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INTRODUCTION 

We begin by recalling some well-known facts. The natural action of the 
symmetric group Sn on jRn can be viewed as a group generated by reflections. 
The reflections in Sn are the orthogonal reflections across the hyperplanes H jj = 
{x E jRnlxj = x j }, 1 '.5, i < j '.5, n. The Sn-action extends to Cn (= jRn ®C) and 
the set of points with nontrivial isotropy group is U H jj ® C. Let M denote 
the quotient manifold, 

M = (Cn - UHij ® C)jSn' 

Classically, one knows that the fundamental group of M is the braid group 
Bn' In [FN], it is proved that M is an Eilenberg-MacLane space K(Bn' 1). 

These facts were generalized by Brieskorn [Bn] and Deligne [D] to finite 
reflection groups as follows. Associated to a Coxeter system (W, S) there is an 
Artin group A (or "generalized braid group") constructed by deleting some of 
the relations in the standard presentation for W. (This is explained in Section 
1.) When the Coxeter group W is finite, we say A is of finite type. In this 
case, there is a (unique) representation of W as an orthogonal reflection group 
on jRn (with n = Card (S)). Consider the induced W-action on Cn and the 
quotient manifold 

M = (Cn - U reflection hyperplanes) j W. 

In [Bn], Brieskorn proved that the fundamental group of M is A, and in [D], 
Deligne proved that M is an Eilenberg-MacLane space. 

As explained below, there is a natural guess as to how this should generalize 
to infinite Coxeter groups. According to [L] this conjecture is due to Arnold, 
Pham and Thorn. In this paper we shall prove this conjecture for almost all 
infinite Coxeter groups. 

In order to formulate the conjecture we first need to explain the notion of 
a "linear reflection group" in the case when the group is infinite. A linear 
reflection on a real vector space V is a linear involution with fixed subspace a 
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hyperplane. (Since there is no assumption of orthogonality, the reflection is not 
determined by its hyperplane.) Let C be a polyhedral cone of full dimension in 
V and let C denote its interior. Let HI' ... ,Hk be the hyperplanes spanned 
by the codimension one faces of C. For each i, let Si be a linear reflection 
with fixed hyperplane Hi and let W be the subgroup of GL(V) generated by 
{Sl' ... ,sd. Then W is called a linear reflection group if w(C) n C = 0 for 
all w E W with w i= 1 . 

For each point x in C let Wx denote the sugroup of W generated by the 
reflections across the hyperplanes of C which contain x, and let 

C! = {x E C I Wx is finite}. 

Given a Coxeter system (W, S) , let 9! be the poset of those subsets T of 
S such that the subgroup WT generated by T is finite. 

There is the following basic result of [V). 

Theorem (Vinberg). Let W be a linear reflection group on V and let 

1= U wC. 

Then the following statements hold. 
(i) (W, {Si}) is a Coxeter system. 
(ii) I is a convex cone. 

wEW 

(iii) The interior / of I is W-stable and W acts properly on /. 
(iv) / n C = C! 
(v) 9! can be identified with the opposite poset to the poset offaces of C!. 

The cone I is called the Tits cone. 
Tits proved that any Coxeter group W admits a faithful representation as a 

linear reflection group with C a simplicial cone (see [Bo, Ch. V, §4.4-4.6]). In 
general, however, as shown in [V), the cone C need not be simplicial and there 
may be many possible representations of W as a linear reflection group. 

Infinite linear reflections groups are important in the theory of Kac-Moody 
Lie algebras. A central role is played by the domain n in V 0 C defined by 

n = {v E V 0 ClIm(v) E /} = V + i/. 
By Vinberg's theorem, W acts properly on n and freely on ( n - U reflection 
hyperplanes). Let 

M = (n - U reflection hyperplanes) / w. 
In various cases, the manifold M occurs in algebraic geometry as the comple-
ment of the discriminant of the semiuniversal deformation of a singularity. 

In his thesis [L], H. van der Lek proved that the fundamental group of M 
is the Artin group A associated to W. (A special case had been proved earlier 
in [N).) The conjecture which we are interested in is the following. 

Conjecture 1 (Arnold, Pham, Thorn). M is an Eilenberg-MacLane space. 
Some progess on this conjecture was made in [L). 
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Our approach to Conjecture I has three steps. 
Step 1. There is a combinatorial reformulation of the conjecture which shows 
that its truth depends only on the Coxeter system (W, S) and not on its par-
ticular representation as a linear reflection group. This is explained in §2. 
Step 2. Associated to the Artin group A there is a cetain simplicial complex 
<l>, which we define in § I and call the "modified Deligne complex". Using the 
results of [D], it can be shown that <l> is simply connected and that Conjecture 
1 is equivalent to the following. 
Conjecture 2. <l> is contractible. 
Step 3. The complex <l> can be given a piecewise Euclidean structure. When 
this structure is CAT(O) , in the sense of Gromov [G], then the contractibility 
of <l> follows. Since <l> is simply connected, this reduces to checking that the 
induced piecewise spherical metric on the link of each vertex is CAT(I). 

Step I is accomplished in §2 and Step 2 in §§ I and 3. The core of the paper 
lies in the work on Step 3 in §4. 

Associated to any Coxeter system (W, S) is a "Coxeter complex" i: on 
which W acts with "fundamental chamber" a simplex of dimension n = 
Card (S) - I. If W is finite, then i: can be identified with the sphere §n, 
and we call i: spherical. An analogous complex ~, called the "Deligne com-
plex" (since it was introduced in [D]), can be constructed for the associated 
Artin group A. The Deligne complex is "building-like" in the sense that it is 
made up of subcomplexes ("apartments") each isomorphic to i:. If A is of 
finite type, we say that ~ is spherical. 

In light of our definition of Q in terms ofthe Tits cone, part (iv) ofVinberg's 
theorem indicates that we need a complex in which only finite subgroups of W 
appear as isotropy groups. We therefore consider a "modified Coxeter complex" 
1: with isotropy groups WT , T E ,91 , and "fundamental chamber" K, which 
is the geometric realization of the derived complex of ,91. The complex <l> 
which arises in Step 2 is the analoguous complex for A, with fundamental 
chamber K and with isotropy groups the sub-Artin groups AT of finite type. 
<l> is "building-like" with "apartments" isomorphic to 1:. Although the proof of 
Step 2 was inspired by the arguments in [D] and [L], these arguments are greatly 
simplified by using the theory of complexes of groups developed by Haefliger 
in [HI] and [H2]. For an arbitrary Coxeter system (W, S) with associated 
Artin group A, we show that the subgroups AT of A, generated by T E ,91 , 
form a complex of groups. This complex of groups is developable, that is, it 
arises from the action of a group on a simplicial complex, explicitly, from the 
action of A on the modified Deligne complex <l>. We prove that the quotient 
manifold M is homotopy equivalent to the classifying space of this complex 
of groups and that <l> is homotopy equivalent to the universal covering space 
of this classifying space. The equivalence of Conjectures I and 2 follows. 

We tum now to Step 3. Our program for proving the contractibility of <l> 
was motivated by the proofs of Gromov [G] and Moussong [M] that 1: can be 
given a piecewise Euclidean CAT(O) metric. The complex 1: may be viewed 
as a quotient of W x K , with copies of K glued along certain faces. K, and 
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hence 1:, has a natural decomposition into combinatorial cubes. If we assign 
each of these cubes the metric of a regular Euclidean cube (as Gromov suggests), 
then the condition that links of vertices are CAT(l) reduces to a combinatorial 
condition, namely that the links are "flag complexes" (see §4.2). Analyzing the 
links of vertices in 1:, we find that the links are joins of two types of complexes: 

(i) the spherical Coxeter complex :I:T associated to some finite WT , 
(ii) the geometric realization ()T of the abstract simplicial complex 

,91 = {T' E yilT C T'} 
>T *' 

where T E yl. It is well-known (cf. [Br, p. 29]) that the first of these is 
always a flag complex. The second is a flag complex for all T E yl if and only 
if (W, S) satisfies the following condition. 
(FC): If T c S and every pair of elements in T generates a finite subgroup of 

W ,then T generates a finite subgroup of W. 
Thus, Gromov's piecewise Euclidean structure on 1: (using regular cubes) is 

CAT(O) if and only if (W, S) satisfies (FC). 
The situation for ct> is similar; ct> may be viewed as a quotient of Ax K and, 

as such, has a decomposition into combinatorial cubes which we can view as 
regular Euclidean cubes. In this case, the link of a vertex is a join of a spherical 
Deligne complex <l>T and the complex ()T. We prove that every spherical 
Deligne complex is a flag complex. We conclude that, as for 1:, this metric 
on ct> is CAT(O) if and only if (W, S) satisfies (FC). This gives our main 
theorem. 
Theorem A. Conjecture 1 holds for any Coxeter system (W, S) satisfying (FC). 

If WT is a minimal example for which (FC) fails, then its fundamental 
chamber must be a simplex of dimension at least 2. It is well-known (cf. [Bo] 
or [La]) that such a Coxeter group is either an irreducible Euclidean reflection 
group (= an "affine Weyl group") or a hyperbolic reflection group. Moreover, 
in the hyperbolic case the dimension must be ~ 4. (In dimension 2 these are 
the hyperbolic triangle groups; there are nine more examples in dimension 3 and 
five more in dimension 4.) Thus, condition (FC) holds for (W, S) whenever 
its Coxeter diagram does not contain a subdiagram of one of the above types. 
These forbidden subdiagrams are listed in Tables 1 and 2 in §4.3. 

