JOURNAL OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 6, Number 4, October 1993

L? -COHOMOLOGY, NASH BLOWUP,
AND SEMISMALL RESOLUTIONS
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1. INTRODUCTION

It was conjectured by Cheeger, Goresky, and MacPherson [CGM] some ten
years ago that L’ -cohomology of a complex projective variety is naturally iso-
morphic to its intersection cohomology; recently, this conjecture has been settled
by [Ohsawa].

Most of the interest in this conjecture has been due to its applications to
the question of existence of a pure Hodge decomposition in the intersection
cohomology; the point of this paper is to give another application to this con-
jecture. We show that it implies some restrictions on the possible resolutions
of singularities.

Our principle result is as follows:

Theorem. (See Corollary 2.6.) Let X be a compact complex analytic space.
Then, if a semismall resolution © : X — X is such that X is also a modification
of the Nash blowup of X, then n is small.

Recall that a resolution 7 : X — X is called small if X can be stratified
in such a way that the fiber of 7 has (complex) dimension < d/2 for the
points of the stratum of codimension d, and 7 is called semismall if the
dimension of the fiber is < d — 1. (If the resolution is obtained by a sequence
of blowups with smooth centers, then the dimensions of the fibers are equal to
d — 1.) The assertion of the Theorem is that (under the stated assumptions)
the situation when the dimensions of the fibers are all < d — 1 but not all
< d/2 is impossible. (See Example 2.8 for a semismall resolution satisfying the
assumptions of the Theorem.)

This theorem is a corollary of our main technical result, Theorem 2.1, which
describes the sheaves of L2-forms on X in terms of its resolution 7 : X — X
provided that X maps regularly onto the Nash blowup of X .
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2. THE MAIN RESULTS

Notation. For any (possibly, singular) complex analytic space Y, let &, be
the sheaf of analytic functions on Y, and let T"Y be the sheaf of analytic
differentials (1-forms) on Y. The latter may be defined, as usual, as %, /J"y2
where ., is the ideal of the diagonal embedding ¥ — ¥ x Y.

Let f’ be the set of nonsingular points of Y. We shall assume that l.} is
equipped with a Riemannian metric g, which is locally in a neighborhood U
of any point x € Y quasi-isometric to the metric induced by an embedding of
U into CV. Such metric gy can be constructed by means of a partition of
unity, and any two such metrics are quasi-isometric on all compact subsets of
Y.

Denote by Q‘;,q the sheaf on Y of (p, gq)-forms on f’ with measurable
coefficients which are locally square-integrable on Y with respect to g, . In
other words, for an open set U C Y the space I'(U, Q}) contains all forms

on UNY which have measurable coeflicients and are square-integrable in a
neighborhood of any point of U.

The notion of square-integrability is the same with respect to all metrics in
one quasi-isometry class. Hence, the sheaf Q) is independent of the choice of
the metric g, within the quasi-isometry class described above.

When p = g = 0, we get the sheaf Lf, = Q?,’O of L*-functions on Y , and
the sheaf of all L>-forms of order k is given by
k q
Qy = @ Ql}" .

p+a=k

Clearly, @, C Li, and Li, is an &y-module.

Let X be a singular complex-analytic space of pure dimension 7, and let
7 : X — X be a resolution of singularities which can be mapped onto the Nash
blowup X" of X so that the diagram

X ‘ X
(2.1) \ /
X

Nash

is commutative. In this case (see §3) the pullback 7" 7" X is locally free modulo

torsion. Let
gef an (TT'X n_oa=\"l
detn = /\ (torsion) ® (/\ r X) ’

this is an invertible sheaf on X . The homomorphism of sheaves n*T*X —
T*X makes detn an invertible sheaf of ideals.
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o o ~
Let j: X — X and 7: 7~ 'X — X be the embedding maps; then QY c
j*Q’)’.,(q and we can identify j*Qf’%” =nJ,Q ‘f&; this is the sheaf on X of the
n

o [e]
forms on X which are locally L? in the neighborhood of any point of X but
may grow without restriction near the singular points of X .

