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HARDY SPACES AND 
THE TWO-DIMENSIONAL EULER EQUATIONS 

WITH NONNEGATIVE VORTICITY 

L. C. EVANS AND S. MULLER 

1. INTRODUCTION 

This paper is inspired by recent work of Delort [3] concerning solutions of the 
two-dimensional Euler equations with nonnegative vorticity. Delort's key obser-
vation, which we will explain in more detail in §4, is that whenever {VB}O<B<I is 
an appropriate collection of velocity fields solving the two-dimensional incom-
pressible Euler equations and 

(1.1) ve~ V weakly in L~oc' ve-+v a.e. as 6-+0, 

we can pass to limits in certain quadratic expressions involving ve ' provided 
the corresponding scalar vorticities are nonnegative. More precisely, we have 

{ 
v;v; -+ VlV2 

(1.2) in the sense of distributions, 
(v;)2 _ (V;)2 -+ (v l )2 _ (v2)2 

I 2 I 2 where ve = (v e ' ve ), V = (v ,v ). 
This assertion is remarkable, since it is not in general true that ve -+ v strongly 

in L~oc' The point is that the particular terms (1.2) (which arise naturally in 
Euler's equations) entail a kind of subtle cancellation to offset the possible strong 
concentrations of kinetic energy allowed by the weak convergence (1.1). 

Our intention here is to examine more closely this "concentration-cancella-
tion" effect. The principal new result, Theorem 1, states that the expressions 

12 12 22 . I 2 { V eVe ' (V e) - (V e) } O</:< I are "locally bounded" In the Hardy space 7!' (lR ); 
such terms are thus so~ewhat better than typical functions in LI~c(lR2). In 
addition, it turns out that this is enough information for us to provide a new 
proof of, and better insight into, the convergence (1.2); see Theorem 3.1 in §3. 

To explain our assertions more precisely, we must introduce some terminol-
ogy. Choose" : lRn -+ lR to be any smooth function satisfying 

spt(,,)cB(O,l), r "dx=1. 
lB(o,l) 
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If f E Ll(]Rn) , we write 

j(x)== sup I~ r f(y) 11 (X-y)dyl 
O<r<oo r JR" r 

and define the Hardy. space 

( 1.3) 

According to Fefferman-Stein [8l, this definition does not depend on the partic-
ular choice of Yf. 

We will need a local version of (1.3). For f E LI10C(]Rn) , we will hereafter 
set 

f**(x) == sup I~ r f(y)Yf (X - Y) dyl 
O<r~1 r Ja" r 

and consider then the local Hardy space 

( 1.4) 

The point is that for ~:c we take the supremum only over radii 0 < r ::; 1 , 
this in contrast to the supremum over all r > 0 in the definition of 2'1. It 
will be useful to study also a related local Hardy space, introduced by Goldberg 
[12l: 

(1.5) hl(]Rn) == {f E Ll(]Rn) I j* E Ll(]Rnn. 

For a function f E hl(]Rn) , we set 

( 1.6) 

Finally let ~~c(]Rn) denote the usual Sobolev space of functions f in L~c(]Rn), 
whose distributional first partial derivatives Ix ' '" ,Ix belong as well to 

. I " 

L~oc(]Rn). We write Df = Dxf = (fx1 ' ... , fx)' 
Our main result concerns weakly superharmonic functions on ]R2 • 

Theorem 1.1. Let U E Hl~c(]R2) be a weak solution of the PDE 

(1.7) 

where W E LI~c(]R2) and 

( 1.8) 

Then 

( 1.9) 

W 2:: O. 

In addition, for each c/J E C,;, (]R2) we have the estimate 
222 

(1.10) lIc/JuXI uX)hl([(2) + Ilc/J(uxi - UX) IIhl ([(2) ::; CJIDuII L2(B(0,R)) 
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for some constant C and some radius R depending only on ¢. 
Our proof employs elementary singular integral-type computations to esti-

mate directly the expression (ux ux )** on compact sets. (Semmes [21] has 
I 2 

recently discovered another proof, which employs more sophisticated Hardy 
space machinery.) 

We will show by a counterexample in §5 that this assertion is in general 
false without the sign condition (1.8). (Interestingly, in the radial case the 
nonnegativityof w is not required; see §5.) 

The proof of Theorem 1.1 appears in §2. In §3 we present a local version of 
a theorem of Jones-Journe [13] asserting that a sequence which is bounded in 
21 (JRn ) and converges a.e. in fact converges in the distribution sense. Section 4 
rapidly recounts the fundamentals of two-dimensional incompressible flow and 
then explains an application of the theory in §§ 1-3 to recover Delort's conver-
gence theorem. Finally we collect some additional comments and examples in 
§5. 

It is worth stressing that our full-blown program in §§2-3 is not really re-
quired for the single application to Euler's equations-Delort employs much 
more direct and elementary arguments. Our real intention is rather to try to 
gain some further insight into the analytical behavior and physical significance 
of the nonlinear term Vi v 2 and its rotated counterpart (v 1)2 - (v 2)2 • A vague 
tenet of compensated compactness theory (cf. [7, Chapter 5]) holds that "phys-
ically natural" nonlinear terms in PDE should have better analytic properties 
than similar, but nonphysical, terms. We surely have here an instance of this 
phenomenon but are also currently lacking any really deep insight. A hope, 
as argued for other examples in the important paper Coifman, Lions, Meyer, 
and Semmes [2], is that Hardy space methods will continue to provide further 
clarification. 

