is the smallest k such that f = fa k) ; 
(ii) the unique number k modulo the period of f such that 

g = f ak whenever g lies in the a-orbit of f. 

Moreover, the period in (i) depends only on the order type of f and the integer 
k in (ii) depends only on the order types of f and g. If the period of f is 
exactly p , then there is a unique integer k mod (p) so that f ak is the function 
of least lexicographical order among functions in orbit of f under a. This k 
will be called the rotation number of f. The formula for sgcm in (2.31) will 
be obtained by summing up the contribution to the gyration and orbit sign over 
certain order types. 

Let M: ~ x g -+ R be a matrix where ~ and g are linearly ordered. The 
edges of M will be given the standard ordering as in (2.10). The order type of a 
sequence e = {e 1 ' ••• , em} or edges will then be obtained by considering it to be 
a function from {I, ... , m} into the set ~ x g x R ordered lexicographically 
from the left. It will be convenient to denote an edge (co:_ 1 ' eeo:, d) of M 
where 1:S eeo: :S M(co:_ 1 ,do:) by the symbol eo:. 

Now let (R, S): P -+ Q be an elementary SSE over Z+ as in (2.31). Let 
{i,p} and {i',p'} correspond to {i,k,r,s} and {i',k',r',s'} as in (2.24). 
The sequences i, i' , k, and k' have order types as functions from {O, ... , m} 
to J or .% considered as, say, imbedded in R, and the sequences or edges 
p , p' , r, s , r' , and s' have order types as explained just above. 

(2.34) Lemma. Suppose {i, k, r, s} and {i', k' , r' ,s'} have the same order 
type. Then {i, p} and {i', p'} have the same order type and so do {k, i, s , 
a(r)} and {k', i' , s' , a(r')}. Similarly, if {k, i, s, r} and {k', i' , s' , r'} 
have the same order type then so do the pairs {k, q} and {k' , q'}. 

Proof of(2.34). The quadruples {k, i, s, a(r)} and {k', i', s', a(r')} clearly 
have the same order type because a preserves order types. To show that {i, p} 
and {i', p'} have the same order type, it suffices to show that p and p' have 
the same order type. For any pair of indices a and fJ we must show that 

(A) 'ff" Po: = Pp 1 Po: = PP' 
(B) Po: <Pp iffp~ <p~. 

Proof of (A). Suppose Po: = Pp' Then io:_ 1 = iP_l and in = ip . Moreover, 
ko:- 1 = kP_l in view of (2.15). Therefore, i;,_l = i~_l' i~ = i~, and k~_l = 

k~_l . Since PPe; = PPP' we have rret = rrp and sse; = sSp by (2.18). Therefore, 
, , d' , Th" , , rret = rrp an sse; = sSp. IS gIves PP", = PPp ' 

Proof of (B). Suppose P", < Pp . There are three ways this can occur. 
(i) If in_ 1 < iP_l ,then i;,_l < i~_l and so P~ < P~. 
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(ii) If i,,_1 = ip_I and i" < ip ' then i:_ 1 = i~_1 and i: < i~, so p: < p~. 
(iii) If i,,_1 = ip_ I and i" = ip but pp" < ppp, then i:_ 1 = i~_1 and 

i: = i~. This case further breaks down into two possibilities. (a) If k" < kp' 
then k: < k~ and so p: < p~. (b) k" = kp but pp" < ppp. Therefore 
(rr" , ss,,) < (rrp' ssp). If rr" < rrp ' then rr: < rr~ and so PP: < PP~ by 
(2.18). If rr" = rrp and ss" < sSP' then rr: = rr~ and ss: < ss~. SO 
PP: < PP~ by (2.18) again. 