This is our main technical result:

Theorem 2.1. Let the resolution of singularities . be as in (2.1). Then the fol-
lowing two subsheaves of j*Q;" = n*]: (04 Z‘i’ coincide:
n

q _ n'T'X 2
(22) Q== [ (detz) /\ (torsmn) (torsion) ,%LXJ

where bar denotes complex conjugation and the right-hand side is considered
a subsheaf of n*j’*Q’"fl} in the following way: the sections of (detn)™' are
n

meromorphic functions on X and the sections of n" T" X/ torsion are considered
as differential forms on X via the obvious monomorphism of sheaves n*T*X /
torsion — T*X .

The proof of this theorem is found in §4.
Remark 2.2. If X is smooth, then this theorem states that (for X = X)
q _ AP 1=y 2
QY =NTxe, NTXcg, L
which is obvious. '
Corollary 2.3. Let n be as in (2.1). If, in addition, n is semismall, then Q}} =
n, QY.
Note that here Q’;?q is the sheaf of L formson X with respect to the “nice”
metric gz on X , as opposed to gy

Proof. By definition, n is semismall if it is an isomorphism outside a subvariety
D c X of codimension at least two. The invertible sheaf of ideals detrn is
clearly supported on D hence, detn = &5 . It follows then that

n 7T"l T*X n_xz
(2.3) A (torsion) =NT'X
where 7" T" X /torsion C T*X are two locally free modules of rank n over &y .
T T'X

We claim that this implies = T" X . Indeed, take any point P € X,

torsion N
andlet dz,,dz,, ..., dz, belocal generators of T*X at P,and W, Wy, ...,

w, local generators of 7" 7" X /torsion at P, with w; =3, f,dz; where f j
are some germs of analytic functions at P. The equality (2.3) implies that
locally o, Aw, A+~ Aw, =hdz Adz, A---Adz, with h invertible. As h =
det( fij) , the matrix (f ;) is invertible locally, i. e., locally dz,,dz,,...,dz,
can be expressed in terms of @, , ,, ..., w, and n"7T" X /torsion = T"X.
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Substituting all this into formula (2.2), we get
q _ P _x3 [ p— ?. _ pq
0% —n*[/\ T"X®, \'T X@C,}LX] =n,Q% . O

Let Q5 = @2, Q% = P QY and let
(domd,)* = {we Q) |dw e Q}} .

Then (dom dX)' is a complex of sheaves with differential d, and, if X is
compact, the cohomology of the complex of global sections I'(X, (domd X)')
is the L2-cohomology of X.

It is known that (domd X)' is a complex of fine sheaves due to the existence
of partitions of unity by functions with bounded differentials. Indeed, for any
point P € X and any chart UC X, U — cV containing P, we can take a
smooth function in CV which vanishes outside some neighborhood of P and
is identically equal to 1 inside some smaller neighborhood and restrict this
function to U. The restriction does not increase the pointwise norm of the
differential of this function, which is, consequently, bounded. These functions
may be used to construct partitions of unity, so (domd X)' is fine.

If X is smooth, then (domd,)® is a resolution of the constant sheaf C X -

Corollary 2.4. Let n be as in (2.1). If in addition, ©n is semismall, then
(domdy)* = 7, (domdj)* ~ Rn,Cy.

(Obvious.)
Denote by J‘E; the complex of (middle-perversity) intersection chain
sheaves.

Indexing convention: we denote by f%’f what is denoted by IC*™2" in [GM].

Theorem 2.5 [Ohsawa). There is a canonical quasi-isomorphism of complexes of
sheaves (domdy)* ~ 7%, .

For the proof, see [Ohsawa].
Corollary 2.6. Let n be as in (2.1). If, in addition, n is semismall, then © is

small.

Proof. Indeed, it follows from Corollary 2.4 and Theorem 2.5 that f%; ~
Rn Cz, and Lemma 2.7 below shows that this implies that 7 is small. O

Lemma 2.7. If © is a resolution of singularities such that f%; ~ Rn,Cs, then
7 is small.
Proof. Indeed, take any point x € X . As n'x isa compact complex-analytic
variety, HZk(n'lx, C) # 0 when k = dim, n'x.

