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ABSOLUTELY CONTINUOUS SPECTRUM FOR
ONE-DIMENSIONAL SCHRODINGER OPERATORS WITH
SLOWLY DECAYING POTENTIALS: SOME OPTIMAL RESULTS

MICHAEL CHRIST AND ALEXANDER KISELEV

1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the stability of the absolutely continuous spectrum of
one-dimensional Schrédinger operators under perturbations by slowly decaying po-
tentials. Suppose that Hy is a Schrodinger operator defined on L2(0,00) by the
differential expression

d2
HU = —@ + U(CL‘)

and some self-adjoint boundary condition at the origin. We assume that U is some
bounded function for which Hy has absolutely continuous spectrum. The presence
of the absolutely continuous spectrum has direct consequences for the physical
properties of the quantum particle described by the operator Hy (see, e.g. [23, 2]).
If we perturb this operator by some decaying potential V(x), the Weyl criterion
implies that the essential spectra of the operators Hy and Hyyy coincide. We seek
conditions on the rate of decay of V' (z) which ensure that the absolutely continuous
spectrum of the unperturbed operator Hy is also preserved.

This problem has a long history as one of the most natural questions in quantum
mechanics, and we briefly recall the main results. It has long been known that
if the perturbation V(x) is absolutely integrable, then the absolutely continuous
spectrum of the original operator is preserved. Until recently, little more was known
concerning the preservation of the absolutely continuous spectrum of Schrodinger
operators under decaying perturbations in the general situation.

Substantially more information is available in the case when U(z) = 0. There has
been much work on proving the absolute continuity of the spectrum for Schrodinger
operators with potentials of slower decay, but satisfying some additional special
assumptions. For example, by a result going back to Weidmann [31], if a potential
V may be represented as a sum of a function of bounded variation and an absolutely
integrable function, then the spectrum of the operator Hy on Rt = (0,00) is
purely absolutely continuous. Many authors developed a scattering theory for long-
range potentials whose derivatives satisfy certain bounds; see for example [1, 5, 12].
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These results hold in any dimension and the proofs involve approximating the
scattering trajectories by solutions of the classical Hamilton-Jacobi equation. The
weakest conditions on the long-range part of the potential under which the wave
operators are known to exist are given in [12]. For potentials satisfying |V (z)| <
C(1 + |z|)~27¢, for instance, one can infer the existence of the wave operators if
also [ DV ()] < C1(1 + |z[)~27¢ for every multi-index o with |o| = 1.

Another class of results describes spectral behavior of specific spherically sym-
metric (i.e. essentially one-dimensional) oscillating potentials, the typical example
being V(z) = 2 Psinz® with a, 8 positive. Such potentials in general do not
satisfy the derivative bounds needed for the method of the works cited above to
be applicable. We mention the papers [3, 4, 11, 20, 32] in which further refer-
ences may be found. The spectrum of the operator Hy for such potentials turns
out to be absolutely continuous with perhaps some isolated embedded eigenvalues
when a = 1. These potentials generalize the celebrated Wigner-von Neumann ex-
ample [30]. Wigner and von Neumann were the first to discover an example with
Coulomb type decay at infinity, i.e. V(z) = O((1 + |z|)~!), whose spectrum is not
purely absolutely continuous and has positive eigenvalues embedded in the abso-
lutely continuous spectrum. Moreover, Naboko [22] and later Simon [26] found
different constructions which show that for potentials decaying more slowly but ar-
bitrarily close to a Coulomb rate, very striking spectral phenomena arise. Namely,
for every function C(x) tending monotonically to infinity as 2 goes to infinity, no
matter how slowly, there exists a potential V(z) satisfying
C(x)
1+ |z]’
for which the associated Schrodinger operator Hy has a dense set of eigenvalues in
R+.

A new general class of potentials preserving the absolutely continuous spectrum
of the free Schrodinger operator was recently found by one of us in [13]. Namely, if
the potential V satisfies |V ()| < C(14|z|)~1~¢ with some € > 0, with no additional
assumptions, then the whole positive semi-axis (0, 00) is an essential support of the
absolutely continuous part of the spectral measure.! Of course, as the examples of
Naboko and Simon show, a rich embedded singular spectrum may occur; however it
is indeed embedded in the sense that there is an underlying absolutely continuous
spectrum. One can describe the set where the singular part of the spectral measure
might be supported in R™ rather explicitly in terms of the properties of the Fourier
transform of =7V (z) [13).

The result of [13] was further improved in [14], where a general criterion was
established which implies the stability of the absolutely continuous spectrum of the
operator Hy under all perturbations V (z) satisfying |V (z)| < C(14|z|)~ 3¢, under
the auxiliary hypothesis that a certain operator, constructed from the generalized
eigenfunctions of Hy, is bounded on L?(R"). In particular, it was shown that the
absolutely continuous spectra of free and periodic one-dimensional Schrodinger op-
erators are stable under all perturbations by potentials satisfying |V (z)| <
C(14|z|)~ 3 <. Later, this result for the case U = 0 was also proved by S. Molchanov
by a different method [21].

V()| <

LE C R is an essential support of the (projection-valued) measure y if u(X) > 0 for any X C E
of positive Lebesgue measure, and p(R\E) = 0.



ABSOLUTELY CONTINUOUS SPECTRUM: OPTIMAL RESULTS 773

On the other hand, work on random potentials by Kotani and Ushiroya [18]
provides a bound for the best possible result that one could hope to prove. The
results of [18] imply that (in the case U = 0) there exist potentials V(x) satisfying
V(z) < C(1+ |z|)~2, for which Hy has purely singular spectrum on R*. Indeed
this happens almost surely for certain classes of random potentials. We remark that
by combining methods used in recent works [16] and [17], one can show that the
(1+]a|)~2 rate of decay is also critical for perturbations of the periodic Schrodinger
operators.

In this paper we establish results on the preservation of absolutely continuous
spectrum for power decaying potentials in one dimension which are of an optimal
nature. In particular, we prove

Theorem 1.1. Suppose that there exist € > 0 and p < 2 so that V(z)(1 + |z|)¢ €
LP(RT). Then the whole positive semi-axis RY = (0,00) is an essential support of
the absolutely continuous part of the spectral measure of the operator Hy . Moreover,
for almost every A € R*, there exist solutions ¢x(x) and ¢, (z) of the generalized
eigenfunction equation

—y" +V(z)y =Ny
with asymptotic behavior of pure WKB form in the main term:
i

oa(x) = exp | ivVAz — Vo

/V(t) dt | (1 +o(1))
0

as r — 0.

Corollary. If V(z) = O(1 + |z|)~" for some r > 1/2, then (0,00) is an essential
support of the absolutely continuous part of the spectral measure of Hy on L*(RT).

We have a similar result for perturbations of periodic Schrodinger operators. Let
U be continuous and periodic, let S = J,~ ,(an,b,) be the band spectrum of the
unperturbed operator with potential U, and let 8(x, A) be the Bloch functions for
that operator.

Theorem 1.2. If the potential V(x) is as in Theorem 1.1, then the set S is an
essential support of the absolutely continuous part of the spectral measure of the
operator Hyiy. For a.e. X € S, there exist solutions ¥x(x), ¥, (x) of the equation

(1) —y"+ (U) + V(2))y = My

with the asymptotic behavior

@@=t Ner | / VOIO(t N2 dt | (1+0(1)

as r — 0.

