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POINTS ON SOME SHIMURA VARIETIES OVER FINITE FIELDS 

ROBERT E. KOTTWITZ 

The Hasse-Weil zeta functions of varieties over number fields are conjec-
turally products (and quotients) of automorphic L-functions. For a Shimura 
variety S associated to a connected reductive group Gover Q one can hope 
to be more specific about which automorphic L-functions appear in the zeta 
function. In fact Eichler, Shimura, Kuga, Sato, and Ihara, who studied GL2 
and its inner forms, found in those cases that it was enough to use automorphic 
L-functions for the group G itself. In the general case Langlands [L2-L4] has 
given a conjectural description of the zeta function in terms of automorphic 
L-functions for G and its endoscopic groups [LS] (see also [KS] for the con-
tribution of non-tempered representations), and a description of this type has 
been verified in certain cases, beginning with [L3]. 

For GL2 it was possible to use the Eichler-Shimura congruence relation in 
order to make the connection between the zeta function and automorphic L-
functions. In general one needs more information than the Eichler-Shimura 
congruence relation gives, and it seems to be necessary to describe the points on 
S over finite fields in terms of group-theoretical data (for the group G), in a 
way that is adapted to an eventual comparison of the number of points modulo 
p with the Selberg trace formula for G (actually with the stable trace formulas 
for G and its endoscopic groups), as is explained in [L2, L3, KS]. Ihara [11, 
12] gave such a group-theoretical description of points modulo p in the case of 
GL2(Q) and its inner forms, and Deligne [D!] gave a related description of the 
category of ordinary abelian varieties over a finite field. 

Langlands [Ll] conjectured a group-theoretical description in the general 
case, based on a detailed though incomplete study of Shimura varieties of PEL 
type [S]; Milne [Mil] gave a simplified exposition of this work of Langlands 
in a special case, using the description of the category of abelian varieties up 
to isogeny over a finite field due to Honda [H] and Tate [T2, T3]. Zink [Z2] 
gave complete proofs for part of Langlands's conjectures for Shimura varieties 
of PEL type, but by that time it was clear that a new idea was needed to give 
a complete proof for the full conjecture, even for the case of the group of 
symplectic similitudes. In fact the conjecture itself needed some refinement; 
this was one of the objects of some work by Langlands-Rapoport [LR], whose 
main goal, however, was to put the conjecture into a Tannakian framework, in 
which it became conceptually clearer. The final step was taken independently by 
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Reimann-Zink [RZl] and myself, the main result of [RZl] being a stronger form 
of Lemma 13.1 of this paper (except that Reimann-Zink exclude the prime 2). 
At this point Langlands's conjecture had essentially been proved for Shimura 
varieties of PEL type in Cases A and C (see the explanation of Cases A and C 
below); it just remained to write out all the details. For the group of symplectic 
similitudes this was done in [KS] and again in [Mi2], from a slightly different 
point of view. The general case is treated in this paper, which is written in the 
same spirit as [Mil] in that it relies heavily on Honda-Tate theory. Recently 
Reimann-Zink [RZ2] have treated some Shimura varieties for G = D X , with 
D a quat ern ion algebra over a totally real number field F; these are not of PEL 
type but are related to ones that are. 

Now we begin to give a precise formulation of the main result of this paper. 
Let p be a prime number and write Z(p) for the localization of Z at the prime 
ideal generated by p. Let B be a finite-dimensional simple Q-algebra with 
center F, let &B be a Z(p)-order in B, and let * be a positive involution on 
B that preserves &B. Let V be a nondegenerate skew-Hermitian B-module 
(a finitely generated left B-module together with a nondegenerate Q-valued al-
ternating form (.,.) such that (bv, w) = (v, b*w) for all v, w E V and 
all b E B). Let G be the group of automorphisms of the skew-Hermitian 
B-module V. In fact G is a group of similitudes since in this paper an au-
tomorphism or isomorphism of skew-Hermitian B-modules is only required to 
preserve the alternating form up to an invertible element of the ground ring, 
which is Q at the moment. We impose conditions on B '&B' V (see §S for de-
tails) that ensure that the group GQ is unramified. Let K P be a compact open 

p 

subgroup of G(Aj) , and let h : C --; EndB(Vut) be an IR-algebra homomor-
phism such that h(z) = h(z)* and the symmetric bilinear form (v, hU)w) on 
VjR is positive definite, where we have written * for the involution on End B (V) 
obtained from the alternating form on V. 

The homomorphism h determines a decomposition VIC = ~ EB V; , where 
~ (respectively, V2 ) is the subspace of VIC on which h(z) acts by z (respec-
tively, by z). The field of definition of the isomorphism class of the complex 
representation ~ of B is a number field E, whose ring of integers we denote 
by &£. 

We consider the following moduli problem over &£ C'9z Z(P). For a locally 
noetherian scheme S over &£ C'9 z Z(p) the S-valued points on the moduli prob-
lem are the isomorphism classes of quadruples (A, A, i, fl) of the following 
type: A --; S is a projective abelian scheme over S up to prime-to- p isogeny, 
A: A --; A is a polarization of A (a prime-to- p isogeny from A to its dual 
abelian scheme A, which at every geometric point s of S is a polarization 
of As)' i: &B --; End(A) is a *-homomorphism for * on &B and the Rosati 
involution on End(A) obtained from A, and fl is a level structure (see §S) of 
type K P on A. Moreover we require that (A, A, i, fl) satisfy the "determinant 
condition" (see §S), which depends on h and is the reason the moduli problem 
must be formulated over &£ C'9 z Z(p) rather than Z(p). 

Over an algebraic closure of F the F -algebra End B (V) with involution is 
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of one of the three following types: 
(1) Mn x M~PP with (x, y)* = (y, x), 
(2) M 2n with x* equal to the adjoint of x for a nondegenerate alternating 

form in 2n variables, 
(3) M 2n with x* equal to the adjoint of x for a nondegenerate symmetric 

bilinear form in 2n variables. 
We refer to these as Cases A, C, D respectively, since the corresponding isometry 
groups {xlxx* = I} are of types An_I' en ,Dn respectively. 

From now on in this introduction we exclude Case D and assume that K P 

is sufficiently small. Then our moduli problem is representable by a smooth 
quasi-projective scheme SKP over &'£ 0 z Z(p). If EndB(V) is a division alge-
bra, then SKP is projective over &'£ 0 Z Z(p). The group G(Aj) acts on the right 
of the projective system SKP (vary K P ). The variety over E obtained from 
SKP is a disjoint union of I ker l (Q, G)I copies of the canonical model for the 
Shimura variety associated to (G, h -I , K P ) , where h now denotes the restric-
tion of h: C ---+ End B (Vll~) to eX, viewed as a homomorphism h: eX ---+ G IR of 
algebraic groups over lR. 

Let ~ be a finite-dimensional representation of G on a vector space over a 
number field L, and let A be a place of L lying over a prime I different from 
p. Then ~ gives rise to a smooth A-adic sheaf ~P on S KP and the group 
G(Aj) acts naturally on the system of sheaves ~P over the projective system 
of spaces S K P • 

Let g E G( Aj) and put K; := K P n g K P g -I . Then we get a Hecke corre-
spondence f from S KP to itself by taking 

where a is induced by g and b is the covering map for the inclusion of K; 
in K P • The Hecke correspondence extends naturally to ~P • 

Let p be a prime ideal of &'£ lying over p, let k denote the residue field 
at p, and let k be an algebraic closure of k. Suppose that S KP is proper over 
&'£ 0 z Zip) , and abbreviate S KP and ~P to Sand 7. We are interested in 
the commuting representations of Gal(Ep/ Ep) and Jf' on He(SE' 7), where 
Jf' denotes the Hecke algebra of compactly supported L-valued functions on 
G(Aj) , bi-invariant under K P , and He indicates that we consider the Euler 
characteristic. Since S is proper and smooth over &'£ 0 z ZIP) and 7 is a 
smooth A-adic sheaf, the representations Hi (S E ,7) are unramified and equal 
to Hi (Sf( , 7). Therefore it is enough to calculate the trace of ~ 0 f on 
He (Sf( ,7) for all positive integers j, where f is our Hecke correspondence 
and <l>p is the Frobenius morphism from Sk to itself. 

By the Lefschetz formula this trace is a sum over the fixed points x' E S' (k) 
of the trace of the endomorphism induced by the correspondence on the stalk 
of 7 at the point x E S(k) that is the common image of x' under the two 
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maps a and c := ~ 0 b that make up our correspondence ~ 0 f; we have 
written Sf for S KP in order to simplify notation. In fact even when S KP is not 

g 

proper over &£ 02, Z(p) we still want to consider the same sum, although it will 
be only a part of the full story. The main result of the paper is the expression 
(19.5) for this sum, which is denoted by TU, f) in §19, 

I kerl (Q, G)I L c(Yo; y, (5)Oy(fP)TOo(¢,) trc;(yo)' 
(Yo; y ,0) 

The number trc;(yo) gives the trace of our correspondence on the stalk ~ (see 
the end of § 16), so that what we must show is that 

Ikerl(Q, G)I L c(Yo; y, (5)O/fP)TOo(¢,) 
(Yo; y ,0) 

is the number of fixed points of ~ 0 f in Sf (k). 
Let a be the Frobenius automorphism x t---> xP of k, let r = j[k : lFpl and 

write k, for the fixed field of a' on k, so that k, is a field with p' elements. If 
the Hecke operator f is trivial (in other words g = 1 ), then a fixed point of our 
correspondence is simply a k, -valued point of S. The general case is similar: 
if a k-point (A, A, i, tj) of Sf is a fixed point, then there exists a prime-to- p 
isogeny u: a' (A) ---> A, commuting with the action of &B ' carrying a' (tj) into 
17g, and carrying a' (A) into a scalar multiple of A; moreover u is unique 
since K P is sufficiently small. Giving a prime-to-p isogeny u: a' (A) ---> A is 
analogous to giving a k, -structure on A, and, in fact, we call such a pair (A, u) 
a virtual abelian variety over k, up to prime-to-p isogeny. 

In § lOwe develop the theory of virtual abelian varieties A = (A, u) over k, 
up to isogeny. As usual there is a Frobenius endomorphism rcA E End(A) and 
End(A) is the centralizer of rcA in End(A). Let c be a rational number. We 
say that a polarization A of A is a c-polarization of A if rcA rc: = c, where * 
denotes the Rosati involution for A on End(A)IQl; if A is c-polarizable then c 
must be positive and of the form p' Co for a p-adic unit co' All of Honda-Tate 
theory goes through for c-polarizable virtual abelian varieties over k, up to 
isogeny (see §1O), the role of Weil q-numbers being played by c-numbers, by 
which we mean algebraic numbers 0: E Q such that the image of 0: under any 
embedding Q ---> Qp lies in the valuation ring of Qp and the image of 0: under 
any embedding Q ---> <C has absolute value CI/ 2 . 

Our fixed point (A, A, i, tj) gives us a c-polarized virtual abelian variety A 
over k, up to prime-to-p isogeny, together with a level structure and an action 
of &B compatible with the polarization. We can forget the level structure and 
consider isogeny classes rather than prime-to-p isogeny classes; in this way our 
problem divides into two parts: counting the fixed points isogenous to a given 
one and describing the isogeny classes of c-polarized virtual B-abelian varieties 
over k,. 

In both parts a key role is played by the construction (see § 14) of a triple 
(Yo; y, (5) from a c-polarized virtual B-abelian variety (A, A, i) up to isogeny. 
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The element Yo is a semisimple element of G(Q!) , elliptic in G(JR) , well defined 
up to conjugacy in G(Q); the element y is an element of G(Aj) , well defined 
up to conjugacy; and J is an element of G(L,) , well defined up to twisted 
conjugacy, where L, is the fraction field of the Witt ring of k,. The element y 
is easy to define: pick an isomorphism VAj c::: HI (A, Aj) of skew-Hermitian B-

modules and use it to transport 1C ~ lover to an automorphism y of VAp • The 
f 

element J arises from an analogous p-adic construction. The G(Q)-conjugacy 
class of Yo is determined uniquely by the requirement that Yo be conjugate in 
G(Q,) to the l-adic component of y for all primes I different from p. 

Fix a c-polarized virtual B-abelian variety (Ao' AO ' io) over k, up to iso-
geny, and assume that this triple satisfies three assumptions imposed in § 14. 
Then the number of fixed points that are isogenous to (Ao' AO ' io) is equal to 

vol(I(Q!) V(A f) )Oy (~) TOo( rP,). 

Here Oy(fP) denotes the orbital integral of a certain function fP on G(Aj) 
over the conjugacy class of y, and TOo(rP,) denotes the twisted orbital integral 
of a certain function rP, on G(L,) over the twisted conjugacy class of J; the 
group I is a certain inner form of the centralizer 10 of Yo in G. The formula 
above (see § 16 for its derivation) just reflects the fact that giving an object 
(A, A, i, fl) plus an isogeny to (Ao' AO' io) is the same as giving a pair of 
lattices, one in HI (Ao' Aj) and the other in the isocrystal associated to Ao in 
§1O (the lattices must satisfy certain requirements, of course); the functions fP 
and rP, are such that their orbital integrals count such lattices. 

It remains to describe the isogeny classes (A, A, i). For this we again use the 
map (A, A, i) f--+ (yo; y, J). Two triples (A, A, i) , (A' , A' , i') give rise to the 
same (yo; y, J) (the same up to equivalence, that is) if and only if (A, A, i) 
and (A', A' , i') differ by an element of ker I (Q!, I) , where 1 denotes the group 
of automorphisms of (A, A, i) (see § 17). Therefore 1 ker I (Q!, 1)1 (which is 
also equal to 1 ker I (Q!, 10 )1) gives the number of triples (A', A' ,i') for which 
(yo; y, J) is the same as it is for (A, A, i). 

The final point is to determine the image of the map (A, A, i) f--+ (yo; y, J) ; 
this is done in Lemma 18.1. Suppose that (yo; y, J) comes from some 
(A, A, i). It is then immediate that conditions (1) and (3) of Lemma 18.1 
hold; however, it is much harder to see that (2) holds. Condition (2) states that 
a certain invariant a(yo; y, J) attached to (yo; y, J) vanishes. This vanishing 
is proved in §15, which in turn relies on §§12 and 13. Conversely, suppose that 
(yo; y, J) satisfies the three conditions of Lemma 18.1. Then one uses the ana-
log of Honda-Tate theory developed in § 1 0 to see that (yo; y, J) comes from 
some (A, A, i). 

Putting all this together, one finally arrives at the formula (19.5), in which 
c(yo; y, J) denotes the product of vol(I(Q!)V(Aj)) and 

1 ker[ker I (Q!, 10 ) -+ ker I (Q!, G)]I· 

The factor 1 ker I (Q! , G)I in (19.5) disappears when we replace SKP by the 
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canonical model for the Shimura variety associated to (G, h- I ,KP ) since SKP 

is a disjoint union of I ker l (Q, G) I copies of this canonical model. As is ex-
plained in § 19, the formula (19.6) agrees with the formula (3.1) of [K5], except 
for the following mistake in [K5]: the formula (3.1) of [K5] is not valid for 
(G, h, K), as stated in [K5], but rather for (G, h- I , K). 

The main lines of the argument leading to (19.5) are given in §§14-19, and 
the reader may want to start with §§5 and 6, which establish notation, and then 
skip directly to § 14. There are important auxiliary results in §§9-13, especially 
in §§ 10, 12, 13; these will have to be read along with §§ 14-19. The remaining 
sections give various lemmas, most of which are more-or-Iess well known, but 
that may help to make the paper more readable; they should be consulted only 
as needed. 

The paper is self-contained with a few notable exceptions. The reader should 
be familiar with §§2 and 3 of [K5], which it seemed pointless to rewrite, and 
with the results concerning Galois cohomology in [K2-K4] (our notational con-
ventions concerning Galois cohomology and Langlands dual groups are taken 
from these papers). Moreover the reader is expected to be familiar with abelian 
varieties (see [M2] for example), their Dieudonne modules (see §3 of [Mil] for 
a short review of this material), and the comparison isomorphism of Fontaine-
Messing [FM] and Faltings [Fa]. The reader may also find it useful to look at 
part III of [K5], which concerns the case B = Q . 

There remains the pleasant task of thanking R. P. Langlands, who introduced 
me to Shimura varieties by suggesting that I write up his lectures on this topic 
at the 1977 AMS Summer Research Institute in Corvallis, and M. Rapoport, 
who has taught me a great deal about Shimura varieties over the years. 

1. INVOLUTIONS ON SEMISIMPLE ALGEBRAS 

Let B be a finite-dimensional semisimple algebra over a field F of character-
istic zero. An involution * on B is a linear isomorphism from B to itself such 
that (xy)* = y* x* and x** = x. Suppose that F is algebraically closed. Since 
the involution permutes the simple factors of B, the algebra B with involu-
tion is a product of semisimple algebras with involution, with each factor either 
simple or else the product of two simple algebras interchanged by *. Thus, in 
classifying semisimple algebras with involution, we may as well suppose that we 
are in one of these two irreducible cases. In the first case B is a matrix algebra 
over F and the involution differs from the standard transpose involution by 
an inner automorphism x ....... yxy-I . The equality x** = x implies that y is 
either symmetric or alternating, hence that the pair consisting of Band * is 
isomorphic to the algebra of endomorphisms of a finite-dimensional nondegen-
erate quadratic or symplectic vector space over F with involution given by the 
adjoint map for the given bilinear form. In the second case B is isomorphic to 
a product M x M OPP with involution given by (x, y) ....... (y, x) , where M is a 
matrix algebra and M OPP denotes the opposite algebra. 

Let Bsym denote the subspace of B consisting of elements that are fixed 
by the involution and let B;m denote the subset consisting of all elements 
of Bsym that are invertible in B. The group B X of invertible elements in 
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B acts on Bsym ' the action of an invertible element b of B being given by 
x r--> bxb* (for x in Bsym )' This action preserves the subset Bs~m' When 
F is algebraically closed, the action is transitive on this subset, as one sees by 
examining the three irreducible cases from the previous discussion, keeping in 
mind that over an algebraically closed field of characteristic different from 2 
any two nondegenerate symmetric bilinear forms are equivalent. 

Let G denote the algebraic group whose points in any algebra Rover Fare 
given by the set of elements x in B &IF R such that xx* = 1. The discussion 
above shows that when F is algebraically closed, G is a product of orthogonal, 
symplectic, and general linear groups over F . 

2. POSITIVE INVOLUTIONS 

In this section B denotes a finite-dimensional semisimple algebra over lR 
with involution *. Bya B-module we mean finitely generated left B-module. 
A Hermitian form on a B-module V is a symmetric real-valued bilinear form 
(v, w) on V such that (bv, w) = (v, b*w) for all bE B and all v, w E V. 
A Hermitian B-module is a B-module V together with a Hermitian form on 
V. We say that a Hermitian B-module is positive definite if (v, v) > 0 for all 
nonzero v E V . 
Lemma 2.1. Any positive definite Hermitian B-module V can be written as a 
direct sum of positive definite Hermitian B-modules that are irreducible as B-
modules. 

Use induction on the length of V. If the length is 0, there is nothing to 
do. Otherwise choose an irreducible submodule W of V. Then a Hermitian 
B-module V is the direct sum of Wand its orthogonal complement. Now 
apply the induction hypothesis to this orthogonal complement. 
Lemma 2.2. The following are equivalent conditions on the involution *. 

(1) Every B-module carries some positive definite Hermitian form. 
(2) For every faithful B-module V we have tr(xx* ; V) > 0 for all nonzero 

x EB. 
(3) trB/lR.(xx*) > 0 for all nonzero x E B. 
(4) There exists a B-module V such that tr(xx*; V) > 0 for all nonzero 

x EB. 
(5) There exists a faithful positive definite Hermitian B-module. 

First show that (1) implies (2). Let V be a faithful B-module. By (1) 
there exists a positive definite Hermitian form on V. Then tr(xx*; V) is the 
Hilbert-Schmidt norm of the endomorphism of V given by multiplication by 
x. Since V is faithful, this norm is positive if x is nonzero. 

It is obvious that (2) implies (3) and (3) implies (4). Next show that (4) 
implies (5). By (4) there exists a B-module V such that tr(xx*; V) > 0 for all 
nonzero x E B. Define a bilinear form (x, y)o on B by (x, y)o = tr(xy*; V) 
and consider its symmetrization (x, y) := (x, y)o + (y, x)o' Then (x, y) is a 
positive definite Hermitian form on the faithful B-module B. 

Finally show that (5) implies (1). Let V be a faithful positive definite Hermi-
tian B-module. By Lemma 2.1 V is a direct sum of positive definite Hermitian 



380 R. E. KOTTWITZ 

B-modules that are irreducible as B-modules. Since V is faithful, every irre-
ducible B-module is isomorphic to one of these direct summands and hence 
carries some positive definite Hermitian form. This proves (1) because any 
B-module can be written as a direct sum of irreducible B-modules. 

Definition. An involution is said to be positive if it satisfies the equivalent con-
ditions of Lemma 2.2. 

Lemma 2.3. (1) If * is a positive involution of B, then it is also a positive 
involution of B OPP • 

(2) The tensor product (respectively, direct product) of positive involutions on 
semisimple algebras BI and B2 is a positive involution on B I0 R B2 (respectively, 
BI x B2)· 

(3) If * is a positive involution of B leaving stable a semisimple subalgebra 
C of B , then * induces a positive involution of C . 

For (1) simply note that * is an isomorphism of algebras with involution 
from B to BOPP • To prove (2) we choose for i = 1, 2 a faithful positive 
definite Hermitian Bi-module ~. Then the tensor product (respectively, di-
rect sum) of V; and Ti is a faithful positive definite Hermitian module for 
BI ° B2 (respectively, BI x B2 ). To prove (3) choose a faithful positive def-
inite Hermitian B-module. Then V is a faithful positive definite Hermitian 
C-module. 

Lemma 2.4. Let * be a positive involution of B. Then * leaves stable each 
simple factor of B, and as an algebra with involution B is the direct product of 
simple algebras with positive involution. 

Obviously the involution permutes the simple factors of B. It cannot in-
terchange two factors; if it did, then xx* would be zero for any element x 
belonging to one of these factors, which would contradict (3) in Lemma 2.2. 
Therefore the involution preserves the simple factors and is positive on them 
by (3) of Lemma 2.3. 

Definition. We say that an element x E B is symmetric if x* = x. We write 
Bsym for the set of symmetric elements of B. 

Lemma 2.5. Let B be a finite-dimensional division algebra over lR, and suppose 
that * is a positive involution of B. Then Bsym = lR. 

Let x belong to Bsym' Then F := lR[x] is a commutative field stable under 
*, and * acts by the identity on F. Therefore by Lemma 2.3 the identity is 
a positive involution of F. Therefore by Lemma 2.2 trF / R (x 2 ) is positive for 
all nonzero x in F. This would not be the case if F were isomorphic to C; 
therefore F = lR . 

Lemma 2.6. Suppose that * is a positive involution of B . 
(1) Let V be an irreducible B-module. Then the real vector space of Her-

mitian forms on V is one-dimensional. 
(2) Two positive definite Hermitian B-modules are isomorphic as Hermitian 

B-modules if and only if they are isomorphic as B-modules. 
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First we prove (1). Choose a positive definite Hermitian form (X, y)o on 
V. Let (x, y) be any Hermitian form on V. Thinking of Hermitian forms 
on V as B-module maps from V to the dual of V, we see that there exists 
a unique B-module endomorphism f of V such that (v, w) = (v, fw)o for 
all v, w E V . Let / be the involution of EndlR (V) obtained from the bilinear 
form (x, Y)o' so that (fv, w)o = (v, /(f)w)o for all f E EndlR(V) and all 
v, w E V. Then (x, y)o is a positive definite Hermitian form on the faithful 
EndlR(V)-module V. Therefore / is positive. It leaves EndB(V) stable, hence 
induces a positive involution of EndB(V). Since (x, y) is symmetric, f is a 
symmetric element of EndB(V) . By Lemma 2.5 f is a real scalar. 

Next we prove (2). By Lemma 2.1 it is enough to show that any two pos-
itive definite Hermitian forms on an irreducible B-module yield isomorphic 
Hermitian B-modules. By the first part of the lemma the second form is a real 
multiple of the first. Since both forms are positive definite, this multiple must 
be positive, hence is a square in lR. Therefore the second form is isomorphic 
to the first by multiplication by a real number. 
Lemma 2.7. For all b E B there are equalities tr B/lR b = tr BOPP /lR b = tr B/IR b* . 

Since B is semisimple, trB/IR(xy) is a nondegenerate bilinear form on B. 
Right multiplication by b and left multiplication by b are adjoint for this 
form. Therefore tr B /IR b = tr BOPP /lR b. Since * is an isomorphism from BOPP to 
B, we have tr B/IR b* = tr BOPP /IR b . 

Notation. For b E B we write (x, y)b for the bilinear form (x, y)b = 
tr B/lR xby* on B. 

In this way we get an isomorphism from B to the real vector space of all 
bilinear forms (x, y) on B such that (bx, y) = (x, b*y) for all b, x, Y E B. 
Using Lemma 2.7 we see that (x, y)b is symmetric (respectively, alternating) 
if and only if b is symmetric (respectively, anti symmetric, that is, b* = -b ). 
It is easy to see that (x, y) b is nondegenerate if and only if b is an invertible 
element of B. 
Definition. We say that a symmetric element b of B is positive if the form 
(x, y)b is positive definite. We write B+ for the set of positive elements in 
Bsym· 
Lemma 2.8. Suppose that * is a positive involution of B. Then B + is a 
nonempty open convex cone in Bsym. Moreover the group B X acts transitively 
on B+, the action of b E B X on x E B+ being given by x 1--+ bxb*. Finally, 
the set B+ is equal to {bb*lb E B*}. 

The set of positive definite Hermitian forms on B is an open convex cone 
in the vector space of Hermitian forms on B. This implies the corresponding 
statement for B+. The transitivity of the action of B X follows from the second 
part of Lemma 2.6. The last statement follows from this transitivity and the 
fact that 1 E B + (by the third part of Lemma 2.2). 
Lemma 2.9. Suppose that * is a positive involution leaving stable a semisimple 
subalgebra C of B. Then C+ = C n B+. 
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Let c E e+. Then c = dd* for some d E eX. Therefore c E B+. To 
prove the reverse inclusion we start with an element c E e n B +. We want to 
show that c E e+; for this it is enough to check that trCjR xcx* is positive 
for all nonzero x E e. Since c is invertible in B, it is invertible in e; 
therefore, trCjR xcy* is a nondegenerate symmetric bilinear form, and it is 
enough to show that trCjR xcx* is nonnegative for all x E e. Let y = xcx* . 
There exists b E B X such that c = bb* . Therefore y = xb(xb)*. It follows 
that left multiplication by y on B is selfadjoint with nonnegative eigenvalues 
(take the adjoint with respect to the form trBjR(xy*) on B). Moreover left 
multiplication by y preserves the subspace e of B , and hence has nonnegative 
eigenvalues on e. Therefore trCjRY is nonnegative. 

