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1. INTRODUCTION

The purpose of this paper is to investigate bilinear variants of the restriction
and Kakeya conjectures, to relate them to the standard formulations of these con-
jectures, and to give applications of this bilinear approach to existing conjectures.
The methods used are based on several observations and results of Bourgain (see
[2]-[6]), together with some refinements by Moyua, Vargas, and Vega [17, 18].

This paper is organized as follows. In the first section we discuss bilinear restric-
tion estimates, and show how one can pass back and forth between these estimates
and the standard restriction estimates. We also generalize the 12/7 bilinear restric-
tion estimate of [18] to higher dimensions.

In the second section we give analogues of the above results for the Kakeya
operator. In particular we give a bilinear improvement to Wolff’s Kakeya theorem
in arbitrary dimension.

In the third section we give applications of these bilinear estimates in three
dimensions. For example, we are able to improve the 42/11 exponent in Wolff’s
restriction theorem to 34/9. We are also able to prove a sharp (L?, L?) restriction
theorem which improves on the classical (L?, L*) Tomas-Stein theorem, and also
give some concrete progress on a bilinear restriction conjecture of Klainerman and
Machedon. We also give a non-bilinear approach to these estimates, which gives
weaker results but is more direct and probably has a wider range of application.
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Finally, we collect some standard harmonic analysis estimates in an Appendix
for easy reference.

This work was conducted at MSRI (NSF grant 9701955). The authors wish to
thank Tony Carbery, Adela Moyua, and Wilhelm Schlag for many helpful discus-
sions.

2. BILINEAR RESTRICTION ESTIMATES

Fix! n > 2 and A > 0, and let Q be the cube [—-1,1]""1in R L. Let ®: Q — R
be a phase function satisfying the following conditions:
o ||[0%D|loc < A for all 0 < |a| < N, where N is a large constant.
o ©(0) = V&(0) = 0.
e For all z € Q, the eigenvalues of the Hessian @, () all lie in [1 — g, 1 4 €],
where €g > 0 is a small constant.

We will call such a phase elliptic. The model example of an elliptic phase function is
of course the quadratic phase ®(x) = %|;1c|27 but any smooth compact convex surface
with non-vanishing curvature can be decomposed into finitely many graphs whose
graphing function (after an affine transformation) obeys the above properties. In
particular, the unit sphere can be decomposed in this manner.

We will consider linear and bilinear bounds for the operator ®* : LY(Q) —

L>°(R™) defined by
R f(z,20) = / esmileytn WD fy) dy.
Q

This operator can be thought of as an adjoint restriction operator associated to the
surface {(y, ®(y)) : y € Q}. For 0 < p,q < oo, we use R*(p — ¢) to denote the
estimate

1R fllg < 11

for all test functions f, with the constant depending only on n and A. Similarly,
we use R*(p1 X p2 — ¢) to denote the estimate

IR fR*gllg < 1 £ llpallgllpn

for all test functions f, g supported on @1, Q2 respectively, where 01, Q2 are any
subcubes of ) whose size and separation are comparable to 1. (We will call such
cubes O(1)-separated in the sequel.)

Estimates of the form R*(p — ¢) are adjoint restriction estimates and have
attracted wide interest. The (sharp) restriction conjecture states that

n—1

Conjecture 2.1. R*(p — q) holds whenever q > % and p' < —q

These conditions are well known to be best possible (see e.g. [26]). This conjec-
ture has been verified for n = 2 [7], but remains open in higher dimensions. The
main difficulty lies in making the g exponent as low as possible; the estimate is
trivial for ¢ = oo, Holder’s inequality can be used to raise p, and in certain cases
factorization theory can be used to lower p. When (p, ¢) lie on the sharp line

n—1

1 =
(1) P n—i—lq

we abbreviate the estimate R*(p — ¢q) to R%(q).

L All constants in this section are assumed to depend only on n and A.
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TABLE 1. Known restriction theorems for n = 3. ¢ denotes an
arbitrary positive number

1. R*(1 — o00) = R¥(c0) Riemann-Lebesgue

2. R*(2—6) Stein, 1967 [10]

3. R'2—4+¢) Tomas, 1975 [26]

4. R*(2—4) = R*(4) Stein, 1975 (For n = 3: Sjdlin, 1972)
5 R*(4— % +e—4-— % +¢) Bourgain, 1991 [2]

6. R*(4— 2 4ec—4—2+4c) Wolff, 1995 [27]

7. R(f4+e—4— 2 +e) Moyua, Vargas, Vega, 1995 [17, 18]
8 R*(ilf—ka—wl—%—l—s) Theorem 4.1

9. Ri(4— 2 +¢) Theorem 4.1

?. R:(B3+¢)? (critical value)

We summarize? the known results in n = 3 in Table 1. The classical theorem
of Tomas and Stein states that R*(2 — %) = R:(%) for any n > 2.
Later improvements have been made on this result ([2], [6], [27]); in particular,
Moyua, Vargas, and Vega [17, 18] have recently observed that one has the estimate
R*(%+€ — %4—5) in three dimensions. However, none of these improvements to the
Tomas-Stein theorem lies on the sharp line p’ = Z—:q. As one of the applications
of this paper we will prove a new restriction theorem on this sharp line.

Our improvements will be based on the earlier defined bilinear restriction esti-
mates R*(p X p — ¢), which we will now discuss. These estimates have appeared
implicitly in many works (e.g. [5], [18]), and are closely related to null form esti-
mates for the wave equation (see [14]-[16]; related ideas also appear in [1]), but do
not appear to have been explicitly studied until very recently.

When (p,2q) lie in the range predicted by Conjecture 2.1, then R*(p,2q) and
R*(p x p — q) are almost equivalent. Indeed, in Section 2.5 we will prove

Theorem 2.2. Letn > 2 and1 < p,q < oo be such that 2q > % andp’ < Z—__&Zq.
Then R*(p,2q) implies R*(p X p — q). Furthermore, if R*(p X p — q) holds for

all (1, 1) in a neighbourhood of (1—1), %), then R*(p,2q) holds.

P’ q

However, the bilinear estimate R*(p x p — ¢) can hold for exponents which are
not covered by the above theorem. For instance, when n = 2 an easy computation
using Plancherel’s theorem and a change of variables shows that R*(2 x 2 — 2)
holds, even though the Knapp example shows that R*(2,4) fails completely. Thus
one expects the range of exponents for the bilinear restriction estimate to be larger
than that of Conjecture 2.1. For n = 3 the first results in this direction were by
Bourgain [5] (although the theorem R*(1 x 1& — 2) implicitly appeared in [3]);
more recently, Moyua, Vargas, and Vega [18] showed that

12 12

(2) R*(7 X o = 2)

for n = 3. We modestly generalize this result to higher dimensions as
Theorem 2.3. Suppose that n > 2. Then

R*(pxp—2)

holds if and only if p > 32‘712.

2Some of the earlier results were not stated for arbitrary elliptic phase functions.
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FIGURE 1. Prior status of R*(p x p — q) and R*(p — 2q) for n = 3.

Recently® Klainerman and Machedon conjectured that
n—+ 2
—)
for all n > 2. By interpolating (3) with what is implied by Conjecture 2.1, one is
led to the following

(3) R*(2x2—

Conjecture 2.4. Ifn > 2, then R*(p x p — q) holds whenever

4 >

(4) ¢z,
n+2 n

5 + — <n,

(5) TR
2 -2

(6) Ul Y

2q D

By Theorem 2.3 and interpolation the conjecture is verified for ¢ > 2 (and thus
for n = 2). The exponents in the above conjecture are best possible; we will sketch
the proof of this statement in Section 2.7. From Theorem 2.2 we see that Conjecture
2.4 implies Conjecture 2.1.

We depict the conjectured ranges for the estimates R*(p — 2¢) and R*(pxp — q)
in Figure 1. The restriction conjecture states that R*(p — 2¢) holds for all (p, q) in
the trapezoidal region bounded by 1, ¢, d, and 0, except for the upper line between
¢ and d inclusive; by the above Theorem, this is almost equivalent to R*(p x p — q)
holding in this region. Klainerman’s conjecture asserts that R*(p x p — ¢) holds
at the endpoint b. The combined Conjecture 2.4 states that R*(p X p — ¢) holds
in the pentagonal region bounded by 1, b, ¢, d, and 0, including the upper line
mentioned previously; this region is best possible.

3Workshop in Harmonic Analysis and PDE, MSRI, July 1997.
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By Theorem 2.2 the standard restriction estimate R*(p — 2¢) and the bilinear
estimate R*(p x p — q) are essentially equivalent in the line between ¢ and 1.
The points 1-7 correspond to the standard restriction results, while the point a
corresponds to the bilinear restriction theorem (2).

From Theorem 2.2 and bilinear interpolation it is possible to obtain new linear
and bilinear restriction theorems; for instance, by interpolating between the bilinear
form* of the result in [17] and (2) and using Theorem 2.2, one may obtain the sharp
restriction theorem R(q) for all ¢ > 4 — 1—27 We will improve on these results in
Section 4.

