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ON A PROBLEM OF ERDOS AND LOVASZ. II:
n(r) = O(r)

JEFF KAHN

1. INTRODUCTION

The function n(r) of the title is the least size of a collection of r-sets, any
two of which intersect, and such that any set of size r — 1 1is disjoint from at
least one of them. In the language of hypergraphs (see the end of this section
for definitions), n(r) is

min{|#| : # an r-uniform, intersecting hypergraph with 7(#) = r}.

The problem of estimating n(r) was raised by Erdés and Lovasz in [13]. For
many years Erdos has listed deciding whether

(1) n(r) = O(r)

as one of his “three favorite combinatorial problems”. (The other two are the
A-system problem of Erdds and Rado and the Erdés-Faber-Lovasz Conjecture;
see, e.g., [12].)

The cover number 7(#)—the least size of a set (“cover”) meeting all mem-
bers of #—is of central interest in the study of hypergraphs (see, e.g., [16]).
One may regard the Erdés-Lovasz question as an attempt to understand how
hard it is to force this number to be large.

Note that some restriction is needed to make the question interesting, since
any ¢ pairwise disjoint sets have cover number ¢. The assumption that #Z be
intersecting seems the most natural way to avoid this. On the other hand, once
this assumption is made, we have 7(#) < min{|4| : 4 € Z}, so when the
members of # are of size r, the most one may ask is that 7(#) = r. Thus
we arrive quite naturally at n(r).

The Erdds-Lovasz question is also of interest because of its relation to recent
developments concerning good packings and edge-covers in large hypergraphs
of bounded edge size; this connection is outlined in §5. See also [16, 19] for
further discussion of n(r) and related problems.
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126 JEFF KAHN

The best previous bounds for n(r) are (we write %, for any projective plane
of order r — 1)

(2) n(r) >8r/3—-3 forallr,

(3) n(r) < 4’ logr if r is large enough and there exists a &,
both due to Erdés and Lovasz [13], and
(4) n(r) < Crlogr if r is large enough and there exists a %,

proved in [17]. The upper bounds (3), (4) are immediate consequences (respec-
tively) of the next two theorems.

Theorem 1.1 [13). If Z is a set of m > 4r*? logr random lines from &, , then
with probability tendingto 1 as r — 0o, 1(#) =r.

Theorem 1.2 [17]. If #Z is a set of m > 22rlogr random lines from &, then
with probability tendingto 1 as r » co, ©1(#)=r.

Theorem 1.2 (with, of course, C rather than 22) was conjectured in [13].
The correct value of the constant is probably 3; see [17].

Here we prove (1). We will show for some fixed prime power K that for
sufficiently large f € N and prime power ¢ = 3 (mod 4) satisfying

(5) g<t<(1+K g,
if

(6) r=Kq+t1t
then

(7) n(r) < 5(K* + K)t.

Since all sufficiently large r’s are of the form (6), (1) follows.

Thus the constant in our bound on n(r) is about 5K . No attempt is made
here to optimize or even to evaluate K, though it would be interesting to see
if it could be brought down to, say, 100, or 1000. It would also be interesting
to do something about the still unimproved lower bound (2).

Examples giving (7) are described in the next section, and their correctness
is proved in the two sections that follow. The examples are given in dual form,
that is, with the roles of vertices and edges interchanged. Thus, for appropriate
K, g, t,and r = Kq +t, we construct an r-regular hypergraph on 5(K 24K )t
vertices satisfying

(8) d(x,y)>1 for all distinct vertices x, y

and having edge cover number r.
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ON A PROBLEM OF ERDOS AND LOVASZ 127

In the final section we mention a related problem of J.-C. Meyer, and, in-
tending to put the present work in a more general context, sketch a connection
with results of [18].

Terminology. A hypergraph, usually denoted #, is a collection of subsets of a
set V = V(#). Members of V' are called vertices, and members of # are
called edges.

The degree in #Z of a vertex x is, as usual, the number of edges of /# con-
taining x and is denoted d, (x) or simply d(x). More generally, d(x, y, ...)
denotes the number of edges containing all of the vertices x, y, ... .