Both theorems will follow from a certain general criterion. Suppose that Hy is
an operator for which all solutions of the equation

(3) -y +U(x)y =Ny

are bounded for almost every A € S, where S is a certain set of positive Lebesgue
measure. It is known (see, e.g. [26, 29]) that under mild assumptions on U (see
Lemma 2.1) the set S belongs to an essential support of the absolutely continuous
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part of the spectral measure. Let us pick a family of solutions (z, \), A € S,_of the
equation (3), such that 6(z,\) are uniformly bounded over S and 6(z, \), 6(z, A)
are linearly independent for every A € S. It is easy to see that we can always find

such a family. We have

Theorem 1.3. Suppose that the potential V(x) is such that there exist € > 0 and
p < 2 so that (1 4 |z|)V(z) € LP. Assume that there exist measurable functions
O(x, \) satisfying the above conditions, such that the operator

7

@,) / VIO N2 dt | f() de

m

@) (KHK) = / Bz, \)? exp
0

satisfies an Lo(RY, dx) — L?(S,d)\) bound on functions f of compact support. Then
the absolutely continuous spectrum of Hy supported on the set S is preserved under
perturbation by V, that is, the set S belongs to an essential support of the absolutely
continuous part of the spectral measure of operator Hy v . Moreover, for almost ev-
ery X € S, there exist solutions ¥y (z), ¥y (x) of the equation (1) with the asymptotic
behavior (2).

Remarks. 1. The assumption of the boundedness of all solutions at almost all en-
ergies corresponding to the essential support of absolutely continuous spectrum is
rather natural. Almost all known examples of one-dimensional Schrédinger oper-
ators with absolutely continuous spectrum satisfy this assumption. Only recently
there appeared rigorous counterexamples to the conjecture that this is true in gen-
eral (see [19]), but the corresponding potentials are of a rather special form and in
particular are not bounded from below.

2. All three main theorems that we prove have natural analogues for the whole
axis problems. We will not focus on this aspect; all proofs may be generalized to
the whole axis case in a straightforward manner following [14].

3. We have not been able to treat potentials that are assumed merely to belong
to LP for some 1 < p < 2.

The main new technique we developed in this paper involves norm bounds and
almost everywhere convergence results for a class of multilinear integral operators,
which may be of interest in its own right. The plan of the paper is as follows.
In Section 2 we discuss the basic scheme of asymptotic integration. In Section 3
we formulate the first key results on estimates for maximal functions of certain
integral operators. In Section 4 we establish norm estimates for multilinear integral
operators, and in Section 5 prove corresponding a.e. convergence results. Section
6 contains the conclusion of the proof of all the main results. In the Appendix we
discuss generalization of our results to the case of potentials which may have strong
local singularities.

Independently, results similar to Theorem 1.1 were obtained by Remling [25] by
a very different method, based in part on the ideas from [14] and [21]. Some of
the results proved here (along with some of the results of [25]) were announced in
[8]. That announcement also contains a list of open problems which we find most
interesting.

2. ASYMPTOTIC INTEGRATION AND BOUNDED EIGENFUNCTIONS

To prove the stability of the absolutely continuous spectrum of the operator Hy,
we will use the following Lemma:
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Lemma 2.1. Let the potential W (z) be locally integrable and satisfy

sup / W ()| dt < oo

et
(W_ denotes the negative part of the potential W). Suppose that for every energy
A from a set E of positive Lebesgue measure, all solutions of the equation

2

T a2’

are bounded. Then the set E is contained in an essential support of the absolutely
continuous part of the spectral measure of the operator Hyy.

(z) + W (z)y(z) = My(z)

The proof of this Lemma may be found in [29] (see also [27]). We note that in
different formulations, the fact that bounded solutions imply absolutely continuous
spectrum has been known for a long time (see, e.g., [6]). Lemma 2.1 is the most
convenient statement for our purpose.

The general plan of our proof is similar to [14] and may be described as follows.
By assumption, we know that for every A € S, all solutions of the generalized
eigenfunction equation (3) for the unperturbed operator are bounded. Examples
with imbedded eigenvalues [22, 26, 17] show that if V(x) is not short-range, we
cannot hope in general that for every A € S we still have only bounded solutions
for a perturbed equation; there may exist rather a rich, dense in S set for which we
will have decaying (L?) and therefore also growing solutions. Our goal will be to
show that nevertheless for a.e. A € S, we still have only bounded solutions. This will
ensure that the absolutely continuous spectrum is preserved, although embedded
singular spectrum may occur.

Thus, our goal is to study the solutions of the equation

-y + (U(2) + V(2)y = \y.
We rewrite this equation as a system
o 0 1
N=\v+v-x o0 )%
where y; is now a vector R Let us apply a variation of parameters transfor-

mation with solutions of the unperturbed equation

=(oe Tew )

to bring the equation to a more symmetric form

L (V@@ NP V(@) A)?
(5) Y2 = 2Tm (69 ) ( —V(2)0(x, \)* =V (x)[0(z,\)[? >y2.

Notice that 2i Im(6, ') is a Wronskian of two solutions 6 and @ and hence is inde-
pendent of x. Let us introduce the notation

1 x
P ) = g / V)0, M dy.
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It will be convenient to apply to (5) an additional transformation

_( exp(ip(x, A)) 0
b2 = 0 exp(—ip(z, X)) ) ¥
We arrive at the following equation for ys :
(©) )
yh = ;( 0 V(2)0(x, A\)? exp(—2ip(z, \)) ) y
P 21m(ed) \ —V(2)0(z,\) exp(2ip(z, N)) 0 >

We follow the idea of “(I + @)” asymptotic integration originating in Harris-Lutz
[10]: to find some invertible transformation of equation (6) which would make the
off-diagonal terms absolutely integrable and then apply Levinson’s theorem (see,
e.g. [9]) to find the asymptotic behavior of solutions of the resulting equation. If
we succeed, we can go back and find the asymptotic behavior of the solutions of
the original equation.

Let

(7) ys = (1= 1g*) "> (I + Q) s,
where [ is an identity matrix,
_(0 ¢

and ¢(z, \) is some function to be defined. A computation gives for y,

i

(8) m=(bﬁﬂ5”[

2Tm(00)
V Re(0%q exp(2ip)) Ve exp(—2ip) + V02¢* exp(2ip) y
V62 exp(2ip) — VO T exp(—2ip) —V Re(6?qexp(2ip))

l(—/_ 1= _
97 — 4'9) q
+( 2V -7 .
< ~7 afq—q¢)) %]

We summarize the main result of this section in

Theorem 2.2. Suppose that for some given \ there exists a function q(z,\) € C!,
such that q(x,\) — 0 as x — +o0, and such that

9) (2, \) = ———=-V(2)0(z, \)? exp(—2ip(z, \))
2Tm(60)

2
21m(60')

Then all solutions of the generalized eigenfunction equation (1) for this parameter A

are bounded. Moreover, there are two solutions (x, \), ¥(x, \) with the asymptotic
behavior

Y(x,A) = Oz, A)exp(ip(z, )

x

1= 17V Re(@qexpi@in) dt | (1-+ 0(1)
0

V(2)0(z, \)? exp(2ip(z, \))¢* (2, ) € L*((0, 00), dx).

