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HARDY SPACES AND
THE TWO-DIMENSIONAL EULER EQUATIONS
WITH NONNEGATIVE VORTICITY

L. C. EVANS AND S. MULLER

1. INTRODUCTION

This paper is inspired by recent work of Delort [3] concerning solutions of the
two-dimensional Euler equations with nonnegative vorticity. Delort’s key obser-
vation, which we will explain in more detail in §4, is that whenever {v,},_.., is
an appropriate collection of velocity fields solving the two-dimensional incom-
pressible Euler equations and

2
loc ?

(1.1) v, — vweakly in L v, —vae.as ¢—0,

we can pass to limits in certain quadratic expressions involving v, , provided
the corresponding scalar vorticities are nonnegative. More precisely, we have
1,2 1,2
VU, SV U
(1.2) in the sense of distributions,
1,2 2,2 1,2 2,2
(V) = (v)) = (v) —(v7)

12 1,2
where v, = (v, ,v,), v=(v ,v").

This assertion is remarkable, since it is not in general true that v, — v strongly

in leoc. The point is that the particular terms (1.2) (which arise naturally in
Euler’s equations) entail a kind of subtle cancellation to offset the possible strong
concentrations of kinetic energy allowed by the weak convergence (1.1).

Our intention here is to examine more closely this “concentration-cancella-
tion” effect. The principal new result, Theorem 1, states that the expressions
{vel v: , (vel )2 - ('uez)z}0 << are “locally bounded” in the Hardy space # l(]Rz) ;

such terms are thus somewhat better than typical functions in Llloc(Rz). In
addition, it turns out that this is enough information for us to provide a new
proof of, and better insight into, the convergence (1.2); see Theorem 3.1 in §3.

To explain our assertions more precisely, we must introduce some terminol-
ogy. Choose 7:R" — R to be any smooth function satisfying

spt(n) € B(0, 1), / ndx =
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200 L. C. EVANS AND S. MULLER

o (52)
and define the Hardy. space
(1.3) Z'®RY={feLl'®R" | f L' R").

According to Fefferman-Stein [8], this definition does not depend on the partic-
ular choice of 7.

We will need a local version of (1.3). For f € LIOC( "), we will hereafter

L om (552 o

and consider then the local Hardy space

(1.4) Zro(R") = {f € L, (R") | £ € L, (R")}.

The point is that for %

loc
this in contrast to the supremum over all r > 0 in the definition of # (!
will be useful to study also a related local Hardy space, introduced by Goldberg
[12]):

(1.5) RRY={feLl'®R"|f* el ®R"

For a function f € h'(R"), we set

(1-6) “f”h'(R") = ”f**”L‘(R"y

Finally let loc( ") denote the usual Sobolev space of functions f in leoc(R") ,
whose distributional first partial derivatives fxl ,..., f, belong as well to
L} (R"). Wewrite Df =D_f = (fsoos fi)

. . . 2
Our main result concerns weakly superharmonic functions on R”.

If feL'(R"), we write

ff(x)= sup

O<r<oo

7 (x)= sup

0<r<1

we take the supremum only overradii 0 <r <1,

Theorem 1.1. Let u € H' (R*) be a weak solution of the PDE

loc
(1.7) ~Au=® inR%,
Wwhere w € LIIOC(IE&2 ) and

(1.8) w > 0.
Then

2 2 1,02
(1.9) Uy Uy Uy — Uy € Z (R7).

In addition, for each ¢ € C.° (R?) we have the estimate

2 2 2
(1‘10) I'¢ux, ulelh‘(mz) + |‘¢(ux1 - uxz)”h'(kz) < C”Du”LZ(B(o,R))
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HARDY SPACES AND THE TWO-DIMENSIONAL EULER EQUATIONS 201

for some constant C and some radius R depending only on ¢.

Our proof employs elementary singular integral-type computations to esti-
mate directly the expression (uxl uxz)“ on compact sets. (Semmes [21] has

recently discovered another proof, which employs more sophisticated Hardy
space machinery.)

We will show by a counterexample in §5 that this assertion is in general
false without the sign condition (1.8). (Interestingly, in the radial case the
nonnegativity of @ is not required; see §5.)

The proof of Theorem 1.1 appears in §2. In §3 we present a local version of
a theorem of Jones-Journé [13] asserting that a sequence which is bounded in
7' (R") and converges a.e. in fact converges in the distribution sense. Section 4
rapidly recounts the fundamentals of two-dimensional incompressible flow and
then explains an application of the theory in §§1-3 to recover Delort’s conver-
gence theorem. Finally we collect some additional comments and examples in
§5.