Let (B, *B)' (e, *d be two semisimple finite-dimensional lR-algebras with 
positive involution. We say that an lR-algebra homomorphism i from B to e 
is a *-homomorphism if i(b*) = i(b)* for all bE B. 

Lemma 2.10. Any homomorphism i from B to e is conjugate under eX to a 
*-homomorphism. If two *-homomorphisms it, i2 from B to e are conjugate 
under eX , then they are conjugate by an element c of e satisfying cc* = 1. 

First we prove the first statement. Using i, we make e into a e OR BOPP_ 
module. Since the tensor product of *B and *c is a positive involution of 
e OR BOPP , there exists a positive definite Hermitian form on the e OR BOPP_ 
module e. This form can be written as (x, y)c for some c E e+ ' and since 
(x, y\ is Hermitian for BOPP , we have i(b)c = ci(b*)* for all b E B. Write 
c = dd* for some dE eX . Then Int(d)-t 0 i is a *-homomorphism. 

Next we prove the second statement. Consider the positive definite Her-
mitian e OR eOPP-module (e, trCjR(XY*)). Using it and i2 , we regard e 
as a positive definite Hermitian e OR B OPP -module in two ways. These two 
Hermitian modules are isomorphic as modules since it and i2 are conjugate 
under eX ; therefore by Lemma 2.6 they are isomorphic as Hermitian modules. 
Therefore there exists c E eX that conjugates it into i2 and has the property 
that right multiplication by c preserves the form trCjR xy* , or in other words, 
cc* = 1. 
Lemma 2.11. Let *, 1 be two positive involutions on B. Then there exists b E 
B X such that Int(b) is a *-homomorphism from (B, I) to (B, *). Moreover 
we have Xl = c- t x* c for the element c = b* b. 

Apply Lemma 2.10 to the identity map from B to B in order to get the first 
statement. The second statement follows from the first. 
Remark. The standard involutions on Mn(lR) ,Mn(C), Mn(lHl) are positive. This 
fact, together with Lemmas 2.4 and 2.11, shows that every semisimple algebra 
with positive involution is isomorphic to a product of these standard examples. 

3. SEMISIMPLE CATEGORIES 

Let '?? be an abelian category in which every object has finite length. The 
endomorphism ring of any simple object is a division ring, and the endomor-
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phism ring of any semisimple object is a semisimple ring. Recall that ~ is said 
to be semisimple if all its objects are semisimple. If ~ is semisimple, then for 
every object X of ~ the endomorphism ring End(X) is semisimple. There is 
also a converse. 

Lemma 3.1. Suppose that for every object X of ~ the endomorphism ring 
End(X) is semisimple. Then ~ is semisimple. 

We prove that any object Y of ~ is semisimple by induction on the length of 
Y . If the length is 0 or 1, there is nothing to do; so we assume that the length is 
strictly greater than 1. Let Z be a subobject of Y such that the quotient X := 
Y/Z is simple, and let p be the canonical map from Y to X. By the induction 
hypothesis Z is semisimple. We will assume that Y is not semisimple and get a 
contradiction. Every simple subobject of Y must be contained in Z (otherwise 
we could write Y as the direct sum of Z and the simple subobject). Therefore 
Z can be characterized as the sum of all the simple subobjects of Y . Therefore 
any endomorphism of Y preserves Z. Hence we get a homomorphism from 
End(Y) to End(Z) x End(X) , whose kernel is Hom(X, Z) with multiplication 
given by f g = 0 for all f, g E Hom(X, Z) . On the other hand this kernel is a 
two-sided ideal in the semisimple ring End(Y) , and therefore Hom(X, Z) = O. 

Our next step is to show that Hom(X, Y) = O. Let f E Hom(X, Y). If 
po f i- 0, then since End(X) is a division ring, we could modify f on the 
right so as to get a new f with po f = idx ' Then Y would be the direct 
sum of Z and X , and hence would be semisimple, a contradiction. Therefore 
po f = 0, which just says that f factors through the subobject Z of Y . Since 
we already know that Hom(X, Z) = 0, we conclude that f = 0, as desired. 

Now consider the ring End(X EB Y). Since Hom(X, Y) = 0, the semisimple 
ring End(X EB Y) has as two-sided ideal the group Hom(Y, X) with the zero 
multiplication law, and therefore Hom(Y, X) = O. This is a contradiction, 
since p is a nonzero element of Hom(Y, X). 

Let L be a field of characteristic 0, and let ~ be a semi simple L-linear 
abelian category in which Hom(X, Y) is finite-dimensional over L for every 
pair X, Y of objects in ~ (in particular, every object in ~ has finite length). 
Let B be a finite-dimensional semisimple L-algebra and let ~B be the category 
of B-objects in ~: the objects of ~B are pairs (X, i) consisting of an object X 
in ~ and an L-algebra homomorphism i: B ---+ End(X) , and a morphism from 
(X, i) to (Y, j) is a morphism f: X ---+ Y in ~ such that f 0 i(b) = j(b) 0 f 
for all b E B . Let F be the center of B , a finite product of finite extensions of 
L. The category ~B has a natural structure of F -linear category, and it is clear 
that Hom(X, Y) is finitely generated over F for any pair X, Y of objects in 
~B' 

Lemma 3.2. The category ~B is abelian and semisimple. The functor ~B ---+ ~ 
taking (X, i) to X is faithful and exact. Moreover, if (X, i) is simple in ~B' 
then X is isotypic in ~. 

The category ~ is a direct sum EB XES ~x ' where S is a set of representatives 
for the isomorphism classes of simple objects in ~ and ~x denotes the full 
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subcategory of ~ consisting of isotypic objects of type X. The category of 
B-objects in ~ is the direct sum over XES of the categories of B-objects 
in the categories ~x. Therefore it is enough to prove the lemma in the case 
that ~ has only one simple object X (up to isomorphism), in which case 
~ is equivalent to the category of finitely generated left DOPP -modules, where 
D = End(X) , and ~B is equivalent to the category of finitely generated left 
B 18) L DOPP -modules. The ring B 18) L DOPP is semisimple, which implies that ~B 
is semisimple. The rest of the lemma is obvious. 

It is easy to describe the simple objects in ~B in terms of the simple objects 
in ~. Let Y be a simple object in ~, denote by D the division algebra 
End(Y) and by M its center, and define a positive integer n by the equality 
n2 = dimM D. Let (X, i) be a simple object of ~B such that X is isotypic of 
type Y, say X ~ yS . Denote by C the division algebra End~ (X , i) and by 

B 

E its center, and define a positive integer m by the equality m 2 = dimE C . 
The field M is canonically isomorphic to the center of End%,(X) and hence 
maps into the F -algebra E , yielding an L-algebra map p: F 18) L M ---. E. Write 
F 18) L M = M J X .•. x Mr where M J , ••• ,Mr are fields. Then p induces an 
isomorphism M j == E for a unique value of the index j E {I , ... , r} (for the 
surjectivityof p see the first part of the proof of the lemma below). Thus we 
have associated to (X, i) a factor M j of F 18)L M. 

Lemma 3.3. This construction sets up a bijection between the set of isomorphism 
classes of simple objects (X, i) in ~B such that X is isotypic of type Y and the 
set of factors M j of F 18) L M. The class [C] of C in the Brauer group of E is 
equal to [D 18) ME] - [B 18) FE]. The numbers n, m, s are related by the equality 
sn = d[E : M]m, where d is the positive integer such that d 2 = dimE(B 18) FE) . 

As in the proof of the previous lemma it is enough to consider the case in 
which ~ is the category of finitely generated left modules over the division 
algebra DOPP • Then ~B is equivalent to the category of finitely generated left 
D' := B 18) L DOPP -modules. The center of D' is F 18) L M = M J X ... x Mr ' and 
D' factors in a parallel way as DJ x ... x Dr where Dj is a simple algebra with 
center M j • The first statement of the lemma is now clear. 

Fix one of the factors Mj' call it E; the corresponding factor Dj of D' 
is isomorphic to (B 18)F E) 18)E (DoPP 18)M E) ~ Mt(COPP ) with t = dn/m (M t 
denotes txt-matrices). This proves the statement regarding the class of C in 
the Brauer group of E. The statement regarding the numbers n, m ,s follows 
by calculating the rank of Dj as a left DOPP -module. On the one hand its 
rank is s· rankD (D) = st = sdn/m. On the other hand, using the fact that 

} } 

D j = (B 18) FE) 18) E (DoPP 18) ME) , we see that its rank is d 2 [E : M]. Equating 
these two expressions for the rank gives sn = d[E : M]m. 

The following special case of Lemma 3.3 will be used later. Let L be a 
local field and let B be a central simple algebra of dimension d 2 over L. Let 
~ be the category of pairs (V, y) ,where V is a finite-dimensional L-vector 
space and y is a semisimple automorphism of V. A B-object in C is a finite-
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dimensional B-module V together with a semisimple automorphism y of the 
B-module V. For a E LX the pair (L[a] , multiplication by a) is a simple 
object Ya in rt?, and this construction sets up a bijection between elements of 
L x up to conjugacy over L and isomorphism classes of simple objects in rt? 
Clearly End(Y,,) = L[a] and the L-dimension of the vector space underlying 
Ya is [L[a]: L]. For a E LX let Xa be a simple object in rt?B such that the 
object of rt? underlying Xa is isotypic of type Ya . 

Corollary 3.4. The construction a t-+ Xa sets up a bijection between elements of 
L x up to conjugacy over L and isomorphism classes of simple objects in rt?B' 
The endomorphism algebra End(Xa) is a central division algebra Cover L[a] 
whose Hasse invariant is given by inv( C) = -[L[a] : L] inv(B). Moreover the 
dimension of the L-vector space underlying Xa is d[L[a] : L](dimL[a) C)I/2 . 

The corollary is an immediate consequence of the lemma. Using the corol-
lary, we will analyze the objects in rt?B having a given L-dimension. Let V be 
an object in rt?B; in other words, a B-module together with an automorphism 
y. The characteristic polynomial of y (as L-linear map) is a monic polynomial 
in L[ T] whose degree is equal to dim L (V). The characteristic polynomial de-
termines the isomorphism class of V (since it determines the multiplicities of 
the simple constituents of V). Let f E L[T] be monic of degree m and for 
a E LX denote by m(a) the multiplicity of a as a root of f. 

Lemma 3.5. The polynomial f arises as the characteristic polynomial of an 
m-dimensional object in rt?B if and only if the following statement holds for all 
a E LX,' the number m(a) is divisible by d and the quotient m(a)/d kills the 
class of End(Xa) in the Brauer group of L[a]. 

Clearly f arises as a characteristic polynomial if and only if the following 
statement holds for all a E LX: the number m(a) is divisible by the multi-
plicity of a in the characteristic polynomial for the simple object Xa' By the 
corollary the latter multiplicity is d(dimL[a) C)I/2 where C = End(X,,). The 
lemma now follows from the fact that (dimL[a) C)I/2 is the order of C in the 
Brauer group of L[ a] . 

4. HERMITIAN SYMMETRIC SPACES OF PEL TYPE 

Let C be a semisimple finite-dimensional lR-algebra with involution *. Let 
h: e -+ C be an lR-algebra homomorphism such that h(z)* = h(z) for all 
z E e. Then h(i) is anti symmetric for *, and therefore I(X):= h(i)-Ix*h(i) 
(x E C) is an involution of C. Assume that I is a positive involution. Let 
G be the algebraic group over lR whose points in an lR-algebra R are given 
by G(R) = {x E C @1R Rlxx' E RX} , and let G1 be the closed subgroup such 
that G1(R) = {x E C @1R Rlxx* = I}. We abuse notation by also using h 
to denote the restriction of h to eX, regarded as a homomorphism of real 
algebraic groups eX -+ G. 



386 R. E. KOTTWITZ 

Lemma 4.1. The pair (G, h) satisfies the following three conditions. 
(1) The image under h of lR x is central in G. 
(2) Define f1.h: Gm -+ Ge by restricting he : (Re/JRGm)e -+ Ge to the factor 

of (Rrc;JRGm)e = Gm x Gm indexed by the identity map from C to C (the two 
factors of Gm are indexed by the two lR-algebra maps from C to C). Then 
Gm, acting on the Lie algebra Lie(Gd by means of f1.h and the adjoint action 
of Ge on Lie( Ge), has weights 1, 0, -1. 

(3) The lR-form of G, obtained by twisting G, by the inner automorphism 
Int(h(i)) is the compact form of G,. 

Statement (1) is obvious. We prove (2) by choosing a faithful finitely gener-
ated left C -module V. Note that h: C -+ C makes V into a complex vector 
space. Therefore (2) follows from the following easily verified fact: Let V be 
a finite-dimensional complex vector space, let h: C x -+ G LJR (V) be the restric-
tion of C -+ EndJR (V) to C x , and let f1.h: G m -+ G Ld Ve ) be obtained from 
h as before. Then Gm , acting on the Lie algebra of GLdVe) by means of f1.h 
and the adjoint action, has weights 1,0,-1. 

To prove (3) we must show that the group 

{x E C 0 JR qxx* = 1 and h(i)-'xh(i) = x} 
is compact. This group is a closed subgroup of the group {x E C 0 JR qxx' = I}, 
where x 1-+ x' is the tensor product of 1 on C and complex conjugation on 
C; the involution x 1-+ x' is positive (Lemma 2.3), and therefore the group 
{x E C 0 JR qxx' = I} is compact, since by choosing a faithful positive definite 
Hermitian C 0 JR C-module, we can embed this group as a closed subgroup of 
the orthogonal group of a positive definite symmetric bilinear form. 

Lemma 4.1 says that (G, h) satisfies the conditions (1.5.1), (1.5.2), (1.5.3) 
of [D3]. Therefore (see [D2, D3]) the set Xoo of conjugates of h under G(lR) 
is a finite union of copies of the symmetric space for the identity component of 
G(lR) , and this symmetric space is of Hermitian type. 

It is easy to classify the isomorphism classes of triples (C, *, h) satisfying 
the conditions above. First note that * can be reconstructed from 1 and h, 
and that * and 1 agree on h(C). Therefore it is equivalent to classify triples 
( C , 1 , h) ,where 1 is a positive involution on C and h is an lR-algebra homo-
morphism C -+ C such that h(z)l = h(z) for all z E C. By Lemma 2.4 the 
algebra with positive involution (C, I) is a product of simple lR-algebras with 
positive involution. Therefore we may as well assume that C is simple. By the 
remark at the end of §2 (C, I) is isomorphic to one of Mn(lR) , Mn(C) , Mn(lHl) 
with the standard involution. 

By Lemma 2.10, classifying *-homomorphisms C -> C up to inner automor-
phisms of (C, I) is the same as classifying lR-algebra homomorphisms C -> C 
up to conjugacy by C X • With D = lR, C, lHl as the case may be, this is the 
same as classifying isomorphism classes of C 0 JR D-modules that are of rank n 
as D-modules. 

If D = lR then C0JR D = C, and no h exists unless n is even, in which case it 
is unique up to inner automorphisms of (C , I) . If D = C, then C0JR D = C xC, 
and up to inner automorphisms of (C , I) , there is a *-homomorphism C -> C 
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for each pair (p, q) of nonnegative integers such that p + q = n. If D = JH[, 
then CQ9RD is isomorphic to M 2 (C) , and up to inner automorphisms of (C, I), 
there exists a unique *-homomorphism h: C -+ C . If D = lR or D = JH[, then 
every automorphism of C is inner and our classification is complete. If D = C , 
then, up to inner automorphisms, x I-t X is the unique outer automorphism 
of Mn (C), and since this outer automorphism commutes with the standard 
involution x I-t Xl , it gives an automorphism of (C, I) ; its effect on h is to 
replace (p, q) by (q, p). 

In PEL moduli problems, triples (C, *, h) arise in the following way. Let B 
be a semisimple finite-dimensional lR-algebra with positive involution *. Let V 
be a finitely generated left B-module, and let (v, w) be a nondegenerate skew-
Hermitian form on V (in other words, a nondegenerate real-valued alternating 
bilinear form on V such that (bv, w) = (v, b*w) for all v, w E V and 
all b E B). Let h: C -+ EndB(V) be an lR-algebra homomorphism such that 
(h(z)v, w) = (v, h(z)w) for all v, w E V and all z E C. Assume that 
the symmetric bilinear form (v, h(i)w) on V is positive definite. Now let 
C = EndB(V). The adjoint map for (v, w) gives an involution * on C, 
characterized by (cv, w) = (v, c*w) for all v, w E V and all c E C. Clearly 
h is an lR"algebra homomorphism from C to C satisfying h(z) = h(z)* (in 
other words, a *-homomorphism for * on C and complex conjugation on C). 
The involution I of C defined by I(X) := h(i)-IX*h(i) is positive since the 
I-Hermitian form (v, h (i)w) is positive definite on the faithful C -module V. 
Thus (B, *, V, (., .), h) gives rise to (C, *, h) and hence to G, G1 ' and Xoo 
as before. 

Any (C, *, h) comes from some (B, *, V, (., .), h). If fact we can take 
B = COPP with involution I (the usual I obtained from * and h); for V 
we can take C viewed as a left COPP -module using right multiplications, with 
skew-Hermitian form given by (x, y) = tre /R xh(i)y* ; we can take h : C -+ C 
to be the given one. Note, however, that there are other choices for (B, *, V, 
(., .), h) giving rise to the same (C, *, h). 

Lemma 4.2. Let (B, *, V, (., .), h) be as before and assume that (., .)' and 
h' satisfy the same conditions as (.,.) and h. Assume further that the two 
B Q9 R C-module structures on V obtained from hand h' are isomorphic. Then 
(V, (., .), h) and (V, (., .)' ,h') are isomorphic as skew-Hermitian B Q9R C-
modules. Moreover the set X 00 for (B, *, V, (., .), h) is equal to the set of 
*-homomorphisms h' from C to C = EndB(V) satisfying the following two 
conditions. 

(1) The form (v, h' (i)w) is positive or negative definite. 
(2) The two B Q9R C-module structures on V obtained from hand h' are 

isomorphic. 

First we prove the first statement. The positive definite form (v, h (i)w) is 
B Q9R C-Hermitian for the positive involution on B Q9]R C obtained by taking 
the tensor product of * on B and complex conjugation on C, where we have 
used h to regard V as B Q9R C-module. We have the analogous assertion for 
(., .)' and h' as well. By Lemma 2.6 the two Hermitian B Q9R C-modules we 
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get from (', .) , hand (', .)' , h' are isomorphic. Concretely this says that there 
exists CEex such that h' = Int(c)oh and (v,h(i)w) = (CV,hl(i)CW)' for all 
v, w E V. It follows that (v, w) = (cv, CW)' for all v, w E V, which means 
that c is an isomorphism from the skew-Hermitian B-module (V, (', .), h) 
to (V,(·,.)/,h /). 

As for the second statement, it is easy to see that any h' E X 00 satisfies (1) 
and (2). Conversely, if h' satisfies (1) and (2), it follows from the first statement 
of the lemma that there exists a nonzero real number r and an isomorphism 
g of skew-Hermitian B Q9]R <r:>modules from (V, (', .), h) to (V, r(·, .) , h') . 
Concretely, g is an element of G(lR) conjugating h into h' , which shows that 
h' E Xoo. 

Lemma 4.3. Suppose that B, *, V, (', .), h are as before and that h': C ~ e 
is another *-homomorphism such that (v, h(i)w) is positive definite. Then h' 
and h are conjugate under G, (lR). 

We begin by checking that it is enough to prove that h, h' are conjugate 
under eX , or, equivalently, that the B Q9]R C-module structures on V obtained 
from h, h' are isomorphic. Indeed, by the proof of the first statement of the 
previous lemma it would then follow that there exists c E eX conjugating h 
into h' and such that (v, w) = (cv, cw) for all v, w E V, which means that 
cEG,(lR). 

It remains to show that h, h' are conjugate under eX. By decomposing 
(B, *) as a product of simple lR-algebras with positive involution, we may 
without loss of generality assume that B is simple. Then e is also simple and 
has the same center as B. If this center is lR, then h and h' are conjugate 
under eX by the Skolem-Noether theorem, and we are done. 

It remains to treat the case that the center of B is C. What we must show is 
that the B Q9]R C-module structures on V obtained from h, h' are isomorphic. 
These two modules are isomorphic if and only if they are isomorphic as modules 
over the center of B Q9]R C , namely, C Q9]R C. Therefore it is enough to treat the 
case B = C (* is then automatically complex conjugation). 

At this point our situation is as follows. We are given a complex vector space 
V together with a nondegenerate real-valued alternating form (v, w) on V 
such that (zv, w) = (v, zw) for all v, w E V and all z E C. We want to show 
that there is a unique GLd V)-conjugacy class of lR-algebra homomorphisms 
h : C ~ EnddV) such that (h(z)v, w) = (v, h(z)w) for all v, w E V and all 
z E C and such that (v, h(i)w) is positive definite. Any such h decomposes 
V as V; EB r-; where V; (respectively, r-;) is the subspace consisting of vectors 
v such that h(z)v = zv for all z E C (respectively, h(z)v = zv for all 
z E C). Put P = dim(V;) and q = dim(r-;). Then two homomorphisms 
h, h' are conjugate by GLc(V) if and only if p, q have the same values for 
h' as they have for h. Thus we need to show that the pair (p, q) is uniquely 
determined by the two conditions imposed on h. The alternating form (.,.) 
is the imaginary part of a complex-valued Hermitian form (', .)' on V; 

(v, W)' = (v, iw) + i(v, w). 
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It is enough to show that (p, q) is the signature of (', .)'. The subspaces V; 
and V; are orthogonal to each other for the alternating form (', .) and hence 
for the Hermitian form (', .)'. Since (v, h(i)w) is positive definite and h(i) 
acts by i (respectively, - i) on V; (respectively, V;), the restriction of (', .)' 
to V; (respectively, V;) is positive definite (respectively, negative definite), and 
it follows that the signature of (', .)' is indeed (p, q) . 

5. MODULI SPACES OF PEL TYPE 

We are interested in PEL moduli problems having good reduction at all places 
of the reflex field lying over a given rational prime p. We write Z(p) for the 
localization of Z at the prime ideal generated by p. Our starting point is the 
following long list of data. Let B be a finite-dimensional simple ij-algebra with 
center F , and assume that BQ is a product of matrix algebras over unramified 

p 

extensions of ijp (in particular, the number field F must be unramified at p). 
Let &B be a Z(pforder in B whose p-adic completion is a maximal order in 
BQ . Let * be a positive involution on B over ij (recall that this means that 

p 

* induces a positive involution on BR ) that preserves the order &B' Denote 
by Fo the fixed field of * on F. Let V be a nonzero finitely generated left 
B-module. Let (', .) be a non degenerate ij-valued alternating form on V such 
that (bv, w) = (v, b*w) for all v, w E V and all b E B. Assume that there 
exists a lattice Ao in VQ that is self-dual for (', .) and is preserved by &B . Let 

p 

C be the ij-algebra EndB(V); it is a simple ij-algebra with center F and has 
an involution * coming from the form (', .) . Let G be the algebraic group over 
ij whose points in any ij-algebra R are given by {x E C Q9 Q Rlxx* E R X }, and 
let GI be the subgroup whose R-points are given by {x E CQ9QRlxx* = I}. We 
need two more data in order to formulate our PEL moduli problem. The first 
is a compact open subgroup K P of G(A~) , where A~ denotes the ring of finite 
adeles of ij with trivial p-adic component. The second is a *-homomorphism 
h : C -+ CR (a *-homomorphism for complex conjugation on C and * on CR ) 

such that the symmetric real-valued bilinear form (v, h(i)w) on VR is positive 
definite. 

This concludes the list of necessary data, but we need to introduce some more 
objects before stating the moduli problem. Decompose the BIC-module VIC as 
VIC = V; EB V;, where V; (respectively, V;) is the subspace of VIC on which 
h(z) acts by z (respectively, by z). Since h centralizes B, the subspaces V; 
and V; are BIC-submodules of VIC' Let E c C be the field of definition of the 
isomorphism class of the complex representation V; of B; the number field E 
is called the reflex field. Choose a basis ai' ... ,at for the free Z(pfmodule 
&B' and let XI' ... , X t be indeterminates. Then 

f(X I , ••. , Xl) := det(Xla l + ... + Xta t ; V;) 
is a homogeneous polynomial of degree dimd V;) in Xl' ... ,Xl with coef-
ficients in C; since the isomorphism class of V; is defined over E, these 
coefficients lie in E. In fact they lie in &£ Q9z Z(P) , where &£ denotes the ring 
of integers in E. For this it is enough to check that they lie in &£' Q9z Z(P) 
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for some finite extension field E' of E over which f"t can be defined. But 
then, in a suitable basis, the matrix entries of G:, ' ... ,G:t (acting on f"t) are in 
&£' ®z Zip) , and it follows that f(X" ... , Xt) has coefficients in &£' ®z Z(p) • 

We can finally formulate the moduli problem. We consider the set-valued 
contravariant functor from the category of locally noetherian schemes S over 
&£ 0 z Zip) that associates to S the set of isomorphism classes of quadruples 
(A, A, i, ""if) of the following type: A -+ S is a projective abelian scheme over 
S up to prime-to- p isogeny, A: A ---. A is a polarization of A (a prime-to- p 

isogeny from A to its dual abelian scheme A, which at every geometric point 
s of S is a polarization of As)' i: &B ---. End(A) is a *-homomorphism for * 
on &B and the Rosati involution on the Z(p)-algebra End(A) obtained from the 
polarization A, and f/ is a level structure of type KP on A (see the explanation 
below). 

We require that the quadruple (A, A, i, f/) satisfy the "determinant condi-
tion." The Lie algebra Lie(A) is a locally free &s-module on which &B acts. 
Let G:" ... , G: t ; X, ' ... ,Xt be as before. Then the determinant of the &s-
linear endomorphism X,G:, + ... + XtG: t of Lie(A) is a homogeneous polyno-
mial g(X" ... ,Xt) of degree dims(A) with coefficients in the global sections 
of &s. Since S is a scheme over &£ 0 z Z(p) , it makes sense to require that 
g(X, ' ... ,Xt) be equal to the polynomial f(X" ... ,Xt) constructed earlier; 
this equality g = f is what we mean by the determinant condition. The signifi-
cance of the determinant condition is explained by the following remark. Let E 
be a finite-dimensional semisimple algebra over a field k, and let G:, ' ... , G: t be 
a k-basis for E . For any finite-dimensional E-module V define a polynomial 
detv E k[X, ' ... , Xt] by 

detv = det(X,G:, + ... + XtG:t ; V 0 k k[X, ' ... , Xt)). 
Then V is isomorphic to W if and only if detv = detw . This explains 
why we use the determinant rather than the trace, since the analogous assertion 
regarding the trace is false when the characteristic of k is finite. The proof is 
easy: replacing E by its center and k by its algebraic closure, it is enough to 
prove the statement for E = k x ... x k, in which case it is obvious. 

