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RADON TRANSFORMS AND FINITE TYPE CONDITIONS

ANDREAS SEEGER

1. INTRODUCTION

The purpose of this paper is to study averaging operators of Radon transform
type. We shall formulate suitable finite type conditions and prove LP-Sobolev and
LP — LY estimates. The results will be essentially sharp for operators associated
with families of curves in the plane.

Let X and ) be smooth manifolds, dimX = ny, dim%Q) = ng, and let M be a
submanifold in X x ) with conormal bundle N*M; we denote by ¢ the codimension
of M. We shall always assume that the projections 7x : M — X and 799 : M — Q)
are surjective with rank Dmx = ny, rank Dmgy = ng. This in particular implies
that N*M C T*X\0xT*Y\0 where 0 refers to the zero sections in 7*¥ and T*9),
respectively. This is the usual assumption for the canonical relation associated with
Lagrangian distributions arising as kernels of Fourier integral operators.

The assumptions on Dryx, D7y imply that for fixed x € X, y € 9 the sets

1.1 My ={y € Y;(z,y) € M},
(1.1) MY = {z € X;(z,y) € M}

are smooth immersed submanifolds of codimension ¢ in ) and X, respectively.
Let x € C®(X x 9)) be compactly supported. We shall study the regularity of
the averaging operator (or generalized Radon transform) given by

(1.2) Rf(x) = / ©(@ ) £ () do (4);

here do, is a smooth density on M, depending smoothly on x.

The averaging operator R is a Fourier integral operator and its distribution kernel
belongs to the class I"™(%,9), N* M) with m = /2 — (n, +ngr)/4 (¢f. [10]). Sharp
estimates are well known in the case where the projections 7y, : N*M — T*X,
mr 1 N*M — T*9) are locally diffeomorphisms ([10]); then necessarily ny = ng.
There has been considerable interest in obtaining sharp estimates in the degenerate
case where this assumption is relaxed (see e.g. [4], [5], [6], [7], [8], [12], [13], [14],
[15], [16], [17], [19], [20], [21)).

Finite type conditions may be formulated in terms of vector fields tangent to M
and their commutators. Such conditions came up in the work by Hormander [9],
Kohn [11], Rothschild and Stein [18]) on subelliptic estimates. Later, around 1985,
Christ, Nagel, Stein and Wainger (see [3]) used them to investigate L” boundedness
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of singular Radon transforms. This work dealt with the situation X = %), and M
contains the diagonal in X x ¥; then the manifold M, in (1.1) can be parametrized
by t — 7(z,t), with y(z,0) = z. It was shown that there exist unique vector fields
U, so that y(z,t) ~exp(D_, taa[{" )ast — 0; the “curvature” or finite type condition
is then that the U, together with their iterated commutators span the tangent space
at every P € X. It is also shown in [3] that this condition is also equivalent with an
L? — L? smoothing estimate for averaging operators, for some £ > 0. However it
seems quite hard to obtain sharp regularity theorems using an expansion in terms
of the U,; the relation between the singularities of the projections n;, and 7z and
the U, is not well understood. For the (simplest) case of fold singularities on the
diagonal see Phong and Stein [15].

In the present paper we formulate finite type conditions which lead modulo end-
points to a complete description of the regularity properties at least in 2 dimensions.
Here we emphasize the distinction between vector fields tangent to both M and X
and vector fields tangent to M and 9); this distinction is crucial for the derivation
of precise regularity results. We therefore introduce the subspaces

TEM = Tp M N Tp(X x {0}),
Tp' M =TpMNTp({0} x D);

s0if P = (z,y) € M, then T’ M is tangent to MY x {0} and Tp' M is tangent to
{0} x M. Note that dimT};OM =ng —4, dinglM =np — ¢ and dimTpM =
nyr, +ngr—£. The finite type conditions will measure to which extent the subbundle
TYOM @ T M fails to be involutive.

Given the calculus of wavefront sets ([10]) it is also natural to formulate finite
type conditions in terms of the twisted normal bundle or canonical relation

C=(N"M) ={(z,6,y,—n): (x,&y,m) € N"M}.

In fact (N*M)’ can be identified with a subbundle T* M of T* M whose fiber at
P=(z,y) e Mis

Ty M= (Tp° Me Ty M)*,
the /-dimensional space of all linear functionals in T5M which annihilate vectors
in Tp°M and vectors in Tp' M. The identification is via restricting linear forms

in TH(X x Q) to tangent vectors in Tp M. More precisely if 1 : M — X x Q) denotes
the inclusion map and * the pullback of i acting on forms in 7%(X x 9)), then

T+ M = {(P,vp\) : (P,)\) € C}

where P = (z,y) € M and A = (¢, —n) € (NpM)'; see the discussion in §2.

Given vector fields V', W we denote the Lie-derivative of W with respect to V'
(or Lie product of V and W) by [V, W]; in coordinates it is identified with the
commutator of the vector fields V and W. As customary in Lie-theory we shall
also use the notation adV (W) := [V, W]. We first introduce the notion of a vector
field of type < (u,v). Here < refers to the partial order on pairs of integers defined
by (4, k) < (j', k') if and only if either j < j" and k < k' or j < j' and k < k’. We
say that (j,k) = (j', k') if (j, k) < (§', k') or (j, k) = (J', k')

Definition. Let U/ be an open set in M.
(i) A vector field V is of type (1,0) in U if Vp € T5M for all P € U.
(ii) A vector field V is of type (0,1) in U if Vp € Tp' M for all P € U.
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(iii) We set VOO (@) = {0} and let V1O, Vo1 he the C°°(U)-modules of all
vector fields of type (1,0), (0,1), respectively. For a pair (u,v) of positive integers
let V¥ (U) be the C°°(U)-module generated by all vector fields of type (1,0) and
(0,1) and all vector fields of the form gadVj ---adV,,—1(V,,), where g € C*(U),
each V; is of type (1,0) or of type (0,1), at most p of the V; are of type (1,0) and
at most v of the V; are of type (0,1).

(iv) If V € V*¥(U), then we say that V is of type < (u,v) inU. If Ve VA" ()
but V ¢ V' (U) for any (u/,v') < (u,v), then we say that V is of type (i, ) in
U.

(v) Let P € M. Two vector fields V and V are said to be equivalent at P if
there is a neighborhood U so that V' and V coincide in Y. The set of equivalence
classes of vector fields (or germs) at P is denoted by V(P). The submodule V*(P)
consists of the equivalence classes for which any representative is in V#**(U), for
some suitable ¢. By abuse of notation we shall say that a vector field V' defined on
M near P belongs to V*¥(P) if V € V*¥(U) for some neighborhood U of P.

We remark that the notion of type (u,v) is invariant under special changes of
variables of the form ¥ (z,y) = (V1 (z), Yr(y)) where U, is a diffeomorphism in X
and ¥y is a diffeomorphism in ). Of course those are just the changes of variables
which leave the LP-Sobolev mapping properties of an operator invariant.

To see the invariance let ¥*V be the pullback of V under ¥ defined by (¢*V)p =
(D¥)5'Vig(py. Then the pullback of a vector field of type (1,0) is of type (1,0)
(with respect to the manifold ¥~1(M)), in fact (U*X)p = (DV x 1d)p' Xy (p) for
P € U~I M. Similarly, the pullback of a vector field of type (0,1) is of type (0,1).
Now U*[X,Y] = [¥*X, Y] and the latter equals [¥] X, U3Y], which is a vector
field of type (1,1). Inductively we see that the notion of a vector field of type (u,v)
is invariant under change of variables in X and 2).

Definition. Let P € M and A € Tf M. Then T*M is said to be of type (u,v) at
(P, )) if there is V € V*¥(P) such that (X, Vp) # 0 and if (X, Vp) = 0 for all vector
fields V of type < (u,v). M is said to be of finite type at P if for every A\ € Th M
there are nonnegative integers u, v so that T*M is of type (u,v) at (P, A).