This work was initiated during the second author's visit to the Mathematical 
Sciences Research Institute at Berkeley, as part of the 1990-91 Special Year on 
PDE and Continuum Mechanics. 

2. PROOF OF THEOREM 1.1 

Proof. (1) Fix R > 8. Let B(O, R) denote the closed ball with center 0 and 
radius R, and set 

(2.1 ) 

Then 
(2.2) 
and 

(2.3) 

-11 v(x) == -2 w(y) log(lx - yl) dy. 
1t B(O,R) 

w == u - v is harmonic within B(O, R) , 

-I! x.-y. v (x) = - w(y) I I dy 
Xi 21t B(O,R) Ix _ yl2 

(i = 1, 2). 

(2) Choose 11 E C;'(JRn ) satisfying 

spt(I1) c B(O, 1), f 11 dx = 1, 11 2': O. 
lB(o,l) 
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Let US also fix any point Xo E lle . Consider then for 0 < r :::; 1 the expression 

A:::= 12 r Vx (x)Vx (x)" (X - Xo) dx r }JR2 I 2 r 

(2.4) = _1_ r r w(y)w(z) 
4n2r2 }B(O,R) }B(O,R) 

x (r xl-YI X2-Z2,,(X-XO)dX)dY dZ, 
}JR2 Ix - yl2 Ix - zl2 r 

according to (2.3). (The interchange of integrations is valid, since the function 
g(x) :::= fB(O,R) I~~;I dy belongs to L~ocCll~?); see (2.20).) We change variables 
by replacing (x - xo)/r with x, (y - xo)/r with y, and (z - xo)/r with z to 
discover 

(2.5) 
r2 1 1 A = -2 w(xo + ry)w(xo + rz) 

4n B(-xo/r,R/r) B(-xo/r,R/r) 

(1 x-y x-z ) 
X 1 1 2 2,,(x)dx dydz. 

JR2 Ix - yl2 Ix - zl2 

Finally, define 

(2.6) B:::= 1 12 2,,(x)dx 1 x -y x -z 
JR2 Ix - yl2 Ix - zl2 

for fixed y, z E ~? , y =f:. z. 
(3) We assert 

(2.7) IBI :::; C(1 + lyl)-I(1 + Izl)-I 2 (y, z E lR , y =f:. z) 

for some constant C, depending only on ". The proof is consequence of 
standard singular integral calculations (cf. Stein [22]) and 'so is only sketched 
below. 

Case 1. Iyl ~ 2 or Izl ~ 2. Iflyl ~ 2, then 

(2.8) C 1 1 -I-I IBI :::; -1 -1-1 I I dx :::; C(1 + Iyl) (1 + Izl) . + y B(O, I) X - Z 

If I z I ~ 2 , a similar estimate obtains 

Case 2. Iyl:::; 2 and Izl :::; 2. In this situation, we write 

B = ,,(y) 1 1 2 ~ dx 1 x-y x-z 
B(0,2) Ix - yl21x - zl 

1 x-y x-z + 1 1 2 ~ (,,(x) - ,,(y)) dx 
B(0,2) Ix - yl2 Ix - zl 

(2.9) 

Clearly 

(2.10) 
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To estimate the term BI ' we examine two further possibilities: 

Subcase 1. Iyl, Izl :::; 2, Iy - zl :::; -!(2 - Iyl). Then 

1 XI - Y x 2 - Z2 
BI = ~(y) ~ 2 dx 

B(y,2Iy-zl) Ix - yl Ix - zl 

(2.11 ) 
+ ~(y) I I 2 2 dx 1 x-y x-z 

B(y,2-lyll-B(y,2Iy-zlJlx - yl21x _ zl2 

+ ~(y) I I dx 1 x - Y X 2 - Z2 

B(0,2)-B(y,2-lyl) Ix - yl21x - zl2 
:::::: C I + C2 + c3• 

We first estimate 

1 1 1 
IC I < C -----dx 

I - B(y,2Iy-zlJ Ix - yllx - zl 

1 1 1 =C ----dx 
B(0,2) Ixllx - vi 

(2.12) (v = z - Y/lz - yl) 

:::;c. 
Now 
(2.13) 1 x-y x-z 

C2 = ~(y) I ~ 2 ~ dx 
B(y,2-lyl)-B(y,2Iy-zlllx - yl Ix - zl ( ) 1 XI (X2 - w2 x2 ) d 

=~y - -- x 
B(O,2-lyl)-B(O,2Iwl) Ixl2 Ix - wl 2 Ixl2 

(w=z-y). 

Since 

if Ixl ~ 21wl, 

(2.14) 1 1 
I C2 1 :::; Cjwl -3 dx :::; C. 