A hypergraph is k-uniform (resp. k-bounded) if each of its edges has size
k (resp. at most k) and r-regular if each of its vertices has degree r. It is
intersecting if any two of its edges share a vertex.

A vertex cover (clearer would be “cover of edges by vertices”) of # is a set
of vertices meeting every edge of /# , while an edge cover is a collection of edges
whose union is ¥ . Either of these may be shortened to “cover” if there seems
no danger of confusion.

The vertex and edge cover numbers of # are the minimum sizes of its vertex
and edge covers and are denoted ©(#) and p(%Z).

A matching is a collection of pairwise disjoint edges. It is perfect if it is also
an (edge) cover.

Finally, the (point-set) dual, say #* , of # is the hypergraph obtained from
Z by reversing the roles of vertices and edges; that is,

V(#Y=2, ' ={{AeF :A>3v}:veV(F)}.

2. EXAMPLE

A. We begin with something akin to expanders (see, e.g., [2]).
Let us say that a bipartite graph G with bipartition X, U X, is expansive if
(for some ) |X,|=|X,|=1t, G is 5-regular, and for i =1,2 and X C X,

LUX| if [X| <2,
INCOI 2 {3!X| if |X] < t/10,

where N(X)={y:3x € X,y ~ x}. (The parameters here are rather arbitrary
and by no means optimal.)

It is not hard to see—for instance via either the models of random regular
graphs in [1, 4], or the usual random constructions of expanders (e.g., [21])—
that such graphs exist for all sufficiently large ¢. Let us fix one such, called
G(t), for each sufficiently large ¢, and let £ = X(¢) be the dual of G(¢). Then
2 is a 5-uniform hypergraph, the disjoint union of two perfect matchings, X,
and X,, each of size ¢, such that for / € {1, 2} and ¥’ any edge cover of T
with |Z,\ X[ =a,

l.la ifa<t/2,

©) 2N%; 02 {3a if a < ¢/10.
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128 JEFF KAHN

B. Let C = 1602. The next ingredients of our construction are a projective
plane Z# of some fixed order K and for each line / of % a function

o :1—{1,2}
satisfying:

(DForall xeV=V(#) and x¢me £,
Hl>x:l~, m} <K/2+2V/KlogK,

where we write [ ~_ if, with /nm = {y}, we have g,(y) =0,,(y); and
(II) For all t: V() — {1, 2},if J 1is a set of at least 3K/4 lines / of
P, each satisfying
Hxel:o/(x)#1(x)}| <C,

then there exist J; €7 with || < 4C and a point x of % such that
leT\Ty=13x.
The existence of such functions for large enough K is given by

Lemma 2.1. Let C be fixed, P a projective plane of order K , and for each line
l of &P let

g :1—{1,2}
be chosen uniformly at random. Then with probability tending to 1 as K — oo,
o satisfies (1) and (II).

This is proved in §3.

We may thus fix K, &, and functions o, as above, with the additional
requirement that K be large enough to justify the various inequalities of §4.

Let x, be a distinguished point of & . Set X = V(Z)\{x,}, and let A :
X - {l e P:x, ¢} be some fixed function satisfying

xehx) vx, | <2 Vi

(That such an /4 exists is easily seen using the fact that the point-line incidence
matrix of % is nonsingular over the rationals.)

C. Recall that & is a transversal design TD(K , t) with groups G,...,Gg
if G,,..., Gy are pairwise disjoint t-sets and %"~ is a hypergraph on |J G,
satisfying

(@) |[BNG,|=1 forall Be #* and 1 <i<K,and
(b) forall 0<i<j<K, x € G;, and y € G, there is a unique Be%”*
with x,y € B.

(Thus Z" is K-uniform of degree ¢ and has 2 edges.)

A well-known theorem of Chowla, Erdés, and Straus [8], based on construc-
tions of Bose, Shrikhande, and Parker [7] and Brun’s sieve, asserts that the
largest size of a collection of mutually orthogonal Latin squares of order ¢ tends

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON A PROBLEM OF ERDOS AND LOVASZ 129

to infinity with ¢. We need the equivalent (see, e.g., [26] for the connection
and the best results to date in this direction)

Theorem 2.2. For every K' there is a t(K') such that for all t > t(K') there
existsa TD(K', t).