By the above comments on the behavior of vector fields of type (u,v) under
separate changes of variables in X and 9) it is clear that the notion of type (u,v)
is well defined. Note that T*M is always of type (1,0) at (P, A) if A does not
annihilate vectors in T};’OM, and of type (0,1) if A does not annihilate vectors in
Tg’lj\/l. Thus the finite type condition is only interesting if restricted to T+ M.
We note that the type is semicontinuous with respect to the partial order <; in the
sense that if T* M is of type (u,v) at (P, A), then there is a neighborhood of (P, \)
in T* M, conic in the fiber, such that T*M is of type < (u, ) in this neighborhood.
The number

n(P) = max min{u + v :T"M is of finite type (u,v) at (P,A)}
XETHM

is called the Hérmander type. This terminology is suggested by conditions in [9]:
If n = n(P) < oo, then there are numbers p;, v;, with u; +v; < n and vector fields
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V; of type (ui,vi), i =1,...,np +ng — £, so that the (V;)p span the tangent space
TpM. !

In this paper we emphasize the case codim M = 1, so that M is a hypersurface
in X x ) and the fibers of T+ M are one-dimensional. Then T*M is of type (u,v)
at (P,\) for one A € (TH°M @ Ty M)* if and only if it is of type (u,v) for all
nonzero A € (T};’OM @ Tg’lj\/l)l. This justifies the following terminology.

Definition. Suppose that M is a hypersurface in X x ), so that the projections
to X and ) are submersions. Let P € M, u > 1, v > 1. Then M is said to be
of type (u,v) at P if there is a vector field V' of type (u,v) defined near P and a
linear functional A € T M annihilating vectors in Tj5"M and vectors in Ty' M so
that

<)\7 VP> 7& 0.
Again M is said to be of finite type at P if M is of type (u,v) at P, for a pair
(s, v) of positive integers.
We shall now formulate sharp theorems for curves in two-dimensional manifolds
and generalizations for hypersurfaces M. For every P € M let

(1.3) T(P) = {(u,v) € Zy x Zy : M is of type (u,v) at P}.

Let A(P) be the closed convex hull of the points in {(u,3): 0 < u < 1,8 < 0}
and the points

(uiy’uiy)7 (u,v) € T(P).

Let A(P) be the closed convex hull of the points in {(u,3) : 0 <u < 1,8 <0} and
the points
T 1
( 12 + v ? 12 + v )7 (/1’71/)67-(13)'

nr—1 nr—1 np—1 nr—1

Notice that
Z(P):A(P) ifTLL:TLRZQ.

Theorem 1.1. Suppose that codimM =1, Pe M and 1 <p < cc.

(i) There is a neighborhood U of P such that if supp x C U and if (1/p, o) belongs
to the interior of A(P), then R is bounded from LE comp(D) into LY, 1,.(X), for
all s € R.

(ii) Suppose that R is bounded from LP (9) into LY

s,comp s+a,loc

and that x(P) # 0. Then (1/p,a) belongs to A(P).

(%), for some s € R,

We note that since supp x is compact we are working with functions of com-
pact support, and the distinction between the spaces L%, Lb ..., LZJOC becomes
irrelevant.

We now turn to LP — L7 estimates. Let B(P) be the closed convex hull of the
points in {(u,v)) : 0 <wu < 1,v > u} and the points

pt1 p
(ﬂ+u+1’u+u+1)’ (n,v) € 7(P)).

n [3], Christ, Nagel, Stein and Wainger independently introduced a curvature condition in
terms of the subspaces T};‘OM, Tg‘lM and proved the equivalence with their original curvature
assumption.
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Let B(P) be the closed convex hull of the points in {(u,v)): 0 <wu < 1,0 > u} and
the points

#—1 +1 M—l
(g ) W erP).

nL—l nR—l nL—l nR—l

Again
B(P)=B(P) ifn,=ng=2.

Theorem 1.2. Suppose that codimM =1, Pe M and 1 <p < .
(i) There is a neighborhood U of P such that if supp x C U and if (1/p,1,q)
belongs to the interior of B(P), then R is bounded from L, () into L (X).

(i) Suppose dimX = dim%Q) = 2 and that R is bounded from L%, () into
LE (X). If x(P) # 0, then (1/p,1/q) belongs to B(P).

Consider now the two-dimensional situation. If the principal symbol is multiplied
by a suitable damping factor, then one can obtain the same L? Sobolev estimates
as in the nondegenerate case, without assuming finite type conditions; see [21]. An
essentially sharp version of this is

Theorem 1.3. Suppose dimX = dim %) = 2 and codim M = 1. Let U be an open
set containing supp x and let X € VIOU), Y € VO (U), nonvanishing inU. Let w
be a section in T*+M, nonvanishing over U, and let J(z,y) = [(w, [X,Y]) (@47
Define

RM@%j/ X&) Ty (@ 9) f(4) dos (4).

x

If v > 1/2, then R., maps L? boundedly to L%/Zloc'

comp

Remarks. We state some immediate consequences and further comments; here
codimM =1 and in fact dim X = dim %) = 2, unless otherwise stated.

(1) If n = n(P) = min{|u| + |v| : (u,v) € 7(P)} is the Hérmander type of
M at P, then A(P) and B(P) are polygonal regions with at most n + 1 extreme
points; see Lemma 5.3 below. The operator R is bounded from LZ, to Li,loc if
(2,1/P) € Npesupp y ME(A(P)), and this result is essentially sharp, up to endpoints.

(2) Suppose that © > 1 and v > 1 and suppose that M is of type < (u,v) at
every P € supp x. Let p = 1 +vu~! and a < (u +v)~!. Then R is bounded

. . v+l v+l
from L% into L¥, ,, moreover R is bounded from L #+1 to L™ » . The first

statement implies the second and then also the positive results of Theorems 1.1 and
1.2, by multiple interpolation.

(3) Suppose that R maps LP to L? and that x(P) # 0. Then necessarily
(1 —a)™t < p < a~!; moreover there is a pair (u,v) of positive integers with
p+v < a~t sothat M is of type (u, ) at P. Thus the reciprocal of the Hormander
type is the maximal gain of smoothness which can occur in some LP space.

(4) Suppose that 1 < p < ¢ < co and R maps LP to LY. Suppose also that
x(P) # 0. Then M is of type (u,v) at (zo,yo) for some pair (u,v) of positive
integers with |u| + [v| +1 < (1/p—1/¢)~ L.

(5) By (3) and (4) the regions A(P) and B(P) have at least three extreme points
if and only if M is of finite type at P. They are triangles in the model case in R?
where M is given by yo = xo + 2y} and P = (0,0). Here M is of type (u,v)

t (0,0). Also note that M is of type (1,r) at all points with x1 # 0, y; = 0, of
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type (i, 1) for all points with 1 = 0, y1 # 0, and of type (1,1) for all points with

Z1 7& 07 U 7& 0. _
(6) Let n = 2k. The region A((0,0)) has n + 1 extreme points if M C R? x R?

is given by yo = xo + byl + Z;:ll (2ly2 % 4 22 kydy If p = 2k + 1, then an
appropriate model example is given by ys = x5 + Z?;ll (2l y2" 7k 25 Ry

(7) Theorem 1.1 is an extension of results in [19] since M satisfies a left finite type
condition of order m, in the sense of [19], if and only if M is of type < (1,m — 1);
and M satisfies a right finite type condition of order m if M is of type < (m—1,1).
Cf. Corollary 3.7 below.

(8) It would be interesting to formulate the type (u, ) condition for exponentials
of vector fields y(z,t) ~ exp(t*U,/al) as considered in [3]. For such conditions in
the case where 7y, or g are Whitney folds, see [15]. For similar computations in
the presence of cusp singularities, see [5].