5. Proof of Theorem 2.2. The first implication is a trivial consequence of
Holder’s inequality, so we concentrate on the latter. In view of the known results
for n = 2 we may take n > 3. From the Tomas- Stein theorem (see e.g. [23]) and
the necessity of (4) it suffices to consider the case -2 < 2¢ < (n+1)
we may assume that 1 < ¢ < 2.

The bilinear hypothesis R*(p x p — §) allows us to control R* fR*g if f and g
have O(1)-separated supports. By a parabolic rescaling argument this will imply
a similar estimate when f and g have O(277)-separated supports for any j >
0. Piecing these estimates together one may obtain an estimate on R*fR*g for
arbitrary f, g, from which the conclusion R*(p — ¢) will follow.

We now turn to the details. Assume that the hypotheses of Theorem 2.2 hold.
We have to show that

. In particular

IR fll2qg S 11 llp-
By Marcinkeiwicz interpolation it suffices to show the restricted estimate
1R xall2q S Q"7
for a slightly better value of (p,2q), where Q is some arbitrary subset of Q.

Let jo be the positive integer such that |Q| ~ 2-70(=1) " Then by squaring the

above estimate, we reduce to

(7) 2 IR xR xallq <

The next step is a Whitney decomposition. For each j > 0, we dyadically decompose
Q into ~ 2("=1J dyadic subcubes 77 of sidelength 277 in the usual manner. If

2(n 1) .

T]Z, T]z, are two cubes with the same sidelength which are not adjacent but have
adjacent parents, we say that these cubes are close and write T,z ~ T]z,. For almost
every x,y € @ there exists a unique pair of close cubes T,z, T,z, containing x and y
respectively. Thus we have

RxaR o=y, >, R Xanr W Xan,
J k7k’:7'£~7'£/
Thus to prove (7) it suffices to show that

2(71 1) . —eli—1
0 25N R X R Xl S 27
k,k/:TgNT;,
for all j > 0 and some ¢ > 0, since (7) follows from the triangle inequality. Infor-

mally, the above estimate asserts that the most significant separation scale is of the
order of 2770 = |Q|Y/(»=1); this is already evident from the Knapp example.

e R*(L x %, 21).
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Our next reduction will be to exploit some quasi-orthogonality between the func-
tions R*x o, RN X, - From the definition of R* we see that the Fourier transform
k k!

R* X, is supported on the infinite tube 77 x R. Thus, the Fourier transform of
k

%*XQWT,Z %*XQH"';/ is supported in the tube
T, =7 xR,

where 7/ is a cube of sidelength C'2~7 whose center is twice that of 7{. From Lemma
6.1 in the Appendix and the assumption ¢ < 2, we thus have

* * * * 1
19X R X, s S (3 IR Xy R X, [14)171
k
Thus (8) will be proven if we can show that

2(71—1)(1]-0 * * q < _EQIj_jO‘
(9) 257 2 B Xang R Xann lIF $2 |
k k’:réNTé,

This will follow from the following estimate.

Proposition 2.6. For all p in a neighbourhood of p, we have

2(n—

10 R X R X e lg S 27 7 92509 |Q A 7P| N o, [1/2,
QN Qﬁrk/ q k k

Proof. This will be accomplished by a parabolic rescaling argument. By translating
® and subtracting a harmless affine factor® we may assume that 77 is centered at

the origin. We now observe that since ® is an elliptic phase, the function
d(z) =29 0(2772)

is also elliptic. Since R*(p x p — ¢) holds for all p in a neighbourhood of p by
assumption, we have

IR R gllq < I sllglls
whenever f and g are supported on disjoint O(1)-separated cubes, where R* is

the adjoint restriction operator corresponding to P. Applying a parabolic scaling
(z,2,) — (272,2%12,) to this estimate one obtains

2(n—

* Lok < 9~ ) j o ntl
IR fR*gllg 277 7277 fllsllglls

whenever f and g are supported on T]z and Tg respectively, and (10) follows. O

It remains to obtain (9) from the proposition. Let p < p be such that (10) holds.
If we apply (10) and the triangle inequality, we see that (9) reduces to

o 2514 o Z( Z 2—2“;7“1'2"7“1‘& N [VP|Q N 7, [V/P)e < gmeali—iol

) J
k k'TkNTk/

By polarization and the fact that for each k there are only finitely many cubes T,z,
close to 7, this in turn reduces to

2(7171)qj0 _ 2(n_—/1)qj

(11) 27 % 277 % o(n+1)j Z [¢Xa T}y%“ < 9—eali—jol
k

5Strictly speaking, one may need to increase A by a constant factor to do this; we will gloss
over this technicality.
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We divide into two cases: p < 2¢ and p > 2¢. If p < 2¢, then we use (66) from
Lemma 6.2 in the Appendix with o = 1 to obtain

Yolen|7 2 Diogm (- max(iao) (5 -1),
k
Thus (11) reduces to
(12)

2(”; D4, - 2(71]; D54 1)~ (1)

.. 2q ..
—(n—-1) maX(MO)(E —1) < —eqlj — jol.

By convexity it suffices to verify this inequality for the values 7 = 0, j = jo, and
jo=0. When j =0 (12) becomes

1 1
13 2(n = 1)gjo(= — =) < —&qjo,

(13) (n—1) (p p)

which is true for some £ > 0 since p < p. When j = jo (12) becomes
1 n+1

2n—1)g(= -1+ ————
(n=1) (p 2(n—1)q
2q. Finally, when jo = 0 (12) becomes

) <0,

n—1

which holds since p < 2=
(14) (2n —2(n —1)q)j < —eqj,

which holds for some ¢ > 0 since 2¢ > %
It remains to treat the case p > 2¢. By repeating the above procedure but with
(66) replaced by (67), we see that (11) reduces to

2n—1)g. 2(n—1)
Jo =
(15) !

q . ) 2q .
JH+n+1)j—(n—1)—j
p
. 2q .
+(n—1)j(1— g) < —eqlj — jol-

Since the left-hand side is completely linear it suffices to verify this when j = 0 and
when jo = 0. But in these two cases (15) reduces (13), (14) as before, and so the
argument proceeds as in the previous case. O

The fact that Theorem 2.2 requires knowledge of R*(p x p — ¢) for all elliptic
phase functions is a defect of the argument. When restricted to the quadratic phase
O(x) = %|gc|2 however, no other phase functions are required in the proof, due to
the algebraic properties of ®. The quadratic phase is the simplest of all the elliptic
phases; indeed, a parabolic scaling and limiting argument shows that any sharp
restriction theorem for an elliptic phase implies the corresponding estimate for the
quadratic phase (see [24]).

2.7. Necessity of (4)-(6). In this section we sketch the proof of the assertion
that the conditions in Conjecture 2.4 are necessary. For simplicity we take ® to
be a graphing function for a small portion of a sphere; one can easily modify the
arguments below for more general phases. The estimate R*(p X p — ¢) can then
be rewritten as

(16) Ifdogdallq S 11 f1pll9llp,
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where do is surface measure on the unit sphere S~ !, and f and g are functions on
fixed disjoint caps C1, C> in S"~! whose size and separation are comparable to a
small quantity € = ¢,.

To prove (4), we take f(w) =1 on C4, and g(w) = e~ 270 on Cy, where zg €
R" is a point to be determined later. From standard stationary phase estimates,
we see that for any R > 1 one can find a cube @ of sidelength R such that

|fCE'(CC)| ~ R="7 on Q. By choosing xg appropriately, one can also arrange

matters so that |gdo(z)| ~ R~ * on the same cube . By inserting these estimates
into (16) one obtains

R R QY7 < 1.
If one now uses the fact that |Q| ~ R" and takes R — oo, then condition (4)
follows.

The proof of the necessity of (5) and (6) is based on modifications of the standard
Knapp example. We note in passing that without modification the Knapp example
only gives the weaker condition

n n-—1
2q

To prove (5), we will take f and g to be “squashed caps’.® We factor R" as
R?xR"2, and use S! to denote the great circle S* = S"~1N(R? x {0}). We may
assume that S! intersects C; and Cs. Fix 0 < § < 1. We take f and g to be the
characteristic functions of the sets

C; N (Ba(w;, 6%) x By—2(0,8)), i=1,2,
respectively, where By, (z, R) denotes the ball in R* of radius R centered at x, and
w; are arbitrary elements of S' N C; for 4 = 1,2. Then the Fourier transforms of
fdo, gdo exhibit essentially no cancellation on the box
1

0, —).

) C&)
Indeed, we have |J%(z)| ~ |g/<57(cc)| ~ 0™ on this set. Inserting this estimate into
(16) one obtains

<n-—1.

(17) BQ( X Bn—Q(

1
Yol

6n6n(5—n—2)1/q 5 5%5%7
and by taking § — 0 one obtains (5).

The estimate (6) is proven by taking f and g to be “stretched caps”. With the

notation as before we take f and g to be the characteristic functions of

CiN(R? x B,_»(0,9)), i=1,2,
respectively, to begin with, although we will later need to multiply f and g by a
phase as in the proof of (4).