(2.35) Lemma. Fix i = Uo' ... ,im ) and k = (ko' ... ,km ) in the quadruple 
{ i , k , r, s}. The number of elements in the order type of {i, k, r, s} is a 
polynomial in the matrix entries RU", k,,) and S(kp ' ip+l ) obtained by taking 
a product of some binomial coefficients 

for certain 1 :::; a < m and 1 < b < m. The form of the product only depends 
on i, k, and m. 
Proofof(2.35). We start with a special case that illustrates the idea of the proof 
and is an ingredient in the general argument. Let X = {I , 2, ... , n} and let 
£7 be a finite set with L elements. Let f: X ---- £7 be a function having 
d distinct values VI < ... < vd ; let V = {vi' ... ,vd }. Let Nf denote the 
number of functions from X to £7 having the same order type as f, 

(2.36) _ (L) _ L(L - 1)(L - 2) .. · (L - d + 1) 
Nf - d - d! . 

In particular, Nf = 0 whenever L < d. To prove (2.36), let Xi = f-I(VJ for 
1 :::; i :::; d. Given any subset W = {WI' '" ,wd } of distinct values WI < ... < 
wd in £7 , let fw: X ---- £7 be defined by fw(x) = Wi iff x lies in Xi' Then 
Iv = f , each fw has the same order type as f, and the number of functions 
fw is precisely the binomial coefficient counting the number of subsets of d 
elements in £7 . 

Since i and k are fixed, the number of elements in the order type of 
{i, k, r, s} is the number N rs of elements in the order type of {r, s}. More-
over, N rs = NrNs ' We will show that N r is a product of certain binomial 
coefficients. The argument for Ns is similar. Write the set X = {O, 1, ... , m} 
as the ordered disjoint union X = XI U· .. U Xc where 0: and P lie in the same 
Xi iff U", k,,) = UP' k p) and the order of the indices u of the sets Xu is such 
that u < v if and only if U", k,,) < UP' kp) for 0: in Xu and P in Xv' 
Note that u < v implies r" < rp for 0: in Xu and P in Xv' It follows that 
N r = flu Nu where Nu is the number of elements in the order type of the sub-
sequence of r consisting of those r" with 0: belonging to Xu' If both r" and 
rp have 0: and P in Xu' then r" < rp iff rr" < rrp' Therefore Nu is given 
by a binomial coefficient as in (2.36) where L = RU" ,k,,) and 1 :::; d :::; m. 
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To prove (2.31) we will show separately that GY m(R, S) and OSq(R, S) for 
q dividing m are given by sums of products of certain binomial coefficients. 
There are three contributions to GYm(R, S) and OSq(R, S) coming from 
Steps 1, 2, and 3. The proof for each of these steps is similar. So we just give 
the argument for Step 2. 

The gyration number. Consider a periodic point {i, k , r, s} of period exactly 
m that is the least lexicographical element in its orbit. In Step 2 this goes to 
{k , i , s, a (r)} and the contribution to the gyration number is the rotation num-
ber of {k, i, s, a(r)} , which only depends on the order type of {i , k, r, s} by 
(2.33). By (2.34) the order type of {k, i, s, a(r)} is determined by the order 
type of {i, k, r, s}. In view of (2.35) we get the binomial coefficient formula 
for counting gyration numbers by observing that GY m(R, S) is given by 
(1) the sum over p where 0 ~ p ~ m - 1 of 

(2) p times the sum over {i, k} where {i, k} is the least lexicographical 
element in its a-orbit of 

(3) the sum over {r, s} so that 
(a) period {i, k, r, s} = m and {i, k, r, s} is the least lexicograph-

ical element in its a-orbit and 
(b) the rotation number of {i, k, r, s} is p. 