(9) Our theorems rely on a crucial L? estimate for Radon transforms proved
in [19]; see (5.3) below. In fact Theorem 1.3 is an almost immediate consequence
of this estimate. We note that an erroneous argument in [19] is corrected in the
appendix, §7.

(10) An approach different from the one in this paper was previously used by
Greenleaf and the author ([4], [5]) to obtain endpoint L? estimates for Fourier inte-
gral operators in specific situations (one sided folds and simple cusps). We plan to
extend the methods of [19] to obtain L? estimates for Radon transforms associated
with submanifolds of higher codimension, assuming finite type conditions.

(11) At this time it seems open in exactly which cases one can obtain sharp end-
point results, even in two dimensions. The case u+ v = 3 is completely understood
(see [12], [15], [13], [19], [20], [4]). Some endpoint estimates for operators of type
(1,v) were obtained by the author in [19]; these operators map L? to L§+1/p if

p>v+1and LP to L?! if p > (v + 2)/2; moreover by duality operators of type
(p,1) map LP to L§+1/p’ if p< (u+1)/pand LP to LP/C=P)if p < (u+2)/(n+1).
Phong and Stein [16] established sharp LP endpoint results for a number of in-
teresting examples, namely when M is given by yo = x3 + h(x1,y1) where h is a
homogeneous polynomial of degree n, h(xi,y1) = Z?:O ajx{y?_j. If ap # 0 and
1<k <n-—1, then M is of type (k,n — k) at P = (0,0). Recently they obtained
sharp L? results for more general semi-translation invariant cases, namely when
h(z1,y1) is assumed to be real analytic; see [17]. At least one endpoint estimate is
known to fail even in the translation invariant case; for h(z1,y1) = (1 — y1)™, M.
Christ [2] showed that the corresponding averaging operator R does not map L7 to
LZ+1/n- Observe that in this case M is of type (u,v), whenever u+ v = n, and it
is also known that R maps L® to L’S)H/n ifn/(n—1) <p<mn;cf [19], [16] and [2].

(12) Consider the special case where M is given by yo = xo + h(x1,y1). Using
suitable cutoff functions y one can use Theorem 1.3 and Plancherel’s theorem to
derive an estimate for the damped oscillatory integral operator acting on functions

on the real line, namely

Ty g(v) = / MO g ()| (0, w)[ (v, w)dw

here n € C§°(R x R). The result is that for A > 1 the L? norm of T} ., is O(|\|~%/2)
if v > 1/2. We learned at the harmonic analysis conference in Varenna, April
1997, where this work was presented, that Phong and Stein have recently obtained
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the bound O(|A|~1/?) even for v = 1/2, provided that h is real analytic; for some
previously considered model cases see [16]. It would be interesting to extend the
endpoint result to classes of oscillatory integral operators and operators of Radon
transform type satisfying finite type or suitable convexity assumptions, without the
hypothesis of real analyticity.

In §2 we review the condition of type (1,1) and in §3 we give some convenient
formulation of the finite type condition for hypersurfaces. §4 contains an elementary
estimate for integral operators which relies on the finite type condition. In §5 we
combine this with L? estimates from [19] to derive the LP Sobolev estimates of
Theorem 1.1. Necessary conditions are discussed in §6.

2. PRELIMINARY REMARKS

In this section we consider coordinate patches on X and %); we may assume that
X and Q) are itself open subsets of R"% and R"2, respectively.

We assume that codim M = ¢ and that M is described by an Rf-valued defining
function,

M= A{(z,y) : ®(z,y) = 0}.
Here ® = (®1,..., ®%) and
rank ®/ = rank & = (.

Recall that the L? regularity properties are determined by the projections of
C=(N*M)'\0toT*X and T*9). Writing R as the Fourier integral operator with
frequency variable § € R® we see that C is parametrized in the usual way as

(21) {(Jf, qujvya _dylll) : dQ\IJ = O}a

with the phase function U (z,y,0) = (0, ®(z,y)) = Y, 0,9 (z,y).
The situation of maximal nondegeneracy occurs if differentials of the projections
7, and mr have maximal rank; that is, if the rank of the (ny, +¢) x (ng + ¢) matrix

\I/I/ \I/” <9 @>// @/ t
2.9 j z, 79 — ( Ty w@) — ( ) Ty x
(2.2) o(z,y,0) \I}/.g/y \IJIHIH (I);/ 0

is maximal, for all § # 0. In particular the twisted normal bundle C = (N* M)’ is
a local canonical graph near P if ny, = ngr and det(Jp) # 0 for all § # 0.

It will be useful to reformulate the finite type condition in terms of the canonical
relation C and the matrix Jp. We shall need the behavior of Js under changes
of variables in X and ). Let ¢p and ¥gr denote diffeomorphisms in X and 9,
respectively, and define ¥ (w, z) = (¢ (w),¥r(z)). Then

t " 1t
03 Tovs(t,7,0) = (D1(/)}L ?) (<9,(§>wy @5) (DZ)/JR ?)
Yy

where the derivatives of ® are evaluated at (z,y) = (V5 (w), ¥r(2)).

In order to reformulate the finite type condition in terms of J¢ we consider vector
fields X =3, a;(z,y)0/dz; of type (1,0) and vector fields Y = 3, bi(x,y)0/ 0y
of type (0,1) and extend them to smooth vector fields in a neighborhood of M.



876 ANDREAS SEEGER

For these vector fields we define the bilinear form

(2.4) By(X,Y)p = a'(0, ®)7,0| |

o (g )0

which depends linearly on 6. (2.3) shows the invariance of By, namely

(2.5) (Dra)' (0, ® o )y, (Dyrb) = a’(0, ®)7,b

(2,y)=(r () Yr(2)

Note also the behavior of this bilinear form under changes in the defining function.
If (z,y) — A(x,y) is smooth with values in the general linear group GL(R?), and

if ®(z,y) = A(z,y)®(z,y), = (A(z,y)) 6, then
(2.6) a'(0, @)1 b= a' (0, )" b.

On X x9) we have exterior derivatives d;, and dr defined, as natural extensions to
XxQofd, on X and d, onQ), by drw(y,) = da(W(. )z and drw(g ) = dy(Wz,.))y-
Now consider the forms

(2.7) dp®' — dp®’, i=1,...,¢,

on T*(X x ), which span the fiber of the canonical relation (N*M)" at P. There
are the corresponding forms dy®’ + dr®’ that span the fiber of N*M at P and
in view of the linear independence of {d®%,dr®%; i =1,...,¢} the set {d;®’ —
dp®?,dr @' +dp®';i = 1,...,(} is linearly independent at P. We restrict the forms
in (2.7) to linear forms acting on tangent vectors in Tp.M;

(2.8) w' =" (d®" — dpd’)

where +* is the pullback map of the inclusion + : M — X x ). Then the wi, are
linearly independent in T/5M, and since they annihilate vectors of type (1,0) and
(0,1), they form a basis of Tjy =M.