It is worth stressing that our full-blown program in §§2-3 is not really re-
quired for the single application to Euler’s equations—Delort employs much
more direct and elementary arguments. Our real intention is rather to try to
gain some further insight into the analytical behavior and physical significance
of the nonlinear term v'v® and its rotated counterpart (v : )2 - (v?')2 . A vague
tenet of compensated compactness theory (cf. [7, Chapter 5]) holds that “phys-
ically natural” nonlinear terms in PDE should have better analytic properties
than similar, but nonphysical, terms. We surely have here an instance of this
phenomenon but are also currently lacking any really deep insight. A hope,
as argued for other examples in the important paper Coifman, Lions, Meyer,
and Semmes [2], is that Hardy space methods will continue to provide further
clarification.

This work was initiated during the second author’s visit to the Mathematical
Sciences Research Institute at Berkeley, as part of the 1990-91 Special Year on
PDE and Continuum Mechanics.

2. PROOF OF THEOREM 1.1

Proof. (1) Fix R > 8. Let B(0, R) denote the closed ball with center 0 and
radius R, and set

2.1) vx)= 37 [ wO)logllx - y)dy
B(0,R)
Then
(2.2) w = u — v is harmonic within B(0, R),
and
(2.3) vxi(x) 271 / 0.8 a)(y |X yl’ dy (i=1,2).

(2) Choose 7 € CC (R") satisfying

spt(n) C B(O, 1), / ndx=1, n>0.
B(0,1)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



202 ) L. C. EVANS AND S. MULLER

Let us also fix any point x, € R?. Consider then for 0 <r < 1 the expression

A= riz/ v, (X)v, (n <x "rx") dx
(2.4) 47z r? /B(O R)/ B(0,R) Be(z)

X =Yy Xy — 2, (x—xo)
X dx)dydz,
(/RZ |x—y|2 |x—z}2” r d

according to (2.3). (The interchange of integrations is valid, since the function |
glx) = [ (0.R) ﬁ dy belongs to LIOC(RZ); see (2.20).) We change variables

by replacmg (x X,)/r with x, (y —x;)/r with y,and (z - x,)/r with z to
discover

r2

A= /
(2.5) 4n” JB(=x,/r,R/r) JB(=x/r,R/7)

X<~/]RZ|X ;)" I))CCZ—ZI ()dx)dydz

X, =V, X,— 2
/ L L2 “Zp(x)dx
R |x — | |x — z|

w(xy +ry)w(x,+rz)

Finally, define
(2.6)

for fixed y, zeRz, y#z.
(3) We assert

(2.7) IBI<C(L+y) " '(1+1z)"" (v, zeR, y#72)

for some constant C, depending only on 7. The proof is consequence of
standard singular integral calculations (cf. Stein [22]) and so is only sketched
below.

Casel. |y|>2or |z| >2. If |y| > 2, then
C 1 -1 -1
2.8 Bs——-/ ——dx < C(l + 14|z
L T (L+ )7 (L +12)
If |z] > 2, a similar estimate obtains

Case 2. |y| <2 and |z| < 2. In this situation, we write

X, =V, X,— 2
B=r1(y)/ bt —2dx
B0,2) |x —y|” |x — Z|

(2.9) Vi X~ d
# ] A ) - )
= B1 + Bz-

Clearly

(2.10) 1Bl < C(L+ )~ (14127
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HARDY SPACES AND THE TWO-DIMENSIONAL EULER EQUATIONS

To estimate the term B, , we examine two further possibilities:

Subcase 1. |y|, |z| <2, |[y—z|<3(2-1y]). Then

X, =Y, X,— 2z,
B, =) [ LN 57 5 g
: B, 2v—z)) |x =y |x - z|?
X = X5
+ n(y)/ 1 dx
(2.11) B, 2-p)-B(y . 2y—zD) [x — y|* |x — 2|
+n@)/ I T W
B(0,2)-B(y,2—y)) |x = | |x — 2|
=C +C,+ (.
We first estimate
1 1
IC|<C T
By, 2ly—z) X =¥l |x = z|
(2.12) C/ 1 1 4
- ———dx  (v=z-y/lz-Y])
B(0,2) x| |x —v]
< C.
Now
(2.13)
X, =V, X,—Z
C, = ny) S
B(y,2—-y)-B(.2ly—z)) |x = ¥|" |x — 2|
X X, — W X
=mw/‘ —%(i——%——%)dx (w=z-y).
B(0,2-y)-B(0,2w]) |X|" \|x —w|” |x]
Since
xX-w x| wl
x—w®  x*| T Ix)?
if |x| > 2Jw],
(2.14) G, < Clw| Lax<c

B(0,2-Iy)—B(0. 2lw)) | x|’

Finally, note n(y) =0 if |y|>1,and 2—|y|>1 if |y| < 1. Thus
|C3|§C/ 1 1 u<c

B0,2)—B(y,1) |X — Y| |x — 2]

Combining this calculation with (2.11), (2.12), and (2.14) we deduce
(2.15) Bl <C<C+p)T (+z)7"

203

Subcase 2. |y|, |z| <2, |y —z| > $(2—1y|). In this situation, we can estimate

|B,| < Cn(y)|logly — z|| + C.