In his Ph.D. thesis [M], G. Moussong considered a different piecewise Eu-
clidean metric on 1:. He identifies each combinatorial cube in K with a certain 
Euclidean convex polytope, the dihedral angles of which depend on W. These 
angles are defined in such a way that the induced metric on each spherical Cox-
eter complex :I:T appearing in the link of a vertex is the natural metric, that 
is, the standard round metric on the sphere. Moussong proves that the induced 
piecewise spherical metrics on the complexes ()T appearing in the links are 
CAT(l) for all T. Since joins of CAT(l) spaces are CAT(l), it follows that 
Moussong's metric on 1: is CAT(O) for all (W, S). 

If we put the analoguous metric on ct>, the complexes ()T in the links are 
again CAT(l) by Moussong's result, and every apartment in <l>T is a round 
sphere, but it does not follow a priori that <l>T is C AT( I) . Hence, Moussong's 
metric on ct> is CAT(O) if and only if the following conjecture holds. 
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Conjecture 3. For each finite Coxeter system the natural metric on the associated 
Deligne complex ci> (making each apartment into a round sphere) is CAT(I). 

Thus, Conjecture 3 implies Conjecture 1. There is one case when Conjecture 
3 is easy to prove: when the Coxeter group is a finite dihedral group. In this 
case Conjecture 3 follows from a lemma of Appel and Schupp [AS]. This is 
enough to prove Conjecture 1 whenever K is two-dimensional; that is, when 
any three distinct elements of S generate an infinite subgroup of W. This 
gives the following. 

Theorem B. Conjecture 1 holds for any Coxeter system such that K is two-
dimensional. 

For example, Theorem B applies to Euclidean and hyperbolic triangle groups. 
It also applies in the case when, in the language of [AS], (W, S) is of "large 
type". In this case, Theorem B was proved by Hendriks [He]. 

In a subsequent paper, [CD3], we describe a finite CW-complex which is 
homotopy equivalent to M. This complex has the same dimension as K. In 
the situations where Conjecture 1 holds, this allows us to deduce quite a bit 
about the Artin group A. For example, its cohomological dimension is equal 
to dimK. 

1. THE COMPLEX OF ARTIN GROUPS 

In this section we establish some preliminaries on complexes of groups in 
general and complexes of Coxeter groups and Artin groups in particular. 

( 1.1) Coxeter groups and Artin groups. A Coxeter matrix is a symmetric matrix 
M = (mj) with mjj = 1 for all i and mjj E {2, 3, ... ,oo} for i f. j. 
Associated to an n x n Coxeter matrix is a Coxeter system (W, S), where 
S = {Sl ' ... ,sn} is a finite set and W is the group with presentation 

W = (Sl' ... ,snl(sjsj)m;j = 1) 

(with the convention that the relation is ignored if mjj = 00). If T c S, 
then let (WT' T) be the Coxeter system defined by the corresponding TxT 
submatrix of M and let WT be the subgroup of W generated by T. 

Lemma 1.1.1 ([Bo, Ch. IV, §1.8, Theoreme 2 (i)]). The natural map WT ~ WT 
is an isomorphism. 

Hence, we can view WT as a subgroup of W. The groups WT are called 
the special subgroups of Wand their cosets w WT are the special cosets. (By 
convention, W(2l = {I} and W(2l is also a special subgroup.) 

Also associated to the Coxeter matrix (m jj ) is an Artin group (or "generalized 
braid group") 

where 

A = (Sl ' ... ,snlprod(sj' Sj; m j) = prod(sj' Sj; m j)) , 

prod(Sj' Sj; mjj) = SjSjSjSj··· . --...-.-
mij-terms 
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If the corresponding Coxeter group W is finite, we say A is of finite type. If we 
add to the presentation for A the relations s; = 1 , then we get the presentation 
for W; hence, W is a quotient of A. Denote the quotient homomorphism by 
q:A-W. 

For T c 8, let AT denote the Artin group associated to (WT' T) and let 
AT be the subgroup of A generated by T. 

Lemma 1.1.2. The natural map AT - AT is an isomorphism. 

This was proved by Deligne [D, Theoreme 4. 14(iii)] for A of finite type and 
by van der Lek [L, Theorem 4.13] for general A. We include our own proof in 
the case that AT is of finite type in §3, as Corollary 3.25. Hence, we can identify 
AT with its image in A. These subgroups are called the special subgroups of 
A. 

The quotient homomorphism q : A - W has a set-theoretic section m : 
W - A defined as follows. For W E W, let Sl ... sk ' Si E 8, be a word of 
minimal length representing W in the free group F(8). Define mew) to be 
the image of Sl ... Sk in A. It follows from Tits' solution to the word problem 
for Coxeter groups in [T] that m is well-defined. The mapping m is not, of 
course, a homomorphism, but it does preserve special cosets. 

Lemma 1.1.3. If WI WT = w 2 WT , then m(wl)AT = m(w2)AT . 
Proof. It follows from [Bo, Ch. IV ,Ex. 3, p. 37] that a special coset w WT 
has a unique element Wo of minimal length and that for any W E Wo WT we 
can write W = wou with u E WT and length(w) = length(wo) + length(u). It 
then follows from the definition of m that mew) = m(wo)m(u). A minimal 
word representing u will involve only the generators in T [Bo, Ch. IV, § 1.8], 
hence m(u) E AT and m(w)AT = m(wO)AT. D 

Given a Coxeter system (W, 8) , we define the Coxeter complex i as follows. 
For n = Card (8) - 1, let ~s be an n-simplex with vertices labeled by the 
elements of 8. Denote by aT the face of ~s spanned by the vertices {Si I Si ~ 
T}. Define . 

i = W x ~s/ "', 
where (WI' XI) '" (w2' x 2) provided XI = x 2 and if aT is the (open) simplex 
containing XI' then W~IW2 E WT . 

There is an analogous complex for A, first introduced in [0, §2], which we 
call the Deligne complex and denote by <i>. Namely, 

<i> = A x ~s/ "', 
where (ai' XI) '" (a2 , x2) provided XI = x 2 and if aT is the (open) simplex 
containing XI' then a~la2 EAT. 

The natural map ~s = 1 x ~s - i: is an injection. Its image is called 
the fundamental chamber of i:; its translates under Ware chambers of i:. 
Likewise for ~s = 1 x ~s - <i> . 

The quotient map q : A - W induces a simplicial map q : <i> - i:. It 
follows from Lemma 1.1.3 that the (set-theoretic) section m : W - A of 
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q induces a simplicial section m : 1: ~ <i> of q. The image of m in <i> 
is called the fundamental apartment of <i>; its translates under A are called 
apartments. Since q is equivariant (with respect to q), it maps each apartment 
isomorphically onto 1:. 
Remark. The terminology of "chambers" and "apartments" is borrowed from 
the theory of buildings. In some respects <i> is "building-like", but it fails to 
satisfy the axiom for buildings which requires that any two chambers belong to 
a common apartment. 

(1.2) Posets. Let .9' be a partially ordered set (or poset). Associated to .9' is 
the derived poset .9" whose elements are totally ordered chains a = (ao < a l < 
... < ak ) in .9' with r < a if r is a subchain of a. The derived poset may be 
viewed as an abstract simplicial complex. We denote its geometric realization 
by 1.9"1. 

For an element a E .9' , define subposets 

.9'<a = {b E .9'lb < a} 

and, similarly, .9'~a' .9'>a and .9'?a' Let K = 1.9"1. The subcomplex 

Fa = I (.9'?a)'1 

of K is called the face associated to a. The open face associated to a is the 
relative interior of Fa' 

o , , 

Fa = 1(.9'?a) I - 1(.9'>a) I· 

The open faces partition K; that is, every point of K belongs to a unique open 
face. 

Similarly, we define the dual face and the open dual face associated to a by 

Note that if .9'0P denotes the poset obtained by reversing the ordering on .9' , 
then .9" and (.9'0P)' are isomorphic posets and the faces of 1.9"1 are the dual 
faces of I (.9'0P)'1 and vice versa. 

Example. Let X be a cell complex and let .9' be the set of cells of X ordered 
by reverse inclusion. Then 1.9"1 can be naturally identified with the barycentric 
subdivision of X. The face Fe associated to a cell c c X is then identified 
with c, and the dual face Fe· is identified with the cone on the link of c in 
X. 
(1.3) Complexes of groups. The notion of a "complex of groups" was introduced 
by A. Haefliger in [HI], [H2]. (Also, see [Co] and [S].) We review some basic 
material here and refer the reader to [HI], [H2] for more details. 

Definition. Suppose .9' is a poset and X is the geometric realization of .9" . 
A simple complex of groups G(X) on X is given by the following data: 

(1) for each a E.9', a group Ga , 
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(2) for each a, bEg with b < a an injective homomorphism lJIab: Gb ~ 
Ga such that if c < b < a, then lJIae = lJIab 0 IJIbe. 
Remark. Haefliger's definition of a "complex of groups" in [H2] is more general 
than the above in two ways. First of all, in place of the poset g, he allows a 
small category without loop. Secondly, the homomorphism lJIae is required to 
agree with the composition lJIab 0 IJIbe only up to conjugation by an element of 
Ga (and this element must be kept track of). This more general definition plays 
no role in our situation, hence the term simple complex of groups. 

Associated to a complex of groups G(X) there is a classifying space BG(X) . 
In the case of a simple complex of groups it can be defined as follows. Let 
CG(X) be the category with objects the elements of g and with 

{ G ifb::;a, 
Hom(b, a) = 0~' otherwise. 

For c < b < a, the composition of g E Hom(c, b) with h E Hom(b, a) is 
defined to be hlJlab(g) E Ga = Hom(c, a). The classifying space BG(X) is 
the geometric realization of the nerve of the category CG(X). There is an 
obvious functor from CG(X) to g (viewed as a category) which gives rise to 
a projection p : BG(X) ~ X. 

The fundamental group, Ttl (G(X)), is the fundamental group of the space 
BG(X) . 

