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COHOMOLOGY OF UNITS AND L-VALUES AT ZERO
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Let K/k be a finite Galois extension of number fields with Galois group G, and
let S be a finite G-stable set of primes of K containing all archimedean primes.
We denote the G-module of S-units of K by E = Eg and let AS be the kernel of
the augmentation map ZS — Z which sends each basis element p € S to 1. We
are concerned with invariants of K /k which are associated to a G-homomorphism
@:AS — Einducing Q @ AS ~Q® E.

These invariants were defined by Tate [Ta2] and Chinburg [Ch1] when S is large,
i.e. when S contains all ramified primes of K/k and the S-class group ¢l = clg of K
is trivial. There are two of them and each is a function of the complex characters y
of G. The first, A,, has A, (x) equal to the Tate regulator at x divided by the leading
coefficient ¢(x) of the Taylor expansion at s = 0 of the Artin L-function L(s, x)
with the Euler factors at primes of S omitted. According to Stark’s conjecture [St)
in Tate’s form, A, takes algebraic values which satisfy

Ap(X7) = Ap(x)?
for all automorphisms o of C.

To describe the second invariant q,, we fix a subfield F' of C so that F/Q is finite
Galois with Galois group I' and so that every representation of G is realizable over
F. Let o be the ring of integers of F. The fields K/k and F' are related only in F'
housing the invariants which we attach to K/k. Now q,(x) is a fractional ideal of
o which comes from the cohomology of E. Its definition requires an exact sequence

E»—» A— B—»AS

in which A, B are finitely generated cohomologically trivial G-modules and which
has been constructed by Tate [Tal] for large S.
The main result of this paper is

Theorem A. Suppose K/k is contained in a cyclotomic extension of Q. If 2 does
not ramify in K, then

dp(x) = Ap(X)o
for all characters x of G (where x denotes the contragredient character). Without
the ramification hypothesis about 2 the equation remains true on replacing o by 0[%].
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514 JURGEN RITTER AND ALFRED WEISS

This was conjectured by Chinburg [Chl] to hold for completely general K/k
after Tate [Ta2] had proved it for all Q-valued characters x. The notion of relating
L-values and orders of certain cohomology groups has also been addressed, in two
different formalisms, by Lichtenbaum [Li2] and Frohlich [Fr2]. For connections to
Tate’s setting see [Ch2, So] and [RW1] respectively. A consequence of Theorem A is
Chinburg’s root number conjecture [Ch3, p.358] modulo D(ZG) for the extensions
K/k of the theorem. According to [GH] however, this can also be obtained by
different methods.

The basic idea of our proof is to generalize the definitions of A, q, to arbitrary
sets S and so also to the smallest possible S which is the set of all archimedean
primes. This eventually allows us to involve the Main Conjecture of Iwasawa theory
via Leopoldt’s conjecture and Frohlich’s relation between resolvents and Galois
Gauss sums. Our difficulties with the prime 2 are due entirely to the present status
of the Main Conjecture. Much of the proof is completely general and some of it
is capable of generalization. However the first barrier to a generalization is that
we need to use Stark’s conjecture in a very explicit form and not just the Galois
equivariance above.

Our generalization to small sets S starts from [RW2] where a general Tate se-
quence

EFE—A—-B-—»V

was constructed. Here A, B are still cohomologically trivial but V is more compli-
cated than AS : there is an exact sequence

d—V >V

where V is a ZG-lattice of known structure. Letting r = rg be the number of
G-orbits of ramified primes of K /k which are not in S, then the invariants are now
attached to G-isogenies

¢:V—E=E®((ZG),

which are G-homomorphisms with finite kernel and cokernel.
By means of the above sequence we obtain a generalized q,. We then adapt A,
to these ¢ in order to establish

Theorem B. For arbitrary K/k the ratio a(x) = (Ax(X))/de(x) is independent
of p and S.

This result does not even depend on Stark’s conjecture on interpreting a(x), as
in [Fr2], as a rank-1 o-module on C, i.e. a product a -z with a a fractional o-ideal
and z # 0 in C. The proof of Theorem B comprises the first seven sections of the
paper. The first two sections are preliminary: §1 makes a crucial local construction
and §2 is a review of the Tate sequence for small S. In §3 we make the definitions of
Ay, q, for small S and then break the proof of Theorem B into three steps in §4.
Each of §5, §6, §7 then completes one of these steps. The last step 3 is essentially
in [Chl], the middle step 2 works because the definition of A, is devised to make
it so. That step 1 then works is surprising, but essential for what follows.

The next two sections prepare for the proof of Theorem A by bringing Theorem
B to bear. For this proof we need to construct explicit isogenies ¢ : V — E.
In §8, which works for arbitrary K/k, we show how to get a ¢ from an isogeny
@ : AS — E when S is not large, and reduce the calculation of a,(x) to ¢ up
to fractional o-ideal factors which divide |G|. And then in §9, assuming now that
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COHOMOLOGY OF UNITS AND L-VALUES AT ZERO 515

Stark’s conjecture holds, we use the induction and inflation properties of a, which
hold for small S because of Theorem B, to reduce the study of prime factors of
a(x) above a rational prime [ to the case of l-adic linear characters x for which
[ does not divide |G/ ker(x)|. The problem of Theorem A is thus translated into
establishing an l-adic analogue a¥)(x) = (1) for all primes I.

Finally in §10, we specialize to K/k contained in a cyclotomic field Q(¢), and
construct an explicit isogeny ¢ : AS — E on taking S to be the set of all infinite
primes of K. This isogeny ¢ comes naturally from the construction of Ramachandra
units, which allows us to eliminate the complex L-value part cg(x) of a). Then, in
§11, we apply the preliminary results of §§8,9 to give the proof of Theorem A. For
each prime [ we distinguish three cases according as x is odd, imaginary or even.
In the odd case the assertion a(!)(y) = 1 amounts to a conjecture of Brumer which
has been proved by Wiles [Wi2]. The imaginary case, for which % is not real, is a
sort of analogue for [ = 2 and has been settled by Greither [Gc]. Both cases are
applications of the Main Conjecture [MW, Wil].

Most of the remaining effort is concerned with the even case in which we are left
with proving a Ramachandra-Gras conjecture, i.e. the reformulation of a conjecture
of Gras for Ramachandra units. Following the strategy of Greenberg [Grl] we are
reduced to computing a certain module index and to making connections again
with the Main Conjecture. The module index calculation, in §12, depends on the
l-adic logarithm, which, on the one hand, brings in the l-adic L;(1, x), and on the
other, the l-adic additive Galois module structure. Since [ is prime to the group
order, we are in the tame situation and can apply results of Frohlich. In §13 the
main results of [Wil] are brought to bear to finish the proof.

1. LOCAL CONSTRUCTIONS

In this section only the extension K/k is not the given one but its completion at a
finite prime p. In particular, G now is the old decomposition group at p. Denote by
I its inertia subgroup and by ¢ the Frobenius automorphism of the corresponding
residue field extension; set G = G/I, e = |I|, f = |G|. As always, if H is a group,

AH is the augmentation ideal in the integral group ring ZH, and H = > heZH.
heH

Definition ([GW]). The inertial lattice W attached to K/k is the free Z-module
on the basis

wy=(g-1,1+¢+...+¢"9 ) c AGDZG , g€ G,
where § = (¢ mod I) = $* and 1 < a(g) < f. The G-action is given by
hwy = wpg — wp + apqwi , h € G,
with ap,g = 0 or 1 according as a(h) + a(g) < f or > f.

Observe that W ~ ZG if K/k is unramified.
The inertial lattice W comes equipped with a short exact sequence Z — W —»
AG , 1 wy, from which Q ®z W ~ QG follows. The Z-dual of this sequence is

AGY — WO 5 7.

The map ¢, which, of course, is the evaluation at wy, is called the inertial augmen-
tation.
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516 JURGEN RITTER AND ALFRED WEISS

Define the elements 7, k, p € W° = Hom(W, Z) by

. 1 if g=1
1, 0 if =1, . ’
wtw)={ g wn={ O ITL s = 1ee i 1Ager
’ ’ e if g&l.

Also, if V is a CG-module, let V = Home(V, C) be its contragredient.

Proposition 1. (a) The image of AG° in WY is generated by x as a ZG-module.
Also Gn = Gp.

(b) If 3 € WO has augmentation 0, then 3 = (2 g1 Tg9)k with xg = B(wy).
In particular, there exists y € ZG, unique up to adding a multiple of é, such that

yr = (|G| — @)p . Also we have (|G| — G)n = —e > g1 U9)gk -
(c) Given a CG-module V, let yy denote the right action f +— fy by the above y
on Homeg (V,C® AGP), where (fy)(v) = f(9)y for f € Homeg(V,C@ AG?), v €

V. Then
det(yy) det(1 — ¢ | VI/VE) = (—¢|G[)dimV—dimVT
(d) The ZG-submodule of WO generated by p has finite index.

Proof. (a) Denote by {n, : g € G} the dual basis of W° to {w, : g € G}; thusn = ;.
Then {n, : 1 # g € G} is a Z-basis for the kernel of the inertial augmentation. Since
for g # 1, (gr)(wn) = k(g™ wn) = K(wg-1p, — wy—1 +ag-1 pw1) = K(wy-15) + 1, we
have gk = 7,. Moreover, (k) = 0 and, as Guy, = ea(h)wy, (Gv)(wy) = v(Gw,) =
ea(g)i(v) for v € WP,

Taking v = r yields (3, cqag9)k = >, 21(ag —a1)gs = 3_ 1 (ag — a1)ng, and
this equals 0 if, and only if, ay = a1 for all g. Hence ZG/G’ ~7ZGk. Alsov=p—n
has vanishing inertial augmentation.

(b) From (a) we obtain 8 = (3_, 4 2g9)k = 3,4 Z47g- Evaluating at wy shows

xp = B(wp). Substituting (|G|A—C¥)p for (8 yields zj, = e|G| or ¢|G|—ea(h) according
asl#helorh¢l,since (Gp)(wy) = ea(h).

We subtract |G[(e — 1)G from 7, xph with the above z), and get the
element y = e /7 i¢~' — |G|(e — I), where, by abuse of notation, ¢~ is some
representative in G for ¢~ € G. Here we have observed that a(g) = f—i,if g = ¢~°
mod I. Since Gk =0, yr = (|G| — G)p. The case 3 = (|G| — @)n is similar.

(c) V and AG° are left G-modules by the usual contragredient convention, so,
for example, (go)(v) = 0(g~'), v € V, » € V, g € G. Since AG is a right
G-module as well, AG? actually carries a (G, G)-bimodule structure: [gd°h](d) =
d’(g~tdh™1), d° € AG®, d € AG, g,h € G. This induces the right CG-structure
on Homeg(V,C ® AGP) used in the assertion.

We first claim that we have isomorphisms

HOInCG(V, C® AGO) 5 HOmcg((C R AG, V) 5 V/VG .
The second one is the evaluation of f' € Homce(C ® AG, V) at the idempotent
1- % which projects to 0 in V¥. To describe the first one, write ( -, - )y for the

canonical pairing VxV — Cand (-, -) A for the one with respect to C® AG. Then
the map in question sends f € Homcg(V,C ® AG?) to f' € Homee(C ® AG,V)
where

@, f'(d))y = (f(0),d)a for de CRAG, D€V .
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It follows that (fy)'(d) = f'(dy), where § is obtained from y by the involution
on CG induced by g — g~ !, g € G. This holds because

@, (fy) (@) = ((fy)(0),d)a = (f(0)y,d)a = (f(0),di)a = (0, f'(d}))v
Thus the right action of y on Homeg (V, (C®AQO) corresponds to the left action of §
on V/VY. Namely, fy corresponds to f/((1— %)gj) = f(g(1— %)) =gf(1- IGI)
as 1 — % € CG is central and f’ is a G-homomorphism.