But because (2 — |y|) < |y — z| < 4, we have

log<1—l—y—l>|+C§C.

|B,| < Cn(y) >

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



204 _ L. C. EVANS AND S. MULLER
Consequently (2.15) holds in this subcase as well.

Combining at last (2.8), (2.9), (2.10), and (2.15) we obtain estimate (2.7).
(4) Return now to (2.5), (2.6). In view of the bound (2.7) and the non-
negativity of w, we have

w(x, +ry) w(x, +rz
B(=x,/r,R/r) I B(=xo/r,Rjr) 1+ V] 1 +|z|

2
B(-x,/r.Rir) L+ 1Y

We restore the original variables by replacing x, +ry with y:

() ’

(2.16)

Since w >0,

- o) .\
(2.18) (vx‘vxz) (xp) = os<lr1£1 |4] < C(/B dy) .

0.8 ¥ — Xl

(5) We next write

2.19 x s/ W) 4 x, € R
(2.19) )= [ oAy (ReeR)
and claim

(2.20) ge L (R

To establish this, first choose a cutoff function { € CC°°(R") ,with 0< (<1,
{=1on B(O,R), {=0 on R? — B(0, 2R), |D{| < C/R. Choose also 4, €

°(R") satisfying 0< 1, <1, A, =0 on B(x,, ¢), A4, =1 on R*—B(x,, 2¢),
|IDA,| < C/e. Since —Au = @ in R® in the weak sense,

Ci
e xoldy /D” D(Iy—xol)dy
(A, Du ﬂdy+/ Du-D(as) dy.
RZ

R |y x0'3 ly - xol

Consequently

w (¥ —xp)
o —2 _ay< —/ Du- 220 g
/RZ 1y = x| Y RZ—B(xO,Ze)C ly - x,° 4

1
+ CM(|Du X, +C/ Du|———dy,
(1Dul,, )05 +C [ Dl ——
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HARDY SPACES AND THE TWO-DIMENSIONAL EULER EQUATIONS 205

where M(-) denotes the Hardy-Littlewood maximal function. Letting ¢ — 0,

we see
0<g(x </
{Du —~( Y~ %) g,
(2.21) R? ly — xol
1
+ CM(|Du x,)+C Dy|———d
(I “B(O,ZR))( 0) B(O,2R)| |Iy_x0| y

= g,(Xp) + &, (%) + &5(xp)-
The first integral in the last term is interpreted in the sense of principal value.
As y/ ]y|3 is a Calderon-Zygmund kernel (cf. Stein [22]),

(2.22) llgllle(R,.) < C||CDu||L2(Rz) < C”Du”LZ(B(O,ZR))'
Furthermore, the maximal function preserves L’ ; whence,

(2.23) ”gzlle(R" < C“Du”LZ(B(O,ZR))'

Finally |y|_l € R’ ),80 g € Lloc( ). In particular,

loc(
(2.24) “33“]_2(3(0,42‘1)) = C(R )“Du”Lz(B(O,ZR))'

In view of (2.21)-(2.24), assertion (2.20) is valid. Furthermore, utilizing
(2.18), (2.19), and (2.21)—(2.24), we obtain the estimate

’ *k 2
(225) ”.(vxlvxz) ”L'(B(O,%)) < C(R)”Du”Lz(o,zR)‘

(5) Now recall from (2.2) that w = u — v is harmonic and thus smooth,
within B(0, R). Consequently if x; € B(0, R/2),

1 X =X,
Z/Rwalwxz”( p )dx‘

(2.26) < C sup ][ |Dw|* dx
B(xy,7)

0<r<1

% %
(0, ,)"" ) = sup

<C sup |Dw|2.
B(0,3R/4)

As w is harmonic,

sup |Dw[§C][ |lw—A|dx
B(0,3R/4) B(0,R)

< C][ =+ foldx
foreach A € R. Taking A = 3CB(0 RY dx ,we deduce using Poincaré’s inequality
and (2.1),

2.27 sup |Dw| < C(R)(||Du + |lw .
( ) 3(0’32/4)| |— ( )(” ”LZ(B(O,R)) ” ”L'(B(O,R)))
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206 L. C. EVANS AND S. MULLER

Utilizing then (2.26) we find

*k 2 2
(2.28) Hwy, we,) a0, Rz < CRIUDU 2300, r)y + 0N L1800, ry))-

Similarly, if X, € B(0, R/2),
1 X =X,
7 fowan (572

< C sup ][ |Dw|2 + |Dw||Du|dx
B(x,,r)