We suppose henceforth that ¢ > (K + 1) and the prime power ¢ =3 (mod
4) satisfy (5) and fix a TD(K, t), &, with

(10) pPE") =1t

(This is true, e.g., if & is obtained from a TD(K + 1, ¢) by deleting a group,
and explains why we took ¢ > ¢(K + 1) rather than #(K). The condition (10)
is not really necessary, but simplifies the proof in §4 at one point.)

D. We need two additional objects, similar to transversal designs (or rather,
one additional object which will be used in two ways.)

Let 9"4 be a projective plane of order g, & an oval of ﬁq , Z, a point not

on any tangentsto ¢, and /, ... , [, exterior lines of & containing z,. (For
projective plane definitions, see, e.g., [9].) Let y,, ..., Yg+1))2 be points of &
on distinct lines through z, .

Let H; =1\{z,} for 1<i<K,and Hy={y;,... , Y} Inaddition,

let Hé U H(;' be a partition of H, into two sets of size (g +1)/4.

Let & be the hypergraph with vertices |J{H, : 0 < i < K} and edges all
lines of & not containing z, (with the natural containments). Notice that
the restriction of & to U{H,:1<i< K} isa TD(K, gq) (with groups H,),
whereas for x € H; and any other vertex y, there is a (unique) edge of &
containing x and y.

E. Foreach x € X, let I'(x) be a copy of £ on a vertex set V'(x), with I';(x)
the corresponding copy of X, (i=1, 2), and
Vix)nV(y)=0 ifx#y.
Further, if E,, ... , E, are the edges of I',(x), let
Tj(x)={Ey;_|UEy,: 1< j<t-q}U{E;:2(t-q)+1<j<1}

(so, in particular, |I;(x)| = g). Set I' = UI'(x), I'" = UTI'"(x), both unions
ranging over x € X .

Now (9) implies that (for i = 1,2) if I' C I'"(x) UT'(x) is a cover with
IT'N(T;(x)UT,(x))| =g —a, then

(11)
max{l.la—-(t—gq), .55a} ifa<t/2,

T (T () UL ()] 2 {max{3a —(t-q),3a/2} ifa<t/10.

Proof. Since |J{E:EeI'n (F:‘(x) UT(x))} is the union of at most g —a +
(t—gq) =t—a edges of I';(x), the number of edges of I';_,(x) needed to cover
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130 JEFF KAHN

the vertices not covered by I' N I“: (x) is, according to (9), at least
l.laifa<t/2, and 3aifa<t/10.
But I" gives a cover of these vertices by at most
min{|I” N (F3_,(x) UT,_,(x))| + (¢ = q), 27" n ((T3_,(x) UT,_,(x)I}
edges of I';_,(x), and this implies (11). O

We also define for each x and i a hypergraph I';"(x), each of whose edges
is the union of a few edges of I';(x). The definition of I'}"(x) depends on
A~ (h())]

(a) If h”l(h(x)) = {x}, let Il be a partition of the edges of I';(x) into
(g + 1)/2 blocks, each of size 1 or 2.

(b) If |A~'(h(x))| = 2, let II be a partition of the edges of I'/(x) into
(g + 1)/4 blocks, each of size 4 or less.

In either case, set
r;“*(x)={U F:BeH}.
FeB

(Actually for each x we only need I';”(x) when i = Ty (X) )

F. For each / € & define a hypergraph #/ on vertex set

UV (x) : x e \{xp}}

as follows.
(a) If x, € [, fix a numbering x,, ..., x, of the points of /\{x,} and
bijections

/
P Gi - l—‘a,(xi)(xi)'

. * i K !
(R(elcall G, are the groups of the transversal design %~ .) Let ¢ = U,_, 9;,
and set

2 = {pg(pl(p) ' B e%"}.

For each 4 € Z/ set 0, =0,.

(b) For x, ¢ [ the construction is analogous. We use % in place of &~
and give special treatment to the points in 4~ (.

