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SUPPORT VARIETIES
FOR INFINITESIMAL GROUP SCHEMES

ANDREI SUSLIN, ERIC M. FRIEDLANDER, AND CHRISTOPHER P. BENDEL

The representation theory of a connected smooth affine group scheme over a field
k of characteristic p > 0 is faithfully captured by that of its family of Frobenius
kernels. Such Frobenius kernels are examples of infinitesimal group schemes, affine
group schemes G whose coordinate (Hopf) algebra k[G] is a finite-dimensional local
k-algebra. This paper presents a study of the cohomology algebra H*(G, k) of an
arbitrary infinitesimal group scheme over k.

We provide a geometric determination of the “cohomological support variety”
|G| = Spec H(G, k) analogous to that given by D. Quillen for the cohomology
of finite groups [Q]. We further study finite-dimensional rational G-modules M
for arbitrary infinitesimal group schemes G over k. In a manner initiated by J.
Alperin and L. Evens [A-E] and J. Carlson [C1] for finite groups, we consider
the variety |G|y C |G| of the ideal Iny = ker{H®(G,k) — Extf(M,M)} and
provide a geometric description of this variety which is analogous to that given by
G. Avrunin and L. Scott for finite-dimensional modules for finite groups [A-S].

This paper is a continuation of our recent work establishing the finite generation
of H*(G, k) [F-S] and investigating the infinitesimal 1-parameter subgroups of G
[S-F-B]. Earlier work of E. Friedlander and B. Parshall [FP1], [FP2], [FP3], [FP4]
and J. Jantzen [J1] concerning the cohomology of restricted Lie algebras are forerun-
ners of the results presented here: finite-dimensional restricted Lie algebras are in
1-1 correspondence with infinitesimal group schemes of height < 1. Our main theo-
rems (Theorems 5.2 and 6.7 below) when restricted to infinitesimal group schemes
of height < 1 significantly strengthen previously known cohomological information
for restricted Lie algebras.

An interesting aspect of our work is the extent to which infinitesimal 1-parameter
subgroups v : G4,y — G for infinitesimal group schemes G of height < r play
the role of elementary abelian p-subgroups (and their generalizations, shifted sub-
groups) for finite groups. Indeed, much of our effort is dedicated to proving that co-
homology classes are detected (modulo nilpotence) by such 1-parameter subgroups.
This is first done in §2 for unipotent infinitesimal group schemes, using an induc-
tion argument made possible by a structure theorem presented in §1. This structure
theorem is the analogue in our context of a theorem of J.-P. Serre characterizing
elementary abelian p-groups [S].
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The proof of the detection theorem for arbitrary infinitesimal group schemes over
k relies upon a generalization of a spectral sequence introduced by H. Andersen and
J. Jantzen [A-J] which presents the cohomology of an infinitesimal kernel G/, of a
reductive algebraic group in terms of the cohomology of the infinitesimal kernel of
a Borel subgroup. Our generalized spectral sequence is presented in §3, enabling
the proof in §4 of the general detection theorem (Theorem 4.3).

The detection theorem demonstrates the essential injectivity of the natural map
considered in [S-F-B]

¥ HY(G, k) — K[V (G)],

where V,.(G) is the scheme of infinitesimal 1-parameter subgroup schemes v :
Ga(ry — G of an infinitesimal group scheme G over k of height < r. The essential
surjectivity of ¢ (more precisely, surjectivity onto p"-th powers) is a main result of
[S-F-B]. This is formalized in Theorem 5.2 which presents a geometric, noncoho-
mological description of the cohomological support variety |G| of G. Corollary 6.8
gives a similarly geometric, noncohomological identification of |G|y C |G| for any
finite-dimensional rational G-module M. We conclude in §7 with a few applications
of these descriptions, applications analogous to results obtained previously for the
cohomology of finite groups.

E. Friedlander gratefully acknowledges the hospitality of the University of Hei-
delberg.

§1. 1-PARAMETER COHOMOMORPHISMS

In this section, we investigate properties associated to homomorphisms G —
Ga(s), homomorphisms which we call 1-parameter cohomomorphisms. Even though
the main theorems of this paper concern the interpretation of the cohomology of an
(infinitesimal) group scheme G in terms of 1-parameter homomorphisms G,y — G,
such 1-parameter cohomomorphisms arise in our inductive analysis of a unipotent
group scheme G.

We remind the reader that an affine group scheme is said to be unipotent if it
admits an embedding as a closed subgroup scheme of some Uy, the group scheme
of strictly upper triangular matrices of GL .

Lemma 1.1. Let G be an affine group scheme over k.

(a) HY(G,k) = Homg, (G, Ga) (as abelian groups).

(b) If G is infinitesimal of height < r, then HY(G,k) = Homgr /(G Ga(ry).

(¢) Homg, k(G,Gy1y) = ker{F : HY(G,k) — H'(G,k)}, where F is induced
by the Frobenius map F : G, — G, using the identification of (a).

(d) If G is a nontrivial unipotent group scheme, then H(G, k) # 0.

Proof. Part (a) can be seen directly from the standard cobar resolution used to
compute H*(G, k). Part (b) then follows formally from (a). Part (c) follows from

the short exact sequence 0 — G,y — G, £ Gq — 0. Finally, part (d) is well
known (see, for example, [D-G], IV.2.2.1) and can easily be proved as follows.
Embed G as a closed subgroup of some Uy C GLy. Denote by X% (1 <4, < N)
the standard coordinate functions on GLy. Find an integer n > 0 such that all
functions X*J/ with 0 < j—i < n vanish on G and such that there exists some X %70
with jo — 49 = n which is nontrivial on G. Then X%+° : G — G, is a nontrivial
group homomorphism. O
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SUPPORT VARIETIES FOR INFINITESIMAL GROUP SCHEMES 731

We shall employ the following familiar result.

Lemma 1.2. Let ¢v : G — H be a surjective homomorphism of unipotent group
schemes. If * : H*(H,k) — HY(G, k) is an isomorphism and if * : H*(H,k) —
H?(G, k) is injective, then 1 is an isomorphism.

Proof. The Hochschild-Serre spectral sequence associated to the extension of group
schemes

1—>N—>Gi>H—>1

gives the exact sequence
0 — HY(H, k) *= HY(G, k) — H'(N, k) — H2(H, k) *> H*(G, k).

Thus, our hypotheses imply that H!(N, k) = 0. Since H is unipotent, we conclude
that H'(N, k) = 0 and thus by Lemma 1.1(d) that N is the trivial group scheme.
O

For future reference, we recall the following computation of the cohomology of
G, and its infinitesimal subgroups G ).

Theorem 1.3 ([CPSvdK]). (1) Assume that p # 2. Then the cohomology algebra
H*(Gg, k) is a tensor product of a polynomial algebra k[xy,xa,...] in generators x;
of degree 2 and an exterior algebra A(A\1, 2, ...) in generators \; of degree one. If
p = 2, then H*(Gg,, k) = k[A\1, Ae,...] is a polynomial algebra in generators \; of
degree 1; in this case, we set x; = \2.

(2) Let F : G, — G, denote the Frobenius endomorphism. Then F*(x;) = xit1,
F*(X\) = Xig1-

(3) Let s be an element of k and use the same notation s for the endomorphism
(multiplication by s) of Ga. Then s*(xz;) = P z;, s*(Ai) = s ;.

(4) Restriction of x; and \; to Gy is trivial fori > r. Denoting the restrictions
of xi and X\; (for i <r) to Gy, by the same letter we have

H*(Ga(r)vk‘.) :k[dfl,...,ll,,«]®A(A1,...,)\T), p#2a
H*(Ga(r)7k> :k‘.[Ala"'aAT]a p:2

Lemma 1.4. Denote by m : G, x G, — G, the addition homomorphism. Then
(b) m*(z;) =z; @1 + 1 ® z;.

Proof . The first statement is evident. In proving the second one it suffices (in
view of Theorem 1.3(2) to consider the case i = 1. Moreover we may assume,
extending scalars if necessary, that the field & is infinite. Theorem 1.3(3) shows
that the element m*(z1) — 71 ® 1 —1® 21 € H (G, k) @ HY(G,, k) has weight
p with respect to the diagonal action of G,,. On the other hand, the weights
appearing in H!(G,, k) @ H'(G,, k) are of the form p’ + p/ with 0 < 4,5. This
implies immediately that the above element is trivial unless p = 2. However in the
case p = 2 our statement is trivial since in this case x1 = A} O

Remark 1.4.1. Alternatively in case p # 2 one could use the formula z; = —3Py()\;)
[M] and the properties of the Steenrod operations.
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Corollary 1.5. For any ¢ : G — Gy, set
zy = ¢*(v1) € HX(G, k).

Then
(a) xip =tPay for any t € k.
(b) Tpyy =y + 290 for any ¢,¢" : G — Gy

Proof. Part (a) follows immediately from Theorem 1.3(3). Part (b) follows from
Lemma 1.4(b). O

The proof of the following theorem is inspired by the original argument of
J.-P. Serre characterizing elementary abelian p-groups in terms of their cohomology
algebras [S].

Theorem 1.6. Let G be an infinitesimal unipotent group scheme of height < r
with the property that Homg, i (G,Gay) is 1-dimensional spanned by some ¢ :
G — Gqy. Then either G = G5 for some s <1 or xy € H?(G, k) is nilpotent.

Proof. Let s be the least integer such that F* : HY(G,k) — H'(G,k) is 0. Then
¢ can be written as ¢ = F*~!(¢) for some v € H'(G,k). Moreover it’s clear
that s < r and the elements v, F (1), ..., F*71(¢)) = ¢ form a basis of H!(G, k).
The homomorphism 9 : G — G, induces an isomorphism * : Hl(Ga(S), k) —
HY(G,k): the basis A1, A2,...,\s is mapped to the basis 1, F(v),..., F*~1(v).
Lemma 1.2 implies that either 1 is an isomorphism or the ideal

I=Ker{y" : H*(Gqs), k) — H* (G, k)}

contains a nonzero element of degree 2. Since 1* is a map of modules for the Steen-
rod algebra [D], [P], I is stable with respect to action of the Steenrod operations
Pi, BP for p # 2 and Sq’ for p = 2.

Observe that z4 = ¢*(z5) € H?(G, k). Thus, the theorem follows from the
following proposition.

Proposition 1.7. Let I C H*(Ga(s k) be a k-submodule stable with respect to the
action of the Steenrod operations P*, P for p # 2 and Sq* for p = 2. If I contains
a nonzero element of degree 2, then some power of x4 lies in I.