When restricted to the slab R? x B,,_5(0, %), the functions fdo, gdo behave
essentially like Fourier transforms of measures on S'. Indeed, a stationary phase
computation shows that

|fdo ()| ~ 6" || %
on a large portion of this slab, and similarly for g/d?r. Thus, multiplying by a phase
to translate fdo and gdo as necessary, one can arrange matters so that

|[fdo ()| ~ |gdo(x)] ~ 6" 2(672) 7% = 677!

6This example was discovered independently by the authors and Sergiu Klainerman.
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on the box (17). Inserting this into (16) one obtains

5n—15n—1(5—n—2)1/q S 6"7726"772

)

and (6) follows by taking § — 0. O

Unlike the situation with the disc multiplier problem [11], it appears that the
Besicovitch set construction does not give any further restrictions on p, ¢q. Indeed,
for n = 2 the conditions (4)-(6) are sufficient as well as necessary.

2.8. Proof of Theorem 2.3. Our argument will be a routine modification of the
one in [18].

The necessity of the condition on p follows from Section 2.7, so we will only show
the sufficiency of this condition. By Holder’s inequality it suffices to show that

R( 4dn in

X
By symmetry and interpolation this will follow from

— 2).
3n—2 3n—2

R*(2 x "1—>2).

n—
It suffices to show that
(18

)
/Wfl(z)%*gl(x)%*fz(x)%*gz(z) de S fillllgll zog L folloollg2ll 2oy

for all f1, f2, g1, g2, supported on @1, Q1, Q2, Q2 respectively, where Q1 and Q-
are O(1)-separated cubes. Indeed, by applying the symmetry fi < fa, g1 < g2 to
(18) and applying multi-linear interpolation one obtains

/Wfl(117)3?*91(33)%*f2(17m*92(33) dz < | fill2llgll -2 [ f2l2]l g2/ = »

and the desired estimate follows from substituting f1 = fo = f, g1 = g2 = g.
It remains to prove (18). By Plancherel’s theorem the left-hand side can be
written as

/f1 ()91 (y) f2(2)g2(w)d (®(2) + D(y) — ®(2) — D(w))d(x +y — 2 — w) dwdydzdw,

where § is the Dirac distribution. From the positivity of the kernel in the above
expression we may reduce (18) to

[ H@n ) g @xa0n )
0(P(z) + @(y) — P(2) — ®(w))d(z +y — 2z — w) dedydzdw
S Hf1||1|\91|\ﬁ||f2||oo||92||ﬁ

for arbitrary functions fi, fa, g1, g2 on R™™ !, where y; and y2 are smooth cutoff
functions adapted to (a slight thickening of) @1 and Q2 respectively. Since f; and
f2 are controlled in L' and L respectively, we may assume that fi(x) = d(z — x¢)
and fo = 1 for some z(; we may take xg = 0 by translating ® and subtracting off a
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harmless affine factor. In particular, we may assume that 0 is in (a slight thickening
of) Q1. The estimate (18) thus reduces to

/gl(y)gz(w)Xz»(y)xl(y —w)x2(w)§(2(y) — ®(y — w) — ®(w)) dydw

S gl sz g2l =y s

n—1

which by duality becomes
(19) 1Tglln < Nlgll 2

where T is the averaging operator
7o) = [ glwhxalvha s -~ wDe)B(EE) - oy - v) - w)) du.

It is well known (see below) that the estimate (19) will hold if the defining function
oy, w) = P(y) — P(y — w) — P(w) satisfies the rotational curvature condition

o &
det( o Suu )

uniformly on the support of x2(y)x1(y — w)xa(w).
However, since ® is elliptic, we have the estimates

(20) >0 when¢=0

1
Py, =05 + Oleo), @y, (y) =i+ Oleolyl),  @(y) = 5lul* + Oleolyl*),

where d;; is the Kronecker delta. Inserting these estimates into the definition of ¢,
one can estimate the above determinant as

o &
det( o Sou )

However, from the support of x2(y)x2(w) and the assumption that 0 is in a thick-
ening of Q1 we see that |wl,|y| ~ 1. Thus (20) follows, if €y is sufficiently small.
This finishes the proof. O

= |w|* + O(eo(Jyl” + [w|*)) ~ when ¢ = 0.

The above proof shows that there exist asymmetrical bilinear restriction theo-
rems in addition to the symmetrical ones. In particular, one may conjecture that

n+2 n+2 n+2
X — ),

n 2 n
which is a strengthening of (3). Non-symmetrical versions of the counterexamples
in the previous section show that this conjecture is best possible.

For n < 3 Theorem 2.3 is an improvement on the classical Tomas-Stein theorem.
However for n > 3 the two estimates are not directly comparable. Because of this,
we have no significant improvements to Wolft’s restriction theorem [27] in four and
higher dimensions.

For completeness we sketch a proof of the following standard fact which was used
in the above proof.

R*(

Lemma 2.9. If ¢ satisfies the rotational curvature condition (20) on the support
of a cutoff function ¥ (y,w), then the operator

Tf) = [ I, w) do
obeys (19).
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Proof. We imbed this operator in the analytic family T, defined by

Te(y) = / Fw)b(y, wyac (6(y, w)) duw,

where a¢ is defined for Re(¢) > 0 by

and ¢ is a cutoff function adapted to [—¢,¢] for some small € > 0; for Re(¢) <0
ac (and thus T¢) is defined by analytic continuation. Since T' = Tp, (19) will follow
from complex interpolation between the estimates

1T it flloo S I £
1T a2 fll2 S IS ll2

for all real t and some fixed N > 0. The former estimate follows immediately from
the observation that the kernel of 737, is uniformly bounded in ¢ (indeed, the ¢
term makes it rapidly decreasing in t). To prove the latter estimate, it suffices to
show that T"_ nz is a Fourier integral operator of order 0 uniformly in ¢ (see e.g.

[12]). Accordingly, we write T_n_zy as

T onsyyf(y) = / ATWAE f(w)ip(y, w)a_ a2 (€) dwdé,

where £ ranges over R. From the rotational curvature hypothesis (20) we see that
the phase is non-degenerate in the sense of [12]. Since the amplitude is a symbol
of order —”T_Q, y, w range over an (n — 1)-dimensional space, and £ ranges over a
1-dimensional space, the reduction-of-variables theorem (see e.g. [12]) states that
T_anz +i Will be a Fourier integral operator of order 0, as desired; the uniformity

in t follows from the rapid decrease of a_n-2_ with respect to ¢, caused by the

e¢” factor. O

3. BILINEAR KAKEYA ESTIMATES

We now begin the second part of this paper, in which we give analogues of the
previous results for the Kakeya operator.

Throughout this section 0 < § < 1 will be a small parameter, and we will use
A < B to denote the estimate A < C.0—¢B for all € > 0, otherwise we write A > B.
We say that a quantity A has logarithmic size if 1 < |A] < 1, while we say it has
polynomial size if 6¢ < |A] < §~¢ for some constant C. Finally, all functions and
quantities in this section are assumed to be non-negative.

Let £ be a d-net of the unit cube @ in R*!. We give two measures on &;
the counting measure di and the normalized counting measure dw = 6" 'di. For
w,i € &, define the § x 1 tube T by

T ={(y.yn) € R": |yn| < 1|y — ynw — i| < 6}

we will call w and i the direction and base of T}’ respectively. Note that for fixed w
the tubes T essentially form a partition of the unit ball B(0,1). This discretization
is not essential to the statements and estimates, but it allows for some technical
simplification to the argument.
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For any function f on R™, define the discretized x-ray transform X f = Xsf on
Ex & by

X f(w,i) =677 f(x) de.
T

For 1 < p,q < o0, let K(p — ¢) denote the estimate

IX fllgze <677 I Ny

where £ x £ is understood to be endowed with the measure dwdi. By taking f to be
the characteristic function of a d-ball we see that the factor 6~ » 7! is best possible.

The Kakeya conjecture asserts that K(p — ¢) holds if and only if 1 < p < n and
g < (n—1)p’. In particular, it is conjectured that K(n — n) holds. It is easy to
see that these conditions on p, ¢ are necessary. The conjecture is trivial for p = 1;
the difficulty is in making p (and to a lesser extent ¢) as large as possible. So far
the best result on this conjecture is due to Wolff [27], who showed that

nt2 (n—l)(n+2)).

2 n
In particular, for n = 3 we have K (% — %) This estimate is sharp in the sense
that the 1 exponent cannot be raised without decreasing the 3 exponent.
The adjoint estimate

K(

_nyq
1X"gllp <072 gl o 1

to K(p — ¢) will be denoted K*(¢' — p’); note that

) Xga) =3 [ [ gl ) dudi= 303 gl iinr (@)
Following the philosophy of the previous sections, we define the bilinear version”
K*(q¢' x ¢ — &) of the above estimate by

—2n
||X*fX*ng//2 5 o +2||f||L3J/L%Hg||L3J/L%

for all f, g supported on & x &, &3 x £, where &£; and & are O(1)-separated subsets
of £.

We have the following analogue of Theorem 2.2, which we will prove in Section
3.9. For technical reasons we will restrict ourselves to the case p < g, which is the
case of most interest. It is likely that one can use factorization theory and affine
invariance to extend these results to the case p > q.