The orbit-sign number. We must count the number of pairs {(i, k, r, s}, 
{i', k' , r' , S')} of period q quadruples of least lexicographical order in their or-
bits so that {i, k, r, s} < {i' , k', r', s'} and so that the least elements in the 
orbits of {k, i, s, a(r)} and {k', i', S', a(r')} respectively have the reverse 

d If · { . .} d·' { ./ .,} h . . d·I .1 or er. 1 = 10 , ••• , 1m an 1 = 10 , ••• , 1m were 10 = 1m an 10 = 1m ' 

1 .. 1 { • ..1 .,} S· ·1 1 C kk' I I All h et 11 = 10 , ••• , 1m , 10 •••• ,1m. 1m1 ar y lOr , rr ,ss . t ese con-
catenated sequences each have at most 2m distinct values. The order type of 
{ii' , kk', rr', SS'} determines the order type of {i, k, r, s} and of {i', k', 
r', S'}, their periods, etc., and whether or not {i, k, r, s} < {i' , k', r', S'} . 
It also determines the order type of {kk', it, SS', a(r)a(r')} , which in turn 
determines whether the order is reversed between the least element in the orbit 
of {k, i, s, a(r)} and the least element of {k', i', S', a(r')}. As in the gyra-
tion number argument, we apply (2.33), (2.34), and (2.35) to get the binomial 
coefficient formula for orbit-sign numbers by observing that OSq(R, S) is 

(1) the sum over {ii', kk'} where {i, k} and {i', k'} are the least lexi-
cographical elements in their orbits of 

(2) the sum over {rr', SS'} so that 
(a) period {i, k, r, s} = period{i' , k', r', S'} = q, 
(b) {i, k, r, s} and {i', k' , r', s'} are the least lexicographical ele-

ment in their orbits, 
(c) {i, k, r, s} < {i', k', r', S'} but the least element in the orbit 

of {k, i, s, a(r)} is greater than the least element in the orbit of 
{k', i' , S', a(r')}. 

This completes the proof of (2.31). 
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3. CONSTRUCTION OF sgcc A m 

We will use the isomorphism 
(3.0) Aut(s A) ~ 1rl (RS(Z) , A) 
established in [W 4] to obtain sgcc A, m. The idea is to start with a loop 

(3.1) Y = II y(Ri' Si)fj 

in RS(Z) based at A where Ei = ±1 and (Ri' S): P(i - 1) --+ P(i) or 
(Ri' S): P(i) --+ P(i - 1) depending on whether Ei = + 1 or Ei = -1 , respec-
tively. This will then be modified to a new "nonnegative" loop called yp(y) in 
RS(Z+) for a certain conveniently chosen polynomial p(x) = CO+c1x+·· .+ctxt 
where each ci is a nonnegative integer. We will define 
(3.2) sgccA,m(Y) = SGCCA,m(YP(Y)) 
and show that (3.2) is independent of the choices involved in picking p(x) and 
under any deformation of y using the Triangle Identities in RS(Z). Using 
(2.9), it will follow directly from the construction that sgccA,m is a homomor-
phism and that SGCCA,m(Y) = sgccA,m .OA(Y) whenever A is nonnegative and 
aperiodic and Y is nonnegative. 
(3.3) Observation. The main point of this section is to verify that (3.2) gives a 
well-defined homomorphism sgcc A, m on Aut ( SA) ~ 1r 1 (RS (Z) , A). But once 
this is done, the proof also shows how to compute sgcc A m (y) directly as fol-
lows: if necessary, replace Ri by Ri sgn(R) and Si by Si sgn(S) as in (3.5) 
and (3.7) to make the signs of Ri and Si equal to +1. Then apply the alge-
braic formula (2.14) when m = 2 or the more complicated (2.31) when m > 2 
to each edge (Ri' S) in (3.1) and multiply the result by Ei = ±1 . Finally, sum 
up over the edges. This is the method used for the examples in §4. 

We need two preliminary lemmas. 
(3.4) Lemma. Let A be any dense unital subring a/the real numbers R. Let M 
be a square matrix over A that is algebraically shift equivalent over the complex 
numbers to an eventually positive real matrix. Then M is conjugate over A to 
an eventually positive matrix. 

This is due to Handelman [H, Theorem 2.3]. The result in [H] is stated for 
A = Q, but the proof works in the same manner for any A as in (3.4). 