If the points of [ are x, x,, ... , X, with h_l(l) = {x}, we fix bijections

! ok i *
9, Hy — I‘al(x)(x) and ¢,:H, — I'a/(xi)(xi)

for 1<i<K.
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ON A PROBLEM OF ERDOS AND LOVASZ 131

If the points of / are x,y, x,, ... , X, with h_‘(l) = {x, y}, we fix bijec-
tions
) ’ ok
0o Hy = Ty y(X),

! "

and
(pf :H —T
for 2<i<K. A

In either case, we let gol = Uf: 0 q)ll. (so in the second case H, is excluded

from the domain of qol) and

Zz{U(pl(p):Be%}.

PEB

Also, in either case, for 4 € 7/ we set

04 =0/l(z: anvizyzo}

G. Finally, set V(Z)=U{V(x):x € X} and Z = {# :[ € Z#}. Itis then
straightforward to check that # is r-regular (r = Kq + t) with 5(K2 + K)t
vertices and satisfies (8). [For the degrees, note that v € V(x) has degree ¢
in # if [ is the line joining x and x, and degree g if / is any other line
containing x. For (8): if v € V(x), w € V(y) with x # y, then v, w arein
some common edge of #Z/, / the line joining x ‘and y (this uses property (b)
of transversal designs); while if v, w € V(x), then v, w are in some common
edge of #Z/, where [/ = h(x) (see the comment at the end of D).]

So the only interesting point is to show p(#’) = r. Actually, we show a little
more (/(x, y) is the line of & joining x and y):

Theorem 2.3. If % is an edge cover of # of size r, then there exists x € X
such that
_fq ifxel#l(x,xy),
& nZ) = {t ifl=1(x, x,).

The idea of the construction is roughly as follows. If % is an edge cover
of # of size r, then for each x € X the intersections of edges of & with
V(x) give a cover of I'(x). Now (9) says that using edges from both I (x)
and I',(x) to cover I'(x) is wasteful. But we cannot afford much waste: we
must use at least (K 14K )t edges of T" to cover all the V' (x)’s; on the other
hand, any edge of # is the union of K + O(1) edges of I', so that the cover
of T given by & has size at most (K* + O(K))t.

Thus for given x € X, we would like the values g,(x) for 4 € & meeting
V(x) to be mostly the same. But the only way to achieve this—this is the
lemma—is to take % to consist mainly of edges from [J{# : /> x} for some
fixed x.
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This gets us to (30). A further analysis in the same spirit then eliminates
“mainly” from the above description.

3. LEMMA

Here we prove Lemma 2.1. Condition (I) is a standard calculation, which we
omit.

For .7 aset of lines of & and Z(/) asubsetof / foreach / € 7, we extend
our earlier notation by writing / ~ m if either [/ ~ m or the intersection

(o,

z)
point of / and m belongs to Z(/) U Z(m). We prove condition (II) in the
more convenient form

(II'Y  Suppose T is a subset of P and for each | € I, Z(l) is a set of at
most C points of | satisfying
(12) I~ m Vl,meZ.

(0,2)

Then if |9 > 3K /4, there exist Iy CJ with |F)| < 4C and a point x of P
such that
leT\Fy=15x.

Of course it is enough to prove this when |7 | = 3K/4 (note all large numbers
are integers) and the size of each Z(/) is exactly C. For fixed . C & of this
size and C-subsets Z(l), / € 9, asin (II'), let x,, ... be the points of &

and set
d,=d,(x,), e, =|{l €T :x; € Z()}I.

Then

d. |7
& (3)-(5):

i 2 2
(14) > e,=ClT|
Consider first the event

(15) d <K'’ foralli,

with (say) é = 1/10. [Actually (12) is unlikely provided
0 = w(loglogK/logK);

on the other hand (see (19)) we only need that some &, is at least about log2 K]
Then by (13),

(16) S d, > (9/16)K'",

d;>2
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ON A PROBLEM OF ERDOS AND LOVASZ 133
(17) 3 (d, - 1) > (9/3)K"™.
d>2

But in view of (14) this implies (still with .77, Z fixed)

Pr(()) = exp,[- Y (d;—¢;— 1)]

d>2
(18) < exp,[—(9/32)K'*’ + (3/4)CK].