(10) + exp m

as r — 0.



ABSOLUTELY CONTINUOUS SPECTRUM: OPTIMAL RESULTS T

Remark. In all our applications, the integrand in the cumbersome final factor in
the product giving the asymptotic behavior will turn out to be integrable, so this
factor will itself be 1 4 o(1).

Proof. The proof follows immediately from Levinson’s theorem (see, e.g. [9]) and
equation (8). We may consider this system of equations only for x large enough, so
that |q(t,\)| < 1 for all ¢ > x and the transformation (7) is non-singular. By the
assumption of the theorem, the off-diagonal terms are absolutely integrable. The
diagonal terms are purely imaginary and hence Levinson’s theorem is applicable.
Asymptotic behavior of the solutions (10) follows directly from the explicit solution
of the equation (8) with diagonal terms omitted and transformations we applied to
the original system of equations. O

To complete the proof of Theorem 1.3, we need to construct the function g(z, A)
satisfying (9) and conditions given in Theorem 2.2 for almost every A € S. Solving
the equation

! i 0 2 :
qd(x,\) — ——V(x)0(z,\)” exp(—2ip(z, \))

2Tm(09)

i
21m(60')
by iteration leads us to expressions involving certain multilinear integral operators.
We need to show that these expressions converge for a.e. A € S in order to ensure
q(z,\) == 0 for a.e. A, and to make sure that (9) is satisfied after some finite
number of iterations. The first approximation to the solution would be

oo

/ V(£)0(t, \)? exp(—2ip(t, \)) dt.

x

(11) V(2)0(x, \)? exp(2ip(x, \))g*(x,\) = 0

(0) _
(2, \) = ————~
21m(60)
Again, we have to justify this formula by proving that the conditional integral
is well-defined for almost every \. This is relatively simple and has been already
done in [14], but the multilinear expressions arising in higher-order approximations

require further analysis. In the next section, we formulate the main result from [14]
that we will use and make a few comments.

3. ALMOST EVERYWHERE CONVERGENCE FOR INTEGRAL OPERATORS

Let an operator K be defined on all measurable bounded functions f of compact
support by

(12) (K = / K\ ) (x) do,
0

where k(\, z) is a measurable and bounded function on I x R*. To study the a.e.
convergence of the integral defining K f(A) on functions from LP, we study the
corresponding maximal function. Denote by M f()) the maximal function

N
(13) Mic () = sup | [ KA\ 2)f () da.
0

The following is a mild generalization of a result proved in [14].
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Theorem 3.1. Let p,q be exponents satisfying 1 < p < q < co. Suppose that K is
a bounded linear operator from LP(R) to LY(R). Then the mazimal function Mg
also maps LP to LY boundedly, that is,

(14) Mk fllq < Cllfllp for every f e L”.

As a consequence, the integral

N
/ k(A 2)f(z) dx
0
converges as N — oo for almost every value of X\, for every f € LP.

The next theorem is essentially more general. Denote by || K||,,q the norm of K,
as an operator from L? to L?. By xg(z) we denote a characteristic function which
is equal to one when = € F and is zero otherwise.

Theorem 3.2. Let (X, u), (Y,v) be measure spaces. Suppose that 1 < p < g < 0.
Then for any bounded linear operator K from LP(X) to LYY, and for any sequence
of measurable sets {FE,, C X : n € Z} such that E,, C FEn41 for everyn, the mazimal
function

Mg f(y) = sup [K(f - x&,) ()]
is bounded from LP(X) to LYY). Moreover
||MKHp7q < A||K|
where A < oo depends only on p,q.

p,q»

This simple result is proved in [7]; see [15] for other related results.? To deduce
Theorem 3.1, let R be a large parameter, and take F,, = [0,n/R]. Letting R — oo
leads to the first conclusion of the theorem. With boundedness of the maximal
function in hand, the almost everywhere convergence conclusion follows, since it
holds for the dense class consisting of all compactly supported functions.

4. NORM ESTIMATES FOR MULTILINEAR TRANSFORMS

In this section, we study norm estimates for certain multilinear transforms. The
results of this section and the next will enable us to fulfill the plan sketched at the
end of Section 2 and to find the function g(x, \) with the needed properties for a.e.
A by iteration of (11).

Suppose that the functions k;(\, ), i = 1,...,n, are defined on I x RT, where
I is some measurable set in R. We assume that the operators

(K ) = / k(A 2)f () da
R+

satisfy the bounds

(15) 1K fllLar.any < CillfllLo@+ de)
on functions of compact support for some 2 > p > 1 and ¢ > p.

Let n > 2. Let A be any set of ordered pairs a = (iq, 1), with 1 < i,,i,, < n.
Let |A| denote the cardinality of A.

2The mechanism underlying the proof of Theorem 3.2 is presented in the proofs of Theorem
4.1 and Lemma A.3 below; Theorems 3.1 and 3.2 may be deduced via simple modification of those
proofs.
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Consider the multilinear operator T;, given by

(16) To(f1y- ooy fr)(N) :/Hfj (xj)k;(zj, A H Xr+ (i, — T ) de,

Rn j=1 acA

x = (x1,...,T,). Notice that if there were no “diagonal” characteristic functions,
the expression (16) would decompose into a product of one-dimensional integrals,
and the analysis would become trivial.

Remark. We do not rule out the possibility that some of the characteristic func-
tions in (16) are mutually contradictory in the sense that both xg+(z; — «;) and
xr+(z; — x;) appear; in such a case the integrand vanishes identically.

Our goal in this section is to prove the following property:

Theorem 4.1. Suppose that the multilinear operator T), is given by (16) with ker-
nels k; (X, x;) satisfying (15). Then for any functions f; € LP(R*,dx), i =1,...,n,
such that the integral (16) converges absolutely for a.e. A, we have

n
1T (f1, -5 fa)lls, < Cn H Hfinv
i=1
where s, =nqg~t. The constant C,, depends only on n and constants in the norm

bounds (15) for the operators K;.

Remarks. The conclusion of Theorem 4.1 holds in particular when s,, < 1. Our
proof can be made to yield a more general inequality, in which f; € LP/, the
exponents p; vary freely in a certain range, and syt = Zj qj_1 where qj_1 =1 —pj_l;
the case where all exponents p; are equal suffices for our applications, and we restrict
attention to it in order to simplify computations slightly.

By assumption, the value of T, (f1,..., fn)(A) = g(}) is well-defined for a.e. A
by the absolutely convergent integral. Our strategy will be to divide the domain of
integration into disjoint pieces and to represent the function g as a sum of terms
coming from integration over these disjoint pieces; formally:

= Zgi()‘)

Because of the absolute convergence, we have that the sum Y ;" | g;(\) converges to
g(\) for a.e. A as n — oco. We show, choosing the functions g; in a convenient way,
that the sum also converges absolutely in the appropriate space L°", thus proving
Theorem 4.1.