An alternate description of Ttl (G(X)) is given in [HI, §3] with generators 
and relations being given in terms of the groups Ga and the edges of X. From 
this description, one can immediately deduce the following. 
Lemma 1.3.1. If G(X) is a simple complex of groups and X is simply connected, 
then TtI(G(X)) is the colimit of the groups Ga with respect to the homomor-
phisms lJIab. In other words, if (SaIRa) is a presentation for Ga, then 

(y Sa Iy Ra' lJIab(s) = s, Vb < a, s E Sb ) 

is a presentation for Ttl (G(X)). 

Suppose g; is a poset and X is the geometric realization of its derived 
complex. (Then X is an "ordered" simplicial complex in the sense that the 
vertex set of each of its simplices is canonically ordered.) An order-preserving 
G-action on g; is without inversions if, given ii, h E g;, with h < ii, the 
isotropy subgroups Gb and Gil of hand ii satisfy Gb C Gil . 

Suppose now that G acts without inversions on g;. There is an induced 
simplicial G-action on X. Set g = g; / G and X = X / G. Then g is a 
"small category without loop". For simplicity, assume that g is a poset, i.e. 
there is at most one morphism between any two objects of g. (This holds if 
we strengthen the "action without inversion" condition to read: if ii < hand 
g. ii < h, then g E Gb .) Then X is the geometric realization of g' , and we 
can associate a complex of groups G(X) to this situation as follows. Choose a 
representative ii for each G-orbit a E g. The group associated to a is the 
isotropy subgroup Gil. For the moment fix bEg. If b < a, then, since the 
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action is without inversions, there is a unique element il' in the orbit a such 
that b < il' . Hence, there is an element gab E G such that gaba' = il. Define 
'l'ab : Gh ---+ Ga to be the composition 

Gb- C G-, A~) G-a a 

This gives the data for a complex of groups G(X). (The definition in [H2, p. 
281] is designed so that this will be true.) A complex of groups arising in this 
fashion is called developable. 

In general, of course, G(X) will not be simple. However, if .9J has a smallest 
element (as will be the case in our application), then the choices above can be 
modified so that each gab = 1, i.e., so that G(X) is simple (cf. Proposition 
2.2.1 in [H2]). 

Theorem 1.3.2 (Haefliger [H 1]). A complex of groups G( X) is developable if and 
only if the natural maps G a ---+ 7C 1 ( G( X)) are injective for all a E .9J . 

Suppose that G,.9, X and G(X) are as above. Then the classifying space 
of G(X) can be identified with the Borel construction 

BG(X) = X xG EG 

where EGis the universal covering space of B G (= K ( G, 1)) (cf. [H2, Propo-
sition 3.2.3]). It follows that there is a short exact sequence 

1 ---+ 7C 1 (X) ---+ 7C 1 ( G( X)) ---+ G ---+ 1. 

Thus, X is simply connected if and only if 7C 1 (G(X)) = G. Moreover, if this 
is the case, then the universal cover of BG(X) is homotopy equivalent to X. 
(1.4) Complexes of spaces. In [H2], Haefliger also introduces the notion of a 

complex of spaces on an ordered simplicial cell complex X. We again restrict 
our attention to the case in which X = 1.9J/1 for a poset .9J . 
Definition. A simple complex of spaces over X is a topological space Y together 
with a continuous projection p: Y ---+ X and a section s : X(1) ---+ Y of p over 
the I-skeleton of X satisfying the following conditions. 

(i) For each vertex a of X, p -1 (a) is connected and there is a retraction 
ra : p-1(F;) ---+ p-\a) which is homotopic to the identity relative to p-1(a). 
Furthermore, ra 0 s must be constant on X(1) n Fa* . 

(ii) Let Ga = 7C 1 (p-1(a) , s(a)). For b < a, let 'l'ab : Gb ---+ Ga be the map 
of fundamental groups induced by the composition p-1(b) '---+ p-1(F;) ~ 
p-1(a). Then 'l'ab is injective. 

The data {G a' 'l'ab} gives rise to a simple complex of groups. (In the general 
definition of a "complex of spaces" in [H2], as before, one relaxes the condition 
on .9J to be a small category without loop, and in (i) it is only required that 
ra 0 s be constant on the vertices of Fa* .) 

Definition. If p : Y ---+ X is a complex of spaces with associated complex of 
groups G(X) , we say that Y is a topological realization of G(X). If Y is a 
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CW-complex and p is cellular, then Y is a cellular realization of G(X). If 
p-l(a) is aspherical for every vertex a, then Y is an aspherical realization of 
G(X). 

An example of an aspherical cellular realization of G(X) is the classifying 
space BG(X). 

Theorem 1.4.1 ([H2, Theorem 3.5.2]). Every aspherical cellular realization of 
G(X) is homotopy equivalent to BG(X). 

Remark. It follows from van Kampen's theorem that if Y is a cellular realiza-
tion of G(X) , then Xl (Y) = Xl (G(X)) (cf. [Co, Theorem 2.4]). 

(1.5) Complexes ofCoxeter groups and Artin groups. Suppose (W, S) is a Cox-
eter system. Let Y be the poset of subsets of S ordered by inclusion, let yf 
be the subposet defined by 

yf = {T ~ S I WT is finite}, 

and let K = l(yf)'I. Let G stand for W or A, where A is the Artin group 
associated to (W, S). It follows from Lemmas 1.1.1 and 1.1.2 that the groups 
GT and natural inclusions GT -+ GT, for T < T' define a simple complex of 
groups G(K) and that this complex of groups is developable. Since yf has 
an initial object, 0, K is simply connected, so it follows from Lemma 1.3.1 
that Xl (G(X)) = G. 

Remarks. (i) We could have considered the analogous complex of groups over 
the full poset Y . In later sections, however, it will be important that the vertex 
groups GT are all finite (for G = W) or of finite type (for G = A ). 

(ii) In his Ph.D. thesis [S], B. Spieler showed that any complex of groups 
which supports a metric of "nonpositive curvature" (Le., is locally CAT(O)) is 
developable. Moussong [M] showed that W(K) always supports such a metric. 
In §4 we discuss the problem of assigning nonpositively curved metrics to A(K) . 

Since G(K) is developable, it arises from the action of G on a poset g. 
The geometric realizations of the posets 9 for G = Wand G = A will play 
a major role in the sections which follow, so we now describe them explicitly. 

For G = W or A, let 

Gyf = {gGTlg E G, T E yf}, 

ordered by inclusion. There is an obvious order-preserving left action of G 
on Gyf. The stabilizer of gGT E Gyf is the subgroup gGTg- l ; hence, 
G acts without inversion on Gyf. The inclusion of yf into Gyf as the 
cosets eGT of the identity element e gives a splitting of the projection Gyf -+ 

Gyf /G = yf. Using this splitting to choose representives for yf in Gyf, 
the complex of groups associated to the action of G on Gyf is precisely the 
complex G(K) described above. 

Let KG be the geometric realization of the derived complex of Gyf. We 
have already observed that Xl (G(K)) = G. Thus, BG(K) = KG XG EG and its 
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universal covering space is given by BG(K) = kG x EG, which is homotopy 
equivalent to kG' 

Henceforth, we will use the following notation, 
~ f , 

<I> = KA = I(A5'" ) I. 
The complex 1: will be called the modified Coxeter complex and <I> the modified 
Deligne complex. The discussion above is summarized in the theorem below. 

Theorem 1.5.1. (i) The complex ofCoxeter groups W(K) is developable and its 
fundamental group is W. Its classifying space BW(K) is 

1:x w EW, 

and hence, the universal covering space of BW(K) is homotopy equivalent to the 
modified Coxeter complex 1:. 

(ii) The complex of Artin groups A(K) is developable and its fundamental 
group is A. Its classifying space BA(K) is 

<I> x A EA, 

and hence, the universal covering space of BA(K) is homotopy equivalent to the 
modified Deligne complex <1>. 

As suggested by the terminology, the complexes 1: and <I> are closely related 
to the ordinary Coxeter and Deligne complexes 1: and <b, at least in the case 
when W is finite. To see this, note that the inclusion 5"'f '---+ W 5"'f corre-
sponds to an inclusion K '---+ 1:. The W -translates of K cover 1:, so 1: is a 
quotient of W x K , namely 

1: = W x Kj "', 
o 

where (WI' XI) '" (W2' x2) provided XI = x2 in K and if F T is the open face 
containing XI ' then W;IW2 E WT • Similarly, we have K '---+ <I> and 

<I> = A x Kj "', 
o 

where (ai' XI) '" (a2 , x2) provided XI = x 2 in K and if F T is the open face 
containing XI' then a;1 a 2 E AT' The translates of K in 1: (resp. <1» are 
called chambers and K itself is called the fundamental chamber of 1: (resp. 
<I> ). 

Now recall the simplex d s ' with vertices labelled by S, used to define the 
Coxeter complex 1:. With notation as in (1.1), the map aT ~ T is an order 
reversing map from the poset Simp (ds ) of simplices of d s to 5"'. In fact, 
it is an isomorphism from Simp(ds ) onto (~stP. It follows that 15"" 1 (= 
1(5"'°P)'1) is naturally isomorphic to the cone on the barycentric subdivision of 
d s ' where the cone point is the vertex Vs corresponding to S E 5'" . For T =I- S 
the face F T of 15"" 1 is identified under this isomorphism with the barycentric 
subdivision of the face aT of d s ' Now suppose that W is finite. Then 
5'" = 5"'f , so K = 15"" I. Thus, K is the cone on the barycentric subdivision 
of d s . Moreover, since the translates of v s (= Fs) in 1: are all identified, we 
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conclude that for W finite, 1: is the cone on the barycentric subdivision of t. 
Similarly, <I> is the cone on" the barycentric subdivision of ci>. 