Let R: P --+ Q be a shift equivalence over R between two eventually positive 
matrices P and Q over R. Choose positive right eigenvectors v p and v Q 

for P and Q, respectively, corresponding to the Perron-Frobenius eigenvalue. 
Then RVQ = avp for some nonzero scalar a, and we define 

(3.5) sgn(R) = { +1 
-1 

if a> 0, 
if a < O. 

If R 1 : M --+ P and R 2 : P --+ Q are shift equivalences between eventually 
positive matrices, then 
(3.6) 
The following lemma is well known. See [KR1; PW, p. 493]. 
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(3.7) Lemma. Let R: P ~ Q be a shift equivalence over R between two even-
tually positive matrices P and Q. There is a positive integer n so that for all 
k :2: n the matrices pk and Qk are positive and the matrix RQk is positive if 
sgn(R) = + 1 and negative if sgn(R) = -1 . 

Observe that if the edge (R, S): P ~ Q is a strong shift equivalence between 
eventually positive matrices P and Q, then sgnR = sgnS. If sgn(R) = 
sgn(S) = + 1 , we say that the edge is eventually positive. 

Construction of yp(y). Let A denote the ring of all rational numbers that can 
be written in the form alb where b is congruent to 1 mod m((2m)!). The 
integers a and b need not be relatively prime. 

Step 1. For each vertex P in the loop y, use (3.4) to choose a conjugacy C 
over A between P and an eventually positive matrix CPC- 1 • A typical edge 
(R, S): P ~ Q in y is then replaced by the edge 

(CRD- 1 , DSC- 1): CPC- 1 ~ DQD- 1 , 

where now both CPC- 1 and DQD- 1 are eventually positive. There is the 
following diagram in RS(A): 

(R, S) 
P--------~~~----------~ 

(3.8) 

CPC -..;;..I ____________________ ~. DQD-1 

(CRD-1,DSC- I ) 

This provides a homotopy in RS(A) from the original loop y to a loop where 
the vertices are all eventually positive. By replacing each (E, F): M ~ N in 
this loop by the edge (E sgn(E) , F sgn(F)) : M ~ N, we obtain a new loop 
y with the property that all its edges are eventually positive. 

Step 2. Now apply (3.7) to find a large positive integer n so that for all 
edges (E, F): M ~ N in the new eventually positive loop y, the matrices 
Mk, N k , ENk , and F Mk are positive for k :2: n. Fix integers k :2: nand 
I :2: n. Let a(x) = ao + akxk and b(x) = bo + blxl be polynomials with strictly 
positive rational coefficients ai and bj satisfying 

(i) both the numerators and the denominators of ao and bo are congruent 
to 1 mod m((2m)!) , 

(ii) the numerators of ak and bk are congruent to 0 mod m((2m)!) and 
the denominators of ak and bk are congruent to 1 mod m((2m)!). 

Next choose the ai and bj in (i) and (ii) so that the polynomials a(x) and 
b(x) are sufficiently good approximations to xk and Xl respectively to ensure 
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(iii) Let g(x) = a(x)b(x). Then for all edges (E, F): M -. N in the 
new loop y, the matrices Mg(M) , Ng(N) , Ea(N) , and Fb(M) are 
positive. 

Now let D > 0 be the product of the denominators of the coefficients of a(x) 
and b(x) and of all the denominators occurring in the entries of the positive 
matrices Mf(M) , Nf(N) , Ea(N) , and Fb(M) of (iii) where (E,F):M-. 
N runs through all the edges of y. Let rex) = Da(x) , sex) = Db(x) , and 
p(x) = r(x)s(x) . 

(iv) The polynomials p(x), rex) , and sex) are positive, integral, and con-
gruent to 1 mod m((2m)!). Moreover, for all edges (E, F): M -. N 
in the loop y, the matrices Mp(M) , Np(N) , Er(N) , and Fs(M) are 
positive and integral. 