We have arrived at det(yy) = det(y|V/VY). Because of y = e/ _11 i~ —
|G|(e — I) the action of § on V/VE fits into the commutative diagram

vive — vyive - v/vI
Ly Ly L-|Gle
VIjve — v/ive - vv!

with multiplication by —|G|e on the right vertical arrow and multiplication by § =
2377V ig on the left one. Hence det(§|V/V'E) = (=e| G5 V/V" - det(g|V! /VE)
and (1 — ¢) = ¢ L1 ig'(1 - ¢) = €2((9) — f), s0

det(§|V/VE) det(1 — ¢ | VI/VE) = (=e|GIm VIV (—e|q)ydim V' /VE
_ (_6|Gw|)dim\//\/G ’

since (¢)V! c VE.

(d) By (¢), y € QG/GQG is a unit. Thus yx = (|G| —G)p generates a submodule
of finite index in AG® = ZGk. Since p itself has inertial augmentation # 0, the
assertion follows readily.

Remark. Eventually, in §6, the point of §1 will be that det(1 — ¢, | VIr /VE) is an
Euler factor at s = 0.

2. THE TATE SEQUENCE; V MODULO TORSION

We return to our original notation in which K/k is an extension of number fields
and, from now on, label the objects defined in §1 by the appropriate primes. In
particular, G,, W, W,? ~*, Z are the decomposition group, the inertial lattice
and the inertial augmentation at p, respectively. Once and for all we fix a choice
x of G-orbit representatives in the set of all primes of K. For a G-stable subset S
then S, is the intersection of S and *.

Set

Sram — g ramified in K/k,p & S},

Sram = S U STam,

W =W = @, cgram indd WY,

OA =275 = B, gram IndG, AGH,

V = Vs = ker(ZS @ "W - 7)
where ¢/ is the augmentation on ZS and indgpr (followed by the augmentation
indg 7 — Z) on indg W.
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The right hand end V in the Tate sequence associated to .5,
Es—A—B—»V,
originates from a unique extension
Cls — V = V

which is described in [RW2]; however, for the purposes of this paper it usually
suffices to know V modulo its torsion clg, i.e. V. The ZG-modules A, B are
cohomologically trivial and stably free, respectively.

In the following sections we need to compare Tate sequences for sets S; C Ss.

In order to do so we use

Theorem 2. Given S1 C Ss, it is possible to choose Tate sequences for S1 and S
as the rows in the commutative diagram
Ey — A — B — Vi . . .
| l ! ! in which the outer vertical
By — Ay — By — V maps are the natural ones.

Proof. The theorem is actually a direct consequence of the construction of the Tate
sequence. In its proof all references are to [RW2]. Choose a sufficiently large set S’
of primes containing S5 and look at the diagram

— Vs — Wer
/| yAld
— Vg —»WS/

AVIAUIY

CK — Y = AG
in which J; denotes the S;-ideles and C'i the idele class group of K, and where

Wsi=( €D indg AGy) & ( € indg, W) .
PES i peESI\Ski

For Vg and U see §1 of [RW2] (as usual); they, together with the rows in the above
diagram, are determined by the local and global fundamental classes. The left and
right triangles are the obvious ones. The top face is built from the local diagrams of
Proposition 2. Theorem 1 provides a surjective map Vs, — 20 making the diagram
commute. The modules Vg/,U are cohomologically trivial and so the snake lemma
yields

E1 — Al — RS’,l - Cll
! ! ! !

Ey, — Ay — Rga — clo

with cohomologically trivial A;, As.
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COHOMOLOGY OF UNITS AND L-VALUES AT ZERO 519
We next build the commutative prism

WS/,l — NS’,l — M*,l

S/

WS’,Q — NS/72 —» M*72

AUNAUIAN
AG — 722G — Z

in which the front and the back face are as in diagram 4 (of [RW2]) and the top face
is assembled from local diagrams mostly with identity maps; the only complicated
case being p € (S2NS*™), when the relevant local diagram is described in Lemma
5¢). It follows that M, 1 — M, 2 is induced by the inertial augmentations. On
taking kernels we obtain the top face of

Rs 1 — By - Vi
s /o ;o=
Rgi o T By _l» Vs |
cly —|— V1 —| = Vi
{ / l / J_/
el — Vs T, ;

its left face is taken from the second diagram and the rest follows by pushing out.
Applying the construction at the end of §4 then yields the claim of the theorem.

We close this section by presenting two useful exact sequences involving V:
AS —V - W, °A—V — ASiam -

Here, V — "W is the restriction of the projection ZS & °W — °W and the map
V — ASiam is, on the one hand, induced by the embedding S C S;am and, on the
other hand, by indg W¢ — indg, Z.

As a consequence,

QzV>QezV2QezAS® QR W ~Q&z (E®ZGT)
with the r that is already defined in the introduction, i.e.
r = rg = number of G-orbits of ramified primes of K/k which are not in S.

Remark. For a discussion of the dependence on the choice * see [RW2, Theorem 6.

3. DEFINITION OF ¢-INDEX AND A FOR SMALL S

Let S be arbitrary, put r = rg and choose an isogeny ¢ :V — E=E®ZLG".
The definitions we are going to make below generalize those of Tate [Ta2| for large
S

We define the g-index q,.
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Let x be a character of G and V' =V, be an FG-module affording x and M an
0G-lattice on V. Following Tate [Ta2, p.60] when S is large, we abbreviate by ¢
the composite map

ot - Homy (M, V)~ Hom, (M, V)¢ —2 Hom, (M, E)C

from G-coinvariants to G-invariants. We resolve the obvious difficulty with the
above notation by adopting the convention that V, E are to be read 0 ®7 V, 0 ®y E.
Indeed we will use this convention of letting the context determine the obvious
extension of scalars rather consistently throughout the rest of the paper.

Definition. q,(x) = fo(coker(¢ar))/lo(ker(par)), where the length ¢,(X) of a
finite o-module X is (o(X) =[["o L, f X =X D X1 D ... D X;p D Xppy1 =01is
a composition series with X, /X, 1 ~o/l; .

Lemma 3. (a) qu(x) does not depend on the choices of F,V and M.
(b) If x is irreducible, q,(x) is a fractional o-ideal in F' which is generated by
a fractional ideal of the field Q(x) of character values of x.

(¢) do(x)” = qp(x?) fory €T.

Proof. (a) is shown exactly along the lines of Tate’s proof [Ta2, Chapter 2] by just
replacing his 4-term sequence [Ta2, p.54] by

E—A—B—-»V,
which is obtained by adding ZG", with identity map, to E and A.
For (b) and (c) see, for example, [We, Proposition 7].

We next define the generalized A-number attached to characters of G.

Definition. 4,(x) = Ry(x) / <cS<x>[ [T e log(Np) 1X<l>> .

pESram

Here, cs(x) is the leading coefficient in the Taylor expansion at zero of the Artin
L-function for x with the Euler factors at p € S removed and Np is the absolute
norm of p. So it remains to define the generalized Stark-Tate regulator R, ().

For this we need a generalized Dirichlet map

ANR@zE-—R®zV
which replaces the original Dirichlet isomorphism
A:R®z E— R®zAS

that takes a unit u € E to 3  gloglulyp with |ul, = absolute value of u at p
normalized in the usual way.
We define A as a dotted map making

ReE — RQE — RGT
LA L Lp
RAS — R®V —» R'W

commute, where p(1,) = —log(Np) @ p, on viewing ZG" as P indngGp i Pp
pesia[]]
is as in Proposition 1.
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We are now ready to define the regulator R, (x) that is attached to a complex
character y of G and an isomorphism

0:CQV—CQRE.

To that end let 1% be a C G-module affording y, the contragredient of x, and denote
by [A¢ | Homcg(V, V)] the endomorphism of Homee (V,C ®z V) which sends a
map s to \ys.

Definition. R, (x) = det[\¢ | Homea(V, V).
This definition is justified by the following lemma.

Lemma 4. R,(x) does not depend on the choice of A making the above diagram
commute.

Proof. Namely, two such A (multiplicatively) differ by a map v making

R®AS — Re®V — ReW
[ lv |
RAS — RV — R'W

commute. Applying Hom(cg(f/, C®g - ) to the diagram we see that the determinant
of the map on Homeg(V,C ® V) induced by v is 1.

In the lemma to follow we display an explicit X in terms of an auxiliary map
a which often is quite easy to come by. Namely let a be a QG-map making the
following triangle commute:

e
% !
@ & Eram — Q[Sram]

Here Eyam is the group of Syam-units in K, the vertical map sends 1, to p (p € S5*™)
and the horizontal v € E,,,, to Epe gram Up (u)p with vy denoting the p-valuation.

Lemma 5. The map A:R®E — R[S]® (R® W) satisfying Mu) = \u) for
u € E and MN1y) = 3, cglogla(ly)|yp’ — log(Np) @ pp for p € S™™ takes its
values in R ® V and induces p on RG".

Proof. The second claim directly follows from V — OW being the restriction of the
projection ZS ®©°W — "W to V. In order to see the first one, we compute (inertial)
augmentations.

(1) e 108 a1yl + Xy cgeum 108 a(1p) = 0, 25 a(ly) € Q& Fram (here we
have extended | - [y to Q ® Eyam in the obvious way).

(ii) a(1p) has image p € Q[S™™], hence |a(1ly)|p» = 1 or (Np)~! according to
p" #p or p” =p in S™. Consequently, } ¢ gram logla(ly)]pr = —log(Np). The
assertion follows by combining with ¢,(p,) = 1.

Remark. Observe that if S is small, then the choice * of G-orbit representatives
of the primes of K is involved in the map ¢, since V depends on * [RW2], and so
there is no ambiguity in writing R,(x) or Ay (x).
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4. PROOF STRATEGY FOR THEOREM B

Given an isogeny ¢ : V — E, we define

A (x) = Ap(X)/ae(X) -
Proposition 6. If p1,09 : V — E are two isogenies, then au, (x) = ag,(X) -

Proof. This can be read off from Chinburg’s work [Ch1] and, in any case, from the
proof of Proposition 8 in [We], but is included for completeness. Here is what we
precisely show:

Ag, (X)/Ag, (X) belongs to F* and generates gy, (x)/dp, (X) -

Since, over Q, ¢1 and @9 become isomorphisms, there exists an automorphism 6
of Q ®z V such that ¢; = p0. Choose an F'G-module V affording the character
X- Then there is a commutative triangle

Hompq(V, F ® V)
10 Hompa(V,F ® E)

HomFG(V, F® V)
with obvious maps. After tensoring the triangle with C over F' and composing with

the map Homcg(C ®@p V,C ®7 E’) 2 Homeg(C ®@p V,C ®z V) at the right hand
side, we deduce that

Ry, (x) = det(f | Homcg(C®p V.C®z V)) - Ry, (X) -

The determinant factor thus belongs to F'* and is the quotient Ay, (X)/Aq, (X)-
Regarding the quotient of the g-indices, we use the commutative diagrams,' for
1=1,2,
TV — Homo (M, V)G - Lv
il vim L @il
T  — Hom,(M,E)¢ — LF
in which T and TF are the respective torsion submodules of Hom, (M,V)¢ and
Hom, (M, E)%, and where ¢,,P; are the maps induced by ¢; . Here ker(p;) = 0,
since Ly is a lattice and all_maps are isogenies.
So by [Ta2, pp.58,59],

{(cokery,)

. k O .- = .
ko) l(cokerp;) , £ =1,

qes (X) =

Since Ty and TF are o-torsion modules, the exact sequence ker(p.) — Ty &,
T% — coker(yp,) implies that ¢(coker(p,))/l(ker(p,)) = £(T*)/¢(Ty). Hence
_ L(coker(p,))
qsal (X)/q</72 (X) - é(coker(@ﬂ) :

1With V, F inside Hom, meaning 0 ®z V, 0 Xz, E by our convention.
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We next exploit the commutative diagrams

Hom, (M, V)¢ ot Hom, (M, E)% where the right ver-
|G ] tical map is just the
Hompg(V,F @ V) ik Hompg(V,F ® E) extension of scalars,

in order to identify p,; as the restriction of ¢; to Ly. In particular, by the triangle
above, p; = $,0 and so

E .=
s () dpa (X) = % — Bo(Lv) : Bb(Ly)]

= [Lv : G(Lv)] =detf-o0.
This finishes the proof of Proposition 6.