B(O,2-lyl)-B(O,2Iwll Ixl 
Finally, note ~(y) = 0 if Iyl ;::: 1, and 2 -Iyl ;::: 1 if Iyl :::; 1. Thus 

I C3 1 < C r _l __ l_dx < C. 
- JB(O,2)-B(y, I) Ix - yllx - zl -

Combining this calculation with (2.11), (2.12), and (2.14) we deduce 
-I -I 

(2.15) IBII:::;C:::;C(l+lyl) (1+lzl) . 

Subcase 2. Iyl, Izl :::; 2, Iy - zl ~ -!(2 -Iyl). In this situation, we can estimate 

IBII:::; C~(y)l1ogly - zll + C. 

But because -!(2 - Iyl) :::; Iy - zl :::; 4, we have 

IBII :::; C~(y) /lOg (1 - Iii) / + C :::; C. 
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Consequently (2.15) holds in this subcase as well. 

Combining at last (2.8), (2.9), (2.10), and (2.15) we obtain estimate (2.7) . 
(4) Return now to (2.5), (2.6). In view of the bound (2.7) and the non"' 

negativity of w, we have 

IAI<Cr2 r r w(xo+ry) w(xo+rz) dydz 
- JB(-xo/r,R/r) JB(-xo/r,R/r) 1 + Iyl 1 + Izl 
= c(r r w(xo + ry) dy )2. 

JB(-xo/r,R/r) 1 + Iyl 

(2.16) 

We restore the original variables by replacing Xo + ry with y: 

(2.17) IAI < C w(y) dy . ( )
2 

- L(O,R) r + Iy - xol 
Since w 2': 0 , 

(2.18) 

(5) We next write 

(2.19) g(xo) == r w(y) dy 
JB(O,R) Iy - xol 

and claim 

(2.20) 

To establish this, first choose a cutoff function , E C;"(]Rn), with 0 :::; , :::; 1, 
, = 1 on B(O, R), ,== 0 on ]R2 - B(O, 2R), ID'I:::; C / R. Choose also Ae E 
COO (]Rn) satisfying 0 :::; Ae :::; 1 , Ae = 0 on B(xo' e), Ae = 1 on ]R2 - B(xo ' 2e) , 
IDAel :::; C /e. Since -du = w in ]R2 in the weak sense, 

Consequently 

r 'A w dy < _ r ,Du. (y - x o) dy JR2 ely - xol - JR2-B(Xo ,2e) Iy - xi 

+ CM( IDul1 )(xo) + C r IDul1 1 I dy, 
B(O.2R) J B(O,2R) Y - Xo 
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where M(.) denotes the Hardy-Littlewood maximal function. Letting e -+ 0, 
we see 

o :::; g(xo):::; r (I W I dy }JR2 Y - Xo 

(2.21 ) 
:::; _ r (Du. (y - xo) dy 

}JR2 Iy - xi 
+ CM( IDul1 )(xo) + C r IDul1 1 I dy 

8(0,2R) } B(O, 2R) Y - Xo 

== gl (xo) + g2(XO) + g3(xO)' 

The first integral in the last term is interpreted in the sense of principal value. 
As y/ lyl 3 is a Calderon-Zygmund kernel (cf. Stein [22]), 

(2.22) Ilg11IL2(JRn) :::; ClI(DuIlL2(JR2) :::; ClIDuIIL2(B(0,2R)), 

Furthermore, the maximal function preserves L 2 ; whence, 

(2.23) 

Finally Iyl-I E Ll~c(l~?) , so g3 E L;oc(IR2). In particular, 

(2.24) Ilg31IL2(B(0,1)) :::; C(R)IIDuIIL2(B(0,2R))' 

In view of (2.21 )-(2.24), assertion (2.20) is valid. Furthermore, utilizing 
(2.18), (2.19), and (2.21)-(2.24), we obtain the estimate 

(2.25) 

(5) Now recall from (2.2) that w = u - v is harmonic and thus smooth, 
within B(O, R). Consequently if Xo E B(O, R/2) , 

(2.26) 

(wx Wx )**(xo) = sup I~ r Wx Wx 11 (X - Xo) dxl 
'2 O<r$; I r } JR2 ,2 r 

:::; C sup f IDwl 2 dx 
O<r$; I B(xo ' r) 

2 :::; C sup IDwl. 
B(0,3Rj4) 

As w is harmonic, 

sup IDwl:::; Cf Iw - AI dx 
B(0,3Rj4) B(O, R) 

:::; Cf lu - AI + Ivl dx 
B(O,R) 

for each A E lR. Taking A = fB(O, R) u dx , we deduce, using Poincan!'s inequality 
and (2.1), 

(2.27) sup IDwl:::; C(R)(IIDu II L2(B(0 R)) + IIwIIL'(B(O R)))' 
B(0,3Rj4) " 
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Utilizing then (2.26) we find 
** 2 2 (2.28) II (wx, wx) II L'(B(0,Rj2»:::; C(R)(IIDu llL2(B(0,R» + IIwIIL'(B(O,R»)' 