0<r<1

* %k
w_v X,) = sup
( X, xz) ( 0) 0<r<1

2 2
< C(RYIDUll 250, ryy + 19111 500, &)
+ C(-R)(”Du”LZ(B(O,R)) + “w”L'(B(O,R)))
+M(|Dul], - (%)

where we used (2.27). Hence
*k 2 2
(2.29) Hwvi) N s, 2y < CRVUIDUI L2 g0, Ry + N1 (0, R))-
The same argument shows
*k 2 2
(230) ”(lewxz) ”L'(B(O,R/2)) < C(R)(“Du”LZ(B(o’R)) + ”w”L'(B(O,R)))'
Combining now (2.25), (2.27), (2.29), and (2.30) we obtain the bound
*k 2 2
(2'31) ”(uxl uxz) “L'(B(O,R/2)) < C(R)(”Du“Lz(B(o,zR)) + ”w”L'(B((),R)))-
Finally choose a cutoff function y € CC°°(]R") satisfying

0<y<l1l, |Dy|<C/R,
w=1o0nB(0,R), w=0onR—B(0, 2R).

Since u is a weak solution of (1.7) and w > 0, we have

/ wdxg/ wc//dxz/ Du-Dydx
B(0,R) B(0,2R) B(0,2R)

< g/ |Du|dx.
R B(0,2R)

Thus R ,
”w”L‘(B(o,R)) < C”Du”LZ(B(O,ZR))'
This estimate and (2.31) imply

*% 2
(232) ”(uxl uxz) “L'(B(O,R/Z)) < C(R)“Du”LZ(B(O’ZR))

for each R > 8. Hence U, € ZOIC(R").
Rotating variables by replacing x; with (x,+x,)/ V2, x, with (x,—x,)/ V2,
we deduce as well ui - uiz € ZO‘C(R"). Finally, estimate (1.10) is a conse-

quence of Lemma 5.1 in §5. O
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HARDY SPACES AND THE TWO-DIMENSIONAL EULER EQUATIONS 207

3. HARDY SPACES AND CONVERGENCE A.E

This section discusses some connections between convergence a.e. and con-
vergence in the distribution sense, for a sequence bounded in the local Hardy
space hl(R"). Jones and Journé [13] have recently shown that a sequence
which is bounded in #' (R") and converges a.e., in fact converges in the sense
of distributions. (See also Coifman, Lions, Meyer, and Semmes [2] for a gen-
eralization.) We require a local version of this result, and, for variety, set forth
a somewhat different approach.

Following Goldberg [12], we begin by defining a local version of the space
BMO. For this, take g € L! (R") and write

loc

(&), = flgdx = ﬁ/lgdx

to denote the average of g over any cube I with edges parallel to the coordinate

axis. Then
1llasso = sup ][llg — (&), dx
and
(3.1) l&llpmo = sup][ lg — (g),ldx + sup][ lgldx.
in<iJ 1 1SN

We say g € BMOR") if llgllgmo < o, and g € bmo(R"), the space of
functions of locally bounded mean oscillation on R", provided ||gll, ., < -

According to [12], (hl)* = bmo. More precisely, there exists a constant C,
depending only on 7, such that

[ Fedx] < bl el

forall feh'(R"), g€ L™(R")Nnbmo(R").
We will require below the following assertion, due to Garnett-Jones [10, 11]
and Uchiyama [24, Corollary 1]:

Lemma 3.1. Let A >0, andlet A, B C R" be measurable sets such that

(3.2)

. InAl |[INB —2na
(3.3) mm{| 7] l,l i l}_<_2
for each cube I C R". Then there exists a measurable function n : R" — R
satisfying
(3.4) 0<n<l1l,n=1 ae. onAd, n=0 a.e.onB,
and
(3.5) 1llpo < C/4.

The constant C depends only on n.

A nice proof is available in Garnett-Jones [11].
We demonstrate next that a sequence which converges a.e. and which is

bounded in the local Hardy space k', in fact converges in the distribution
sense.
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208 L. C. EVANS AND S. MULLER

Theorem 3.1. Assume {f,};°, is bounded in h'(R") and

(3.6) fi—=f ae.
for feL. (R"). Then
(3.7) Ji = [ in the sense of distributions.
Proof. (1) Fix y € C°(R"). We must show
(3.8) Aﬂﬂwdx—»/lknfwdx as k — oo.
(2) Choose any ¢ > 0. Since f, — f a.e., there exists an open set G C R"
such that
(3.9) Gl < ¢
and
(3.10) f, = f uniformly on (R" — G) N spt(y).

(3) Let Q denote the cube centered at the origin with side length /(Q) = L.
Fix L > 4 so large

(3.11) spt(y) C 10.