Lemma 2.1. Suppose that wg = Ele O;wt, with W' as in (2.8)-(2.9). Let X €
VIO(P) and Y € VO1(P). Then
(29) <w97[XaY]> = 2B9(X3Y)
Proof. It X = }7,a;0/0z; and Y = 3, by0/0yy, then [X,Y] = 3 . v;0/0z; +
>k Wk0/Oyx with v = —(Dya)b and w = (Dzb)a. Since ®)a = 0 and ;b =0 we
obtain by differentiation
(2.10) (0,9,)(Dya)b = —a'(0, ®);,b= (0,®,)(D.b)a.
By (2.8)
Z . .
(wo, [X,Y]) = 0:(dL®" — dr®’, [X,V])
i=1
= _<97(I);>(Dya)b - <97(I);/>(Dzb)a
= 2a"(0, ®)!/,b

where all the expressions are evaluated at P € M. O
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Remarks. (i) Let (P,\) € T**M, X\ = Zle wh. Then T*M is of type (1,1) at
(P, ) if and only if Be(X,Y)p # 0 for some X € V1O(P), Y € VO1(P).
(ii) An alternative description of By can be obtained using differential forms.
. 2587
Note that drdp®' = 37,37, agj—gykd:z:j Adyg so that for X € V1O(P), Y € VO1(P)

(2.11) (dpdp6-®|X AY) = By(X,Y);

here we use the standard inner product (-|-) for p-forms, with the normalization
that for p-vectors & = z1 A --- Az, and p-forms A = Ay A -+ A A, we have (A|z) =
det({(A;, z;)). Following Kohn [11] the result of Lemma 2.1 can be derived using a
standard formula for the exterior derivative of a 1-form w, namely (dw|X AY) =
X((@]Y) = Y (] X)) — (w][X,Y]); see [23, p. 103].

Let X € VIYO(P) and Y € VY1(P). Then (d,®|X) = 0, (dp®|X) = 0,
(dp®'Y) = 0, and (d®'|Y) = 0. Now dd = drd;, = drdr = 0 and therefore
drdy, = —drdr. We compute <deR(I)i|X/\Y> = <ddR(I>i|X/\Y> = —<dR(I>i|[X, Y]>
and <deR(I)Z|X A Y> e —<ddL‘I)Z|X A Y> = <dL(I)1|[X, Y]> If e1,...,ep denote the
standard unit vectors in R® we see that on M

2B.,(X,Y) = 2(dpdp®'|X NY) = (d®" — dp®'|[X,Y]) = (W'|[X,Y])

which is equivalent to the statement of Lemma 2.1.
(iii) There is a formal analogy with the Levi form in several complex variables,
which is apparent from rewriting (2.9) as
1
?<wg, [X =Y, X +4Y]);
i
see also the discussion in [14, p. 114].

(2.12) 2By(X,Y) =

Lemma 2.2. Let Ty, ...,T; be vector fields on M satisfying
. 1 ] 3 = 1
(213) whoy=1 420
0 ifi#j.
Let Xi,...,Xn,—¢c € VYO(P), Y1,...,Y,, € V*Y(P) so that {X;,Y;, T} p form a

basis of TpM. Let {e1,... e/} be the standard basis of RY. Then there are C*
functions «;, B so that

nrL —/L nR—E ¢
(2.14) (XY= X+ Y BYi+ > Be (X, Y)T..
j=1 k=1 s=1
Proof. This is an immediate consequence of Lemma 2.1. O

It will also be convenient to note the following formula in the particular case
where the manifolds M,, MY are curves.

Lemma 2.3. Suppose dimX = dim%) = d, codimM =d — 1, P = (x,y) € M.
Let wy = Zli:1 fiw’, where w' is as in (2.8). Let T (x,y) be the (d —1) x (d —1)
matriz obtained from the (d — 1) x d matriz ®, by omitting the ;™ column, and let
Ff-{(x,y) be the (d — 1) x (d — 1) matriz obtained from (Bi;) = ® by omitting the
Gt column. Let
d ) d )

(215) X:Zaj(zvy)a_v Y:Zbk($,y)_
j=1

T P Oy
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where

(2.16) aj(z,y) = (—1)7"" det Fé(z,y), br(z,y) = (=1)* L det T% (2, y).

Then X andY are vector fields of type (1,0) and (0, 1), respectively, and
|a]® |b]?

det @, 0/," det @)’

In particular, if d = 2, then (wy, [X,Y]p) = —2det To(x,y,0).

Proof. Let A = ®,, B = &, M = (,®)),. Then Aa = Bb = 0. Setting A" =
(a, A?) and B! = (b, B) we have the identity

t t t
¢ " a'Mb a'MB 0
(“8‘ ?.) (1‘34 “(‘)) (lf) ?) — [ AMb AMBt AAt
0 BB 0

A cofactor expansion yields that det A = |a|?, det B = |b|?>. Therefore taking
determinants we see that

laf?[b]? det To = (—1)%" a' (0, @), b det®!, ®," det®,d!".

The asserted formula follows immediately from Lemma 2.1. O

(2.17) (1) Ywp, [X,Y]) =2 det Jo (-, -, 0).

3. FINITE TYPE CONDITIONS FOR HYPERSURFACES

In this section we assume that M is a hypersurface in X x ), given by the
equation ®(z,y) = 0. We shall need the notion of a differential operator of type
= (@, v). The operator of multiplication by a function is said to be of type (0,0). We
say that X is of type (1,0) if X =} a;0/0x; is a vector field, whose restriction
of X to M is tangential to both M and X. We say that Y is of type (0,1) if
Y =>,b;0/9y; is a vector field whose restriction of ¥ to M is tangential to M
and 9). Let u > 1, v > 1; then the operator L is defined to be of type < (u,v)
if L is of order < p + v and if L is a linear combination over C'*° of operators of
order (0,0) and differential operators of the form gV ...V, where each V; is of type
(1,0) or (0,1), but at most p of the V; are of type (1,0) and at most v of the V;
are of type (0,1). The C* module of operators of type < (u,r) in an open set U
is denoted by £#*(U), similarly we may define germs of differential operators and
use the notation £#¥(P).

We set

B(X,Y):BQ(X,Y)‘ , wZLUg’ .
0=1 9=1
We shall need to work with tangential vector fields T satisfying (w,T)p = 1; a

natural choice is
1 K0P 9 1"Ra<1>a)

1
3.1 T=-(=52 7 507
(3:-1) 2(|q>;|2;axjaxj @2 2~ Dyi Oy

Theorem 3.1. Suppose P = (x,y) € M. The following conditions are equivalent.
(i) M is of type (u,v) at P.
(i) There are p vector fields Vi,...,V, € VO(P) and v vector fields V41,...,
Vv € VEL(P) so that
(wyadVy -+ adVqp—1(Vigs ) p # 0

but (w,V)p = 0 for any vector field V' of type < (u,v).
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(iii) There are p vector fields Vi,...,V,, € V'O(P) and v vector fields V,41,...,
Vitr € VOL(P) so that the following holds. For any choice of C* functions h; with
hi(P) # 0, for any permutation 7 of {1,...,u+ v} and for Wi := h; V@

(32) (w, adW1 .. .adW#+l,_1(W#+l,)>p 75 0

but (w,V)p = 0 for any vector field V' of type < (u,v).

(iv) There are vector fields X € VYO(P) and Y € V®(P), and a differential
operator L of type < (u—1,v—1) so that L[B(X,Y)] # 0, but L[B(X,Y)] =0 for
all differential operators L of type < (u—1,v—1) and all X € VO(P), Y € VO1(P).

A stronger variant of this theorem is obtained in Theorem 3.6 below.
We shall deduce Theorem 3.1 by induction over n = p+v from various elementary
lemmata.

Lemma 3.2. Let Vi,...,V,, be vector fields in V(P) and let ‘71 = f;V; where f; €
C°. Then

B

0£A
c{1,...,n}
here Vo = Vi Viy -+ Vi if (i1,...,in) € A and iy < -+ < in. A° denotes the
complement of A in {1,...,n} and L (f1,..., fn) is a finite sum of expressions of
the form
N(B)
e 11 £ T1 Vi Vi o
i€Bo k=1

where B = {Bo, ..., By(ms)} is a partition of the set A° as a disjoint union, A° =
BoLJ"'UBN(sB), with Bk = {]{C,,jf(k)} andjl,f <k.