Theorem 3.1. Suppose that 1 < p < q < (n—1)p’. Then the hypotheses K(p — q)
and K*(¢' x ¢ — &) are equivalent.

As with the restriction conjecture, it is possible to have bilinear Kakeya estimates
which are outside the range of the usual Kakeya conjecture. For instance, one has
the easy estimate

Proposition 3.2. For any n > 2 we have K*(1 x 1 — 1).

"Note that the last exponent will usually be less than 1.
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We defer the simple proof of this proposition to Section 3.5.
Interpolating this estimate with the estimate

n n n

K*
oy ST 1

which by Theorem 3.1 is the bilinear form of the Kakeya conjecture, we see that
the Kakeya conjecture is equivalent to

’

Conjecture 3.3. Ifn > 2 and 1 < p,q < oo, then K*(¢' x ¢ — &) holds if and
only if

(22) p <n,

n—2 2

(23)

We will show the necessity of (22) and (23) in Section 3.11. These two condi-
tions correspond to (4) and (6) respectively; the analogue of (5) is the degenerate
condition g < oo.

Wolff’s theorem [27] is equivalent to

(n—1)(n+2) " (n—1)(n+2) i n+2

K n2—2 n2—2 2n )i

10 o 10
7

in particular, we have K*(% x = — %) for n = 3. In Section 3.7 we improve the

above estimate to

Theorem 3.4. For all n > 2 we have

n+2 n+4+2 n+2
—

K*( X ).
n+1l n+1 2n
In particular, we have
5 5 5
24 K'(-x-— =

in three dimensions. The result can be thought of as a bilinear version of the (false)
estimate K (22 — n + 2), and is sharp in the sense that (23) is obeyed with
equality.

We display the known Kakeya and bilinear Kakeya results in Figure 2. The
trapezoidal region represents the conjectured range of (p,¢) for which K(p — q)
should hold, and the pentagonal enlargement represents the range on which the
bilinear version K*(¢' x ¢ — %) should hold. By Theorem 3.1 the two estimates
are equivalent in the triangular region below the dashed line. The point 1 is the
trivial L' — L estimate, while the point 2 represents the higher-dimensional
analogue of Cordoba’s argument ([8], [2]), and 3 is the “bush” argument as given
by Bourgain [2] (see also [9], [8]). Proposition 3.2, the bilinear improvement to
Cordoba’s argument, is the point 4. The point 5 is Bourgain’s Kakeya maximal
theorem [2] (see also [21]), while 6 is Wolff’s theorem [27], which we improve in
Theorem 3.4 to the point 7. The region to the right of the dotted line thus represents
the best results known to date (excepting the results in [28], which are not directly
representable on this figure).
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FIGURE 2. Status of K(p — ¢) and K*(¢' x ¢’ — %) for n = 3.

3.5. Proof of Proposition 3.2. We will need the following geometric observation
of Cordoba:

Lemma 3.6. For any wi,ws,i1,i2 € £, one has

571
) ) [ Z1 [ i2
<XTJ,11 ) XT$22> | n w2 N | 1 2| 5

In particular, if w; and ws have unit separation, then the intersection between
the two tubes has measure at most §"". We leave the easy proof of this lemma to
the reader.

From this observation we easily see that

[X*fX gl = (X5 f, X59)
////51 et XT117XT12>f(W1,11) (wa,i2) dwidiydwadia

S////51_n51_n5nf(wl,il)g(WQ,ig) d/wldildwgdig

which is K*(1 x 1 — 1), as desired. O
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3.7. Proof of Theorem 3.4. Apart from several technical changes, this theo-
rem will be proven using the geometric and combinatorial arguments of Wolff [27],
namely Cordoba’s observation (Lemma 3.6) and the “brush” argument. The bi-
linear setting allows for some simplification since the average angular separation o
between two tubes, as defined in [27], may be (heuristically at least) taken to be
1. In fact, this result informally follows by setting ¢ = 1 in Lemma 2.1 of [28], and
removing the “two ends” condition as in that paper. We will also take advantage
of some simplifications noted by later authors (notably [19, 20, 21, 22, 28]). Of
course, due to the fact that we are in a bilinearized adjoint setting, there are some
technical difficulties, most notably defining the analogue of the quantity A in [27].
Also, since the target space L("1t2)/2" is not a Banach space, certain reductions and
techniques (e.g. duality, elimination of the 41, i variables) become unavailable. In
particular, the Lebesgue space approach of [13] becomes technically very difficult,
and we will use restricted weak-type methods instead. In other words, we will use
the pigeon-hole principle to reduce as many functions as possible to characteristic
functions.

We first make the trivial observation that since X is discretized, the operator
boundedness of X on Lebesgue spaces is automatic with some large power of §71;
the issue is to control the dependence on ¢ efficiently.

Let us normalize f and ¢ so that

e e

We have to show that
n—2

|X*FX7g] e S 677552

It will suffice to show the weak-type bound
(25) (X" X9z a}| Sam 56T

for all @ > 0, since the strong-type estimate can be recovered (with only a loga-
rithmic loss) by integrating this over all « of polynomial size; the contribution of
a> 6% or a < §¢ can be easily controlled using trivial estimates.

We now make the assumption that there exist sets Q; C &; of cardinality M; > 0
for j = 1,2 such that

(26)
1y —ntL 1y — L
(@, )z = (Mi8" ) "7 =2 x0, (W), [lg(w, )l = (M28"") ™72 xo, (w).

This assumption is justified as any L(™*+2)/("+1)_normalized f, g can be majorized
by a sum of at most logarithmically many functions of this type. We may assume
that the M; have polynomial size.

From the pigeon-hole principle (25) will follow from the estimate

(27) B] S (arag) ™30 67",
where E is any set such that
(28) X*.fzale*QEOQ ODE,

and a1,ae > 0 are arbitrary. We may assume that |E|, a1, as have polynomial
size, since this estimate is easily obtainable (with a large gain) otherwise.
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The o, j = 1,2, represent a normalized multiplicity of the tubes in the supports
of f and g; roughly speaking, they are related to the quantity N defined in [27] by
the informal relationship

a; ~ (M;5" 1)~ "2 N;.
Define the quantity A by
(29) |E| = Alagas)~ 2w 6~ 5.
We have to show that A < 1. We may assume without loss of generality that A is
essentially minimal in the sense that
(30) |E| S Alonag)” 507"

for all oy, ae, E, f, g which obey (26), (28).

To copy Wolff’s argument in [27] we will need some control on the quantity
|[ENTE| if T! is a “typical” tube in a direction in & . (In [27] such control is
automatic as one is not working in the adjoint setting.) From (28) and (21) we
have the pointwise estimate

51_”//f(w,i)xTi(x) dwdi > a1 xg(x).

Integrating this on E we obtain
(31) //f(w,z’)mi N EB| dwdi > A\ 6" (M6" )72,

where )\; is defined for j = 1,2 by

i|E
(32) T
(]\4]‘571_1)"_+2

From our assumptions we see that the A; are of polynomial size.

The \; are the analogues of the quantity A in [27]. Indeed, from (26) and (31)
we expect [T N E| ~ A\6"~! on the average. In fact, because we are considering
only an extremal configuration, a more precise statement is possible. We say that a
tube T, is good if [T/, N E| > 216" . Let G be the set of all (w, ) in the support
of f associated to good tubes. The following improvement of (31) states that most
tubes are good.

Proposition 3.8. We have

// Fw, i) dwdi ~ (M6" )72
G
In particular, we have that G is non-empty, so that Ay < 1.

Proof. The upper bound follows immediately from (31), so it suffices to show the
lower bound. Let ¢ > 0 be a small number of logarithmic size to be chosen later.
If the lower bound failed, then we would have

// fw,1) dwdi < C(Mlén—l)#z,
G

The idea is to then replace f by f = fxg, and contradict the extremality of A in
(30).



BILINEAR RESTRICTION AND KAKEYA CONJECTURES 983

Of course, we must modify f further, as well as F, oy and My, in order to retain
(26) and (28). We replace E by

E:{zeE:X*(f—f)<%a1};

note that f obeys (28) if E is replaced by E and o is replaced by %al.
The next step is to show that E is comparable to F in size. From the definition
of F we see that

* 3 1 I
[ X7 -Dzjalpb
E
However, we have from (21) and the definition of f that

/X*(f_f)zal—"/ Fw, )T A B| dwdi.
E Ge

Combining the two estimates and using the definition of G we obtain
%a1|E\E| < 5l-n //f(w,i)i)qé”‘l dwdi.
Using (26) and (32) this simplifies to
IB\E| < 5B

so that |E| ~ | E| as desired.
We now have to modify f, ay, E, and M; further so that (26) is restored. From
hypothesis we have

/||f(w,)||L1 dw = //f(w,z) dwdi < c(Mlén_l)ﬁ.
However, from (26) we have
1F (@, )y < (Ma6m 1) 735,
Thus by Hoélder’s inequality this implies that

Al me < s,
LIt LY

Thus, as before, we can find a logarithmic number of functions f which each obey
(26) for some MF, and such that

f S et Z fe-
k
This implies that
Z X*fe 2 R

k
on E. Thus, by reducing E by a logarithmic factor one can find a k such that

X*fe 2 ¢ wEay
on the reduced set (which we will still call E).