Proof. We first assume that p # 2. Here is a tabulation of the actions of P?, 3P?
on the generators x1,... ,ZTs, A1, ..., As.

(a) POa;) = F*(2:) = ziv1; PO(Ni) = F*(N) = N1 4
(b) ’PJ(;UZ) =0,7>1,06Pi(x;)=0, j>1; PI(\)=0=p8P(\),j>1.
(c) P(w:) = o}
(d) BPY(N) = —ai; P (2:) = 0.
(e) P (xF) = 2Pk if m = k; P™(aF) =0 if m # k.
Here (a) is a direct consequence of the usual construction of Steenrod operations
[M], (c) is a defining axiom of the Steenrod algebra action, and (b) follows from the
dimension axiom. The first part of (d) is proved in [M] using the theory of Massey
products, whereas the second statement follows by applying the Adem relation.
Finally, (e) follows from the Cartan formula using induction on m.

Let © = 37, _;aij\idj + Y, apwy be a nonzero element in I N H?(Gys), k).
Assume first that all coefficients a; ; are 0. Find the smallest ¢ such that a, # 0.

: 0\s—0 __ prxs—4L —pt 0\s—¢
Applying (P°)*~* =F to x, we conclude that zs = a, (PY)~%(x) € I.
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If some coefficient a; ; # 0, then by applying to = an appropriate power of P°
we may assume that a; ; = 0 for j < s; thus,

x—Zals)\ As —i—Zabxb

1<s

Now apply the operation SP!BPC. Using the Cartan formula
BP (u-v) = ngj(u) P (0) 4 (=) DI () - BP (v)
§=0

and the above tabulation, we easily compute that

—BP'BP(x Z a; Sa:1+1xp
i<s
Using the Cartan formula and (e) above, we conclude that PP applied to the right
hand side of the above equality yields

2
0
Pp((g afysxiﬂ)x” =P( E azsa:H_l - PP (xP) E azst_z

1<5 1<s 1<s

Successively applying the operations PP°, PP’ ... we conclude that 27° *1 € T
provided that ¢ is the least integer for which a; s # 0.
2k+1

For p = 2, the proof has exactly the same form with pr' replaced by Sq and
BPP" replaced by S+, O

§2. THE DETECTION THEOREM
FOR UNIPOTENT INFINITESIMAL GROUP SCHEMES

We prove in Theorem 2.5 below for G/k a unipotent infinitesimal group scheme of
height < r and z € H*(G, k) that z is nilpotent provided that its restrictions via all
1-parameter homomorphims v : G4,y ®; K — G ® K are nilpotent where K is an
arbitrary field extension of k. We prove this theorem for the cohomology algebra
H*(G,A), where A is an associative unital rational G-algebra. Consideration of

such A of the form IndgL"(” k will be required in our proof (in §4) of the detection
theorem for H*(G, k) for arbitrary infinitesimal group schemes G.

Throughout this section, G will denote an infinitesimal group scheme over k£ and
A an associative, unital rational G-algebra (i.e., A has structures of an associative
unital k-algebra and of a rational G-module which are compatible in the sense that
1o € A€ and the multiplication map A ®, A — A is a homomorphism of rational
G-modules).

The following lemma is an explicit statement of the usual graded commutativity
of the cohomology of a Hopf algebra.

Lemma 2.1. H*(G,A) is a graded H*(G, k)-algebra with the property that
pa(@) -y = (=1)""y pa(z) , =€ H"(G,k),y € H"(G,A),

where pp : H*(G, k) — H*(G, A) is induced by the unit 1o : k — A. In particular,
pA(H (G, k)) is contained in the center of H*(G,A).

We next give an explicit statement of the multiplicative nature of the Hochschild-
Serre spectral sequence (cf. [E]).
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Lemma 2.2. Let
1-N—-G—H-—1

be an extension of affine group schemes. Then the Hochschild-Serre spectral se-
quence

D" = HP(H, HU(N, A)) = HP (G, A)
has a natural algebra structure. In particular,
FYH™(G,A)) - F/(H™(G,A)) C F*™ (H"™ ™ (G, A))

where F'(H™(G, A)) is the (decreasing) filtration associated to this spectral se-
quence.

The following proposition is a reformulation of the “Quillen-Venkov Lemma”
[Q-V] in our context.

Proposition 2.3. Let f : G — Gg1) be a nontrivial homomorphism of affine
group schemes, and let z € H"(G,\) satisfy 2\ger f = 0. Then 22 is divisible by
pA(CL'f) S H2(G,A).

Proof. Denote Kerf by N and consider the Hochschild-Serre spectral sequence for
the group scheme extension

1-N—GL G, —1,

EY? = HP(Goqy), HY(N,A)) = HP9(G, A).

This spectral sequence admits an action of H*(G(1), k) compatible with the action
of H*(Gg(1y, k) on H* (G, A).

The periodicity of the cohomology of G, (1) with respect to multiplication by
x1 € H?(Gy1), k) shows that the natural map z; : ES? — E§+2’q is surjective
for p > 0 and bijective for p > 1. An easy induction on r shows further that
rp @ EP1 — Ef“’q is surjective for p > 0 and bijective for p > r — 1. Thus
x1 : B2 — EPF24 is gurjective for all p > 0. In other words,

FPR2(H"2(G, ) = pa(y) - FP(H™ (G, A)) + FPH(H" (G, A)).
Using descending induction on p, we conclude that for p > 0
FP2(H™2(G, A)) = pa(ay) - FP(H™(G, A)).

Finally, the kernel of H"(G,A) — H"(N, A) coincides with F1(H"(G, A)), so that
z € FY(H"(G,A)). Lemma 2.2 implies now that

22 € FX(H™(G, M) = pa(zy) - H (G, A).
O

Lemma 2.4. Assume that r > s and consider the canonical projection Go(y —
Gas)-  For any rational Ggs)-module M, the induced map in cohomology
H*(Gy(s), M) — H* (G, M) is injective.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SUPPORT VARIETIES FOR INFINITESIMAL GROUP SCHEMES 735

Proof. (See also [J], 11.10.14.) Let u; € k[Gy()]# = (k[t]/t?P)# (0 <i <r—1)
be a linear function defined by u;(t/) = 6, ;. The algebra k[G,()]# is equal
to k[uo, ..., ur—1]/(uf, ..., uf_y) (cf. [S-F-B], 1.4). In the same way, k[Gy)]# =
klug, ..., us—1]/(uf), ...,uf_;). The homomorphism k[Gq]# — k[Gas)]# takes u;
to Uj—rys if © > 7 — s and to zero otherwise. The statement follows since there is
an evident splitting of k-algebras k[G,s)|# — k[Gq(r)]# (which is not a homomor-

phism of Hopf algebras). O

Theorem 2.5. Let G be a unipotent infinitesimal group scheme over k of height
<r and let A be an associative unital rational G-algebra. If z € H™(G, A) satisfies
the property that for any field extension K/k and any group scheme homomorphism
V:Gary@r K — GRi K over K the cohomology class v*(zx) € H™ (G @k K, M)
is milpotent, then z is itself nilpotent.

Proof. Observe that if z;, € H"(Gp,Ar) is nilpotent for some field extension L/k,
then z is itself nilpotent. Thus we may assume, extending scalars, that the field &
is algebraically closed.

The theorem is trivially valid if dimgk[G] = 1. Proceeding by induction on
dimk[G], we may assume that the theorem has been proved for all unipotent
infinitesimal group schemes H over fields K/k with dimxK[H] < dimk[G]. For
notational convenience, we shall abuse notation in the remainder of this proof by
writing x4 for pa(xe).

Assume first that dimgHomeg,/x(G,Gq1)) = 1 and let ¢ : G — Ggy(1) be a
nontrivial homomorphism. If G' = G, for some s < r, then the theorem follows
immediately by employing the canonical projection v : G4,y — Gq(s)—see Lemma
2.4. If G is not isomorphic to G for any s < r, Theorem 1.6 implies that
x4 € H?*(G, k) is nilpotent. Let H = Ker ¢ C G. By induction, 2y € H"(H,A)
is nilpotent; say (z5)" =0 € H™(H,A). Proposition 2.3 now implies that x4
divides 22V, so that z is nilpotent.

Assume now that dimyHomg,/,(G,Gay) > 1 and let ¢1,¢2 1 G — Gy be
linearly independent homomorphisms. Set ¢ equal to

o= Yll/p¢1 + Ygl/p¢2 G K — Gy @k K

where K = k(Yll/ P Y21/ P) is a finite purely inseparable extension of the rational
function field k(Y7,Y2). Our induction hypothesis implies that there exists N > 0
such that (z%)u{er » = 0and also (2™)|Kker ¢; = 0. Proposition 2.3 shows now that
z, divides 22V and also x4, divides 22V,

We write 22V € H>"W(G @y K, Ak) as

m m
R =ws (O aivi) =Y ai - {(Yizg, + Yaxg,) - i}
i=1 i=1
and write
m
PN =z, - (O biv)
i=1
for some elements a; € K, b; € k and some linearly independent elements vy, ... , vm
€ H>N=2(G,A). We may consider the first of the above formulas as a system of

linear equations in variables a1, ..., a,, with coefficients in the field k(Y7,Y3). Since
this system has a solution in K, it really has a solution in k(Y7,Y2) as well (i.e. the
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a; may be chosen in k(Y7,Y3)). Eliminating denominators, we conclude that there
exist polynomials Py, ..., P, Q € k[Y1,Y3], @ # 0, such that

(2.5.1)

Q1. Ya) - 2°N = Pi(V1,Y2) - {(Yizg, + Yoxs,) - vi} € HN(G, A) @4 k[Y3, Ya).

i=1

Replacing P; and @ by their appropriate homogeneous components we may even
assume that P; and @) are homogeneous and deg P; + 1 = deg @ for all .
Define the k-vector space

W ={we H"N(G,A): zw =0 for some £ > 0}.

To prove that z is nilpotent, it suffices to show that 22" € W. Since 22V is a linear

combination of x4, - v;, it suffices to show that x4, -v; € W for all i =1, ...,m.
If T4, - v, Ty, - v are linearly dependent modulo W for some v € H*"N=2(G, A),
then

i, - U+ taTy, U= (xt}/%ﬁt;/%z) ve W
for some 0 # (t1,t2) € k?. Applying our induction hypothesis to Ker ¢, where
¥ =161+ 1,762 : G = Cuqr),

and using Proposition 2.3 we conclude that x divides an appropriate power of z.
Since zy - v € W, we conclude further that z*- v = 0 for some £ > 0 and hence
T, -V, Ty, -v € W. In other words, if x4, - v, ¢, - v are linearly dependent modulo
W, then both x4, - v and x4, - v belong to W.