Because of the proposition, a, depends only on S rather than on the particular
¢, so we put ag(x) = a,(x). Theorem B asserts that ag(x) is even independent of
S. Tts proof is based on the equality ag(x) = as/(x) for any sufficiently large set
S’ containing S. So, if S; and Ss are two sets of primes, then both are contained
in the same sufficiently large S’ and we get ag, (x) = as/(x) = as,(X)-

The equality as(x) = as:(x) is proved in three steps, each of which will fill an
extra section. Step 1 in §5 concerns adjoining G-orbits of primes of absolute degree
1 to S. It is always possible to adjoin a set of generators of the S-class group of
K in this way because it is the primes of degree 1 that carry all of the Dirichlet
density in the usual proofs of the existence of primes representing given elements
of the class group. So in step 2, in §6, we begin with a set .S for which clg = 0
and enlarge it by adjoining all ramified primes of K/k. Finally, in step 3 in §7, the
initial set S is large in the sense of Tate and we must now enlarge it arbitrarily.
The arguments used in this last step are not really new, see [Chl] or [We].

The computations to be carried out in the following three sections will be easier
to follow if we make use of some further notation. The Tate cohomology groups
HY(G,Hom, (M, X)), where i € Z, X is a finitely generated ZG-module and M
a fixed oG-lattice with character y, will be denoted by H'(X). Moreover, with
respect to evaluating the length of artinian o-modules we shall mainly work in the
Grothendieck group KoT'(0) of the category of finitely generated torsion o-modules.
We write [T'] for the element in K¢7T'(0) induced by the o-torsion module T'. Observe
that applying ¢, to artinian o-modules yields a homomorphism from Ky7T'(0) into
the fractional o-ideals of F. For an isogeny f : Y — Y’ between finitely generated
o-modules we set [f] = [coker(f)] — [ker(f)]. An example of such an f is the
map tpr @ Homo(M,Y)q Ao Hom, (M, Y)¢ 5 Hom,(M,Y’)% associated to any
G-isogeny t : Y — Y. In particular, q,(x) = 4o ([oum])-

We close this section by recalling a formula which follows from the definition of
the Euler factors (see [We, Proposition 6]).

Lemma 7.

es,(0fes() =[] (LBER amver qoqr g, I /7S) for 8 28,

pE(S1\S)- T
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5. STEP 1

Let S1 D S be a finite G-stable set of primes of K such that the Sj-class group
of K is trivial and such that each p € S; \ S has absolute degree 1. We use the
subscript 1 in order to distinguish the objects associated to S; from those to S.
We have S = S™m and the notation °W is unambiguous as is the number 7.
Observe that Z[S7 \ S] is ZG-free. The inclusion ZS C ZS; together with the
identity map on °W induces the short exact sequence

The map u — 3 g \sVp(u)p injects E1/E into Z[S: \ S] and has cokernel cl,
the S-class group of K. Namely, if J] . s\8 pP = (1) in cl, then there exists a
b € K with vy(b) = b, for p ¢ S and so, in particular, v,(b) = 0 for p & Sy, i.e.
b € E. Since the Si-class group of K is trivial, the cokernel is all of ¢l. Hence the
multiplication by h = |cl| on Z[S1 \ S] has its image in Eq/E. The induced map
Z[S1\ S] — E1/E is denoted by h':

Z[S1\S] = Z[51\ 5]
(2) Lw Lh
El/E — Z[Sl \S] — cl

Start with an isogeny ¢ : V. — E which vanishes on the torsion of V and so
induces p : V — E:

(3) Ly

The existence of a map ¢ in the commutative diagram below is due to Z[S7 \ S|
being free:

V — Vl — Z[Sl \ S]
(4) |7 Ler Lh
E — E1 — El/E

We are going to show that

a0/ alx) = (h) T

T
=
=
=

To that end we prove
(@) [(p1)ar] = [Pas] = W] = —[ker(H' (E) — H'(E1))),
(b) [Py] = [har] = —[GHom, (M, cl)],
(©) [@Ba] = [oar] = [GHomo (M, cl)] + [ker(H~ (V) — H™(V1))]
in KoT'(0). Adding up we obtain
[(p1)m] = [om] = [hat] =
—[ker(H'(E) — H'(E1))] + [ker(H™'(V) — H™'(V1))] = 0
on account of Theorem 2 (on adding ZG", with identity map, to get E, A E, fll).
Observe that Hom, (M, C) is cohomologically trivial whenever C' is [Se, p.153].
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Hence the formula stated above will follow from

(@) Collhar]) = () o0 X
and it remains to show (a),(b),(c),(d).

For the proof of (a) apply Hom, (M, 0® - ) to diagram (4) and take G-coinvariants
and G-invariants. The vanishing of H*(C) for a cohomologically trivial G-module
C then yields

Hom,(M,V)s »— Homy(M,Vi)g —» Hom, (M, Z[S1 \ S))a
v e Ln i
Hom, (M, E)¢ »— Hom,(M,E))¥ — ker(Hom,(M, E,/E)¢ — H(E))

where A" is induced by h,;. The snake lemma implies [(¢1)n] — [@as] = [R”]. The
short piece

Hom, (M, E1)C % Hom, (M, B, /E)¢ % HY(E) L HY(Ey)

of the long cohomology sequence associated to E — E; — F;/E gives im(e) ~
ker(d) and coker(e) ~ ker(f); so [coker(h”)]=[coker(h),)] — [coker(e)] = [coker(h/,)]
~[ker(f)] and [h”] = [R}y] — [ker(H(E) — H'(E1))] .

Turning to (b) we apply diagram (2) in order to get

Hom, (M,Z[S1\S])¢ = Hom.(M,Z[S1\S]))c
LRy Lhar
Hom,(M,E;/E)®  — Hom,(M,Z[S:\S])¢ — im(Hom,(M,Z[S1\S])¢—Hom,(M,cl)%))

and so [hy,] — [ha] = —[im(Hom, (M, Z[S1 \ S])¢ — Hom, (M, cl)<)] .
Because of H(Z[S; \ S]) = 0 we have

Hom, (M, Z[S1 \ S))¢ = GHom, (M, Z[S: \ S)),
so the surjectivity of Hom, (M, Z[S; \ S]) = Hom, (M, ¢l) implies
[im(Hom, (M, Z[S; \ 8])¢ — Hom, (M, cl)¢)] = [GHom, (M, cl)] .

With respect to (¢) we start from diagram (3) and obtain

ker(Homo(IXZE;éAﬁ:Ic{lgglo(M7V)g) —  Homo(M,V)g — Homo(M,V)g
Lo 1P
Hom, (M, E)Y = Hom,(M,E)%
and consequently
[@u] = lou] = —[ker(H ™} (cl) — H(V))] + [Hom, (M, cl)c]
=—[H ()] + [ker(H‘l(V) — H™ (V)] + [Hom, (M, cl)¢]
= [ker(H™H(V) — H (V)] + [GHomo (M, cl)]
by the cohomology sequence HY(cl) - H"Y(V) — HY(V) induced by ¢l — V —»
V and the definition of H~'(cl). By (1 ) v ) 1( 1)-
We are left with proving (d). The kernel of hys is H=1(Z[S1 \ S]) = 0, and the

cokernel is
Hom, (M, Z[S1 \ S])¢ /hGHom, (M, Z[S; \ S))
= Hom, (M, Z[S; \ 8])¢ /hHom, (M, Z[S; \ S])¢
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as HY(Z[S1 \ S]) = 0. Because Z[S; \ 9] is G-free on ISISIS\ generators, the rank of

the o-lattice Hom, (M, Z[S; \ S])¢ is %X(l).
Turning now to A it suffices to show

AL(R)JA(R) = (—h)|EN)=IxD)
To that end we make use of

61(5()/6()2) = H (1og(Np))X(1)

pe(S1\S)«

which follows from Lemma 7, because all primes p € S7 \ S have absolute degree 1,
hence f, =1,G, = 1,1, = 1. Since ST*" = §™™, this reduces to showing

Ri(x)/RX) =[] (~hlog(Np)x.
pe(S1\9)«

Choosing a A which makes the front face of the diagram

ReE — ReE  — RG"

N
RE — R®E — RG"
! I !
R AS, — RV, —|]— Re'W
A A b

R®AS — ReV - RW

commute, we get a unique map M R® FE; — R @ V; which makes the whole
diagram commute. We combine diagram (4), tensored with R, with the middle face
(and its cokernels) of the above diagram to obtain

RV — Re®V; — R[S1\S]

Lo Lo Ln
R®E — RE - R® E,/FE
1A LA !

RoV — RV — R[S\S]
By diagram (2), tensored with R, it follows that the right composite map is
p:p— —hlog(Np)-p .
Applying Homcg(V,C® - ) to the diagram we get
R1(X)/R(X) = det(u[Homeea(V, C[S1\ ST)) .

From Frobenius reciprocity and the decomposition of S \ S into G-orbits, all of
which have length |G|, we obtain Homgg(V,C[S1 \ S]) ~ Home(V,C[(S1 \ S)«])-
Since p induces the diagonal matrix with diagonal entries —hlog(Np), p € (S1\.9)«,
on Home(V,C[(S1 \ S)4]), the assertion follows.
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6. STEP 2

This section is concerned with enlarging a set S satisfying clg = 0 to S; =
Sram = S U S™@™,
From the end of §2 we recall

(1) AV =V,

by observing that V =V and AS; = V;. Since Siam = S1 and so Eyam = E1, we
get an auxiliary map a as in the triangle preceding Lemma 5, which we can and
will assume to be already defined on the integral level. Namely, ZG", with r = rg,
is free and Eyay — Z[S™™] is surjective, as follows from the triviality of the S-class

group.
Hence

7G"
(2) / l
E — E —  Z|S™™]
The triangle provides the short exact sequence
(3) A— E —» E;

where A = GapeS:am indgP AG,, is the kernel of its~ vertical map. Of course, E —
sends (u,c) € E ® ZG" to u + a(c), hence A — E sends z to the pair (—a(z),z).?
We next build a commutative diagram
OA — V - Vl

(4) Lé Lo L1
A = E — E;

in which the rows are (1) and (3), with isogenies ¢ and ¢, and with § induced
by local maps 6, : K, — n(|Gp| — Gp) for some integer n # 0, remembering
AGS = ZGy - Ky (see Proposition 1(a)). Namely choosing ¢} to be any isogeny and
taking the § with n = 1, the diagram (4) tensored with Q can be completed by a
¢’ because of Maschke’s theorem and then we get a diagram (4) by scaling by a
suitable n.
We claim that
a1(x)/a(x) = H pdim VEr —dimV|Gp|2dimVGF —dimV
peSram

In order to prove the claim we first proceed as in §5. From diagram (4) we get

H™2(V) - H ?(V1) - Hom,(M,°A)¢ = Hom,(M,V)g — Hom.(M,Vi)c

Lom lowm Le1)m

Hom, (M,A)¢ — Hom,(M,E)¢ ER Hom, (M,E1)¢ — HY(A)

and so

* [pm] = [(p1)m] = —[coker(f)] + [6a] + [ker(e)], since im((¢1)ar) C im(f) and
ker(e) C ker(6ar), )
e coker(f) ~ coker(H°(E) — HY(E;)) by the definition of H?,

2Whenever it is convenient we will write units additively!
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e ker(e) ~ coker(H %(V) — H~2(Vy)), as follows from the top row in the
diagram above,
e ker(e) ~ coker(f) because of Theorem 2.