The proof of Theorem 4.1 will exploit a special representation of the function

f(z1) f(z2)xmt (22 — 1)

as a sum of products of two functions depending only on x; and x5 respectively. Let
us first introduce a decomposition of R associated with the function f. Normalize
fsothat || f||5 =1. Let E(1,1) and E(1,2) be disjoint intervals such that

If@)xeanlb=1f@)xealb=2""

E(1,1) U E(1,2) = RT and FE(1,1) lies entirely to the left of F(1,2) (i.e. for any
x € E(1,1), y € E(1,2) we have z < y). We note that E(1,2) is half-infinite and
assume F(1,1) contains its right end for the above decomposition to hold. We also
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remark that the decomposition is not necessarily unique (if f vanishes on some
interval, then it will be non-unique), and we just choose one such decomposition.
In the future we will omit such inessential details. We continue to decompose
each of the intervals F(1,4) in a similar manner, obtaining on the m'" step 2™
intervals {E(m,1)}#,, such that U?:l E(m,l) = RY, || f(x)x(E(m, )|} = 27"
for j = 1,...,2™, the intervals are disjoint and E(m,!) lies entirely to the left of
E(m, i) if | < i. In the notation E(m,1), we refer to m as the “generation” of this
interval and to [ as the “index”. Of importance, in particular, will be the following
evident property of intervals {E(m,1) : 1 <m < 00,1 <1< 2™} : any two intervals
are either disjoint or one is contained in another.

We proceed to decompose the “diagonal” characteristic functions in a convenient
way.

Lemma 4.2. The following identity holds:

(17)
Xr+ (T2 — 1) f(21) f(22) = Z Z XE(m,) (T1)XE(m,i+1)(T2) | f(z1)f(22).
m=1 =1
l odd

Proof. Figure 1 illustrates the decomposition that we perform. Let us denote by
Hi5 the set

His, = {CL‘ S R2,{,C = (xl,xg)|x1 < CL‘Q},

and by suppf the set of the points = such that for every interval I, such that « € I,
|/ (z)| is positive on the set of positive Lebesgue measure in I. The claim will follow
if we show that

m

(E(m,1) x E(m,1+1))

[}

Hya N (supp,, f X supp,, f) =

ﬁcg

1

e~
o
Q‘H

and the sets under the union on the right-hand side are disjoint. The latter fact
is easy to see: if E(m,l) C E(s,i), l odd, s # m, then necessarily m > s and
E(m,l + 1) also belongs to E(s,i), not E(s,i+ 1). On the other hand, we show

Xo

£(.2)

ECD

ECD F(12)

FIGURE 1. Decomposition of yg+(z2 — 21)
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that for every ya,y1 € suppf, y1 < y2, there exist two sets E(m,l), E(m,l + 1),
with I odd, such that y, € E(m,1) and y2 € E(m,l +1). Let || fx(y,,y)|lh = a > 0.
Here we assume that f is normalized and use the condition that y;, yo lie in supp f
to infer that @ > 0. Choose s so that 27% > a > 27571 If y1, 9o lie in one set of
generation s, F(s,l), then necessarily y; € F(s+ 1,2l — 1) and y2 € E(s+1,2l). If
y1 and yo lie in different sets of generation m, E(s,1) and E(s,l+ 1), then either [
is odd or y1 € E(s —1,1/2") and yo € E(s — r,1/2" 4+ 1), where r is such that /2"
is odd. (]

Remark. In particular, if suppf = RT, we get a representation of the diagonal
characteristic function xg+ (22 —21) as a sum of products of characteristic functions
of some intervals in the z; and x5 variables.

We now begin the proof of Theorem 4.1.

Proof. Since T, is multilinear, we may assume without loss of generality throughout
the proof that || f;||5 = £ for alli = 1,...,n. Let

fla) = <Z|fi<x>|p>

Consider the family of the intervals {E(m,l)} associated with the function f. An
important property of this family is that

(18) I fi(@)XE@muyllh <27™

for all 7,1, m. Write

P

A= {041,...,04|A|}.

We begin by substituting the result of Lemma 4.2 into formula (16):

19 T.H=3 - % Z---Z/dxﬂkj@,xj)fj(zj)

m1=1 mia =1 I Lia) gn J=1
[A]
' H XE(mate) (i )X Bme 14+1) (Z1r),
t=1
!

where ; means the sum over all odd integers I; € [1,2™¢], and iy = iq,, iy = i, -
t

Thus
(20) T (A < i ilmﬁm,
e
where 7 = (my,. .., m)4)) and
(21) Fﬁmwzli---li [ a1 O
) Al fe J=1
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where [ = (I1,...,14)) (all variables l; take only odd values), the set G(j, 1) depends
on m (and on A), and

GG = | () Emel)| 0| () Elmel+1)

tij=is tj=i/

We aim to prove that

(22) IET @)l < Cu27 T T Iyl

j=1

for any g1,..., g, which satisfy (18) (that is, ([gixp@mpllh < 27™ for all i,m,).

Here ~,, is some positive constant which depends only on n, C,, depends on n and

constants in norm bounds (15) for the operators K, and 3, satisfies
1>1—-0,> max(g, g)

Invoking the decomposition (20) and summing over 7z, Theorem 4.1 follows directly

from (22).

We may proceed to prove (22) by induction on |A|. The case |A| = 0 is immediate
from the hypothesis on K; by Hoélder’s inequality (in this case m is a O-tuple).
It will be convenient to consider the graph T with vertices {1,...,n} and edges
(it,1;) joining i; to i; for any t (and no other edges). To each edge we associate
the generation m; which corresponds to a generation in the decomposition (17) of
Xr+ (i, — 2;) that we fixed in the sum (21). It suffices to treat the case where T
is connected; the general case then follows by Hoélder’s inequality.

Fix m. Relabel the indices so that m; < ... < mA|- For simplicity of notation, we
also relabel pairs (i¢,4;) so that m; still denotes the generation in the decomposition
of xw+(zs, — x4 ). Let N be the largest index for which my = mj.

For many values of [, the set G(j,1) is empty for some j. Such terms contribute
zero to the sum (21); this observation underlies the estimate (22) for F™(f). To
take this into account, drop from the sum (21) all terms for which there exists j
such that G(j,1) = (; such terms contribute 0 to F™(g). We say that an index [
remains if the corresponding term has not been dropped.

We have the following

Lemma 4.3. For any 1 < j < n, either

(23) G(j,1) C E(ma,l1) VI remaining
or
(24) G(4,1) € E(ma,l; + 1) VI remaining.

Let By = {j : (23) holds }, Bo = {j : (24) holds }. For any 2 <t < N (that is, if
my =mq),

(25) Iy =1y VI remaining.

Finally for eacht > N (so my > my), either i, i, are both in By for all remaining

or they are both in By for all remaining . We say that t € Ay, t € As respectively.
Proof. For any m > 1, [ odd, set

E(m,l) = E(m,l)U E(m,l +1).
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First we prove that if [ remains, then
(26) E(mt,lt) C E(ml,ll)

for all ¢. Notice that both sets in (26) also belong to the family E(m,!l) (they
are E(m; — 1,452), E(my — 1, 551) respectively; we may assume E(0,0) = R*).
Therefore, to prove (26) it is sufficient to show that the two sets in (26) intersect,
since in this case one is contained in another by the martingale-type property.