We want to apply Lemma 3.1 to the sets A=GN1Q, B=R"- Q. Nowif |
is any cube for which either |/ N A4| =0 or |[INB| =0, then (3.3) holds for
all A > 0. If on the other hand, |[I N A4| >0 and |I N B] > 0, then necessarily
I(I) > L/4. Consequently

n n n
Ind| _4"l4] _4"1G] _ 4"

Iy - L — L" - L"
Now
4"8/[," — 2—2ni
provided
|log,e| log, L _ |log,é|
. = — > .
(3.12) A 1+ > t——2 n
We deduce that there exists n = 7, satisfying (3.4) and
(3.13) ¢

< —.
”’I”BMO —_ |10g28|

(4)Let I=uQ, u>1.Since 0<n<1on Q, n=0 on R"-Q, we have

ol 1
I(m);l < 'I‘I—I = ;tﬁ

According to (3.13)

[ intdx < 1,1+ [ 1= )yl
R 1

1
(3.14) < = + lInllgmo

(%Jrllcftg’;d)'

IA
O =
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1/2n

Selecting u = |log, €| , we deduce

(3.15) / Inldx < |1/2

(5) We turn now to the proof of (3.8) . Let us compute
| = fwdx| < [ 1= f10 = pivldx
R R
(3.16) ; I/R”fkm//dx{ +/Rn nvldx

1 2 3
= A, + A + 4.

Since f;, — f uniformly on (R" — G)Nspt(y) and n =1 on GNspt(y),

(3.17) Jim 4, =0.
Owing to (3.2)
2
(3-18) Ak < ”fk”h'(n")”m//“bmo < Cllﬂ'//llbmo-
Now if 1] >1,

C
f imvidx <yl [ Indx < —=15 oy (3151
1 1 |log, |

If [I| <1 and x, is the center of I, [/ its side length, then
J[,"”’ ~ w(xg) ()| dx
< ][ v — nw(x,)| dx +][ () (n — (1),)] dx

L
< }S(‘,”) / Il dx + ] ][ 1 - (n),] dx
I/n
<C (/Ilrﬂ"dx) + Clinllgmo

1/n
<c ([ midx) "+ Clitloyo
C
~ |log, ¢l
Combining the two cases above, we deduce

C
ny L —5
” ”bmo | log2 8|1/2n

1/2n [by (3.13), (3.15)].

whence (3.18) forces
4 C
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210 L. C. EVANS AND S. MULLER

Recalling (3.16) and (3.17) we deduce
C

L= ax| < o+ C [ 1wl
2

In view of (3.15) there exists a subsequence &, — 0 for which

hm sup

77=r]81—+0 a.e.

Since f € Llloc(R") and 0 <7, <1, we deduce upon sending & = ¢ T 0

lim I / Nwdx| =
k—o0

Our proof uses the auxiliary function # to “shield” the expressions on the
left-hand side of (3.8) from the failure of strong convergence on the set G. The
standard technique of isolating PDE from sets of small capacity is discussed for
instance in Evans [7, pp. 38-47] and Frehse [9]; in these settings the appropriate
auxiliary function 7 is small in some Sobolev space. Lemma 3.1 allows us
rather to shield an expression from a set of small Lebesgue measure, with a
function 7 small in BMO. (See also the discussion in §4 following, concerning
the DiPerna-Majda [4] “concentration-cancellation” method.)

0. O

4. AN APPLICATION TO THE 2-D EULER EQUATIONS
WITH NONNEGATIVE VORTICITY

This section presents an application of Theorems 1.1 and 1.3 to fluid me-

chanics.
Let us recall Euler’s equations for a two-dimensional incompressible, inviscid
fluid:
V,+v-Dv=-Dp
(4.1) in R? x (0, o0).

divv=0

Here v = (v1 , ’Uz) represents the fluid velocity and p the pressure. The symbol
D denotes the gradient in the spacial variables (x,, x,). The corresponding
scalar vorticity is

1 2

(4.2) W=V, =,

which satisfies the transport equation

(4.3) ®,+v-Dw=0 in R x (0, ).

Uitilizing (4.1) we deduce conservation of kinetic energy:

d (1 2

4. — | = =

(4.4) (3 [Lwrax) =o.

and invoking (4.3) we also compute
d

(4.5) 7 < d(w )dx) =0
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HARDY SPACES AND THE TWO-DIMENSIONAL EULER EQUATIONS 211

for any smooth (and, by approximation, continuous) ® : R — R. These
calculations are valid for any smooth solution (v, p) of (4.1) decaying suf-
ficiently rapidly at infinity. The case ® is the absolute value function is partic-
ularly interesting, as this allows for an initial vorticity distribution @, which
is only summable or even only a measure. The situation ), is a (signed) one-

dimensional measure restricted to a curve in R’ corresponds to the evolution
of a vortex sheet under the flow (4.1). In view of detailed computer stud-
ies of Krasny [15] (cf. Majda [18]) we can expect in this case extraordinarily
complicated vortex sheet stretching and roll-up phenomena.