Modifying the linearly independent set v1,...,v,, of H**N=2(G A), we may
assume that xy, - v1,... ,24, - v; are linearly independent modulo W whereas x, -
Vjt1,--- ,Z¢, - Um belong to W (and hence 4, - Vjq1, ..., Ly, - Um € W). We want
to show that j = 0. Assume to the contrary that j > 0. Reducing the equation
(2.5.1) modulo W we obtain the following equation in H?"V(G, A)/W ®y, k[Y1, Ya):

J
(2.5.2) Q-z°N =) P - (Vi ™) + Ya(Ts, 0}
=1

Dividing both sides of (2.5.2) by the greatest common divisor of @, P, ... , P;, we
may assume that g.c.d.(Q,Pi,... ,P;) = 1. If deg @ = 0 so that each P; = 0,
then 22Y € W; this implies that z is nilpotent and hence W = H?>"V(G,A),
thereby contradicting the hypothesis that j7 > 0. If deg Q > 0, we use the fact
that k is algebraically closed to find 0 # (t1,t3) € k* such that Q(t1,t2) = 0 and
Pi(t1,t2) # 0 for some i (1 < ¢ < 7). Then

J
Zpi(tlat2){tlx¢1 U + t2Ty, 'Ui} =1Tg, -V + 12Ty, v=0¢€ HQnN(G,A)/W
i=1

where v = Zzzl P;(t1,t2)v;. As seen above, this implies that x4, - v € W. On the
other hand, this contradicts the assumed linear independence of z¢, -v1,... ,Z¢, -v;
modulo W. 0
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§3. A SPECTRAL SEQUENCE FOR FROBENIUS KERNELS

In [A-J], H. Andersen and J. Jantzen introduced a spectral sequence for a reduc-
tive (smooth) group scheme G and a rational G-module M,

EYt = H (G /BT, L(H (By), M) == H'"1(G sy, M),

which relates the cohomology of the Frobenius kernel G, to that of the Frobenius
kernel of the Borel subgroup B C G. As we observe below, this immediately
generalizes to arbitrary smooth group schemes. The purpose of this section is to
further generalize this spectral sequence so that it applies to rational G,.)-modules
M which are not necessarily modules for G.

Let G/k be a reduced (=smooth) affine group scheme. We recall that when k is
algebraically closed the Borel subgroup B C G is defined to be a closed, reduced,
connected, solvable subgroup scheme of maximal possible dimension. In general,
we will say that B C G is a Borel subgroup iff B ®y, k is a Borel subgroup of G ®y, k
(where k denotes the algebraic closure of k). Note that when k is not algebraically
closed not every reduced group scheme has Borel subgroups. Throughout this
section (if not specified otherwise) G will denote a connected reduced affine group
scheme over k and B will denote its Borel subgroup (thus we assume that Borel
subgroups in G exist).

The following proposition is a straightforward generalization of a fundamental
theorem of E. Cline, B. Parshall, L. Scott, and W. van der Kallen [CPSvdK] (see
also [K]).

Proposition 3.1. For any rational G-module M, the restriction map
H*(G,M)— H*(B,M)
is an isomorphism.

Proof. Since rational cohomology commutes with flat base change, it suffices to
assume that k is algebraically closed. If G is semisimple, then our statement is
precisely the theorem proved in [CPSvdK]. In the general case, let R(G) denote
the radical of G and compare the two Hochschild-Serre spectral sequences

EPY = HP(G/R(G), HI(R(G), M)) = H1(G, M),

E? = HP(B/R(G), H(R(G), M)) = H"*(B, M).

The proposition now follows since B/R(G) is a Borel subgroup of the semisimple
group G/R(G). O

Proposition 3.2. Let G be an arbitrary affine group scheme over k. Let further
H C G be a closed subgroup scheme, and let X = G/H denote the quotient scheme
with quotient map p : G — X. Then the functor M — T'(G,p*M) defines an
equivalence of categories between the category of quasi-coherent Ox -modules M and
the category of k-vector spaces M provided with the structures of a left k|G]-module
and of a rational H-module which are compatible in the sense that the multiplication
map k[G] @ M — M is a homomorphism of rational H-modules (H acts on k[G]
via the right reqular representation).

Proof. Since p: G — X is a faithfully flat, quasi-compact morphism, the theory of
faithfully flat descent [SGA1] tells us that the functor p* is an equivalence of the
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category of quasi-coherent Ox-modules and the category of quasi-coherent Og-
modules A equipped with descent data: an isomorphism ¢ : ¢f (N) = ¢5(N) of
Ocx yg-modules (where q1,¢2 : G xx G — G are the projections) satisfying the
usual compatibility property: ¢35(¥)q5 (1) = ¢i5(10). Moreover, since the scheme
G is affine, the category of quasi-coherent Og-modules is equivalent (via the functor
M +— M) to the category of left k[G]-modules.

The cartesian square (cf. [D-GJ, I11.1.2.4)

GxH -, @

ml l”
¢ 2o X

enables us to identify ¢1,¢2 : G xx G — G with m,pry : G x H — G. This shows
that descent data on M is equivalent to the data of a homomorphism

¢: M — MQEk[H]

satisfying the following properties:

(a) ¢ is a homomorphism of k[G]-modules provided that M ® k[H] is made into
a k[G]-module via the homomorphism m* : k[G] — k[G] ® k[H].

(b) The induced homomorphism of k[G] ® k[H]-modules

(k[G] ® k[H]) @+ M — M @ k[H]

is an isomorphism.
(¢) The following diagram (in which A denotes the diagonal map of the Hopf
algebra k[H|) commutes:

M — M®k[H]

¢l 11&I®Al

1
M o k[H] 2220 0w k[H] © k[H).

Finally it is not hard to see that conditions (a), (b), (¢) are equivalent to the fact

that ¢ gives M a structure of a rational H-module compatible with its structure

as a k[G]-module. O

Remark 3.3. Let N be a rational H-module. The k[G]-module k[G] ®; N has a
natural structure of a rational H-module (H acts in the given way on N and right
regularly on k[G]). This H-module structure is clearly compatible with the k[G]-
module structure in the sense described above and hence we get a quasi-coherent
sheaf on G/H which we’ll denote by L£(N). The theory of faithfully flat descent
shows that L£(V) is a locally free Og,p-module and it is coherent if and only if N
is finite dimensional. It’s easy to see that this construction gives the same result as
the one used in [J].

Proposition 3.4. Assume the notation and conventions of 3.2. Then for any
quasi-coherent Ox-module M, the Zariski cohomology H7, (X, M) is naturally
isomorphic to the rational cohomology H*(H,T'(G,p*(M))).

Proof. Tt is well known (cf. [Mi], IT1.3.7) that Zariski cohomology with coefficients
in a quasi-coherent sheaf coincides with fppf-cohomology. Starting with the fppf-
covering p : G — X of a scheme X, we may construct its nerve (i.e. the simplicial
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scheme X, with X,, = G Xx ... xx G (n + 1 times) and the standard face and
degeneracy operators). In a familiar way, this nerve determines a spectral sequence

qu = H?ppf(XQ’M) = Hgm"(XqﬂM) = H‘?;_qu(X7M) = Hg:ﬁ(X,M)

The scheme X, may be identified with G x H? and in particular is affine. Thus
the above spectral sequence degenerates, thereby identifying Hj, (X, M) with the
cohomology of the complex

(341)  T(G,p"(M)) — D(G,p"(M)) @ k[H] — D(G,p"(M)) @ K[H]®2 — ...
Finally (3.4.1) is the Hochschild complex computing the rational cohomology groups
of H with coefficients in I'(G, p*(M)). O

Let F" : G — G() be the r-th power of the Frobenius map, where G(") is the
r-th Frobenius twist of G (see, for example, [F-S], §1). The kernel of F", Gy, is
an infinitesimal group scheme of height » and F" induces an isomorphism

F":G/G =G
Proposition 3.5. For any rational G,.)-module M and any q > 0, the cohomology
group Hq(B(T),Indg(T) (M)) has the natural structures of a rational B -module
and of a k[G")]-module which satisfy the compatibility condition of 3.2.
Proof. Recall that the induced module Indgm (M) is defined to be (k[G]® M)%®,
where G, acts via the given action on M and via the right regular representation

on k[G], and where T ndgm (M) is given the structure of a rational G-module via the

left regular representation of G on k[G] and the trivial action on M. For any g > 0,
H(By, Indgm (M)) has the structure of a rational B-module on which B,y C B

acts trivially, hence the structure of a rational B(")-module. Moreover, the action

of k[GM] = k[G]%™ on Indg(r) (M) (by B(yy-linear transformations) determines an

action on H9(B,), I ndgm (M)). One readily verifies that the multiplication map
K[G") @ HY(B(y, IndG, (M) — H%(B), Indg,  (M))

is a homomorphism of rational B(")-modules provided that B(") acts on k[G(")]
via the left regular representation. To get the compatibility we need to change
the k[G("]-module structure using the automorphism of k[G(")] induced by the
automorphism of the scheme G("):

0:G" =G o(z) =2t
|

Definition 3.5.1. We denote by H%(B(,), M) the quasi-coherent sheaf on X =
G /B(") associated in view of Proposition 3.2 to H(B,), Indgm (M)) with the
above structures.

Theorem 3.6. For any rational G(,y-module M there is a natural spectral sequence
EYT = HP(X™) HY By, M)) = H"T9(G ), M)
where X" = G /B,
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Proof. Following [FP4], we consider the Hochschild-Serre spectral sequence
Ep? = HP(B"), HY(By, Indg,  (M))) = HP™(B, Indg, (M)).

By Proposition 3.1, the abutment may be identified with HPT4(G, Indg(r) (M)).

Since G/G(,y = G is affine, this can be identified with HP+(G .y, M) (cf. [J],
1.5.12). Proposition 3.4 implies that the E5'? term can be identified as

H?(B™), HY(By), Indg,  (M))) = HY (X", HI(B(y), M)).
O

Remark 3.6.1. If M in 3.6 is the restriction of a rational G-module (this is the
case considered in [A-J]), then the tensor identity (see [J]) shows that the quasi-
coherent sheaf H9(B,), M) is canonically isomorphic to the locally free sheaf
L(HY(B(y, M)).