Thus (28) is satisfied with f replaced by fk, FE replaced by E, and oy replaced
by @y ~ c_%al. But from the definition of A this implies that

B < A(Gran) ™ 50 67"
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Comparing this with (30) and our estimates for E and & we thus obtain a contra-
diction, if ¢ is sufficiently small. O

From the above proposition, the definition of G and the identity

[ xtrar =5 [ [ o el doai
E a
we obtain
[ xX(rve) 2 (namhy 7
E
From (32) this becomes
[ x (e z il
E
From (26) we thus have

/ X*(fxe)X*g 2 anas|El.

Expanding out X*g using (21) this becomes
5 [ [ atwi([ X (e dedi 2 arcal Bl
On the other hand, from (26) we ha:e
/ g(w, 1) dwdi = (Mgd”‘l)%ﬁ.
Thus there must exist (wo, i) in the support of g such that

n—1

(39 X () 2 et 1

TJJ% (M25"_1)"+2
The tube Tj)% plays the role of the central tube of a “brush”. Unlike Wolff’s argu-
ment in [27] (which considered more general angular separations o than the unit
separation), we will be able to obtain our estimate using only a single brush. On
the other hand, by utilizing the extremality hypothesis as in Proposition 3.8, one
could certainly obtain a large number of brushes if desired.

By affine invariance we may take wyg = i9 = 0, so that the central tube is the
vertical tube through the origin. In particular, 0 is in &, so every w in & has
roughly unit separation from the origin.

Let Gy C G be the collection of all good (w,4) in the support of f such that
T intersects the central tube T¢. Then expanding out X*(fx¢) in (33), we thus
obtain

= Oél/\Q(Sn_l.

/ fw, )TN TE| dwdi 2 a3 g™t
Go
From Lemma 3.6 we have |TY N T¢| < 6", so that
/ fw, i) dwdi > a;Xa6"™ 2.
Go

Let Q9 C 23 be the collection of all w such that (w,?) is in Gy for at least one i.
From (26) we see that

[ i) dodi 5 0 (ar5m1) 758,
Go
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so that
o1 /\25_1
(34) #Q 2 ————-
(Mypon—1)" w2
For each w € Qg we choose a tube T, from Gy which is in the direction of w. These
tubes form the “bristles” of the brush. From construction, |w| ~ 1, T,, intersects
T, and

|T, N E| > 6" L

As in Wolff [27], we will use (36) to obtain a lower bound on the size of E. More
precisely, we will show that

(35) |B| 2 #Q0A70"
Combining this with (34) yields

1 A

(Mygn=1)™n+=
By a completely symmetrical argument one also has
QAP "2

Multiplying these estimates together one obtains
arag (A Ag) 2 —4

(Mlan—lM25n—1)_Z_ié .

Bl Z

B> 2

Applying (32) this reduces to
|E|2 Z (0[1052)714—2|Ev|2n+252n—47

which simplifies to (27), as desired.

It remains to prove (35). We use the argument in [27]; we adopt the observation
in [22] (see also [13]) that one does not need to utilize the “two ends” reduction in
[27] to achieve (35).

We need some notation. For all dyadic numbers A\ < 6 < 1 let I'g be the
cylindrical region

Is ={(yyn) : [yl ~ B}
From the properties of T,, we see that
> TLNENTs 2 Mém!
M <BL1
for all w € . By the pigeonhole principle, one can refine €y by a logarithmic
factor so that
(36) T, NENTg| = Aot

for all w in the refined g, and some A\; < 8 < 1 independent of the choice of w;
henceforth this 3 is considered fixed.

The directions in €y are §-separated. It will be more convenient to work with a
sparser set of directions, so we take Qq to be any ¢/(-net of Q. From the estimates
#Qo > 71 #0 and B > A, we see that (35) will follow from

- A2
(37) |E| > #Qoﬁlan—l.
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Let © be a §/(-net of the unit sphere S"~2 in R"~!. For each w € Q, we associate
an (essentially unique) element 6 = 6, of © by requiring that

w
0 — m| S 6/B;

recall that |w| ~ 1 for all w € Q. Furthermore, from elementary geometry and the
fact that T,, intersects Tg we see that T, NT'g is contained in the slab IIy given by

Ty = {(y,4n) : Iyl ~ 5, % — 0] < 0/8Y.

As the IIy are essentially disjoint, (37) will follow from the estimate
-~ A\
(38) |ENIlp| 2 #Q0,0 515” !

for all 8 € ©, where
Qo_’g = {UJ S QO 20, = 9}
For the remainder of the argument w (and later @) are always assumed to range
over Qo)g.
We now estimate the quantity

in two different ways. Firstly, from the above geometrical considerations and (36)
we have
T, NENTI| > Aot

for all w in Qg . Summing the above estimate we obtain
(39) Q2 #Q06M06™ .

We now obtain a different estimate for (). From the Cauchy-Schwarz inequality we
have

Q< |Emne|1/2(/ (> xr )2,

|EQH9‘

Squaring both sides and expanding out the integrand into the diagonal and off-
diagonal term, this reduces to

(40) |EQH0 /E S xn) YD T NT; N ENT).

NIg| WHD

The first term on the right-hand side is just Q. The second term we may estimate
by Lemma 3.6. Thus (40) becomes

o Q*
BN, SO g |w w|

=
£0
However, w, & range over a ¢/-separated set whose elements are within 0/ of the
ray RT0. Thus for each w, the number of & such that |w —&| ~ 277 is at most
1/(276/3) for any j. Thus the above estimate reduces to

|E NI, S 555 09235/62 i
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Since the number of such j is only logarithmic, we may simplify the above to
1 _ 1 #Qep0m"

[ENT,] ~ Q Q?
Combining this with (39) and using the hypothesis 8 2 A; we obtain
S
|ENg| ™ #QgA367—1
which is (38). This finishes the proof. O

3.9. Proof of Theorem 3.1. The proof will be a reprise of the argument in The-
orem 2.2. The main difference is that the quasi-orthogonality estimate is replaced
by a quasi-triangle inequality, namely Lemma 6.3 in the Appendix. Also the ar-
gument is technically simpler as we allow a logarithmic loss in the estimates. The
case p = 1 is trivial, so we will assume p > 1.

The implication of K*(¢' x ¢ — %,) from K(p — ¢) is immediate from duality
and Holder’s inequality. Now suppose that K*(¢' x ¢’ — %) holds for some p, g
obeying 1 <p<mn,1<q<(n—1)p. We have to show that K*(¢’ — p’) holds.
Since the Kakeya conjecture is known to hold for p < 2 (see e.g. [2], [27]) we may
assume that p > 2.

Let f be an arbitrary function on £ x £. We have to show that

2n
(41) 1 Xy £ 875212,

For each integer j > 0 such that § < 277, we divide & into ~ 217 dyadic
“subcubes” £ N7 of sidelength 277, and define the notion of closeness 7§ ~ 7, as
in Section 2.5. We partition X* fX* f as

XX F=30 Y DX (g @ X)X (X @ ).
J ]C,]Cl:TéNTI‘Z, m,m/

We now observe the geometric fact that the summand in the above expression is only
non-zero when 77, and 77 , are within O(277) of each other; we will implicitly assume
this in our summation. By inserting the above identity into (41) and applying
Lemma 6.3 from the Appendix we reduce to

(42)
Yoo D IXUxy D X7y )X (FXs, ® X0 )

j ) i m,m’
J k,k’.‘rkw‘rk, )

’
2

p(_2n /
552( p+2)Hf||1LJ/2,,L1.

w3 [

This will follow from the following analogue of Proposition 2.6.

Proposition 3.10. We have

» _(=1p' - P’ 2n
1X* (g @ Xy )X (g, © X0 | 7 S207 6505
m 2
' n’
£ @ Xl g X, @ N Py

Proof. By an affine transformation we may take le, 7J, to be centered at the origin.
Applying the hypothesis K*(¢' x ¢’ — %/) to tubes of eccentricity 27§ we see
that L
”X;J'éfX;ngHP’/Q S (2](5)_74_2”]"”[15[1% ”gHLZ,/L%
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for all f, g whose w-supports are on disjoint cubes. Applying the rescaling (x, x,,) —
(2772, 2,), (w,i) — (279w, 2774) to this estimate we obtain

. . n—1, . n n—1 . n—1 .
X2 XEglly s S 2/ D2 Do™ 2l (29 6)= 5 429~ 5| £ || 0,27 T g

’ ’
Ly L} Ly L

whenever f and g are supported on 73 x 7J, and Tg x 77, respectively, and the

proposition follows from substitution and some algebra. O

From this proposition (42) reduces to

1_(n=Dp' 2 o’ /
SOY > 2T g @ 2, s @ 1E, L S IR

’ / ! .
.2 L1 ooy ~ Wy
J kK~ m,m’

Since there are only logarithmically many j’s it suffices to show this for a fixed j.
By polarization it suffices to show that

_(n—l)p/ . ’ ’
SO 2y o I, S I
kj m k2 w k2

which we rewrite as

(43) 26~

1/p’
21y v <
g ;; [/ Y Vi P

where fim = fXTg ® X4 - It suffices to verify this for the case p = 1 and for the

endpoint (p,q) = (n,n), since the general case 1 < p < ¢ < (n — 1)p’ follows by
interpolation. In these two cases (43) becomes

_n—1_
(44) 27 iuP ”fk,anZ,L&, S ||f||L3,L3)a
m

s

1/n’
(45) <ZZ ||fk,m||"3/L}> <l
k m

respectively. The estimate (44) is trivial, while (45) follows from a further interpo-
lation between the trivial estimates

iuPka,mHL;OL} S Hf||L;°L}7

,m
S lfemliziey S llzer- O
kE m

We note that if one inserts the result of Theorem 3.4 into the above line of
reasoning, then one not only recovers Wolff’s Kakeya estimate, but also the entropy
estimate improvement proven in Lemma 2.1 of [28].