As an initial attempt to understand rigorously the structure of such flows,
DiPerna and Majda [4-6] proposed the mathematical problem of passing to
limits in a sequence of approximating flows, under the physically natural as-
sumption of uniform kinetic energy and total vorticity bounds. More precisely,
assume for each parameter 0 < e <1, (v,, p,) is, say, a smooth solution of

\APE A -Dv, = -Dp

[

(4.6) in R? x (0, oo),
divy, =0
v, = (veI , vf) . Suppose also we have the uniform bounds
(4.7) . sup sup/ ]vE]2 +|w,|dx = C(K) < o0
0<e<1 >0 JK

for each compact set K C R’ , where
_ 1 1
(4.8) Wy =V, o =Yy -

We assume as well for each time 7 > 0 and some s > 0:

(4.9) {V.}oes <1 is uniformly Lipschitz co_r:tin;wus from [0, 7] into
the local negative Sobolev space H,  (R").

See DiPerna-Majda [6, §C] for the existence of (v,, p) verifying (4.6)-(4.9).
(The existence of classical solutions for nice initial data is proved in Yudovitch
[25], Kato [14], etc.) Passing to a subsequence {aj}jil if necessary, we may
then suppose

.2 2
Ve, =V weakly in L,  (R" x (0, o0)).

The mathematical question now is whether the limit velocity field v is in
fact a weak solution of Euler’s equations (4.1), for some appropriate pressure
p . This problem is subtle since it is not at all clear that we can use the weak
convergence to justify passing to limits in any sense in the nonlinear, quadratic
terms v, - Dv, = div(v, ®vV,).

DiPerna-Majda [4] propose a “concentration-cancellation” procedure to re-
solve this problem. Their program is to show that (a) the failure of strong con-
vergence of v, to v in L* occurs only within the “small concentration set” and
that (b) if this concentration set is sufficiently small, appropriate test functions
can be employed to “shield” the PDE from the failure of strong convergence.
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This procedure turns out to work quite well for steady, time-independent flows;
see DiPerna-Majda [4] for details. (Evans [7, pp. 42-47] provided a much
simpler proof, and F. Bethuel has communicated to us an even easier method
employing the Coarea Formula.)

For the full time-dependent problem, however, the concentration-cancellation
technique has not as yet been successful, owing primarily to the relatively poor
estimates available to control changes of v, in time. DiPerna-Majda [4] present
some calculations on the concentration set with respect to a kind of “cylindrical”
Hausdorff measure (their result is misstated in [4]), and H. Lopes [17] has
recently derived bounds using true Hausdorfl measure. These estimates are
however too weak to allow for passage to limits from (4.6) to (4.1). In this
context, see also Alinhac [1] and Zheng [26].

Recently, however, J.-M. Delort [3] has resolved this problem in the case that
the scalar vorticities are all nonnegative:

(4.10) w,>0 inR* x (0, o).

In view of (4.5) (with w, replacing @) we note (4.10) is valid if the initial
vorticities are nonnegative. Delort proved that if (4.6), (4.7), (4.9), and
(4.10) hold, then the weak limit of the v, is indeed a weak solution of Euler’s
equations (4.1). His proof does not utilize the idea of estimating “the size of
the concentration set” but instead relies on a close investigation of the quadratic
terms v’ v’ (v;)2 - (vf)z. As noted in §1, Delort in fact proves

e¢e?
(4.11)
1.2 1.2
’Usjvsj — Vv

in the sense of distributions in R* x (0, o).

(v)" = (v;)" = ()" = (v

This is enough, since, remarkably, we can rewrite (4.6) so that only these non-
linear quantities appear. To see this, note first (4.6) implies

(4.12) /Ooo/Rz{,-v8+DC:(ve®v£)dxdt=0

for each test function & € C;"’(]R2 x (0, 00); RZ) with div€ = 0. Following
DiPerna-Majda [4] we take

(4.13) E=Dn=(-n_,n.),
where 7 € C;’°(1R2 x (0, o)) . Inserting (4.13) into (4.12) we deduce

* 1 2 2.2 1,2
/ /2 —nxztvs + r]xltve + r’xlxz((vg) - (’Ue) )
o Jr

1 2
+ (nxzx2 - ”xlx,)(”e 'Ue)dx dt=0.

Welet ¢ =¢; — 0 and invoke (4.11) to conclude
e 1 2 2.2 1,2
[ [’ +n 0t @) - ')

2
+ (M — nxlxl)(vlv )dxdt=0
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for all n as above. Thus
(4.14) / /2§I-V+D§:(v®v)dxdt=0
o Jr

for all test fields & having the form (4.13). As any divergence free field can be
so written, we see v is a weak solution of Euler’s equations (4.1).