As is the case of t, ci>, the projection q: A --+ W induces a simplicial map 
q : <I> --+ 1: and the section m: W --+ A induces a simplicial section m : 1: --+ <I> 
of q (Lemma 1.1.3). The image of m in <I> is called the./imdamental apartment 
of <1>, and its translates by A are called apartments. Since q is equivariant 
(with respect to q), it maps each apartment isomorphically onto 1:. 

2. HYPERPLANE COMPLEMENTS 

As in the Introduction, suppose (W, S) is a Coxeter system acting as a 
linear reflection group on a real vector space V and that [ is the Tits cone. 
We identify V ® C with V x V and the domain n with V x I . 

Let R denote the set of elements of W which act as reflections on V. 
(This is precisely the set of conjugates of the elements in S.) For r E R, let 
H, denote the hyperplane of V fixed by r. We are interested in the hyperplane 
complement 

1/ = (V x l) - U (H, x H,). 
,ER 

W acts freely on 1/ , and we denote the quotient manifold by M = 1/ / W . 
The goal of this section is to replace 1/ by a combinatorial object. For 

r E R , let P, denote the fixed set of r acting on the modified Coxeter complex 
1:. . P, is called the wall associated to r. Consider the diagonal action of W 
on 1: x 1:. The set of points with nontrivial isotropy groups is the union of the 
P, x P, for all walls P, of 1:. Let 

Y = (1: x 1:) - U (P, x P,) 
,ER 

and let Q = Y / W be the orbit space. In this section we prove that Y is 
W -equivariantly homotopy equivalent to 1/, and hence that Q is homotopy 
equivalent to M. 

(2.1) Reduction to I x I. For a group G and a G-space Z , denote the isotropy 
group at Z E Z by Gz (Gz = {g E Glgz = z}). An equivariant map f: Z --+ 

Z' is isovariant if for all z E Z , G z = G f(z) • The map f is an isovariant (resp. 
equivariant) homotopy equivalence if there is an isovariant (resp. equivariant) 
map h : Z' --+ Z and isovariant (resp. equivariant) homotopies f 0 h '" idzl 
and h 0 f '" idz . 

We first reduce the study of the W -space V x I to that of I x I , which can 
be more easily compared with 1: x 1: . 

Lemma 2.1.1. The inclusion i : I x I --+ V x I is a W-isovariant homotopy 
equivalence. 
Proof. Define equivariant maps p' and p from V x I to I as follows. If 
x E I, then set p'(x, y) = x. If x f/. I, then let p'(x, y) be the point where 
the line segment from x to y intersects o[ (see Figure 1). Let p(x, y) = 
!p' (x, y) + !y. Then p(x, y) is on the line segment from x to y and lies 
in I. 
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x 

FIGURE 1 

Define r 1 : V x I ---> I x I by r 1 (x , y) = (p (x , y) , y). Then r 1 is an 
equivariant deformation retraction. Indeed, the straight line homotopy 

r/x, y) = (tp(x, y) + (1 - t)x, y) 
is the required deformation of i 0 r l to idvxI ' 

It remains to show that rt is isovariant. Note that if W E W fixes two 
distinct points in V, then it fixes the affine line which they span. Suppose 
W E W fixes rt(x, y). Then it fixes y and the point tp(x, y) + (1 - t)x on the 
line from x to y; hence, it also fixes x. Thus, w fixes (x, y), which shows 
that rt is isovariant. 0 
(2.2) Mirror structures. A mirror structure on a space X indexed by a set S is 
a collection of closed subspaces {XS}SES' Given a mirror structure and a subset 
T of S, define XT = nsET Xs if T is nonempty, and X(2I = X. The subspaces 
XT are the faces of X. For x EX, set S(x) = {s E Six E Xs}' and define 

o 
X T = {x E XTIS(x) = T}, 

If X has a mirror structure indexed by Sand T ~ S , then it has an induced 
mirror structure indexed by T (by forgetting the mirrors indexed by S - T). 

Suppose that X' has a mirror structure indexed by S and X has a mirror 
structure indexed by T, for T ~ S. A map f: X ---> X' is T -face-preserving 
if T(x) = T(f(x)) for all x EX. If T = S, then we shall simply say that f 
is face-preserving. 

A mirror structure is collared if for every subset T of S, there exists a 
map cT : {)XT x [0, 1] ---> XT such that cT is a homeomorphism onto a closed 
neighborhood of {)XT in XT and such that the restriction of cT to {)XT X 0 
is the inclusion. 

Let !T be a collection of subsets of S . A mirror structure is defined over !T 
if X T = 0 for T ¢ !T. It is contractible over !T if it is defined over !T and 

o 
if X T is contractible for T E !T . 

Example 2.2.1. (i) In the notation of § 1.5, let. X = K (= 1(..9'/)'1) and define a 
mirror structure by Xs = F{s} , where FT denotes the face I (..9'{T) I I as in §1.3. 
This mirror structure is defined over ..9'1, and XT = FT for T E ..9'1. Since 
X T is a cone over {) X T' it is collared and contractible over ..9'1 . 



610 RUTH CHARNEY AND M. W. DAVIS 

(ii) In the notation of Vinberg's theorem (stated in the Introduction), let 
X = C! and consider the mirror structure given by Xs = C! n Hs ' which is 
defined over y!. Since X T is a convex subset of V, the mirror structure is 
contractible over y!. Since X T is a smooth manifold with comers and its 
boundary is eXT' it follows from the collared neighborhood theorem that this 
mirror structure is collared. 

A face-preserving map f: X --+ X' is a face-preserving homotopy equivalence 
if there is a face-preserving map g : X' --+ X such that both composites are 
homotopic to the identity maps via face-preserving homotopies. 
Lemma 2.2.2. Let X, X' be spaces with mirror structures indexed by S, and 
let !T be a collection of subsets of S . 

(i) Suppose the mirror structure of X is collared and defined over !T and the 
mirror structure on X' is contractible over !T. Then there is a face-preserving 
map f: X --+ X' , and it is unique up to face-preserving homotopy. 

(ii) If the mirror structures on X and X' are both collared and contractible 
over !T, then f is a face-preserving homotopy equivalence. 
Proof. The proof of (i) is a standard inductive argument. We may suppose by 

o 
induction that f is defined on eXT. Using the contractibility of X~, we then 
extend it to a map from X T to X~ which is constant on XT-cT(eXT x [0, 1]). 
Similarly, for a homototpy between two such maps. This proves (i). Statement 
(ii) follows easily from (i). 0 

Next we generalize the construction of :t in § 1.1. Given a Coxeter system 
(W ,S) and a mirror structure {Xs} sES ; define a space 

2'(W, X) = (W x X)/ "', 

where (WI' XI) '" (w2' x2) if XI = x2 and W;IW2 E WS(x1). For example, 
E=2'(W,K). 

Let [w, x] denote the image of (w, x) in 2'(W, X). The group W acts 
on 2'(W, X) via the formula w' . [w, x] = [w'w, x]. In the next lemma we 
collect some easy facts about this construction. (For the proofs of (i), (ii) and 
(iii), see Propositions 1,2 and 4 of [V, pp. 1088-1089].) 
Lemma 2.2.3 (Vinberg). (i) The map 2'(W, X) --+ X defined by [w, x] --+ x 
induces a homeomorphism 2'(W, X)/W --+ X. 

(ii) The map X --+ 2'(W, X) defined by x --+ [1, x] is a homeomorphism 
onto its image (which we identify with X). 

(iii) If X is Hausdorff and the mirror structure is defined over Y!, then the 
W -action is proper. 

(iv) If Z is a W-space and rp : X --+ Z is a map such that s( rp(x)) = rp(x) for 
all s E S and x E Xs ' then rp extends to a W-equivariant map 2'(W, X) --+ Z 
by the formula [w, x] --+ wrp(x). 

(v) If f : X --+ X' is a face-preserving map of spaces with mirror structures, 
then f extends to an isovariant map 1: 2'(W, X) --+ 2'(W, X') by [w, x] --+ 

[w, f(x)]. If f is a face-preserving homotopy eqivalence, then 1 is an isovariant 
homotopy equivalence. 
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Proposition 2.2.4. There is an isovariant homotopy equivalence between 1: and 
[. 

Proof. Applying part (iv) of Lemma 2.2.3 to the inclusion Cf '---+ [, we see 
that f!C"(W, Cf ) can be identified with [. We also have 1: = f!C"(W, K). 
As observed in Example 2.2.1, the mirror structures on K and C f are col-
lared and contractible over ,7f ; hence, the proposition follows from Lemma 
2.2.2. 0 

Corollary 2.2.5. 1: x 1: is W -isovariantly homotopy equivalent to [ x [, and 
hence Y is W -equivariantly homotopy equivalent to the hyperplane complement 
'Y. 

Suppose X is a space with mirror structure. For each s E S, let H{s} (X) 
be the half-space of f!C"(W, X) containing X defined by 

H{s} (X) = U wX 
t(ws»l(w) 

where the union is over all w in W with f(ws) > f(w) (f denotes the word 
length). For T ~ S, define 

HT(X) = n H{s} (X). 
sET 

Then HT(X) has a mirror structure indexed by T defined by intersecting with 
those walls of f!C"(W, X) which are indexed by T. Applying Lemma 2.2.3(iv) 
with W = WT ' Z = f!C"(W, X), and rp : HT(X) '---+ f!C"(W, X) the inclusion, 
we obtain a homeomorphism f!C"(WT , HT(X)) --+ f!C"(W, X) which we regard 
as an identification. 

For T E,7f, let KT and 1:T denote, respectively, the fundamental chamber 
and modified Coxeter complex for the finite Coxeter system (WT ' T). There is 
a natural identification of KT with the subset F; C K , where F; is the dual 
face of T, discussed in § 1.3. 

Lemma 2.2.6. The inclusion F; '---+ K induces a WT-isovariant homotopy equiv-
alence 1:T '---+ 1: . 