Two quadruples (A, A, i, f/) and (A', A' , i' , fl') are said to be isomorphic 
if there is a prime-to-p isogeny from A to A' , commuting with the action of 
&B ' carrying fl into fl', and carrying A into a scalar multiple of A' (a scalar 
in Z~)). 

Here is what is meant by a level structure of type K P on A. It is enough 
to consider the case in which S is connected. The Tate A~-module of A is a 
smooth A~-sheaf on S. Choosing a geometric point s of S , we can think of 
the Tate A~-module of A as the Tate A~-module H, (As' A~) of the abelian 
variety As' viewed as 1t, (S, s)-module. A level structure of type K P on A 
is a KP -orbit f/ of isomorphisms 11 : VAj ---. H, (As' A~) of skew-Hermitian 
B-modules such that fl is fixed by 1t, (S, s). Here we are using the B-action 
(respectively, alternating form) on H, (As' A~) obtained from i (respectively, 
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A); since the alternating form actually takes values in the Tate twist A.~( I) 
of A.~, when it is viewed as an alternating form with values in A.~ it is only 
well defined up to a scalar, and thus by an isomorphism of skew-Hermitian 
B-modules we mean a B-module isomorphism carrying one alternating form 
into a scalar multiple of the other. Thus the similitude group G(A.~) acts on the 
right of the set of isomorphisms t], simply transitively if this set is nonempty; 
this explains what was meant by a K P -orbit of isomorphisms t]. The group 
7r1 (S, s) acts by similitudes on the skew-Hermitian B-module HI (As' A.~) and 
hence acts on the left of the set of K P -orbits f1; this explains the meaning of the 
condition that f1 be fixed by 7r1 (S, s) . Because of this condition the notion of 
level structure of type K P is essentially independent of the choice of geometric 
point s of S. 

For sufficiently small K P this moduli problem is representable by a quasi-
projective scheme S KP over &'E 0;£ Z(p) . For B = Q this was proved by Mum-
ford [MI] using geometric invariant theory. By forgetting the homomorphism 
i: &'B -+ End(A) we get a morphism from our moduli problem to one consid-
ered by Mumford, and therefore it is enough to show that our moduli problem 
is relatively representable over his. This is not hard, the key point being the 
following consequence of Grothendieck's theory of Hilbert schemes: For any 
projective abelian scheme A over a locally noetherian scheme S the functor 
T f-+ End(A T ) on the category of locally noetherian S-schemes T is repre-
sentable by a disjoint union of projective schemes over S. 

Before discussing the smoothness of S KP we need to observe that our moduli 
problems fall into three families (Cases A, C, and D). The involution * is 
positive on the center F of the simple Q-algebra B. Therefore the fixed field 
Fo of * on F is totally real, and either F = Fo ' in which case * is said to be 
of the first kind, or else F is a totally complex quadratic extension of Fo' in 
which case * is said to be of the second kind. The group GI is obtained from 
an algebraic group Go over Fo by restriction of scalars from Fo to Q, and we 
have Go(Fo) = GI (Q) = {x E Clxx* = 1}. 

Let m be the positive integer defined by [F : Fo](dimF C)1/2 . The existence 
of h: C ---+ CR forces m to be even, say m = 2n. If * is of the second kind, 
then Go is an inner form of the quasi-split unitary group over Fo obtained from 
the quadratic extension F; we refer to this as Case A since over an algebraic 
closure of Fo the group Go is of type An_I' If * is of the first kind, then over 
an algebraic closure of Fo' the group Go is either an orthogonal group in 2n 
variables (a group of type Dn) or a symplectic group in 2n variables (a group 
of type Cn ); of course we refer to these as Cases D and C respectively. Using 
that * is a positive involution and that our form (', .) is skew-Hermitian, one 
sees easily that in Case C the algebra CR is a product of [Fo : Q] copies of 
M 2n (lR), and that in Case D it is a product of [Po : Q] copies of Mn(IHI); of 
course in Case A it is a product of [Po: Q] copies of Mn(C)' 

Now assume that p -::f. 2 if we are in Case D. Then for sufficiently small 
K P the scheme S KP is smooth over &'E 0;£ Z(p)' This can be proved using 
the deformation theory of Grothendieck-Messing [Me], as is done in [LR, ZI] 
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for Cases A and C. Case D is similar and will be left to the reader, who may, 
however, prefer to skip this exercise, since we will in fact exclude Case D starting 
with §14. 

Continue to assume that p =I 2 if we are in Case D. Since SKP is smooth over 
&E01.:L(p) ' and since SKP(C) has only finitely many connected components (this 
follows easily from the description of SKP(C) given in §8), it follows that SKP is 
a/mite disjoint union of projective schemes over Mumford's space; in particular 
S KP is of finite type over &E 0 z 7l(p) . Suppose that C = End B (V) is a division 
algebra. In this case we will show that SKP is projective over &E 0 z 7l(p) , using 
the valuative criterion of properness. Let R be a discrete valuation ring over 
&E 0 z 7l(p) with fraction field K and residue field k, and let (A, A, i, fl) be 
a K-valued point of SKP' Consider the Neron model of A over R, which 
we still denote by A. We are free to replace K by a finite extension, so we 
may assume by Grothendieck's semistable reduction theorem that the identity 
component of the special fiber of A is an extension of an abelian variety by a 
torus T. The Q-vector space X*(T)IQ is a B-module whose Q-dimension is no 
bigger than half the Q-dimension of V (since 2dim(A) = dim(V)). Since the 
hypothesis that EndB ( V) be a division algebra is equivalent to the hypothesis 
that V be a simple B-module, it follows that T is trivial and hence that the 
Neron model A is an abelian scheme over R (see Lemma 3 in §1 of [SeT]). 
It is immediate that A and i extend to the Neron model, since End(A) and 
Hom(A, 1) are the same for R as they are for K; clearly the extended A 
is compatible with the extended i. In fact A is a polarization of the Neron 
model. Indeed, we may suppose that A comes from a line bundle £> on the 
Neron model of A, and that this line bundle is very ample on the general fiber. 
By Grothendieck's semicontinuity theorem the group of global sections of the 
pullback ,9 of £> to the geometric special fiber Ak does not vanish, and 
therefore the index of ,9 (in the sense of § 16 of [M2]) is O. But the results 
of § 16 of [ M2] imply that any nondegenerate line bundle of index 0 is ample 
(use the usual cohomological criterion for ampleness), which shows that A is a 
polarization. The old tj still serves as a level structure on (A, A, i) over R. 
Finally, it is obvious that (A, A, i) satisfies the determinant condition over R 
(two polynomials over R are equal if and only if they are equal as polynomials 
over K). Thus we have shown that (A, A, i, fl) extends to an R-valued point 
of S KP , which concludes the proof of properness. 

6. HECKE CORRESPONDENCES AND A-ADIC SHEAVES 

We retain the notation of §S. We only consider compact open subgroups 
K P of G(A~) that are small enough so that the objects in the moduli problem 
have no nontrivial automorphisms. For any compact open subgroup Kf of K P 

there is an etale covering S KP ---+ S KP , sending (A, A, i, (fl) I) to (A, A, i, fl) , 
1 

where (tj) I denotes the Kf -orbit of r" and this covering map is Galois with 
Galois group K P / Kf if Kf is normal in K P • For g E G(A~) there is an 
isomorphism SKP ---+Sg-IKPg sending (A,A, i, tj) to (A,A, i, r,g). 

Let I be a prime different from p. Then any continuous l-adic repre-
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sentation of G(Aj) gives rise to smooth l-adic sheaves ~P on SKP (use 
the restriction of the l-adic representation to K P and the tower over SKP 

with Galois group K P to construct ~p), and the pullback of ~P under 
SKf ~ SKP is canonically isomorphic to ~f and the pullback of ~-IKPg 
under S KP ~ S g -I K P g is canonically isomorphic to ~P ; of course this isomor-

phism depends on the element g and not just the subgroup g -I K P g . 
We apply the construction above to the following l-adic representations. Let 

~ be a finite-dimensional representation of G on a vector space over a number 
field L, and let A be a place of L lying over I. Then ~ gives a A-adic 
representation of G(~l) and hence of G(Aj) (use the projection map from 
G(Aj) to G(~l)). We denote by Y the corresponding system of smooth A-
adic sheaves on the spaces S KP . 

Let K P be a sufficiently small compact open subgroup of G(Aj) and let 
g E G(Aj). Put K; = K P n gKP g -I. Then we get a Hecke correspondence 
from S KP to itself by taking 

where the map a is the composition of the covering map SKP +- Sg-I(K;)g for 

the inclusion g-I(K;)g C K P and the canonical isomorphism Sg-I(K;)g +- SK; 

induced by g and the map b is the covering map for the inclusion K; c K P • 

This Heeke correspondence extends naturally to the sheaf ~P. For this we 
need a canonical map from b * ~P to a * ~P ; since both pullbacks are canon-
ically isomorphic to ~P , we simply take the canonical isomorphism between 

g 

the two pullbacks as our map. 

7. STRUCTURE OF THE GROUPS G AND G1 

We retain the notation of §5. In this section we discuss the structure of the 
groups G and G1 ; of course their structure depends on whether we are in Case 
A, C, or D (see §5 for this case division). In Cases A and C the group G is 
connected and reductive, while in Case D it is reductive with 2[Fo : IQiJ connected 
components. Moreover in Cases A and C the derived group of G is simply 
connected. 

Later we will need information about the Hasse principle for HI (~, G). We 
write ker l (~, G) for the locally trivial elements in HI (~, G). In Case D the 
Hasse principle fails. In Cases A and C, we write D for the torus obtained 
as the quotient of G by its derived group and use the fact that ker l (~, G) = 
ker l (~, D) (see Lemma 4.3.1 of [K2]). In Case C the torus D is isomorphic to 
G m ' and therefore G satisfies the Hasse principle. In Case A the group G I is 
the restriction of scalars from Fo to ~ of an inner form of a quasi-split unitary 
group over Fo determined by the quadratic extension F / Fo ; we write n for the 
dimension of the Hermitian vector space giving rise to this unitary group. Then 
the torus D is the subtorus of F X x ~x defined by the condition NF/FoX = tn 
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(x E F X , t E (( ). If n is even, say n = 2k , then the torus D is isomorphic 
to DI x (( , where DI is the kernel of the norm homomorphism from F X to 
Fox, the isomorphism being given by (x, t) t--t (xt- k , t) for (x, t) ED. Since 
the tori DI and (( both satisfy the Hasse principle, the group G satisfies the 
Hasse principle in Case A if n is even. If n is odd, say n = 2k + I , then D 
is isomorphic to the subtorus of F x consisting of elements whose norm down 
to Fo belongs to Q( , the isomorphism being given by (x, t) t--t xt-k . This 
torus need not satisfy the Hasse principle, and therefore G need not satisfy the 
Hasse principle in Case A if n is odd. 

We now concentrate on Case A with n odd and show that the failure of the 
Hasse principle is of a harmless nature, in that it comes from the failure of the 
Hasse principle for the center Z of G. In fact we will show that the canonical 
map ker l (Q, Z) -> kerl (Q, G) is a bijection. We write Zo for the center of 
the derived group of G. Then we have a commutative diagram with exact rows 

I ----> Zo ----> Z ----> D ----> I 

II r r 
I ----> Zo ----> DI ~ DI ----> I 

the bottom row being the analog for GI of the top row, the n over the arrow 
from DI to DI signifying that this map is given by x t--t xn . 

Let v be any place of Q. Then HI (Qv ' D I ) = (Fo): / NF /Fo (FvX) , which 
is killed by 2, and since n is odd, it follows that DI ~ DI induces an iso-

morphism HI (Qv' D I ) ~ HI (Qv' D I ). Therefore the map HI (Qv ' Zo) ---> 

HI(Qv' D I ) is trivial, which implies that the map HI(Qv' Zo) ---> HI(Qv' Z) 

is trivial, which implies that HI (Qv ' Z) ---> HI (Qv ,D) is injective. Moreover, 

since DI satisfies the Hasse principle, the map HI (Q, Zo) ---> HI (Q, D I ) is 

also trivial, which implies that the map HI (Q, Z) ---> HI (Q, D) is injective. 

This shows that kerl (Q, Z) ---> ker l (Q, D) is injective. 

It remains to show that kerl (Q, Z) ---> kerl (Q, D) is surjective. Let d E 

kerl(Q, D). The group ker2(Q, Zo) is trivial, since it is dual [TI] to 
ker\Q, X*(Zo)) ' which by Shapiro's lemma is isomorphic to a group of the 
form kerl (Fo' X) , where X is a Gal(Q/ Fo)-module on which Gal(Q/ F) acts 
trivially (as usual, use a place of Fo that remains prime in F to see that 
kerl(Fo' X) = kerl(F / Fo' X) is trivial). Therefore the image of d in H2(Q, Zo) 
is trivial, which implies that there exists Z E HI (Q, Z) such that z t--t d . The 
injectivityof HI (Qv' Z) -> HI (Qv' D) shows that Z E ker l (Q, Z), as desired. 

We will also need to understand conjugacy classes in G(K) , where K is 
an algebraically closed field containing Q. For this we consider the obvious 
embedding i : G '--t H, where H denotes the Q-group eX (recall that e = 
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EndB(V)), as well as the homomorphism c : G -? Gm that associates to g E 

G(K) the scalar c(g) E K X such that (gv, gw) = c(v, w) for all v, w E V. 

Lemma 7.1. Two elements x, y of G(K) are conjugate ifand only if c(x) = c(y) 
and i(x), i(y) are conjugate in H(K). 

Suppose that c(x) = c(y) and that i(x), i(y) are conjugate in H(K). We 
want to show that x, yare conjugate. Modifying x, y by the same scalar, we 
may assume that c(x) = c(y) = 1, so that x, y E GI (K). Over K the groups 
GI and H decompose as products of factors indexed by the embeddings of Fo 
in K . Thus we may reduce to the case in which G I "----t H is of one of the three 
following types: 

(A) GLn "----t GLn x GLn (diagonal map), 
(C) SP2n "----t GL2n ' 
(D) 02n "----t GL2n . 

Case A is trivial and Cases C and D are dealt with in the fourth chapter of the 
article by Springer and Steinberg in [B] (for semisimple x, y one can simply 
look at Weyl group orbits on maximal tori of the groups GI and H). 

Finally, we will also need several facts about the p-adic group GQ . To 
p 

simplify notation we will temporarily write F, Fo ' B , V , C for the objects 
over Qp obtained by extension of scalars from the previously considered objects 
over Q, and we will also write &B for the p-adic completion of the previously 
considered &B. Because of the conditions imposed in §5 the Qp-algebra F 
is a finite product of finite unramified extensions of Qp, the algebra B is a 
matrix algebra over F, the order &B is a maximal order in B (hence is a 
matrix algebra over &F ), the involution * of B preserves &B' and there exists 
a self-dual &B-lattice A in V (by &B-Iattice in V we mean a lattice that is an 
&B-submodule ). 

Lemma 7.2. Let (V' , (., .) ') be a nondegenerate skew-Hermitian B -module such 
that V'is isomorphic to V as B-module. Suppose that A' is a self-dual &B-
lattice in V'. In Case D assume further that p =1= 2 and that under the map 

I I 0 H (Qp, G) -? H (Qp, G/G ), 

the element of HI (Qp ,G) that measures the difference between V and V'is 
sent to the trivial element of HI (Qp' G/Go). Then there exists an isomorphism 
¢: V -? V' of skew-Hermitian B-modules such that ¢(A) = A'. 

Assume for the moment that the skew-Hermitian &B/p&B-modules A/pA 
and A'/pA' are isomorphic; later in the proof we will see that this assumption 
holds automatically. Choose an isomorphism ;p: A/pA -? A'/pA' of skew-
Hermitian &B/p&B-modules. Modifying the alternating form (., .)' by a unit, 
we may assume that ;p carries the alternating form on A'/pA' into the al-
ternating form on A/pA (not just a scalar multiple of that form). Since the 
&B-module A is projective, there exists an &B-module map ¢o: A' -? A whose 
reduction modulo p is ;P, and it follows from Nakayama's lemma that ¢o is 
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an isomorphism of &'B-modules. We use ¢o to identify Vi with V and A' 
with A; thus (.,.)' is now a second non degenerate skew-Hermitian form on 
V for which A is self-dual, and the reduction of (', .)' modulo p coincides 
with the reduction of (.,.) modulo p. Let Co denote the maximal order 
End& (A) of C; the involution * on C obtained from (.,.) preserves Co' 

B 

We want to find IfI E Co such that idA +PIfI induces an isomorphism of skew-
Hermitian &'B/p2&'B-modules from (A/p2 A, (', .)) to (A/p2 A, (', ·n. Let p 
be the unique element of Co such that (v, W)' = (pv , w) for all v, W EA. 
Of course p * = p. The condition on IfI can be expressed as 

(p - l)/p == IfI + 1fI* (modulo p). 

If p #- 2 , it is obvious that this equation can be solved (take IfI to be ~ times 
the symmetric element (p - l)/p of Co), If p = 2 and we are in Case A, it is 
again obvious that this equation can be solved (use that the trace map from lFp2 
to lFp is surjective). If p = 2 and we are in Case C, it is not true that the map 
x ~ x+x* from Co/pCo to (Co/pCO)sym is surjective; however, it is true that 
its image contains (CO)sym/ p( CO)sym (just look at dimensions, noting that the 
involution * on Co/pCo gives rise to a product of groups of type Cover lFp )' 

Continuing this process for p3, p4 , ... , we eventually get IfI E Co such that 
idA +PIfI is an isomorphism of skew-Hermitian &'B-modules from (V, (', .)) 
to (V, (', .)'). This proves the lemma under the assumption made at the be-
ginning of the proof. In Cases A and C Lang's theorem implies that any two 
nondegenerate skew-Hermitian forms on A/pA are equivalent, and therefore 
the assumption we made holds automatically. In Case D we are dealing with 
a disconnected group, and we are not yet in a position to use Lang's theorem. 
However, applying what has been done already with IQlp replaced by a suffi-
ciently large finite unramified extension K of IQlp' we see that the difference 
between Vi and V can be represented by a l-cocycle with values in G( &'K ) , 
where we are using the Zp-form of G determined by A. Since G(&'K) meets 
every connected component of G(Qp) , the group G(&'K)/GO(&'K) is isomor-
phic both to G(Qp)/Go(Qp) and G(Fp)/Go(Fp) ' and the additional hypothesis 
we made in Case D implies that the difference between the skew-Hermitian 
Ai? I I f 1 0-D'B-modules A/pA and A /pA comes from an element 0 H (lFp ' G (lFp)) , 
and this cohomology set is trivial by Lang's theorem. Therefore A/pA and 
A' /pA' are indeed isomorphic, and the proof of the lemma is complete. 

Corollary 7.3. In Case D assume that p #- 2. Then G(lQlp) acts transitively on 
the set of &'B-Iattices A' in V that are self-dual up to a scalar in 1Ql; . 

Apply Lemma 7.2 to (V, (', .), A) and (V, c(·, .), A'), where c E 1Ql; is 
chosen so that A' is self-dual with respect to c(" .) . 

We continue to work with p-adic objects F, Fo ' B , V , C, and we again 
consider the embedding i: G '---+ H := C X • Let A be a self-dual &'B-Iattice in 
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V and let K (respectively, KH ) denote its stabilizer in G(iQp) (respectively, 
H(iQp) ). 

Lemma 7.4. Let x, y E G(iQp) , and assume that KHi(x)KH = KHi(y)KH. 
Then KxK = KyK. 

First consider Cases A and C, so that G is connected. Let S be a maximal 
iQp-split torus in the quasi-split group G and nlQ! be the relative Weyl group of 

p 

S. Then the double co sets of K in G(iQp) are in one-to-one correspondence 
with the orbits of nlQ! on X* (S) , and the analogous statement holds for H as 

p 

well. From the proof of Lemma (1.1.3) of [Kl] we see that X* (S) 0lR modulo 
nlQ!p injects into X*(T) 0lR modulo n, where T is the unique maximal torus 
of G containing Sand n is the absolute Weyl group of T. Let TH be a 
maximal torus of H containing i(T) and let nH be its absolute Weyl group. 
It is enough to prove that if two elements x, y E X := X* (T) 0 lR are such 
that i(x) , iCy) are in the same orbit of nH in XH := X*(TH) 0lR, then x, y 
are in the same orbit of n in X. Modifying x, y by an element of the form 
j (z) , where Z E X* (IG m) 0 lR and j is the obvious inclusion of IG m in the 
center of G, we may assume that x, y E XI := X*(T n GI ) 0 lR. In other 
words we can work with G I ~ H rather than G ~ H, which means that our 
problem decomposes as a product of problems of the form GLn ~ GLn x GLn 
(diagonal map) in Case A and of the form SP2n ~ GL2n in Case C. Thus Case 
A is trivial. In Case C note that every positive root for SP2n is the restriction 
of a positive root for GL2n , so that the positive Weyl chamber for SP2n is 
contained in the positive Weyl chamber for GL2n • This gives what we want, 
since the closure of any Weyl chamber is a fundamental domain for the action 
of the Weyl group. 

Case D is a little more complicated. Let KO = K n GO(iQp). Then 
KO\ GO (iQp) I KO is in one-to-one correspondence with the orbits of the rela-
tive Weyl group n~ of GO on X*(S) , where S denotes a maximal iQp-split 

p 

torus in GO. Since K meets every connected component of G, the map 
GO(iQp)IKo ---. G(iQp)IK is bijective, which implies that K\G(iQp)IK is the 
quotient of KO\ GO (iQp) I KO by the conjugation action of K I KO on that set. 
Let T denote the unique maximal torus of GO containing S, let NT denote 
the normalizer of T in G(iQp) , and let nlQ! denote the quotient NTIT(iQp). 

p 

Since both NT and K meet every connected component of G, the groups 
KIKo and nlQ! In~ are equal, and we see that the double co sets K\G(iQp)IK 

p p 

are in one-to-one correspondence with the orbits of nlQ! on X* (S) . 
p 

It is again true that X*(S) 0lR modulo nlQ! injects into X*(T) 0lR modulo 
p 

the absolute analog n of nQl . It is enough to check this for GI rather that G, 
p 

and then the problem reduces to checking the following assertion: for a quasi-
split orthogonal group G in 2n variables over a field E the set X* (S) 0 lR 
modulo nE injects into X*(T) 0lR modulo n. If GO is split, the assertion 
is trivial. Otherwise GO splits over a quadratic extension E' of E, and the 
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nontrivial element of Gal(E' / E) acts on X* (T) Q9 lR by the unique nontrivial 
element WI of 0. that preserves the positive Weyl chamber of X*(T)Q9lR (pick 
a Borel subgroup of GO over E containing T). The element WI is of order 
2, and 0. is the semidirect product of {I , WI} and n° (of course n° denotes 
the absolute Weyl group of T in GO). The subspace X*(S) Q9lR of X*(T) Q9lR 
is equal to the set of fixed points of WI . Now let x, y E X*(S)Q9lR and suppose 
that x ,yare in the same orbit of 0. on X* (T) Q9lR , say y = ww{ x for W E n° 
and j = 0 or 1. Since WI fixes x, we have y = wx. Again from the proof 
of Lemma (1.1.3) of [K 1] we see that y, x belong to the same orbit of Q~ on 
XJS) Q9lR, as we wanted to show. 

Thus we need to examine the embedding 02n '--t GL2n over an algebraically 
closed field. Letting T (respectively, TH ) denote a maximal torus in 02n 
(respectively, a maximal torus in GL2n containing T), we must show that 
X*(T) Q9lR modulo the Weyl group 0. of 02n injects into X*(TH ) Q9lR mod-
ulo the Weyl group n H of GL2n . But the map X*(T) ---+ X*(TH ) from the 
n-module X*(T) to the nH-module X*(TH ) is isomorphic to the analogous 
map for SP2n '--t GL2n (the Weyl group for the disconnected group 02n is 
isomorphic to the Weyl group for SP2n ), and for this map we have already seen 
that the desired injectivity holds. 

Remark 7.5. In Lemma 7.2, Corollary 7.3, and Lemma 7.4 the base field Qlp 

can be replaced by any unramified extension of Qlp . 

8. COMPLEX POINTS OF MODULI SPACES OF PEL TYPE 

We retain the notation of §S. If we are in Case D we assume that p =1= 2. 
We consider the set of complex points SKP(C) of SKP relative to the map 
&£ Q9z Z(p) ---+ C induced by the inclusion E C C. Thus we are interested 
in quadruples (A, A, i, fj) satisfying the determinant condition, where A is 
now an abelian variety over C up to prime-to-p isogeny. The homology group 
H := HI (A, Ql) is a skew-Hermitian B-module, the B-action coming from i 
and the alternating form coming from A; since it is necessary to choose a square 
root of -1 in C in order to regard the alternating form as being Ql-valued, the 
form is only well determined up to scalars. 

We claim that for every place v of Ql the skew-Hermitian BQv -modules 
HQv and VQv are isomorphic. For finite places v different from p this is an 
immediate consequence of the existence of fj. 

In particular, considering any single finite place v different from p, we see 
that the B-modules H and V are isomorphic. Therefore the BIR-modules HIR 
and VIR are isomorphic, and the same is true of the Be-modules He and Ve. 
Recall that we have decomposed Ve as ~ EB V; , a decomposition as Be Q9 IR C-
module, where we use h to give VIR a complex structure. The natural complex 
structure on HIR = Lie(A) allows us to do the same for He' obtaining a decom-
position He = HI EB H2 . The determinant condition J = g satisfied by (A, i) 
implies that HI and ~ are isomorphic Be-modules; this, together with the 
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fact that He and Ve are isomorphic Be-modules, implies that HR and VR are 
isomorphic BR Q9 R C-modules. Lemma 4.2 then implies that HR and VR are 
isomorphic skew-Hermitian BR-modules. 

It remains to consider the place v = p. In this case we simply apply Lemma 
7.2. We must check that the hypotheses of that lemma are satisfied. First of 
all, note that the BQ -modules VQ and HQ are isomorphic. Next, since A is 

P P P 
an abelian variety up to prime-to-p isogeny, the Zp-module A' := HI (A, Zp) 
is well defined and gives us a self-dual &'B-Iattice in HQ . Finally, if we are in 

P 
Case D, there are two further conditions to check. One is that p 1= 2; we made 
this assumption at the beginning of this section. To check the second condition, 
we consider the element g E HI (Ql, G) that measures the difference between 
V and H. We already know that g is locally trivial for all places v 1= p . 
Therefore the image of g in HI(Ql, Gld) is locally trivial except possibly at 
v = p. But by Shapiro's lemma HI (Ql, GIGo) is equal to HI (Fo' {±1}), and 
the latter group is just the group of characters on the idele class group of Fo 
with values in {± I}. By the weak approximation theorem for the ideles of Fo 
any such character that is trivial at all but a finite number of places of Fo is 
trivial. Therefore the image of g in HI (Ql, GIGo) is trivial, which implies 
that the last hypothesis of Lemma 7.2 is indeed satisfied. 