Similarly, if X o E B(O, R/2) , 

** 11 1 (X - Xo) I (wx vx ) (xo) = sup "2 Wx Vx 11 -- dx 
, 2 O<r:::; I r R2 '2 r 

:::; C sup f IDwl2 + IDwilDuldx 
O<r:::; I B(xo ' r) 

2 2 
:::; C(R)(IIDu llL2(B(0,R» + IIwllL'(B(O,R») 

+ C(R)(IIDu llL2(B(0,R» + IIwllL'(B(O,R») 
+ M( IDuil )(xo), 

B(O,R) 

where we used (2.27). Hence 
** 2 . 2 

(2.29) II(wx,vx) II L'(B(0,Rj2»:::; C(R)(IIDu llL2(B(0,R» + IIwllL'(B(O,R)))' 

The same argument shows 

(2.30) 

Combining now (2.25), (2.27), (2:29), and (2.30) we obtain the bound 

(2.31 ) 

Finally choose a cutoff function IfI E C;' (]Rn) satisfying 

{ 0 :::; IfI :::; 1, IDIfII :::; C / R, 

IfI = 1 on B(O, R), IfI = 0 on ]R2 - B(O, 2R). 

Since u is a weak solution of (1.7) and w 2: 0, we have 

{ wdx < { wlfldx = ( Du ·Dlfldx 
JB(O,R) JB(0,2R) JB(0,2R) 

:::; ~ ( IDuldx. 
JB(0,2R) 

Thus 
2 2 

IIwllL'(B(O,R» :::; CliDu ll L2(B(0,2R))" 
This estimate and (2.31) imply 

** 2 (2.32) II (ux, ux) II L'(B(0,Rj2»:::; C(R)IIDu ll L2(B(0,2R» 

for each R 2: 8. Hence Ux Ux E ~~c(]Rn). 
, 2 

Rotating variables by replacing XI with (XI +x2)/.J2, x2 with (XI -X2)/.J2, 
we deduce as well u2 - u2 E Jf:,1 (]Rn). Finally, estimate (1.10) is a conse-

XI X 2 oc 
quence of Lemma 5.1 in §5. 0 
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3. HARDY SPACES AND CONVERGENCE A.E 

This section discusses some connections between convergence a.e. and con-
vergence in the distribution sense, for a sequence bounded in the local Hardy 
space hl(JRn). Jones and Journe [13] have recently shown that a sequence 
which is bounded in ,;r1(JRn) and converges a.e., in fact converges in the sense 
of distributions. (See also Coifman, Lions, Meyer, and Semmes [2] for a gen-
eralization.) We require a local version of this result, and, for variety, set forth 
a somewhat different approach. 

Following Goldberg [12], we begin by defining a local version of the space 
BMO. For this, take g E Ll~CCJRn) and write 

(g)I = !/dX = I~I !gdX 

to denote the average of g over any cube I with edges parallel to the coordinate 
axis. Then 

and 

(3.1 ) IIgll bmo == sUP! Ig - (g)II dx + sUP! Igl dx. 
111::;1 I 111::::1 I 

We say g E BMO(JRn) if IIgll BMO < 00, and g E bmo(JRn), the space of 
functions of locally bounded mean oscillation on JRn ,provided IIgllbmo < 00. 

According to [12], (hl)* = bmo. More precisely, there exists a constant C, 
depending only on n, such that 

(3.2) I Ln f g dx I :S cllh II h \lRn ) II gllbmo ' 

for all f E hl(JRn) , g E LOO(JRn) nbmo(JRn). 
We will require below the following assertion, due to Garnett-Jones [10, 11] 

and Uchiyama [24, Corollary 1]: 
Lemma 3.1. Let A. > 0, and let A, B c JRn be measurable sets such that 

(3.3) . {II n AI II n BI } < 2-2n ..1. 
mm -111-' -1/-1- -

for each cube I c JRn . Then there exists a measurable function Y/ : JRn ~ JR 
satisfying 
(3.4) 
and 
(3.5) 

o :S Y/ :S 1, Y/ = 1 a.e. on A, 

The constant C depends only on n. 

Y/ = 0 a.e. on B, 

A nice proof is available in Garnett-Jones [11]. 
We demonstrate next that a sequence which converges a.e. and which is 

bounded in the local Hardy space hi, in fact converges in the distribution 
sense. 
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Theorem 3.1. Assume {j/J~:l is bounded in hl(]Rn) and 
(3.6) fk - f a.e. 

for f E Ll1oc(]Rn). Then 
(3.7) fk - f in the sense of distributions. 
Proof. (1) Fix IjI E C;"(]Rn). We must show 

(3.8) { he IjI dx - { fIJI dx as k - 00. Ja" Ja" 
(2) Choose any e > O. Since he - f a.e., there exists an open set G c ]Rn 

such that . 

IGI <e (3.9) 
and 
(3.10) fk - f uniformly on (]Rn - G) n spt(IjI). 