Collecting together we see that

(a) [om] = [(p1)m] = [Om] -

In order to show

(b) o) = > [(6p)aa]

p esiam
we use the following lemma, the proof of which is delayed to the end of the section.

Lemma 8. Let M be an oG-lattice and N an oH-module with H a subgroup of
G. Then n — 1 ®n induces a map 6 : Home(M, N) — Hom,(M,ind$N) which
induces an isomorphism 0 : Hom, (M, N) g — Hom, (M, ind% N)¢ .

From the lemma we obtain the commutative diagram

Gy

Hom,(M,AG), =% Hom,(M,AGY)Cr % Home (M, AG,)C?
~| 0 ~ |0 ~ | ¢
Hom, (M, indg, AGD)e < Hom,(M,indg, AG)S ™2 Hom,(M,indg, AG,)®

and thus (b). Here 6, the map of Frobenius reciprocity, sends s to § where 5(m) =
> g9 ® s(g~'m) and g runs through a set of coset representatives of Gy, in G.
So our formula for the quotient of the g-indices follows from

(c) Co([(8p) 1)) = ndim V—dim VG |Gp|dimV—2dimVGP '

We prove this whenever M is an 0Gy-lattice spanning the F'Gy-space V.

Since 0, is an isogeny between the two ends of the “Tate-sequence” AG, r—
ZGy — ZGy — AG) that is obtained from AGy — ZG) — Z and its dual, we are
allowed to replace M by any 0G,-lattice affording x [Ta2, Lemme 7, p.60].

In the computations to follow we may as well drop the index p and assume that
X is irreducible. Moreover, we may assume that n = 1. Denoting, temporarily, our
6 by 6(n) we have §(n) =n-6(1). Hence

[6(n)ar] = [6(1)ar] + [coker(Hom, (M, A)¢ 2 Hom, (M, A)S)].

The second summand has length n(¢AG) = pdimV—dim V'

If  is trivial, we are in the situation o = Z, M = Z and, observing (AG®)¢ =
0 = (AG)%, we have

Co(82) = 1/4,((AG")G) = Lo (H MG, AG?)) ™t = (,(H°(G,Z)) "t = |G| o .

If x is non-trivial, we employ the commutative diagram

AG® — 7ZG — ZG ) JU— N
AG o 7G T with the augmentation on the right hand side.
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‘We obtain

H™%(ZG) — Hom,(M,AG®)¢ — Hom,(M,ZG)¢ —» Hom,(M,ZG)c
Y e
Hom,(M,AG)® — Hom,(M,ZG)¢ — Hom,(M,Z)% - H'(AG) .
As x # 1, Hom,(M,Z)% =0 and so H=%(ZG) = H~'(AG®) = H°(Z) = 0. Also,
the middle G is an isomorphism, since Z@ is free. Hence [6y;] = [Hom, (M, ZG)¢).
The length of this has been computed in [Chl]; see also [We, §13, after the Claim
in Step 1 of the proof of Theorem 8]:

o (Hom, (M, ZG)g)
=4, (coker(Homo(M7 7.G)¢ AN Hom, (M, ZG)G)) = |G[dim Vo
We now pass to A and show that also

Al()Z)/A(DZ) _ H ndimVGF’—dimV|Gp|2dimVGF’—dimV '
pesiam

For that we recall from Lemma 7 that

(/e = ] <k’g;—N")>dimV"*’ det(1 — gy (V710 /75,
peSram P
and so
A () /AR) = Ri(0ex) J] (eplog(Np)XVR(x) " er ()"
peSram
d _ () im V pdim VG — dim V%
W =Ty LL o lome Y o)

x det(1 — ¢y | Ve /VCe)~L,

In order to compute the quotient of the regulators stack diagram (4), tensored with
R, on top of

RoA — R® E —» R®E
() ld LA LA

R®°A — R®V — RV, ,
the rows of which are (3) and (1). The left vertical map d is defined by the diagram.
It follows readily that Ri(Y)/R(x) = det(ds | Homcg(V,C @ °A))~t. By (4),
d6 sends a generator 1 ® k, € R ® AG) to d(1 @ n(|Gy| — Gy)). To compute
this we view it as an element of R ® V, by means of (5), which, by (3), equals
M=a(1®@n(|Gy| — Gyp)),1 @ n(|Gy| — Gp)) which, in turn, by Lemma 5 is

AM—a(1®@n(|Gy| - dp))) +n(|Gyl — ép)j\(l @ 1p)

=- Z log |a(n(|Gp| — Gp))lp @’
p’eS
+n(|Gy| — Gp)(—log(Np) @ pp + Z log a(1y)lp ®p')
p’esS
= —nlog(Np) ® (|Gp| - ép)ﬂp = —nlog(Np) @ ypky ,
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by Proposition 1(b). It follows from Frobenius reciprocity that under the identifi-
cation

Homee (V,C® °A) = €D Homeg, (V, AGY)
pesiam
the map dé corresponds to €D, ¢ gram (—n10g(NP)(yp)yr), in the notation of Propo-
sition 1(c).

Thus
Ri(x)/R) = ][] (—nlog(Np)) =A%) det((yp)p) !
pEeSram
= [I (~nlog(Np)dim Ve =dimV qet((y,)) ",
pesiam

as (x,AGY) = (X, AGy) = dimV — dim VC». By combining this with Proposition
1(c), we obtain from (d), with the abbreviation z = dim V» — dim V,

A1(X)/A(X) = [ 77 (log(Np))* det(1 — 6y )ej |Gyl ep™ ¥ (log(Np)) ™V
% |Gp|dimVGP ep— dim V& (log(Np))—dimVGP det(l . (bp)—l
_ H pdim VP —dimV|Gp 2 dim VEr —dimV
p
Proof of Lemma 8. Clearly 6 is surjective. Moreover, since #’ in the commutative
diagram
Homo (M, N)ir 2> Homg (M, ind$ N)e
I H |G
Hom, (M, N)? %5 Hom, (M, ind§ N)E
is an isomorphism, we have
ker(6) — H™'(H,Hom, (M, N)) - H™*(G,Hom, (M, ind% N)).

Thus ker(f) = 0 if, and only if, the map on H~! is an isomorphism. Since M is an
oG-lattice, this assertion can be shifted to dimension 0.

7. STEP 3

In this section we start out from a set S satisfying S = S;am and clg = 0, and
let S1 =S UGp; for a prime p; of K.
We are going to compare g-indices and A-numbers by means of the commutative
diagram
\Y — Vi — Z[Gpl]
Ly L In
E — E - Z[Gp]
in which the upper row is induced by Z[S] — Z[S1] — Z[Gp1], on taking V =
AS , Vi = AS; into account, and the lower row by uy — Zg mod Gy, Vgp, (u1)gp1
for u; € Fy.
Moreover, we have chosen an isogeny ¢’ : V — FE and the identity map on
Q[Gp1] in order to get a ¢} : Q ® V1 — Q ® Ey, making the diagram commute on
the Q-level, and obtain ¢, ¢1,n by scaling with an appropriate 0 # n € Z.
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We first show that
. G ~. .
01(x)/a(x) = (n|Gy, NPV det(1 — oy, | V/VE) o
Namely, from the diagram above we obtain

H™2(Z[Gp1)) =2 Hom, (M,V)e — Hom,(M,Vi)a — Homs(MZIGpil)c
lom L(e1)m lny
Hom,(M,E)® +— Hom,(M,E)® — Hom,(M,Z[Gp:1]))® — H'(E) — H(E;)
and so
[(p1)n] = [onr] = [im(6-2)] + [nas] — [ker(H' (E) — H'(Ey))]
[ker(H (V) — H™'(V1))] + [nar) — [ker(H' (E) — H'(E))]
[TLM] )

by Theorem 2. From the definition of the map njy; and Z[Gp1] = indgPl 7 we get
[na] = [HY(Z[Gp1])] — [H Y (Z[Gp1])] + [coker(n|Hom,g (M, indgpIZ))]
= [H*(Gy,, M)] — [H"(Gp,, M)] + [coker(n|NT%+1)]

by Shapiro’s lemma with M = Hom, (M, 0) and by Frobenius reciprocity. Taking
lengths and noting that Gy, is cyclic we get

dim V&1

q41(x)/4(x) = (Herbrand quotient of Gy, acting on M) x (n)
= (n|Gp, )™V det(1 — ¢y, | V/VEm) o

The Herbrand quotient part of this is additive in x, hence can be checked on
irreducible characters of G, [We, Proposition 8].
Turning finally to A it suffices to show that

. G ~. -~
AL (X)/AX) = (=n|Gy, )™V det(1 = ¢y, | V/VEra)7h
Because of Lemma 7 this reduces to proving

Ri(X)/R(X) = (—nlog(Np;))im Ve

which directly follows by combining the commutative diagram

CRE — C®FE -—» C[Gp1]
LA LA | —log(Np1)
Ce®V — C®V; —» C[Gpl]

with the diagram at the beginning of this section and applying Homca (V) - ).

8. GENERAL REDUCTIONS

For the purpose of stating the following proposition and its corollary we write
ax/k(x) for the ideal a(x) in Theorem B.

Proposition 9. (a) ag/; is additive, i.e. ar/p(x1+ x2) = ax/k(X1)ar/k(x2) for
characters x1, x2 of G.

(b) ar/i(1) = (1).

(¢) Let G’ be a subgroup of G with fized field K'. Then for any character x' of
G" we have ag /g (X') = aK/k(indg,X’).

(d) If G' is normal in G and X a character of G = G/G’, then ay:,(X) =
ar/k(Infigx).
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(a), (b), and (c) follow from [Ta2, pp.31,60] with a replaced by ag for a large
set S; (d) has been observed in [Chl] in the form a, () = aAinﬂ%Y) for a given
isogeny AS % E and a derived ¢’ : AS’ — E', where S is the set of all primes of
K’ which lie below the ones in a sufficiently large set S. For details see [We, §11].
So Proposition 9 is a direct consequence of Theorem B, since a is independent of S
and the special choice of an isogeny.

Corollary. ag/i(x) is determined by the ag /1 (x'), where K'/k' runs through the
cyclic subextensions of K/k and x' through the corresponding characters.

This is merely the above proposition combined with the Brauer induction the-
orem by which we can write a given x as a Z-linear combination of characters
induced from linear characters of subgroups G’ of G.