§4. THE DETECTION THEOREM FOR INFINITESIMAL GROUP SCHEMES

In this section, we extend Theorem 2.5 to an arbitrary infinitesimal group scheme.
Our strategy is to use the spectral sequence of the previous section, valid for Frobe-
nius kernels of smooth group schemes, to reduce the detection theorem for Frobenius
kernels to the unipotent case. We then extend the validity of the detection theo-
rem to arbitrary infinitesimal group schemes G by embedding G in some Frobenius

kernel G L,y and identifying H*(G, A) with H*(G Ly, IndgL"(” (A)).
We begin with the detection theorem for Frobenius kernels.

Theorem 4.1. Let G denote a connected, smooth affine group scheme over k and
assume that there exists a Borel subgroup B C G. Let A be an associative unital
rational G y-algebra. If z € H"(G (), A) satisfies the property that for any field
extension K/k and any group scheme homomorphism v : Guiy @ K — G @ K
(over K ) the cohomology class v*(z2x) € H"(Go(ry @k K, Ax) is nilpotent, then z
1s itself nilpotent.

Proof. By [D-GJ, 1.4.6.9, since G has a k-rational point (namely, the identity),
G ®y, k is also connected. Thus, as in the proof of Proposition 3.1, it suffices to
assume that & = k. Consider the spectral sequence of Theorem 3.6:

HP (X, HI(B(,y, A)) = H* (G ), A).

This spectral sequence appears as the Hochschild-Serre spectral sequence corre-
sponding to the group extension

1—>B(T)—>B—>B(T)—>1.
By Lemma 2.2,
FU(H Gy, A) - FI(H™(Gy, A)) © FH(H™ (G, M)

On the other hand F'(H*(G(,y,A)) = 0 for i > dim X. This shows that the
ideal F'(H*(G(;),A)) is nilpotent and hence it suffices to show that the image of
z in HO(X™, H"(B(,),A)) is nilpotent. The k-algebra HO(X ™), H*(B(,),A)) =
H°(B™, H*(B(y,Ind A)) is a subalgebra of the k[G(")]-algebra H*(B(,), Ind A)
(here and in the sequel we abbreviate the notation I ndgm to Ind). Thus it suffices
to show that the image Z of z in H*(B,, Ind A) is nilpotent.
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Denote by I* the standard G(,-injective resolution of A: I™ = A®K[G ,)]®m+1)
(here G,y acts on I"™ via the right regular representation on the last tensor factor).
Note that I® is naturally a differential graded k-algebra. The differential graded
k[G™]-algebra J* = (Ind I*)B» satisfies H*(J*) = H*(B(.),Ind A). Let g be
any point of G and let ¢(") be the image of ¢ in G"). Consider the differential
graded k(g("))-algebra J* O] k(g()) and tensor it over k(g(") with k(g). To
understand the structure of the resulting differential graded k(g)-algebra assume
first that the point g is k-rational.

For any rational G(,)-module M, there is a canonical G, )-equivariant homo-
morphism €y : Ind M — M: f®m +— f(1)-m. This homomorphism is clearly
E[G()]-linear if we make M into a k[G()]-module via the evaluation at 1 € G(") (k)
map k[G()] — k. Consider further the composition

-1
Ind M 2— Ind M 2% M.

This homomorphism takes (Ind M)B» C Ind M to M9 ' Bw9 c M. Furthermore,
this homomorphism is k[G(")]-linear if we make M into a k[G(")]-module via the
evaluation at g(") € G(") (k) map. Thus we get a natural homomorphism

Oar : (Ind M)P®) @600 k(g™)) @ (g k(g) — M9 Bers,
The homomorphism 0,1 is an isomorphism as one sees from the following Carte-

sian square:

9 'Bg\Gy —— Spec k

(4.1.1) ngml gwl
By\G —— G)\G=GM

(To check that (4.1.1) is Cartesian, one realizes this square as the sheafification
in the fppf topology of a pull-back square of presheaves of sets of the same form
in which the indicated quotients are quotients as presheaves.) Hence, 0); is an
isomorphism for any injective G'(,-module M. This implies that

-1
(I* @xgio) k(g")) Oxigen) k(g) = (199 P02,

Using extension of scalars, one sees easily that the same kind of an answer holds
for any point g € G. More precisely, we have the following general formula:

-1
(J* ®riam) K(9™) @rigeny k(g) = (I° @k k(g))? P koD,

In this formula, we use the same notation g for the k(g)-rational point determined
by the point g € G. This formula implies, in particular, that

H*(J* @) k(9)) =H* (9" (Bry @k k(9))g, A @k k(g))
C H* (g7 Uiy @k k(9))g, A @ K(g))-
A direct computation shows that the image of Z in this cohomology algebra coincides
with the restriction of zy(y) € H™(G(ry) @ k(g), Ar(g)) t0 g~ (U @k k(g))g. Thus,
we get a cohomology class of the unipotent group g~ (U (r ®@rk(g))g with coefficients
in the associative unital rational algebra A ®j k(g) which restricts nilpotently (ac-
cording to our assumptions on z) to all 1-parameter subgroups of g~ (U, ®@xk(g))g-

Theorem 2.5 shows that this cohomology class is nilpotent. Since extension of
scalars from k(g(")) to k(g) gives an injective map in cohomology, we conclude that
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the image of Z in the cohomology of J® ®y g k(x) is nilpotent for each point
x € G, Finally we can use the following result.

Proposition 4.2. Let A be a commutative noetherian ring of finite Krull dimen-
sion and let J® be an associative unital differential graded A-algebra. Assume that
z € H™(J®) is a cohomology class such that for each prime ideal p € Spec A the
image of z in H*(J®* ®4 k(u)) is nilpotent. Then z is nilpotent.

Proof. We proceed by induction on d = dim A. Assume first that d = 0 (i.e., A
is an artinian ring). Since every artinian ring is (canonically) a product of local
artinian rings, A = [ 4; and similarly J® = [] J?, where J? is a differential graded
A;-algebra, we may further assume that A is local. In this case, we use an additional
induction on the length of the maximal ideal 9t(A) of A. If this length is equal
to zero, then A is a field and there is nothing to prove. Otherwise, choose any
nonzero element ¢ € M(A). Applying the induction hypothesis to A/tA and a
differential graded A/tA-algebra J®/tJ®, we see that there exists N > 0 such that
the image of 2~ in J*/tJ*® is a boundary. Replacing z by 2%V we may assume that
z is a cohomology class of a cycle of the form tu (u € J™). Since t is nilpotent the
statement is clear in this case.

Assume now that d > 0 and the statement has been proved already for differential
graded algebras over commutative rings of dimension < d. Consider the following
chain of ideals in A:

Annaz C Annaz? C Annaz® C ...

Since A is noetherian this chain eventually stabilizes. Replacing z by its appropriate
power we may assume in the sequel that
Annaz = Annaz? = ...

Denote this ideal by I. Let i € Spec A be a prime ideal of height < d. Applying the
induction hypothesis to A, and J; we conclude that the image of z in H*(J}}) =
H*(J*), is nilpotent which implies readily that I ¢ p. This shows that the only
prime ideals which could possibly contain I are maximal ideals of height d. Since
d > 0 we can find ¢ € I such that dim A/tA < d. Applying the induction hypothesis
to A/tA and J®/tJ*®, we conclude that (after replacing z by an appropriate power
of z) we may assume that z is a cohomology class of a cycle of the form tu with
u € J". Note that t-du = 0 and hence t-d(u?) = t- (uUdu+duUu) = 0. Thus tu?
is a cycle. Denoting the cohomology class of this cycle by y we obtain the equality
2% = ty and hence the vanishing z® = zU 22 = 2 Uty =tz Uy = 0. O

Remark 4.2.1. The proof of Theorem 4.1 can be much simplified provided that
one assumes that A is a rational G-algebra. In this case it suffices to show that
the image of 2 € H"(G(y, A) in H*(X ™, L(H"(B(,),A))) is nilpotent. One checks
readily that the fiber of the vector bundle L(H" (B, A)) at a rational point () =
g™BM e X (g € G(k)) coincides with H™((B9)(,), A). Furthermore the image
of z € H"(G(yy, A) under the composition

coincides with z|(pe) " Now the proof is easily concluded using Theorem 2.5 and
induction on the dimension of the support of the section

p(z) € HO(XT), L(H" (B, A))).
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In [S-F-B], we introduced for any affine group scheme G/k an affine scheme V,.(G)
of finite type over k, whose A-points for any commutative k-algebra A are in one-
to-one correspondence with group scheme homomorphisms (over A) G4,y @ A —
G ®r A. Let s € V.(G) be a point. This point defines a canonical k(s)-point of
V,(G) and hence an associated group scheme homomorphism over k(s) which we
denote

Vg : Ga(r) Rk k(s) — G R k(s)

Note that if K/k is a field extension and v : G4,y ®x K — G @}, K is a group scheme
homomorphism, then this data defines a point s € V,.(G) and a field embedding
k(s) — K such that v is obtained from v, by extending scalars from k(s) to K.

Theorem 4.3. Let G be an infinitesimal group scheme of height < r over k and
let A be an associative unital rational G-algebra. Then the following conditions on
a cohomology class z € H™(G, A) are equivalent:

(a) z s nilpotent.

(b) For every field extension K/k and every group scheme homomorphism over
K, v:Gyp) @r K — G® K, the cohomology class v*(zx) € H"(Gy() @k K, M)
is nilpotent.

(c) The cohomology class v} (zk(s)) € H™(Ga(ry @k k(s), Ag(s)) is nilpotent, for
every point s € V,.(G).

Proof. The equivalence of conditions (b) and (c) is obvious from the discussion
above. Clearly (a) implies (b). We now proceed to prove the converse.

Embed G in some G’ = GLy() and set A’ = Indg, (A). Thus, A’ is an asso-
ciative, unital rational G’-algebra. Moreover, H*(G,A) = H*(G',A’) as graded
algebras. By Theorem 4.1, it suffices to show that the element 2’ € H"(G', A')
which corresponds to z under the above identification satisfies the condition that
V' (2') € H(Gy(ry @k K, A ) is nilpotent for every field extension K /k and every
group scheme homomorphism v’ : G,y ®x K — G'®y K. We consider the cartesian
square

Ga(s) ®Qr K Y 5 G Rk K
(4.3.1) | |
Gagry @1 K G K

where the upper left corner is of the indicated form (with s < r) because it is a
K-subgroup of G,y ®x K. For notational convenience, we re-write (4.3.1) as

H%GK

l l

’

14
H ——— GY%.
Consider the homomorphism of rational H'-modules

0: Ay = Indg;}j (Ak) — Indg/(AK)
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determined by the adjointness of Ind and Res. This homomorphism is surjective.
To prove this consider the following commutative diagram of schemes:

’

H 2 G

le pcl
H/H " GG
According to our definitions, Indg;f (Ak) =T (G /G, L(Ak)) and Ind (Ax) =

I'(H'/H, L(AK)) (cf. 3.2 and 3.3). Observe that

e~

(pr)* (7 (L(AK))) = V" (05 (L(AK))) = V" (K[G'] ®K Ak)
= K[H'| @Kk Ak = (pu )" (L(AK)).