(3) Let Q denote the cube centered at the origin with side length I(Q) = L. 
Fix L ~ 4 so large 
(3.11 ) 

We want to apply Lemma 3.1 to the sets A ==G n tQ, B == ]Rn - Q. Now if I 
is any cube for which either II n AI = 0 or II n BI = 0, then (3.3) holds for 
all A> O. If on the other hand, II n AI > 0 and II n BI > 0, then necessarily 
/(l) > Lj4. Consequently 

Now 

provided 

(3.12) 

II n AI 4n lAI 4n lGI 4ne --<--<--<-III - L n - L n - Ln' 

We deduce that there exists 11 = 118 satisfying (3.4) and 

(3.13) 111111BMo::; Ilo~2el' 
(4) Let I = fJ,Q, fJ, > 1 . Since 0 ::; 11 ::; 1 on Q, 11 = 0 on ]Rn - Q , we have 

IQI 1 
1(11)[1::; lIT = fJ,n· 

According to (3.13) 

(3.14) 
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Selecting f..l = )1og2 el l / 2n , we deduce 

(3.15) r ItTldx::; C 1/2. JRn 110g2 el 
(5) We turn now to the proof of (3.8). Let us compute 

lin (h - f)1fI dxl ::; in Ifk - fl(1 - tT)11fI1 dx 

(3.16) + lin fktTlfI dxl + in IftTlfIl dx 
123 

== Ak +Ak +Ak· 
Since fk -> f uniformly on (JRn - G) n spt( 1fI) and tT = 1 on G n spt( 1fI) , 

(3.17) 

Owing to (3.2) 

(3.18) 

Now if III? 1 , 

lim A! = O. 
k--->oo 

f ItTlfIl dx ::; IIIf111c" jltTl dx ::; C 1/2 [by (3.15)]. / / I 10g2 el 
If III ::; 1 and Xo is the center of I, I its side length, then 

f/ltTlfI-IfI(Xo)(tT)/ldX 

::; f/'tTlfI- tTlfI(xo)1 dx + f/IIfI(Xo)(tT - (tT)/)1 dx 

::; L~~~i) [ltTl dx + IIIf111 L "" f/'tT - (tT)/1 dx 

::; C ([ ItTln dX) I/n + ClltTIIBMo 

::; C (in ItTl dX) lin + ClltTIIBMo 

C ::; 1/2 [by (3.13), (3.15)]. I log2 el n 

Combining the two cases above, we deduce 

whence (3.18) forces 
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Recalling (3.16) and (3.17) we deduce 

lim sup I { Uk - f)1If dxl ::; c 1/2 + C ( If1711f1 dx. 
k-+oo JR" Ilog28 1 n JR" 

In view of (3.15) there exists a subsequence 8 j ---> 0 for which 

'1 = '1 ---> 0 a .e . Ilj 

Since f E Ll~(JR.n) and 0::; 17. ::; 1, we deduce upon sending 8 = 8 j ---> 0 

lim I { Uk - f)1If dxl = o. 0 
k-+oo JR" 

Our proof uses the auxiliary function 17 to "shield" the expressions on the 
left-hand side of (3.8) from the failure of strong convergence on the set G. The 
standard technique of isolating PDE from sets of small capacity is discussed for 
instance in Evans [7, pp. 38-47] and Frehse [9]; in these settings the appropriate 
auxiliary function 17 is small in some Sobolev space. Lemma 3.1 allows us 
rather to shield an expression from a set of small Lebesgue measure, with a 
function '1 small in BMO. (See also the discussion in §4 following, concerning 
the DiPerna-Majda [4] "concentration-cancellation" method.) 

4. AN APPLICATION TO THE 2-D EULER EQUATIONS 
WITH NONNEGATIVE VORTICITY 

This section presents an application of Theorems 1.1 and 1.3 to fluid me-
chanics. 

Let us recall Euler's equations for a two-dimensional incompressible, inviscid 
fluid: 

{ 

Vt + V· Dv = -Dp 

in]R.2 x (0, 00). 
divv = 0 

(4.1 ) 

Here v = (Vi, v 2) represents the fluid velocity and p the pressure. The symbol 
D denotes the gradient in the spacial variables (XI' x2). The corresponding 
scalar vorticity is 

(4.2) 

which satisfies the transport equation 

(4.3) Olt + v . DOl = 0 in]R.2 x (0, 00) . 

Uitilizing (4.1) we deduce conservation of kinetic energy: 

(4.4) 

and invoking (4.3) we also compute 

(4.5) 
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for any smooth (and, by approximation, continuous) <I> : JR -+ JR. These 
calculations are valid for any smooth solution (v, p) of (4.1) decaying suf-
ficiently rapidly at infinity. The case <I> is the absolute value function is partic-
ularly interesting, as this allows for an initial vorticity distribution Wo which 
is only summable or even only a measure. The situation Wo is a (signed) one-
dimensional measure restricted to a curve in JR2 corresponds to the evolution 
of a vortex sheet" under the flow (4.1). In view of detailed computer stud-
ies of Krasny [15] (cf. Majda [18]) we can expect in this case extraordinarily 
complicated vortex sheet stretching and roll-up phenomena. 