As noted in §1, our motivation for the theory developed in §§1-3 is to under-
stand better Delort’s work. To demonstrate the connections, let us introduce
for each ¢ >0 and ¢ > 0 the velocity potential y, satisfying

i .2
(4.15) v,=D 1//8=(—y/£,x2,t//e’xl) in R

The incompressibility condition div v, = 0 ensures the existence of v, . Uti-
lizing (4.8) we compute
(4.16) ~Ay,=w, inR’

Owing to (4.14) and (4.7) we see y, € h(l:)c(Rz) foreach ¢ > 0. In view of
the vorticity sign assumption (4.10), our Theorem 1.1 is applicable: for each
¢ € CP°(RY)

12 1,2
(4.17) 160,02 1 g2y + 16((v))

for some constant C and some radius R, depending only on ¢. Owing to the
uniform estimates (4.7), we conclude

2,2 2
= (W) My < ClVell200, v

(4.18) {¢m:v:, ¢((U:)2—(v3)2)}0<8<1 are uniformly bounded in hl(Rz),
for each time 7> 0. -

Now in addition;

(4.19) v. — v strongly in L” (R® x (0, o))
g

loc

for each 1 < p < 2. Indeed, for each time ¢t > 0, we can deduce from
(4.7), (4.15), and (4.16) that {"s].('7 t)}}";1 is precompact in Lf’oc(Rz), if 1<
p < 2; see, for instance, Evans [7, pp. 39-40]. On the other hand, according
to DiPerna-Majda [4, Lemma A.1] (4.7) and (4.9) imply the mappings ¢ —

vs,-(" t) are uniformly Hoélder continuous from [0, 7] into Lﬁ)C(RZ) , for each

1 <p < 2. The sequence {v, };‘;l is thus precompact in Lﬁ)c(]R2 x (0, o0)) for
: ,
1 <p <2;whence (4.19) follows.

Now in view of (4.19) we may assume, upon passing to a further subsequence
if needs be, that

.2
Ve, =V a.e.inR" x (0, c0),

and thus

(4.20) v, —»Vv a..in RZ, fora.e. 1t > 0.

J
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But then Theorem 3.1 implies

¢v£1_v€2_ - ¢v'v?
J

in the sense of distributions.
$((v,)" = (v, )") = $(v)) = (v)?)
This assumption is valid fora.e. £ > 0 andeach ¢ € C c°° (]Rz) ; Delort’s theorem
(4.11) follows.

Remarks. (i) The condition (4.9) of Lipschitz continuity into some negative
Sobolev space is essential to deduce the a.e. convergence (4.20). Indeed J.
Serrin has noted that the function

v(x,t) = f(t)Dw(x)

is an exact solution of Euler’s equations for some appropriate pressure p , when-
ever w : R — R is harmonic and f:[0, 00) — R is any smooth function.
Choosing a bounded but highly oscillatory collection {f.},_,.,, We can arrange
the corresponding solutions {v,},_,.,, v, = f,Dw, to satisfy (4.7) but not
possess an a.e. convergent subsequence.

(ii) Scheffer in [19] has recently constructed an example of a nontrivial weak
solution of Euler’s equations with compact support in R? x (0, oo). Hence
the identity (4.14) for all smooth, divergence free ¢ should presumably be
augmented with some additional condition to select the “physically correct”
velocity field v.

€

5. EXTENSIONS AND COMMENTS

We gather together in this concluding section some additional comments and
observations.

A. Localization. As the definitions of ZOIC and k' are a bit awkward, it is
convenient to record:

Lemma 5.1. Let f € Zf;c(R"). Suppose also ¢ € CZ(R"), with spt(¢) C

B(0, R). Then
¢feh' R"),
and we have the estimate
(5-1) l|¢f||h'(R”) < CHf"”L'(B(O,R+2)) s

the constant C depending only on ¢ and R.
Proof. Observe first

(6.)"(x) = sup

0<r<t | ¥ r

in/R n (x_y) ¢(y)f(y)dyl
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vanishes if x € R" — B(0, R+ 1). If instead x € B(0, R+ 1), we have
(67 (x) < 1B(x)1f 7 (x)
+ sup

=
(5'2) 0<r<1 r B(x,r) r

<c(f 0+ sup 7 [ . FWldy).

0<r<1r

) (6() - () S () dy

Now, as E. Stein has pointed out to us, if x € B(0, R+ 1),

1 b 1-n _
sup —— /B Ly < /B oy = Ty = ),

0<r<l r

where fzf]B(O,R+2)‘ But

ng“Ll(m") < C”flIL‘(B(o,R+2))~
Consequently
”¢f“h1(]g") = ”(d’f)**llj"(g(o,}z.'.l))
< C”f “L’(B(O,R+1)) + C“f”L'(B(O,R+2)) <Clf ”L'(B(O,R+2)) ’

since |f] < [ ae. O

B. Vorticity changing sign. Our goal next is to construct a counterexample to
Theorem 1.1 if w changes sign. We will need

Lemma 5.2. There exists a function u € C.°(R") such that

(5.3) spt(u) Cc B(0, 1), /2 U, Uy dx =1.
R 1

Proof. Let f, g, f, &€ C(—1/2,1/2), and define

v(xl,x2)=f(x1)g(x2), w(xl,x2)=f(x,)g(x2), Uu=v+w.