This together with Proposition 3.2 shows that v/ (L(Ag)) = L(Ag). Now, it
suffices to observe that v/ is a closed embedding of affine schemes.
We rewrite 0 (as a map of K-algebras) as

0: (K[G'] @k Ax)% = IndSE (Ax) — Indl¥ (Ak) = (K[H'] @x Ax)™.

Since Ker{K|[G'] — K[H']} is contained in the maximal ideal of the local artinian
ring K[G'], it is nilpotent. From this we conclude immediately that I = Ker 6
is also nilpotent. Now consider the following portion of the exact cohomology
sequence:

H™(H',I) — H"(H',A") — H™(H', Ind} (Ax)) = H"(H, Ag).

To prove that v/*(2%) € H"(H', A’) is nilpotent, we first observe that its image
in H™"(H, Ak) is nilpotent by our original hypothesis on z and Lemma 2.4, for this
image equals v*(zx ). Thus, replacing z by its appropriate power, we may assume
that v/*(z%) € H"(H',I) . Since I is nilpotent, the ring without unit H*(H’,I) is
also nilpotent and thus v/*(z%) is nilpotent. |

Since Exty(M,M) = H*(G, Endiy(M)) for a rational G-module M and as
Endp(M)g = Endg(Mg) if M is finite dimensional, Theorem 4.3 has the fol-
lowing immediate corollary.

Corollary 4.4. Let G be an infinitesimal group scheme of height < r over k, and
let M be a finite-dimensional rational G-module. Then the following conditions on
an extension class e € Extg (M, M) are equivalent:

(a) e is nilpotent.

(b) For every field extension K/k and every group scheme homomorphism over
K, v:Gyp)@r K — G®y K, the extension class v*(ex) € Extga(r>®kK(MK, M)
is nilpotent.

(c) The extension class v;(ep(s)) € Ea:tga(r@kk(s) (Mjy(s), Myy(sy) is milpotent, for
every point s € V,.(G).

§5. SUPPORT SCHEMES

In [S-F-B], we introduced and analyzed a natural ring homomorphism ¢ :
He(G,k) — Kk[V.(G)] and the associated morphism of schemes ¥ : V,.(G) —
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Spec H®’(G, k). In the special case G = G L,,(,), we identified the composition

‘/T(GLTL(’I‘)) i Spec HEU(GLn(r)v k) g ‘/T(GLn(r))
as the r-th Frobenius twist morphism (cf. [S-F-B], 5.2) by identifying 1 applied to
the universal classes e\~ € H2"™' (GLy(ry, g1t") introduced in [F-S]. This result
implies immediately that for any infinitesimal group scheme G of height < r the
morphism W is finite and universally injective. As we shall see in this section, our
detection theorem together with this result enables us to demonstrate that

U :V.(G) — |G| = Spec H* (G, k)

is a (universal) homeomorphism.

Throughout this section,  will denote a fixed positive integer and G will denote
an infinitesmal group scheme over k of height < r.

The following proposition is a somewhat sharper version of Theorem 4.3 in the
case of the cohomology algebra with trivial coefficients.

Proposition 5.1. For any z € H*"(G, k), z is nilpotent whenever 1(z) € k[V,(G)]
is nilpotent.

Proof. Consider some z € H?"(G, k) with 1(z) nilpotent. By Theorem 4.3, it suf-
fices to prove for every field extension K/k and every group scheme homomorphism
over K, v: G,y ®r K — G®y K, that v*(2k) € HQ"(GG(T) ®y K, K) is nilpotent.
Furthermore, it suffices to restrict attention to fields K which are algebraically
closed. Write

v¥(zi) = Z @iy i T e -zl € Kz, ..., 0] = H" (G @k K, K)red-
i1+...+i-=n
According to definitions (see [S-F-B]), the coefficient ay,... o » coincides with ¢(2)(s),
where s € V,.(G) is the point defined by v. Since ¥(z) is nilpotent, its value at each
point is trivial and hence aq,... 0,n = 0.
Let ¢ be an arbitrary r-tuple in the algebraically closed field K. Let v, : Go() @k
K — Gg(y) ®k K denote the composition

¢1,c20F,... ,croFT 1 r om
Gagry O K 25 (Gary @ K) " 22200 (G @1 K) 5 Gy @1 K
where m denotes the group operation (addition) of G4,y ®r K. We easily verify
that
Yo(wi) = mi+ b wia + e,
using 1.3(2), 1.3(3) and 1.4. Let v/ = vory, : Gy() @ K — G ®y K. The coefficient
of 2" in V'*(z) € H*(Gy(ry @k K, K) equals

Y e (@) (&)

i14...Fir=n
which equals 0 by our assumption on z. We conclude that each a;, ... ;. equals 0

s br

and thus that v*(z) = 0 as required. |

As shown in [S-F-B], 5.5, the image of the homomorphism ¢ : H¢(G,k) —
k[V;(G)] contains the p"-th power of each element of k[V,.(G)]. This, together with
Proposition 5.1, immediately implies the following theorem.
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Theorem 5.2. Let G be an infinitesimal group scheme of height < r. Then the
kernel of the canonical homomorphism

Y H®(G, k) — k[V,.(G)]

is nilpotent and its image contains the p"-th power of each element of k[V,.(G)].
Consequently, the associated morphism of schemes

U : V. (G) — |G| = Spec H*(G, k)
is a finite universal homeomorphism.

Proposition 5.3. Let G be a closed subgroup of GLy,y. Then the homomorphism

Reso¢: S* (D gl 12p™") — H (G k) req
i=1
induced by the universal cohomology classes egr_l), ... ,6p € H*(GLR(T),gl,(f)) has
image containing all p"™-th powers. Consequently the associated morphism of schemes

|G| = |GLp(ry| 2 ViGLn(ry) C gl"
is finite and (universally) injective.

Proof. Recall that the closed embedding G < GL,,,) defines a closed embedding
Vi (G) — V.(GL,) (cf. [S-F-B], 1.5), so that the induced map on coordinate alge-
bras k[V,(GLy))] — k[V:(G)] is surjective. Consider the following commutative
diagram:

0 o "
kVi(GLy(r))] ——— H(GLyy, k) —— E[Vi(GLy)]

.| | |

KVi(GLury)] =225 H™(Gk)  —Y—  K[V.(G)].
For any cohomology class z € H®(G, k), consider ¢(z) € k[V;.(G)] and lift it to a
(homogeneous) element 3’ € k[V,.(GLy ()] = k @F, Fp[V;-(GLy ()] Applying to k-
coefficients of 3’ the r-th power of the Frobenius endomorphism, we get an element
y € k[V.(GLy()] whose r-th Frobenius twist is y” " Commutativity of the above
diagram and the fact (discussed above) that the composition of the homomorphisms
of the top row is the r-th Frobenius twist immediately implies that the image of
2P — Res(é(y)) in k[V,.(G)] is trivial and hence (by Proposition 5.1) zP" — Res(é(y))
is nilpotent. O

Since the map Res o ¢ of Proposition 5.3 factors through H (G Ly, k), we
conclude that the restriction map
H(GLu(rys k)rea — H (G, k) red
has image containing all p"-th powers. This immediately implies the following.
Corollary 5.4. Let G be an infinitesimal group scheme of height < r and let H be

a closed subgroup scheme of G. Then the homomorphism

He (Gv k)red E H (H7 k)red

has image containing all p"-th powers. Consequently, for each z € H®'(H, k) there
ezists N > 0 such that 22" may be lifted to He (G, k).
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Corollary 5.4.1. In conditions and notations of Corollary 5.4, the associated mor-
phism. of support schemes |H| — |G| is finite and universally injective.

Remark 5.5. As seen above, the morphism ® : |G Ly (| — V(G Ly, () induced by
¢ is a universal homeomorphism, the topological inverse to ¥. Taken in conjunc-
tion with Theorem 5.2, this implies that ® restricts to a topological homeomor-
phism from |G| to V;(G)™. In [S-F-B], we asked whether ®(|G|) C Vi(GLy)
is contained scheme-theoretically in V,.(G)(") and whether the morphism ®¢ :
|G| — V;.(G)") which would then be determined is independent of the embedding
G — GLy (). We see that these questions have an affirmative answer if weakened
to set-theoretic statements.

86. SUPPORT VARIETIES FOR MODULES

The purpose of this section is to give a noncohomological, geometric interpre-
tation of the cohomological support variety |G|y of a finite-dimensional, rational
G-module M for an infinitesimal group scheme G . Indeed, Theorem 6.7 presents
the appropriate analogue of Proposition 5.1 with k replaced by M; this easily im-
plies in Corollary 6.8 a homeomorphism between |G|y and the noncohomological
Vi(G)m C Vi(G). The key ingredient in our analysis is the detection result of
Theorem 4.3 for H*(G, A), where A = Endy(M). This, however, is not sufficient,
for we must carefully analyze the special case G = G-

Throughout this section, G will denote an infinitesimal group scheme of height
< r and M a finite-dimensional rational G-module. Moreover, A will denote
Endy(M) = M ® M#, a finite-dimensional, associative, unital rational G-algebra.

We recall that the (cohomological) support variety of M (denoted |G|as) is de-
fined as the Zariski closed subset of |G| = Spec H®(G, k) defined by the ideal
In = Ker(H® (G, k) 2% He(G,A)). (In particular, |G|y may be considered as
a reduced k-scheme.)

We begin by introducing a closed subset V,.(G)y C V;-(G) which we shall show
maps homeomorphically onto |G| .

Proposition 6.1. Let G be an infinitesimal group scheme over k and M a finite-
dimensional rational G-module. Then

Vi(G)y ={s € V.(G) : M ® k(s) is not projective over the subalgebra
k(s)[uT—l]/uf—l C k(s)[uo, [ uT—l]/(ugv ) uf—l) = k(s)[Ga(r)]#}
is a Zariski closed conical subset in V,.(Q).