Denote by # ! the Ith cohomology sheaf of a complex of sheaves. The
stalk at x of the sheaf ;KIR”.‘CX is isomorphic to Hl(n_lx, C); hence,

if k = dim, 7" 'x, then the sheaf # 2"}%}{' is nontrivial at x. We know
that Rn,Cy ~ %, , and by the definition of #%, , the set of points where
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& 2"]%; is nontrivial, has real codimension > k. It follows that the set of
points x such that dimg n'x =k , has real codimension > k. Since this set
is complex analytic, it has complex codimension > k/2, and this shows that =
is small. 0O

Example 2.8 [Teissier, pp. 370-371]. Let X be the union of of two planes in
C* intersecting at one point. Then X™*" is the normalization of X (the
disjoint union of the same two planes), and X Nash s a small resolution of X .

In this case, indeed, we have a semismall resolution which is mapped onto the
Nash blowup of X, and (domd X)' ~ J%; ; in agreement with our theorem,
the resolution is indeed, small.

More generally, we may consider such X that all its singularities are trans-
verse self-intersections, i. €., X is an image of an immersion which is allowed to
have self-intersections, but only transverse ones; then, again, the Nash blowup
is a normalization of X , and it is a small resolution of X .

Question 2.9. Does there exist a variety X such that the map X ™" — X is

semismall but not finite?

3. NASH BLOWUP

Here we recall the definition of the Nash blowup.

First suppose that our singular variety X is embedded as a closed subvariety
into a smooth manifold M . As before, let n = dim. X . Let Gr, TM denote
the Grassmanian bundle of rn-planes in the tangent bundle T M ; the point of
Gr, TM is specified by by indicating a point x € M and an n-plane in 7, M .

We have a section ¢ : )0( — Gr, TM given by x — (x, T, X) (a “generalized

Gauss map”). The Nash blowup X"*" is defined as the closure of ¢(X’ ) in
Gr, TM . It is easy to see that X Nash i< a closed analytic subspace of Gr,TM,
and the projection Gr, TM — M restricts to map y : X Nash . X which is

analytic, proper, and biholomorphic over i’ . Moreover, it is not hard to see
that the construction of X*" and the map w up to natural equivalence is
independent of the choice of the embedding X — M and is local on X (the
latter means that the Nash blowup of an open subset of X is an open subset of
XN in a natural way). In case the embedding X — M is not given, we may

patch X"* together from the local embeddings of open subsets of X .

Proposition 3.1. The coherent sheaf w"T" X/ torsion on X"*" is locally free.
Proof. Consider the tautological vector bundle over Gr, TM ; if (x, L) is a
point in Gr, TM (x is a pointin M and L is an n-dimensional subspace
in T, M), then the fiber of the tautological bundle over (x, L) is the space L.
Denote by 7 the sheaf of sections of this tautological vector bundle.

It is easy to see that there is a morphism of coherent sheaves " T"X — ]| nun
which is onto and whose kernel is the torsion of w*T*X . This is the statement
of the Proposition. 0O
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4. PROOF OF THEOREM 2.1
After [HP], we consider the pullback n*gX of our metric to X; it is a
nondegenerate metricon z~ ' X . Denote by 074 .g, thesheafon X of (p, q)-
’ X

(o]
forms on 7~ 'X with measurable coefficients which are square-integrable with
respect to n*gx; for an open set U ¢ X, I'(U, Q’}(q _ ) is the space of
’ X

all forms on U Nz~ 'X which have measurable coefficients and are square-
integrable with respect to n* gy in a neighborhood of any point of U.

Lemma 4.1. 7, Q% . =QY.

gy

Proof. This follows from the fact that z is proper. 0O

Lemma 4.2. The sheaf n*T" X/ torsion is locally free.

Proof. Tt follows immediately from Proposition 3.1 and diagram (2.1), as the
pullback of a locally free sheaf is locally free. O

Take any point x € X and take a local base o, ay,... 0, of T"T"X/
torsion at x. We may consider n* 7~ X/torsion to be a subsheaf of 7" X,
thus making o, a,, ... , a, sections of 77X .

Lemma 4.3. The metric n" g, is quasi-isometric to Y, o,@; in a neighborhood
of x.