On the other hand, the number of possibilities for .7, Z is at most

K>+ K+ 1\ (K+ 1\
3K/4 C
so that the probability of (12) holding for some .7, Z with J satisfying (15)
is o(1).
As a (very weak) consequence we may therefore assume that for some x,

(19) d,(x)>D*log’ K,

where D = 3C . We will show that with probability tending to 1 as K — oo, if
x satisfies (19) (and 7, Z satisfy (12)), then

(20) {leZ :1#x} <Dlogk.

Proof. Denote by E the event that there are a point x, lines /;,... ,[ # x,
m,...,m,>x,and subsets Z(/,) C [, Z(m;) € m; of size at most C such
that no m; contains the intersection point of two of the [’s and

(21) [~ m, foralli, j.

by
For given x, [’s, m ;’s,and Z, the probability of (21) is at most
exp,[—ab + C(a + b)].

On the other hand, the number of possibilities for x, {/,}, {m ;},and Z is
at most

K+ K +1) (IZZ) (K; 1) (Kg l)m < expl(C +2)(a + b)log K].

In particular, if we set a = b = Dlog K, then with probability 1 — o(1), E
does not occur.
This easily gives (20). For suppose d(x) > D*log’ K and

x¢gl,...,l,eT,

where, again, a = Dlog K . There are then at least

D*log’ K — (‘2’) > %Dz log’ K > DlogK
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134 JEFF KAHN

lines m > x containing none of the intersection points of the / j’s and satisfying

m~ [, forall j.
w@.2) J

But we have just ruled out such an event, so (20) is proved. O

Now again let x satisfy (19), and suppose x ¢/, ... , [, € F . By (20)
we have

{m:xemeIT}| >3K/4-3ClogK,
which with (I) implies that for 1 <i<4C,

’lm(U{Z(m):xEme?}N >{m:xemeT, mo, l,,mnl, & Z(l,)}|

> K/4—-2+/KlogK - 3ClogK - C
=K/4-F.

There are thus at least K/4 — F —4C lines m, x e m € 9, for which mn/,
is a point of Z(m) not contained in any other / ’x whence,

3CK/4 >

U Z(m)l > (K/4—F — 4C)4C.
xXEMET

But this is false for large K, so the lemma is proved.

4. THEOREM

Let & be an (edge) cover of # of size r=Kq +1¢.
It is easy to see, since p(#)) <t foreach / € & (see (10); actually p(#)) < g
if [ # x,), that we may assume

(22) TNnZ|<t VleP.
For A€ Z and x € X define
0 if ANV(x)=0,
y.(4) = {E € T(x) : E C 4} if A€, .,
HE € F;A(X)(x) : E C A}| otherwise.

(So, for example, 7 (A4) € {0, 1} unless 4 € # with h(x) = [.) Define
7:V - {1, 2} by

) = {1 if {p.(4):4€%,0,(x)=1}>3{r (4):4€F, 0,(x)=2}
T(x) = 2 otherwise.

(Thus, formally, 7(x,) =1.)
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Again for A € # and x € X, set

if g,(x)=1(x), Ye(4) if a,(x) #1(x) ,

_ [ (4) _
S(4) = {Ox otherwise, 8:(4) = {O otherwise,

and f(4) =3 f.(A4), g(4) =3, 8.(4).
Finally, for [ € £, let

B() = Kx € l:0,(x) # t(x)}I.
Notice (cf. E and F of §2) that
(23) S(A)+g(4)<K+17,
énd, for 4 €7,
(24) B <gA+HxelnX:AnV(x)=0}+x(>x,) < g(4)+2,

where x is the indicator function.
Now (11) implies that for each x € X

S e211(a- 5 1) - -0,
A€e® Ae?®
whence,
(25) > g(4) >11((K +K)g - Y f(A) ) (K + K)(t - q).
A€e® Ae®
Combining this with (23) gives
> 22 L1((K + K)g — (K +Dr+ 3 ¢(d) - (K + K)(t - a).
A€? AEZ®
or, after a little rearranging,
(26) % 3 gA) < 1r9[1.1((1< +7)r— (KX + K)q) + (K* + K)(t — 9)] < 80.
AEF®

Thus, setting
& ={4e€% :g(4) <1600},

we have
(27) || > 0.95r.
Write / =[(A) if 4 € #Z], and set
T ={l(A): A€ F}.
Then by (24),
(28) B() <1602 (=C) VlieT,
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and by (22), (5),
(29) 7] >0.95r/t > 0.95K.