We let yp(y) denote the loop in RS(Z+) obtained by replacing each edge 
(E, F): M -. N in the new loop y with the edge 
(3.9) (Er(N) , Fs(M)): Mp(M) -. Np(N). 

Step 3. Finally, we define sgccm as in (3.2) and see from (2.9) that it is a 
sum of terms of the form 
(3.10) ± SGCCm(Er(N) , Fs(M)) , 
where SGCCm is computed with respect to the standard lexicographical m-
basis at each vertex in the loop yp(y). 
Proof that sgcc A m (y p (y)) is well defined. Let (E, F): M -. N be any strong 
shift equivalence'over A. Let rex) and sex) be a pair of polynomials satisfying 
the property (iv) of Step 2. Let e(x) and f(x) be another such pair. From 
(2.30) we have 

SGCCm(Er(N) , Fs(M)) = SGCCm(Er(N)e(N) , Fs(M)f(M)) 
= SGCCm(Ee(N) , F f(M)). 

This shows that the value of sgccm on a loop whose edges are already eventually 
positive is independent of the choice of polynomials rex) and sex) made in 
Step 2. 

Next we show sgccm does not depend on the choices of vertex conjugacies 
made in Step 1. Suppose a first choice of vertex conjugacies gives a loop a as 
in Step I and another choice gives a loop p. These two conjugacies combine 
to give a conjugacy from each vertex of a to the corresponding vertex of p 
and to produce a one step homotopy from a to p in which a typical rectangle 
has the form (3.8). The loop edge across the top of (3.8) is now an edge of a, 
and the one on the bottom is the corresponding edge of p. Replace each edge 
(E, F): M -. N in the homotopy with the edge (E sgn(E) , F sgn(F)): M -. 
N. This preserves the Triangle Identities. We obtain a homotopy from the 
two end results a and p of Step 1 where now each edge in the homotopy is 
eventually positive. At this point choose polynomials rex) and sex) so that 
property (iv) of Step 2 is satisfied for all edges in the homotopy. We then replace 
this first choice of r(x), s(x), and p(x) by new polynomials rex) = p(X)2 , 
sex) = p(X)2 , and p(x) = p(X)4 and obtain a homotopy in RS(Z+) from 
ap(a) to Pp(P) in which a typical rectangle is 
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Mp(M)4 ------------------------------~.~Np(~4 

(p(M)C- I , CMp(M)3) 

--------------------------•• DNp(~4D-I 

Hence sgccm(ap(a)) = sgccm(Pp(P)) , because SGCCA m is well defined on 
11:1 (RS(Z+) , A). ' 

Finally, we show sgccm is independent of any deformation of y by Triangle 
Identities in RS(Z). Consider the triangle 

(3.11 ) 

in the component of RS(Z) containing A. As above we choose a conjugacy 
over A at each vertex to make each of the vertices M, N , and Q eventually 
positive. This triangle then becomes 

Also, replace each edge (R, S) in this triangle with the edge (R sgn(R) , 
S sgn(S)). In effect, we can assume that the triangle (3.11) has eventually pos-
itive vertices and edges. Choose polynomials r(x) , s(x), and p(x) = r(x)s(x) 
so that property (iv) of Step 2 is satisfied for all edges in the homotopy. We then 
replace this first choice of r(x), s(x), and p(x) by new polynomials rex) = 
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p(x), SeX) = p(x)2 , and p(x) = p(X)3 and obtain the following triangle in 
RS(Z+) : 

This implies 
2 2 

sgccm(R3P(Q) ,S3P(M» = sgccm(R1P(N) , SIP(M) ) 
2 + sgccm(R2P(Q) , S2P(N) ). 

We are now done with the construction of sgccA,m and the proof of (1.4). 
The last result in this section discusses the relation between sgcc A and sgcc B 

when A and B are as in (1.4) and lie in the same path component of S(Z) , 
i.e., A and B are shift equivalent over Z. By [W4] we know that A and B 
lie in the same path component of RS(Z). Choose a path 0: from B to A 
in RS(Z). Define an isomorphism 0:* from Aut(SA) to Aut(SB) by letting 
o:*(y) = 0: yo: -I for each y in Aut(SA). From §2 and the above discussion in 
§3, we then see that 

(3.12) sgccA,m = sgccB,m .0:*. 