Recall that m; is the generation which is fixed in decomposition of the charac-
teristic function g+ (s, — ;) in the sum (21) for F. Pick any other m; which is
fixed in the decomposition of the characteristic function xg+(z;, — ;). Since the
graph Y is connected, we can find a path in T which connects either i; or i} with
either 41 or 7}, and does not contain the edges (i1,%;), (i, ;). Suppose that this path
goes from 47 to iy and passes successively through the edges with the corresponding
generations my, , . .., my,. This path does not depend on I.

For G(j,1) to be non-zero for all j, we must have

E(mlall) N E(mtultl) 7é Q]v E(mtvlt) mE(mtr7lt7') 7é wa
and E(my,,ly,) N E(my #£@ for all i=1,...,r—1.

(27)

it1 lti+1)

Hence by our assumption that m; < m;, for all ¢ we see that E(mt1 ) C E(ml, ).
But then by (27) also E(mi,11) N E(my,,l;,) # 0, hence E(my,,ly,) C E(my,11).
We continue in the same way concluding that E(my,l;) C E(m1,1;) and hence (26)
holds.

The statements (23), (24) and (25) of the lemma now follow immediately from the
martingale-type property of the sets E(m,[) and the definition of the set G(3,1).
To obtain (25), note that because l; and I; are odd, when l; = [; the inclusion
E(my,l;) € E(my,ly) forces E(mq,l;) = E(my,1;). To prove the final statement,
suppose that we know in addition that m; > m;. We can find a path in T which
goes from 4, or i; to a vertex adjacent to an edge (is,,) with the corresponding
generation ms equal to mq (i.e. with s < N), and contains only edges with the cor-
responding generations strictly less than m;. An argument analogous to the above
shows that in this case E(my, [;) is contained either in E(my, ;) or in E(mq,ls+1)
for all remaining I, depending on whether the vertex to which the path leads coin-
cides with is or ¢/, respectively. By (25) the lemma is proven. O

Remark. It may happen that there exist two (or more) different paths from i; (or
iy), one of which leads to a vertex j; where fj, (x;,) is multiplied by X g(m,.1,)(2j, ),
while the other leads to a vertex j» where fj,(x;,) is multiplied by X p(m, i, +1) (2}, )-
(The simplest way for this to happen is for A to include two pairs (i, 7) and (j,7).)
In this case, G(j,1) is zero and hence [ does not remain.

Define

FPRRD0N = Y0 T K (X xao) M)

ly:t€Ay jEBy

/
and denote by Y  the sum over all I; such that 1 <1 < 2™t [, is odd, t € Ay,
ly:t€Aq

where ") = (my)sea,. Note that FAml()l];’lll (f)(\) depends only on those f; for which
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j € By. The factor F7j' ;" (F)(\) is defined similarly, but X, 1) is replaced by
XE(mi,li+1)- BY Lemma 4.3

Do > T K (fixmom mxain) M

li INg1 lia) j€B1

F™(F)(N)

1T 15 (ix e n+nXain) D]
JEB2

] 72 1, =
< ZFA1,33 NER 5 PV
We may rewrite for each j € By

G(j,1) = E(m1, 1)) NG (4, (lt)tea, ),

where

G' (4, (Ie)ea,) = (\ Emul)|n| () Elml+1)
tEAL,j=i¢ teEA,j=1;
Indeed, by Lemma 4.3 all other sets that enter in the definition of G(j,1) belong
to E(mq,l; + 1) and hence are absent for the [ which remain. Thus Fy ) ll (HN)
and FZ(z)’zll (f)(\) are expressions of the same form as the original Fm. Slnce 0<
|A1] < |A|, both FAl( )lll (f)(A\) and FA; )211(]”)(/\) may be estimated by induction
on |A|. Therefore

m 1 m® 8
5 Dy, < 0275 Tl ™

jEB,

(28) 174,

a similar bound also holds for F);. ;211 (H(N).

Using (28), we are ready to estimate |F™(f)||s,. We distinguish between two
cases: s, <1 and s, > 1. Suppose first that s,, < 1. Then

™ Sn ()l ()l
(20) P snsZuFAl L@, IEE S @O, -

We used the fact that || Y hi(x)||2 <3 [|hi(x)||2 when s < 1 and Hélder’s inequal-

m® 1y

ity. Plugging the estimate (28) and a similar bound for F)y! 2 (g)(}) into (29), we

find

(30) [FT(@)|[sm < Cp2= ol i, fm @ s

/

(1 ﬁ Sn (1 ﬁ )Sn
ST Ngsxmme s =% TT lgsxmm ol 2!
5 JEB1 JEB2

Pick 0 < a1, as < 1 such that

ar(l = Big,|) = az(1 = Bip,)) = =
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We can find such aj, as by the induction assumption. The sum in (30) may be
estimated by Hoélder’s inequality in the following way:

/

(l—ﬁ )Sn (1—5 )Sn
ST lgixeealls "7 T lgixemmnenls
I JEB1 JEB2

(1-a1)(1-p )sn
H ma'XHgJXE(m1,l1)|| ) B

JjE€EB1

(1—a2)(1-p )Sn
- 11 max [|g; X pms t+1) [ H gl
JEB2 Jj=1

Thus
IF@)llsn < Cp2~ ™m0 (m L Im

n

mm(l ﬁ‘ |5 1— ﬁ‘ ‘) 2 2

H SUp [l x o llp S I sl
Jj=1 =

(2)‘)

. _my
Obviously [lg;lly > supy 197X s(ms ol and supy 19X Em, oy < 277 by our as-
sumption on g;. Pick 3, so that

. pp
min(1 — B, 1 = BiB,|) > 1 — fBn > max(=, ),

q 2
and
. n. .
Y = min (;[mln(l —BiBi» 1 = BiBy) — (1= Bu)], VB V1Bal)-
Then
(31) IF(@)s, < Cn277nI™! H lgslly "

j=1

There are only finitely many pairs By, Bs such that |By|+ |Bz2| = n, and hence the
constants v,, 8, may be chosen to be independent of B1, Bs.

The case s,, > 1 is similar. Using the triangle inequality and Hoélder’s inequality,
we get

()ll

IF7(@)ls. By @M lls,

IN

()l
X:HFA1 By @M lsy 1K 5

C,2~ min(y 5,17 85)) (ImO [+m 3

IN

/

—BB41) (1-ByBy)
: Z H ||ngE(m1,ll)|| . H ||gJXE(m1,ll+1)|| 72!