Proof. Let A denote the coordinate algebra k[V,.(G)] and consider the canonical
morphism of group schemes over A4, G,y ®r A — G ®; A. Using this homomor-
phism, we make M4 into a rational module over G,y ®x 4, i.e. into a module
over A[Gy]* = Aluo, ..., ur—1]/(uf), ...,ul_,). Observe that M, is evidently a free
A-module. Using this fact, one checks easily that if M ® k(s) is projective (= free)
over k(s)[ur—1]/ul_y C k(s)[Gq(]# for some point s € V,.(G), then M @y, A; is a
free As[u,—1]/u_;-module. Here A, denotes the localization of A at a prime ideal
us corresponding to s. Since the rank of M ®j, A is finite, this implies immediately
the existence of a € A\ pus such that M ®; A, is a free Ay[ur—1]/u?_;-module.
Hence, for all points s’ of the principal open set Spec A, C Spec A, the module
M @y, k(s') is free over k(s')[ur—1]/ul_;.
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Let V;.(G)am also denote the closed reduced subscheme of V,.(G) associated to
this closed subset. Then field valued points Spec K — V;.(G)a are in one-to-one
correspondence with group scheme homomorphisms v : G4(,) @k K — G @ K for
which M is not projective over K [u,—1]/uf_; C K[Ggy()]#. To prove that V;.(G)
is conical, it suffices to show that if s € V,.(G) p (K) is a field valued point and ¢ € K,
then ¢+ s € V,.(G)p (K). For ¢ = 0, this is evident since the point 0-s € V,.(G)(K)
corresponds to the trivial group scheme homomorphism G,y @ K — G @ K.
Assume next that ¢ # 0. The morphism v..s : Gy @k K — G ®; K is given
by the composition G,y @k K N Ga(ry @k K Z% @G. One checks immediately
that the homomorphism c, : K[Ga(r)]# — K[Ga(r)]# takes u; to ¢ u;. Thus a
Ku,—1]/u®_;-module structure on M, corresponding to the point c- s, is obtained
from the module structure corresponding to s via the ring homomorphism

prfl
Up—1H>C Upr—1

Klur—1]/uy_y Klup—a]/ui_y.
Since this ring homomorphism is clearly an isomorphism, the statement follows. [

In the unipotent case, one can give a slightly different description of the support
of a module using the following lemma.

Lemma 6.2. Let M be a finite-dimensional rational module over an infinitesi-
mal group scheme G. Denote by Jy the annihilator of the left H®Y (G, k)-module
H*(G,M). Then

(a) Ins C Jpr-

(b) If G is unipotent, then \/Iny = /T

Proof. We have a natural left action of H*’(G,A) on H*(G, M) and the action
of H®(G, k) on H*(G, M) is obtained from this one via the homomorphism pj :
H(G,k) — H®(G,A). This makes the first statement obvious.

Assume now that G is unipotent. In this case M# admits a filtration of length
d = dimyM with trivial one-dimensional factors. Assuming now that z € H?"(G, k)
annihilates H*(G, M) we conclude easily that 2¢ annihilates H*(G, M ® M%) =
H*(G,A), ie. 2% € Iy. O

The following proposition is a special case (namely, G is assumed to have height
1) of our main Theorem 6.7.

Proposition 6.3. Let G be an infinitesimal group scheme of height 1, and let M be
a finite-dimensional rational G-module. The following conditions on a cohomology
class z € H*™(G, k) are equivalent:

(a) z € VIm.

(b) The function ¥ (z) € k[V1(Q)] takes zero value at all points s € V1(G)pm -

Proof. The statement is trivial for zero-dimensional classes, so we assume that
n > 0. By definition z € /I if and only if p(z) € H?*"(G,A) is nilpotent.
By Theorem 4.3, p(z) is nilpotent if and only if v} (p(2)ks)) = p(Vi(zis))) €
H?™(Gy(1) @k k(s), Ag(s)) is nilpotent for every point s € V4(G). Lemma 6.2 shows
further that this last condition is equivalent to the condition that for every s €
Vi(G) a sufficiently high power of v} (zy(s)) annihilates H*(Gq(1) ®& k(s), My(s))-
By definition, v} (zrs)) = ¥(2)(s) - 27'. Thus the previous condition means that
either ¢(2)(s) = 0 or a sufficiently high power of 1 € H*(Gy1) @k k(s), k(s))
annihilates H* (G (1) ®x k(s), My(s)). Since multiplication by z; defines periodicity
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in the cohomology of any rational G,y ® k(s)-module, either ¥(z)(s) = 0
Hi(Ga(l) ®k k(s), My(s)) = 0 for i > 2 so that My, is a projective k(s)[Ga(l)]#
k(s)[u1]/u}-module.

or

Ol

Proposition 6.3 admits the following formulation in terms of support varieties.

Corollary 6.3.1. Let M be a finite-dimensional rational module over an infinites-
imal group scheme G of height one. Then

U (Gar) = Vi(@)ar-

Proof. Let k[V1(G)n] denote the coordinate algebra of the reduced closed sub-
scheme of Vi(G) associated to the closed subset V1(G)pm C Vi(G), and let Ty
denote the kernel of the surjective homomorphism k[V;(G)] — k[V1(G)p]. Propo-
sition 6.3 asserts that ¥ ~1(Zps) = v/Ips. Since ¥ : V1(G) — |G| is the map induced
by 1, we conclude that ¥=1(|G|x) = V1i(G) - O

To compute the support varieties for modules over G,y we need the following
lemma. A very similar result has been proved by J. Carlson in the context of
elementary abelian groups (cf. [C1], 6.4).

Lemma 6.4. Let M be a finite-dimensional vector space over k equipped with an
r-tuple of commuting p-nilpotent endomorphisms oy, ..., .. Furthermore, let f €
k[X1,...,Xr] be a polynomial without constant and linear terms. Set &q = oy +
flaa,...;ap). If M is a projective k[u]/uP-module with the action of u being given
by a1, then it’s also projective over k[u]/uP with the action of u being given by an
(and vice versa).

Proof. The general case is immediately reduced to the case &1 = a1 + asas and if
p # 2 is reduced further to the case &3 = a; + a3. We shall assume that p # 2;
the case p = 2 may be treated similarly. We use the notation H*(ay, M) for the
cohomology of k[u]/uP with coefficients in M, where u acts on M via «;. To verify
that M is projective over k[ay + a3] it suffices to check that

Ker(ai +a3)/Im(a; + a3)P~t = H*(ay + a3, M)

is a trivial vector space. Furthermore, since the action of aa on H?(ay + a3, M) is
nilpotent it suffices to show that the homomorphism

s H*(ay + a2, M) — H*(ay + a2, M)
is injective. So let z € Ker(a; + a3) be an element such that
az(x) = (01 +03)" ' (y)

for some y € M. Note the formula

XP 4+ YyP
(6.4.1) (X +Y)Pt = < i v = Xp=t _ xP2y 4 - XYyP? 4 yr!
Using this formula, we get
p—1 )
(a1 +03)" ™" = 3 (~D'aja3” Y
i=[5]
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and further

p—1
or(x) = ~a3(@) = —aa( Y (~1)'aiaZ? 1 "y)
(%]

=

p—1
= (Y (~) e )Ty,

Thus x — Zf:_[lp (—1)i"tai 127107y e Ker g = Im of ™! and hence
2

p—1
r= > () lal ey
i=[§]
for some z € M. Applying s to this formula and taking into account that as(z) =
(a1 + a3)P~1(y), we conclude

p—1 p—2
Z (—1)iata2P~170y = (—1)iat a2y 4 apab Lz
i=[%] i=[5]-1
The term corresponding to i = [§] — 1 on the right vanishes and the above for-

mula simplifies to a? 'y = a? 'agz. Hence y — az(z) € Ker o' = I'm ay; in
other words, y = aez + ait for some t € M. Now, one checks easily that z =
(a1 + a3)P~1(z — ast) and hence T = 0 € H?(ay + a2, M). O

Proposition 6.5. Let M be a finite-dimensional rational Go(,)-module. Then
“HGagr ) = Vi (Gagry) -

Proof. Since k[Gq]# = klug, ...,up—1]/(uf), ...,ul_,) = k[G:{l)]#, the category
of rational G,(,y-modules is equivalent to the category of rational G:(Tl)—modules.

For any rational G,(,-module M, we shall denote by M the same module consid-
ered as a rational qu)—module Note that for any M we have a natural isomor-

phism H*(Ggy, M) = H ((erl), N) Moreover the isomorphism H* (G, k) =
H *(qu), k) is an isomorphism of k-algebras and the isomorphism H*(Gg(y, M) =

H*(erl), ) is compatible with the action of H*(Gg(), k) = H*(G:{l k) on both
sides. Thus we get a natural isomorphism of support schemes |G ()| = |Ga(rl)| and
this isomorphism takes |G, ;)| onto |<GX 1|57 for each M.

In [S-F-B], §1, we exhibited an 1dent1ﬁcat10n of the scheme V,.(G,()) with the
affine space A". This identification takes a point with coordinates (aq, ..., ar—1) to
the endomorphism v, of G,y given by the additive polynomial aoT + a1T? + ... +

ar_1T?" . With this identification,
vi(z;) = agixi 4.+ af Zr € H? (Gagry, k).

We can also identify A" with V4 (GX&)) this time identifying a point (bo, ..., br—1)
with a morphism G,y — (G:(Tl) (t = (bot,...,br—1t)). The map h : Vi.(Gy(p)) —
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r .
V(G ) making the square

Yoo
A" _V(Ga(r)) - |Ga(r)|

hl =|

Uoxr

G
AT =VA(Gh) — = G|
r—2 r—1
commute is given by the formula h(ag, ... ,a,—1) = (ar—1,...,a] ,al ), where
G| = |G | is the isomorphism described above. The discussion above and

Corollary 6.3. 1 shovv that

V51 (Gagrla) = A (A(GL5)5y)
= {(ag,...,ar—1) : M is not projective over k[u]/uP,

with the action of u on M being given by the formula

r—1
w-m = (ar—q1uo + a’_our + ...+ al  u,_1)-m}.