4. ApPLICATIONS OF sgcc A , m 

(4.1) An example of a SFT where the dimension group representation is not 
surjective. Consider the 4 x 4 aperiodic matrix 

A= (n H). 
o 0 1 0 

Its characteristic polynomial is t4 - t - I . This yields the equation (A - 1 )(A4 + 
A3 + A2) = A and the strong shift equivalence A = RS = SR over Z where 
R = A-I and S = A4 + A3 + A2. The matrix R therefore represents an 
element of Aut(SA). The construction of sgcc2 and the formula (2.14) gives 
sgcc2(R) = 1 by direct computer computation. Using (1.4) we see that R is not 
induced by an element in Aut( a A) , because there are no fixed points or orbits 
of period 2. From (3.12) we see that the dimension group representation is 
also not surjective for any aperiodic matrix that is shift equivalent to A over 
Z. This example is used in [KR3] to give examples of subshifts of finite type 
(reducible, with two aperiodic components) that are shift equivalent but not 
strong shift equivalent over the nonnegative integers. 
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(4.2) An example of an automorphism of the period 6 points of the full Bernoulli 
2-shift that is not induced by an element in Aut(uA). This example was first sug-
gested by U. Fiebig and confirmed using results in [KR2]. We give an alternate 
proof here. Let a be an automorphism of the 2-shift restricted to the period 
6 points that shifts one orbit to the left once and leaves all others fixed. Then 
SGCC6(a) = 1 mod (6) . On the other hand, Aut(SA) = Z and is generated by 
S2' But sgcC6(S2) = 3 mod (6) . By (1.4) the image of Aut(uA) under SGCC6 
is therefore the subgroup of index 2 in Z/6 generated by 3. Hence, a does 
not come from an automorphism of the shift. 

(4.3) An example of a subshift of finite type with a permutation of fixed points 
that is not induced by an element in Aut(uA). Consider the 3 x 3 aperiodic 
matrix 

(1 1 0) 
A= 0 1 1 . 

500 

The shift corresponding to A has exactly two fixed points and no period two or-
bits. If the transposition of the fixed points could be lifted to an automorphism 
a in Aut(uA) then we would have SGCC2(a) = 1. We will show this can-
not happen by verifying that sgcc2 vanishes identically on the order preserving 
elements of Aut(SA) and then applying (1.4). 

The characteristic polynomial of A is X(t) = t3 - 2t2 + t - 5. This has no 
rational roots, and it is therefore irreducible over Q. Let A be the Perron-
Frobenius eigenvalue. A positive right eigenvector for A is v). = (1, A-I, 
(A - 1)2). The correspondence sending u in Z3 to the dot product uv). in-
duces an isomorphism between the dimension group G( A) and the sub ring 
Z[ 1 / A] of the real numbers under which the action of A goes to multiplication 
by A. Moreover, the order-preserving elements of Aut(s A) are identified with 
the group of the positive units in Z[I/A]. See [BLR, 6.4]. Using the usual 
discriminant formula [We, p. 105], we see that i\( 1, A, A2) = -655. This is 
squarefree, so Z[A] is the ring of integers in Q(A). The principal ideal gener-
ated by A is prime because its norm is the rational prime 5. The polynomial 
t3 - 2t2 + t - 5 has one real root and two complex ones. Using the S-unit 
theorem [We, 5-3-10], we deduce that the group of positive units in Z[l/A] is 
free abelian of rank two isomorphic to the direct sum of infinite cyclic group 
generated by A and infinite cyclic group P of positive units in Z[A]. 