Proof. We have 

The mirror structures on F; and HT(K) are both collared (clearly). By Lem-
mas 2.2.2(ii) and 2.2.3(v), it suffices to show these mirror structures are con-
tractible over ~ , the collection of all subsets of T. This is true for F; by 
Example 2.2.1(i). To prove the mirror structure on HT(K) is contractible we 
use the homotopy equivalence 1: --+ [ of Proposition 2.2.4. This restricts to a 
T-face-preserving homotopy equivalence HT(K) --+ HT(Cf ), where HT(Cf ) is 
an intersection of half-spaces of [. Since the faces of HT ( C f ) are defined by 
intersecting with hyperplanes, they are convex and hence contractible. 0 
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3. A COMPLEX OF SPACES 

The projection of :E x:E onto the first factor restricts to a W -equivariant map 
Y --+:E, and this induces a map of orbit spaces p: Q --+ K (where Q = Y/W 
and K = :E/W). We set up some notation. For each T E yf, we denote 
by vT the vertex of K corresponding to T, by F; the dual face of T in K , by 
YT the nonsingular part of:ET x:ET ; and QT = YT/WT . 

(3.1) A decomposition of Q. Consider the decomposition of K into dual faces 
{F;}TEyf and its pullback to a decomposition {p-I(F;n of Q. The purpose 
of this subsection is to prove the following. 

Proposition 3.1.1. Suppose T E yf. Then p -I (F;) satisfies the following. 
(i) p-I(F;) is homotopy equivalent to QT' Hence, p-I(F;) is aspherical 

with fundamental group AT' 
(ii) If T' ~ T, then the map offundamental groups AT' --+ AT induced by the 

inclusion p-\F;,) ~ p-I(F;) is the natural homomorphism (up to conjugacy). 
(iii) The inclusion p -I (F;) '---t Q induces an injection on fundamental groups. 

Proof. (i) Each component of the inverse image of F; in :E (under the orbit 
map :E --+ K) is isomorphic to :ET • Hence, 

-I * p (FT) = ((:ET x :E) n Y)/WT. 

By Lemma 2.2.6, the right hand side is homotopy equivalent to YT/WT (= 
QT)' By Corollary 2.2.5, QT is homotopy equivalent to !/T/WT' where !/T 
is the complex hyperplane complement corresponding to the orthogonal reflec-
tion group WT on ]RT. By Deligne's theorem [D, Theoreme 4.4], !/T/WT is 
aspherical with fundamental group AT' which proves the second sentence of 
(i). 

(ii) It is clear from Deligne's proof that for T' c T, any map !/T' /WT, --+ 
!/T/WT induced by a T'-face-preserving map of fundamental chambers in-
duces the standard homomorphism AT' --+ AT' Since F;, '---t F; is T' -face-
preserving, we have a diagram 

p-I(F;,) 
! 

p-I(F;) 

-..:::... !/T'/WT, 
! 

-..:::... !/T/WT 

in which all arrows are induced by T' -face-preserving maps of fundamental 
chambers. By Lemma 2.2.2(i) such maps are unique up to homotopy; hence, 
the diagram commutes up to homotopy. So, (ii) holds. 

(iii) Let 
ZT = (:ET X :E) n Y = (:ET X :E) - U Pr X Pr ' 

rEWT 

where the union is over all reflections r in WT . In other words, ZT is a 
component of the inverse image of p-I(F;) in Y (so, ZT/WT = p-I(F;)). 
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By Lemma 2.2.6, the inclusion 

ZT ~ L x L - U Pr X Pr 
rEWT 

613 

is a WT-equivariant homotopy equivalence. Since the inclusion factors through 
Y , the induced map ZTjWT ~ YjWT gives rise to an injection on fundamental 
groups. The same holds for ZTjWT ~ YjW, since YjWT ---> YjW is the 
projection map of a covering space. 0 

(3.2) A thickened version of Q. We would like to say that Proposition 3.1.1 
means that p : Q ---> K is a complex of spaces over K with A(K) as its associ-
ated complex of groups. Unfortunately, this is not quite true. The problem is 
that, although the inverse images of the dual cells are correct, the inverse images 
of the vertices are not. To remedy this, we define Q, a "thickened" version of 
Q. 

Recall that the dual face F; is the geometric realization of (sPiT)' and that 

'F; = l(sPfT)'I-I(sP!T)'I. Each point x in K belongs to a uniqu; "open" dual 

face 'F;' for some T E sPf . 
The space Q is the subspace of K x Q defined by 

" 0 * -1 * Q = {(x, q) E K x Qlx EFT::::} q E p (FT )}. 

There is a projection map p : Q ---> K defined by p(x, q) = x. Choose a 
basepoint qo E Q lying over the central vertex V0 of K. Since V0 belongs 
to each dual face, the point (x, qo) lies in Q for all x E K. Hence, the map 
s : K ---> Q defined by x ---> (x, qo) is a well-defined section of p. 
Theorem 3.2.1. p: Q ---> K is an aspherical realization of A(K). 
Proof. First we show that p : Q ---> K is a simple complex of spaces over K. 
(See §1.4.) Thus, we must define, for each T E sPf , a deformation retraction 
r T : p-I (F;) ---> p -I (v T) such that r T 0 s is constant on the I-skeleton of F;. 
We have 

The map rT defined by rT(x, q) = (VT' q) is clearly a deformation retraction 
(since F; is contractible to vT ) and on F;, r TO S is the constant map x ---> 

(VT' qo)' Thus, Q is a complex of spaces over K. 
It follows from Proposition 3.1.1 that the associated complex of groups is 

A(K) (since the fundamental group of p-I(VT) = p-I(F;) is AT) and that it 
is an aspherical realization of A(K) (since p-I(F;) is aspherical). 0 

Corollary 3.2.2. (i) 1t1 (Q) = A. 
(ii) Q is homotopy equivalent to BA(K). 

Proof. Strictly speaking, to deduce this from Theorem 3.2.1 one should have 
that the complex of spaces p : Q ---> K is cellular; that is, that the fibers of p 
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are CW-complexes. This will be true only after a slight modification of Q. 
One replaces Q by a slightly smaller homotopy equivalent space which is a 
subcomplex of a fine subdivision of K x 1: x 1:. The details are left to the 
reader. 0 

There is a natural inclusion i: Q ~ Q defined by i(q) = (p(q) , q) and a 
retraction r: Q ~ Q given by r(x, q) = q. 

Proposition 3.2.3. Q is a deformation retract of Q . 
Proof. We have ior(x, q) = (p(q) , q), and the points x and p(q) both belong 

o 
to F; if x E F~. We construct a homotopy from the identity to i 0 r by de-
forming x to p(q) in F; . As we shall explain in detail in §4.3, the subcomplex 
F; can be canonically identified with a regular Euclidean cube (of dimension 
Card (T)) so that if T' c T, then F;, corresponds to a face of the cube for 
F;. (F; is simplicially isomorphic to the cone on the barycentric subdivision 
of the simplex on T, and this complex is isomorphic to a standard subdivision 
of the cube.) In any case, since F; can be canonically identified with a convex 
subset of Euclidean space, for any Xl' x 2 E F; and t E [0, 1], tXl + (1 - t)X2 
is a well-defined point in F;. Hence, 

rt(x, q) = (tp(q) + (1 - t)s, q) 

is a well-defined homotopy from the identity to i 0 r. 0 

Corollary 3.2.4. (i) i'r l (Q) = A. 
(ii) Q is homotopy equivalent to BA(K). 

Corollary 3.2.5 (van der Lek [L, Theorem 4.13]). A(K) is developable. (In other 
words, for each T E yl, the standard homomorphism AT ~ A is injective). 
Proof. This is immediate from Proposition 3.1.1(iii) and part (i) of the previous 
corollary. 0 

From Theorem 1.5.1(ii) and Corollary 3.2.4(ii), we get the following. 

Corollary 3.2.6. Q is aspherical if and only if <I> is contractible. 

By (2.2.5), !/ /W is homotopy equivalent to Q (where !/ denotes the 
hyperplane complement). Hence, the above corollary reduces the K(i'r, 1)-
problem to the problem of showing that <I> is contractible. 

Remark. The space Q is an artifact of our desire to frame the above results in 
the context of [H2]; it could have been dispensed with. An alternative argument 
would be to consider the universal covering space Y of Y (Y is also the 
universal covering of Q) and the open cover of Y by the path components 
of the inverse images of open stars of vertices in K. Using the arguments in 
[D, §3] one can then show that each open set in this cover, as well as each 
nonempty intersection of such open sets, is contractible and that the nerve of 
this open cover is <1>. It follows that i'r l (Q) = A, that <I> x A Y is homotopy 
equivalent to BA(K) , and hence, as before, that Q is aspherical if and only if 
<I> is contractible. 
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4. METRICS ON <I> 

Gromov [G] and Moussong [M] defined piecewise Euclidean metrics on the 
modified Coxeter complex. In this section we discuss the analogous metrics 
for the modified Deligne complex <1>. We show that, under the hypotheses of 
Theorem A of the Introduction, Gromov's metric on <I> satisfies CAT(O) , and 
hence <I> is contractible. Conjecturally, Moussong's metric is always CAT(O). 
(4.1) CAT(r)-metrics. This terminology was introduced by Gromov in [G]. 
(" CAT" stands for "comparison of Alexandrov and Toponogov".) The idea 
is to define a notion for singular metric spaces which corresponds to "sectional 
curvature bounded above by r" for Riemannian manifolds. The theory was 
developed, in a context applicable to our situation, by Bridson in [B]. 

Let (X, d) be a metric space. A geodesic segment in X is the image of 
an isometric embedding y : [a, b] ---+ X of an interval into X. One says that 
(X, d) is a geodesic space (or a length space) if any two points in the same path 
component of X can be connected by a geodesic segment. 