3.11. Necessity of (22)-(23). We now show that the assumptions (22) and (23)
in Conjecture 3.3 are necessary.
To show the necessity of (22), we take
f(wa Z) = X& (w)éi,07 g(wa Z) = X&; (w)6i7ioa

where 6; ; denotes the Kronecker delta function and iy is a suitable point. A routine
calculation using (21) shows that (if i is chosen properly) X*f, X*g ~ 1 on a ball
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of radius ~ 1. Inserting this into K*(¢' x ¢’ — %,) yields
1< 6 %12,

and by taking § — 0 one obtains (22).
To show the necessity of (23), we adapt the “stretched caps” example used to
show (6). We consider a tube T = R x B,,_2(0,§) in R, and take

f(w7 Z) = X510T(w)5i,i13 g(wa Z) = szﬁT(w)éi,h'

If 41, io are chosen appropriately, then X* f, X*g are both comparable to 1 on a slab
which looks roughly like B2(0,1) x B,,—2(0,6). Inserting this into K*(¢' x ¢ — &)
yields

n—2 on n—2 n—2
I N R R

and by taking § — 0 one obtains (23).

4. APPLICATIONS

In this section we use the bilinear estimates above to prove the following restric-
tion theorems.

Theorem 4.1. If n = 3, then R*(p — q) holds whenever p > % and q > %—4,
Furthermore, R%(q) holds for all ¢ > 4 — 25—7

The proof of this theorem will be based on bilinear versions of certain arguments
of Bourgain ([2], [6]; see also [17]). The first step will be to obtain localized linear
and bilinear restriction theorems.

Definition 4.2. If 1 < p,q < 0o and « > 0, then we use R*(p — ¢, ) to denote
the estimate

IR fllLaBr)y S BN S lps
and R*(p X p — ¢, ) to denote the estimate
IR R gl Lasr) S BN fllpllgllp

where f, g, R* are as in Section 2 and By is a ball of radius R in R™ (the center of
Bp, is irrelevant by translation symmetry).

It will be convenient to recast these estimates as a restricted bilinear estimate
on the Fourier transform.

Proposition 4.3. R*(p X p — q, ) is true if and only if one has

(46) 1 £9llze(B.ry) S ROR™YP (| F1,R g,

for all R>> 1, x € R™ and all functions f, g supported on AL, AR where
Al ={(z,®(@) +t):z € Qi lt| SR}

Proof. f R*(p X p — ¢, ) holds, then (46) follows by translating ® by O(1/R)
and averaging using Holder’s inequality. Now suppose that (46) holds. To show
R*(p x p — ¢, «) it suffices to show that

1(GrR™ 1) (6rR* ) S Bl ll9llp,
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where ¢, is a real radial L!-normalized bump function adapted to B(0,C/R), such
that ¢ is non-negative on B(z, R). But this follows from (46), Young’s inequality,
and the identity

SRR f = fmz%,
where f(z, ®(z)) = f(z) is the lift of f to the surface {(z, ®(z)) : z € Q}. O

From this proposition and the trivial estimate

1falls < /12019112 = £ 12llgll2
we obtain the bilinear trace lemma
(47) R*(2x2—1,1).
Thus by interpolating this with other estimates (such as (2)) we may obtain esti-

mates of the form R*(p x p — ¢, a) with a large value of a. To lower the value of
« we will use a bilinear form of an argument of Bourgain [2, 6] (see also [17]):

Lemma 4.4. If 2 < p,q < o0 and a > 0 are such that K*(§ x & — 1) and
R*(2 x 2 — q,a) hold, then R*(p x p — q, § + €) holds for all € > 0.

Proof. From Proposition 4.3 it suffices to show that
(48) HJE.@HL‘I(B(O7R2)) S RTERTHY FILRP gl

for all f, g supported on A{#, A§2 respectively, and all ¢ > 0. (The implicit
constants will depend on ¢.)

Let ¢ be as in Proposition 4.3, and define ¢%(§) = e 2" @S¢ (&) for all z € R™.
Then from the hypothesis R*(2 x 2 — ¢, @) and Proposition 4.3 we have

|65 ORdllasry) S ROBTV2(f 6Rll2R™2 g 671
for all z. Averaging this over all x € B(0, R?) we obtain

1fllzocmo,rey S RY(R™" /B(O Rz)(R_l/zllf * OpllaR™2| g * dRll2)* d)t/.

Thus to show (48) it suffices to show that

(49)
R /B(O RQ)(R‘”QHf x ¢hll2R™2|g * ¢3ll2)? do < RER™YP | fll,,R72/7||g]|,)".

This will be accomplished by repeated use of the uncertainty principle and Plan-
cherel’s theorem, together with the Kakeya hypothesis.

Let &, &1, & be as in Section 3 with 6 = %. We partition the annuli AZR2 into
caps C,, for w € &;, defined by

1
Co ={(z,an) € AF" . —Vd(z) =w + O(3)}-
From the ellipticity of ® and some elementary geometry we see that the C,, are
essentially disks of diameter 1/R and thickness 1/R? oriented in the direction (w, 1),
which form a finitely overlapping cover of A1R2. We decompose
f = Z fwa g = Z Juw,
weé&y weEs

where f,,, g, are adapted restrictions of f, g respectively to (a suitable dilate of)
Cy.
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From the support conditions on f,,, g., and ¢, we see that (49) reduces to
(50)
B[ @R I 6RIDVERTACY o R de
B(O’R2) we&q weEEs
SRR F1,RT glp)e.
The function q/b% is rapidly decreasing outside of the ball B(x, R). Thus by Plan-
cherel’s theorem the left-hand side of (50) is majorized by
(51)

R™" (R_l/z(z wa||%2(B(z7R)))1/2R_1/2(Z ||£/7;||i2(3(1,3)))1/2)q dz,
B(O’R2) we&r weEEs

since the portions of @{ on translates of B(x, R) can be handled by translation
symmetry.

Let ¢, be a Schwarz function which is comparable to 1 on C, and rapidly
decreasing away from this cap, and whose Fourier transform satisfies the pointwise
estimate

|1[)w(17)| < R_n_1XR2T5J (),
where T¢ is a thickening of T’ and R*TY = {R*x 2 € T§}.
If we define f, = f.,/%., we have the estimate
Fo@) =@l s m [ ) dy
z+R2Tw0

From Hélder’s inequality and (21) we thus obtain

Fo@ <R / o) dy

w+R2TwO
. x
S X Fw(ﬁ)v

where

) =B [ (AR do

w
i

and 4, . is the Kronecker delta.
Since X*F,, is essentially constant on balls of radius 1/R we essentially have

||fw||L2 (Ba,R)) ~ B XTF, (RQ)
From this (and similar considerations for g) we see that (51) is majorized by
- n * € — n * €
R- / o ® VIS RO R ) R R Gl V)
weE& weE2

where G, is defined in analogy to F,,. We simplify this as
(52) Rmtna—a / (X*F(z)X*G(x))"? du,
B(0,1)

where

F(w,i):Rn—lf~ o (R20)? da, G(w,i)an—lf~ o (R22)|? da.

w
i
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On the other hand, from the definition of the hypothesis K*(§ x & — ) we have

* * Zn 24
| X7/ REXT gGllgj2 S R EHFHLﬁ/zL}HG”Lg/ZLg'
Comparing this with (50) and (52), we see that we will be done once we show that
2 _ 2_7;_2 _ 7 _ i
Ratna=d R 1N 2 i NGl 2 S RTPNFIBRTP (gl
After some algebraic manipulation we see that it suffices to show that

2n—24 42
R0 F |z S M1F 11,

together with the completely analogous estimate for g, G. From the definition of
f. and the measure dw we have

I£15 ~ R

and so it suffices to show that

n

L )
| (1 follp) N o2y

2(n—1)

n—4 2(n=1)
R F(w, )l SR Lol

uniformly in w. From Hélder’s inequality,® the hypothesis p > 2 and the support
conditions on f, we have

Ifulls S RZFVETD L,
and so after some algebra we reduce to
IF (. )l S B IS5

However, the left-hand side is majorized by

Rn- /B o o S R

and the claim follows from Plancherel’s theorem and the pointwise comparability
of f, and f,. O