As an initial attempt to understand rigorously the structure of such flows, 
DiPerna and Majda [4-6] proposed the mathematical problem of passing to 
limits in a sequence of approximating flows, under the physically natural as-
sumption of uniform kinetic energy and total vorticity bounds. More precisely, 
assume for each parameter 0 < e ::; 1, (ve' Pe) is, say, a smooth solution of 

{
ve , t + ve . DVe = - D P e 

(4.6) in JR2 x (0, 00), 
divve = 0 

1 2 ve = (Ve ' ve )· Suppose also we have the uniform bounds 

( 4.7) sup sup r Ivi + lWei dx ::::: C(K) < 00 
O<e:'01 1;::0 } K 

for each compact set K C JR2 , where 

( 4.8) 1 1 w:::::v -v . e e, X 2 e, X2 

We assume as well for each time T> 0 and some s > 0: 

(4.9) 
{ve}O<e<1 is uniformly Lipschitz continuous from [0, T] into 
the local negative Sobolev space HI~: (JR2) . 

See DiPerna-Majda [6, §C] for the existence of (ve' p) verifying (4.6)-(4.9). 
(The existence of classical solutions for nice initial data is proved in Yudovitch 
[25], Kato [14], etc.) Passing to a subsequence {ej}~1 if necessary, we may 
then suppose 

v ~ v weakly in L; (JR2 x (0,00)). ej oc 

The mathematical question now is whether the limit velocity field v IS 10 
fact a weak solution of Euler's equations (4.1), for some appropriate pressure 
p. This problem is subtle since it is not at all clear that we can use the weak 
convergence to justify passing to limits in any sense in the nonlinear, quadratic 
terms ve' DVe = div(ve Q9 ve)· 

DiPerna-Majda [4] propose a "concentration-cancellation" procedure to re-
solve this problem. Their program is to show that (a) the failure of strong con-
vergence of veto v in L 2 occurs only within the "small concentration set" and 
that (b) if this concentration set is sufficiently small, appropriate test functions 
can be employed to "shield" the PDE from the failure of strong convergence. 
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This procedure turns out to work quite well for steady, time-independent flows; 
see DiPerna-Majda [4] for details. (Evans [7, pp. 42-47] provided a much 
simpler proof, and F. Bethuel has communicated to us an even easier method 
employing the Coarea Formula.) 

For the full time-dependent problem, however, the concentration-cancellation 
technique has not as yet been successful, owing primarily to the relatively poor 
estimates available to control changes of vI! in time. DiPerna-Majda [4] present 
some calculations on the concentration set with respect to a kind of "cylindrical" 
Hausdorff measure (their result is misstated in [4]), and H. Lopes [17] has 
recently derived bounds using true Hausdorff measure. These estimates are 
however too weak to allow for passage to limits from (4.6) to (4.1). In this 
context, see also Alinhac [1] and Zheng [26]. 

Recently, however, J.-M. Delort [3] has resolved this problem in the case that 
the scalar vorticities are all nonnegative: 

(4.10) wI! 2: 0 in]R2 x (0, 00). 
In view of (4.5) (with wI! replacing w) we note (4.10) is valid if the initial 
vorticities are nonnegative. Delort 'proved that if (4.6), (4.7), (4.9), and 
(4.10) hold, then the weak limit of the VB is indeed a weak solution of Euler's 
equations (4.1). His proof does not utilize the idea of estimating "the size of 
the concentration set" but instead relies on a close investigation of the quadratic 
terms v:v;, (v:)2 - (v;)2 . As noted in §1, Delort in fact proves 

({4.! 1, ~;, ~ V 1 v' in the sense of distributions in ]R' x (0, 00). 

(V I )2 _ (V 2 )2 ~ (V I )2 _ (V 2)2 ej Bj 

This is enough, since, remarkably, we can rewrite (4.6) so that only these non-
linear quantities appear. To see this, note first (4.6) implies 

(4.12) roo { ~t'VB+~:(VB®Ve)dxdt=O 10 J.R.2 
for each test function ~ E C;, (]R2 x (0, 00) ; ]R2) with div ~ = O. Following 
DiPerna-Majda [4] we take 

.L (4.13) l;=D 11 = (-l1x ,11x), 
2 I 

where 11 E C;'(]R2 X (0, 00)). Inserting (4.13) into (4.12) we deduce 

1000 1 I 2 2 2 I 2 -l1x tVe + l1x tVe + l1x x ((ve) - (ve) ) o R2 2 I I 2 

I 2 + (l1xx -l1xx )(VBvB)dxdt=O. 
2 2 I I 

We let e = e j ~ 0 and invoke (4.11) to conclude 

1000 1 I 2 2 2 I 2 -l1xtV +l1xtV +l1xx ((v) -(v)) o R2 2 I I 2 

I 2 + (l1xx -l1xx )(V v )dxdt=O 
2 2 I I 
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for all 17 as above. Thus 

( 4.14) rX) r c!t' v + De: (v 0 v) dx dt = 0 io iR2 
for all test fields c! having the form (4.13). As any divergence free field can be 
so written, we see v is a weak solution of Euler's equations (4.1). 

As rioted in § 1, our motivation for the theory developed in §§ 1-3 is to under-
stand better Delort's work. To demonstrate the connections, let us introduce 
for each e > 0 and t ~ 0 the velocity potential lfIe satisfying 

( 4.15) 

The incompressibility condition div ve = 0 ensures the existence of lfIe . Uti-
lizing (4.8) we compute 

(4.16) -l1lf1e=we inR2. 