Isomorphism classes of skew-Hermitian B-modules of the same dimension 
as V are classified by HI (Ql, G) , and therefore by [BS] there are finitely many 
isomorphism classes of skew-Hermitian B-modules (V', (., ·n such that V~v 
and VQv are isomorphic for all places v of Ql; we choose representatives 
V(I) , ... , V(m) in these isomorphism classes, and for each one we fix local 
isomorphisms V~:) ~ VQv for all places v of Ql. We denote by GU) the group 
of automorphisms of V U). The local isomorphisms we just chose induce lo-
cal isomorphisms Gg~ ~ GQv for all v. The set SKP(q is a disjoint union 
11;:1 S KP (qU) , where S KP (qU) consists of quadruples (A, A, i, fl) such that 
H is isomorphic to V(i), and it is enough to describe each set SKP(q(i) . 

We may assume that V(I) is V itself and start by describing SKP(q(I). Con-
sider a point (A, A, i, fl) of S K P (q (I) and choose an isomorphism between H 
and V. Then giving fl is equivalent to giving an element of G( AI) I K P • The 
complex structure on HR = Lie(A) becomes a complex structure on VR and 
yields a homomorphism h' : C --+ CR. It follows from Lemma 4.2 that h' be-
longs to the set Xoo of G(lR)-conjugates of h (recall that we have already shown 
that HR and VR are isomorphic BR Q9 R C-modules). The self-dual &'B-Iattice A' 
becomes an &'B-Iattice (still denoted A') in VQ ,and it is self-dual up to a scalar 

P 

(in other words, it is self-dual for some scalar multiple of (., .)). Choose a self-
dual &'B-lattice Ao in VQ ,and let Kp denote its stabilizer in G(Qlp) . Corollary 

P 

7.3 tells us that there exists g E G(Qlp) such that A' = gAo, and g determines a 
well-defined element of G(Qlp)1 Kp . Put K = Kp ·KP , a compact open subgroup 
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of G(Af). Then our choice of isomorphism between H and V has given us a 
well-defined element of (G(Af)/K)xXOCJ. The group G(A) = G(Af)xG(lR.) acts 
in an obvious way on the left of (G(Af)/ K) xXOCJ ,as does the subgroup G(ij) of 
G(A). Any two isomorphisms between H and V differ by an automorphism of 
V, or in other words by an element of G(ij) , and the corresponding elements 
of (G(Af)/K)xXOCJ are in the same G(ij)-orbit. Therefore (A,A, i, fl) gives 
rise to a well-defined element of the quotient G(ij)\((G(Af)/K) x XOCJ). The 
theory of abelian varieties over C shows that this construction yields a bijection 
from SKP(q(l) to G(ij)\((G(Af)/K) x XOCJ). Replacing V by V U), we get a 
bijection from S KP (q (i) to G(i) (ij) \( (G( A f) / K) xX OCJ) (of course we are using 
our local isomorphisms Gg~ ~ GQv to make G(i)(ij) act on (G(Af)/K) x XOCJ). 

Now we apply the discussion at the beginning of §7; in particular in Case 
A we again have the integer n introduced in §7. In Case D the situation is 
complicated in two ways: the group G has i Fo : QI connected components and 
does not satisfy the Hasse principle. In Case C and in Case A with n even, the 
situation is simple: G is connected and satisfies the Hasse principle. 

It remains to discuss Case A with n odd. In this case we have seen in §7 
that ker l (ij, Z) ---> ker l (ij, G) is a bijection. Using that Z is the kernel of the 
map F X x ijx ---> FoX sending (x, t) to (NF/FoX)t- 1 ,we see that HI(ij, Z) = 
FoX /ijx NF/Fo(FX) and that HI(ij, Z(A)) = A;/A~NF/Fo(A;). Let z belong 
to ker l (ij, Z) and represent z by an element a E Fox. Choose, for each 
place v of ij, an element Pv E Fvx such that aNF/Fiv E ij: . Modifying the 
representative a by an element of ijXNF/FO(FX) , we may assume that a is 
totally positive and that it is a unit at every place of F lying over p . Define an 
automorphism of SKP by sending an S-valued point (A, A, i, tj) to the point 
(A, A 0 i(a), i, PIJ), where P is the element of (Aj 0 Q F( whose component 
in FI is PI for every prime I different from p. This automorphism of S KP 
depends on P as well as a. Varying K P , we get an automorphism of the 
projective system S K P , and this automorphism commutes with the action of 
G( Aj) on the projective system. Since the A-adic sheaves in §6 are constructed 
in a formal way from this projective system, the automorphism is compatible 
with these sheaves as well. 

The subvarieties S~], ... ,S1":) of the E-variety SKP are defined over E; 
in fact each one is a canonical model for the Shimura variety obtained from the 
data (G, h -I , K P ). Let z i be the element of ker l (ij, Z) mapping to the ele-
ment of ker l (ij, G) determined by the skew-Hermitian B-module V(i). Then 
anyone of the automorphisms of SKP associated to Zi maps S~) isomorphi-
cally to S~;, compatibly with the action of G(Aj) on the projective system 
S KP and with the A-adic sheaves on these spaces. Therefore our moduli space 
over E is just a disjoint union of I ker l (ij, G) I copies of the canonical model 
S~) for (G, h- I ,KP ). 
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9. R-ISOGENIES, SYMMETRIZATIONS, AND POLARIZATIONS 

Let k be a field and consider the category of abelian varieties over k. For 
any commutative ring R with 1 we can also consider the R-linear category 
of abelian varieties up to R-isogeny: its objects are abelian varieties over k 
and the R-module of homomorphisms from A to B is Hom(A, B) 181:£ R, 
where Hom(A, B) is the Z-module of k-homomorphisms from A to B. An 
R-isogeny from A to B is an isomorphism in the category of abelian varieties 
up to R-isogeny. The functor A !---t A (A denotes the abelian variety dual 
to A) extends to the category of abelian varieties up to R-isogeny. For any 
f E Hom(A, B) 181 R and any A E Hom(B, B) 181 R we write f*(A) for JAf E 
Hom(A, A) Q9R. 

An R-symmetrization of an abelian variety A is a symmetric R-isogeny 
A: A -> A (symmetric meaning that;: = A). Suppose that R is a sub ring 
of IlL An R-polarization of A is an R-symmetrization A: A -> A that is 
positive in the following sense: the image of A in Hom(A, A) 181 IR is a linear 
combination with strictly positive coefficients of elements ¢ Sf E Hom(A, 1') 
coming from ample line bundles 5? on A (see [M2] for the definition of ¢Sf 
and a discussion of its properties). Let E denote the IR-algebra End(A) 181 IR . 
Then EX acts on the right of the IR-vector space V of symmetric elements 
in Hom(A, A) 181 IR (for f E EX and A E V the action is given by A !---t 
f* (A). Looking at §21 of [M2] (especially Application III), we see that the set 
of IR-polarizations in V is a nonempty open convex cone in V and that EX 
preserves this cone and acts transitively on it. 

Let B be a semisimple finite-dimensional ~-algebra and let * be a positive 
involution on B. Let R be a ~-algebra. Bya B-abelian variety up to R-isogeny 
we mean an abelian variety A up to R-isogeny plus a ~-algebra homomorphism 
i : B -> End(A). These form an R-linear category; we write HomB(A I , A2 ) 

for the R-module of B-homomorphisms from Al to A2 • The dual A to a B-
abelian variety up to R-isogeny is naturally a B-abelian variety up to R-isogeny, 
the homomorphism B -> End(A) being given by the composition B ~ B ...!..... 

End(A) -+ End(A). An R-symmetrization of a B-abelian variety A up to 
R-isogeny is an R-symmetrization of the underlying abelian variety up to R-
isogeny that is at the same time a B-homomorphism (that is, an element of 
HomB(A, A)). Any R-symmetrization A of the underlying abelian variety A 
determines a Rosati involution f !---t ll(f) := rl JA on End(A) , and it is 
immediate that A is an R-symmetrization of the B-abelian variety A if and 
only if i is a *-homomorphism for * on Band II on End(A). 
Lemma 9.1. Let A be an abelian variety up to IR-isogeny and let W be the real 
vector space of symmetric elements (f = J) in HomB(A, A). Then the set of 
IR-polarizations of the B-abelian variety A is a nonempty open convex cone in 
W. Let E be the IR-algebra EndB(A). Then EX acts on the right of W by 
the rule A!---t JAf (A E w, f E EX) , and this action is transitive. 

First we show that the set of IR-polarizations of the B-abelian variety A is 
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nonempty. Let A be an lR-polarization of the underlying abelian variety A, and 
let 1" be the corresponding Rosati involution on the lR-algebra C:= End(A) . 
By Lemma 2.10 there exists e E C x such that Int( e) 0 i is a *-homomorphism 
for * on Band 1" on C. It follows that i is a *-homomorphism for * 
on B and the Rosati involution for the lR-polarization e*(A) = CAe of A. 
Therefore e* (A) is an lR-polarization of the B-abelian variety A. 

Now fix an lR-polarization A of the B-abelian variety A. Write * for the 
Rosati involution of C = End(A) determined by A, and note that * preserves 
the subalgebra E = EndB(A) of C. Therefore * induces a positive involu-
tion on E. The map x f-+ AX identifies Esym (respectively, Csym ) with W 
(respectively, the real vector space V of symmetric elements of Hom(A, A)). 
This identifies the set of lR-polarizations of the abelian variety A with C + and 
the set of lR-polarizations of the B-abelian variety A with E n C +. Since 
En C+ = E+ by Lemma 2.9, the rest of Lemma 9.1 follows from Lemma 2.8. 

Lemma 9.2. Let A be an abelian variety up to Q-isogeny. Then there exists a 
Q-polarization of the B-abelian variety A. 

Let W be the Q-vector space of symmetric elements in HomB(A, A). The 
set of lR-polarizations of the B-abelian variety A is a nonempty open subset 
of WIR by Lemma 9.1. Since W is dense in WIR , there exists an element of 
W that is an lR-polarization; it is the desired Q-polarization of the B-abelian 
variety A. 

10. VIRTUAL ABELIAN VARIETIES OVER FINITE FIELDS 

Let k be an algebraic closure of lFp' let a be the Frobenius automorphism 
x f-+ x P of k, and for any positive integer r denote by k, the fixed field of 
a' on k, so that k, is a field with p' elements. By a virtual abelian variety A 
over k, up to prime-to-p isogeny we will mean a pair (A, u) consisting of an 
abelian variety A over k up to prime-to-p isogeny and a prime-to-p isogeny 
u : a'(A) ~ A. We define the dimension dim(A) of A to be dim(A). Of 
course a homomorphism from AI to A2 is a homomorphism f : AI ~ £12 
such that f ul = u2a' (f). We define the Frobenius element 7C A E End(A) 
by 7C A := u 0 <1>, where <1>, is the Frobenius morphism <1>, : A ~ a' (A) . 
The condition fUI = u2a'(f) is equivalent to the condition f7C 1 = 7C2f; in 
particular End(A) is the centralizer of 7C A in End(A), which implies that 7C A 

belongs to the center of End(A). 
Any abelian variety A over k, gives us a pair (A, u), where A = Ak and 

u is the isomorphism a' (A) ~ A determined by the k,-structure on A. In 
this way the category of abelian varieties over k, up to prime-to-p isogeny is 
equivalent to a full subcategory of the category of virtual abelian varieties over 
k, up to prime-to- p isogeny. The notions of Frobenius endomorphism in the 
two categories coincide. 

In this section we will be concerned with the category cP; of virtual abelian 
varieties over k, up to isogeny: it has the same objects as the category of virtual 
abelian varieties over k, up to prime-to-p isogeny, but a homomorphism from 
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Al to A2 is now an element IE Hom(AI ,A2)Q such that ITC I = TC2/. 
Let s be a positive integer. There is a functor (base change) from ~ to ~s 

sending A = (A, u) to (A, ua'(u)···a'(S-I)(u)). The Frobenius element for 
the base change of A is the sth power of TC A' There is also a functor (Weil's 
restriction of scalars) from ~s to ~ sending A = (A, u) to (B, v), where 
- - , - ,(s-I) -
B = Axa (A)x.· ·xa (A) and v(ao' ... , as_I) = (u(as_l ) , ao' ... , as- 2)' 
In the category of abelian varieties over k up to isogeny B is AS (use the 
isogenies <l>k, : A -+ ak, (A)) and the Frobenius element for (B, v) is the 
element of End(B)Q = Ms(End(A)Q) given by the (s x s)-matrix all of whose 
entries are 0 except for the upper right-hand entry, which is TC A ' and the entries 
just under the main diagonal, all s - 1 of which are 1. 

Let A = (A, u) be a virtual abelian variety over k, up to prime-to-p isogeny. 
For any prime I different from p we denote by HI (A, Qi/) the Tate Qi/-module 
of A, and we denote by HI (A, A~) the Tate A~-module of A. Of course the 
endomorphism TC A of A acts on these modules. 

The analogous p-adic construction requires a little more work. Let L de-
note the fraction field of the Witt ring W(k). As usual we write a for the 
automorphism of L induced by the automorphism a of k. For any positive 
integer r we denote by L, the fixed field of a' on L, or, in other words, the 
fraction field of the Witt ring W(k,). We write A for the W(k)-module dual 
to Hclris(A/W(k)) and R for its tensor product over W(k) with L. The usual 
a-linear operator on H:ris(A/W(k)) induces a a-linear operator <l> on R such 
that <l>(A) J A, and CP(A)/ A is isomorphic as W(k)-module to kdim(A) . The 
prime-to-p isogeny u induces a linear isomorphism u: a' (A) -+ A, where 
a' (A) denotes the W(k)-module obtained from A by extension of scalars 
for the homomorphism a': W(k) -+ W(k); equivalently, we may view u 
as a a'-linear bijection from A to itself. Put A = {x E Alux = x} and 
H = {x E Rlux = x}. Then A is a W(k,)-lattice in the L,-vector space H, 
and the canonical map H @L L -+ R is an isomorphism (use that u(A) = A 
and then use the fact that an~ element of GLn(W(k)) is a'-conjugate to the 
identity). Since cP commutes with u, it preserves the subspace H of Rand 
hence induces a a-linear bijection H -+ H. Moreover <l>(A) contains A, and 
<l>(A)/A is isomorphic as W(k,)-module to k~im(A). The triple (H, A, <l» is 
functorial in A; in particular TC A induces endomorph isms of H and A. The 
equality <l>' = TC ~ I U on R implies that <l>' = TC ~ I on H and that <l> -, = TC A 

on A. 
By a polarization of an abelian variety A over k we mean a Qi-polarization 

in the sense of §9. As in §9, for any isogeny I: Al -+ A2 and any polarization 
A of A2 we get a polarization I*(A) of Al by putting I*(A) = ftl. Let C 

be a rational number and write c as c = p' co' By a c-polarization of A we 
will mean a polarization A of A such that TC~(A) = d. Note that c must be 
positive in orderfor A to exist. It is immediate thatthe condition TC~ (A) = d is 
equivalent to I" (TC A)TC A = c, where I" denotes the Rosati involution of End(A)Q 
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determined by Il (recall that 'A(nA ) = r l 7iAIl), and it is not hard to see that 
it is also equivalent to the condition u*(Il) = coa'(Il). In particular a p'-
polarization of an abelian variety A over k, is a polarization Il: A --> A defined 
over k,; thus our definition of polarization for virtual abelian varieties is a 
natural extension of the usual definition. We say that A is c-polarizable if a 
c-polarization of A exists. 

Let Il be a c-polarization of A. Let I be a prime different from p. Then 
Il induces a Ql,(l)-valued nondegenerate alternating form (., .) on HI (A, Ql,). 
The condition n:(Il) = ell is equivalent to the condition that (nAv, nAw) = 
c(v, w) for all v, W E HI (A, Ql,). 

Again the p-adic situation requires a little more work. The c-polarization 
induces an L-valued nondegenerate alternating form (., ·)1 on R (notation 
as before). The condition n:(Il) = ell is equivalent to the condition that 
(uv, UW)I = coa'(v, W)I for all v, W E R. It follows from this last condition 
that Co is a p-adic unit (use that u(A.) = A.). Therefore we may choose dE &Z 
such that d- I a' (d) = co. Let (., ·)2 be the alternating form on R obtained by 
multiplying d times (., .) I ; it is immediate that a' (v, W)2 = (uv , UW)2 for all 
v, W E R, which implies that (., ·)2 takes values in L, on the L,-subspace H 
of R. We write (., .) for the restriction of (', ')2 to H. It is a nondegenerate 
alternating form on H, well defined up to multiplication by a unit in L" having 
the property that (cI>v,cI>w) =p-Ida(d)-Ia(v, w) for all v,wEH (just use 
that (cI>v, cI>W)1 = p-Ia(V, W)I). Note that da(d)-I E L; and that its norm 
down to Ql; is C;;I. Therefore the norm of p-Ida(d)-I is p-'C;;I = c- I , 
and the property above can be rewritten as (cI>v, cI>w) = c' a(v, w), where c' 
is an element of L; whose norm down to Ql; is c -I . 

Lemma 10.1. Let c be a positive rational number and let n E ret. Then the 
following two conditions are equivalent. 

(1) There exists a positive involution on Ql[ n] carrying n into cn -I . 

(2) For every embedding of Ql[n] in <C the image of n has absolute value 
1/2 c . 

Tensor Ql[n] with lR and decompose it as a product of copies of lR and <C. 
For both lR and <C the only positive involution is x I--> .x. Therefore there is 
exactly one positive involution I on Ql[n] IZ91Q> lR, namely, the one that induces 
x I--> .x on every copy of lR and <C. The first condition holds if and only if 
l(n) = cn- I (since l(n) = cn- I implies that I(Ql[n]) = Ql[n]), which holds if 
and only if ft = cn -I for every embedding of Ql[ n] in <C, or, in other words, 
if and only if the second condition holds. 
Lemma 10.2. Let A be a c-polarizable virtual abelian variety over k, up to 
isogeny (for some positive rational number c). Then n := n A is a semisimple 
element of End(A). Moreover the Ql-algebra End(A) is semisimple. 

Choose a c-polarization Il of A and let 'A denote the corresponding Rosati 
involution of End(A.). Then ,;.(n)n = c. Thus cl/2 n is an element of the 
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compact group {x E End(A)lRil;.(X)X = I}, which implies that n is semisimp1e 
as an element of the algebraic group End(A) x and hence that n is semisimple 
as an element of the algebra End(A). The second statement of the lemma 
follows from the first, since End(A) is the centralizer of n in the semisimple 
algebra End(A). 

Lemma 10.3. Let c be a positive rational number and let A be a virtual abelian 
variety over k, up to prime-to-p isogeny. Assume that n := n A is a semisim-
pie element of End(A\l!' and let Q[n] denote the semisimple commutative Q-
subalgebra it generates. Then the following three conditions are equivalent. 

(1) The virtual abelian variety A is c-polarizable. 
(2) There exists a positive involution on Q[ n] that carries n into cn -I . 
(3) For every Q-algebra homomorphism from Q[n] to C the image of n 

has absolute value CI / 2 . 

The equivalence of (2) and (3) is proved exactly the same way as Lemma 10.1. 
It is obvious that (1) implies (2): if A is a c-polarization of A then the Rosati 
involution for A carries n into cn -I . It remains to prove that (2) implies (1). 
Applying Lemma 9.2 to the Q[n]-abelian variety A, we conclude that there 
exists a polarization A of A such that the Rosati involution for A carries n 
into cn -I ; this last condition is equivalent to A being a c-polarization of A. 

From now on c will denote a positive rational number of the form p' Co ' 
where Co is a p-adic unit (we have seen that Co must be a p-adic unit if any 
c-polarizations exist). We say that an algebraic number a E Q is a c-number 
if the image of a under any embedding Q ----> Qp lies in the valuation ring of 
Qp and the image of a under any embedding Q ----> C has absolute value CI/ 2 . 

Lemma 10.4. Let A be a c-polarizable virtual abelian variety over k, up to 
prime-to-p isogeny, and let Q[n] denote the semisimple commutative Q-
subalgebra of End(A)Q generated by n := n A. Then the image of n under 
any Q-algebra homomorphism Q[n] ----> Q is a c-number. 

It follows from Lemma 10.3 that the image of n under any homomorphism 
Q[n] ----> C has absolute value CI / 2 . Since R is a faithful representation of 
Q[n] 0 Q L on an L-vector space, the image of n under any homomorphism 
Q[n] ----> L is an eigenvalue of n on R, and these eigenvalues belong to the 
valuation ring of L because n preserves the lattice A in R. 

Corollary 10.5. Let A be a virtual abelian variety over k, up to prime-to-p 
isogeny. There is at most one value of c for which A is c-polarizable. 

This is obvious, since c can be recovered by embedding Q[n] in C and 
taking the square of the absolute value of n . 
Lemma 10.6. Let A be a virtual abelian variety over k, up to isogeny. Suppose 
that n := n A is a semisimple element of End(A) (for example, suppose that A 
is c-polarizable). Then the Q-subalgebra Q[n] generated by n in End(A) is 
the center of End(A) . 
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Let s be a positive integer large enough that A and all its endomorphisms can 
be defined over krs ' Choose such a krs -form AD of A and let no E End(Ao) = 
End(A) denote its Frobenius element. Since End(A) is the centralizer of the 
semisimple element n in End(A) , the center of End(A) is generated by n 
and the center of End(A). From [T2] we know that any positive power of no 
generates the center of End(A). Therefore, to prove the lemma it is enough to 
show that n~ E Q[n] for some positive integer t. 

To prove that n~ E Q[n] it is enough to prove the following statement: if 
p, r are two Q-algebra maps Q[n, no] -+ Q whose restrictions to Q[n] are 
equal, then p(n~) = r(n~). Let F be a finite extension of Q in Q containing 
the images of p and r. Consider the elements p(no) , r(no) of F. Since they 
are both Weil prs -numbers, they have the same absolute values at every place of 
F except possibly the places lying over p. It follows from the definition of a 
virtual abelian variety over kr up to isogeny that n~ I nS is a prime-to-p isogeny; 
therefore p(no) has the same p-adic absolute values as p(ns) , and r(no) has 
the same p-adic absolute values as r(nS) = penS) . Therefore p(no) , r(no) have 
the same absolute values at every place of F , which means that there exists a 
positive integer t (depending on p, r) such that r( n~) = p( n~). Since there 
are only finitely many pairs (p, r) , there exists a positive integer t such that 
r(n~) = p(n~) for all r, p such that r(n) = p(n). This concludes the proof. 

Lemma 10.7. Let A be a virtual abelian variety over kr up to isogeny. Suppose 
that n := n A is a semisimple element of End(A). Then for every prime I 
different from p the canonical map End(A) 01Ql Q, -+ Endn(HI (A, Q,)) is an 
isomorphism, where Endn(HI (A, Q[)) denotes the ring of endomorph isms of 
H1(A, Q,) that commute with n. The analogous statement with Hom(·,·) 
replacing End(·) also holds. 

Write H[ as an abbreviation for HI (A, Q[). By [T2] the canonical map 
End(A) 01Ql Q, -+ End(H[) is injective with image consisting of all elements in 
End(H,) that commute with all elements in the center of End(A) . Therefore the 
image of End(A) 01Ql Q, consists of all elements in End(H,) that commute with 
n and with all elements of the center of End(A). Since n generates the center 
of End(A) by Lemma 10.6 and since the center of End(A) is contained in the 
center of End(A), it follows that any element of End(H,) that commutes with 
n automatically commutes with all elements of the center of End(A). This 
gives the first statement of the lemma, and the statement about Hom(AI' A2 ) 
follows by applying what has already been done to End(AI x A2 ) , as in Lemma 
3 of [T2]. 

Lemma 10.8. Let A be a virtual abelian variety over kr up to isogeny. Suppose 
that n := n A is a semisimple element of End(A) . Let H be the Lr -vector space 
with a-linear bijection c.f> that we have associated to A. Write End<I>(H) for 
the Lr -linear endomorph isms of H that commute with c.f>. Then the canonical 
map End(A) 01Ql Qp -+ End<I>(H) is an isomorphism. The analogous statement 
with Hom(·, .) replacing End(·) also holds. 
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One knows from the theory of Dieudonne modules that the map is injective. 
Thus it is enough to prove that the dimensions of Ertd(A) 0<Q1 Qp and End<l>(H) 
are equal. From Lemma 10.7 we know that the dimension of End(A) 0<Q1 Qp 

is equal to the dimension of the centralizer of 1C in End(HI (A, Q,)). The 
characteristic polynomial of the semisimple element 1C acting on HI (A, Q,) has 
rational coefficients and is equal to the characteristic polynomial of 1C acting on 
H (pass to H to derive this from the usual statement). Therefore the dimension 
of End(A) 0 Q Qp is equal to the dimension over Lr of the centralizer E in 
End(H) of 1C. But End<l>(H) is a Qp-form of the Lr-algebra E (the Frobenius 
element a E Gal(LrlQp) acts a-linearly on E by f t-+ <l>f<l>-I), which implies 
that the Qp-dimension of End<l>(H) is equal to the Lr-dimension of E. This 
proves the first statement of the lemma. The second follows from the first as in 
the proof of Lemma 10.7. 

Denote by CY the full subcategory of CY whose objects are c-polarizable r,c r 
virtual abelian varieties over kr up to isogeny. 

Lemma 10.9. The Q-linear category 'Y, c is abelian and semisimple. All of its 
objects have finite length, and for any two objects AI' A2 the Q-vector space 
Hom(AI' A2) is finite dimensional. 

It is easy to see that 'Y, c is abelian and that the functor A t-+ A is a faith-
ful exact functor from CY to the category of abelian varieties over k up to r,c 
isogeny. For example the kernel of a morphism Al -+ A2 is obtained as follows. 
The kernel K of Al -+ A2 (in the category of abelian varieties over k up to 
isogeny) is stable by 1C A ,and hence 1C A induces an endomorphism 1C K of K . 

I I 

Put UK = 1CK <I>;1 • Then UK is a prime-to-p isogeny and the kernel of Al -+ A2 

is K:= (K, UK) (note that any c-polarization of Al induces one on K). The 
rest is just as easy. It follows that all objects of CY have finite length and r,c 
that all the vector spaces Hom(A I , A2 ) are finite dimensional, because these 
statements hold in the category of abelian varieties over k up to isogeny. The 
semisimplicity of 'Y" C now follows from Lemmas 3.1 and 10.2. 

In view of Lemma 10.9 we will understand 'Y"c completely if we describe 
its simple objects and their endomorphism rings. If A is a simple object, then 
E := End(A) is a finite-dimensional central division algebra over Q[1C] C E. 