5 JEB1 JEB2

Provided that
1
(32) 2—?(|B1|(1—5‘31\)+|BQ|(1—5|32|)) > 1,

we can apply the argument similar to the case s, < 1 to prove (31). But (32) holds
for all [By], |B2| > 1 since by the induction hypothesis 1 — 3, > £ for all 7 < n.
This completes the proof of (22), and hence of Theorem 4.1. |
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5. ALMOST EVERYWHERE CONVERGENCE OF MULTILINEAR TRANSFORMS

In the proof of the a.e. convergence, an important role will be played by the
following operators. Let D1 (A), ..., D,(A) be measurable functions of A mapping
I to RT U {oo}. Let us denote by

TnDl()\),myDn(A) (f17 KRN} fn)(A)

an operator obtained from T;, by replacing the kernels k;(\, z;), i = 1,...,n, with
k(A 2:) = k(A 20)xes (Di() — ),
i =2,...,n. Throughout this section, we will assume that the kernels k; (), ) are

bounded and the integral operators K; corresponding to these kernels satisfy L2— L2
estimates. The results we prove here extend directly to more general situations,
however the above conditions are exactly the case that we will need in applications
and it is convenient to restrict our attention to it. We give the following natural
definition:

Definition 5.1. We say that the operator T,, converges on functions f1, ..., f, for
some A if the expressions

Tfl VVVVV Dn(flw"afn)()\)

converge to a finite limit as min; D; tends to infinity. Namely, there exists a number,
which we denote T.2°»°(f1,..., fn)(A) such that for any § > 0 there exists Ns
such that whenever min; D; > Ngs, we have

T35 (S fa) ) = TP (fry e f) (V)] < 6.

Our first result is the following maximal estimate:
Theorem 5.2. Let
Mr(fi,o fa)X) = sup (TP P (fi, fa) V).

Ds,...,Dp,
Then for any f; € LP, 1 < p < 2, we have

(33) 1Mz (frs e fadllsn < Ca TT I illy,
i=1

1:

where s, ng land ¢l +pt =1

Proof. The proof uses a well-known device going back to Kolmogorov and Seliver-
stov. Namely, it is sufficient to show that for any measurable D;(A), i = 1,...,n,
we have

T e Pr ()l < Co [T I il

i=1
with the constant C,, independent of the functions D;(A). But the expression

Tfl(A)"'”D”(’\)(fl, ..oy n)(X) is obtained from T, (f1,..., fn)(A) by replacing the
kernels k;(A, x) with the kernels

k(N ) = k(0 2)xee (Di(A) — ).
By Theorem 3.1, these kernels satisfy the estimates (15) for all p, g such that p < 2
and ¢~' = 1 — p~!, with constants in the norm bounds that do not depend on
D;(\). Therefore Theorem 4.1 is applicable and directly leads to (33). |
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As one may expect, the maximal estimate (33) implies a.e. convergence.

Theorem 5.3. The operator T,,(f1,..., fn) converges for almost every A on any
functions f; € LP, 1 <p < 2.

Proof. Suppose, on the contrary, that for some € > 0 we have a set S¢ of positive
Lebesgue measure such that for any N there exist D;; > N,i=1,...,n,j =1,2,
such that

PP (fy L)) — TP P (L f))] > €

for every A € S.. Let us denote f; n(x;) = fi(zi)xg+ (N — z;). For any D; > N, we
have

TP (frs e ) ) = T2 P (frws - fan) (V)]

<Y TP P (g1 gng) N,
j=1

where Gij = fi,N if i < 7, Gij = fiif i > 7, and Gij = fi— f@N if © = j. In other
words, we expand the difference into a telescopic sum. To estimate each term in
the sum, we can apply Theorem 5.2. We get

b SupD ||T1?1’“.’Dn (f17 SERE) fn)(/\) - TTLDI’”.)DTL (fl,Nv SERE) fn,N)()\” iz

NIE

< QTP (gug, o gng) VIS

1

<oy (H ngm-np) .
j=1

=1

<.
Il

Clearly, the right-hand side goes to zero as N — o0, since every product contains the
norm of f; — f; n for some 7. On the other hand, the left-hand side is by assumption
bounded from below by (§)*"|Sc| for every N. This gives a contradiction. O

A straightforward adjustment of the above argument allows us to pass for almost
every A to the infinite limit in any order (e.g. first in D,,, then in D,_1, and so on).

In order to prove a final Lemma that we will need in the iteration process, we
need to consider a smaller class of multilinear operators than we did before. These
are exactly the operators that appear in the process of solving equation (11) by
iteration.

Definition 5.4. We say that the multilinear transform T,, belongs to the class M,,

if
(34)
Tn(fla ey fn)(/\) = //dl‘ld(En H kj(/\,xj)fj(xj) H XR+ (CEj - I'U(j)),
0o 0 i=1 7=2
where the kernels k;(\, z) satisfy (15), and the function o takes values in 1,...,n

and satisfies o(j) < j for every j.

Recall the notation f; n(z) = fi(z)xr+ (N — z).
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Lemma 5.5. Suppose that for some e >0 and 1 < p < 2, for each index 1 < i < n,
a function f; satisfies (1 + x)°fi(x) € LP. Then for every § < e, for almost every
A € R, there exists C(A,n) < oo such that for every nonnegative N € R,

IT0(f1 — fins far oo f) (V)] < CONn)(1 4 N)™™,

Proof. The structure of operators of class M, is such that the integral defining T},
extends only over those z satisfying z; > x; for every j, because of the requirement
that o(j) < j for every j > 1. Since f; — fi n is supported where z > N, we
therefore have for every N, A

To(fi = fins fo, - fo)N) = To(fr = fins fo = fan, s fu = fun)(A).

Fix f1,..., fn. Since || f; — finllp < C- (14 N)~¢ by hypothesis, Theorem 5.2 now
yields

277 ]\?1;12) T (f1 = fins for oo s f) (M) Loman) < C < 00

for every non-negative integer r, with C' independent of r. Consequently

o0

> 2" sup |To(fi = frns fas- - fa)l(A) < 00
r=0 Nz2r

for almost every . To obtain the conclusion of the lemma, given any N > 1, choose
r so that 2" < N < 27! and apply this inequality. O

6. CONCLUSION OF THE PROOF OF THE MAIN RESULTS

With the general machinery built up in Sections 4 and 5 in hand, we are now in
a position to complete the proofs of our main results. First we prove Theorem 1.3.

Proof. We recall that it suffices to show that under the assumptions of the theorem
for a.e. A € S we can find a function g(z,\) such that q(z,\) € C*, g(x,\) — 0,
and the condition (9) holds:
/ i 5 2 .
¢ (x,\) — ———V(x)8(z,\) exp(—2ip(z, \))
2Tm(60)
L V(2)8(z, \)? exp(2ip(z, \)¢?(x, \) € L.
2Im(66)
By assumption, the kernels

kEy(\, ) = 0(x, \)? exp(—2ip(x, \))

and ko(\,x) = k1(\, x) satisfy L? — L? and trivial L! — L™ estimates. Therefore
by interpolation, the corresponding operators map L? to L9, where ¢=' =1 —p~!
and hence q > p, for every 1 < p < 2. Therefore the theory developed in Sections 4
and 5 applies to the multilinear operators T,, from classes M,, composed from the
kernels k1 (A, ), ka2 (A, z).

We will construct the function g(z, A) by iteration. Let

oo

O(p \) = b /
¢ (z, —
(@) 21m(07') J

O(t, \)? exp(—2ip(t, \))V(t) dt,
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well-defined for almost every A € S by Theorem 3.1. Given ¢~ (z, \), we define

M) (2, \) = / 0 —2ip)V (¢) dt
q &€, exp Zp
(= 4) = 2Im 00') vie)dt
(35)

/9 exp(2ip)V () (¢~ D)2 dt.
QIm 96‘

Define

Va(y) = V(Y)xe+(y — 2).
We need the following

Lemma 6.1. ¢(™ (x,A) is equal to a sum of multilinear transforms of classes M;
(composed from the kernels ki(\, x) and ko(\,x) and with all arguments equal to
V) and is defined for almost every A € S. Moreover,

"™ (z,\) — ZTq (Va, V..., V).