We next start out from a given embedding ¢ : AS — E and describe a procedure
by means of which we obtain an isogeny ¢ : V. — E = E & ZG", r = rg. Our
ultimate goal in this section is to give a(x) in terms of .

We begin by choosing and fixing an infinite prime, say co, in S, and defining

firstly, 0o :ZS — AS @ Z by p s (|Glp — Goo, 1)

and secondly, for p € Stam,

op W) — AG) ® Z by W) > v — <|Gp|u - Lp(V)GpT]p,Lp(I/)) where ¢, is
the inertial augmentation at p and 7, is as in Proposition 1(a),

bp : AGy) — AG, by Ky — |Gyl — Gy,

These are ZG-maps, respectively ZGp-maps, which fit into the commutative dia-

grams
AS — 7S — 7 AGg — Wg — 7
LG Lo [ L+|Gy | oy |
AS — ASOZ — Z AGg — AGg D7 — 7
le le@l [ L 6y Loy LGy
E — FaoZ — 7 AG, — 7.Gy — 7

where @, abbreviates the composite of the map 6, ®1 and the map AG, ®Z — ZG,
given by (z,z) — x + 2G,. We combine these maps and arrive at the map ¢4 in
the following diagram:

vV — ZSeW —» Z
l® Loy I

E — EFEOZOZG"™ — 7

On ZS this map is determined by the left diagram above; on °W it is

(0, Z indgpbpa Z indgp(%op))'

peSram peSram
The lower row maps (u, z, ) to z.

Definition. The isogeny ¢ : V — E associated to the given p: AS — E is the

composite map V — V 2, E. where p is defined by the above diagram.
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Proposition 10. Let G be abelian and define o' = O[I%I]' If x is an irreducible

character of G with representation space V', then
_ det(Ap | Homeg(V,C® AS)) Lo ((0 @ cl)X)

!
a Y =
(x) cs(X) Lo ((0" @ coker(p))X)
where cl is the S-class group of K and XX = e, X is the x-eigenspace of the o'G-
module X.

The proof of the proposition splits into two parts, one being concerned with q
and the other with A. We first turn to q,(x), where x is a linear character of the
abelian group G, and let M = o’Ge, = o’e, be the o’G-lattice affording x, where
ey = ﬁ > gec x(g71)g is the primitive idempotent belonging to .

Claim. qy(x)o’ = Lo ((0o/ @ coker(9))X) /Lo ((0o' @ cl)X).

The o’-ideal g, (x)o’ is the g-index localized by o — o', so the computations to
follow will take place in K¢T'(o’) rather than in K¢7'(0). This has the benefit that
the localized Tate cohomology groups H'(G, Hom, (M, o’ ®7 X)) are all zero, where
X is a finitely generated ZG-module.

We first look at the diagram

which yields

d — V —» V %) = [Hom, "®c
Ly Lo [f[ﬂﬁ]o;la[fa(?\l},o_’ gl 21)5] e
E = E =[Homy g (0'ex, o' ® cl)] = [(o' ® cl)X] and
a) loar] = [@ar] = —[(0” @ cl)X].

By restricting ¢4 to °W — ZG" we arrive at the commuting diagram
AS — V - w
le e Loy
FE - E - ZG"

)

which, in KyT'(0'), gives

b) Pal = 1ey,] = (p4)al.

From the definition of ¢, : Home (0'ey, AS)q L Hom, (0'ey, AS)E =
Hom, (0’ey, E)¢ we obtain
c) )] = (o ® coker(¢))X],

since we are in K(T'(0’) and since taking y -eigenspaces is thus an exact functor.

Adding a), b), ¢) and applying £, will give the claim once we have shown that
[(p+)m] = 0 in KoT'(o'). To that end write o1 = P gram indgp(cppop) and use
Frobenius reciprocity in order to arrive at

[(p+)ar] = [(0/ @ coker(p))X] = Y [(0" @ coker(ippop))¥*],

peSram

where x,, is the restriction of x to G,. We are left with proving [(o’®@coker(pp0y))X?]
=0 in KoT'(0").
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For this we suppress the index p. If y is non-trivial, then e, (o’ ® W) = exo'k
and o sends the element e, s to
expo(r) = exp(|Glr,0) = |G| (1G] = G) = |G ey

If x is trivial, then e, (o’ ® °W) = e, 0'n and e, 7 is sent to

exp((IG =G, 1) =exo( —e) alg)gr , 1)
97#1

= ex(IG| - é) Z —ea(g)g + exé = |Gley,
g7#1

where we have used Proposition 1(b). Since |G| is a unit in o', we see that indeed
[(0/ ® coker(pa))X»] = 0.

Turning to A,, we define \y : E®Z & ZG" — C @ (ZS ® W) by Ay (a, z,b) =
Aa,b) + ﬁ(éoo, 0) in order to get the following commutative diagram:

CeV — CeZSe’'W) - C

1% Lot |
(C®~E — C(FE®Z®ZG") —» C
LA P AL |

Co®V — Ce@Zse’W) - C

Composing the vertical arrows and applying Homcg (V, —) we get

d) det(A\p | Homee(V,C® V)) = det (Ao | Homeg(V,C ® (ZS & "W))) .

To handle this we build the commutative diagram

C®ZS — Cx(ZSae°'W)

- Ce'W
Im L Aty L2
C®ZS — C®((ZSe'W) —» Ce'W

where ~1(p) = Ap(|Glp — Goo) + H@éoo for p € S, while ~v2(py) = —log(Np) ®
(yp(IGp| — Gyp) + Gyp)pp for p € ST#™. This holds because

A (p,0) = As ((IGlp — Goc),1,0)

=X (£(|G|p — Goo), o) + ﬁ (Gioo, 0)
= <A£(|G|p — Goo) 4 |1?|GOO , O)

while A1 (0,pp) = A1 (0,1, ppop(pp)) with

s (pp) = 0p(|Gylop — Gomp , 1) = ¢ ((|Gp| — Gyp)pp 1)
= 0p(Wpkip 5 1) = yp(|Gp| — Gp) + Gy
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By Proposition 1(a),(b) this yields

A4 (0,pp) = Ay (07 1,yp(IGp| — Gyp) + ép)

- ~ ~ 1 -
=A (O,yp(|Gp| —Gy) + Gp) + (@GOO70>

whose image in C @ °W is

p (yp(|Gp| —Gy) + Gp) = —log(Np) ® (yp(|Gp| —Gp) + Gp) Pyp-
Now we get

det (A1 | Homeg(V,C ® (ZS & "W)))
e) = det (71 | Homge(V,C ® ZS)) - det (2 | Homeg (V,C ® °W))

and we use the obvious diagram

CeAS — C®ZS — C

LGae Im [
CeAS — C®ZS — C

to get

f) det (1 | Homeg(V, C ® ZS)) = |G|X29) det (A¢ | Homeg(V,C® AS)) .
We next compute the determinant of o using the identification
Homeg(V,C® "W) = e, (C @ W),

which originates in V' = CGe,, and the C-basis {eyp, : p € ST} of e, (C® 'W),
which comes from the CG-basis {p,} of C ® °W, to compute

Y2(expp) = —1og(Np) - x (yp(|Gp| - ép) + ép) ExPyp
and therefore

det (y2 | Homee(V,C @ °W))
) =TI [=108(¥p) - x (5p(1Gsl = Go) + Gy ).

p € Sram

Combining the formulas d), €), f), g) with the definition of A, we then get

)
A¢()Z) _ det()\£ | HOICnS(c(fZgV,C ® AS))

16109 TT [-2x (6ol — G + Gy

p € Sram

which together with the claim reduces to showing that x(y,(|Gy| — Gp) + G) is a
unit in o’
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If x|, =1 this is |Gy [; if x[o, # 11t is |Gp[x(yp) with y, as in Proposition 1.
But if x|,, # 1 we get x(yp) = —|Gplep, while if x|, = 1 then (Zlfizl igy ") x

2
—ei fy

(1—¢p ') = (by) — f, implies x(y,) = e%X(Z{ifl ip') = oD is again of the
type required.

9. [-ADIC REDUCTIONS

In this section, which, for the convenience of the reader, repeats the contents of
[We, §14], we assume the validity of Stark’s conjecture, so, by Lemma 3, a(x) is a
fractional o-ideal in F satisfying a(x)” = a(x?) for v € T.

For a prime [ denote by C; a fixed completion of an algebraic closure of the I-
adic rationals Q. Let F} be a subfield of C,; so that F}/Q is finite Galois containing
a primitive |G[*" root of unity. Suppose i; : F — Fj is a field embedding. If
x: is a Cj-character of G, then x; = 4;x for some F-character y and we define
aD(x1) =14 (a(x))ol where 0; is the ring of integers of Fj.

Proposition 11. (a) a®) is independent of the choice of i;.

(b) Suppose a(Il(),/k, (x1) = (1) whenever x; is a non-trivial linear C;-character of
a cyclic subextension K'[/k' of K/k which has degree prime to l. Then ag /i (x) is
relatively prime to l for all characters x of G.

(¢) Let K/Q be abelian. Then the above statement in (b) remains true with
K'/K replaced by cyclic subextensions of K/Q of degree prime to | such that k'/Q
are cyclic l-extensions.

Proof. (a) If i; is another embedding, then i; = ;7 for some v € ', so x; = 47X’
implies x; = 4;x with x = (x')?, hence 4; (a(x)) = i (a(x')") = 7} (a(x')) -

(b) The embedding 4; induces a prime [ on F above [. Let I denote the inertia
subgroup of ['in I' with fixed field F’. Let x' =m__ X7, an F'-rational character
(m € Z appropriate). Then a(x’) = [[[.c; a(x)?]™. As I fixes [, a(x’) is prime to [
if, and only if, [ is prime to a(y).

Now 4;x’ is defined over F] which is the maximal unramified subfield in F;/Q;.
By the claim below some power of i; (a(x’)) 0, = a¥) (i;(x’)) is the product of values
of al¥) on characters induced from those in the hypothesis, from which (b) follows
by the l-analogue of Proposition 9.

vyel

Claim. Assume that F//Q is an unramified extension containing all |G|*" roots of
unity of order prime to [. Then every Fj-character of G is a Q-linear combination
of characters induced from linear characters of cyclic subquotients of G of order

prime to .

Proof of the Claim. By Artin’s induction theorem we may assume that G is cyclic.
Decompose G = Gy x G’ into I- and ’-parts. Since the I-power cyclotomic poly-
nomials are irreducible over F}, there is a unique faithful irreducible Fj-character
of G; and this is a Z-linear combination of permutation characters. On the other
hand, F/G" splits completely.

The proof of (c) is similar. Induce the given x up to G(K/Q), then decompose
and inflate. Once more by the l-adic analogue of Proposition 9 it is enough to
look at the situation when k£ = Q and K/Q is cyclic. Applying (b) then gives the
assertion.
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10. THE RAMACHANDRA ISOGENY

From now on K/k is an extension of number fields which is contained in a
cyclotomic field and S is the set of all infinite primes of K.

o QG

| () Choose and fix a positive integer n # 2 mod 4 so

« K that K can be identified with a subfield of Q((),
Gl | where ¢ = (, is a primitive n*™ root of unity.

. Then ¢ — €>™/" embeds Q(¢) into C and the

restriction to K shall be our distinguished infinite
| 0 prime oo € S,.
[}

As in [Wa, p.147] we write n = []7_, p{* and n; = [[;c;p* for each proper
subset I of {1,...,s}.