Owing to (4.14) and (4.7) we see lfIe E H;~c(R2) for each t ~ O. In view of 
the vorticity sign assumption (4.10), our Theorem 1.1 is applicable: for each 
¢ E C';(R2) 

( 4.17) 

for some constant C and some radius R, depending only on ¢. Owing to the 
uniform estimates (4.7), we conclude 

{¢v;v;, ¢(( V:)2 _(v;)2)}o<e<1 are uniformly bounded in hi (R\ 
for each time t ~ O. -

( 4.18) 

Now in addition; 

( 4.19) 

for each 1 ::; p < 2. Indeed, for each time t ~ 0, we can deduce from 
(4.7), (4.15), and (4.16) that {ve(·,t)}:1 is pre compact in Lioc(R2),if 1::; 

) 

p < 2; see, for instance, Evans [7, pp. 39-40]. On the other hand, according 
to DiPerna-Majda [4, Lemma A.l] (4.7) and (4.9) imply the mappings t 1--+ 

ve (., t) are uniformly Holder continuous from [0, T] into Lioc (R2) , for each 
) 

1 ::; p < 2. The sequence {v e}:1 is thus pre compact in Lioc (R2 x (0, (0)) for 
) . 

1 ::; p < 2; whence (4.19) follows. 
Now in view of (4.19) we may assume, upon passing to a further subsequence 

if needs be, that 

and thus 

(4.20) 

v -; v a.e. in R2 x (0, (0), 
Ej 

. 2 f 0 a .e. III R, or a.e. t ~ . 
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This assumption is valid for a.e. t 2': 0 and each ¢ E C'; (]R2) ; Delort's theorem 
(4.11) follows. 

Remarks. (i) The condition (4.9) of Lipschitz continuity into some negative 
Sobolev space is essential to deduce the a.e. convergence (4.20). Indeed J. 
Serrin has noted that the function 

V(x, t) = j(t)Dw(x) 

is an exact solution of Euler's equations for some appropriate pressure p , when-
ever w : ]R2 -+ ]R is harmonic and j : [0, 00) -+ ]R is any smooth function. 
Choosing a bounded but highly oscillatory collection {fe}O<B<1 ' we can arrange 
the corresponding solutions {VB}O<e<I' VB = feDw, to satlsfy (4.7) but not 
possess an a.e. convergent subsequence. 

(ii) Scheffer in [19] has recently constructed an example of a nontrivial weak 
solution of Euler's equations with compact support in ]R2 x (0, 00). Hence 
the identity (4.14) for all smooth, divergence free tP should presumably be 
augmented with some additional condition to select the "physically correct" 
velocity field v. 

5. EXTENSIONS AND COMMENTS 

We gather together in this concluding section some additional comments and 
observations. 

A. Localization. As the definitions of Jf(o~ and hi are a bit awkward, it is 
convenient to record: 

Lemma 5.1. Let j E Jf(~(]Rn). Suppose also ¢ E C';(]Rn), with spt(¢) c 
B(O, R). Then 

and we have the estimate 

(5.1 ) 

the constant C depending only on ¢ and R. 
Proof. Observe first 

(¢j)**(x) = sup IJ,; r Yf (X -r y) ¢(y)j(Y)dYI 
O<r~ 1 r JR" 



HARDY SPACES AND THE TWO-DIMENSIONAL EULER EQUATIONS 215 

vanishes if x E ]Rn - B(O, R + 1). If instead x E B(O, R + 1), we have 

(¢f)**(x) :::; 1¢(x)lf**(x) 

(5.2) + sup I ~ r t7 (x - y) (¢(y) - ¢(x))f(y) dyl 
O<r:::; 1 r 1 B(x , r) r 

:::; C(f**(X) + sup n~1 r If(Y)ldY). 
O<r:::;1 r lB(x,r) 

Now, as E. Stein has pointed out to us, if x E B(O, R + 1), 

sup n~1 r If(y)1 dy:::; r Ij(x - y)llyll-n dy == g(x), 
O<r:::;Jr lB(X,r) lB(O,I) 

where j = fI B(0,R+2) . But 

IlgIILi(lRn ) :::; CllfII Li(B(0,R+2))' 
Consequently 

II¢fllhi(lRn ) = 11(¢f)**IILi(B(O,R+I)) 

:::; Cllf**IILi(B(O,R+I)) + CllfII Li(B(0,R+2)) :::; Cllf**IILi(B(0,R+2)) ' 

since If I :::; f** a.e. 0 

B. Vorticity changing sign. Our goal next is to construct a counterexample to 
Theorem 1.1 if OJ changes sign. We will need 

Lemma 5.2. There exists a function u E C;'(]Rn) such that 

(5.3) spt(u) c B(O, 1), r Ux Ux dx = 1. llR2 i 2 

Proof. Let f, g, j, g E C;, (-1/2, 1/2), and define 

u = v +w. 
Since r Vx Vx dx = r Wx Wx dx = 0, 1 1R2 i 2 1 1R2 , 2 
an integration by parts yields 

r Ux Ux dx = r (vx Wx + Vx Wx ) dx 1 1R2 i 2 lIiI.2 i 2 2' 