We know that SgCC2(A) = 0 because A is the isomorphism induced on the 
dimension group by the shift u A that does not move the fixed points. It remains 
to show sgcc2 vanishes on P. Since sgcc2 takes values in Z /2, it will be 
sufficient to find an element a of P that is not a square (in P) and so that 
sgcc2(a) = O. A direct computer search found the following equation in Z[A]: 

(4.4) 

We claim a = 4 + A + 2A2 has the desired properties. Z[A] is isomorphic to 
the quotient of Z[t] by the ideal generated by X(t). We have X(2) = -3. So 
evaluation at t = 2 yields a homomorphism of Z[A] to Z/3 under which a 
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goes to 2. Since 2 is not a square modulo 3, 0: cannot be a square in P. To 
compute sgcc2 (0:) , observe that (4.4) gives the matrix equation 

(4 + A + 2A2)(A3 - 2A2 - A) = A. 

The action of 0: on the dimension group therefore comes from the strong shift 
equivalence (R, S): A --+ A over Z where R = 4 + A + 2A2 and S = A3 -

2A2 - A. The construction of sgcc2 and the formula (2.14) gives sgcc2(0:) = 
sgcc2(R) = 0 by direct computer computation. 
(4.5) An example where surjectivity of the dimension group representation in a 
certain case would imply that FOG is false. Example (4.1) shows that in general 
the dimension group representation JA: Aut(aA) --+ Aut(SA) is not surjective. 
The finite order generation problem FOG asks whether every element in the ker-
nel of the dimension group representation J A: Aut( a A) --+ Aut(s A) is a product 
of elements of finite order. The example below is given to show the possible 
close relation between FOG and the question of whether J A is surjective. 

Let A be the matrix in (4.1) and let B = A 3 • The characteristic equation 
t4 - t - I = 0 for A gives the matrix equations 

(A - 1)(A3 + A2 + A) = 1 and (A - I)(BA 3 + BA2 + BA) = B. 

Let (R, S): B --+ B where R = A-I and S = BA3 + BA2 + BA. As in the 
previous examples, we see that R induces an automorphism of the dimension 
group GB and that sgccB 2(R) = 1. 

Suppose JB is surjective. Let p be any element of Aut(aB) that induces the 
same automorphism of GB as does R. By (1.4) we would have SGCCB 2(P) = 
1. This implies p must switch two fixed points and leave the other one 
fixed. The elementary conjugacy 0: corresponding to the strong shift equiv-
alence (A2 , A): B --+ B is the cyclic permutation (123) on the fixed points. We 
always get o:po:-I p-I = (132) on fixed points for p =(12), (13), or (23). In 
this case Aut(SB) is abelian [BLR, 6.5], and therefore o:po: -I p-I is inert. But 
the argument of [BLR, 7.3] applies also in this case to show that any element of 
Aut(aB ) that is a product of elements of finite order must induce the identity 
on fixed points. Hence FOG would fail for o:po: -I p-I . 

ACKNOWLEDGMENT 

We would like to thank Mike Boyle and David Handelman for conversations 
about this material. We are also very grateful to the referee for a careful reading 
of the manuscript that improved the final version. 

REFERENCES 

[B] K. Baker, Strong shift equivalence of 2 by 2 matrices of non negative integers, Ergodic 
Theory Dynamical Systems 3 (1983), 501-508. 

[BH] M. Boyle and D. Handelman, Algebraic shift equivalence and primitive matrices, preprint, 
Univ. of Maryland 1990. 

[BK] M. Boyle and W. Krieger, Periodic points and automorphisms of the shift, Trans. Amer. 
Math. Soc. 302 (1987),125-149. 



212 K. H. KIM, F. W. ROUSH, AND J. B. WAGONER 

[BLR] M. Boyle, D. Lind, and D. Rudolph, The automorphism group of a shift offinite type, Trans. 
Amer. Math. Soc. 306 (1988), 71-114. 

[CK] J. Cuntz and W. Krieger, Topological Markov chains and dicyclic dimension groups, J. Reine 
Angew. Math. 320 (1980), 44-51. 