As r is positive, zero or negative, let M~ stand for, respectively, the n-sphere 
of radius 1/..;r, Euclidean n-space, or hyperbolic n-space of curvature r. 

A geodesic space (X, d) has a CAT(r)- metric (or is a CAT(r)-space) if 
for any geodesic triangle in X, the distance from a vertex to a point on the 
opposite side is less than or equal to the distance between the corresponding 
points on a comparison triangle in M; . 

If X is a connected CAT(r)-space with r ~ 0, then there is a unique geodesic 
segment connecting any two points in X, and such geodesic segments vary 
continuously with the endpoints. It follows that X is contractible. 

An M,- structure on a cell complex X means an identification of each cell of 
X with a convex cell in M~ , for some n, so that common faces are congruent. 
If r = 0 (resp., r = 1 ), then we call such a structure piecewise Euclidean (resp., 
piecewise spherical). If the number of isometry types of cells in the M, -structure 
is finite, the we say it satisfies the finite shape condition (FS). 

An M,-structure defines an intrinsic metric on X, by taking d(x, y) to be 
the infimum of the lengths of paths from x to y which are piecewise geodesic 
in the sense that they are geodesic in each cell. If X is locally finite or if it 
satifies (FS), then Moussong [M] and Bridson [B] have shown that this infimum 
is actually attained. Hence, (X, d) is a geodesic space. The question of whether 
d is a CAT(r)-metric is more subtle and is discussed in the next subsection. 
(4.2) Link conditions. We assume that all our cell complexes are finite dimen-
sional. 

Given an M, -structure on X, it is possible to determine if the resulting 
intrinisc metric is CAT(r) by looking at links of vertices in X. 

For a vertex v of a convex cell a in M~, define Lk(v, a) as the set of 
inward pointing unit tangent vectors at v; it is naturally a convex cell in a 
standard sphere. It follows that 

Lk(v, X) = U Lk(v, a) 
vEu 

is a piecewise spherical cell complex. 
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The following theorem was stated in [G, 4.2.A, p. 120] and proved under the 
(FS) hypothesis in [B, p. 396]. 

Theorem 4.2.1 (Gromov, Bridson). Suppose that X is a cell complex with Mr-
structure, that r ::; 0, that X is simply connected, and that it satisfies (FS). 
Then X is a CAT(r)-space if and only if Lk(v, X) is a CAT(I)-space for 
every vertex v in X. 

In general, proving that links are CAT( 1 )-spaces is no easy matter. However, 
there is one situation in which the problems can be reduced to a combinatorial 
one: when the cells of Lk(v, X) are "all right" simplices. 

Definition. An n-simplex (J in §n is all right if each of its edge lengths is I. 
(In other words, (J is isometric to the intersection of §n with the simplicial 
cone in lRn+1 spanned by the standard basis.) 

Remark. The link of a vertex in a regular Euclidean cube is an all right simplex. 
Hence, if X is piecewise Euclidean and the cells are regular cubes (of varying 
dimensions), then each cell of Lk(v, X) is an all right simplex. 

Definition. A simplicial complex L is a flag complex if whenever {vo' ... ,vk } 
is a set of distinct vertices which are pairwise joined by edges, then {vo' ... ,vk } 
spans a k-simplex in L. (In other words, L is "determined by its I-skeleton".) 

Proposition 4.2.2 (Gromov [G, p. 122)). A piecewise spherical simplicial com-
plex made up of all right simplices is a C AT( 1 )-space if and only if it is a flag 
complex. 

Corollary 4.2.3. A simply connected, piecewise Euclidean complex made up of 
regular Euclidean cubes is a CAT(O)-space if and only if the link of each vertex 
is a flag complex. 

Remark. It is not necessary to assume, in Proposition 4.2.2, that the simplicial 
complex is finite or even locally finite. In fact, since a geodesic segment in 
an all right simplicial complex must lie in some finite subcomplex, we see that 
the general case of Proposition 4.2.2 follows from the special case where the 
complex is finite. A similar remark applies to Proposition 4.2.4, below. 

Proposition 4.2.2 was generalized by G. Moussong [M] as follows. 

Definition. A spherical simplex (J in §n has size 2': I if each of its edge lengths 
is at least I. 
Definition. A piecewise spherical simplicial complex L is a metric flag complex 
if whenever {vo'··· ,vd is a set of distinct vertices such that the Vj are 
pairwise joined by edges and such that there exists a k-simplex in §k with the 
same edge lengths, then {vo' ... ,vk } spans a simplex in L. (In other words, 
L is "metrically determined by its I-skeleton".) 

Proposition 4.2.4 (Moussong [M)). A piecewise spherical simplicial complex all 
of whose simplices have size 2': I is a CAT(I)-space ifand only ifit is a metric 
flag complex. 
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VIs, t, r) 
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VIs) 

FIGURE 2. FD,t,r} viewed as a cube 

( 4. 3) Cubical metrics on K,:E and <1>. As in § 1, let (W, S) be a Coxeter 
system and K the geometric realization of the derived complex of yf. For 
each T E yf , the dual face 

* c£)f' FT = !(u:::;T)! 
is the cone on the barycentric subdivision of a simplex (with cone point v0 ). 

This is isomorphic to a standard subdivision of a cube of dimension Card (T) . 
The vertices of the cube are the vertices of K which lie in F;, i.e., those of 
the form vT" T' ~ T. The cubical faces of F; are the subsets of the form 
FT n F; where TI ~ T2 ~ T (see Figure 2). Hence, the cubical faces of K 

1 2 

which contain vT are those of the form FT n F; ,where TI ~ T ~ T2 and 
1 2 

T2 E yf. 
Identify each such cube (and its translates) with a regular Euclidean cube 

of edge length 1. This defines a piecewise Euclidean, cubical structure on K, 
as well as on the modified Coxeter complex :E and on the modified Deligne 
complex <1>. We wish to determine when the resulting intrinsic metrics on K, 
:E and <I> are CAT(O). By Corollary 4.2.3 this reduces to determining when 
links of vertices are flag complexes. 

Let l1T be the simplex on T and let iT and <l>T denote, respectively, the 
(unmodified) Coxeter complex and (unmodified) Deligne complex, i.e., 

Lemma 4.3.1. Let T E yf, and let vT be. the corresponding vertex of K. 
Then, with respect to the cubical structures discussed above, we have the following 
decomposition of links as joins: 

(i) Lk(VT' K) = l1T * Lk(vT , FT), 
(ii) Lk(vT,:E) = iT * Lk(vT , FT), 
(iii) Lk(VT' <1» = <l>T *Lk(vT , FT). 
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Proof. As X = K, 1: or (J), let GT stand for {I}, WT or AT and let XT 
stand for F;, 1:T or (J)T' respectively. The cubical faces of X containing vT 
are the GT-translates of the cubes FT n F; ,where Tl ~ T ~ T2 • Such a cube 

I 2 
can be decomposed as a Cartesian product: 

FT n F; = (FT n F;) x (FT n F; ) 
I 2 I 2 

~ F; X FT' 

Thus, the cubes containing vT lie in (GTF;) x FT (since GT fixes FT ). Since 
GTF; is naturally isometric to X T it follows that 

Lk(vT , X) = Lk(vT , X T) * Lk(vT , FT). 

Since Lk(VT' XT) can be identified with !l.T' iT or <l>T as XT = F;, 1:T 
or (J)T ' the result follows. 0 

The join A * B of two simplicial complexes is a flag complex if and only if 
both A and B are flag complexes. Thus we need to analyze the terms on the 
right hand sides of the formulas in Lemma 4.3.1 separately. The simplex !l.T 
is obviously a flag complex. So is iT. (This follows easily from its descrip-
tion as a poset of cells arising from a finite reflection group; cf. [Br, p. 29].) 
The following lemma is the main technical result needed to prove that (J) is 
contractible. Its proof occupies §4.5. 

Lemma 4.3.2. cbT is a flag complex for all T E yf. 

On the other hand, we shall see that Lk(VT' FT) is not always a flag complex. 
We recall that Y!e; is an abstract simplicial complex: its vertex set is S, 

and a subset T of S is a simplex if and only if T E Y!e; . 

Lemma 4.3.3. (i) Lk(ve;, Fe;) = Y!e;. 
(ii) Lk(vT,FT)=Lk(T,Y!e;),for TEY!e;. 

Proof. The cubes of FT which properly contain vT are intersections of the 
form FT n FT" where T < T', T' E y~, and such a cube contributes a 
simplex of dimension Card (T' - T) - 1 to Lk(VT' FT). The lemma follows. 
o 

Consider the following condition on a Coxeter system (W, S) . 
(FC): If T ~ S and every pair of elements in T generates a finite subgroup of 

W, then T generates a finite subgroup of W . 

Lemma 4.3.4. The following statements are equivalent. 
(1) Lk(vT,FT) is a flag complex for all TEyf. 
(2) Y!e; is a flag complex. 
(3) (W, S) fatisfies (FC). 

Proof. If a simplicial complex is a flag complex, then so is the link of each of 
its simplices. Hence, using Lemma 4.3.3, we see that (1) and (2) are equivalent. 
The equivalence of (2) and (3) is immediate. 0 
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Theorem 4.3.5. Let X stand for K , 1: or cI> with the piecewise Euclidean, cubi-
cal structure described above, and let do be the resulting intrinsic metric on X. 
Then (X, do) is a CAT(O)-space if and only if (W, S) satisfies (FC). 
Proof. The spaces K, 1: and cI> are simply connected (by Theorem 1.5.1). So, 
by Corollary 4.2.3, (X, do) is a CAT(O)-space if and only if the link of each 
vertex in X is a flag complex. Hence, the theorem follows from Lemmas 4.3.1, 
4.3.2 (to be proved in §4.5) and 4.3.4. 0 

Since a CAT(O)-space is contractible, we have, as a corollary, the following 
theorem, which was the main goal of this section. 