Lemma 10.10. Let Al ' A2 be two simple objects in 'Y" c with Frobenius elements 
1C I ' 1C2 • Suppose that there exists an isomorphism Q[1C I ] -+ Q[1C2 ] carrying 1C I 
into 1C2 • Then Al and A2 are isomorphic. 

Suppose that AI and A2 were not isomorphic. Then the endomorphism 
algebra of Al x A2 would be End(A I ) x End(A2), which has center Q[1Cd x 
Q[1C2]. The Frobenius element (1C I ' 1C2) for Al x A2 would then generate the 
graph of the map Q[1C I ] -+ Q[1C2] , contradicting Lemma 10.6. 

Lemma 10.11. Let A be a simple object in CY with Frobenius element 1C and r,c 
endomorphism algebra E. The Hasse invariant of the central division algebra 
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E over Q[n] at a place v of Q[n] is given by 

{ 
1. ifv is real, 

O
tQ[n]v : Qp]v(n)/v(pr) ifv divides p, 

otherwise. 

Moreover the following equality holds: 

2dim(A) = [Q[n]: Q](dimQ[7r)E)I/2. 

The statement about the local invariants of E at finite places v follows from 
Lemmas 10.7 and 10.8 (see §11 in the p-adic case). Suppose that v is a real 
place. Then the Rosati involution for any c-polarization of A must fix n, and 
therefore n2 = c. If c is a square in Q, then Q[n] = Q, and since c = pr Co 

where Co is a p-adic unit, the local invariant of E at p is !. Since the local 
invariants for I i- pare 0 and the sum of all local invariants is 0, the local 
invariant at the real place of Q must be !. If c is not a square in Q, we 
consider the base change A' of A to the quadratic extension k2r of kr . Its 
Frobenius is the square of n. hence is equal to . c. Let E' be the endomorphism 
algebra of A'; by the case just treated E' is a central simple algebra over Q 
and the class of E' in the Brauer group of lR has invariant !. Since E is the 
centralizer of Q[n] 0 Q lR::::: lR x lR in E' , the invariant of E at both real places 
of Q[n] is !. 

Let I be a prime different from p, and let HI be HI (A, QI)' The left side 
of the equality 2 dim A = [Q[n] : Q](dimQ[7r) E)I/2 is the QI-dimension of HI' 
and the right side is the Qrdimension of any maximal semisimple commuta-
tive subalgebra of E 0 Q QI ; since E 0 Q QI is the centralizer of a semisimple 
endomorphism of HI' these two dimensions are equal. This finishes the proof 
of the lemma. 

Let A be a simple object in 'F with Frobenius element n. The image r,c 
of n under an embedding Q[n] --+ Q is a c-number n E Q whose Gal(Q/Q)-
orbit is independent of the choice of embedding. Lemma 10.10 says that the 
isomorphism class of A is determined by the Gal(IQl/Q)-orbit of n, and Lemma 
10.11 gives a recipe for determining dim(A) and the isomorphism class of 
End(A) from n. To complete the picture, all that remains is to prove the 
following lemma. 

Lemma 10.12. Every c-number n E Q arises from some simple object in r, c. 

By Lemma 10.1 there exists a positive involution * on Q[n] such that nn* = 
c. If * is nontrivial, we put F = Q[n]. If * is trivial, then Q[n] is totally real, 
and we take for F any totally complex quadratic extension of Q[n]; we then 
extend * to F by taking it to be the nontrivial automorphism of F over Q[n]. 
Let T be the Q-torus {x E F X Ixx* E QX}. Of course n E T(Q). For any 
finite place v of Q we denote by Kv the maximal compact subgroup of T(Qv) 
and put Xv = T(Qv)/Kv ' The canonical map T(Q) --+ EBv Xv (the direct sum 
being taken over all finite places v of Q) has finite cokernel (this is true for 
any Q-torus) and has finite kernel (this is true because T is an extension of a 
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split IQ-torus by a IQ-torus that is anisotropic over lR). Therefore there exists 
a positive integer s and elements no' t E T(IQ) such that 

(1) n S = not, 
(2) no E K[ for all I =I- p , 
(3) t E Kp . 

The element no E F is a Weil p's -number: it is clearly a unit at all finite 
places of F not dividing p; it has nonnegative valuation at every place of 
F over p since this is true for n, and n S , no differ (multiplicatively) by the 
element t, which is a unit at every place of F over p; finally, since the positive 
rational number non~ is a unit away from p , it is a power of p, which because 
of (1) and (3) must be p's, and the equality non~ = p's implies that the image 
of n under any embedding of F in C has absolute value p,S/2. 

By Honda-Tate theory [H, T3] there exist a simple abelian variety Ao over k,s 
and an embedding Q[no] ~ End(Ao) such that the image of no in End(Ao) is 
the Frobenius element for Ao' Let m = [F : Q[no))' Then lQ[no] ~ End(A;) = 
Mm(End(Ao)) can be extended to a homomorphism F ~ End(A;). Using this 
homomorphism to regard nS n~ 1 as a prime-to-p isogeny from A; to itself, 
we see that there exists a structure of virtual abelian variety A' over k,s on 
(A;)k for which nS is the Frobenius element. Applying the restriction of 
scalars functor (from k,s to k,), we get a virtual abelian variety B over k, 
for which there exists a homomorphism Q[nB ] ~ Ql taking nB to n. Lemma 
10.9 continues to hold (with the same proof) for the category of virtual abelian 
varieties over kr up to isogeny for which the Frobenius element is semisimple. 
Some simple factor B' of B in this category has n as Frobenius. Since n 
is a c-number, Lemma 10.3 implies that B' is c-polarizable, and the proof is 
finished. 

Let B be a simple algebra of dimension d 2 over a number field F. Our 
last task in this section is to describe the simple objects in the category r, c B 

of B-objects in the category of c-polarizable virtual abelian varieties ove; kr 
up to isogeny. 

Let n be a c-number in P . Picking an isomorphism P :::= Ql , we get n E Ql , 
a simple object Yn in r, c corresponding to n, and a surjective homomor-
phism F ®<Q! lQ[n) ~ F[n]; according to the discussion in §3 we then get a 
simple object Xn in r, c B whose underlying virtual abelian variety is isotypic 
of type Yn . ' , 

Lemma 10.13. The construction n f--+ Xn sets up a bijection between c-numbers 
in P up to conjugacy over F and isomorphism classes of simple objects in 
r, c B' The endomorphism algebra End(Xn) is a central division algebra C 
ov~r' F[n] whose Hasse invariant at a place v of F[n] is given by 

{ 
!- - invv(B ®F F[n)) ifv is real, 

invv(C) = [F[n]v: Qp]v(n)/v(pr) - invv(B ®F F[n)) if v divides p, 

- inv v (B ® F F[n)) otherwise. 
Moreover the dimension of the abelian variety A over k underlying Xn is given 
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by 
2dim(A) = d[F[7r] : Q](dimF [1t] C//2 • 

This lemma follows immediately from the last three lemmas together with 
Lemma 3.3. 

11. SEMISIMPLE ISOCRYSTALS OVER L, 

As in §10, L, denotes the fraction field of the Witt ring W(k,). An isocrys-
tal over L, is a finite-dimensional L,-vector space V together with a a-linear 
bijection <I> from V to itself. For any isocrystal V we have the linear au-
tomorphism 7r v := <1>' of V, which belongs to the center of the Qp-algebra 
End<l>(V) := {f E End(V) 1<1> f = f<l>}. We say that the isocrystal V is semisim-
pIe if 7r v is a semisimple endomorphism of the vector space V. Since End<l>(V) 
is a Qp-form of the centralizer of 7r v in End(V) (an L,-algebra), End<l>(V) 
is a semisimple ring if the isocrystal V is semisimple. The category of all 
semisimple isocrystals over L, is obviously a Qp -linear abelian category all of 
whose objects have finite length. Lemma 3.1 implies that it is a semisimple 
category. We are going to determine the simple objects in this category as well 
as their endomorphism rings. 

Lemma 11.1. Suppose that V is a semisimple isocrystal. Then the center of 
End<l>(V) is generated by 7r v ' 

It is enough to check this statement after tensoring with L,; then it becomes 
obvious since End<l> ( V) 0IQp L, is the centralizer of the semisimple element 7r v 
in End(V). 

Lemma 11.2. Suppose that J"t, f2 are simple objects in the category ofsemisim-
pie isocrystals. Then J"t, f2 are isomorphic if and only if there exists a Qp-
algebra isomorphism Qp[7r1] --> Qp[7r2 ] carrying 7rl into 7r2 , where Qp[7r j ] de-
notes the Qp -subalgebra of End<l> ( ~) generated by 7r i . 

Use the method of proof of Lemma 10.10. 

Lemma 11.3. Let V be a simple object in the category of semisimple isocrystals, 
and write 7r for 7r v ' Then the Hasse invariant of the central division algebra 
End<l>(V) over Qp[7r] is -[Qp[7r] : Qp]v(7r)/v(p') , where v denotes the valua-
tion on Qp[7r]. Moreover the following equality holds: 

dimL/V) = [Qp[7r] : Qp](dimlQp[1t] End<l>(V))1/2. 

We use what is known about isocrystals over L, the fraction field of the Witt 
ring of k. The isocrystal VL over L obtained from V is isotypic of slope 
v(7r)/v(p'). Therefore End<l>(VL) is a matrix algebra over the central division 
algebra over Qp with invariant -v (7r) / v (p'). Since End<l> (V) is the commu-
tant of Qp[7r] in End<l>(VL), the class of End<l>(V) in the Brauer group of Qp[7r] 
is the image of the class of End<l>(VL) in the Brauer group of Qp ' The map 
Br(Qp) --> Br(Qp[7r]) has the effect of multiplying the invariant by [Qp[7r] : Qp]' 
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This proves the first statement of the lemma. The second statement is proved 
the same way as the analogous statement in Lemma 10.11, by considering the 
IQp-dimension of a maximal commutative semisimple subalgebra of End<ll(V). 

Let V be a simple object in the category of semisimple isocrystals over L r • 

The image of n := nv under an embedding IQp[n] -+ Qp is an element of Q; 
whose Gal(Qp/lQp)-orbit is independent of the choice of embedding. 

Lemma 11.4. Every element n E Q; arises from some simple isocrystal V. 

Let F be a finite extension of IQp in Qp containing n and large enough that 
Lr embeds in F. Then F 0 Qp Lr is a product of copies of F, and there exists 
J E F 0 Q Lr such that N(F® L )/F(J) = n. Put m = [F : IQp] and embed F 

p ~ r 

in Mm(lQp) ; this induces an embedding of F 0 Qp Lr in Mm(Lr). Let <t> be the 
a-linear bijection on (Lr)m whose matrix is the image of J in Mm(Lr). Then 
<l>r is the endomorphism of (Lr)m whose matrix is the image of n. Therefore 
the simple factors of the isotypic semisimple isocrystal ((Lr)m, <1» give rise to 
n. 

We now have a good understanding of the simple objects in the IQp-linear 
category Cfj of semisimple isocrystals over L r • Our next task is to describe 
the simple objects in the category CfjB of B-objects in Cfj, where B is a finite-
dimensional simple algebra over IQp . Write F for the center of B, a p-

adic field, and define a positive integer d by d 2 = dimF(B). Let n E px . 
Picking an isomorphism P ~ Qp , we get n E Qp , a simple object Yll in Cfj 
corresponding to n, and a surjective homomorphism F 0 Q IQp[n] -+ F[n]; 

p 

according to the discussion in §3 we then get a simple object X ll in CfjB whose 
underlying Cfj -object is isotypic of type YIl . 
Lemma 11.5. The construction n I---> X Il sets up a bijection between elements of 
P x up to conjugacy over F and isomorphism classes of simple objects in CfjB. 
The endomorphism algebra End(XIl) is a central division algebra Cover F[n] 
whose Hasse invariant is given by 

inv( C) = -[F[n] : IQp]v(n)/v(pr) - [F[n] : F] inv(B), 

where v denotes the valuation on F[n]. Moreover the dimension of the Lr -vector 
space underlying X Il is d[F[n] : IQp](dimF[Il] C)1/2 . 

The lemma follows immediately from Lemmas 11.3 and 3.3. We will use 
Lemma 11.5 to analyze the objects in CfjB having a given Lr-dimension. Let 
(V, <t>, i) be an object in CfjB; thus (V, <1» is an isocrystal over Lr and i is 
a IQp-algebra homomorphism B -+ End<ll(V). The automorphism nv = <l>r 
is F 0 Q Lr-linear. Since <I> commutes with nv and F, it provides a a-

p 

linear isomorphism from the pair (V, n v) to itself. The first consequence 
of this is that V is a free F 0 Q Lr -module; therefore dim L (V) is divisible 

p r 

by [F : IQp] and it makes sense to consider the characteristic polynomial of 
the F 0 Q Lr-linear map nv. This characteristic polynomial is monic of degree 

p 
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dimL , (V)/[F : Qp] and has coefficients in FQ9'Qp L r . The second consequence of 
the fact mentioned above is that the coefficients of the characteristic polynomial 
are fixed by the Frobenius element a E Gal(Lr/Qp) and hence lie in F c 
F Q9'Q L r • Now let f E F[T] be a monic polynomial of degree m and for 

p 

n E F X denote by m(n) the mUltiplicity of n as root of f. 
Lemma 11.6. The isomorphism class of an object in l&'B is determined by its char-
acteristic polynomial. The polynomial f arises from an m[F : Qp]-dimensional 
object of l&'B if and only if the following statement holds for all n E F x : the num-
ber m(n) is divisible by d and the quotient m(n)/d kills the class of End(Xn) 
in the Brauer group of F[n]. 

Writing an object V in l&'B as a sum of simple objects, we see that the 
characteristic polynomial is the product of the characteristic polynomials of 
those simple objects. The only roots of the characteristic polynomial fn of 
Xn are the conjugates over F of n, and it follows from Lemma 11.5 that the 
multiplicity of each conjugate of n as a root of fn is equal to d(dimF[n] C)1/2 , 
where C = End(Xn)' It is now clear that we can reconstruct the multiplicities 
of the irreducible constituents of V from the characteristic polynomial of V, 
which gives the first statement of the lemma. It is also clear that f arises 
from some V if and only if the following statement holds for all n E F x : 

the number m(n) is divisible by d(dimF[n] C)1/2. The second statement of 
the lemma follows from the fact that (dimF[n] C)1/2 is the order of C in the 
Brauer group of F[n]. 

12. EQUALITY OF TWO FUNCTORIAL ISOMORPHISMS FROM X*(T)r TO B(T) 

Let K be a finite Galois extension of Qp contained in some algebraic closure 
Qp of IQp . Let K un denote the maximal unramified extension of K in Qp , and 
let L denote the completion of the maximal unramified extension of Qp in Qp . 
Write r for the Galois group Gal(Qp/Qp) and a for the Frobenius automor-
phism of Lover IQp . Consider the category :T of tori T over IQp that are split 
by K . The functor T 1-+ X* (T) is an equivalence of categories between :T and 
the category of Gal(K/lQp)-modules that are free of finite rank as abelian groups. 
The functor T 1-+ X* (T) is represented by the torus RK/'Qp G rn and the follow-
ing cocharacter Iluniv E X*(RK/'Qp Grn): the Gal(K/Qp)-module X*(RK/'Qp Grn) 
is the group algebra Z[Gal(K/Qp)] ' regarded as a left Gal(K/Qp)-module, and 
Iluniv corresponds to the unit element 1 E Z[Gal(K/Qp)] . 

As in [K3] for any T EfT we write B(T) for the group T(L)/{ta(t)-Ilt E 
T(L)}. In §2 of [K3] a functorial isomorphism f: X*(T)r -+ B(T) is con-
structed, where X*(T)r denotes the coinvariants of r on X*(T). This isomor-
phism of functors X* (')r -+ B (.) can be characterized as follows: it is the unique 
homomorphism of functors X*(')r -+ B(·) that for Grn sends the generator 
1 E Z = X*(Grn)r to the element of B(Grn) represented by p E LX = Grn(L). 
Actually [K3] deals with the category of all Qp -tori, not just those split by K, 
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but the methods of §2 of [K3] still apply and yield the characterization above. 
Now we use Fontaine-Messing's theory of crystalline representations [FM] to 

give a second construction of this isomorphism of functors X*(')r --+ B(·). 
We start with a torus T split by K and an element J.L E X*(T). Since 
X*(T) is represented by (RK/Qp Gm , J.Luniv)' there exists a unique morphism 
h: R K/Q G m --+ T such that h 0 J.Luniv = J.L. On Qp -valued points h induces a 

p 

homomorphism K X --+ T(Qp) that we restrict to the units &'; in the valuation 
ring &'K of K; this yields a continuous homomorphism &'; --+ T(Qp) , which 
by local classfield theory can also be thought of as a continuous homomorphism 
h: Gal(Qp/ Kun) --+ T(Qp) . 

Let V be any representation of T on a finite-dimensional vector space over 
Qp ' Then the representation of Gal(Qp/ Kun) on V obtained from h is crys-
talline in the sense of [FM]. Indeed it is enough to prove this statement in the 
universal case (RK/QGm , J.Luniv) , and since the category of crystalline represen-
tations is stable under direct sums, subobjects, tensor products, and duals, it is 
even enough to consider only the obvious representation of RK/Q

p 
Gm on the 

Qp-vector space K. The corresponding representation of Gal(Qp/ Kun) comes 
from any Lubin-Tate p-divisible group attached to K, and Fontaine [F] has 
shown that these representations are crystalline. 

Let 9lg'.9(T) denote the neutral Qp-linear Tannakian category of finite-
dimensional representations of the torus T, and let '??91 (K) denote the neutral 
Qp -linear Tannakian category of finite-dimensional crystalline representations 
of Gal(Qp/ Kun). We have just described a tensor functor 9lg'.9(T) --+ ,??91(K) , 
compatible with the fiber functors on the two categories. Let ,??91j/Y de-
note the Qp -linear Tannakian category of <I>-isocrystals (V, <1» (V is a finite-
dimensional vector space over L and <I> is a a-linear bijection <1>: V --+ V), 
and consider the tensor functor '??91 (K) --+ ,??91j/Y of [FM]. Composing it with 
9lg'.9(T) --+ ,??91(K) , we get a tensor functor 9lg'.9(T) --+ ,??91j/Y. 

Although ,??91j/Y has no fiber functor over Qp' it does have one over L, 
namely, the functor (V, <1» 1--+ V. Composing this with our tensor functor 
9lg'.9 (T) --+ ,??91j/Y gives a nonstandard fiber functor over L on 9lg'.9 (T) . 
The difference between this fiber functor and the standard one is measured by 
an L-torsor under T for the f.p.q.c topology on Spec(L). By descent theory 
this torsor is represented by a scheme of finite type over L and hence has a 
point in some finite extension of L. Thus the difference between the two fiber 
functors is measured by an element of the Galois cohomology group HI (L, T) , 
and this group vanishes by a theorem of Steinberg. We conclude that the two 
fiber functors are isomorphic, and we choose an isomorphism between them. 
Any two choices differ by an automorphism of the standard fiber functor over 
L, or in other words, by an element of T(L). 

The isomorphism we just chose allows us to think of the <I>-isocrystal associ-
ated by our functor to an object V of 9lg'.9(T) as living on VL := V 0 Q L; 

p 

we write q,v for the a-linear bijection VL --+ VL obtained in this way. On VL 
we also have the obvious a-linear map a: VL --+ VL given by a := idv 0a , and 
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we define an element bv E AutL(VL) by the equation <l>v = bva. The family 
of elements bv (for varying V) forms an automorphism of the standard fiber 
functor of 9tg'f7J(T) over L, hence there exists a unique element b E T(L) 
inducing the family bv ' The element b E T(L) depends on our choice of 
isomorphism between the two fiber functors, but the image of b in B(T) is in-
dependent of this choice. Thus, starting from fl. E X.(T) , we have constructed 
an element bE B(T) . It is easy to see that this construction is functorial in T, 
so that we have defined a map of set-valued functors g: XJ·) ...... B(.) on !T. 
In the beginning of this section we defined a map of functors f: XJ·)r ...... B(·). 
Of course there is an obvious map of functors X.(.) ...... XJ)r' call it q. 

Lemma 12.1. The map offunctors g: XJ) ...... B(·) is the negative of the com-
position of q: x.(·) ...... X.(·)r and f: X.(·)r ...... B(·). 

Since X.(·) is represented by (RK/lQp IGm , fl.univ)' it is enough to check that 
fq and g agree on fl.univ E XJRK/lQp IGm)· Consider the norm map RK/lQp IGm ...... 

IG m . It carries fl.univ to the element I E Z = X. (IG m) , and it induces an isomor-
phism B(RK/lQp IGm) ...... B(lGm). Therefore it is enough to check that fq and 
g agree on 1 E Z = X.(lGm). To calculate the element b E B(lGm) obtained 
by applying g to 1 E Z = X.(lGm) it is enough to consider the standard one-
dimensional representation V of IGm on Qp ' Using Deligne's normalization 
of the isomorphism of local classfield theory, we get the Tate object Qp (1) as 
the Gal(Qp/ KUn)-module associated to V. Applying the functor of Fontaine-
Messing, we get the Tate object in %'9t'Y9, and since <I> is given by p -1 a for 
the Tate object, we conclude that b is represented by p -1 E IG m (L). Since f q 
carries 1 E Z = X.(lGm) into the element of B(lGm) represented by p E IGm(L) , 
the proof of Lemma 12.1 is now complete. Note that for this proof we did not 
need to know that the maps g : X.(T) ...... B(T) are group homomorphisms, but 
of course the lemma shows that this is indeed the case. 

13. POLARIZED ABELIAN VARIETIES WITH CM 

Let F be a CM-algebra, by which we mean a finite product of number fields, 
each of which is a totally complex quadratic extension of a totally real field. Let 
* be the unique positive involution on F; on each factor of F 0IQR ~ ex· .. xC 

it induces complex conjugation. We write T for the Q-torus {x E F X Ixx· E 
Q x}. The symbols K , Qp' K un , L , r, a will have the same meaning as in § 12, 
but we will assume in addition that K is large enough that there are [F : Q] 
distinct Q-algebra maps F ...... K, so that in particular TIQ is split by K. Now 

p 

suppose that A is an abelian variety over K with good reduction and with 
CM by F. We actually consider A as an abelian variety up to isogeny, so that 
having CM by F means that we are given an injection F ...... End(A) and that 
2 dim(A) = [F : Q]. The tangent space Lie(A) is a vector space of dimension 
[F : Q]/2 over K on which F acts. The group X.(R(F0 IQ )/IQ IGm ) is free with 

Q p p 

basis S := HomlQ_alg(F, K), and exactly half of the elements in S appear in 
the representation of F on Lie( A) , each with multiplicity one. This subset SA 



POINTS ON SOME SHIMURA VARIETIES OVER FINITE FIELDS 415 

of S is called the CM-type of A. The involution * on F induces a map * on 
S, and SA has the following property: *(SA) and SA are disjoint and their 
union is S. Thus the cocharacter /1 := I:sESA s of R(F®QQp)/Qp Grn belongs to 
the subgroup X* (TQ ) . 

p 

Suppose further that we are given a Q-symmetrization A : A --> A of the 
F -abelian variety A up to Q-isogeny. Recall (see §9) that this means that A is 
a symmetric isogeny A: A --> A such that F --> End(A) is a *-homomorphism 
for * on F and the Rosati involution for A on End(A). 

In this section we will use the following terminology: a symplectic space with 
CM by F over a field E of characteristic 0 is a representation of F on an 
E-vector space V together with a nondegenerate alternating form (', .) on V 
such that (xv, w) = (v, x*w) for all x E F and all v, w E V, satisfying 
the further requirement that V be free of rank 1 as F 0 Q E-module. By 
an isomorphism f: ~ --> V; between two such objects we mean an E-linear 
isomorphism f commuting with the action of F and carrying the alternating 
form on V2 into a scalar multiple of the one on ~ (here scalar means an 
element of EX ). 

We also use A to denote the Neron model of A, and Ak to denote its 
geometric fiber over the residue field k of K un . The first homology group 
H := HI (AQp ,Qp ) is a symplectic space with CM by F over Qp ' Write D 

for the <I>-isocrystal dual to H:ris(AdW(k)) 0 W (k) L; then D is a symplectic 
space with CM by F over L. The isomorphism classes of symplectic spaces 
with CM by F over L are classified by HI(L, T), and this group is trivial by 
a theorem of Steinberg [St]. Choose an isomorphism of symplectic spaces with 
CM by F from HL := H 0 Q L to D, and use this to transport the a-linear 

p 

operator <I> on D to a a-linear bijection <I> : HL --> H L . Write <I> = ba , where 
a := idH 0a. Then b is an automorphism of the symplectic space HL with 
CM by F and hence defines an element b E T(L). Changing the choice of 
isomorphism HL ~ D does not change the image of b in B(TQ ). 

p 

Lemma 13.1. The image of b in B(TQ ) is equal to the negative of the image 
p 

of /1 E X*(TQ ) under the canonical isomorphism X*(TQ )r ~ B(TQ ) of [K3]. p p p 

The group Gal(Qp/ K) operates on H by automorphisms of symplectic 
spaces with CM by F, and thus we get a homomorphism Gal(QV K) --> T(Qp) . 
Shimura and Taniyama [ST] proved that the restriction of this homomorphism 
to Gal(QVKUn ) is associated to /1 E X*(TQ ) by the procedure of §12 (recall 

p 

once again that we are using Deligne's normalization of the isomorphism of 
local classfield theory). Applying the functor of Fontaine-Messing to H, we get 
a symplectic space D' with CM by F over L, together with a a-linear bijec-
tion <1>: D' --> D' commuting with F and satisfying (<I>v, <l>w) = p-Ia(V, w) 
for all v, WED' . The comparison theorem of Fontaine-Messing and Faltings 
[Fa] implies that the isocrystal D' is canonically isomorphic to D. More-
over the isomorphism is compatible with the action of F (functoriality of the 
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comparison isomorphism) and with the alternating forms (compatibility of the 
comparison isomorphism with first Chern classes of line bundles). As in §12 we 
choose an isomorphism between two fiber functors on 9lf5'.9 (T) over L. In 
particular for the object H of 9lf5'.9(T) we get an isomorphism HL ~ D' = D 
of symplectic spaces with CM by F over L. Lemma 13.1 now follows from 
Lemma 12.1. 

Our next task is to use Lemma 13.1 to get information about polarized abelian 
varieties (up to isogeny) with CM by F over an algebraic closure K of lFp • The 
symbols F, *, T have the same meaning as before. We consider an abelian 
variety A up to isogeny of dimension [F : Q]/2 over K together with an 
injective Q-algebra map F ~ End(A). We suppose further that we are given a 
Q-polarization A: A ~ A of the F -abelian variety A up to Q-isogeny. 