Only finitely many values of orders j; occur in the sum, each satisfying 2n —1 <
g <2ntl 1,

Proof. We use induction. For n = 0, all statements are obvious (defining (=1 (, \)
to be 0). Suppose they are also true for m < n — 1. The fact that ¢ (z,\) is a
sum of multilinear transforms of classes M; with some j follows immediately from
the induction hypothesis and formula (35). The fact that ¢(™ is well-defined for
a.e. A € S is then a consequence of Theorem 5.3. Note that

¢ (@A) ~ q("_”(w A)

62 exp(2ip)V =D, A) — ¢ (¢, A
21m 99 / (&) %)

(@A) + ¢ (2, N)) dt.

By the induction hypothesis, the right-hand side is a sum of the multilinear trans-
forms from the classes M;, where the order j is no less than (2n —3)+2=2n-1
and no higher than (2" —1)2+1 = 2" — 1. O

Now we can complete the proof of Theorem 1.3. If 2V (z) € L?, p < 2, Lemma
5.5 implies that for any multilinear operator of order j;

T35 (Ve o, VIV < CON(L + )™
for almost every A € S and any § < e. Notice that
(™) (@, ) - m‘/(x)g(az, A exp(—2ip( )
- ﬁ%V(m)ﬁ(m, A2 exp(2ip(z, A) (¢™)2(z, \)
_ mvm)o(:ﬁ, V2 exp2ipla. V) (0, 3) - (@ DP(,N)
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Pick n so that (2n — 1)6 > 3. Then by Lemmas 6.1 and 5.5 we find that the
expression on the right-hand side is absolutely integrable for almost every A, since
it is the product of some LP function V(x) with a factor which for almost every A
is O((1 4 z)~") for some 1 > 1, and hence belongs to L9 where ¢~ =1 —p~1.

Hence ¢ (z, \) satisfies the condition (9) and therefore we can take q(z,\) =
q™ (z,\) for a.e. A € S. Then the first claim of Theorem 1.3 follows from Theorem
2.2 and Lemma 2.1. As a set of full measure in S it suffices to take the set where
all multilinear transforms T;(V,...,V) (composed from ki (X, z), k2(X, z)) of order
not larger than 2"*! — 1 converge. It remains to prove the formula (2) for the
asymptotic behavior of the eigenfunctions. Notice that the asymptotic behavior
stated in Theorem 2.2 differs from the asymptotic behavior we need to show to
prove Theorem 1.3 only by the presence of an additional multiplier

x

/ (1~ q*)"'V Re(6%q exp(2ip)) dt
0

i
(36) eXp | ——————

2Im(60)
in the asymptotic formula for the solutions in Theorem 2.2. But note that the limit
of the integral

N

/(1 = la(t, NIP) TV (&) Re(0(t, A)*q(t, A) exp(=2ip(t, A))) dt
0

as N — oo exists for a.e. X\. Indeed, we can expand (1 — |¢|?)~! into absolutely
convergent series in |¢|2. Then the whole expression becomes represented as a sum
of multilinear transforms TjN7°°7“"°°(Vgﬁ7 ..., V)(A). Starting from some [, the inte-
grand will become absolutely integrable over the whole axis for a.e. A by Lemma
5.5; in the remaining finite sum every term is convergent by Theorem 5.3. There-
fore, for a.e. A, the expression (36) can be written as C(\)(1 4 o(1)) and hence
can be omitted in the asymptotic expression for the solutions. This completes the
proof. O

We now prove Theorems 1.1 and 1.2.

Proof. It remains only to verify the L? — L? bounds for the corresponding operator
(4)). It is convenient to choose f(z,\) = exp(iv/Az) in the free case and 0(z, \)
Bloch functions in the periodic case. The corresponding L? — L? bounds were
already shown in [14]. For the sake of completeness and since the argument is not
very long, we provide here a sketch of the proof for the free case. For the periodic
case, the proof is analogous given standard information on the properties of the
Bloch functions; see [14] for details.

Without loss of generality, we can restrict our attention to some interval (a,b),
0 <a < b < oo. Consider ¢p(A) € C§°(0,00), 1 > ¢p(A) > 0, such that ¢(N) =1
when X € (a,b). Clearly it suffices to show L? — L? bounds on functions of compact
support for an operator

o0

KFO) :qb()\)/exp 2iv/ 3w — %/V(t)dt (@) da.
0

0
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We have

x

1K F 3 = [ [ ot @50) [ @roexp | 20V3—) - 5= [V
0 0

7
VA
Yy

Let us denote by Z(x,y) the kernel

Z(x,y) = /qus(A) exp | 2iVA(z —y) — %/V(t) dt

Let us integrate by parts in A in the expression for Z(z,y) N times, integrating
exp(2ivA(z — y)) and differentiating the rest. We obtain

. N
C(¢,a,b, N)min(1, |z —y|~) /V(t) dt
y

. _ _1
< C(¢,a,b, N)min(1, |z — y[NE=D) | V],

IN

(37) 1Z(z,y)]

Taking N large enough, for instance such that N(1— %) > 1, we see that an operator

with the kernel Z(z,y) maps L? to L? (by Schur’s test, for example). Therefore
also

1K fll7 20 < Cle,a,b)| fII3-
(]

We conclude the paper by formulating one simple generalization of Theorem 1.3
(which implies the corresponding generalizations of Theorems 1.1 and 1.2).

Theorem 6.2. Fiz a potential V (z). Suppose that there exists a monotone differ-
entiable function d(x), d(z) > 0, d(z) =3 0, d'(z) <0, such that V (z)d(x)~* € LP
with some p < 2 and V (x)d(z)N € L' for some integer N. Then under the assump-
tions of Theorem 1.3, all conclusions of Theorem 1.3 hold for the perturbation of

Hy by V(x).

€

Proof. Going through the proofs of Lemma 5.5 and Theorem 1.3, we substitute =~
with d(x). Given that d(z)~*V(z) € LP, p < 2, all proofs go unchanged, and in
the final step instead of V(z)(1 + 2)~%(?»~1 heing absolutely integrable we need
to check that for some N,

V(z)d(z)N € L.
This is exactly what we assumed in the statement of Theorem 6.2. O

We note one additional particular class of potentials which we may treat using
Theorem 6.2. Namely, take any V' (z) such as in Theorem 1.3, take a sequence {z, }
and insert intervals of arbitrary size I,, at each point x,. Let V(x) be a potential
obtained from V by adding such intervals I,, where V is zero. Then it is easy to
construct a function d(x) with the properties as in Theorem 6.2. For the details of
such construction we refer to [13].
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APPENDIX: SINGULAR POTENTIALS

In this Appendix, we discuss the preservation of the absolutely continuous spec-
trum for potentials with strong local singularities. The proof turns out to be almost
entirely parallel to the non-singular case, so we mostly sketch the arguments with
a few exceptions. We should note, however, that the result has some interest in it.
In the explicit construction of the power decaying potentials such that the corre-
sponding Schrédinger operators have purely singular spectrum [24] one can try to
use the possible singularity of the potential to get singular spectrum under stronger
decay conditions. The results of the appendix show that such a plan does not work
out, at least the fundamental exponent % and virtually all results we have shown
before extend to the situation where strong local singularities are allowed.