Definition. (i) &, =[[;(1 —¢")(1—¢™).
(ii) £x = No(ey/k (€n), where Ng(¢)/x denotes the norm from Q(¢) to K.

Observe that €771 is a real unit in Q(¢) for any o in the Galois group G (Q(¢)/Q)
of Q(¢) over Q. Since the G-stabilizer of co fixes £k, there is a unique G-homomor-
phism ZS — K* sending co to k. It restricts to a map AS — E which we define
to be .

Proposition 12. Let x be a non-trivial irreducible character of G with represen-
tation space V. Then

det (Ap | Homgg (V,C® AS))
cs(X)

=11 |- II @) +1-4d@)) | [T(-By s
»x Pitfy ¥lx
even Odd
where 1 runs through all characters of G(K/Q) extending x and fy is the conductor
of 1. The symbol 1)(p;) is the value of ¥ on the Frobenius automorphism for p;, i.e.
Y is interpreted as a Dirichlet character modulo n/p;. We say that 1 is even if
inﬂggg(/%g@w is trivial on complex conjugation; otherwise it is odd, and B,  is the

generalized Bernoulli number [Wa, p.30]. Finally, ® is the Euler phi function.

Proof. As before, let e, = ﬁdeG x(g71)g be the primitive idempotent for
x. Thus e, = Zw\x ey, V =CGey and so, as x # 1,

Homee(V,C® AS) = e, (C® AS) =,CS =D e,CS= > e,CS.

vix ks

It follows that {ey00 : ¥|x, ¥ even} is a basis of Homcg(V,C ® AS) under the
above identification. On writing ey = g L ,eq (/g ¥(0 (0 —1) and KT for
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the maximal real subfield of K we compute

Ap(ey00)

- g LV

1 1
= g 2 ] 2 IR o0

=[KK+Zw o) log 2000

e K+ 2¢ o0') ) log [0 77 7Y o0
[KK+—ZZ¢ o) log|¢% | ((0') ) o
[Km—ZZw o (o)) ) log |60 | 0’00

K - K+ <Z¢ ) log |§K|oo> ey00 — 0.

Hence, with respect to the chosen basis, A¢ has diagonal matrix with diagonal

entries
TR K+ Zw Nlogl€klee = > (o ")logléy]
c€G(Q(C)/Q)
=2 Z &(U)ZlogI(l - ¢,
c€G(QC)/Q) I
since | . oo = | . KK and ¢, = [1;(=¢7™)(1 — ¢™)2. Identifying G (Q(¢)/Q)

and (Z/n)* we arrive at
2 > P(a)) logll— ¢ = —27,(V)L(1,¥) [ (®G5) + 1 - 4(p:))
a€(Z/n)* I pitfy

by combining the formulae® on lines -1 and -7 in [Wa, p.149]. Because of the
functional equation for the L-series, which in our situation reads [Wa, p.35]

(%)S/ZF(S/Q)L(S,QL) =Wy (%>(1_8)/Q r <1 o) S) L(1 = s,9),

where W is the Artin root number of 1, we obtain, since I'(1/2) = 7'/? and I has
a simple pole with residue 1 at s = 0: 2L(0,) = f1/2 L(1,%) = 7w () L(1, ).
Collecting terms we have

det (Ap | Homee (V,C ® AS)) = H [ —4L'(0, %) H (®(p5) +1—(pi)) ] -
¥x pitfy

even

3Later on we will have to look at Galois Gauss sums as appearing in [Fr1]. Washington’s Gauss
sum, which for clarity reasons we denote by 7. (1), will then have to be replaced by an l-adic
Gauss sum.
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So the proposition follows from the identity

cs() =[O H 1L, =TT 20,0 [[(-Bs)
) ¥

X Ylx X Plx
even odd even odd

which holds because of [Wa, p.31] and
ndg "Dy ="y, L(s,0) = [[ L(s.9) ,

Ylx Ylx
[ L'0,4)s 4 -+ if 1 is even,
L(s,v) = { L(O,0) +--- if 4 is odd.

Remark. The proposition implies that ¢ is an isogeny and that Stark’s conjecture
is true in our situation.

11. PLAN OF PROOF OF THEOREM A

In order to show that a(x) = (1) we show that a(y) is relatively prime to [ for
every prime [ and every character .

Fix a prime [. By Proposition 11 it suffices to prove a®(y) = (1) for every
non-trivial linear C;-character x = x; in the special case when K/Q is cyclic with
[t[K : k] and [k : Q] an [-power. Moreover, by the l-adic analogue of Proposition
9 we may assume x is faithful.

Let 0; be the ring of integers of a field F; C C; as in §9 and large enough that
there is an embedding i; : F — F;. With S and ¢ : AS — FE as in §10 we can
combine Propositions 11 and 12 to obtain N

1) a®(y) = s, (4 pis, (207) +1 - 2L(Pz'))) (o @)
s wa,odd B, £((0; ® coker ¢)X)

because 7; takes o' = o[1/|G]] into oy, as [ t |G|. Here, { = {,, and 1 runs through
the linear C;-characters of G(K/Q) extending x.

Let us say that y is even, respectively odd, if k is real and  is trivial, respectively
non-trivial, on complex conjugation when restricted to K (so considered in G). In
particular, k is now real until the last step.

Examining the lengths in the above formulae we will show

£((0r ® cl)X)
((0; ® coker p)X)

() ey if  is odd,
AT T2 T (@) +1 = D(p) )7 if x is even,
pix  pitfy

where M denotes the maximal abelian l-extension of K which is unramified outside
I, Li(s,x) is the l-adic L-function and g is the group of roots of unity in K.

This result for x odd follows by tensoring the diagram below with o; and
taking x-eigenspaces, because complex conjugation acts trivially on E/u, hence
(0@ E/p)*=0:

AS = AS
Lo !
po— E - Elu
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In the even case K is real. Consider the natural embedding £ — H‘Bll Us,
where Uy denotes the units of the completion Ky of K at a prime 9B|l. It induces
a:Zi®E — [y, Uy with Ug, the principal units in Ky, since I { |[Ugp : Ugl. By a
theorem of Brumer [Br] « is injective. From [Grl, pp.153-154] or [Wa, p.268, take
the [-part] we know that coker(a) is canonically isomorphic to the Galois group
G(M/L) where L is the maximal unramified [-extension of K, hence G(L/K) ~
Z; ® cl. Since K is real, the cyclotomic l-extension K, of K equals Kk, with ko
denoting the cyclotomic l-extension of k, and so K /k is abelian. Moreover, M
is finite over K, by [Wa, pp.266-267]. Since x # 1, this implies the finiteness of
(01 ®z, G(M/K))* .

We compose o with ¢ in order to get the injection

Zi®AS 5 7,0 B [[Ug.

P
Tensoring with o; over Z; we obtain
3) ((or®cl)X) (o ®z, G(L/K))X) - £((01 ®z, G(M/L))X)
£((01 ® coker(y))X) N £((0; ®z, coker(ag))x)

and apply Theorem 14 in §12 in order to arrive at (2).
Combining (1) and (2) yields

A1 L(0®cDX) e

D (x) = L(0, %) 1m if y is odd,
= (0, 9G(M/K))X) .

T -RAL,(1,x) I x 1s even,

since, in the odd case, [, (=B ;) = [1,, L(0,%) = L(0, X), with the last equal-
ity reflecting the induction property of the L-series.
From Iwasawa theory we finally get that a()(y) = (1) in both cases of the above
formula, by Theorem 15 in the even case and by [Wi2, Theorem 3] in the odd case.
With respect to the latter observe that in Wiles’ theorem the field F) is our K
and so the group H, there is the class group ¢/, up to G-isomorphism. Consequently,
by the theorem,

(01 @ el)X| ~1 L(0, ) ™[ (01 @ )X,

as its extra hypothesis is satisfied by [Wi2, p.556, line -4], since | # 2 if x is odd.
The odd case follows because of the relation |o; ® X|o; = ¢(0; @ X)l°0%] between
the group order and the o;-length of a finite group X.

Finally we must reduce the general case to the case that k is real. Let k* be the
maximal real subfield of k and assume k # k™. Since k/Q has I-power degree this

forces [ = 2.
K Decompose indg(K/ k) x into irreducible characters and let
N XT be the character of G(K+/k™), with K+ the maximal
k K real subfield of K, which inflates to one of the two con-
+
stituents of indg(K/k )X~ Then the extensions of x™ to
k* characters of G(K*/Q) inflate to the even extensions 1 of

X-
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By (1) we thus have, using an obvious notation,

a®(y) Ly U0z ®el)X) - £((02 ® coker L)
a®@(x*t) H L f((0g @ clt)XT) - (02 ® coker )x)

Plx
odd

At this stage we look at

res +
AS  — AS where N = Ny g+ is the

—+
be e norm map.
po— B = BT~ EY/N(E)

The action of G on AST and E* can, via the natural isomorphism G ~ G+ =
G(K™*/kT), be identified with that of G*. Taking now y-eigenspaces we obtain, in
KOT(UQ),

[(02 ® coker ™)X ] — [(02 ® coker )X] = [(02 ® E¥/N(E)X"] — [(02 ® p)X] .

The exact sequence E/uE™ x EY/(EY)?2 - EY/N(E) , with left term E/uE*
a cyclic group of order 1 or 2 [Wa, Theorem 4.12, p.39], hence G-trivial, yields
(020 EX/N(E)X'] = [(02 @ E*/(E"))*)X"], as x # 1.

Since Q2@ ET ~ Q2®AS™ and since GT has odd order, we have 0o @ (ET/+1) ~
02 ® AS*, hence £((0o ® Et/(ET)2)X") = {((02 @ ZS+/228T)X") = 27Uy,
because x* # 1 and ZS™ has GT-character [k : Q] ind?+(1).

As a®(xT) =1 by k' real, we have

@ oy _ (o2 ®cl™)X) . 1.
a®(x) = 74((02 @ 1)X) (Odglx B ;) 1

N
where cl~ is defined by the exact sequence cl~ » ¢l — cIt [Wa, Theorem 10.1,
p.184].

Assume now that 2 does not ramify in K. Then g = {£1}, so £((02® p)X) = (1).
Therefore a(® (y) = (1) is equivalent to

1
Wz )= [] 5Biy
odd|x

which follows from [Ge, Theorem A, p.453] on writing

(o2 @c ™)) = ] oz @cl™)y).

oddy|x

12. [-ADIC LOGARITHMS AND L-FUNCTIONS, RESOLVENTS AND GAUSS SUMS
We shall need a small variation of an old trick [Wa, p.71].

Lemma 13. Let G be a subgroup of an abelian group H and f : H — C; a function
satisfying f(hg) = f(h)x(g) for h € H, g € G, where x 1is a linear character of G.
Then, if X is a set of coset representatives of G in H,

det (™)), o = 10 ﬁ S oY (k) )

P|x heH

where the product runs over all linear characters ¢ of H extending x.
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Proof. Consider the C;-linear map on C;He, given by multiplication by f =
>eex f(@)z™t. With respect to the basis {z7'ey : 2 € X} it has matrix
(f(zy™)ayex); with respect to the basis {e, : |x} it has diagonal matrix

with diagonal entries > .y f(z)¢(z7!) = ﬁEher(h)@/J(h_l) since f(hg) =
f(h)x(9)-

Theorem 14. Let K/k be an extension of real subfields of Q(¢,) with cyclic Galois
group G of order prime to l. If x is a non-trivial linear C;-character of G, then

¢ (o1 @3, coker ap)¥) = Li(L,x) [T(2 T @@§) + 1 = 4(pm)) )

YIx  pitfy
with o and ¢ as in (3) of §11.