Applying Lemma 4.4 with p = g and g = g and using (24), we see that
R*(2 x 2 — g,a) — R*(g x g - g,%+g)
for all &,e > 0. On the other hand, from interpolating (47) with (2) we obtain
30 30 5 1
*(_ X = = _)7
17 17 3’5
so by another interpolation we obtain the implication
5 5
273
for all § > 0. Combining these two implications we see that

. ) " 5 2 3

5 51 3
2x2— = 2x2—> -, = — .
R*(2 x —>3,o<) = R*(2 x —>3,5oz+25+5)

The map o« — %a + % is a contraction with fixed point o = 2?’—0. Since the estimate

R*(2x2— %, «) holds for at least one value of a, we thus see that

5 3
53 R'2%x2— -, —
(53) (2x2-2 2 +e)

8This use of Holder’s inequality indicates some room for improvement in this Lemma. Indeed,
one can replace the LP norms on f, g by the B norms as used in [17], Lemma 2.2.
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for all € > 0. Applying Lemma 4.4 one more time, we obtain

.5 5 53
An inspection of the proof of Theorem 2.2 shows that the statement of the
theorem still holds when R*(p x p — ¢) and R*(p — 2q) are replaced by their local

analogues R*(p x p — ¢,a) and R*(p — 2q, «/2). Applying this to (54) we obtain

) 10 3
(55) R(2—> 3,80+6).
We now remove the o completely, borrowing the following argument of Bourgain
[2, 6] (for the concrete case n = 3, p > 20/7, ¢ > 10/3, o > 1/20, p > 7/3,
g > 42/11, see [17]):

Lemma 4.5 ([2, 6, 17]). If p,q,a are such that "3 > aq, then R*(p — ¢,q)
implies R*(p — q) whenever
- q 1
q>2+n++7 g<1+g7n+1 .
2 A P P
Applying this to (55) we obtain the first conclusion of Theorem 4.1. Using
Theorem 2.2 to return to the bilinear setting, we thus obtain

. 170 17
R (pxp—>q)f0rp>7,q>3.

Interpolating this with (2) and using Theorem 2.2, one obtains the second conclu-
sion of Theorem 4.1.

We summarize the various estimates used in Figure 3 (on the next page), which is
an expanded version of Figure 1. For comparison, the previously known results are
also displayed. The dotted line thus represents the best global restriction theorems
(both linear and bilinear) known to date. (It is possible to improve on these results
slightly; see [25].)

By interpolating between the main result and (2) we also obtain some progress
on Klainerman’s conjecture for the sphere in R3:

Corollary 4.6. If n =3, then R*(2 x 2 — p) whenever p > 2 — %.

These techniques are certainly not best possible. For instance, one can use the
techniques in [5] to obtain better versions of Corollary 4.6. See [25].

The sharp restriction theorem R*(q) is scale-invariant under parabolic scaling.
Thus, the compact support condition on ® can be removed. In particular, one has
a sharp restriction theorem for the entire paraboloid {(z, 3|z[*) : z € R""!} for
qg>4- 2—57

One can extend the above results to Bochner-Riesz multipliers, so that the
Bochner-Riesz conjecture holds for n = 3 and max(p,p’) > 2. We sketch the
argument very briefly as follows. By the usual techniques of Carleson-Sj6lin reduc-
tion and factorization theory (see [6]) it suffices to show that

1T fllporny S A2l 1)
forall p >34/9, A > 1 and f € L>®(Q), where

Tf(x) = /Q TMN=vla (2 y) f(y) dy.
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g

3

3/10

9/34 T

va ! | ' U 1

17/30

FIGURE 3. Estimates of the form R*(p x p — g¢,a) and
R*(p — 2q,a/2) for n = 3.

Q@ is thought of as imbedded in R™, and a is a bump function on R™ x @ which
is supported away from the diagonal x = y. By the analogue of Lemma 4.5 for
Bochner-Riesz multipliers (see [6]) it suffices to show that

IT fllross S A*/#FA21 floo
for all € > 0. By a modification of Theorem 2.2 it suffices to show that
ITfTgllsss S AN fllooA™ 0 gl oo

for all f, g with O(1) separated supports, together with variants of this estimate in
which the phase function |2 —y| is replaced by a parabolically scaled (but essentially
equivalent) version. However, from the analogue of Lemma 4.4 for Bochner-Riesz
operators (which is proven by a bilinear modification of the arguments in [6]) this
will follow from the restriction estimate (53) and the analogue of Theorem 3.4 for
the Nikodym maximal operator (see e.g. [27]), which is proven similarly. The
required Nikodym estimate also follows formally from the original formulation of
Theorem 3.4; see the argument in [24].

In higher dimensions n > 3 Theorem 2.3 becomes too weak to be of much use,
and we can only achieve a minor improvement on known results. By interpolating
between (47) and the bilinear form R*(2 x 2 — ) of the Tomas-Stein theorem,



BILINEAR RESTRICTION AND KAKEYA CONJECTURES 995

we obtain
n—+2 1

"n+ 2)'
Applying this and Theorem 3.4 to Lemma 4.4 we obtain
2(n+2)x2(n+2)_>n+2 1

R'(2x2—

RrR* .
( n+1 n+1 n ’2(11—}—1)_'—‘€>
Applying Theorem 2.2 this becomes
2 2 2 2 1

n+1 n  4n+1)
Applying Lemma 4.5 this becomes

R( ) >2n2+6n+6 >2n2—|—6n+6

— q) for —_— _—.

pP—4a P 3ny1 97 Tn2ya—1

This is only a slight improvement on the result in Wolff [27], which showed
R*(q — q) for the same range of ¢q. For n > 3 the results obtained by interpo-
lating these estimates with Theorem 2.3 are inferior to the Tomas-Stein theorem.

5. FURTHER REMARKS

In the previous sections we obtained a non-trivial sharp restriction theorem
R%(4—¢) from an ordinary restriction theorem R*(p — ¢) (in this case p > %, q>
31) and the bilinear estimate (2).

The original formulation of (2) in [17, 18] was stated in terms of X, spaces. In this
section we show how one can use these estimates instead of the bilinear estimate to
obtain non-trivial sharp restriction theorems. Despite the fact that these estimates
can be extended (for characteristic functions) from r > % to r > 4(v/2 — 1),
the methods we will use do not appear to be as efficient as the bilinear techniques.

However, they seem to be more robust and applicable to a wider range of situations.

Proposition 5.1. Let n = 3. Suppose that R*(p — q) holds for some 2 < q < 4,
and suppose that the quantity r = éqﬂ satisfies r > 4(v/2—1). Then we have R:(w)

44q
for all w > =

44q

1 itq
CRE

Note that the points (%, %), (1—2,1) (1, 1) are collinear when w =

Proof. 1t suffices to show the restricted weak-type estimate
2—2(w—2)j0

)\w
for all A > 0 and © C @, where jo is the integer such that || ~ 2720, We may
assume that 279 < X\ <1 for some constant C, since (56) is trivial (by e.g. the
Tomas-Stein restriction theorem) otherwise.

The idea of the proof will be to decompose €2 into a sparse set and a collection of
sets concentrated on caps. On the sparse set the Tomas-Stein estimate R’ (4) can
be improved using the X, estimates of [17, 18]. The sets on caps can be rescaled
parabolically to become sets of measure comparable to 1, in which case the estimate

R*(p — q) is equivalent to the scale-invariant estimate R*(q). Combining the two
estimates one expects to obtain R} (4 — ) for some £ > 0.

(56) {IR xal 2 AMS
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We now turn to the details. For each j let 0 < a;; < 1 be a quantity to be chosen
later. By the usual Calderén-Zygmund stopping time arguments, we may partition
Q as

Q=90 |J @nr)),
(4,k)ET
where the “good” set ), satisfies
(57) 195 N 7| < a1
for all j,k, and {7 : (j,k) € T} is a collection of disjoint dyadic cubes such that
(58) oyl < [N 7| < daj_a|r])]
for all (5,k) € T.
We decompose R*xq as
Rxe =Rxa, + >, D R Xanr -
J k:(j.k)ET

To control the contribution of R*xq, we use the results of [17, 18] and the
hypothesis 7 > 4(v/2 — 1) to obtain
|Q mTk|)4/T)l/4

i

(59) | R*xa, 1 S lIxa,llx, = ZZZ_‘“

In order for R*(p — ¢) to hold we must have p’ < §q, so that 4/r > 2 > 1.
Applying (66) of Lemma 6.2 with p = 4/r and o = a; we obtain (after some
algebra)

j
S 2—4j(M)4/T < min(2(§—4)(j—j0)2—4jo’af_122(jo—j)2—4jo)

for each j; informally, this shows that the most significant scales occur when j is
near jo. Inserting these estimates into (59) we obtain

(60) IR xa, 45 S min2G-00=90) o

~19200=0)yg 4o
Let m be a positive integer to be chosen later. We now choose «;; so that
(61) ar 192009 = g=m

when —5™- < j—jo < 3, and a; = 1 otherwise. The estimate (60) then becomes

IR*xe, 3 < m27m274.