Proof. This follows by a straightforward computation from repeated applications
of the product rule. O

For j > 0, k > 0 let Z7** be the ideal in V(P) generated by vector fields of the
form L(B(X,Y))W, where W € V(P) and L € £*(P), X € V1(P), Y € V*1(P).
We set 7710 = 70.=1 = {0}.

Lemma 3.3. Supposen = u+v and suppose Vi, ..., V, are vector fields, u of them
in VIO(P), v of them in VO (P). Let T € V(P) so that (w,T) =1. Then

(34)  adVi---adVy_1(Vy) = 2Vi - Voo B(Veo1, V)T + Wi + Wa + Zy + Zs
where Wy € V=1V (P), Wy € V*=N(P), Z; € TH=>"1(P), Zy € T*"1"=%(P).

Proof. This is easily shown by using the formula (w,[X,Y]) = 2B(X,Y) and in-
duction. 0

The leading terms in (3.4) are not commutative in Vi,...,V,. The following
Lemma shows that commutativity holds modulo suitable “negligible” terms.

Let 37, (P) consist of all linear combinations of the expressions gL1[By(X,Y)] L2
where X € V1O(P), Y € V%!(P), Ly is of type (', k') where (j',k') = (j,k) and
Ly is a differential operator so that j' + &k’ 4+ order(Lsz) < n.
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Lemma 3.4. Let Vi,...,V, be vector fields, p of them in VYO(P), v of them in
VOL(P). Let m, n’ be permutations of the set {1,2,...,n}.
Then

Ve Vam) = Varqy Vi) + L + Lo + E;

—1, w—1. ~p4r—1
here Ly € LY, Lo € LMY moreover E € T -1

Proof. Tt suffices to prove this theorem for 7’ being the identity. We note by Lemma
2.2 that

Viee- VeV a VeV - Vo = Vi Vi oV Ve Vg -+ - Vi,
+ Vi Veo XViyq -+ Vyy
+ Vi Ve YVipq - Vi

4
(3.5) +2) Vi Vi oBe(Vie1, Vi) TVig -+ Vi
k=1

where X € VI’O(P), Y € V071(P), Bk(Vk—17 Vk) = Bek (Vk}—l7 Vk) if Vip_q1 € Vl’O(P)
Vi € Vo’l(P) and Bk(Vk_l, Vk) = —Bek(Vk, Vk—l) if v, € Vl’O(P), Vi1 € Vo’l(P);
moreover By (Vi_1, Vi) = 0 if Vi1 and Vj are both in V1.°(P) or both in V%1(P)
(3.5) and an application of Lemma 3.2 imply the assertion for transpositions m. A
repetition of this argument shows the assertion for the permutation 7 with 7(1) = k,
m(j) =j—1for 2 < j <k and n(j) = j for j > k. From this the general case
follows easily by induction. In the induction step one uses that for X € V19(P),
Y e VOY(P), L € ¢~V(P), E € jl’f_”f;l_l we have that XL € £+H1V(P), YL €
gt (P), XE € 3"t and YE € 34 O

=1 p—1v-

Proof of Theorem 3.1. (i) is equivalent with (ii) by the definition of type (i, v). (ii)
is equivalent with (iii) by Lemma 3.2 and Lemma 3.4. (iii) is equivalent with (iv)
by Lemma 3.3. O

We now wish to show that in statements (ii), (iii) of Theorem 3.1 it is possible to
work with a single vector field of type (1,0) and a single vector field of type (0, 1).
Our calculations are facilitated by a particular choice of coordinates in X and )
vanishing at the point P.

We shall use the notation v = 2, , v = yn, and ¥ = (Y1, Ynp-1), &’ =
(T1,...,Tn,—1), so that x = (z',u), y = (y',v). We may assume that near P =
(0,0) the manifold is given by
(3.6) v=S(z,y) <= u=06(y,2).

By suitable choices of the coordinates in X and in %) we can assume that
S(x,0) =z, =u,

S(y,0) = yn, =v.

In particular it follows by implicit differentiation that 9;S(0,0) = 0 for all multi-

indices a # (0,...,0,1).
Set ®(z,y) = yn, — S(x,y’"). We shall work with the vector fields
0 0 0 , 0

3.8 X;j=-® —4 — =8 —-8 —
(3.8) ’ ””"M?xj—i_ " 0wp, “Oxr; Y 0u

(3.7)
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and

0 0 0 0
3.9 Y, = & - @ = — o
( ) Ynp 3yk Yk aynR 3yk Yk Oy’

then a short computation using (2.4) shows that for P = (x,y’, S(x,y’))

(3.10) B(X;,Yy)p =S, S’gjyk — S;] Sty o)
If
nL—l TLR—l
(3.11) X=Y ai(zyX; Y= blx,y)Yi
j=1 k=1
with smooth functions a;, by, and a = (a1,...,an,-1), b= (b1,...,bpy—1), then
B(X,Y) = S5,{a, V) {8, Vy)S — (a,V S)(B, Vy Su) a=a(z,y)
B=b(=,y)
'I’LL— -
(3.12) => Z (@, y)br (2, Y)[90,57 . — o, S ) ()

—

k=

—

=
Lemma 3.5. Suppose that p > 1, v > 1 and suppose that in a neighborhhod U of
P coordinates vanishing at P are chosen so that M is given by (3.6), (3.7). Let
al U — R Y — R e smoothfunctions l=1,....,u0,m=1,...,v.
For each I, m define X' = 32" " a ! ab(z,y)X;, Y™ = ZRl lbm(;zc,y)Y;.C , where
X; and Yy, are as in (3.8), (3.9). Let Vi = X', Vo =Y and, if p+v > 1, let
Va, ..., Vutr be a permutation of the vector fields X2, ., XHF Y2 ... )YV, Let

(313) L= ‘/3"'VM+1/

if (1,1) < (u,v) and let £ be the identity if (u,v) = (1,1). For fized (x,y) let Lgy
be the constant coefficient differential operator

(314) Lwy = <a17 vw’> T <al7 vw’><617 vy’> T <ﬁm7 vy’>‘ al=a'(z,y) °
B =b"(z,y)

Let Iy 1 be the smallest ideal in C'° (Ll) containing the functions (0/0x')7S with
1 < |y| < p and the functions (3/0y')°S with 1 < |§| < v. For (1,1) < (u,v) let
T, be the smallest ideal in C>(U) containing Z1 1 and the functions LB(X, Y)( Y
where L is a differential operator of type < (u—1,v—1), X is of type (1,0) and Y’
is of type (0,1). Then

(i) [, LuyS — £[B(X),YY)] € T,

(ii) Let X = pyaty Y3 (z,y)X; and Y = SopaT bi(z,y)Ye. If g € Ty, then
Xg €Zyy1,, and Yg €T vt1-

(1ii) Suppose that M is not of type < (p,v) at P = (0,0). Then L.;,S(0,0) =
LIB(XY,Y1H](0,0) and this expression does not vanish if M is of type (p,v).

Proof. We prove (i)= (i),,, and (ii)= (ii),,, simultaneously by induction over n =
p~+v. Forn=2, ie. p=v =1, the assertion (i)1,; follows from (3.12).

Clearly YSy,c € I, XS’% € Zo1. Next by (i)1,1 we have that S{LSQ’E' I
B(X},Yy) € 11 and since B(X;,Yy) € Z12NZ5 1 and — S, S’uyk € 71,1 we see that
X;S;, €ZIz1 and YkS € 71 2. This implies also that XS € I,1 and YS’ €T

and therefore (ii) for u =v=1
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For the induction step let u’ + 1" =n + 1. We consider the case u’ > 1 and set
p=p' =1, =v. Let £ and Ly, be as in (3.13), (3.14). Consider £ = XL, and the
constant coefficient operator L, = (&, V) {(a!, V) -+ (8™, V) with & = a(x, y),
ol = al(z,y) and ™ = b™(x,y). Then S/ (a, V) — 20X =22, ZijS’;j% and
therefore

(S1)" @, Vo) Loy S — XL[B(XY, Y]

nr—1 N

= (S0 D 8%, 5 (L) + (S0 K (r55) (51" Ly = £(BX YY)
j=1 u

+ X ((SL)FLyyS — LIB(X', Y1) + (SL)"X ( (S})M)L‘(B(Xl, vh).