Theorem 4.3.6. If (W ,S) satisfies (FC), then cI> is contractible. 

This theorem, together with Corollary 2.2.5 and Corollary 3.2.6, proves The-
orem A of the Introduction. 

Remark. Suppose that (FC) fails for (W, S). Let T be a minimal subset of 
S such that (FC) fails for (WT' T). Then WT is infinite, Card (T) ~ 3, and 
every proper subset of T generates a finite Coxeter group. Given the list of 
diagrams of finite Coxeter groups (e.g. [Bo, Ch. VI, §4,.1, Theoreme 1]), it is a 
simple matter to write down the diagrams of all such WT , and this was done 
by Lanner in [La]. His well-known lists are repeated in Tables 1 and 2 on the 
next page. It turns out that any such WT can be realized as a group generated 
by isometric reflections on Euclidean space or hyperbolic space of dimension 
Card(T) - 1. 

The previous remark proves the following. 

Lemma 4.3.7. (W, S) satisfies (FC) if and only if for all T ~ S, the diagram 
of (WT' T) does not appear in Table I or 2. 

Remark. Theorem 4.3.6 also can be proved by a simple inductive argument, 
without showing that it admits a CAT(O) metric. Indeed, if W is finite, 
then cI> is a cone and, therefore, contractible. If W is infinite and satisfies 
(FC), then there exist elements t), t2 in S so that t) t2 is of infinite order 
in W. Let T) = S - {t)}, T2 = S - {t2} and To = S - {t) , t2}. Then 
K = KT UKT and KT nKT = KT. ' where Kr denotes I (Y"!T)'I , i = 0, 1,2. 

I 2 1 2 0 , - , 
Each component of the inverse image of Kr in cI> is isomorphic to cI>r . Since 
A is the amalgamated free product of AT ~nd AT along AT. ' the inte~section 

1 2 0 
of a component of type cI>T and one of type cI>T is either empty or isomorphic 

1 2 
to cI>T. ' and the nerve of the covering of cI> by these components is the tree 

o 
associated to the amalgamated product. By induction, cI>r' i = 0, 1 , 2, is 
contractible, and the theorem follows. I 

(4.4) The Moussong metric. In this subsection we describe a different piecewise 
Euclidean structure on X = K, 1: or cI>. Combinatorially, the cell structure 
on X will be the same as before: the cells are the dual faces, and they are 
combinatorial cubes. However, each such combinatorial cube will be identified 
with a different convex cell in Euclidean space (called a "Coxeter block", below). 
The resulting intrinsic metric on X will be denoted by d M . 
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4 4 
• • • • I >- 4 

• • 

• • • • >--< I 

n=2 

• 

n=3 

• 

• • I • • 

.. 
4 

• • • • • 
6 • • • 

TABLE 1. Euclidean Coxeter groups with fundamental 
chamber an n-simplex, n ~ 2 

PD. 1 1 1 
p+q+r<l r 

5 4 5 5 5 
• • • • • • • • • • • 

4 5 4 

GJ GJ GJ GJ GJ 
5 4 5 5 

• • • • • • • • • • • • 

n=4> 5 LJ • • 

TABLE 2. Hyperbolic Coxeter groups with fundamental 
chamber an n-simplex 

By Lemma 4.3.1, there is a simplicial isomorphism 

Lk(VT' X) ~ XT * Lk(VT' FT), 

• 

• • • 

~ 

5 
• • 

where XT stands for !:iT' iT of <l>T. In fact, this isomorphism will be an 
isometry if * is interpreted as denoting the "orthogonal join" of two piece-
wise spherical complexes (as defined, for example, in the Appendix of [CD1]). 
Moreover, the metric d M is designed so that the Coxeter complex iT' with 
the induced piecewise spherical structure, will be isometric to the round sphere 
SCard(T)-I. 

Suppose that (W, S) is a Coxeter system, that S = {SI ' ... ,sn}' and that 
(m i) is the associated Coxeter matrix. The associated cosine matrix (cj ) is 
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defined by Cjj = - cos(n/rnj) (where n/oo is interpreted to be 0). 
Suppose (cj ) is positive definite. Choose a basis {uJ for JRn , n = Card (8) , 

so that u j • uj = Cjj • We can then realize W as a linear reflection group on 
JRn by letting Sj act as the orthogonal reflection across the hyperplane (uJl.. 
A fundamental chamber is the simplicial cone 

Cs = {x E JRnlx. u j ~ 0, Vi}. 

It follows that W is a discrete subgroup of O(n) , and hence finite. Conversely, 
if W is finite, then by representing it as a linear reflection group and choosing 
an invariant inner product we see that its cosine matrix must be positive definite. 
Thus, W is finite if and only if (cj ) is positive definite (see [Bo, Ch. V, §4.8, 
Theoreme 2]). The Coxeter complex is then naturally identified with Sn-I, 
triangulated by the W-translates of the spherical simplex as = Cs n Sn-I . 

Let {vJ denote the dual basis to {uJ and let C; be the dual simplicial 
cone, 

C; = {x E JRnlx ·vj ~ 0, Vi}. 

Equivalently, C; is the cone of all nonnegative linear combinations of the u j • 

Let a; be the dual spherical simplex, 
* * n-I as=csns . 

The vertex set of a; is {uJ, and the length of the edge from u j to Uj IS 

cos-I(cij) = n - n/rnij. Hence, a; has size ~ n/2 in the sense of §4.2. 
Let Xo E Cs be the point defined by xo· uj = -1, i = 1, ... n. The Coxeter 

block for (W, 8) is the Euclidean polytope 

Bs = Cs n (xo + C;). 

Its faces are the subsets BT T ,for TI £; T2 £; 8 , defined by 
I' 2 

BTI,T2={XEBslx.uj=OforSjETI and (x-xo)·v j =Oforsj ¢ T2}, 

which is a convex polytope of dimension Card(T2 - TI ). It follows that Bs 
is combinatorially equivalent to an n-cube. For T £; 8 , the Coxeter block BT 
can be naturally identified with the face BeJ T of Bs. 

For T £; 8, put xT = BT T' so that {xT} is the vertex set of Bs. The 
faces BT,s and BeJ,T are co~tained in orthogonal faces of Cs and Xo + C;, 
respectively. Hence, 

Lk(XT' Bs) = Lk(xT' BeJ , T) * Lk(XT' BT ,s) = aT * a;_T 

(where * denotes the orthogonal join). In particular, Lk(xs ' Bs) = as and 
Lk(xeJ' Bs) = a; . 

Now we return to the situation in which (W, 8) can be infinite. As in 
§4.3, we view the fundamental chamber K as a union of combinatorial cubes 
F;, T E yf. Following [M] (or [CD2, §6]), we define a piecewise Euclidean 
structure on K by identifying F; with BT in such a fashion that for TI ~ 
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T2 ~ T the face FT n F; of F; is identified with BT T. In particular, 
I 2 l' 2 

the vertex V T (= FT n F;) is identified with x T . Similarly, we get piecewise 
Euclidean structures on 1: and <1>. 

Next we consider the induced piecewise spherical structure on links. Recall 
that, as an abstract simplicial complex, Lk(v0 , F0) = Y!0. Let Ko = IY!01, 
with the piecewise spherical structure obtained by identifying the simplex cor-
responding to T with the spherical simplex 0';. As was previously noted, each 
such simplex has size ~ n /2. Also, T E Y!0 {:} WT is finite {:} the co-
sine matrix for WT is positive definite {:} {n - n/mij}S,SET is the set of edge 

I } 

lengths of a spherical simplex. Hence, Ko is a metric flag complex. Since the 
property of being a metric flag complex is inherited by links (cf., [M] or [CD 2, 
Lemma 2.41]) we get the following lemma as a corollary to Proposition 4.2.4. 
Lemma 4.4.1 (Moussong [M]). Ko and the links of all simplices in Ko are 
CAT(I)-spaces. 
Definition. Suppose WT is finite. The natural piecewise spherical structures 
on the Coxeter complex iT and the Deligne complex ci>T are defined by 
identifying the fundamental simplex IJ.T with the spherical simplex aT (= 
CT n SCard(T)-'). 

Arguing as in Lemmas 4.3.1 and 4.3.3, we get the following. 
Lemma 4.4.2. Let X = K, 1: or <I> with the piecewise Euclidean structure of 
Moussong discussed above. For T E yf, let XT = aT' iT or ci>T (as X = 
K, 1: or <1» with its natural piecewise spherical structure. Then the link of any 
vertex of X can be decomposed as an orthogonal join as follows: 

Lk(vT , X) = XT * Lk(vT , FT). 
Moreover, metrically, Lk(v0 , F0 ) = Ko and, for T I 0, Lk(vp FT) = 
Lk(a;, Ko). 

The orthogonal join of two piecewise spherical polyhedra is C AT( 1) if and 
only if each of them is CAT(I) (by Lemmas A2 and A6 of the Appendix of 
[CD 1]). Hence, it only remains to decide when XT is a CAT(I)-space. Since 
iT is isometric to the round sphere, it is C AT( 1). This gives the following 
result of [M]. 
Theorem 4.4.3. (Moussong). (1:, dM ) is is CAT(O). 
Conjecture 4.4.4. (<I>, dM ) is CAT(O). 

As we have seen, this conjecture is equivalent to Conjecture 3 of the Intro-
duction, which we restate here. 
Conjecture 3. For any finite Coxeter system (WT , T), the Deligne complex ci>T 
with its natural piecewise spherical structure is C AT( 1) . 