Let V be a symplectic space with CM by F over Q. The torus T is the 
group of automorphisms of V. We write i for the complex torus dual to T. 
We choose an algebraic closure Q of Q as well as algebraic closures Qv of Qv 
for every place v of Q. We also choose embeddings Q ~ Qv for every place v 
of Q. We write r for Gal(Q/Q) and rev) for Gal(Qv/Qv); our embedding 
Q ~ Qv induces an injection rev) ~ r. The group r (and its subgroups 
r(v)) act on i. Recall (see [K2, K3]) that there are canonical isomorphisms 

(1) HI(Qv' T) ~ X*(no(ir(V))) for all v, 
(2) B(TQ ) ~ X* (fr(P)) , 

p 

where no(ir(V)) denotes the quotient of fr(v) by its identity component. 
For each prime I different from p we get a symplectic space HI (A, Q,) 

with CM by F over Q,. It differs from VQ/ by an element of HI (Q" T) ~ 

X*(no(ir(l))); we denote by a(l) this character on ir(l) (trivial on the identity 
~r(l) component of T ). 

For the prime p we have the isocrystal D dual to H:ris(A/W(K)) 0 W (K) 

L. Moreover D is a symplectic space with CM by F over L, and the a-
linear bijection <I> : D ~ D commutes with the action of F and satisfies the 
equality (<I>v, <l>w) = p-Ia(V, w) for all v, wED. Using once again that 
any two symplectic spaces with CM by F over L are isomorphic, we choose 
an isomorphism VL ~ D and use it to transport <I> to VL . As before we 
write <I> = ba for b E T(L); then the image of b in B(TQ ) ~ x*(ir(p)) is 

p 

independent of the choice of isomorphism VL ~ D, and we denote by a(p) 
this character on fr(p). 

Finally consider the infinite place 00 of Q. By Lemma 4.3 there is a unique 
R-algebra *-homomorphism h: e ~ EndF(VjR) = F 0 Q R such that the sym-
metric bilinear form (v, h (i)w) on VjR is positive definite. The restriction of 
h to eX is a homomorphism of algebraic groups h: eX ~ TjR. As in (2) of 
Lemma 4.1 the homomorphism h gives us a homomorphism tlh: IGm ~ Tc ' 
or, in other words, an element tlh E X*(Td = x*(i). Restricting tlh to ir(oo) 
gives us a character a(oo) on ir(oo). Note that a(oo) is independent of the 
choice of i = (_1)1/2 in C. 
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~r(v) We have now defined a character o:(v) on T for every place v of Q, and 
all but a finite number of them are trivial. Restrict each 0:( v) to the subgroup 
~r ~r(v) ~r 

T of T and take the product over all places v of these characters on T ; 
this yields a character on f'r that we will denote by 0:. Note that the restriction 
of 0:( v) to f'r is independent of the choice of embedding Q -+ Qv ' and hence 
that 0: is independent of the choice of these embeddings. 

Lemma 13.2. The character 0: on f'r is trivial. 

First note that 0: is independent of the choice of symplectic space V with 
eM by F over Q. Indeed, any other such space V' differs from V by an 
element t E HI (Q, T). Writing tv for the image of t under 

H\Q, T) -+ HI(Qv' T) ~ X*(lto(f'r(V))) , 

one checks that o:'(v) (the analog for V' of o:(v) for V) is given by o:'(v) = 
o:(v) - tv. It follows from Tate-Nakayama duality (in the form given in the 
introduction to [K4]) that the product of the restrictions of the characters tv 
to f'r is trivial and hence that 0: is the same for V' as it is for V. 

Next note that 0: is independent of the choice of polarization A of the 
F -abelian variety A. Indeed, any other such polarization A' is given by AI 
where IE Fs;m and the image of I in (F 0<Q! lR)sym lies in the cone (F 0<Q! lR)+ 
(apply Lemma 9.1). The discussion in § 1 shows that Fs;m can be identified 
with the Q-rational points of the quotient of the Q-torus F x by the subtorus 
TI = {x E F X Ixx* = I}. Therefore the coboundary map for the exact sequence 

1 -+ TI -+ F X -+ F X IT, -+ 1 

associates to IE Fs;m an element tl E HI(Q, TI ), whose image under 

HI (Q, TI ) -+ HI (Q, T) -+ HI (Qv ' T) ~ X* (lto(f'r(V))) 

we denote by tv. Then one checks that o:'(v) (the analog for A' of o:(v) for 
A) is given by 0:' (v) = 0:( v) + tv . As before Tate-Nakayama duality implies that 
0: is independent of A. 

Now we are ready to derive Lemma 13.2 from Lemma 13.1. The image of F 
in End(A) is a maximal commutative semisimple subalgebra of that semisimple 
Q-algebra, and therefore the eM-algebra F splits End(A). Tate [T3] proved 
that A is isogenous to the geometric special fiber of an abelian scheme with 
eM by F over the ring of integers in a p-adic field K (he was working with 
eM-fields and simple abelian varieties, but his proof goes through unchanged in 
our slightly more general case). Thus, in proving Lemma 13.2 we may revert to 
the situation at the beginning of this section, so that A now denotes an abelian 
variety over K and Ak is its geometric special fiber. At that time, however, we 
allowed A to be any Q-symmetrization A: A -+ A of the F -abelian variety A 
over K. Now we take A to be any Q-polarization of A (for existence appeal 
to Lemma 9.2). Note that the Q-symmetrization A: Ak -+ Ak of Ak induced 
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by A: A -> A is actually a Q-polarization, as we saw in §S while verifying the 
valuative criterion of properness. 

Since a is independent of the choice of polarization of Ak , we are free to 
take 1. We are also free to use any symplectic space V with CM by F over 
Q. The most convenient choice is V = HI (AI(' Q) , where AI( is obtained from 
A by extension of scalars for some isomorphism Qp -> C compatible with our 
chosen embeddings Q -> Qp and Q -> C . 

We need to determine the characters a(v) E x*Cfr(V)) for these choices of 
1, V. For any prime I different from p the isomorphism 

HI (Ak' Q/) ~ HI (AQp' Q,) = HI (AI(, Q,) = VIQi, 

of symplectic spaces with CM by F shows that a(/) is trivial. As before 
the action of F on Lie(A) determines a cocharacter 11- E X*(TIQi ) = X*(T) , 

p 

and Lemma 13.1 implies (in view of the isomorphism HI (AQ ' Qp) ~ VIQi ) 
p p 

that a(p) is the negative of the restriction of 11- to Tr(P). To get a( 00) we 
need to use the unique *-homomorphism C -> EndF(VIB) such that (v, h(i)w) 
is positive definite on VR . Since A is a polarization, the canonical complex 
structure h : C -> End( VR ) on VR = HI (AI( , JR) = Lie(AI() is the required h. 
From this h we get I1-h E X*(TR) = X*(T) and a(oo) is the restriction of I1-h to 
Tr(oo) . Since Qp -> C was chosen to be compatible with Q -> Qp and Q -> C, 
the elements 11- and I1-h of X* (T) are equal. This proves Lemma 13.2. 

14. CONSTRUCTION OF (Yo; y, £5) FROM (A, A, i) 

Let p, B ,*, F ,Fo , &8' V, (', .), C, G, GI ,h, E be as in §S. However, we 
now consider only Cases A and C; in fact Case D will be excluded for the rest 
of this paper. Let k, a , r , kr ' L ,Lr have the same meaning as in § 10. Let C 

be a positive rational number of the form pr Co where Co is a p-adic unit. Let 
A = (.4, u) be a virtual abelian variety over kr up to isogeny, let i: B -> End(A) 
be a ring homomorphism, and let A: A -> A be a c-polarization of the virtual 
abelian variety A such that A E HomB(A, A). Thus (A, A, i) is a c-polarized 
virtual B-abelian variety over kr up to isogeny. 

We are going to make three assumptions on (A, A, i). Under these assump-
tions we will associate to (A, A, i) a triple (yo; y, £5) of the type considered 
in §2 of [KS]. 

The first assumption is that the skew-Hermitian B-module HI (.4, A~) be 
isomorphic to V ®1Qi A~. Choose an isomorphism HI (.4, A~) ~ V ®1Qi A~ of 
skew-Hermitian B-modules. The Frobenius element 7r A for A is an automor-
phism of the skew-Hermitian B-module HI (.4, A~) (recall that our isomor-
phisms and automorphisms need only preserve the alternating form up to a 
scalar), and by means of the isomorphism we just chose, 7r A can be viewed as 
an element 7rA E G(A~). We take for y the inverse of 7r A ; it is an element 
of G(A~) whose conjugacy class is independent of the choice of isomorphism 

- p p between HI (A, Af) and V ®1Qi Af · 
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From (A, A, i) we get (see § 10) a skew-Hermitian B-modu1e Hover Lr 
together with a a-linear bijection <1>: H -t H commuting with B and satisfying 
(<1>v, <1>w) = c' a(v, w) for all v, w E H, where c' is some element of L; 
whose norm down to rQ; is c- I . The second assumption on (A, A, i) is 
that the skew-Hermitian B-module H be isomorphic to V 0<Q! L r • Choose an 
isomorphism H ~ V 0<Q! Lr of skew-Hermitian B-modules and use it to carry 
<1> over to a a-linear bijection <1>: V 0<Q! Lr -t V 0<Q! L r . As usual we then write 
<1> = Ja for a linear automorphism J of V 0<Q! L r , where a is the a-linear 
bijection idv 0a from V 0<Q! Lr to itself. Then J E G(Lr) and changing our 
choice of isomorphism replaces J by a a-conjugate xJa(x)-1 (x E G(Lr)); 
in particular, the a-conjugacy class of J E G(Lr) is well defined. 

Consider the canonical map 
B(G<Q! ) -t X*(Z(G{(p)) 

p 

of §6 of [K5]. Applying this map to the element of B(G<Q! ) represented by J, 
p 

we get an element of X* (Z (G{(p)). The third assumption on (A, A, i) is that 
this element of X*(Z(G/(p)) be equal to the element /11 constructed from /1h 
in §2 of [K5]. 

We have constructed y, J, and it remains to construct Yo. Let M be 
the semisimple rQ-algebra EndB(A). The Rosati involution for A preserves 
EndB(A) , giving a positive involution * on M. Let I be the rQ-group of 
automorphisms of (A, A, i); thus 

I(R) = {x E MRlxx* E RX} 
for any rQ-algebra R. We also have the subgroup II given by 

II(R) = {x E MRlxx* = 1}; 
since * is positive the group (II)1R is anisotropic over lR. 

It follows from Lemma 10.7 that for any prime I different from p the 
group I<Q!/ is isomorphic to the centralizer of y/ in G<Q!/' where y/ denotes the 
rQ/-component of y E G( Aj). Since 7t A is central in M, the element y/ is 
semisimple. Recall that we are in Case A or C. In a general linear group over an 
algebraically closed field the centralizer of any semisimple element is a product 
of general linear groups, and in a symplectic group over an algebraically closed 
field the centralizer of any semisimple element is a product of general linear 
groups and symplectic groups. Therefore in both cases the group II becomes a 
product of general linear groups and symplectic groups after extending scalars 
to iQ. 

Let T be a maximal torus in I. Its centralizer in M is a maximal commu-
tative semisimple subalgebra N of M; moreover, the involution * preserves 
Nand N is free of rank 2 over its sub algebra No := {x E Nlx* = x} (use that 
no factor of I, is an orthogonal group in an odd number of variables; actually, 
as we have just seen, II has no orthogonal factors at all). The torus T can be 
recovered from N as follows: 

T(R) = {x E NRlxx* E RX}. 
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Since I is isomorphic over Q, to the centralizer Gy[ of y, in GQ[, the torus 
T has the same dimension as the maximal tori in G. Therefore N, which 
is naturally an F -algebra, has the same dimension over F as the maximal 
commutative semisimple subalgebras of e = EndB(V) , namely, (dimF C)1/2 . 

Since dimF(N) = (dimF C)1/2, there exists an F-algebra embedding N --+ e 
if and only if N (81 F e is a matrix algebra over N, and any two such embed-
dings are conjugate under eX . This statement is well known, but we will recall 
its proof in order to give motivation for the proof of Lemma 14.1. Giving 
N --+ e is the same as giving a left e (81 F N -module structure on e that ex-
tends the natural left e-module structure on e (use that Endc ( e) = e OPP and 
that giving N --+ e is the same as giving N --+ e OPp ). Moreover two homo-
morphisms N --+ e are conjugate under eX if and only if the corresponding 
e (8IF N-modules are isomorphic. Factor N as a product of field extensions 
NI ' ... , Nt of F. Then e (81 F N has t simple left modules, and N --+ e is 
an embedding if and only if each of these simple modules occurs at least once 
in the corresponding e (81 F N -module. Since e -modules are determined up to 
isomorphism by their F -dimensions, our problem reduces to determining the 
isomorphism classes of e (81 F N -modules W containing each simple module at 
least once and having F -dimension equal to that of e . Since the Ni-dimension 
of the simple e (8IF N-module corresponding to Ni is greater than or equal to 
(dimF C)1/2 = [N: F], with equality if and only if e(8lFNi is a matrix algebra, 
no such module W exists unless each e (81 F Ni is a matrix algebra, in which 
case W is isomorphic to a direct sum of one copy of each of the t simple 
modules for e (81 F N. A central simple algebra over Niis a matrix algebra if 
and only if this is so locally, and the discussion above shows that N can be 
embedded (over F) in e if and only if this is so locally for each place of F. 
Let us check that these local embeddings exist in our situation. 

For any prime I different from p we have chosen an isomorphism 
HI (A, Q,) ::::: V (8IQ Q[ of skew-Hermitian B-modules. It follows from Lemma 
10.7 that M[ embeds (as Fralgebra) in EndB(f!) = e" where we are using a 
subscript I to denote extension of scalars from Q to Q,. This takes care of 
places of F lying over I, since N is an F -subalgebra of M. For places of 
F lying over p there is nothing to do since we have assumed that B splits at 
such places and this implies the same for e and e (81 F N. For infinite places 
of F we need only remark that every infinite place of N is complex (use that 
* is a positive involution on N and that N is free of rank 2 over No)' 

We have now shown that there exists an F -algebra embedding i: N --+ e , 
unique up to conjugacy under eX . 

Lemma 14.1. There exists an F -algebra embedding i: N --+ e that is a *-
homomorphism. 

Start by choosing an F -algebra embedding i: N --+ e. We need to show that 
some eX -conjugate of i is a *-homomorphism. As before we use i to regard 
e as a left e (81 F N -module. Then i: N --+ e is itself a *-homomorphism if and 
only if the standard F-valued e(8lFeoPP-Hermitian form (x, Y)I := trCjF(XY') 
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on C is C @F N-Hermitian as well. It follows that i is conjugate under C X 

to a *-homomorphism if and only if there is a C @F N-Hermitian form (., .) 
on C that is equivalent as a C -Hermitian form to (., .) I . 

For any prime I different from p the embedding i: N, --+ C, is conjugate 
under Cr to a *-homomorphism, namely, the embedding N, '--+ M, '--+ C, 
discussed earlier. Consider the Fo-vector space W of all C @F N-Hermitian 
forms on C. Inside this vector space we have the Zariski open subset of non-
degenerate C @F N-Hermitian forms. The discussion for I f= p shows that 
this Zariski open subset is nonempty. Since the Fo-rational points of W (re-
garded as variety over Fo) are Zariski dense in W, it follows that there exists 
a nondegenerate C @F N-Hermitian form (., .)' on C. 

The difference between (., .)' and (., ·)1 as C-Hermitian forms is mea-
sured by an element Q; E HI (Fo, A) , where A is the Fo-group of automor-
phisms of the C -Hermitian module (C, (., .)') (here, for a change, we mean 
automorphisms preserving (.,.)', not just preserving it up to a scalar). Since 
Endc,19 N(C) = N, we see that the group of automorphisms of the C @F N-

F 

Hermitian module (C, (.,.)') is the Fo-torus To = {x E Nlxx* = I}. The 
embedding i: N --+ C is conjugate to a *-homomorphism if and only if there 
is another C @F N-Hermitian form (., .) on C (differing from (., .)' by an 
element of HI(Fo , To)) that is equivalent to (., ·)1 as a C-Hermitian form, 
and this happens if and only if the element Q; is in the image of 

The group A is a reductive group over Fo, and since we are in Case A or 
C, it is connected as well. The element Q; E HI (Fo ' A) lies in the image of 
HI (Fo, T) if and only if the maximal torus To of A transfers to the inner 
form An of A obtained by using Q; to twist A (see §9 of [K2] for a review of 
the notion of transferring tori to inner forms). It follows from what we have 
already done that To transfers to An locally for all places of Fo away from p 
and 00. The group An is the Fo-group {x E Clxx* = I}, and the hypotheses 
made in §S guarantee that An: is an unramified group at places of Fo over p 
and in particular that An is quasi-split at such places. It is well known that 
any maximal torus transfers to the quasi-split form, and we conclude that To 
transfers to An: at all p-adic places of Fo. The infinite places of Fo are real and 
at each such place To is anisotropic (again use that * is a positive involution 
on N), and it is well known that anisotropic tori in groups over local fields 
transfer to all inner forms. Therefore To transfers to An: locally at every place 
of Fo. . 

The obstruction (due to Langlands [LS] and constructed another way in §9 of 
[K2]) to transferring To to An lies in ker2(Fo , U) (locally trivial elements in 
H2(Fo, U) ), where U denotes the Fo-torus obtained by taking the intersection 
of To with the derived group of A (this derived group is simply connected in 
our case). By Tate-Nakayama duality for U the group ker2(Fo , U) is dual to 
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ker I (Fo ' X* (U)) , which may in turn be identified with 

~r II ~f(v) ker[no(U ) -+ no(U )], 
v 

with notation as in [K2] (in particular r = Gal(F I Fo) for the moment). There-
fore ker2 (Fo' U) vanishes if there is any place v of Fo such that X* (U{ = 
X* (U)f(v) (so that the identity components of Dr and Df(v) coincide). This 
happens in our case since To (and hence U) is anisotropic at every infinite 
place of Fo' We conclude that To transfers to A a , and the proof of the lemma 
is complete. 

Recall that we are trying to associate a triple (Yo; y, c5) to (A, A, i) and 
that we have already constructed y, c5. Lemma 14.1 allows us to construct 
Yo' Choose a *-homomorphism i: N -+ C (as in the lemma). The Frobenius 
element n A of A belongs to the center of M = EndB(A) and therefore belongs 
to the maximal commutative semisimple subalgebra N of M. Since A is c-
polarizable, we have nAn: = c and therefore n A gives an element n A E T(Q) . 
We first define an element Yo E T(Q) by taking the inverse of n A • Then, using 
the *-homomorphism N -+ C to embed T in Gover Q, we regard Yo as an 
element of G(Q). Of course Yo E G(Q) depends on the choice of embedding 
i, but since any two such embedding are conjugate under G(QI) , the stable 
conjugacy class of Yo is well defined. 

We finally have the desired triple (Yo; y, c5), but we still must show that it 
satisfies all the conditions imposed in §2 of [KS]. It is clear that Yo is semisimple 
and that it is elliptic in G(JR). It is also clear that Yo is conjugate under ct 
to the l-adic component y, of y for all I different from p. Moreover, both 
y, and Yo have image c- I under the usual homomorphism G -+ Gm , and it 
follows from Lemma 7.1 that y, and Yo are conjugate in G(QI,). 

Once again let H denote the L, -vector space with a-linear bijection <l> that 
we get from A. We have chosen an isomorphism H ~ V 01Q1 L, of skew-
Hermitian B-modules; use it to regard n~I as an element yp E G(L,). Then 
the equality <1>' = n ~ I shows that N c5 = y p' On the other hand it is again 
clear that yp is conjugate to Yo under (C 01Q1 L,( and that both yp and Yo 

have image c - I under G -+ G m ' and once again Lemma 7.1 shows that N c5 is 
conjugate to Yo in G(L,). Since we have imposed the second condition of §2 
of [KS] on c5 as one of our three hypotheses on (A, A, i), we are now finished 
verifying that (Yo; y, c5) satisfies all the conditions of §2 of [KS]. 

There is one last task in this section. We have the Q-group I (automorphisms 
of the triple (A, A, i) ) and another Q-group 10 := Gyo ' the centralizer of Yo 
in G. By Lemma 10.7 (respectively, Lemma 10.8) the group IIQI, (respectively, 
In. ) is isomorphic to G (respectively, G. , the twisted centralizer of c5), 
~p ~ va 

where y, denotes the l-adic component of y for a prime I =J p. Since Yo and 
y, (respectively, Nc5) are stably conjugate, there are inner twistings If/v : 10 -+ I 
over Qv ' canonical up to inner automorphisms of 10 over Qlv ' for every finite 
place v of Q. 
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Let Mo denote the centralizer of Yo in the algebra C. Then the involu-
tion * on C preserves Mo' The functor '¥ taking a Q-algebra R to the set 
'¥(R) of *-isomorphisms of F-algebras from Mo to M = EndB(A) over R 
carrying Yo into n~1 is representable by a scheme of finite type over Q (in 
fact a locally closed subscheme of the affine space Hom(Mo' M)). When R 
is an algebraically closed field, every F -algebra automorphism of (Mo' *) over 
R carrying Yo into itself comes from an inner automorphism of 10 over R; 
therefore an element of '¥(R) induces an inner twisting 10 ---+ I. For every fi-
nite place v of Q the set ,¥(Qv) is non empty and the inner twisting IfIv comes 
from some element of '¥(Qv)' In particular the scheme '¥ is non empty and 
hence has a Q-valued point IfI E ,¥(Q) , inducing an inner twisting 1fI: 10 ---+ I 
over Q that differs from IfIv by an inner automorphism of 10 over Qv • Since 
IIR is anisotropic modulo Gm (use that * is positive), it follows that the in-
ner twisting IfI =: 10 ---+ lover C obtained from IfI is equivalent to the inner 
twisting IfI =: 10 ---+ 1(00) constructed in §3 of [K5] (use that there is a unique 
element of HI (JR, 12) corresponding to the compact form of 10 , where 12 de-
notes the adjoint group of 10)' It follows that the group I of this paper can 
serve as the group I used in §3 of [K5]. 

15. VANISHING OF a(yo; y, 0) 

We keep the notation of § 14 and continue to exclude Case D. Starting from a 
c-polarized virtual B-abelian variety (A, A, i) over kr up to isogeny satisfying 
the three assumptions of § 14, we constructed a triple (Yo; y, 0) satisfying the 
conditions of §2 of [K5]. In that section of that paper there is a construction 
of an element a(yo; y, 0) E fi.(IO/Q)D , where 10 denotes the centralizer of Yo 
in G. The group 10 is connected and reductive since Yo is semisimple and the 
derived group of G is simply connected. Recall that fi.(Io/Q) is the subgroup 
of no((Z(Io)/Z(G){) consisting of elements whose image in HI(Q, Z(G)) lies 
in kerl(Q, Z(G)), the subgroup of locally trivial elements in HI(Q, Z(G)) (r 
denotes Gal(Q/Q)). In this section we will prove the following result. 
Lemma 15.1. Let (A, A, i) be a c-polarized virtual B-abelian variety over kr 
satisfying the three conditions of§14, and let (yo; y, 0) be the triple associated 
to (A, A, i). Then the element a(yo; y, 0) of fi.(IO/Q)D is trivial. 

In § 18 when we determine the image of the map (A, A, i) f---+ (yo; y, 0) , we 
will need a slight generalization of Lemma 15.1, which we will now formulate. 
Again we start with a c-polarized virtual B-abelian variety (A, A, i) over kr up 
to isogeny, but we do not assume that (A, A, i) satisfies the three conditions of 
§14. Instead we make the following weaker assumption. We assume that there 
exists a semisimple element Yo E G(Q), elliptic in G(JR) , with YoY~ = c- I , 

and such that for every prime I different from p the B 0 Q Q[T]-modules 
f'[ := V 0 Q Q[ and H[ := HI (.4, Q[) are isomorphic, where T acts on f'[ by 
-I Yo and on H[ by n A • 

Put I := Aut(A, A, i) and 10 := G . We claim that I is an inner twist of 
Yo 

10 (canonically, up to inner automorphisms of 10 over Q). Put M = EndB(A) 
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and let Mo be the centralizer of Yo in C = EndB(V). We have involutions on 
M and Mo. Let lJf be the functor considered at the end of § 14. Pick any prime 
I different from p. Then lJf(QI) is nonempty, since our hypothesis that Vi be 
isomorphic to HI as BI8\Q/Q[T]-module implies that Vi and HI are isomorphic 
over QI as skew-Hermitian B Q9i(l! (Q[n A]-modules (where (Q[n A] denotes the 
subalgebra of End( A) generated by n A ' and where n A acts on Vi by y ~' ), 
and (Mo)i(l!, (respectively, Mi(l!/) is the *-algebra EndB®Qi(l![njVi) (respectively, 
EndB®Qi(l![njHI )). Therefore lJf(Q) is nonempty. Pick 'I' E lJf(Q). Then the 
restriction of 'I' to 10 c Mox is the desired inner twisting '1': 10 ~ 1 . 

The inner twistings 'I' E lJf(Q) allow us to identify the i-modules Z (io) 
and Z(i). We are going to generalize the construction of O:(Yo; y, 0) by con-
structing an element O:(Yo; A, A, i) E X* (Z (io{). As usual we first define, 

* ~ r(v) for each place v of (Q, an element O:v E X (Z(/o) ), and then we define 
O:(Yo; A, A, i) to be the product over all places of (Q of the restrictions of O:v 
to Z(io{ c z(i~{(V) . 