From Tchebyshev’s inequality we thus obtain

(62) HR xa, 2 AH S m27m2 Mo T,
It remains to estimate the quantity
(63) Z %*eri
k:(j,k)€T

for each j. Note that this quantity vanishes when «; = 1 by (58), so we may assume
that — 2 < j — jo < 2.
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We will estimate (63) in L? norm. From Lemma 6.3 in the Appendix we have
(64) I Y Rl SC S 1R X I
k:(3,k)eT k:(j,k)ET

On the other hand, by parabolically rescaling the hypothesis R*(p — ¢) as in
Proposition 2.6 we obtain

IR Xgnrs e S IH[a 77 l@ N 7|17,
Combining this with (64) and (58) we obtain
\1/q"

|3 Fxangle S (30 (il ey o

(5,k)ET k:(3,k)eT
On the other hand7 from (58) we have

#{k: (j,k) € T} < 22079l

Using this and the fact that 4a;_1 ~ o; we obtain

2 (j—jo) %
(65) Y Rxannlle S IR 2000
k:(j,k)ET

e\l I~

Combining this with (61) and the definition of r one eventually obtains
| >0 Rxanglle S2720700a%
k:(j,k)€T
so by the triangle inequality and Tchebyshev’s inequality we have
(3" D ®xgagl 2 A} S 2720 Diomagma,
J k:(j,k)ET
Combining this with (62) we obtain
{IR*xal = A} < m2 mo=4o =4 4 9=2(a=2jopagm \—a,

The claim (56) then follows by choosing 2™ = (220 \)~*z*. 0

In practice Proposition 5.1 is inferior to the implications obtained by Theorem
2.2 and interpolation with (2). For instance, if we insert the ﬁrst conclusion of

Theorem 4.1 into Proposition 5.1 one obtains R’ (w) for w > 4 — 3, which is inferior
to the second conclusion of Theorem 4.1.

6. APPENDIX: SOME ELEMENTARY HARMONIC ANALYSIS

In this section we state some elementary results which were used repeatedly in
the paper.

We begin with a well-known quasi-orthogonality property of functions with dis-
joint frequency support. Define a rectangle to be the product of n (possibly half-
infinite or infinite) intervals in R".

Lemma 6.1. Let Ry be a collection of rectangles in frequency space such that the
dilates 2Ry, are almost disjoint, and suppose that fi, are a collection of functions
whose Fourier transforms are supported on Ry. Then for all 1 < p < oo we have

1> felle S QO IlE )V,
k k

where p* = min(p, p’).
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Proof. Let Py be a smooth Fourier multiplier adapted to 2Ry which equals 1 on
Ri. We claim that

1> PeFlly S QO IFNIR )Y
k k

for arbitrary functions F}; the lemma then follows by setting Fy = PipFy = fk.

By interpolation it suffices to prove this estimate for p = 1, p = 2, and p = co.
When p = 2 the estimate is immediate from Plancherel’s theorem. When p =1 or
p = oo the lemma follows from the triangle inequality and the estimates

[1PeFelly S 1Fklls [1PeFrlloo S 1Fk oo,

which follow from Young’s inequality and standard estimates on the kernel of P.
|

The next lemma allows us to crudely estimate various X,-type quantities.

Lemma 6.2. Let Q C Q be a set such that Q| 2—(n=1jo for some jo > 0, and
let 7} be defined as in Section 2.5. Let 0 < oo <1 be such that |QN 77| < || for
all k. If p > 1, then we have the estimate

(66) Z QN 7P < 27 (1o min(a2~ (D7 9= (r=Dioyp=1,
%
If p < 1, then we have the estimate
(67) Yolendp g 2 Driogt-H0i-pi,
3

Proof. By the log-convexity of LP norms, 0 < p < oo, it suffices to prove the three
bounds

(68) sup [N 7| < min(a2~ (DI 2= (= Dioy,
k
(69) doend| 2t
k
(70) > 152t
k

But these bounds follow trivially from the estimates

QN 7| < min(|Q, alr]) < min(2- M"Y g2 (D)
Z QN7 =9 27D,
k

and the cardinality of the T]z . O

We remark that without further information on 2 these bounds are best possible.
In most cases we will set av = 1.
Finally, we present a very easy inequality.

Lemma 6.3. If1 < p < oo, then

O lawl)V? <>
k k
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for all sequences of numbers ay. Also, if 0 < q <1, then

1> fellg < O Il9)
k k

Proof. The first estimate is trivial for p = 1 and p = oo, and the general case follows
by convexity. The second estimate follows by applying the first with a;, = | f(2)]9,
p = 1/q and integrating.

[1]
2]
3]
[4]
[5]
[6]
7]
(8]
[9)
(10]
(11]
(12]
(13]
(14]

(15]

[16]
(17]
(18]
(19]

[20]
21]

[22]
23]
[24]
25]

[26]

REFERENCES

M. Beals, Self-Spreading and strength of Singularities for solutions to semilinear wave equa-
tions, Annals of Math. 118 (1983), 187-214. MR 85¢:35057

J. Bourgain, Besicovitch-type mazimal operators and applications to Fourier analysis, Geom.
and Funct. Anal. 22 (1991), 147-187. MR 92g:42010

J. Bourgain, On the restriction and multiplier problem in R3, Lecture notes in Mathematics,
no. 1469. Springer Verlag, 1991. MR 92m:42017

J. Bourgain, A remark on Schrodinger operators, Israel J. Math. 77 (1992), 1-16. MR
93k:35071

J. Bourgain, Estimates for cone multipliers, Operator Theory: Advances and Applications,
77 (1995), 41-60. MR 96m:42022

J. Bourgain, Some new estimates on oscillatory integrals, Essays in Fourier Analysis in honor
of E. M. Stein, Princeton University Press (1995), 83-112. MR 96¢:42028

L. Carleson and P. Sjdlin, Oscillatory integrals and a multiplier problem for the disc, Studia
Math. 44 (1972), 287-299. MR 50:14052

A. Cérdoba, The Kakeya mazimal function and the spherical summation multipliers, Amer.
J. Math. 99 (1977), 1-22. MR 56:6259

S. Drury, LP estimates for the z-ray transform, Ill. J. Math. 27 (1983), 125-129. MR
85b:44004

C. Fefferman, Inequalities for strongly singular convolution operators, Acta Math. 124 (1970),
9-36. MR 41:2468

C. Fefferman, The multiplier problem for the ball, Ann. of Math. 94 (1971), 330-336. MR
45:5661

L. Hérmander, Fourier Integral Operators, Acta Math. 127 (1971), 79-183. MR 52:9299
N. Katz, preprint.

S. Klainerman, M. Machedon, Space-time estimates for null forms and the local existence
theorem, Comm. Pure Appl. Math. 46 (1993), no. 9, 1221-1268. MR 94h:35137

S. Klainerman, M. Machedon, Remark on Strichartz-type inequalities. With appendices by
Jean Bourgain and Daniel Tataru. Internat. Math. Res. Notices 5 (1996), 201-220. MR
97g:46037

S. Klainerman, M. Machedon, On the regularity properties of a model problem related to
wave maps, Duke Math. J. 87 (1997), 553-589. MR 98e:35118

A. Moyua, A. Vargas, L. Vega, Schridinger Mazimal Function and Restriction Properties of
the Fourier transform, International Math. Research Notices 16 (1996). MR 97k:42042

A. Moyua, A. Vargas, L. Vega, Restriction theorems and Mazimal operators related to oscil-
latory integrals in R3, to appear, Duke Math. J.

W. Schlag, A generalization of Bourgain’s circular maximal theorem, J. Amer. Math. Soc.
10 (1997), 103-122. MR 97c:42035

W. Schlag, A geometric proof of the circular maximal theorem, to appear, Duke Math. J.
W. Schlag, A geometric inequality with applications to the Kakeya problem in three dimen-
stons, to appear, Geometric and Functional Analysis.

C. D. Sogge, Concerning Nikodym-type sets in 3-dimensional curved space, preprint.

E. M. Stein, Harmonic Analysis, Princeton University Press, 1993. MR 95c¢:42002

T. Tao, The Bochner-Riesz conjecture implies the Restriction conjecture, to appear, Duke
Math J.

T. Tao, A. Vargas, A bilinear approach to cone multipliers and related operators, in prepa-
ration.

P. Tomas, A restriction theorem for the Fourier transform, Bull. Amer. Math. Soc. 81 (1975),
477-478. MR 50:10681



1000 TERENCE TAO, ANA VARGAS, AND LUIS VEGA

[27] T. H. Wolff, An improved bound for Kakeya type mazimal functions, Revista Mat. Iberoamer-
icana. 11 (1995), 651-674. MR 96m:42034

[28] T. H. Wolff, A mized norm estimate for the z-ray transform, to appear in Revista Mat.
Iberoamericana.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA—LOS ANGELES, LOS ANGELES,
CALIFORNIA 90024
E-mail address: tao@math.ucla.edu

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD AUTONOMA DE MADRID, 28049 MADRID,

SPAIN
E-mail address: ana.vargas@uam.es

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DEL PAfS VASCO, APARTADO 644, 48080,

BILBAO, SPAIN
E-mail address: mtpvegol@lg.ehu.es