Proof. Consider an embedding of a neighborhood of zn(x) in X into cV,
and let z, z,,..., z, be the coordinate functions in c¥. Then n° gy 1s
quasi-isometric to Zn*dzjﬁzj. The sections n°dz,,n'dz,,... ,n’dz,
form another local base of the sheaf n*T" X/ torsion at x, hence, they can be
expressed in terms of o, a,, ... , @, and vice versa:

*
ndz; =3 fe
*
Q; =Zhijn dz; .
Obviously, this implies that Y~ n"dz ; n'dz ; and ) oa.@; are quasi-isometric. O

Let u,, u,,... ,u, belocal coordinates on X at x. We may assume gy =
Y.du;du;.

Lemma 4.4. Ifwe writeat x: ay Ao, A---ANa, = fdu ANdu, A---Ndu,, then
f is a local generator at x of the invertible sheaf of ideals detr .

(Obvious.)

Lemma 4.5. On a small enough neighborhood U of x in X the sheaf (074 e

can be described in the following way. Let w be a (p, q)-form with measurable

1

coefficients on UNn~ X. Then w is square-integrable with respect to n"g if
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and.only if w can be represented in the form

1 _ -

41 o=} I—j‘—lhiliz...ipiliz...iq o Nag Ao Nag Ao Nag A--- Ay

where h. _ are some L* -functions on U with respect to the usual metric
1 12 l 12 12 l

= Zduidui on U.

Proojf We may choose Usmall enough so that we may assume that o, a,,...,
a, generate the sheaf n”7" X/torsion on U and 7n"g, = Y a,&;. Then

a,,a,,...,a, generate the sheaf T*X on Unzn 'X, and any (p, q)-form

]
on UNn~'X can be represented in the form (4.1) with some coefficients
;117 (not necessarily square-integrable). A standard calculation shows

0 A0 = Z 2] by B |a ANaTAay AT A+ Aa, AT,
—ZV’; igiyhl, Idu ANdu, /\du;,'/\du2 ~-ANdu,Ndu,

(here * is taken with respect to © gX). This means that @ is square-integrable

with respect to n*gX if and only if each & i 110 is square integable with
Vyendy Ty,

respect to the usual metric gz on X (or U). O
Corollary 4.6.

q < q ﬂ*T*X 2
QI"" = (detm) ® /\ <tor51on) ,;?; /\ (torsion) f?; Ly-

Proof. Indeed, this is just an invariant reformulation of Lemma 4.5. 0O

Finally, Theorem 2.1 follows immediately from Lemma 4.1 and Corollary 4.6.

Remark 4.7. 1t is easy to see that Q% g = n! QY.

X

ACKNOWLEDGMENTS

Steve Kleiman heard Theorem 2.1 from me and pointed out that it implied
Corollary 2.3. Bernard Teissier suggested Example 2.8. Takeo Ohsawa sent
me his paper [Ohsawa] in the preprint form. The referee’s advice has made it
possible for me to improve the exposition greatly. It is my pleasure to express
my thanks to all these people.

REFERENCES

[CGM] J. Cheeger, M. Goresky, and R. MacPherson, L? -cohomology and intersection
cohomology of singular algebraic varieties, Seminar on differential geometry (S. T. Yau,
ed.), Princeton Univ. Press, Princeton, NJ, 1982, pp. 303-340.

[HP] W. C. Hsiang and V. Pati, Lz-cohomology of normal algebraic surfaces. 1, Invent. Math.
81 (1985), 395-412.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



824 BORIS YOUSSIN

[GM] M. Goresky and R. MacPherson, Intersection homology. 11, Invent. Math. 71 (1983),
77-129.

[Ohsawa] T. Ohsawa, On the L2cohomology of complex spaces, Math. Z. 209 (1992), 519-530.
[Teissier] B. Teissier, Variétés polaires. II: Multiplicités polaires, sections planes, et conditions de

Whitney, Actes de la conférance de géometrie algébrique 4 la Rabida, Lecture Notes in
Math., vol. 961, 1981, pp. 314-491.

ABSTRACT. We study the structure of L*-forms on singular complex projective
varieties with respect to Fubini-Studi metric using resolution of singularities.
We show that a semismall resolution of X has to be small if it can be mapped
onto the Nash blowup of X .
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