The first term on the right hand side belongs to the ideal generated by the S’;j,
1 <j<ng—1,hence to ;1 C Z,41,, = Z,,». The second belongs to Z,,,
by the induction hypothesis for (i), hence also to Z, ,,. The fourth term in-
volves L(B(X1,Y1)) and therefore also belongs to Z,/ .. The third term belongs
t0 XZ,., C Zyy1,0 = L by the induction hypothesis for (ii).

There is another case with ¢/ + v = n+ 1, namely v/ > 1 and p/ = p, v =
v — 1, and now L is replaced by YL and the relevant constant coefficient operator
is (ﬁ,Vy/><a1,Vw/> "'<ﬁm7vy’> Wlth? = b(l‘,y), ol = al(xvy)v Bm = bm({E,y).
One now shows that the difference of Y £(B(X!,Y?)) and the constant coefficient
operator belongs to Z,, ,+1 = Z,,,». The argument is the same as before.

To complete the induction step we have to show (ii),s .. We argue as in the
first step. Assume that g/ > 1. Clearly X (9/02')7S € Ta C IV |y = p.
If § is a multiindex with [0] = v/, then by (i)(1,) we see as in the first step
that X(@/@y')‘ss € Ty C I,. Also if L is a differential operator of type
< (u—1,v—1), then XL is a differential operator of type < (y1, v — 1). This shows
)N(Z#/_l,,,/ C Zy,,r. Similarly one checks }71#/11,/_1 C Zy v, and the proof of the
induction step is complete.

Finally, (iii) is an immediate consequence of (i) since if M is not of type < (u, v)
at P, then all functions in 7, ,, vanish at the point (0, 0). (]

Given Lemma 3.5 we can refine Theorem 3.1 to

Theorem 3.6. Suppose P = (x,y) € M.
(1) The following conditions are equivalent.

(i) M is of type (u,v) at P.

(ii) There are vector fields X € VVO(P) and Y € VO1(P) with the following
property: If L =V1---V,1,_o where 1 —1 of the V; are equal to X and v —1 of the
Vi are equal to Y, then L[B(X,Y)]p # 0; but L[B(X,Y)] = 0 for all differential
operators L of type < (n—1,v — 1) and all X € VXO(P), Y € VO1(P).

(iii) There are vector fields X € VYO(P) and Y € VOY(P) with the following
property: If V.= adVy ---adV,4,—2[X, Y] where ;1 — 1 of the V; are equal to X and
v—1 of the V; are equal to Y, then (w,V)p # 0; but <w,\~/>p = 0 for all vector
fields V' of type < (u,v).

(2) Suppose M is not of type < (u,v) at P. Then coordinates x in X, y in )
vanishing at P can be chosen near P, such that M is given by (3.6), so that (3.7)
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holds and

ghi+lslg

(3.15) W(O’O)

=0

for multiindices «y, & with (|7v],|9]) < (, V).
Moreover if M is of type (u,v) at P, then the coordinates can be chosen so that
in addition
ortvs
(Ox1)#(Oy1)”

Proof. The implications (ii) = (i), (ili) = (i) have already been proved in
Theorem 3.1. Consider the vector space V of all linear combinations of monomials

(3.16) (0,0) # 0.

ety )
with the property that > . a; = u, >°) B = v. Then V is spanned by the poly-
nomials of the form (&', 2/)*(n/,y')", & € R*2~1 5/ € R""~1  This is seen by a
straightforward adaptation of a corresponding argument in Stein’s book [22, p.343]
for polynomials of a single set of variables.
Now suppose that M is of type (u,v) at P. Then we can choose coordinates
such that M is given by (3.6), (3.7). The observation about V implies that

<§/a Vr/>ﬂ—1 <77/v vy/>y_ls(07 O) 7é 0

for suitable ¢ € R"=~1 5/ € R""~1. Then by Lemma 3.5 for X := Eyifl £X;,
Yy o= 00 mYa

XY B(Xe, Yy) £ 0;

moreover L[B(X,Y)] = 0 for all X € V'O(P), Y € V*1(P) and all differential
operators L of type < (u—1,v—1), by Theorem 3.1. We have proved the implication
(i) = (ii). The equivalence of the conditions (ii) and (iii) follows from Lemma
3.3. (3.15) follows from Lemma 3.5 and (3.16) can be achieved by separate rotations
in the z and the y coordinates. O

Corollary 3.7. Suppose dimX = dim%Q) = 2, dimM = 3 and P € M. Let
X e VIO(P) and Y € V®!(P), nonvanishing at P. Then
(i) M is of type (u,v) at P if and only if

X”_lyy_l(det Js)p # 0,
XH 1YY " (det Jp)p = 0 for all (W, V') < (u,v).
(ii) M is of type (1,m — 1) at P = (x,y) if and only if det Jo
order m — 2 aty € M.

(i11) M is of type (m — 1,1) at P = (z,y) if and only if det Jg
order m — 2 at x € MVY.

‘Mm vanishes of

|My vanishes of

The proof is immediate from Theorem 3.1, Lemma 2.3 and Lemma 3.4.
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4. LP-ESTIMATES FOR INTEGRAL OPERATORS IN THE PLANE

We assume that M is imbedded in R? x R? and that in a neighborhood of
supp x N M the manifold M is given by ®(x,y) = S(z1,22,y1) — y2 = 0 so that
S;, 7 0 and that

(4.1) y2 = S(x,y1) < z2 = 6(y,11),
with ), # 0 and &;, # 0. Moreover we assume that M is of type < (u,v) at
P° € supp Y N M. Our operator is then defined by

(42) Rf(ar,2) = [ Flon,Som)x(e )i
The Monge-Ampére determinant is now given by

(43) det j‘b(xvy) = Sglyl (xayl)ség(xvyl) - S;/le (x7y1)5;1 (xvyl);

in particular it is independent of ys.
Define vector fields X, Y:

X = i + 6; i’
(91'1 ! (91‘2
(4.4) 5 5
Y=—+85, —
oy V' Oy
Then X is of type (1,0) and Y is of type (0,1) on M. We note that the vector field
0 0
4. T=_— . —
(4.5) 97 + S5, 023

is tangent to M and X, Y and T are linearly independent at any particular point
P € M. An analogue to Lemma 2.2 is the formula

(4.6) [aX,bY] = aX (b)Y —bY (@)X + abAT + W
where
det jq>
A =
Swé

and W =0 on M. It follows from Lemma 2.3 and Theorem 3.6 that the finite type
condition can be restated in terms of A. The assumption of type < (u,r) implies
that there is (j, k) = (1 — 1,v — 1) such that

(4.7) XIYEA £0
for (33, Y1, S(IE, yl)) in supp x M M.
Note that A does not depend on y,. Therefore if
oFA

(8—y’f)(xl’ S(y1,Y2,21), Y1),

Lr(y1,y2, 1) =

then (4.7) just means that
OITy,
(0x1)7

for (w1, 6(y, z1),51) = (x, 91, S(x, 1)) € supp x N M.
We introduce a localization into regions where |det J5| ~ |A| ~ 27!, Let

(y1,92,21) #0

m(z,y1) =02 Az, y))x (@, y1, S(x, 1))
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where 7 € C§°((1/2,2)). We shall need LP estimates for the integral operator

(48) Rif(z) = / (1) (s (1)) dys.