Choosing j = r to, g = cg' to the lemma follows for a suitable choice of 
the constant c. 0 

Lemma 5.3. There exists a sequence off unctions {ue}O<e:::;1 C C;'(]R2) satisfying 

(5.4) spt (ue) C B(O, 1), sup (1IueIIH'(1R2) + II,1ueIlLi(1R2)) < CXJ, 
O<e:::;1 
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but 

(5.5) lIu:,u:2I1h'(R2) --+ +00 as e --+ O. 
Proof. Choose u as in Lemma 5.2, and write 

u\X)==u(~) , J(x) == (ux Ux )(x), 
, 2 

re eel (X) J (x) == (ux Ux )(x) = 2 J - . 
'2 e e 

Then estimate (5.4) follows easily by scaling. Set 

J'**(x)== sup 112 f 11 (X-Y)J(Y)dyl 
O<r::; 1 r 1 B(O, I) r 

(O<e~I), 

where we assume in addition to the usual hypotheses 

(5.6) 11 = 1 on B(O, 1/2). 

We now claim 
re ** 1 1 J ' (x) > --2 for e < Ixl < -4' - 161xl -

(5.7) 

Indeed, taking e < Ixl ~ * and writing Y = ez, r = 41xl we have 

J'**(x) ~ 16txI2 l(0,1) 11 (x4Ix~z) J(z)dz 

=_1_2f J(z)dzdy [by(5.6)] 
161xl lB(o,l) 

1 
= --2 [by (5.3)]. 

161xl 
This proves (5.7), from which (5.5) follows. 0 

C. Radial solutions. The example in Lemma 5.3 shows our Theorem 1.1 fails in 
general without the nonnegativity condition on w. In the radial case, however, 
no such restriction is necessary: 

Theorem 5.4. Let u E Hj~(]R2) be a weak solution oJthe PDE 

-!1u = w in]R2, 

u(x) = u(r), w(x) = w(r) 

Jor r = Ixl. Then 
2 2 1 2 

Ux Ux ' Ux - Ux E ~oc(]R ). 
'2 , 2 

Furthermore, Jor each ¢ E C;'(]R2) we have the estimate 
2 2 

lI¢ux , uX2I1h'(R2) + 1I¢(ux , - ux)IIh'(R2) 
2 2 

~ C(IIDu ll L 2 (B(0,R)) + IIwllL'(B(o,R))) 

(5.8) 
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for some constant C and some radius R, depending only on <p. 
Proof. We have the ODE 

(5.9) 1 I I --(ru) = w. 
r 

It suffices to prove the estimates for Ux Ux ,as those for u; -u; follow then 
I 2 I 2 

by performing a rotation. Let '1 E C;'(B(O, 1)), fB(o,I)'1dx = 1, '1 ~ O. 
Define 

(i E Z), 

We also write 

j*(x) == sup i~ f '1 (X - y) f(y)dyi ' 
O<r~1 r JR2 r 

J;**(x) == sup i~ f2'1 (X -r y) J;(Y)dyi (i E Z). 
O<r~1 r J.it 

Since w E L1~(lle), the ODE (5.9) implies vCr) = ru'er) is absolutely contin-
uous on each interval [0, R]. In particular, if ri_ 1 ~ r ~ ri ' 

(5.10) iv(r) - fi V dri ~ !ri Iv'l dr ~ !ri rlwl dr. 
';_1 ';_1 ';_1 

We easily verify (see, e.g., Latter [16]) that if h E LClO(lR2), spth c B(O, r), 
and fR2 hdx = 0, then 

Thus 

(5.11 ) 

Moreover 

(5.12) .r;:2 = 0 on B(O, ri+1 - 1) :) B(O, ri ) if i ~ 1. 

Now 

( 5.13) 
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and by (5.10) 

, {I {'i, {'i , , } 
'i-~~~::S;'i rlu (r)1 ::; C r; i'i_l Iru I dr + i'i_l I(ru ) I dr 

(5.14) 

{ I f'i 1/2' f'i } 
::; C ril / 2 i'i_l Ir u I dr.+ i'i_l rlwl dr 

{ (f') 1/2 f' } ::; C i, I rlu'I 2 dr + i, I rlwl dr 
I-I 1-1 

::; C ( { i IDul 2 dX} 1/2 + i IWI dX). 
I I 

Combining (5.11) through (5.14) it follows that 

Hence 

i+2 

1If"*IILl(B(O"i))::; 2: IIfj**IILl()R2) 
j=-oo 

1 2 ux Ux = f E ~oc(lR ). 
I 2 

Using Lemma 5.1 we deduce estimate (5.8). 0 
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ABSTRACT. We prove that certain quadratic expressions involving the gradient 
of a weakly superharmonic function in OC2 belong to a local Hardy space. As an 
application we provide a new proof of J.-M. Delort's convergence theorem for 
solutions of the two-dimensional Euler equations with vorticities of one sign. 
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