We want to show that the set we get on the right of the above formula equals
Vi(Gary)ar- Consider the action of kfu]/uP = k[u,_1]/u?_, on M, corresponding
to the morphism v, : Gg() — Gg(p). A straightforward computation shows that

(6.5.1)
p"—1 _
(Va)ulur—1) = Y > (i, ooy ir—1) (@ - a7 1) v
i=0 dg+i1 4+ ... +ip_1 =1

io +pi1 + ... +p" lzr 1 =p" -1

) ) et 1) . )
where (ig, ... ,ip—1) = % and v, ...,vpr—1 is the standard basis of

k[Gg(]#. We proved in [S-F-B] the following formula for v;:

;(0) ;(r=1)
3 3
uy Uk

(6.5.2) TR ]

where i =0 +iMp 4+ . 4 i=Dpr=1 (0 < i) < p—1) is the p-adic expansion
of 4. This formula shows that each v; is a monomial in wuy, ..., u,—1 of degree s(i) =
sum of digits of i. It is clear that the coefficient at v9 = 1 in (6.5.1) is equal to
zero. Next we look at coefficients at wy = vi,u1 = vp, ..., ur_1 = v,r—1. Assume
that 79 + ... + 4,—1 = pl,io +pit + ... + p"li,._1 = p"~!. Consider the p-adic
expansions of ig, ..., ip—1:

(0) (1) (r— 1) r—1 ; ()

19 = 1 p+ ...+ y ey bp1 = 1—}—1(1)

P i pr L,

One checks easily that (ig,...,4i,—1) Z0 mod p < iéj) + .+ z'fle <p-—1forall
0 < j < r —1. Thus, nonzero terms in the coefficient at u; correspond to those
10, ..., 1r—1 for which

ph=idot o tip1 ="+ i) o+ GO i)

is the p-adic expansion of p!. This implies readily that all 1; exept one has to be
zero and the only nonzero one equals p'. Looking finally at the equation i + i1p +
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e+ ip_1p" ! = p"~! we conclude that i,_;_; = p', ij=0(G#r—1—1). Allin

all the coefficient at u; equals afl_l_l. Thus, the linear term in (6.5.1) equals

P prfl
Ar—1UQ + Qp_oU1 + ... +Qy  Up_1.

It is easy to check that for r = 2 there are no nonlinear terms in (6.5.1). However
for r > 3 nonlinear terms really appear in (6.5.1). For example for r = 3 the
formula looks as follows:

p—1
2 —4) i i p—i /s .
(Va)s(u2) = agug + afur + af) uz + E ag(p )al cugud T /(i (p — ).
i=1

Nevertheless the proposition follows using Lemma 6.4. O

The following lemma follows immediately from the definitions of |G|y and
Vi(G)m-

Lemma 6.6. Let f: H — G be a homomorphism of infinitesimal group schemes of
height < r, and let M be a finite-dimensional, rational G-module (considered also
as a rational H-module via f). Denote by f. : V.(H) — V.(GQ) and f.: |H| — |G|
the associated morphisms of schemes. Then

|Hy C f7NGl, Ve H)u = f7 (Vi@

Theorem 6.7. Let G be an infinitesimal group scheme of height < r, and let M be
a finite-dimensional rational G-module. Let further z € H*"(G, k) be a cohomology
class. The following conditions are equivalent:

(a) 2 € VIn.

(b) The function ¥(z) € k[V,.(G)] takes zero value at all points s € Vi.(G) -

Proof. Assume first that 2 € v/Tp; and let s be any point of V,.(G) . As usual we’ll
use the notation v, for the group scheme homomorphism Gy ®x k(s) — G @ k(s)
corresponding to s. The cohomology class v} (zy(s)) obviously belongs to \/Ins,s,
where IM,s = KET{H*(GG(T) Rk k(S), k(S)) — H*(Ga(r) Rk k(S),Ak(S))} Propo-
sition 6.5 implies now that the function v} (1(2)rs)) = Y (Vi (2i(s))) € k(s)[Vr(G)]
takes zero value at all points of V,.(Gg () ®k k(s))m,., and, in particular, at the
unit point 1 € V,.(Gy(r) @4 k(s)) of the monoid scheme V;.(Gg(ry @4 k(s)). However
v W()e)(1) = B(2)(s) € k().

Assume now that 1(z) takes zero value at all points of V;.(G)a. Let s be
any point of V,.(G). Using Lemma 6.6 we conclude immediately that the function
Y(v3(2r(s))) = Vi (¥(2)r(s)) vanishes at all points of V,.(Gy(,) @ k(5))a,,,- Propo-
sition 6.5 implies that v} (zy(s)) € y/Im,s. In other words, the cohomology class
Vi(p(2)ks)) € H*™(Gy(ry @k k(s), Aj(s)) is nilpotent. Since this holds for all points
s € V.(G) we conclude from Theorem 4.3 that p(z) is nilpotent, i.e. 2 € \/Ips. O

The following corollary follows from Theorem 6.7 exactly as Corollary 6.3.1 fol-
lows from Proposition 6.3.

Corollary 6.8. Assuming the conditions and notation of Theorem 6.7,
UH(|Glwr) = Vi(G)wr-

In other words, ¥ induces a homeomorphism ¥ : V,.(G)y — |G| -
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Example 6.9. Let G be an infinitesimal algebraic group scheme, and let M be a
finite-dimensional rational G-module. If M has dimension not divisible by p, then
|G|pm = |G]. This can be seen immediately using Corollary 6.8 and the observa-
tion that a necessary condition for a finite-dimensional module over k[u]/u? to be
projective is that the dimension of the module must be divisible by p.

§7. APPLICATIONS

In this section, we provide various applications of Theorems 5.2 and 6.7 closely
related to analogous results for finite groups proved by J. Carlson (cf. [C2]). These
applications are based upon the fact that our theorems provide a noncohomological,
geometric description of cohomological support varieties.

Proposition 7.1. Let f : H — G be a homomorphism of infinitesimal group
schemes, and let M be a finite-dimensional rational G-module (considered also as
a rational H-module via f). Then

FHGI) = [H -

Proof. Assume that both H and G are of height < r. The statement follows from
the following commutative square, whose vertical arrows are homeomorphisms, and
Lemma 6.6:

Vi(H) —L— V(@)

o | v |
iz L g
O

Theorem 7.2. Let G be an infinitesimal group scheme, and let M, N be finite-
dimensional rational G-modules. Then

|Glmeon = |Glu NIG|N-
Proof. Using the Kiinneth Theorem, one sees easily that if G and H are infinitesimal
group schemes, then the canonical morphism ((pri)«, (pr2)«) : |Gx H| — |G| x |H| is
a finite universal homeomorphism. Moreover if M (resp. N) is a rational G-module
(resp. H-module), then

|G % H|pgn = ((pr1)s (pr2)) " (1Glar x | H]w)

where M@N = pri M ®pri N is the external tensor product. Applying this remark
in the case G = H and applying Proposition 7.1 to A : G — G x G, we conclude

Glmen = ATHG x Glyan) = A7 ((or) 7 (IGlar) N (pr2)7 (1G] w))
= |G|M N |G|N
O
For our next application, we require the following two lemmas.

Lemma 7.3. Let G be an infinitesimal group scheme of height < r, and let v :
Ga(ry — G be a nontrivial group scheme homomorphism. Consider the associaled
homomorphism of k-algebras

klup—1]/ul_y = k[ug, ..., up—1]/(uh, .., ul_;) = k[Gy(r)]? =5 K[G]F.
This homomorphism makes k[G]* into a projective (left) k[u,_1]/ul_,-module.
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Proof. The homomorphism v may be decomposed as
Gar) = Ga(s) = G

where 1 < s < r, the first arrow is the standard projection and the second arrow is
the closed embedding. Since the quotient scheme G /G,y is affine we conclude (cf.
[J]) that k[G] is an injective rational G, (s-module. The functor (—)# sending a
k-vector space to its k-linear dual defines an anti-equivalence between the category
of finite-dimensional rational G,,)-modules and the category of finite-dimensional
k[G,(s)]#-modules, which shows that k[G]# is a projective k[G()]#-module. Con-
sider finally the composition

k[ur—l]/uzr)—l - k[Ga(r)]# 2, k[Ga(S)]#'

Since p.(ur—1) = us—1 we conclude that k[G,s)|#* = kluo, ..., us—1]/(uf), ..., ul_,) is
a projective k[u,—1]/uf_;-module, which concludes the proof. O

The following lemma is closely related to lemmas proven by J. Carlson in [C2].

Lemma 7.4. Let x € H?"(k[u]/uP, k) be a cohomology class. Consider a k[u]/uP-
projective resolution

O<—k<—P0<iP1<—
of k and choose a representing cocycle f : Pa, — k for x. Finally set Py, =
Py, /d(Popnt1), M = Ker{f : Pa, — k}. The following conditions are equivalent:
(a) x #0.
(b) M is a projective k[u]/uP-module.

Proof. Observe that we have a long exact sequence with all terms except the first
and the last one projective:

0(_]€<_P0<i ipgn_liﬁgnHO

Applying the same construction to the standard periodic resolution Q4 of k, we get
another long exact sequence of the same kind:

0—k—Qo— ... — Qo1 <—§2n:/€<—0.
By Schanuel’s Lemma (cf. [B]),

n—1 n—1 n—1 n—1
Py @ @ Py @ @ Q2i41 = Qs @ @ Q2 @ @ Py

Using now the Krull-Schmidt Theorem, we conclude that Ps, is of the form

Py, =k®P

where P is a projective (=free) k[u]/uP-module. If fj; # 0, then f : Py, —
k splits and hence M = P is projective. On the other hand, if Jik = 0, then
the trivial k[u]/uP-module k is a direct summand in M = Ker{Ps, — k} and
hence M is not projective. Thus, condition (b) is equivalent to the condition
fik # 0 (which we designate as condition (c)). Observe that each k[u]/uP-linear
homomorphism P,,_1 — k restricts trivially to the maximal trivial submodule
Ker{u: Py, 1 — Pan_1} of Py, 1. Hence if f;, # 0, then f cannot be extended to
a k[u]/uP-linear homomorphism P, 1 — k, i.e.  # 0. Assume, on the other hand,
that f|;, = 0. Since every projective k[u]/uP-module is also injective, a projective
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submodule P C Py, C Ps,_1 is a direct summand and hence we may extend f| P
to a k[u]/uP-linear homomorphism g : P, 1 — k. Since fj, = 0 = g, we conclude
that f = g/, and hence z = 0. Thus condition (a) is also equivalent to (c). O

Theorem 7.5. Let G be an infinitesimal group scheme of height < r. Then W C
|G| is the support |G| of some finite-dimensional rational G-module M if and only
if W is a closed, conical subset of |G|.

Proof. The necessity of the conditions that W be closed and conical is obvious
(since the ideal Ips is homogeneous).