[DGS] M. Denker, C. Grillenberger, and K. Sigmund, Ergodic theory on compact spaces, Lecture 
Notes in Math, vol. 527, Springer-Verlag, Berlin-Heidelberg-New York, 1976. 

[E] E. Effros, Dimensions and C· -algebras, CBMS, No. 46, Amer. Math. Soc., Providence, RI, 
1981. 

[F1] U. Fiebig, Uber gyrationszahlenfolgen und ein darstellungenproblem in der symbolischen 
dynamik, Dissertation, Univ. of Gottingen, 1987. 

[F2] __ , Gyration numbers for involutions o/subshifts offinite type, Math. Forum (to appear). 
[Fr] J. Franks, Homology and dynamical systems, CBMS No. 49, Amer. Math. Soc., Providence, 

RI, 1982. 
[H] D. Handelman, Positive matrices and dimension groups, J. Operator Theory 6 (1981), 55-

74. 
[He] G. Hedlund, Endomorphisms and automorphisms of shift dynamical systems, Math. Systems 

Theory 3 (1969),320-375. 
[K] W. Krieger, On dimension/unctions and topological Markov chains, Invent. Math. 56 (1980), 

239-250. 
[KR1] H. Kim and F. W. Roush, Some results on decidability of shift equivalence, J. Combin. 

Inform. System Sci. 4 (1979),123-146. 
[KR2] __ , On the structure of inert automorphisms of subshifts, preprint, Alabama State Univ. 

at Montgomery 1989. 
[KR3] __ , Williams's conjecture is false for reducible subshifts, J. Amer. Math. Soc. 5 (1992), 

213-215 (this issue). 
[N] M. Nasu, Topological conjugacy for sofie systems and extensions of automorphisms of finite 

subsystems of topological Markovc chaings, Dynamical Systems, Lecture Notes in Math., 
vol. 1342, Springer-Verlag, Berlin-Heidelberg-New York, 1988, pp. 564-607. 

[PT] W. Parry and S. Tuncei, Classification problems in ergodic theory, LMS Lecture Notes, No. 
67, Cambridge Univ. Press, 1982. 

[PW] W. Parry and R. F. Williams, Block coding and a zeta function for finite Markov chains, 
Proc. London Math. Soc. (3) 35 (1977), 483-495. 

[WI] J. Wagoner, Markov partitions and K2 ' Publ. Math. IHES, no. 65, 1987. 
[W2] __ , Triangle Identities and symmetries of a subshift of finite type, Pacific J. Math. 144 

(1990), 181-205. 
[W3] __ , Eventual finite order generation for the kernel of the dimension group representation, 

Trans. Amer. Math. Soc. 317 (1990),331-350. 
[W4] __ , Higher dimensional shift equivalence is the same as strong shift equivalence over the 

integers, Proc. Amer. Math. Soc. 109 (1990), 527-536. 
[We] E. Weiss, Algebraic number theory, McGraw-Hill, New York, 1963. 
[Wi!] R. F. Williams, Classification of one-dimensional attractors, Proc. Sympos. Pure Math. vol. 

14, Amer. Math. Soc., Providence, RI, 1970, pp. 341-361. 
[Wi2] __ , Classification of subshifts offinite type, Ann. of Math. (2) 98 (1973), 120-153; Errata 

ibid. 99 (1974),380-381. 

(K. H. Kim and F. W. Roush) DEPARTMENT OF MATHEMATICS, ALABAMA STATE UNIVERSITY, 
MONTGOMERY, ALABAMA 36195 

(J. B. Wagoner) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CAL-
IFORNIA 94720 


	0050193
	0050194
	0050195
	0050196
	0050197
	0050198
	0050199
	0050200
	0050201
	0050202
	0050203
	0050204
	0050205
	0050206
	0050207
	0050208
	0050209
	0050210
	0050211
	0050212
	0050213
	0050214