We will consider the potentials from the spaces [P(L!), 1 < p < 2, with the norm
given by

00 n+1 p %
1l = [ S / ()] da
n=0

n

The main result we show is

Theorem A.1l. Suppose that U is continuous periodic (in particular, the free case
U = 0 is of course included). Let the perturbation V(x) be such that there exist
p <2 ande>0 with V(z)z=¢ € IP(L'). Then all conclusions of Theorem 1.2 hold,
in particular the absolutely continuous spectrum S of the operator Hy is preserved
under the perturbation by V' and for almost every A € S there exist solutions of the
equation (1) with the pure WKB asymptotic behavior in the main term (i.e. with
asymptotic behavior given by (2)).

As before, Theorem A.l is a corollary of the following general criterion (an
analogue of Theorem 1.3):

Theorem A.2. Suppose that the potential V(x) is such that there exist € > 0 and
p < 2 so that ¢V (z) € IP(LY). Assume that an operator

x

/V(t)|9(t,/\)|2dt @) da

0

(KN = x(5) / e |
0

satisfies the bound

K f(N)lrz2cs) < Cllf ez
on functions f of compact support. Then the absolutely continuous spectrum of Hy;
supported on the set S is preserved under perturbation by V, i.e. the set S belongs
to the essential support of the absolutely continuous part of the spectral measure of
the operator Hy4v. Moreover, for almost every \ € S, there exist solutions ¥x(x),
1y (1) of the equation (1) with the asymptotic behavior (2).

We will indicate the changes in the proof of Theorem 1.3 which are necessary to
prove Theorem A.2. First, we need the following substitute for Theorem 3.1.

Lemma A.3. Suppose that 1 < p < oo, that ¢ > p, and that K is a bounded linear
operator from IP(L'(R)) to LY(R). Then the mazimal function given by

(Mr f)(A) = Sup |K(fxr+ (N —2))(N)
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satisfies

Mk fllqg < Collfllir(zr)

for the same pair of exponents p,q. Moreover the integral defining (Mg f)(\) con-
verges for almost every \, for any f € [P(LY).

Proof. Given the function f with || f||;»(L1) = 1, we consider the family of intervals
E(m,l) similar to the LP case. Namely, first we consider intervals F(1,1) and
E(1,2), such that their union is the whole half-axis, the first interval lies to the left
of the second and

I XE@ ||lp LY) HfXE(l,Q)”fp(Ll)'

We note that in contrast to the L? case, we cannot in general say that
-1
I xBam i@y =27

However, it is easy to see that

HfXE(l,i) ||fp(L1) < 271

If the sets E(1,1), F(1,2) are unions of the integer intervals (I,I + 1), we have
equality. Otherwise each set E(1,4) is a union of integer intervals and a set A;,
such that A; U Ay = (m,m + 1) for some m. In this case

</|f><A1|dar>p+ </|fXAz|d$)p§ m/+1|f(x)|da: p

(since p > 1), and hence
||fXE(1,2)||fP(L1) + ”fXE(l,l)”fp(Ll) <1

We decompose each of the intervals F(1,4) further as in the L? case. In step m,
we obtain a family of intervals E(m,1), such that |J, E(m,l) = R, E(m, ) lies to
the left of E(m,l2) if I; < ls. We choose these intervals so that the total number of
the intervals of generation m is 2 and || fXg(m,) ||ZP(L1) 27™ for every l. Such
a family is obtained by splitting every interval of given generation into two equal
pieces, with the same arguments as in the first step.

Let

(Mgmf)A) = sup | My (fXEm.) (V)]

Then
(Mg f)(A Z Mg m f)(A
m=1

This follows from the construction of the family E(m,!). Indeed, modulo a set
on which f vanishes almost everywhere, any interval [0, N] may be decomposed
as a disjoint union of intervals E(m,!), with at most one such interval for each
generation number m. Summing over m and invoking the triangle inequality leads
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to the desired majorization for My f. Consequently

1Micfllg < D 1M g

m=1
On the other hand,
2’771
1=1
gm
< I xEman < 2707,
1=1
Therefore,

SN (1ol
1M flly < Y- 2G5 < Gyl nceny
m=1
(we assumed || f||;»(z1y = 1, but the bound extends to all f by sublinearity of M).
Almost everywhere convergence follows from the maximal estimate in a standard
way. O

Now we prove Theorem A.2.

Proof. The proofs of multilinear transform properties and almost everywhere con-
vergence estimates go exactly the same way as before. The family F(m,[) has the
same properties as in the LP case, in particular the martingale-type property (two
sets either disjoint or one is contained in another). Lemma 4.3 clearly remains
valid. The function

P

fla) = <_Z |fi<x>|p> ,

used to construct the family E(m,!) in the proof, may be replaced by
fla) =Y Ifilx)l.
i=1

The only other change we need to make in the proof is to change || - ||, to || - [|;o(L1)
throughout.

To prove Theorem A.1, we need to show the [2(L') — L?(S) bounds.

Proof. We will show the proof of the needed norm bound only for the case U = 0.
The general periodic case follows from the properties of the Bloch functions in a
way parallel to the free case. We refer to [14] for necessary information and a similar
argument.

Clearly we can restrict our attention to some compact interval I = (a,b), b >
a > 0. It is sufficient to show that the operator

= 2 ex 7 x—Lw x) dx
(KN = 6(\) / p | 20vhe - / V(tydt | f(x)d

satisfies the [?(L') — L?(I) bound on functions of compact support, where ¢ €
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C§°(RT) and ¢(X) =1 for A € I. Note that

(Kf)(\) = ;¢(A)exp 2Vl — ﬁO/V t) dt

1 ) y+1

(38) 6N / exp 2iﬁy—% / V) dt | fly+1)dy.
0 l

We can write K f(\) as follows:

:Zd)( exp | 2iVAl —
1=0

l

\/— V(t)dt | f(AD),

where the expression f(\, 1) has the following property: for every m > 0,

n+1 m

05 FOLDI < Co(T, ) 500 / V@)dz|

where f; = fllH x)| dz. This property of f(A,1) is evident from (38).
We compute

1K £l320r) < Z/d)\(bQ(/\)exp 20Vl —m ——/V By dt | FOLDFN m).
=0 m=0

Let us integrate by parts, differentiating f(\,1)f(\, m) and integrating the rest. By
virtually the same computation as one which led us to (37) we obtain

/qus(A) exp | 2iVA( = m) — —/V < Crmin(1, |l —m|)"#

for every positive integer r. Therefore, taking into account the properties of f(\,n),
we obtain

IK fllZ2(r) < Cr Z Z min(L, [m — 1)~ fn f1.

=0 m=0
Taking r large enough (% > 1 will do) we see that the operator K satisfies the
required bound. O
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