To prove the converse, it suffices in view of Theorem 7.2 to show that the zero
locus Z(z) C |G| of any cohomology class z € H?"(G, k) may be realized in the
form |G| for an appropriate M. We proceed as in [C2]. Let

0 ke Py p &L

be a resolution of k by finitely generated projective k[G]#-modules. Choose a
representing cocycle f : Py, — k for = and set, P, = Py, /d(Papt1), M =
Ker{f : Pa, — k}. Modifying the resolution P, if necessary, we may assume that
M # 0. In this case, we claim that

Gl = Z(2).
In view of Theorem 6.7, it suffices to check the equality
(7.5.1) Vo (G = 0N (Z(x)) = Z(¢(x)).

Considering both sides of (7.5.1) as closed reduced subschemes of V,.(G), it suffices
to establish that they have the same field valued points. This amounts to showing
that if K/k is a field extension and v : G,y ®x K — G ®j, K is a group scheme
homomorphism, then the following conditions are equivalent:

(a) Mk is not a projective K[u,_1]/uf_;-module.

(b) The pullback of x5 € H?*"(G ®, K, K) via the K-algebra homomorphism

Klur_1)/ul_; — K[Gun)* 2> K[G]*

is trivial in H*>"(K[u,—1]/u?_;, K). If v is the trivial homomorphism, then both
conditions are satisfied (here we need the assumption M # 0). If, on the other hand,
v is nontrivial, then Lemma 7.3 shows that P, @i K is a K[u,—1]/u?_,-projective
resolution of K, so that the equivalence of (a) and (b) follows from Lemma 7.4. O

Our next application provides retrospective motivation for the detection theo-
rems we have presented. Recall that if G is a simple smooth group scheme with
Borel subgroup B C G and maximal torus 7' C B, then the group scheme T'G;) is
defined to fit in the following cartesian square:

TG(T) — T

! |

G 7, G
The “Main Theorem” of [CPS] asserts for a simple smooth group scheme G over
an algebraically closed field & that a finite-dimensional rational T'G ,)-module M
is injective if and only if the restrictions of M to root subgroups U,y C G are
injective.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



756 ANDREI SUSLIN, ERIC M. FRIEDLANDER, AND CHRISTOPHER P. BENDEL

Proposition 7.6. Let G be an infinitesimal group scheme of height < r over an
algebraically closed field k. Let further M be a finite-dimensional rational G-module.
Assume that whenever H C G is a subgroup scheme isomorphic to Gg(g) (with
s < r) the restriction of M to H is an injective rational H-module. Then M is
injective as a rational G-module.

Proof. Let z € V,.(G) be a k-rational point different from the origin, and let
vz + Gy — G be the corresponding (nontrivial) group scheme homomorphism
(over k). Denote the image of v, by H. Clearly H = Gy(s) for some s < r. Our
assumption implies that M is an injective (= projective) k[H]#-module. Using
Lemma 7.3 we conclude immediately that M is also projective over k[u,_1]|/u?_,,
ie. = & V.(G)p. Since rational points are dense in any k-scheme of finite
type, we conclude that either V;.(G)as is empty (in which case M = 0) or con-
sists of the origin only. In the latter case we conclude from Theorem 6.7 that
VT coincides with the augmentation ideal of H®(G, k). The H® (G, k)-module
Extf,(M,M) = H*(G, End,(M)) is finitely generated according to [F-S] and is
killed by a sufficiently high power of the augmentation ideal. This shows that there
exists an integer N > 0 such that Extl, (M, M) = 0 for i > N. All we have to do
now is to use the following result.

Lemma 7.6.1. Let M be a finite-dimensional rational module over an infinitesimal
group scheme G. Assume that there exists an integer N such that Extl, (M, M) =0
fori> N. Then M is injective (= projective).

Proof. Denote by L; (j =1, ...,n) the simple G-modules. For each j the Fxt-group
Extf,(L;, M) has a natural structure of a left module over the Yoneda algebra
Extf, (M, M). Moreover the action of H*(G, k) on Ext},(L;, M) is the composition
of the above action and the homomorphism p : H*(G, k) — Ext§ (M, M). Our
condition implies now that the finitely generated H¢"(G, k)-module Extf,(Lj, M) =
H*(G, Lf ® M) is killed by a sufficiently high power of the augmentation ideal of
H®(G, k) and hence Extl(Lj, M) = 0 for all sufficiently high i. Thus, increasing
N if necessary, we may assume that Exts(Lj, M) =0 for all j and all i > N. An
obvious induction shows further that Exth (L, M) = 0 for i > N and all finite-
dimensional modules L. Consider finally an injective resolution of M

0-M—-I1'-T1" - .. -1V - .
consisting of finite-dimensional modules and denote by Z* the submodule of i-
cocycles. We prove that all Z* are injective (= projective) by decreasing induction

on i. Assume first that ¢ > N. The embedding Z? — I’ defines an element in
Extl,(Z', M) which has to be trivial since ¢ > N. The triviality of this element

means that the projection I°~! 4, zi splits and hence Z? is injective. To make the
induction step we use the crucial fact that injectives and projectives are the same
in our situation. Thus injectivity of Z* implies that the exact sequence

0— Zi—l N Ii—l i) ZZ =0
splits and hence Z*~! is injective as well. O

The proof of the following theorem is merely a repetition of the module-theoretic
arguments given by Carlson in [C2].
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Theorem 7.7 (cf. [C2], Thm1’). Let G be an infinitesimal group scheme of height
<r, and let M be a finite-dimensional rational G-module. If V.(G)r can be writ-
ten as a union of closed subsets, V.(G)y = Vi U Vo, with V1 N Vo = {0} and
dimVy,dimVa > 1, then M can be written as My ® My with V,.(G)p, = V;.

We conclude the paper with a few explicit computations of support varieties for
modules over SLy(,). Let HY(X) ~ Ind%fz (M) denote the induced module. Here
By C SLs is the subgroup of lower triangular matrices, A is a dominant weight of
SLs and we use the same notation A for the one-dimensional rational Be-module
with character A. Let further L(\) C H°()\) denote the socle of H°(\), thus L(\)
is a simple SLy-module of heighest weight A (cf. [J]). Recall also that dominant
weights of SLg are of the form A\ = np = n - «/2, where n € N p = «/2 and « is
the simple root of SLs.

In view of Corollary 6.8 to identify the variety |SLa(,)|as is the same as to identify
the variety V,.(SLay)m C Vi(SLaey) (here M is any finite-dimensional rational
SLy(-module). Recall also that for any field k/F,, the k-points of V,.(SLy(,) are
given by r-tuples of commuting p-nilpotent matrices in sla(k) (cf. [S-F-B], §1).
Denote by N (k) C sla(k) the subset of p-nilpotent matrices.

Proposition 7.8. Let A = np be a dominant weight of SLs. Consider the p-adic
expansion of n: n=mng+nip+ ... + ngp? (0 <n; < p). Then for all v > 1 and all

fields k/F,,
(a) [SLarylony (k) = {(ao,...,ar—1) € N(E)" : [, 5] = 0 Vi, j and ap—j—1 =
0ifni=p—1}.

(b) |SL2(T)|H0(A) (k’) = {(ao, a1,y Qpos—1,0,... 7O) S N(k)r : [Ozi, Oéj] =0 Vi,j
and s > 0 is the least integer such that ns #p — 1}.

To verify Proposition 7.8, we require the following sublemma.

Sublemma 7.9. Let St, denote the Steinberg module HO((p* — 1)p) ~ SP"~1(V)
for each s > 1 (where V is the natural two-dimensional module on which SLy acts).
(a) For all 1 < s <7, |SLyylse. (k) = {(a0,...,0p—5-1,0,...,0) € N(k)" :
[, o] = 0}
(b) Forall0 <i <r-—1, |SL2(T)|St§i) (k) ={(a0,- -+, Qr—i—2,0,Qp—j,...,p_1) €
N(k)T : [Oéi,Oéj] = 0}

Proof (of the sublemma). For any field k/F, the group SLa(k) acts by conjugation
on V.(SLyy)(k) = {(a0, ..., ar—1) € N(k)" : e, 5] = 0V i, j} and for any SLo-
module M the subset V;.(SLa¢y)ar (k) is clearly invariant under this action. Given
a € Vo(SLa)(k), there exists g € SLy(k) such that ga;g~! is upper triangular
for all . Thus we may assume that o; = a;F12, 0 < i <7 —1. The homomorphism
exp, : G, — SLj is given by the composition
Pa: toaottart?+..dar_1t?
Ga(r) Ga(r) — Gg — SLa

where the last arrow is the standard embedding of G, into SLs as a subgroup of
(strictly) upper triangular matrices. As in the proof of Proposition 6.5, to determine

whether o is in V,.(SLy())st, we must consider the action of uy = ar_1ug + -+ +
r—1
ag ur—1 on Sts. By direct calculation, one sees that us,usy1,...,u,—1 all act

s—1
trivially on Stg, so that we are reduced to the action of a,_jup+---+a?_, us—1. On
the other hand, St is projective over SLy(,), and so St is projective over k[uq]/ub,
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if and only if at least one of a,_s,...,a,_1 is nonzero—see Lemma 7.3. In other
words, V,.(SLa(y))st, = {(@o,...,r—1) € Vo(SLayy) : p—s = ... = a1 = 0} from
which 7.9(a) follows. The proof of 7.9(b) is analogous, once one observes that only
u; acts nontrivially on Stgl). O

Proof (of Proposition 7.8). By Steinberg’s twisted tensor product theorem, L()\) ~
L) @ L)W @ - ® L(\)@ with \; = n;p, and so by Theorem 7.2,

q
Vi(SLa() i) = [ Ve(SLa) oo
=1

Ifn; #p—1, dim L(\)® =n; +1 < p and hence Vi(SLapy) Loy = Ve(SLary)
by Example 6.9. On the other hand, if n; = p — 1, then L(\;)® = St\”. Applying
7.9(b) and combining the two cases, we conclude 7.8(a).

Note that if \g # p— 1, then the dimension of H°()\) (= n+ 1 for A = np) is not
divisible by p. Let s be the least integer such that ng # p — 1. Then

A= =Dp+p'nsp+--+pingp = (p° —1)p+p°N

and so by [J], 11.3.19, HO(\) = H°((p* — 1)p + (\)®)) =~ Sty @ HO(N)®). By as-
sumption on s, H%(\)(*) has dimension not divisible by p and so applying Example

6.9 to HO(\)®), 7.9(a) to Sts, and Theorem 7.2, we conclude 7.8(b). |
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