Proposition 4.1. Suppose that M is of type = (u,v) in supp x N M. Let p =
BEY=2 and suppose that v < (u+ v —2)~L. Then the inequality

n
IRuflp < Cy27 1 £l
holds for all f € LP.

We shall use the following elementary

Lemma 4.2. Let k and N be positive integers, such that k < N. For an interval
J and f € CN(J) let My(f) = maxey |[fN)(z)].
Then there is a constant Ay n such that for all L, for all intervals J of length
L > 0, for all functions f € CN(J) and for all 3, v satisfying v > 7 (L/2)N My (f),
B> oyl (L/2)Y My ()
~

meas(e € 7+ |f(@)] 7. 19| 2 5} < A (3)

This estimate is an easy consequence of a lemma by M. Christ [1] which is closely
related to van der Corput’s Lemma on oscillatory integrals. It states that for any
k € Z, there is a constant Ay, such that for any interval I C R, any f € C*(I) and
any v >0

(4.9) meas{x € I+ ()] <7} < Apy'/" inf |D" f(2)| 71/,

Proof of Lemma 4.2. Let a be the midpoint of J and let P be the Taylor polynomial
of degree N —1 expanded about x = a. With the specifications on § and - it follows
that |P(z) — f(2)| <, |P®(2) — f®)(x)| < /2 for all z € J. If Eg ., denotes the
set of all x € J with |P(x)| < 2y and |f*) (x)| > 3/2, then

{zeJ:|f@)] <, 1FP (@) 2B} C Bpy.
Since P is a polynomial of degree N — 1 the set Ej3  is the union of O(N) disjoint

intervals. We may apply Christ’s estimate (4.9) to each of those intervals and as a
result obtain

meas(Eg ) < ON Ay (4v/8)"*.
This implies the asserted inequality. O

Proof of Proposition 4.1. Fix N so that 2N~ < (u+v —2)~! —~. Let my be the
maximum of the CV* norm of A and the CN*# norm of I'y in supp x. Recall
that 0Ty /(0x1)? # 0 for (z,y1,S(z,y1)) € supp x where (5, k) < (u—1,v —1).
Let A'(x) = {y1 : [A(z,y1)] < 271} If p = 1, then j = 0 so that 9F A # 0
and hence by (4.9) |A!(z)| < C27V*. The asserted L™ estimate is immediate.
In what follows we assume that g > 1 and v > 1 (the case v =1 is easier). Let

O*A
(Byt)

Ap(z) = {y1 : |Az, )| <271 27 < (z, 1) <27

($7ylvs($7yl>) € supp X}7
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oA
(Oy%)

Ap(z) ={y1 - (z,y1)| <27 (2,91, S(x, 1)) € supp x}

and
Bm(y) = {.131 : |Fk(ya$1)| < 2—m+1’ (xl,G(y,fEl),y) € supp X}

For any interval J of length Z_WVmX,1 the set A, i(x) N J has measure <
C2(m=b/k by Lemma 4.2. Adding these estimates we obtain

(4.10) meas( Ay, i (z)) < Oy 2 /No(m=D/k
uniformly in z. Similarly by (4.9)
(4.11) meas( By, (y)) < C;27™/7

uniformly in y.
By Holder’s and Minkowski’s inequalities

(/ |le<z>|de)l/ps§( S 1w se o] a)™

(4.12) < Oy 2N Z Q(m—l)(p—l)/(kp)(// . |f(y1, S(x,yl))|pdy1dx)
m, (T

m<l

1/p

Now note that if y; € A, (x) and yo = S(x,y1) (or equivalently z2 = &(y,x1)),
then also z1 € By, (y). We interchange the order of integration in (4.12) and perform
the change of variable yo = &(z1, z2, 1), for fixed x1,y1:

] sy dez,
= /// |f(ylas(x7y1))|pdl'2 dfCldy1
{z2:y1€Am 1(z1,22)}

/// |f(y1,y2) [P ‘—‘dyzdxldyl
{y2:y1€Am 1 11,6(y1,y27w1))}

/// dz1| f(y1, y2 |p

(4.13) < ¢l / |y, 92) Pdyadyn
by (4.10). From (4.12) and (4.13) it follows that

IR fll, < On2YN 3" 27 H2m 0= 7,

—c<m<l

<oV 3T e EOSD) ,

—c<m<l

7 ‘dyzdyl

If p=po=(p+v—2)/(pt—1), then this yields
[Bifllp, < C(1+ 12N 2 b= |10 < CL27 | .

Finally note that after notational changes the above argument also proves the easier
L' estimate for the case v = 1. O
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5. REGULARITY OF RADON TRANSFORMS

We shall first consider the case of Radon transforms associated with a family of
curves in R?, where M is given by the equation yo = S(z, y1); see (4.2). We assume
that S is defined in a neighborhood U of supp x.

Introducing a dyadic decomposition in the frequency variable we consider the
operator

(.0)  REf@) = [ [ e Sem @ A, o) ew (e, v 7)1 w) dr dy

where the aj are symbols of order 0 (with uniform bounds in k), so that 7 —
ay(z,y, ) is supported in the union of dyadic intervals £[2%, 2¥+1]. The C* func-
tion 7 is assumed to have support in (1/2,2). The operator le is bounded on
LP(R?), uniformly in [ and k, since

(5.2) R} f(z)] < CN/Qk(l + 28y = S (2, y1)) N m (A, y)If (y) dy.
The main estimate of [19] is that
(5.3) IRFfll2 < C2!EH/227R2) .

This estimate is uniform in S, if S varies over a compact subset of C*(U).
Let R; be defined as in (4.8).

Proposition 5.1. Forl e Z
el
[Rifllzz,, < C2NF2 £z,

Proof. Let p € C§°(R?) be supported where |£] < 1 so that p(€) = 1 if [¢] < 1/2.

Let fo = p and i (€) = p(27"71E]) — p(27"[¢]) for k> 1.
Suppose | < k. Then for a suitable choice of aj and a fixed integer M (indepen-

dent of [ and k)

k+M k+M

BeD)Ri = Y. Y RiBm(D) + Ef

k=k—M m=k—M
where
(5.4) IEf || L2—p2 < Cy2m 0N

(for the proof see estimate (5.7) in [19]). The inequalities (5.3) and (5.4) are used for
k > 1(1+4¢), and for k < I(1+¢) we simply use the trivial bounds |Gk (D) Ry 212 =
O(1). We obtain

1/2
IRef ez, < C( 3 2°15u(D)Ru 1)
k

M 1/2
<O fly w0 ST (X IR B, (D)FB)

ny,neo=—M k}Zl(l-‘rE)

o Y etng)”

k>1(1+e€)
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By (5.3) and an orthogonality argument the second expression is dominated by

Cae 3 (X80 IB)" < e

’n,z——
while the third expression is bounded by
C Z 9(k— 2kN)/22lN||f||2 < CIQl/2Hf||2-
E>1(1+¢)

The assertion follows. |
Proof of Theorem 1.3. By Lemma 2.3 and (2.6) we have
<w7 [X7 Y]>(z,y) = a(xv y)A(x, y)

where a is a C* function, nonvanishing in . Let x., = |a|”x; then X, is smooth
and the asserted estimate follows if we can show that for v > 1/2 the operator

65 Rofle) = [ 18 e St o, S(e ) dis

maps L? boundedly to L3 /o
Let n € C§°(1/2,2) so that Y;° _ n(2's) =1 for s > 0. Define 77, (s) = n(s)|s|
(so that n, is an admissible cutoff function in (5.1)). Define

Ry 1f(x) = / iy (YA (&, 9) ) (2 1. S 9)) f (w1, S () .