Applying (II) to . (and again using (22)), we conclude that there is some
x € X U{x,} for which

’%n (Uz) > |&]| - 4Ct
15x
(30) > 0.95r — 4Ct.
Assume first that x # x;,. Let [y, ... , [, be the lines of & containing x,

with [, = [(x, x;), and set

K
X =x\pN\Ur'),

i=1

S = Igﬂ%],

w,=l.NnX"|,
K

' =7\J7.
i=0

For convenience, set

[t ifi=0,
%= \q if1<i<K.

The argument we use to finish is analogous to that leading to (26). Notice
first of all that for all i,

(31) Kq/19 > |&'| > uq,~s,)/8 > (K —2)(q,—s,)/8.

Proof. The first inequality here is weaker than (30), so since u; is clearly at
least K — 2, we just need to prove the middle inequality.

Let ye[,nX". Then V(y)N(U{4:4 €@ nHZ}) is the union of at most
s;+1t—gq; edges of I'(y). Since any ANV (y) is the union of at most eight
edges of I'(y) (see E of §2), it follows that

0 (UtFyer#))|2 -6+ i-a)/8=(a,- 5.
Since no line of &7\ {/;} contains more than one y € /,, this establishes (31). O
It follows that for all i,
(32) g, -5, < (8/19)Kq/(K -2),
and in particular

(33) s; > q;/2.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON A PROBLEM OF ERDOS AND LOVASZ 137

We now replace 7 by 7’ : X \ {x} — {l, 2} defined according to the lines
through x:

TY) =04 ,,0)-
Define

SA)=3 0,y eX, AnV() £0,0,0) =70},
=S {0 :yeX , ANV () #0,0,(0) #7TW)}

In particular, g*(4) =0 if A€ &€\ &', so by (I),
(34) Y gA=3 &4 < (K/2+2V/KlogK + O(1))|F].

Ae® Ae%’

On the other hand (again using (I) for the inequality),

f*(A) =u, 1fA€Z/
<K/2+2\/KlogK+01) 1fAC—_%’ [ #x.

Recalling that #; > K — 2 and noting &' = 2;':0(‘11 - ;) , it follows that

K
Q:=Zu,’q,‘"‘ Zf*(A)

A€EF
> Z (g, —s,) — (K/2+2y/KlogK + O(1))|&"|
(35) K/2 2v/KlogK — O(1))|%"].
Using (33) with (11) and (9), we have

Y g4 =110~ Zu(l

A€?’
(36) > 1.1(K/2 = 23/Klog K — O(1))|%"| —Zu

This together with (34) forces ' to be small, say
|Z'| < 25K(t - q).
But then by (32) and (5) we have (overestimating)
q;—s; <4q/10,
and by (11),
> & (423072

- Ae®’

(37) > 3(K/2 - 24/KlogK — O(1))|Z"|/2.
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So again combining with (34) we have

(K/4—5\/KlogK — O(1))|€'| <0,

implying €' =90.

The proof of Theorem 2.3 is then completed by noting that for any y €
X\{x} with h(y) # I(x, y), the number of edges of ;Z( ) required to cover
V(y)is tif I(x,y)=1(x, x;), and g otherwise.

When x = x,, the formal definitions of X *, s;, u;,and &' are as before—
note this now gives X* = X and u; = K forall i—and we set ¢, = forall i.
The argument then proceeds as before, except that, since the error terms ¢ — g,
are all 0, (36) (with (34)) is already enough to force &’ = 0.

Since to cover we must then use at least ¢ edges from # for each /> Xq >
the conclusion in this case is that in fact x = x, cannot occur.