Since
/vxv dx—/w w, dx—
2 1

an integration by parts yields

U u_ dx= v.ow, +v.w,_ )dx
/]RZ XX /RZ( XX Xy xl)

=2/Rvalwx2dx=2</Rfdexl) </Rgg'dx2>.

Choosing f = #0, g= cg' # 0 the lemma follows for a suitable choice of
the constant ¢. O

Lemma 5.3. There exists a sequence of functions {u,},_,., C C:°(R2) satisfying

(5.4) spt (u°) c B(O, 1), Os<u1<)1(||ue||H1(Rz) + (1AW’ o)) < 00,
e<
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but
(5.5) 1, 2 gy = +oo ase— 0.

Proof. Choose u as in Lemma 5.2, and write
d=u(X), S0z a0, e =6l )w =57 (3).

Then estimate (5.4) follows easily by scaling. Set

Frw= s 5[ 0 (E2) roa]  0<es,
o<r<t|r® JBo,1) r
where we assume in addition to the usual hypotheses
(5.6) n=1 on B(0, 1/2).
We now claim
(5.7) ) > 16|x|2 fore < |x| < %

Indeed, taking & < |x| < } and writing y = ez, r = 4|x| we have

o 1 (x—¢z
[ 2 16|x/|? -/B(O,l)n< 4|x| )f(Z)dZ

1

= ot /B oy D4z [y (56)
1

~1-6|—x-l§ [by (5.3)].

This proves (5.7), from which (5.5) follows. O

C. Radial solutions. The example in Lemma 5.3 shows our Theorem 1.1 fails in
general without the nonnegativity condition on w. In the radial case, however,
no such restriction is necessary: .

Theorem 54. Let u € HILC(R:") be a weak solution of the PDE
—Au=0w inR ,
(IR2 ) and

ux)=u(r),  ox)=o()

. 1
with w € L,

for r=|x|. Then

2 2 1,52
U, u u‘—uxze% (RY).

b
X, X loc

Furthermore, for each ¢ € C;"’(IR2 ) we have the estimate
2 2
“¢qu ulelh‘(mz) + I|¢(uxl - ux2)||h'(R2)

(5.8) ) )
< C(“Du”ﬁw(o,m) + ”w”Ll(B(o,R)))

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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for some constant C and some radius R, depending only on ¢.
Proof. We have the ODE
]. NG
(5.9) —7(ru ) = .

It suffices to prove the estimates for u, Uy »as those for ui — uiz follow then
1

by performing a rotation. Let n € C.°(B(0, 1)), fB(O,l)rlydx =1,1n2>0.
Define

F) = (g, )(6) = 27260 0),

A;={x:r_ <|x|<r}, riEZi (iez),

fi:’—_fo,f

We also write

o [ (52) 0]

3 L5 swar|  Gea.

r r

fi**(x) = sup
0<r<1

(¥}

100(R2) , the ODE (5.9) implies v(r) = ru'(r) is absolutely contin-
uous on each interval [0, R]. In particular, if r,_, <r<r,,

v(r)—][i vdr S/i |v'ldr§/i rlw|dr.

We easily verify (see, e.g., Latter [16]) that if & € L°°(1R2) , Spth C B(0,r),
and [ hdx =0, then

Since w e L!

(5.10)

' * 2
18" gy < WAty < CP2 Ul oo gy

Thus

(5.11) 1 s gty < CrAL -

Moreover

(5.12) fis=0 onB(0,r,, —1)D>BO,r)ifi>1
Now

(5.13) RSl <4 sup Pl(nF,

r_ <r<r;
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and by (5.10)
= mdars [0 |(ru’)’|dr}

i- i—1

1 I'i r,.
ﬁ/ |r1/2u'|dr+/ r|a)|dr}
ri/ r; ) r;

i—1 i—1

Ti 7,2 12 i
/ rlu | dr) +/ rlw| dr}
r r

i—1 i—=1

R 1/2
{/ |Du| dx} +/ |w|dx>.
4 4,

Combining (5.11) through (5.14) it follows that
i+2

I g,y S 22 1 I

j==c0

2
< c(/ \Duf dx + (/ |w|dx> )
B(0,r;,,) B(0,r;,)

1,2
uxl ux2 =fe ZOC(R )-

(5.14)

Hence

Using Lemma 5.1 we deduce estimate (5.8). O
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ABSTRACT. We prove that certain quadratic expressions involving the gradient
of a weakly superharmonic function in R? belong to a local Hardy space. As an
application we provide a new proof of J.-M. Delort’s convergence theorem for
solutions of the two-dimensional Euler equations with vorticities of one sign.
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