First consider a prime I different from p. The difference between the skew-
Hermitian B Q9i(l! (Q[n A]-modules HI and Vi is measured by an element of 
H'((QI,/o) (since (/o)i(l!/ = Aut(Vi)); we define 0:1 to be the image of this , 
element of H ((QI' 10 ) under the map 

H'((QI' 10 ) ~ no(Z(Ya{(/))D c x*(Z(io{(l))· 

Next consider the prime p. As usual A gives rise to an isocrystal (H, <1» 
over L r • Our hypothesis that for I f= p the B Q9i(l! (Q[n A]-modules Vi and HI be 
isomorphic implies that the B Q9i(l! (Q[nA]-modules VL and HL are isomorphic 
(with nA acting on VL by y~', as usual). Since H'(L, (/O)L) is trivial by 
Steinberg's vanishing theorem, VL and HL are isomorphic as skew-Hermitian 
B Q9i(l! (Q[n A]-modules; choose such an isomorphism VL ~ HL and use it to 
transport <I> over to a a-linear bijection from VL to itself, which we then write 
as ba for b E G(L). Since ba centralizes n A = Y~' E G((Qp) , it follows that 
b centralizes YO' or in other words, that b E 10(L). Changing the choice of 
isomorphism VL ~ HL replaces b by a a-conjugate in 10(L) , so that b is 
well defined as an element of B((Io)i(l!). We define O:p to be the image of this 
element of B((/o)i(l! ) under the map 

p 

Finally consider the place 00 of (Q. We have the *-homomorphism h : 
<C ~ CIR of §S. Choose an elliptic maximal torus T of G containing Yo 
(and hence contained in 10 ). Some conjugate hi of h under G, (JR) factors 
through T, and as usual hi gives us Ph' E X*(T) = X*(:T) , which we restrict 
to Z(Ya{(OO) C fr(oo) C f to get 0: 00 E x*(Z(io{(oo)) (see §2 of [KS] for a 
proof that 0:00 is independent of the choices made in its construction). 
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Lemma 15.2. The element a(yo; A, A., i) is trivial. 
Before proving Lemma 15.2 let us check that Lemma 15.2 implies Lemma 

15.1. The first point to verify is that the natural map 

Z(Ia{ -+ ft.(lo/ij) 

is surjective in the situation at hand. In view of the long exact cohomology 
sequence for the exact sequence 

1 -+ Z(8) -+ Z(lo) -+ Z(Ia)/Z(8) -+ 1 

what we need to check is that , ~ , ~ 

ker (ij, Z(G)) -+ ker (ij, Z(lo)) 

IS lllJective. Let T be a maximal torus of 10 , Then Z(Ia) '-+ T and it is 
enough to check that , ~ ,~ 

ker (ij, Z ( G)) -+ ker (ij, T) 

is injective, or, equivalently, that 
, ~ D , ~ D 

ker (ij, T) -+ ker (ij, Z ( G) ) 

is surjective. Recall that the derived group !! der of G is simply connected 
(we are in Case A or C) and hence that Z (G) is the complex torus dual to 
D := G/Gder • By Tate-Nakayama duality (see (3.4.5.1) of [K2]) it is equivalent 
to check that 

ker' (ij, T) -+ ker' (ij, D) 

is surjective. But from Lemma 4.3.1 of [K2] we know that ker'(ij, D) = 
ker' (ij, G), and from the discussion in §7 we know that the canonical map 
ker'(ij, Z) -+ ker'(ij, G) is surjective (even bijective) in both Case A and 
Case C (Z denotes the center of G); it follows that 

ker' (ij, T) -+ ker' (ij, D) 

is indeed surjective. 
Now suppose that (A, A., i), (Yo; y, c5), and a(yo; y, c5) are as in Lemma 

15.1. We use the surjection 

• ~ r to view a(yo; y, c5) as an element of X (Z(lo) ). We also have the element 
a(yo; A, A., i) E X· (Z (fol) , which Lemma 15.2 states is trivial. Since a glance 
at the definition of the local factors of a(yo; y, c5) and a(yo; A, A., i) shows 
that they are the same, we see that a(yo; y, c5) is trivial, as desired. 

It remains to prove Lemma 15.2. We have seen that 1 is an inner twist of 
10 , Choose a maximal torus T of 1 that is elliptic at the infinite place of ij 
as well as all the finite places of ij at which 10 is not quasi-split. Then T 
transfers to 10 locally everywhere. Moreover, since T is elliptic at 00, the 
argument in § 14 shows that T transfers to 10 globally. 
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Let N be the, centralizer of T in M:= EndB(A). Recall the following facts 
from § 14. The algebra N is a maximal commutative semisimple subalgebra of 
M. The involution * preserves N (hence is positive on N), and N is free 
of rank 2 over No := {x E Nlx* = x}; together these facts imply that N is a 
eM-algebra. The torus T is equal to {x E Nlxx* E Gm }. 

Since T transfers to 10 , the element of HI (Q, lad) corresponding to the 
inner twist 10 comes from a l-cocycle (ta) of r in Tad(Q) , where Tad denotes 
the image of T in the adjoint group lad of I. The *-algebra (Mo' *) is 
obtained from (M, *) by twisting by the l-cocycle (ta)' This twisting does not 
affect the subalgebra N of M, or, in other words, the subalgebra N transfers 
to Mo' in the sense that we have a *-algebra embedding of N as a maximal 
commutative semisimple subalgebra of M o' canonical up to "stable conjugacy" 
(conjugation by an element x E 10(Q) such that the composed map 

is defined over Q). 

N M Int(x) M 
'-> 0 ---+ 0 

The map N ---+ Mo gives us an embedding T ---+ 10 , Since T ~ 10 is the 
restriction to T of the inverse of some IJf E '¥ (with '¥ as before), it follows 
that T ~ 10 maps n~1 to Yo' 

We will now complete the proof of Lemma 15.2 in two steps. The first step 
will be to construct a character a ' on fr whose restriction to Z(la{ is equal 
to a(yo; A, A., i) ; the second step will be to use Lemma 13.2 to prove that a' 
is trivial. 

The construction of a ' exactly parallels the construction of the character 
a in §13. Using N ---+ Mo '-> EndB(V) , we regard V as a skew-Hermitian 
B (l)F N-module (for the involution b (I) n 1-+ b* (I) n* on B (l)F N). Note 
that N is a maximal semisimple commutative subalgebra of EndB(V) (since 
Mo is the centralizer of a semisimple element in EndB(V)) and hence that 
EndB<&>FN(V) = N; it follows that T is the group of automorphisms of the 
skew-Hermitian B (l)F N-module V. 

Using N '-> M = EndB(A) , we regard A as a c-polarized virtual B (l)F N-
abelian variety over kr . Since N is a maximal commutative subalgebra of M, 
and since M is the centralizer of the semisimple element nA of EndB(A) , 
it follows that N is also a maximal commutative semisimple subalgebra of 
EndB(.A) and hence that EndB <&> N(A) = N. Therefore the group T is also the 

F 

group of automorphisms of the c-polarized B (I) F N -abelian variety A up to 
isogeny. 

I * ~r As usual the character a E X (T ) will be defined as the product over all 
places of Q of the restrictions of characters a;; E X* (fr(V)). For each prime 
I different from p we have two skew-Hermitian B (l)F N-modules over Q[, 
namely, H[ and T'j. Since EndB <&> N<&> '" (H[) = N (I)", Q[ = EndB <&> N<&> '" (T'j), 

F Q~I ~ F Q~I 

the B (I) F N -modules H[, T'j over Q[ are isomorphic and hence their difference 
as skew-Hermitian B (I) F N-modules is measured by an element of HI (Q[, T) . 
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We define o:~ to be the image of this element under the map 

H'(Q" T) -+ 7ro(ff(l))D c X*(ff(l)). 

427 

For the prime p we have the isocrystal Dover L dual to 
H:ris(AjW(k)) 0 W (k) L. Moreover, D is a skew-Hermitian B OF N-module 
over L, and the a-linear bijection <I> on D commutes with the action of 
B OF N and satisfies the equality (<I>v, <l>w) = p-'a(v, w) for all v, wED. 
Since H" fJ are isomorphic as B ° F N -modules over Qi (for I different from 
p), it follows that D and VL are isomorphic as B OF N-modules over L, and 
by Steinberg'S vanishing theorem they are even isomorphic as skew-Hermitian 
B OF N -modules over L. Choose such an isomorphism VL c:= D and use it to 
transport <I> to VL . As usual we write <I> = ba for b E T(L); then the image 
of b in B(TQ ) is well defined. We define o:~ to be the image of this element 

p 

of B(TQ ) under 
p 

Finally consider the infinite place 00 of Q. The involution on B OF N is 
positive since B OF N is a direct factor of B 0£ Nand bon f-+ b* ° n* 

o 
is positive on B 0£ N (use Lemma 2.3). Choose a G, CIR)-conjugate hi of 

o 
h : e -+ C]R such that hi : eX -+ G]R factors through T]R (note that T]R is 

elliptic in G]R). As usual hi gives us f.1h' E X*(T) = x*(f), which we restrict 
~f(oo) I * ~f(oo) to T to get 0:00 E X (T ). Applying Lemma 4.3 to B OF N and V, 

we see that hi is unique and hence that o:~ is well defined. 
To complete the first step we must show that the restriction of 0:' to Z(Ya{ 

is equal to O:(Yo; A, A, i). For this it is enough to check that for every place v 
of Q the character O:v on Z (Ya{(V) is the restriction of the character o:~ on 
ff(v) . This local statement is an easy consequence of the definitions of O:v ' o:~ ; 
for I =I p use that 

1 1 
X*(ff(l)) ___ X*(Z(Io{(l)) 

commutes (Theorem 1.2 of [K4]) and for p use the analogous statement about 
B(T) and B(Io) (Lemma 6.2 of [KS]). 

We are now done with the first step. Recall that the second step is to prove 
that 0: ' is trivial. If B = F then B ° F N = N, and we have only to appeal 
to Lemma 13.2. If B =I F , we can still reduce to the situation of Lemma 
13.2 by using a version of Morita equivalence. Factor the F -algebra N as a 
product N = N, x ... x Nt of field extensions of F. Since N is a maximal 
commutative semisimple subalgebra of EndB(V) , each field Ni splits EndB(V) 
(we recalled the proof of this in §14). Of course EndB(V) is a matrix algebra 
over BOPP , and thus it follows that the central simple F -algebra B splits over 
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each N j • Therefore we may choose an isomorphism B C5>F N ~ Md(N) , where 
d = (dimFB)I/2. Transporting the involution * on B C5>F N over to Md(N) , 
we get an involution of that matrix algebra that induces * on its center N. 
We also have the standard involution x ~ x' on Md(N) (take the transpose 
of the (d x d)-matrix x and then apply * to each of its entries). Since any 
N-algebra automorphism of Md(N) is inner, there exists a E GLd(N) such 
that x* = ax' a-I for all x E Md(N). Since * is an involution, a* = ba for 
some B E N X such that bb* = 1. Since N is free of rank 2 over No = {x E 
Nix = x*}, Hilbert's Theorem 90 holds for NINo, and we may modify a by 
an element of N X so that the new a satisfies a* = a. It is well known that the 
Hermitian matrix a can be diagonalized by an element of GLd(N); thus, by 
changing our choice of isomorphism B C5> F N ~ Md (N) , we may assume that 
the involution * on B C5>F N goes over to an involution * on Md(N) of the 
form x ~ ax' a -I , where a is an invertible diagonal Hermitian matrix. 

For i = 1, ... , d write ei for the element of Md(N) whose entries are all 
o with the exception of the ith diagonal entry, which is 1. Then e l , •.• , ed 
are orthogonal idempotents in Md(N) with e l + ... + ed = 1. Moreover, since 
the matrix a is diagonal, we have e; = ei for i = 1 , ... , d. 

For any abelian category s1' the functor X ~ Xd is an equivalence of 
categories from the category of N-objects in s1' to the category of Md(N)-
objects in s1' , and the ith factor of X in Xd is the image of the idempotent 
endomorphism of Xd given by ei E Md(N). Applying this to the category 
of abelian varieties over k up to isogeny, we write the abelian variety A as 
A = Ag for an abelian N-variety Ao over k up to isogeny. Applying it to the 
category of Q-vector spaces, we write the B C5>F N-module V as V; for an 
N -module Va. 

Since the idempotents e l , ... ,ed satisfy e; = ei , the skew-Hermitian form 
(., .) on V is the direct sum of skew-Hermitian (for N) forms (., ·)1' ... , 
(., ·)d on the d factors Va of V. Moreover (., ·)i and (., ·)1 are related 
by (x, Y)j = (ala;l x , Y)I ' where a j denotes the ith diagonal entry of a. 
Similarly the polarization A: A -+ A is the direct product of polarizations 
AI' ... ,Ad on the d factors Ao of A, and Ai is related to Al by Ai = Al 0 

(ala;l) (ala;1 gives an endomorphism of Ao); of course each polarization 
Al ' ... ,Ad is compatible with the N-action on Ao. 

As we have already seen, the algebras EndB® N(A) and EndB ® N(V) are 
F F 

both equal to N. Therefore EndN(Ao) and EndN(Va) are both equal to N, 
which means that Ao has CM by N and that Vo is free of rank lover N, 
so that each (Vo' (., .) j) is a symplectic space with CM by N over Q in the 
sense of §13. Fix a value of i, say i = 1. Then (Ao' AI) and (Va, (., ·)1) are 
as in §13, so that the constructions of §13 yield characters a(v) on fr(v) for 
each place v of Q. The constructions of this section yield characters a~ on 
fr(v) . It follows easily from the definitions that a( v) = a~ for all v . Therefore 
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Lemma 13.2 implies that a' is trivial, which completes the proof of Lemma 
15.2. 

16. COUNTING FIXED POINTS OF ~ 0 f WITHIN A SINGLE ISOGENY CLASS 

In this section we use the notation of §5, so that in particular SKP is the 
moduli scheme over &£ ®z Z(p) obtained from B , V, (., .) , K P , h. Let p be a 
prime ideal of &£ lying over p, let k be the residue field of &£ at p, and let 
k be an algebraic closure of k. In this section we will be interested exclusively 
in the k-scheme obtained from S KP by extension of scalars to k, and we may 
as well just use SKP to denote this k-scheme. We denote by <1>" the Frobenius 
endomorphism of the k-scheme S KP. Fix a positive integer j; then we can 
consider the jth power ~ of <1>" • Fix an element g of G(A~) and, as in §6, 
use it to get a Hecke correspondence 

from S K P to itself (as before, K; := K P n g K P g -\ ); we denote by f this Hecke 
correspondence. In this section we are going to begin to study the fixed points 
of the composition ~ 0 f of the morphism ~ and the correspondence f; 
the composition is the correspondence 

a , c 
S-S ---.S, 

where C = ~ 0 b and we have written S (respectively, S') for SKP (respec-
tively, SKP) in order to simplify the notation. 

g 

By a fixed point we mean an element of S'(k) whose images in S(k) un-
der a and c coincide. Thus a fixed point is a k-point (A, A, i, fl) of the 
moduli problem for K; having the property that (A, A, i, 1'/ g) be isomorphic 
to a' (A, A, i, fl) (as objects of the moduli problem for K P ), where a de-
notes the Frobenius automorphism x t-> x P of k and r is the positive integer 
j[k: IF'pl. Here a'(A, A, i, fl) denotes the object (a'(A), a' (A) , a'(i), a'(fl)) 
over k obtained from (A, A, i, 1'/) by extension of scalars for a' : k -t k. In 
other words a k-point (A, A, i, fl) of S' is a fixed point if and only if there 
is a prime-to-p isogeny u : a' (A) -t A, commuting with the action of &B' 

carrying a'(fl) into l'/g (as level structures of type K P ), and carrying a' (A) 
into a scalar mUltiple of A (a scalar in Z~)). Since we have assumed that 
K P is small enough that our objects have no automorphisms, the isogeny u 
is unique. The pair A := (A, u) is a virtual abelian variety over k, up to 
prime-to-p isogeny, in the sense of § 10. Moreover, the image of the homomor-
phism i: &8 -t End(A) is contained in the subring End(A) of End(A), and 

there is a scalar Co E Z~) such that u* A = coo" (A) , which means that A is a 
c-polarization of A (in the sense of § 10) with c := p' co. The condition that 
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u carry a'(fI) into llg is equivalent to the condition that llg = 7rAll (modulo 
K P ). 

Thus we can associate to any fixed point (A, A, i, fI) a c-polarized virtual 
B-abelian variety (A, A, i) over k, up to prime-to- p isogeny. Our next goal is 
to show that (A, A, i) satisfies the three conditions of § 14. The first condition 
is an immediate consequence of the existence of a level structure on A. In 
particular the B-module HI (A, Q,) is isomorphic to J.[ for any I different 
from p. Since the character of the B-module Hover L, is equal to the 
character of the B-module HI (A, Q,), we conclude that H is isomorphic as 
B-module to V ®Q! L,. Moreover, since the lattice A c H of § 10 is preserved 
by &B and is self-dual under the alternating form on H, Lemma 7.2 implies 
(see Remark 7.S) that the skew-Hermitian B-module Hover L, is isomorphic 
to V ®Q! L, ; this verifies the second condition of § 14. 

The third condition is harder to verify. It comes from the determinant con-
dition on (A, i). As in § 14 we choose an isomorphism H ~ V ®Q! L, of 
skew-Hermitian spaces over L, and use it to get 6 E G(L,). In order to verify 
the third condition we need to understand the relative position of the lattices A 
and <I>(A) (now regarded as &B-Iattices in V ®Q! L,). The lattice A is self-dual 
and <I>(A) is self-dual up to a scalar in L; . Recall that in §S we chose a self-dual 
&B-Iattice Ao in V ®Q! Qp • We also write Ao for the &B-Iattice in V ®Q! L, 
obtained from Ao by extension of scalars from 7l.,p to the valuation ring of 
L,. The stabilizer K (respectively, K,) of Ao in G(Qp) (respectively, G(L,)) 
is a hyperspecial maximal compact subgroup of G(Qp) (respectively, G(L,)) 
(this uses the hypotheses of §S). By Corollary 7.3 (see Remark 7.5) there exists 
x E G(L,) such that A = xAo. Then <I>(A) = 6a(x)Ao' and the relative po-
sition of <I>(A) and A is measured by the double coset K,x- 16a(x)K, of K, 
in G(Lr). 

On the other hand the procedure of §3 in [KS] gives us a canonical double 
coset of Kr in G(Lr) , constructed as follows. The homomorphism h : eX -+ 

GR of §§4 and 5 gives us a homomorphism Jih : Gm -+ Gc (see Lemma 4.1). 
The G(C}-conjugacy class of Jih gives us a G(Qlp)-conjugacy class of homo-
morphisms Ji : Gm -+ GiQi ' fixed by Gal(Qlp/Ep) and hence by its subgroup 

p 

Gal(Qlp/ L,) (L, is the unramified extension of Ep corresponding to the exten-
sion k,/k of residue fields). Choose a maximal &L -split torus S in Gover 
&L . Then S is also a maximal Lr -split torus in dover L" and by Lemma 
(1.'1.3) of [Kl] we can choose Ji so that it factors through S. Put a = Ji(p-I) , 
an element of S(L,) ; then the double coset KraK, is the canonical one men-
tioned above. 

We need a more concrete description of K,aK,. As in §7 we write H for 
the algebraic group eX and i: G -+ H for the canonical inclusion. By Lemma 
7.4 it is enough to describe the double coset KHi(a)KH in H(Lr) , where KH 
denotes the stabilizer of Ao in H(Lr). When we introduced the determinant 
condition in §S we used h to decompose the Be-module Ve as ~ EB ~ ; clearly 
Jih : Gm -+ G makes t E Gm act on VI by t and on ~ by 1. Since the 
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isomorphism class of V'r is defined over E, and since B splits over every p-
adic place of F, the representation V'r of B can be realized over Ep and 
hence over L,. Since the p-adic completion of &'B is a maximal order, we 
can decompose the &'B @z &'L -module Ao as Al EB A2 in such a way that Al 

(p) r 
satisfies the determinant condition of §5 (in other words, 

det(Xla l + ... + Xta t ; AI) = f(X I , ••• , X t ), 

with notation as in §5). Then the composition of f.l : G ---> GL with the m r 

inclusion G cHis conjugate to the homomorphism Gm ---> HLr that makes 
t E Gm act by t on Al @L, and by 1 on A2 @ L,. Let hE H(L,). Then the 
discussion above shows that h E KHi(a)KH if and only if p-I Ao ::) hAo ::) Ao 
and the representation of &'B on the k, -module hAo/ Ao satisfies the determi-
nant condition (of course we must use the usual description of double co sets 
for maximal compact subgroups of general linear groups over p-adic fields). 

Recall that we are assuming that (A, i) satisfies the determinant condi-
tion. Since a(Lie(A)) is canonically isomorphic to C1.>(A)/A, we conclude that 
the double co sets K,x- l <5a(x)K, and K,aK, are related by K,x- l <5a(x)K, = 
K,a(a)K,. We will use this relation again later in this section. We use it now 
to finish the verification that <5 satisfies the third condition of § 14. Let D de-
note the unramified Qp -torus G / G der (G der is the derived group of G); then 
Z(G) = jj and what we must show is that the image of <5 in D(L,) c D(L) 
is a-conjugate in D(L) to f.ll (p)-I , where f.ll is the composition of f.l and 
G ---> D. Since a(a) is a-conjugate to a and every element of D(&'L) is a-
conjugate to the identity (see [K3]), the relation x- l <5a(x) E K,a(a)K, shows 
that the image of <5 in D(L) is a-conjugate to f.ll (p) -I , as we wanted to show. 

Now fix a c-polarized virtual B-abelian variety (Ao' AO' io) over k, up to 
isogeny, satisfying the three conditions of § 14. Our goal in this section is to 
count the number of fixed points (A, A, i, fl) of our correspondence for which 
the associated c-polarized virtual B-abelian variety (A, A, i) is isogenous to 
(Ao' AO' io) , in the sense that there exists a Q-isogeny rp: A ---> Ao compatible 
with the B-actions and polarizations (up to QX ). 

As in §14 we write M for EndB(Ao) and I for the Q-group {x E Mlxx* E 
Gm } (the group of isogenies from (Ao' AO' io) to itself). The set of fixed 
points for which (A, A, i) is isogenous to (Ao' AO' io) is equal to the quo-
tient I(Q)\Y, where Y is the set of such fixed points together with an isogeny 
rp : A ---> Ao as above. The category of pairs (A, rp) (with A a virtual abelian 
variety over k, up to prime-to-p isogeny and rp an isogeny rp: A ---> Ao) is 
equivalent to the category of lattices A in the L, -isocrystal H obtained from 
A such that 

P -I A ::) C1.>(A) ::) A. 

The lattice A is self-dual up to a scalar if and only if there exists a scalar 
such that rp*(AO) is a prime-to-p isogeny from A to A, and the lattice A is 
preserved by &'B if and only if the B-action on A obtained from rp comes 
from an &'B-action on the virtual abelian variety A up to prime-to-p isogeny. 



432 R. E. KOTTWITZ 

Moreover, assuming A satisfies all the conditions above, the B-abelian variety 
A over k satisfi,es the determinant condition if and only if the &B ®.... k-

"(P) , 

module a-I(<I>(A)/A) satisfies the determinant condition. 
As in § 14 we fix isomorphisms HI (Ao ' Af) ~ V ®Q Af and H ~ V ®Q L, of 

skew-Hermitian B-modules and use them to get y E G(Af) and J E G(L,). As 
before we have the self-dual &B-Iattice Ao in V ®Q (Qp (and V ®Q L,) that we 
fixed in §5. The discussion earlier in this section together with the discussion 
above shows that giving (A, rp) is the same as giving an element x E G(L,)/K, 
such that x-IJa(x) E K,a(a)K,. 

Since we have fixed the isomorphism HI (Ao' Af) ~ V ®Q Af , giving a level 
structure of type K; on Ao is the same as giving an element y E G( Af) / K; , 
and it is also the same as giving a level structure fI on A if we have a given 
rp : A --+ Ao. The condition 1'/ g = n A 1'/ (modulo K P ) becomes the condition 
yg = y-Iy (modulo K P ), or, equivalently, y-Iyy E K P g -I. We conclude 
that there is a bijection from the set of fixed points (A, A, i, fI) with (A, A, i) 
isogenous to (Ao' Ao' io) to the quotient set l«(Q)\(YP x Yp), where 

y p = {y E G(Aj)/K;IY -Iyy E K P g-I}, 
-I 

Yp = {x E G(L,)/K,lx Ja(x) E K,a(a)K,}. 

It follows that the cardinality of this set is the integral 

/, lP (y -I yy)¢,(x -I Ja(x» , 
I(Q)\(G(Aj) x G(L,)) 

where jP is the characteristic function of K P g -I and ¢, is the characteristic 
function of the double coset K,a(a)Kr; we use the Haar measure on l«(Q) 
giving points measure 1, the Haar measure on G(Af) giving K; measure 1, 
and the Haar measure on G(L,) giving K, measure 1. It follows from Lemma 
10.7 that leAf) is the centralizer of y in G(Af) , and from Lemma 10.8 that 
l«(Qp) = Goa«(Qp) ' the twisted centralizer of J in G(Lr). Therefore the integral 
above is equal to 

where 
vol(I«(Q)V(Af»Or<JP) TOo(¢r) , 

Or<lP)=/, JP(y-I yy ) , 
I(Aj)\G(Aj) 

TOo(¢r) = /, ¢,(x -I Ja(x». 
I(Qp)\G(L,) 

It is easy to check that Oy(jP) = Oy(fP) , where fP is the characteris-
tic function of K P g -I K P and the orbital integral Oy (jP) is taken with re-
spect to the Haar measure on G(Af) giving K P measure 1 (but still us-
ing the other Haar measure to define Oy(jP». Moreover, replacing x by 
a(x) in the integral defining TOo(¢,) shows that TOo(¢,) = TOa-1(o)(¢,) ' 
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where <Pr is the characteristic function of KraKr . But since a -I (£5) is 0'-
conjugate to £5 (in fact, 0'-1(£5) = c£5a(c)-1 for c = 0'-1(£5)), we also have that 
TOu-'(O)(<pr) = TOo(<pr). The conclusion is that the number of fixed points 
(A, A, i, fI) for which (A, A, i) is isogenous to (Ao' ,1,0' io) is equal to 

vol(I(Q)\I(Af))Oy(~)TOo(<Pr) , 

where fP is the characteristic function of K P g -I K P , <Pr is the characteris-
tic function of KraKr , and where the Haar measure on G(A~) (respectively, 
G(Lr)) used to define the orbital integral (respectively, the twisted orbital inte-
gral) is the one giving measure 1 to K P (respectively, Kr)' 

Recall from §6 the smooth A-adic sheaf ~P on S K P obtained from a finite-
dimensional representation c; of G. As above we write S (respectively, S/) 
for SKP (respectively, SKP), Suppose that x' E S'Ck) is a fixed point of the 

g 

correspondence 
S.!!- s' ~ S 

considered above, and let x E S(k) denote the common image of x' under a 
and c. Write .'7 (respectively, .'7' ) for ~P (respectively, ~p). Then we 

g 

have maps 
~ ~.9b(X') = (b*.'7)x' ~~~ ~ (a*.'7)x' =~, 

where we have written <I> instead of ~ and we have put g above the isomor-
phism sign as a reminder that the isomorphism between a*.'7 and .'7' depends 
on g. The composition of these maps (going from left to right) gives us an 
automorphism P of the stalk ~. For use in § 19 we will now calculate the 
trace of this automorphism. 

The system of sheaves ~P arises from the right action of G(A~) on the 
system of spaces SKP and a continuous representation p of G(A~) on a finite-
dimensional A-adic vector space W. The action of <I> on this system of spaces 
gives rise to the usual isomorphism <1>: <1>* (~p) -> ~P' An easy exercise in 
using the definition of the sheaves ~P shows that if we pick a point x of 
~ SKp(k) lying over x' , so that xg is a point of ~ SKp(k) lying over x, 
then the automorphism p: ~ -> ~ is equal to p(k- I g-I), where k E K P is 
defined by the equality <I>(x) = xgk and we have used xgk to identify ~ 
with W. 