X,y

5. REMARKS

A. A question similar to that of Erdés and Lovasz was raised at about the same
time by J.-C. Meyer [20], who introduced, for positive integer r, the function

m(r) = min{|Z| : Z a maximal intersecting, r-uniform hypergraph}.

While Meyer’s original conjecture that m(r) > r» — r+ 1 was disproved by
Fiiredi [15], who showed

(38) m(r) < 3r2/4 if there exists a g’r/2+1’

it has not been easy even to guess how m(r) ought to grow. The best results of
a fair amount of subsequent effort on the problem are (from [3], [6], and [10]

respectively)

(39) m(r) < r vr,

(40) m(r) < r /2 + O(r) if there exists a &,
and

(41) m(r) > 3r forr>4.

(The lower bound is a slight improvement on m(r) > 8r/3 — 3, which follows
from (2), since trivially m(r) > n(r). See also [19] for a proposed construction
for m(r) = 0(r2) when there exists a % .)

While the examples for n(r) described above do not seem to give anything
for m(r), they seem to me strongly to suggest the truth of

Conjecture 5.1. m(r) = O(r).

B. In view of the examples giving (3) and (4), it is natural to ask whether
one can establish (1) with /#’s contained in (the line sets of) projective planes.
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(Random s clearly will not do here, since about 3rlogr random lines from
& are needed to guarantee d(x) > 2 Vx, an obvious necessary condition for
T = r; but one might hope to succeed with a more deliberate choice.)

The answer is that such examples do not exist, and more generally one cannot
prove (1) with #’s in which all edge intersections are small. Understanding
this was a crucial step toward the present work, and a brief sketch of the ideas
involved, together with a few as yet unanswered questions, may be of interest.
The following results from [18] extend earlier work of Rédl [23], Frankl and
Rodl [14], Pippenger (see [24]) and Pippenger and Spencer [22]. (See also [19]
for a more extensive discussion of these and related topics.)

For ¢:# — R" , define 7:2” — R* (where V = V(%)) by

i(4) = {t(B): B2 4},

and set
a;(t) =max{{(W): W CV, |W|=i}.

Recall that 7: % — R* is a fractional cover if

(42) Y HA)=21 VxeV.
A3x

We will also say that ¢ is a fractional tiling if equality holds in (42).

Theorem 5.2.-Let k be fixed, # a k-bounded hypergraph, and t: % — R* a
fractional cover. Then

PE) S UZ) (ey(1) = 0).

(We use #(#) for 3}, 5 t(A) and f < g for limsup(f/g) < 1. A similar
result holds for matchings, but we confine ourselves here to covers.)

Corollary 5.3. Suppose # is r-regular with at most cr vertices, c fixed, d(x, y) >
0 forall x,yeV, and

(43) max{d(x,y):x,y€V,x #y}=o(r).
Then p(Z) < (c/(c+ 1)+ o(1))r.

In dual form (the form corresponding to n(r)) this is the negative result
alluded to above:

Corollary 5.4. Suppose # is r-uniform, intersecting of size at most cr, c fixed,
and satisfies

(44) max{|ANB|: A, BeZ, A#B}=o(r).
Then ©(Z) < (c/(c+ 1)+ o(1))r.

After a preliminary step that eliminates large edges, the connection between
Theorem 5.2 and Corollary 5.3 is provided by the observation that if # is
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r-regular with n < cr vertices and satisfies
dix,y)>0 Vx,yeV(#),

then the function ¢: % — R* given by

(45) (A) = |Al/(n +7 - 1)

is a fractional cover of total weight

Z t(A)y=nr/in+r—-1)=nr/(n+r)<cr/(c+1).
Aew
(The condition “a,(f) — 07, of course, derives from (43).)
The following conjecture says that Corollary 5.3 should remain true even if
(43) is relaxed to the analogous condition on triples.

Conjecture 5.5. Suppose Z is r-regular with at most cr vertices, ¢ fixed, d(x, y)>
0 forall x,yeV, and

(46) max{d(x,y, z):x,y, z € V distinct} = o(r).
Then p(#) < (c/(c+1)+o0(1))r.