Proof. We begin by composing ap with the [-adic logarithm log = Hm“ logy to
get

LoAS 5 70E S [[us <5 [[ Ky -
Bl Bl

This permits us to use o;-lattice indices on the space F] ®q, Hm“ Kq (which are
defined for arbitrary pairs of lattices on the same space). We prove

(1)
€ ((0; ®z, coker(ap))X)
= || 01 ®z HD‘I* (01 @z, im(logag)) ™|/ £ | (01 @, Hfm)x ’
T Ryl

where Og and Fsp are the ring of integers and the residue field of K, respectively.
To that effect we work in K¢T'(0;) and choose a sufficiently large natural integer
t so that (0; ®z, im(ap))* D (01 ®z, [, (1 +P*))X and so that logg : 1 +P* — P

is an isomorphism. Then
[(Ul Rz, Coker(ag))x] = [(Ol Rz, H U;%;/l + spt)x] — <Ol Rz, I—I(%O“gt)) ] .

Since im(ap) ~ Z; @ AS has no torsion,
[(o0 @z, im(ag)/ T+ %) X} = [(o1 @2, m(logag)/ T mt)x} ,

while [(Ol Rz, HU%/l + ‘ﬁt)x] = [(01 Q7 HD@p/‘ﬁt)X} — [(Ol Rz, HDm/‘I})X} n
KoT(o0;) follows from

[Uk/1+ 7] = Z i = 3
1 =1

1=

= [B/B] = [Op/B] — [Op/FB]
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in KoT(Z;Gg) by inducing to G and taking eigenspaces. Combining these two
equations yields

[(01 ®2, coker(ag))x]

- Kol ®z, %)X} — l(oz Rz, mili)%g))xl - [(oz Rz, Hfm)x} :

from which (1) follows by taking lengths.

The elements e, (1 ® p) € (0; ® ZS)X = (0; ® AS)X, p € S,, form an 0;-basis
of (0; ® AS)X. We write (logap)e, (1 @ p) as an [j-linear combination of a given
0;-basis vy, ..., g of (0; @z, [[Op)X :

[k:Q]
(a) (log agp) (ex(1®p)) = D aipvi, p € S
i=1
Thus
X
(2) 0; ®7, HDqg : (0, ®z, im(log a)) X | = det(a;p)o;.

Bl

The group G acts on the right on the set of Q-embeddings of K into C;. Let
{s : K — C;} be a set of orbit representatives. Each s extends to an Fj-algebra
homomorphism

F}®QLHK‘B:F}®QL (Ql@QK):B®QKi>Cl,
Bl

which when applied to (a) gives the equation

(b) (5(10g 042) (ex(l ® p)))p)s = (ai,p)p,i(svi)i,s
of matrices over C;. Taking determinants yields
(3) det(a;p) = det (s(log a)(ex (1 @p))) / det(sv;).

We first turn to the numerator and prove
det (s(log ap)(ex(1® p)))s)p

4 .
W ~ T 2@ ma o - 201 T @6 +1- )| -

Plx pitfy

where ~; means equality up to [-units in C; and 7;(x) is the “l-adic Gauss sum”
of the l-adic character y. Namely, if x = 4;(x’) for an F-character x’ and an
embedding i; : F — C;, then 7;(x) is defined to be 4; (7(x')) with 7(x’) denoting
the usual Galois Gauss sum [Ma, p.48]. Changing the embedding varies x’ by Galois
conjugation over Q and so, by a theorem of Frohlich [Ma, p.50], 7;() is well-defined
up to multiplication by a root of unity, which is irrelevant in (4).

To prove (4) we define X to be the set of coset representatives of G in H =
G(K/Q) such that S, = {zoco : x € X}. Fix an embedding s; in the set of all
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Q-embeddings of K into C; and choose {s1y~1:y € X} as our set {s: K — C;} of
G-orbit representatives. With p = 200 and s = s1y~! we have

s(log ap)(ex (1 ©p)) = s(log a) |G| Y oxlghHeerT g

geG
S xg ) @loged ™"
geG
g1
|G| Z x(g™1)s1 log (&7 ).

geqG

On writing s; log = log; s1 with log; : C;* — C; defined as in [Wa, p.50] the above

T -1 . _
is ‘1@ Ygea x(g7h) logy s1 (€5 ?) because x # 1. With f(h) = ﬁ dgeax(g™h) x
log; sl(gﬁ(g) we obtain from Lemma 13

det (s(log ap)(ex(1@p))) s.p

=11 =5 S wh™) Y x(g7 ") log; s1(62)
|G|

P|x heH geG
wix U hen

by substituting 2 ~g for h. Let ¢ = ¢,. Since K is real, £x = Noey i ([1,(1—-¢"1))?
and so, inflating ¢ to G(Q(¢)/Q), the above ¢-term equals

ﬁ ST G tog sy ([ (1 - ¢ty
heG(Q(¢)/Q) I
~2 Y d(a)log(JT (1= (s10)™)) -
a€(Z/n)* I

By the l-adic class number formula [Wa, p.63] and the calculation given at the end
of p. 152 and the beginning of p. 153 in [Wa] we get that our determinant

~ T |2tz - 201 TT @) +1 - d0)

Plx pitfy

where we have replaced Washington’s Gauss sum 7, (1)) by 7;(3). These agree by
the functional equation; compare [Wa, p.29] and [Ma, p.48].
We now turn to the denominator in (3) and show

(5) det(sv;)s,: ~i Hdk 10,7 (Xa)
all

where dy, /g, is the discriminant of kq/Q; and where x4 is the restriction of x to a
decomposition group G of g.
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In order to prove (5) we choose the basis {v;} according to the decomposition

(01 @z, [[Om)* = (v @z [[[]O% )X

Bl qll Blag
= 1o @z [T 9% )¥ =] (0r @z, D)%,
qll Bla qll

where 9 denotes a fixed prime of K above q. The last equation is Frobenius
reciprocity from [ [y, Op = indgD (Dq).

We now put special 0;-bases {UE:') 11 <iq < [kq:Q} of (0, ®7, Oq)Xa together
in order to arrive at a basis {v;} which will be appropriate for proving (5). Since
[1]G]|, the extension K/k is tame and so Oq free over 0,Gq (with 04 denoting the
ring of integers in kq). Hence if ag € Oq generates an integral normal basis, then

W= (10ul)ey, (10ag)

(0:®z,09)X is free on e, (1®ag) over 0;®z,04. We set v;_
with {ugj) 11 <iq < [kq:Qi} a Z-basis of og.

We also work with a well-chosen set {s : K — C;}. We are allowed to do so
because (3) is independent of the choice of embeddings and (4) is changed by the
root of unity [, x(gs), if s is replaced by sgs with g5 € G, since (sgs)(log ap)e, =
s(log agp)gsey = x(gs)s(log ap)ey.

For each q|! fix an embedding sq : K — C; inducing our Q on K and a set X
of left coset representatives of G, 1, in G, (with Gy, for a field L, denoting the
absolute Galois group of L). Then our set {s : K — C;} shall be ;{7450 : 74 €

X4} Here the extended Fj-algebra homomorphism sq : F; ®g H‘Wl Kq — Cj has
SQ/(vgs')) =0 if ¢’ # q. Thus we obtain

det(svi)s,i - Hdet(ﬁquQ’UE:))'yqai‘l :
all

For (5) it therefore suffices to show det(*quQvg:')),yq,iq ~l dllcﬁQl Ti(xq) for each q.

Now

1 _
Tsavl) =msanl T D2 Xalg™)(sa)(gan)

2 geGqa

and so

det(ygsqui®) ~1 det(rgsqui™) [T (D0 xalg™)(vasa)(gag) ) -
Yq€EXq 9€Ga
.o41/2 12
The first factor is dSD ko /Q = qu/QL'

To deal with the second factor we do transport of structure via sg. The natural
identification g «— v of Gq = G(Kq/kq) with T'q = G(sqKq/sak,) satisfies
sag = vsq; it defines x; on I'q by x;(7) = xq(g). Hence

> xalg)(esa)(gaa) = D x4(v ) (vavsa)(ea)

g€EGqa v€la

=7 (X () A(saan)) = " (saan |77 X;)
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where (- | - ) is the resolvent of [Frl, p.29].* Taking the product over 74 € X, gives
the norm resolvent N x, /g, (s9aalxy) [Frl, p.31] and this, in turn, is ~; 71(x5) ~
Ti(xq) by [Frl, p.127, Theorem 23|. This proves (5).

In order to complete the proof of our theorem we finally show

(6) [17(0) ~1 gm0 ~ [T 40 mixa):
Plx qll
© Lty = [J Lo
Plx
0 [T - 2= < t(tor s, [T )
Ylx Bl

Together with (4) these yield
det (s(log cup) (ex (1 @ p))) op
~e 0y L1, )o@z, [[Bp)) [T TT @) +1 - 9:)).

Pl YIx  pitfy

This multiplied with the inverse of the right hand side of (5) becomes

det(aip) ~ Li(L, )00 @z, [[Kp)) [T T (@05 +1=4())) ,
pyy YIx  pidfy
by (3). Then (1) and (2) finish the proof of Theorem 14.

Proof of (6). From [Ma, p.48] (where W (1)) is a unit) we get
[17) ~ JIwW @) W(indg(K/Q)X)(findg<”@>x)l/2
Plx Plx

= W) Niso(f) a5 ~ n(x)dy)g

The discriminant part of the second relation is standard while the Gauss sum part
follows from

7(x)= Il 7(xq) [Ma,p49] and 7(xq)~ 1forqfl [Ma,p.39].

finite q

[Ma, pp.18,22-23].

Proof of (7). By [Gr2, p.81] we have L;(s, x) = L(s, indg(K/Q)(x)) =[1yy La(s: ).

Proof of (8). For Blq|l let e and f denote the absolute ramification index and
residue degree of q, respectively, and I the inertia group of B|q. Also, let k4 be the
residue field of £ at q. Then

[1%s =[IT] & = [[0d? (q) = [[ind§ (F]) = (ind{m;) /e
Pl qll Blq qll qll

and 0; ©z, [Ty, Ky = (ind¥ (0;/10;))*Q/¢ Since 1 1 |G], the x-eigenspace has
length

1 O BEinaf (1)) 0, = { ll[k:QVe o, if x|I =1,

else .

40ur Galois action is on the left.
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—1
On the other hand, Hw\x ( — @) = Hllf}x m ~; I* with b counting
w

the 1 above x whose conductor is coprime to [, hence (1) is a root of unity. Look
now at the diagram below in which I’ is the inertia group of P|l, so I =I' N G.

G(K/Q)
By [Se, pp.109,111], f, Z 0 mod ! if, and only if,
GI' Y|I' = 1. Of course, there are [G(k/Q) : GI'] =
o P [k : Q]/e many of these if x|I = 1, otherwise there
are none.
I

13. THE CONNECTION TO IWASAWA THEORY

This section pieces together facts from the literature which yield

Theorem 15. Letl be a prime, K/k a cyclic extension of real fields of degree prime
tol, and M the mazimal abelian [-extension of K which is unramified outside 1. If
I =2 assume that K/Q is abelian and not ramified at 2. Then, if x is a non-trivial
faithful linear C;-character of G = G(K/k),

0 (01 @z, G(M/EK))) = 27" L1, x)o;

where 0; is unramified over Z; and large enough to contain the values of all C;-
characters of G.