Conjecture 3 is true when WT is right-angled (i.e., when WT = (Z/2)T), for 
in this case the natural piecewise spherical structure on ci>T coincides with the 
all right structure of §4.3. There is one other case when we know the conjecture 
is true. 
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Proposition 4.4.5. Conjecture 3 is true when Card (T) = 2 (so that WT is the 
dihedral group D2m of order 2m). 

Proof. In this case <i>T is a I-dimensional complex with all edges of length 
n/m. Hence, it is CAT(I) if and only if it has no circuits with less than 2m 
edges. This condition holds by [AS, Lemma 6, p. 210]. 0 

Thus, Conjecture 4.4.3 holds for W such that Card (T) ~ 2 for all T E yf 
(for example, if W is of "large type" as defined in [AS]). Theorem B of the 
Introduction is an immediate consequence. 
(4.5) The Proof of Lemma 4.3.2. Throughout this subsection, A is an Arlin 
group of finite type. Our goal is to prove that the Deligne complex <i> associated 
to A is a flag complex. 

Before proving this we need a number of preliminary lemmas about Artin 
groups of finite type. These are based on work in [CI] and [C2], which in tum 
is based on ideas of Deligne [D] and Garside [Ga]. 

Let F+(S) be the free monoid on S and let A+ be the quotient of F+(S) 
by the equivalence relation generated by prod(si' Sj; m i) = prod(sj , Si' m i) , 
for Si' Sj E S. In other words, if (SIR) is the standard presentation for A, 
then A+ is the monoid with monoid presentation (SIR). For example, when 
A is the braid group, A+ is the monoid of positive braids. 

The natural map A+ ~ A is an injection; hence, we can identify A+ with 
a subset of A. Moreover, for any a E A, we can write a = bc -I for some 
b, e E A+. If T ~ S, then the natural map A; ~ A+ is also an injection 
(since AT ~ A is), so we can also view A; as a subset of A. 

Lemma 4.5.1. (i) Suppose that a, b, e are in A+, that a = be, and that a E 
A;. Then band e both lie in A;. 

(ii) A; = AT n A+ . 
Proof. (i) Choose representative words a E F+ (T) and b, e E F+ (S) for a, b 
and e. If a = be in A+ ,then a is related to be via the equivalence relation 
generated by 

prod(si' Sj; m j ) = prod(sj , Sj; mjj). 

Under this relation, no generator can be completely eliminated. Hence, if b or 
e involves some S j ¢ T , then so does a. 

(ii) Clearly, A; CAT n A+ . Conversely, let a E AT n A+. Write a = be-I 
for b, e E A;. Then ae = b in A+ , so by part (i), a lies in A;. 0 

There are two partial orderings on A+ ,denoted <t and <" and defined by: 

a <t b, if ae = b for some e E A+ , 

a <, b, if ea = b for some c E A+. 
Recall the section m : W ~ A defined in § 1.1. Let W l denote the (unique) 

element of longest length in W, and let L\ = m(wt ). Then L\2 is central in A 
and, for any a E A, L\k a and aL\k lie in A+ for k sufficiently large. 
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Let M = m(W). By definition of m, Me A+. In fact, we can describe 
M in terms of the partial orderings on A+ as follows: 

M = {a E A+la <, d} = {a E A+la <, d}. 

Since ScM, M generates A + as a monoid. If Mk denotes the set of 
elements in A+ which can be written as a product of at most k elements of 
M, then it follows from [C2, Remark 2.4 and Lemma 3.4] that 

k + k + k M = {a E A la <l d } = {a E A la <, d }. 

Lemma 4.5.2. Let a, b E A+ and let * = i or r. 
(i) {c E A+lc <* a and c <* b} has a unique maximal element, denoted 

glb*(a, b). 
(ii) {c E A+la <* c and b <* c} has a unique minimal element, denoted 

lub.(a, b). 
(iii) If T ~ S, then {c E A+lc <. a} n A; has a unique maximal element, 

denoted glb*(a, A;). 
Proof. By symmetry, it suffices to prove each part of the lemma for either * = i 
or * = r. 

(i) For * = r, this is precisely Corollary 2.7 of [C2]. 
(ii) Choose k large enough so that a, b E Mk, hence a <l d k and b <, d k . 

Let ak = a-Idk and bk = b-Idk . Then ak E A+ and ak <, d k ,and similarly 
for bk • Consider the posets 

+ k + Lk = {c E A la <, c, b <, c, c <t d }, Rk = {c E A Ic <, ak ' c <, bk } , 

with Lk partially ordered by <t and Rk partially ordered by <,. The map 
c -+ ck = C-Idk is an order-reversing bijection from Lk to Rk . Thus, if dk is 
the unique maximal element of Rk (which exists by part (i)), then dk = dkd;;1 
is the unique minimal element of Lk . Finally, note that since ak+1 = akd and 

A k+1 -I k -I A bk+1 = bkd, we must have dk+1 = d dk+1 = d dk = dk . In other words, 
the sets Lk ~ Lk+1 ~ Lk+2 ~ ... all have the same unique minimal element, 
dk • Thus, dk is also the unique minimal element for 

i.e., dk = lubt(a, b). 

U L j = {c E A+la <t c, b <, c}, 
j?:.k 

(iii) Let MT = m(WT) = M n A; and let d T be the image of the longest 
element of WT . It follows from Lemma 4.5.1(i) that Mk n A; = (MT)k. 
Choosing k so that a <. d k , we therefore have that 

+ + + k + {cEA Ic<*a}nAT={cEA Ic<*a}nM nAT 
+ k + k ={cEA Ic<.a}nMT={cEA Ic<.a,c<dT}, 

which has a unique maximal element by part (i). 0 
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Lemma 4.5.3. Let a E A and T £; S. If aAT n A+ =f. 0, then it contains a 
unique minimal element ao (with respect to <t), and aAT n A+ = aoA;. 
Proof. Since a <t b and a =f. b implies that the word length of a (with respect 
to S) is strictly less than the word length of b, there are no infinite descending 
chains in A+ . Hence, if aATnA+ is nonempty, it must have minimal elements. 

Suppose al and a2 are both minimal in aAT n A+ . Then a~1 a2 E AT' so 
. -I -I &' A+ h we can wnte al a2 = pq lor p, q E T. T us, 

+ p, q EAT" 

Let Co = lub,(p, q) in A;. Then alP = a2q = aoco for some ao E A+. It 
follows that aOAT = al AT = a2A T = aAT , i.e., ao E aAT n A+. On the other 
hand, p <, co' so Co = dp for some d E A+. Thus, aodp = aoco = alP, so 
aod = al . In other words, ao <t al . The same argument applied to q <, Co 
shows that ao <t a2 . But this contradicts the minimality of al and a2 unless 
ao = al = a2. Finally note that if b is any element of aATnA+ , then ao <t b, 
so by Lemma 4.5.1 (ii), a~ I bEAT n A+ = A;, i.e., aAT n A+ = aoA; . D 

Recall that a "special subgroup" of A is a subgroup of the form AT for some 
T £; S. It follows from [D, Theorem 4.14] that the intersection of two special 
subgroups is a special subgroup. 

Lemma 4.5.4. Suppose, AI' A2 and A12 = Al n A2 are special subgroups of A 
and that g E A is such that gA 12 n A+ =f. 0. If al and a2 are the minimum 
elements of gAl nA+ and gA2 nA+ , respectively (minimal with respect to <t), 
then the minimum element of gA I2 n A+ is a = lubl(a l , a2). 

Proof. By Lemma 4.5.3, gA I2 n A+ = gAl n gA2 n A+ = alA7 n a2A;. Let 
b be the minimum element of gAI2 n A+. Then b = aici = a2c2 for some 
ci E A7 ' c2 E A; . Thus, b is an upper bound for al and a2 , so a <t b. Write 
b = ac. Then c <, ci and c <, c2' so by Lemma 4.5.1(i), c E A7 n A; = A72. 
It follows that a E gA I2 n A+. This contradicts the minimality of b unless 
a=b. D 

Proof of Lemma 4.3.2 (that <I> is a flag complex). The poset of simplices of <I> 
is isomorphic to the poset of special cosets aAT , for T ~ S , under reverse 
inclusion. In particular, a k-simplex u of <I> corresponds to a coset aAT with 
Card(S - T) = k + 1 and Lk(u, <1» = <l>T. 

Suppose <I> is not a flag complex. Then there exists a set of vertices {v I ' ... , 

vk }, k 2: 3, of <I> which are pairwise joined by edges, but do not span a simplex 
of <1>. Choosing a minimal such set of vertices, we may assume that every proper 
subset of {VI' ... , vd spans a simplex. In this case, we say that {VI' ... , vd 
is an "empty simplex" in <1>. It suffices to consider the case k = 3; for if k > 3 
and u is the span of {V4' ••• , vk }, then {VI' v2 ' v3} is an "empty triangle" 
in Lk(u, <1» = <l>T. 
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A triangle in <i> corresponds to a diagram of special co sets 

a3A3 
-? 

C a2A2 
(/ 

a23 A23 

where aijAij = aiAi n ajAj . To show that this triangle is not "empty" we must 
show that alAI n a2A2 n a3A3 i- 0. After translating by a sufficiently high 
power of L1, we may assume that all co sets in the above triangle intersect A+ . 
We can then choose each coset representative ai to be the minimum element 
of aiAi n A+ (by Lemma 4.5.3), and choose aij to be lube(ai , a), which is 
the minimum element of aijAij n A+ (by Lemma 4.5.4). Then a l2 E alA7 ' so 
a l2 = alP for some P E A7 . Similarly, a 13 = a 1 q for some q E A7 . Set 

a = lub£(a1 ' a2 , a3) = lub£(a I2 , a 13 ) = a1lub£(p, q). 

Then a E a1A7 . By symmetry, we must also have a E a2A; and a E a3A; . 
Thus, a 1 A7 na2A; na3A; contains the element a, and hence cannot be empty. 
o 
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