(I also expect that one cannot replace triples by 4-sets here; there should be
examples giving (1) for which (in dual form as usual)

max{d(W): W CV,|W|=4} =o(r).)

While Conjecture 5.5 may seem a minor point, it is of interest in the context
of [18]. Roughly, the goal of the work initiated there is to understand, as far as
possible, what are the obstructions to good matching and (edge) cover behavior
in k-bounded hypergraphs ( k fixed) of large degree? Here a working definition
of “good cover behavior” is that the conclusion

(47) p(Z) S HZ)

of Theorem 5.2 holds for appropriate ¢. (This is similar to asking for p(#) ~
p"(#) but weaker in that one cannot always come close to achieving p* with
“appropriate” ¢.)

Nicest here would be a statement to the effect that the only obstructions are
“local”, roughly in the sense that there are integer covers which mimic ¢ on
small sets of vertices.

Suppose, for example, that V' (#) is partitioned into triples, that each edge of
# meets each triple in either O or 2 vertices, and that we drop the requirement
that #({x, y}) be small when x, y are in the same triple. It is then more or less
typical (e.g., take /# regular and uniform) for p(#) to be about (4/3)p™(#),
reflecting the fact that we have p(I') = (4/3)p"(I') for the underlying graph T’
of pairs for which 7 is allowed to be large.

While the condition “a, () — 0” precludes such an arrangement, it may be
regarded as unnecessarily crude. For example, if X UY is a partition of V',
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then it is probably enough in Theorem 5.2 if we replace a,(f) by
max{{({x,y}):x,yeXorx,yeY}

That is, allowing 7 to be large on the edges of a bipartite graph should not
create obstructions to good cover behavior.

Surprisingly, it does not seem impossible that one can reach a rather complete
understanding of what “local” behavior guarantees (47), provided we at least
insist that

(48) ay(t) — 0.

This would go essentially as follows.
For t:# — R* and any X C V', define t|X:2X—-> R" by

fy(4) = {t(B): BNX =4} VACX.
Write MP(X) for the “matching polytope” of X :
MP(X) = conv{l,, : M a matching of 2¥ 1.

Denote by b(¢) the largest b such that for any X C V with |X| < b we
have f|,, € MP(X). Then one version of what is meant by “nice local behavior”
is that b(z) — oo. (It is easy to see that this is true if a,(#) —0.)

Conjecture 5.6 [18]. Let k be fixed, # a k-bounded hypergraph, and t :
X — R* a fractional tiling. Then

PZ) S UFZ) (a3(t) = 0, b(t) — o).

Conjecture 5.5 is in the same vein as Conjecture 5.6, and our interest in
the former is mainly motivated by the latter. (It may be that Conjecture 5.6
implies Conjecture 5.5, but I do not quite see this. For the covers given by (45),
the condition “ a;(f) — 0” will, of course, follow from (46) (again, following a
preliminary elimination of large edges), and while “ b(¢) — oo” need not hold
in general, it does hold in many natural situations and, in particular, in cases
that seem to be bad for Conjecture 5.5.)

As mentioned above, Conjecture 5.6 probably leads to an exact understanding
of what local conditions guarantee the conclusion “ p(#) < #(#)”. A precise
statement of this becomes a little messy. Roughly, it involves relaxing “tiling”
to “cover” in Conjecture 5.6 and requiring only that most of the functions ¢|,
are approximately in MP(X).

If we try to relax (48) further, allowing 7 to be large on triples, then no such
“local” characterization is possible. For example, when # is itself a graph,
Conjecture 5.6 is an easy consequence of either Tutte’s 1-factor theorem [25]
or Edmonds’s matching polytope theorem [11]. But if /# is 3-uniform and
we relax (48) to the, in this case, vacuous “ a,(t) — 0” (retaining “ b(f) — 07),
then the resulting conjecture is not true (as shown, for example, by the duals of
Bollobas’s examples [5] of cubic graphs of large girth and small “independence
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). Far from being the end of the story, this raises a number of interesting

questions, to which we hope to return in a later paper.

14.

15.
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