In the proof of the theorem we shall have to look at characteristic polynomials
of finitely generated modules over the Iwasawa algebra A = o;[[T]] [Wa, p.114],
[Ko, p.12]. If f,g € A, then the notation f ~ g indicates an equality f = gh with
a unit h € A. With respect to ~ we can write each characteristic polynomial as
a product {™G*(T) where m > 0 and G*(T) is a distinguished polynomial [Wa,
§7.1]. Since K Nky = k, as follows from [ { [K : k] [“x is of type S”] , we have
Li(1 = s,x) = Gy(u® — 1) with G, (T') € A [Wil, p.494]. Here u € Z; satisfies
nY = n* for all I-power roots of unity 1 and a topological generator v for the
Galois group I' = G(ks /k) of the cyclotomic Z-extension ko, of k.° The first main
ingredient of our proof now is

. "™xGE(u® —1) if [ # 2,
_ ~ X
) Lt =520 { o QG (uf — 1) if I =2.
Supposedly m, = 0 but we will not need this. So only the case I = 2 has to be

explained. As K/Q is abelian, all irreducible C;-constituents 6 of indg(K/ Q)(x)
are linear. They are of type S, since the ramification assumption on K implies
K N Qo = Q. By the induction property of the l-adic L-series [Gr2] formula (i)
for [ = 2 follows from the corresponding formula with respect to the base field Q
which holds because of the vanishing of Iwasawa’s y-invariant for Q [Wa, Theorem
7.15, p.130]: for this implies that the power series f(T,0) € Zo[[T]] in Lo(s,0) =
f(u® —1,0) of [Wa, Theorem 7.14, p.127] is precisely divisible by 2 in Zo[[T1].

5Not to be confused with the earlier mentioned Galois group G(F/Q) which does not show up
in this section.
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We now turn to the case [ # 2 and draw a diagram which displays the fields we
have to work with.

Moo
(; is a primitive root of unity of order [ and
H=K((), D)=G(H/K). Set D =G(H/k),
L so G=D/D".
K is the cyclotomic l-extension of K,
MY, N Hoo = H-Ku;
NNL M/ is the maximal abelian [-ramified -
extension of Koo, L =M/ - Hu;
Hy
M M., is the maximal abelian [-ramified [-
extension of H,,, N the maximal abelian ex-
Ko tension of H in My, and M = M, N (NNL).
H
K
G
k

We first list some observations.

(1) Heo is the cyclotomic l-extension of H.

(2) L is the mazimal abelian extension of Koo in Me.  For, if L' denotes
that field, then L’ D L and G(L'/K) splits into the direct product of its Sylow
l-subgroup and a subgroup isomorphic to D’. The fixed field of the subgroup is
M/, as it is an l-ramified [-extension of K., containing M/ .

(3) NN L is the maximal abelian extension of K in My,. This results from
NN L/K and M. /K being Galois extensions, so M/K is one as well. Since
(INNL: M|Il) =1, the group [G(N N L/H),G(N N L/M)] of commutators of
elements in G(NNL/H) and G(N N L/M) vanishes and N N L/K is thus abelian.
On the other hand, the maximal abelian extension of K in M, contains H and so
is contained in N. As it also contains K, it is a subfield of L by (2).

(4) The D’-invariant elements in G(N/NNL) are trivial. Set U = G(N/NNL).
So U is an abelian I-group and H¥'(D’,U) = 0. Consequently, U?" = Np /U and
ker Np, = Ip/U (in the obvious notation). Now, U/Ip/U is the Galois group
of an extension F//N N L,F C N, which uniquely corresponds to an extension
F'/L, F' C LN C M.

We show that F’ is abelian over K. Since both N and N N L are Galois
extensions of Ko, sois F as Ip/U is D’-stable. Moreover, U/Ip U is D’-trivial and
consequently F'/ K, is abelian. Therefore F' = LF is abelian over K.

From (2) we obtain F' = L and thus F = NNL and IpU =U. Soker Np, =U
and ND/ =1.

(5) M is the maximal abelian extension of K in M. . By (3) it is abelian.
If there was a bigger abelian extension, then its compositum with N N L would
properly contain N N L, contradicting (3). As a corollary, M is indeed the maximal
abelian [-ramified l-extension of K.

(6) Inflate x from G to D. Then 0;®z, G(N/NNL) is an 0, D-module satisfying
(0; ®z, G(N/N N L))X = 1. Namely, ox = x(o)r = z for ¢ € D’ and z €
(01 @2, GIN/N (L)X, Apply (4)
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Set Y = G(My/Hy),Y = G(INNL/Hy) and T' = G(Kx/K) = G(Hx/H).
Then by the definition of N, Yr = G(N/Hx), and by (3), Yr =Y. We can identify
Y and G(M/K ). Now, on tensoring the two exact sequences

G(N/NNL)— Yr —»?, GM/Kx) — GIM/K) » G(Kx/K)

with 0; over Z; and then taking y-eigenspaces we arrive at

(01 ®z, Yr)X = (01 ®z, Y)X , by (6),
(0[ Xz, G(M/K))X = (Ol Xz, G(M/KOO))Xa

since, as has already been observed in §11, K. /k is abelian and y # 1.

Remember that we are interested in (0; ®z, G(M/K))X. Because of the above
we may replace this group by (0; ®z, Yr)X and are in position to apply results of
[Wil].

By the Main Conjecture [Wil, Theorem 1.3, p.496] (0; ®z, Y)X is a finitely
generated A-torsion module and has characteristic polynomial [ G(T) with some
m, > 0 and the G, from (i).

By [Gr3, p.91] or [Ko, p.42, Corollary 1.7.10] (where the F' there is our H and
the X is our Y, see p.25) Y, and so (0; ®z, V)X, are without finite submodules, from
which together with [Wa, p.318] or [Ko, p.14, Proposition 1.4.1] it follows, firstly,
that £(((0; ®z, Y)X)V) = (1) and, secondly, that

(00 ®2, Y))r) = IG5 (0)or.

As Ho. /k is abelian, e, and vy commute and so ((0; ®z, Y)X)r = (0; ®z, Yr)X. Thus
we have arrived at

(((01 @z, Yr)¥) = 1" "™ Ly(1, X)o; -

We are left with showing m, = m/ .
Let w denote the Teichmiiller character and X, the Galois group of the maximal
abelian unramified [-extension of H,,. Then

lm,xG;‘((T) = characteristic polynomial of (0; ®z, XOO)Xfl“’at w(l4+T)" =1,

This is [Ko, p.61, Theorem 1.9.9]% with the following changes in the notation: in
the diagram of fields on p. 56 in [Ko] we identify E with our k, F with our H, A
with our D, F., with our Hy, and his K with the fixed field of ker(x~'w), which
is totally complex since Y~ 'w is odd as y is even.

Combining the above formula with [Wil, p.497, Theorem 1.4] gives the desired
equality of the p-invariants:

mly = (G 0y 10(u(1+T) 7 = 1) = p(™ G (u(l + ) = 1)) = m, .

6Tt is also possible to get this by generalizing arguments from [Iw, §5], [Gr1, §2], [Lil, §§6,7],
using [Wil, Theorems 1.2,1.3].
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We finally consider the case [ = 2 and, to that end, look at the field diagram

Mo
in which ¢ = v/—1.
, Loo Ko, Hy are the cyclotomic 2-extensions
M of K and H, respectively.
Mo, M’ are the maximal abelian 2-
extensions of K, K, respectively, which
are unramified outside 2 and the infinite
iy He, primes.
L is the maximal abelian unramified 2-
K . extension of H.o.
B=K(i) Set X = G(Lw/Hx) and ¥ =
G(Ms/Ko).
K
k

Because K/Q is abelian and not ramified at 2, hence K N Qo = Q, we are in
the situation of [Grl, §2]. Define ¢ = x~'w, where w is, as before, the Teichmiiller
character.” Since y is faithful on G, the odd character 4 is faithful on G(H/k) and
is of type S. By [Wil, Theorem 11.1, p.539]

(ii) Gilu(l+T)"'=1)

is the characteristic polynomial of v — 1 acting on (Fh ®z, X)¥.

The assumption ¥p(p) # 1 made in the quoted theorem is satisfied for each
linear character p of G(ko/k) and each prime p of k above 2. For G(Hky/K)
is the inertia group for p in Hks /k because p is unramified in K/k and totally
ramified in ko (7)/k. Since ¢p is odd, its kernel does not contain G(Hks/K).

Define X’ to be the Pontrjagin dual® of the direct limit of the Sylow 2-subgroups
cln(2) of the class groups cl,, in the ntt field H,, in the cyclotomic tower Hoo/H,
where the maps ¢l,(2) — ¢l (2) are induced by the inclusions H, — H,, for
m > n. Then X' is quasi-isomorphic to X as follows from [Iw, Theorem 11, p.266];
see also [Grl, p.145]. Because of [Grl, §2] (Fy ®z, X')¥ and (Fy ®z, Y)X have the
same characteristic polynomials. Here the dot on X’ refers to a new action o of ~
on X', namely yoxr =u-y 1(x), v € X'.

Combining with (ii) we see that G (T') is the characteristic polynomial of v —1
on (F2 Rz, Y)X

By [Grl, Proposition 8, p.151] the torsion subgroup of 02 ®z, Y is pseudo-
isomorphic to A/(2)[G(K/Q)], hence that of (02 ®z, Y)X to (A/(2)[G(K/Q)])X. As
x has multiplicity [k : Q] in the regular representation of G(K/Q), (02 ®z, Y)X
has p-invariant 2/%@ and thus characteristic polynomial 2[#:Q Gy(T). From [Gr3,
pp.93-94] we know that Y has no non-trivial finite A-submodules. As in the odd
case we deduce, by (i),

(02 ®z, Yr)X) = 280G (0) = La(1,x) -

7So the role of ¥ and x is the opposite of [Wil, Grl].
8In [Grl] X and X' have just the opposite meaning.
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Now Yr = G(M'/K) is an extension of G(M/K) by G(M'/M). We show
(iif) G(M'/M) = Z/(2)|G(K/Q)]

as G(K/Q)-modules and obtain, on taking y-eigenspaces, (02 ®z, G(M'/M))X ~
(02/(2))%Q from which the theorem follows.

Proof of (iii). Denote by M’, M the maximal abelian extensions of K which are
unramified outside 2 and infinity, respectively outside 2 only. Let E’, E be the
closures of the units £ of K in ¥ X [[gyo Up , [Igqo Uy , respectively. Here Uy is
the unit group in the completion Ky of K at 3 and X is the direct product of cyclic
groups C,, = {£1} with v running through the real infinite primes of K. The map
E — Us is induced by the embedding K — Kg; B2 — C,, is the signature of v on
E. From [Wa, Corollary 13.6, p.268] we get the exact sequence E qu Up —
G(M/K}) with K}, denoting the Hilbert class field of K. In the same way, namely
by replacing U’ by 3 x ]_[q3|2 Ugp and U" by 1, 1ea RZ0 X 1, complex C* X H‘WZ Ug
in [Wa, p.268], we obtain E’ ~— ¥ x g2 Up — G(M'/K},). Observe that both
sequences are G(K/Q)-module sequences. They yield the commutative diagram

% = ExlgpUp = IlgpUs
1= 1 !
GM'/M) —  GM'[Kyp)  — G(M/Kp)

with surjective vertical maps. So our claim follows on taking 2-parts, because

S ~ 2/(2)[G(K/Q)).
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