We need to relate k- I g-I to something more familiar. Suppose that the 
fixed point x' is given by (A, A, i, fI). Choosing x is the same as choosing 
Y/: VAl( -> HI (A, A~) in the class fl. As before we let u: ar (A) -> A denote the 
unique prime-to-p isogeny commuting with the action of &'B' carrying ar(fI) 
into y/g (as level structures of type K P ), and carrying A into a scalar multiple 
Co of ar(A) , so that A = (A, u) is a c-polarized virtual B-abelian variety over 
kr for c = prco ' Then areA, A, i, Y/) is isomorphic to (A, A, i, 7rA y/) , and 
therefore ar(x) = xgk where k E K P is defined so that 7rA y/ = y/gk. Since 
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ll-ln~lll can serve as the usual element y E G(A~) determined by A, we see 
that k - I g - I = Y . 

We have now shown that the trace of the automorphism P induced by our 
correspondence at a fixed point x' is equal to tr p(y), where y E G(A~) is 
the element associated to the c-polarized virtual B-abelian variety A obtained 
from x' (y is well defined up to conjugacy, so that the trace is well defined). 
In addition to y we also have the element Yo E G(Q) associated to A, well 
defined up to conjugacy in G(Q). Our representation p of G(A~) is given by 
projecting G(A~) on G(Q,) (I is the rational prime below the prime A of the 
number field L) and using the representation ~ of G on a finite-dimensional 
L-vector space to get a finite-dimensional representation of G(L)) on a finite-
dimensional LA-vector space. Therefore, since Yo and the I-adic component 
of yare conjugate in G(Q,) , the trace tr p(y) is also equal to tr~(yo)' 

17. Q-ISOGENY CLASSES WITHIN A Q-ISOGENY CLASS 

Let (A, A, i) be a c-polarized virtual B-abelian variety over kr up to isogeny. 
Let (A', i') be a virtual B-abelian variety over kr up to isogeny, and let 
i: A' -+ A' be a symmetric isogeny commuting with B. We refer to (A', i, i') 
as a symmetrized virtual B-abelian variety over kr up to isogeny. 

Suppose that (A', i, i') is Q-isogenous to (A, A, i) in the sense that there 
exists a IQ-isogeny f: A -+ A' commuting with B such that f*(i) = dA for 
some dE IQlx . As in §14 we write M for EndB(A) and I for the Q-group of 
automorphisms of (A, A, i). Then r f--+ f- I 0 r(f) (r E r) is a l-cocycle of 
r = Gal(IQ/Q) in I(Q). 
Lemma 17.1. This construction sets up a bijection from the set of Q-isogeny 
classes of triples (A', i, i') that are Q-isogenous to (A, A, i) to the set 
HI (Q, l). Moreover, there exists dE QX such that di is a polarization if and 
only if the corresponding element of HI (Q, l) has trivial image in HI (JR, l) , 
in which case d i is necessarily a c-polarization. 

It is immediate that the map is well defined and injective. To show sur-
jectivitywe start with a l-cocycle aT of r in I(Q). Since HI(Q,Mx) is 
trivial (we regard M X as a Q-group in the usual way), we see that there exists 
x E (M 0Q1IQl)X such that aT = xr(x)-I for all r E r. Put A' := XAX E 

HomB(A, A) 0Q1IQ. Then i is symmetric and is defined over Q up to scalars 
in IQx ; from the vanishing of HI (Q, Gm ) we conclude that there exists a scalar 
(in IQlx ) multiple A" of i such that A" E HomB(A , A). Then (A, A" , i) is a 
symmetrized virtual B-abelian variety over kr and by construction (A, i', i) 
is Q!-isogenous to (A, A, i) with associated l-cocycle aT (use x -I as the Q-
isogeny from (A, A, i) to (A, i', i)). This proves the first statement of the 
lemma. 

For the second statement of the lemma we need to show that a symmetriza-
tion A" E HomB(A, 1) is a scalar multiple of a polarization if and only if 
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(A, A" ,i) is lR-isogenous to (A, A, i). Put A" = AY for y E (M 01Qi lR)sym 
and let d E IQ(. By Lemma 9.1 dA" is a polarization if and only if dy E 
(End(A) 01Qi lR)+. By Lemma 2.9 this happens if and only if dy E (M 01Qi lR)+ ' 
which by Lemma 2.8 happens if and only if dy is of the form x* x for some 
x E (M 01Qi lR) x . But dy = x* x is equivalent to x: A ~ A being an lR-isogeny 
from (A, A" , i) to (A, A, i) such that X*(A) = dA" . 

It remains to see that if ),." is a polarization, then it is necessarily a c-
polarization. This is clear since the Rosati involution for A" differs from the 
Rosati involution for A by an inner automorphism of M and n A belongs to 
the center of M, so that nAn: is the same for ),." as it is for A. This concludes 
the proof of Lemma 1 7.1. 

Let (A', A' ,i') be a symmetrized virtual B-abelian variety over kr up to 
isogeny, and assume that it is Q-isogenous to (A, A, i), so that (A',),.', i') 
corresponds to some element 0: of HI (Q, I). For I different from p write 
HI (respectively, H;) for the skew-Hermitian B 01Qi Q[n A]-module HI (.A, Q/) 
(respectively, HI (A' , Q/)) over Q/' By Lemma 10.7 llQi, is the group of auto-
morphisms of the skew-Hermitian B 01Qi Q[n A]-module HI' It is clear that HI 
and H; become isomorphic over QI and that the difference between H; and 
HI is measured by the element of HI(Q/' I) obtained as the image of 0: under 

I I H (Q, I) ~ H (Q/' I). 

Similarly, write (H, <1» (respectively, (H', (f>')) for the skew-Hermitian 
isocrystal over Lr obtained from (A, A, i) (respectively, (A', A' , i')). Then 
by Lemma 1 0.8 llQi is the group of automorphisms of the skew-Hermitian 

p 

isocrystal (H,<1». It is clear that (H0"" Q ,<1>0id) and (H'0"" Q ,<1>'0id) 
"'p p "'p p 

are isomorphic as skew-Hermitian isocrystals over Lr 01Qi Qp (we leave it to the 
p 

reader to give a meaning-the obvious one-to this term), and that the differ-
ence between (H, <1» and (H', <1>') is measured by the element of HI (Qp' I) 
obtained as the image of 0: under 

I I 
H (Q, I) ~ H (Qp' I). 

Lemma 17.2. Let (A, A, i), (A', A' ,i') be two c-polarized virtual B-abelian 
varieties over kr up to isogeny, and suppose that they both satisfy the three con-
ditions of§14, so that we obtain triples (Yo; y, 6), (Y~; y' ,6') from (A, A, i), 
(A' , ),.' , i') respectively. Then the triples (Yo; y, 6) and (Y~; y' ,6') are equiv-
alent (that is, Yo' y~ are stably conjugate; y, y' are conjugate; 6,6' are (J-

conjugate) if and only if (A' , A' , i') is Q-isogenous to (A, A, i) and the element 
0: E HI (Q, I) measuring their difference lies in ker l (Q, I) . 

Assume that (A', A' ,i') is Q-isogenous to (A, A, i) and that 0: lies in 
ker l (Q, I). The previous discussion shows that HI' H; are isomorphic as 
skew-Hermitian B 01Qi Q[n: A]-modules over Q/. Since HI (respectively, H;) 
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is isomorphic to l'/ with n A acting by the l-adic component of y (respec-
tively, y'), we see that y, y' are conjugate in G(A~). Similarly, the previous 
discussion shows that (H, <1» and (H', <1>') are isomorphic as skew-Hermitian 
isocrystals, and therefore J, J' are a-conjugate in G(Lr)' 

Conversely, suppose that (Yo; y, J) and (Y~; y' ,J') are equivalent. It is 
clear that the functor associating to any Q-algebra R the set of R-isogenies 
from (A, A, i) to (A', A' , i') is representable by a scheme of finite type over 
Q (in fact, by a locally closed subscheme of the affine space HomB(A, A')). 
Pick a prime I different from p. Since y/ is conjugate to y;, Lemma 10.7 
implies that this scheme has a Qrvalued point and is therefore nonempty; it 
then follows that it has a Q-valued point, which means that (A', i, i') is 
Q-isogenous to (A, A, i). Let a E HI (Q, l) be the element measuring the dif-
ference between (A, A, i) and (A', i, i'). Then the image of a in HI (JR, l) 
is trivial by Lemma 17.1. Moreover, by our previous discussion the image of a 
in HI (Q/, l) is trivial for all I =1= p (since y, y' are conjugate) and the image 
of a in HI(Qp' l) is trivial (since J, J' are a-conjugate). Thus the element 
a is locally trivial at all places of Q. 

18. IMAGE OF THE MAP (A, A, i) 1--+ (Yo; y, J) 

In this section we will find necessary and sufficient conditions on a triple 
(Yo; y, J) in order that it come from a c-polarized virtual B-abelian variety 
(A, A, i) over kr up to isogeny satisfying the three conditions of § 14. In order 
to do this we need to use the characteristic F -polynomial of Frobenius for 
virtual F -abelian varieties (as usual, F is the center of B). 

Let A be a virtual F -abelian variety over kr up to isogeny, c-polarizable 
as virtual abelian variety for some c, so that n A is a semisimple element of 
EndF(A). We will now define the characteristic polynomial fA E F[T] of A, 
a monic polynomial of degree 2dim(A)/[F: Q]. The F-subalgebra F[nA ] of 
EndF(A) generated by n A is a product of field extensions of F, say F[n A] = 
FI X .•. x Fs' Let I be a prime different from p, choose an algebraic closure 
Q/ of Ql/, and temporarily take Q to be the algebraic closure of Q in Q/. 
Denote by I the set of Q-algebra homomorphisms i: F[n A] -+ Q/. Then 
Gal(Q/Q) acts on I, and the orbits of this action correspond bijectively to the 
s factors FI , ... , Fs' Let m(i) denote the multiplicity of the character i of 
F[n A] in the representation of F[n A] on the Qrvector space H/01Q1[ Q/ ' where 
H/ := HI (.4, Q/), as usual. 

Since the character of this representation of F[n A] has rational values, the 
multiplicity m(i) depends only on the orbit of i under Gal(Q/Q); for j = 
1 , ... , s define m/(J) to be the common multiplicity of the elements i in the 
jth orbit. Then for all a E F 

Since the left-hand side of this equation is independent of I, so is the right-
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hand side, which means that m[(J) is independent of I, call it m(J). Let V 
be the F[n A)-module EB~=I FtU) . Then we have shown that H[ is isomorphic 
to V I8lQ Q[ as F[n A)-module over Q[. We define fA to be the characteristic 
polynomial of the endomorphism n A of the F -vector space V. Note that V 
has dimension 2dim(A) over Q, hence that 2dim(A) is divisible by [F: Q] 
and fA is monic of degree 2dim(A)j[F: Q]. 

We return to the notation of § 14. In § 10 we described completely the simple 
objects in the category r B of B-objects in the category of c-polarizable T,C, 
virtual abelian varieties A over k, up to isogeny. We have just seen that 
2 dim(A) must be divisible by [F : Q] for any such A. Fix a positive integer 
m and consider the problem of determining the isomorphism classes of objects 
A in 'Y, c B such that 2 dim(A) = [F : Q]m. For such an object A the 
construction above gives us a monic polynomial fA E F[T] of degree m. 

Now let f E F[T] be monic of degree m. From our work in § lOwe see that 
f comes from some A in r B if and only if every root a of f in P is r,c, 
a c-number and the multiplicity m(a) of each root a of f is divisible by its 
multiplicity in the characteristic polynomial f of the simple virtual B-abelian a 
variety Aa corresponding to a. 

Define a positive integer d by the condition d 2 = dimF B . The roots of fa 
are the various conjugates of a over F, and each has the same multiplicity, 
namely, 2dim(Aa)j[F[a]: Q], which by Lemma 10.13 is equal to de, where 
e = (dimF[aj EndB (Aa)) 1/2 . It is well known that e is equal to the order of the 
class of EndB(Aa) in the Brauer group of F[a], or, in other words, to the least 
positive integer e such that e.invv(EndB(Aa)) = 0 for every place v of F[a]. 
Applying Lemma 10.13, we see that f comes from some A in 'Y"c,B if and 
only if every root a of f in P is a c-number and the multiplicity m(a) of 
each root a of f has the property that it is divisible by d and for every place 
v of F[a] the element 

{ 
-! - inv v (B I8l F F [ a )) if v is real, 
[F[a]v : Qp]v(a)jv(p') - inv v(B I8l F F[a)) if v divides p, 

- inv v (B I8l F F[a)) otherwise 

of Q/Z is killed by m(a)jd. 
We will now use this discussion to determine the image of the map (A, il, i) 

f-+ (Yo; Y, <5). Let c be a positive rational number of the form p' co' where 
Co is a p-adic unit. Suppose that (A, il, i) is a c-polarized virtual B-abelian 
variety over k, up to isogeny satisfying the three conditions of § 14. In § 14 
we associated to (A, il, i) a triple (Yo; y, <5) satisfying the conditions of §2 of 
[K5]. Now let (Yo; y, <5) be a triple satisfying the conditions of §2 in [K5]. 

Lemma 18.1. There exists a c-polarized virtual B-abelian variety (A, il, i) over 
k" satisjj;ing the three conditions of § 14, such that the triple associated to 
(A, il, i) is (Yo; y, <5), if and only if the following three conditions hold: 

(1) YoY~ = c- I 

(2) a(yo; y, <5) is trivial, 



438 R. E. KOTTWITZ 

(3) there exists a lattice A in VL such that (<5a)(A) ::) A. 
r 

First we show that if (Yo; y, (5) comes from (A, A, i) , then it satisfies (1), 
(2), and (3). In fact, (1) is obvious and Lemma 15.1 asserts that (2) holds. 
Since A comes from a virtual abelian variety up to prime-to-p isogeny there is 
a lattice A in H such that <I>(A) ::) A and the corresponding lattice in VL -::=. H 
satisfies (<5a)(A) ::) A, which shows that (3) holds as well. r 

Now suppose that (Yo; y, (5) satisfies (1), (2), and (3). Put n := y~1 . Then 
c = nn*. The endomorphism n of the B-module V is F-linear and hence 
has a characteristic polynomial f E F[T], monic of degree m, where m = 
dimF V. Our first goal is to show that there exists an object A of r"c,B whose 
dimension satisfies 2 dim(A) = [F : Q]m and whose characteristic polynomial 
is f. As we saw earlier in this section, there are two conditions to check. 

The first is that every root of f be a c-number. Since n is elliptic in G(JR) , 
every root of f in C has the same absolute value, and since nn* = c, this 
absolute value must be C1/ 2 • The inverse of N<5 := <5a(<5)··· ar- 1 (<5) E G(Lr) 
satisfies (N<5)-I(A) c A, where A is the lattice whose existence is asserted in 
(3). Since N <5 is conjugate to Yo in G(L,) , it follows that every root of f in 
Qp belongs to the valuation ring of Qp ' Therefore the roots of f are indeed 
c-numbers. 

The second condition to check is the one on the multiplicities mea) of the 
roots a of f. Let a be a root of f in P and let v be a place of F[a]. Begin 
with the case that v lies over a prime I different from p. Then V OF F[a]v is 
a B OF F[a]v-module admitting the semisimple automorphism n. By Lemma 
3.5 and Corollary 3.4 mea) is divisible by d and m(a)/d kills the element 
-invv(B0F F[a)) of Q/Z. 

Next consider the case in which v divides p. Then V OF F[a] 0<Q! Lr admits 
the a-linear bijection <I>:= <5a , commuting with the action of B OF F[a]. We 
have 

and a corresponding decomposition 

V OF 0F[a] 0<Q! Lr = EB V OF (F[a]v 0<Q! Lr), 
p 

vip 

as well as a direct sum decomposition <I> = EBvlp <I>v ' where <l>v is a a-linear 
bijection on V OF F[a]v 0<Q!p L" commuting with the action of B OF F[a]v' 

Since n- 1 is conjugate in G(Lr) to N<5, the number mea) is equal to the 
multiplicity of a-I as a root of the characteristic polynomial of the B0F F[a]v-
object V OF (F[a]v 0<Q!p L,) in the category of semisimple isocrystals over L,. 
It follows from Lemmas 11.5 and 11.6 that mea) is divisible by d and that 
m(a)/d kills the element 

[F[a]v : Qp]v(a)/v(p') - invv(B OF F[a)) 

of Q/Z (use that v(a -1) = -v(a)). 
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Finally consider the case in which v is real. We have the standing assumption 
that we are in Case A or C, and Case A is excluded since F is then totally 
complex. In Case C the field F is totally real and we are assuming that F[a]v 
is real, which happens if and only if a = ±C 1/ 2 . As usual we denote by C the 
algebra EndB(V) and we write Cv for C 0 F Fv . In §7 we noted that in Case 
C the algebra Cv is isomorphic to M 2n (l~.) and that G 1 (Fv) is isomorphic to 
SP2n(JR). Put n 1 = c- 1/ 2no . The multiplicity of C1/ 2 (respectively, _C 1/ 2 ) as 
a root of f is equal to d times the multiplicity of 1 (respectively, -1) as an 
eigenvalue of n 1 E SP2n (JR), and it is easy to see that the multiplicities of 1 
and -1 as eigenvalues of any element of SP2n (q are both even. Therefore, 
when v is real the number m(a)/d is even and hence kills the element 

! - inv(B 0 F F[a]v) 

of Q/Z. 
At this point we have completed the first step of the argument. We now 

know that there exists a B-object (A, i) in the category of c-polarizable virtual 
abelian varieties over kr up to isogeny such that the characteristic polynomial 
of (A, i) is equal to the characteristic polynomial of y~1 . 

Choose a c-polarization A of the B-abelian variety (A, i) (for existence 
use Lemma 9.2, applied to the B 0 Q Q[n A]-abelian variety A over k and 
the involution obtained as the tensor product of the involution * on Band 
the involution nA f--+ cn~1 on Q[nA ], the latter of which is positive by the 
proof of Lemma 10.1). We now have a c-polarized virtual B-abelian variety 
(A, A, i) over kr up to isogeny and a semisimple element Yo E G(Q) , elliptic 
in G(JR) , with YoY~ = c- I , such that for every prime I different from p the 
characteristic F -polynomials of y~ I on Vf := V 0 Q QI and n A on HI are 
equal. It follows that the B 0 Q Q[T]-modules Vf and HI are isomorphic, where 
T acts on Vf by y~1 and on HI by n A. Therefore we are in the situation 

* ~ r of §15 and have the element a(yo; A, A, i) E X (2(10) ), where 10 = Gyo ' 

as usual. Lemma 15.2 says that a(yo; A, A, i) is trivial. By hypothesis the 
element a(yo; y, t5) E X* (2 (fo{) is also trivial (recall that in § 15 we showed 

~ r 
that 2(10) maps onto ff.(1o/Q) in Cases A and C, so that we are free to work 

~ r 
with 2 (10) rather than fi(1o/Q)). 

The element a(yo; A, A, i) (respectively, a(yo; y, t5)) was defined as the 
product of the restrictions of local elements av (Yo; A , A, i) (respectively, 
av(yo; y, t5)) in X*(2(fo)r(V)). Put 1= Aut(A, A, i), an inner form of 10 • 

For any place v of Q put Pv = av (Yo; y, t5) - av (Yo; A, A, i). It follows im-
mediately from the definitions that P 00 is trivial. For I different from p the 
element PI is the image under 

HI(Q/' I) ~ no(2(Io{(/))D 

of the element of HI (Q/' I) measuring the difference between the skew-
Hermitian B 0 Q Q[n A]-modules HI and Vf over Q/' with n A acting on Vf 
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by the /-adic component of y-I E G(A~) (we used Lemma 10.7 to identify IQ, 
with the group of automorphisms of the skew-Hermitian B 0 Q Q[n A]-module 
HI over QI). Similarly the element Pp is the image under 

HI(Qp' l) -+ no(Z(I'a/(Pl)D 

of the element of HI (Qp ,l) that measures the difference between the skew-
Hermitian isocrystals (H, <1» and (V:L ' Ja) over L (we used Lemma 10.8 to 

r r 
identify IQ with the group of automorphisms of the skew-Hermitian isocrystal 

p 

(H, <1»). 
By Proposition 2.6 of [K4] there exists P E HI (Q, l) whose image in 

HI (Qv ,l) is Pv for every place v of Q (since the product over v of the 
restrictions of Pv to Z(fol is equal to the difference of a(yo; y, c5) and 
a(yo; A, A, i) and is therefore trivial). According to Lemma 17.1 there is a c-
polarized virtual B-abelian variety (A', A.' ,i') over kr' Q-isogenous 
to (A, A, i), such that P measures the difference between (A, A, i) and 
(A' , A' , i ' ). It follows from the discussion above together with the discussion 
preceding Lemma 17.2 that H; is isomorphic to V[ as a skew-Hermitian B 0 Q 

Q[n A' ]-module and (H', <1>/) is isomorphic to (VL ,c5a) as a skew-Hermitian 
isocrystal over L" where we are using a "prime" to indicate objects attached 
to (A', A.', i' )). Clearly (A', A.', i') satisfies the three conditions of §14 (recall 
the condition imposed on c5 in §2 of [K5]) and (A', A.' , i') f-> (Yo; y, c5) (use 
Lemma 7.1 to check that Yo is right). This completes the proof of Lemma 18.1. 

19. TOTAL NUMBER OF FIXED POINTS 

In this section we will combine the results of the previous sections, obtaining 
an expression for the number of fixed points of the correspondence ~ 0 J of 
§16 and, more generally, for the sum 

T(j, J):= L tr(<I>~ 0 J; 9), 
x'EFix 

where Fix denotes the set of fixed points of ~ 0 J. We keep the notation of 
§§14-18. 

In § 16 we associated to each x' E Fix a positive rational number c of the 
form coP', where Co is a p-adic unit, and a c-polarized virtual B-abelian 
variety (A, A, i) over k, up to isogeny, satisfying the three conditions of § 14. 
Therefore T(j, J) can be decomposed as 

(19.1) T(j, J) = L L T(A, A, i), 
C (A ,A,il 

where c runs through rational numbers of the type mentioned above and 
(A, A, i) runs through the isogeny classes of c-polarized virtual B-abelian va-
rieties over kr satisfying the three conditions of § 14 and where 

T(A, A, i) = Ltr(<I>~ 0 J; g;) 
x' 
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with x' running through those fixed points to which is associated (A, A, i) . 
In § 14 we associated to each (A, A, i) as above a triple (Yo; y, J) satisfying 

the conditions of §2 of [K5] and having the property that a(yo; y, J) = 1 
(Lemma 15.1). In § 16 we calculated T(A, A, i) in terms of (Yo; y, J) , 

(19.2) T(A, A, i) = vol(/(Q)V(AJ))Oy(f')TOJ(¢>r)tr~(yo)' 

Recall from the discussion at the end of § 14 that 1 is the inner form of 10 = 
Gyo constructed from (Yo; y, J) in §3 of [K5]. Since the expression in (19.2) 
depends only on (Yo; y, J), we can denote it by T(yo; y, J). Then 

(19.3) TU, f) = L n(yo; y, J)T(yo; y, J), 
(Yo; y ,15) 

where the sum is taken over the equivalence classes (see Lemma 17.2) of triples 
(Yo; y, J) satisfying the conditions of §2 of [K5] and having the property that 
a(yo; y, J) = 1, and where n(yo; y, J) denotes the number of c-polarized 
(for some c) virtual abelian varieties (A, A, i) satisfying the three conditions 
of § 14 such that (A, A, i) 1-+ (Yo; y, J). If n(yo; y, J) is nonzero, then by 
Lemma 17.2 it is equal to 1 kerl(Q, 1)1, which by (4.2.2) of [K2] is also equal 
to 1 kerl (ij, 10 )1. Therefore, if n(yo; y, J) is nonzero, we have 

1 (19.4) n(yo; y, J)T(yo; y, J) = Iker (ij, 10)IT(yo; y, J). 

In fact (19.4) is valid even when n(yo; y, J) is O. What we must check is 
that n(yo; y, J) = 0 implies T(yo ;.y, J) = O. Suppose that T(yo; y, J) is 
nonzero. Put c = (Yoy~)-I E QX . Since Yo is elliptic in G(JR), c is positive. 
Since T(yo; y, J) is nonzero, so is TOJ(¢>r) and from this it follows that the 
p-adic absolute value of JJ* E L; is equal to that of p -I , which implies that 
c = pr Co for a p-adic unit co' It follows from Lemma 18.1 that n(yo; y, J) 
is nonzero: it is obvious that conditions (1) and (2) of that lemma hold, and 
since TOJ(¢>r) is nonzero, condition (3) holds as well. 

Now consider the factor 1 kerl (ij, 10 )1 appearing in (19.4). In both Cases A 
and C the map 

kerl (ij, Z) ----+ ker l (ij, G) 
is surjective (see §7), where Z denotes the center of G. Therefore the map 

1 1 ker (ij, 10 ) ----+ ker (ij, G) 

is surjective, and it follows easily from Lemmas 4.3.1 and 4.3.2 of [K2] that all 
the fibers of this map have the same cardinality. Therefore 1 ker l (ij, 10 )1 is the 
product of 1 ker\ij, G)I and 

1 1 
1 ker[ker (ij, 10 ) ----+ ker (ij, G)]I· 

As in §3 of [K5] we define c(Yo; y, J) to be the product of vol(I(Q)V(AJ )) 
and 

1 1 
1 ker[ker (ij, 10 ) ----+ ker (ij, G)]I· 
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Our final result is that T(j, f) is equal to 

(19.5) Ikerl(Q, G)I L c(Yo; Y, J)Oy(fP)TOo(¢,)tr~(yo), 
(Yo; y ,0) 

with (yo; y, J) running through all equivalence classes of triples satisfying the 
conditions of §2 of [K5] and having the property that a(yo; y, J) = 1. The 
functions fP and ¢, are the ones defined in § 16. 

In § 8 we saw that S KP is the disjoint union of I kerl (Q, G) I copies of the 
canonical model for the Shimura variety associated to the data (G, h -I , K P ) • 

Therefore the analog of T(j, f) for a single copy of the canonical model is 

(19.6) L c(Yo; y, J)O/fP)TOo(¢,) tr~(yo)' 
(Yo;y,o) 

which is the formula (3.1) of [K5], except for the following point. In [K5] it is 
claimed that (19.6) is the value of T(j, f) for the Shimura variety associated to 
(G, h, KP ); however, we have just seen that it should be (G, h- I ,KP ) rather 
than (G, h, K P ). Of course this mistake also affects the conclusion of [K5]: 
the right conjecture is that the virtual representation of ~ and Gal(Q/ E) 
described in § 10 of that paper be equal to the virtual representation 

2dimSK E9 (-1)i IHi(SK,9T)®L). 
i=O 

for the canonical model SK for (G, h- I ,K) (rather than (G, h, K)). 
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