The operator R, ; maps L? to Lf/Q with norm bounded by C.2/¢*1/2) by Propo-
sition 5.1. However R, = >_,2""R,; and R,; = 0 for large negative [, so the
asserted bound for R, follows. O

Estimates for Radon transforms associated with hypersurfaces. Assume
now that M is a hypersurface in X x ). Suppose that (u,v) € 7(P) (that is, M is
of type (i, ) at P). Then there is a neighborhood U so that M is of type < (u,v)
in Y and we assume that the cutoff function x is supported in U.

The LP Sobolev estimates of Theorem 1.1 follow from the following result by
multiple interpolation.

Proposition 5.2. Let p = (n+v)/p, o < (u+v)~'. Then R maps L2, ()
boundedly to L, ,.(X).

Proof. A duality argument shows that it is sufficient to consider the case u < v,
and since the nondegenerate case is well understood we may assume that v > 2.
We may choose coordinates = in X and y in 9 so that z(P) =0, y(P) =0 and M
is given by (3.6), (3.7) near P. Let

R f(a!,v) // / v=S@ws gy (z,y, 7)dr f(y,v)dy'dv

where a(z,y,7) = Bi(7)x(z,y) is a symbol of order 0 supported where |7| ~ 2F.
Since we do not attempt to prove endpoint results it suffices to show that the
LP — LP bound of R¥ is O(27%%) for a < (u+v) ' and p = (u+v)/p. Let X1,Y;
be as in (3.8), (3.9), and by Theorem 3.6 we may assume that

XPYWPTIB(X, 1) # 0
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where
B(X1,11) = S’S’gwl - S S’;’yl

Split ' = (xl,x”), vy = (y1,y”) and define for functions g(yi,v)
(56) R];//y//g T1,U
/// v Sty Nay (w1, 2" u, g1,y 0, 7)dT gy, v)dyrdo,

Moreover put A = B(X1,Y1)/S!,, then also X 'Y"*A + 0. Define

Cl(xlv ZIJ” U, Y1, y// U) = n(2l|A($1a JTN, U, Y1, y”)|)X(I’17 ZIIN, U, Y1, yﬂv U)v
where 7 satisfies >, 7(2's) = 1 for s > 0, and

Ry 19, u / / / —Sleva ) By (r)dr g(ys, v)dyrdo,

Rm'/y”Jg(xl?u):/ClX(xlaxNauaylay”7S(x17x”7uay17y//)) (y17 )dyl
y (5.3)

(5.7) ||R 1 lg||L2(]R2) < CQ_k/ZQl(E-Hﬂ)||gHL2(]R2)

m//y
uniformly in z”,y”. By (5.1) we have
2k
Rk// " < C P — Rm// 4 Ty d
Rbvy9] < Ox [ Tgarsy Rovuralate + )]s
and from Proposition 4.1 it follows that for po = (u+v —2)/(p—1) > 2
(5.8) Ry 19l oo @2) < Co27 || gllmome)s 7 < (p+v—2)7"

Since R, is L' — L' bounded with uniform bound in /, k, 2", y” we also obtain
that

(5.9)

1— 1 1
R*, gl ey < Ca2 B |gll Lrrey, B < ,
| Ry 19l r®2y < C27 Pl gllLr w2y, B [y

Interpolation of (5.7) and (5.8) yields that for p = (u+ v)/u € (2, po)

1 <r <pp.

(5.10) 1Ry 191l oy < C2MUFD2 gl 1 ).
We take a suitable geometric mean of (5.9) and (5.10) and obtain that
(5.11) RSy 191l o) < Ca2™' 275 ||| 1oz

where o < (1 +v)~! and () > 0 in this range of . Observe that
= Z/Ri”y”,l[f('a yllv )]dy”
]

Since supp x is compact we see from (5.11) and applications of Minkowski’s and
Hoélder’s inequalities that

IR*||o—rr = O(27")
for a < (p+v)~L. O

We now use the Sobolev estimates to deduce LP — L9 estimates. The argument
follows known patterns.
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Lemma 5.3. Suppose that R is bounded from LP¢ to L%, with oy > 0, i =
1,...,N. Suppose (1/p,1/q) belongs to the interior of the convex hull of the points
(i +p; 1)/ (A + i), p; t /(1 + ;). Then R is bounded from L2, to LI

comp loc”

Proof. One uses the obvious fact that for & > 0 the L' — L° bound of R* is O(2*)
(this does not rely on any finite type assumption). The assumed boundedness
in Sobolev spaces implies that the LP: — LPi operator norm is O(27%%). An
interpolation shows that the LP — L7 operator norm of R* is bounded by C2~*¢(#:4)
with (p,q) > 0 if (1/p,1/q) belongs to the half open line segment connecting the
points (1/p;, 1/p;) and ((ei; + p; 1)/ (1 4+ a;),p; ' /(1 + «;)) excluding the latter.
Interpolating with the trivial L' — L' and L™ — L> estimates yields LP — L4
boundedness for (1/p,1/q) in the interior of the triangle with corners (0,0), (1,1),
(i +p;Y/(1 4+ a;),p; t/(1 4+ a;)) and obvious further interpolations yield the
assertion. O

The Lemma applied with p; = (u; + vi)/pi, a; = (ui + v5)~t and then
(i )/ M+ ) = (u+D)/(n+v+1), p; /(1 + ) = p/(n+v+1) im-
plies the LP — L7 inequalities asserted in Theorem 1.2.

We conclude with an observation concerning the boundedness regions A(P) and
B(P), mentioned in the introduction.

Lemma 5.4. The regions A(P), A(P) and B(P), B(P) are convex polygonal re-
gions. They have at least three extreme points if and only if M is of finite type at
P. In this case let n = min{p + v : (u,v) € 7(P)} be the Hormander type of M at
P. Then there are at most n—1 different pairs (us,vs) so that M is of type (s, Vs)
at M, and the regions A(P), A(P), B(P), B(P) have at most n+1 extreme points.

) X=

Proof. Fix a pair (u,v) € 7(P) so that g+ v = n. Let E; consist of those integers
j with 1 < j < p such that (j, k) € 7(P) for some k > 1. Let E» consist of those
integers k with 1 < k < v — 1 such that (j, k) € 7(P) for some j > 1. For j € E;
let k; = min{k : (j,k) € 7(P)} and for k € E5 let j, = min{j : (j,k) € 7(P)}.
If M is of type (us,vs) at P, then (us,vs) has to be one of the points (j,k;),
j € E1, or (jk, k), k € Eo, and there are at most n — 1 such points. Moreover
it is easy to see that A(P) is the convex hull of the points (u,) with 3 < 0
and 0 < u < 1 and the points (0,0), (1,0), (j/(j + k;),1/(j + k;)), j € E1, and
Gix/Gr + k), 1/(jx + k)), k € Ey. Every extreme point of A(P) has to be among
these points. Similarly B(P) is the convex hull of the points (u,v) with v > « and
0 < u < 1 and the points (0,0), (1,0), (j+1)/(G+k; +1),5/(G+k; +1)),j € Er,
and ((jx+1)/(jrx +k+1),5x/(jx +k+1)), k € Ey, and every extreme point of B(P)
has to be among these points. A similar consideration applies to A(P), B(P). O

6. NECESSARY CONDITIONS

Fixing P, we may introduce coordinates vanishing at P, so that (3.6) and (3.7)
hold. From Taylor’s formula we obtain

(6.1) S’ wa )= D D pap@) W)+ OWY |+ 1DV + ),

la| <N [BI<N
and if M is of not of type (j, k) at P, for (j,k) < (u,v), then
(6.2) pap = 0if (la, |B8]) < (1, v)

by Theorem 3.6.
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In what follows we use the notation
| _J

C‘k _ ( nr—1 nr—1 )
Ik J k v J k :
nL—l + nR—l +1 nL—l + nR—l +1

Note that except for (0,0) and (1,1) all the extreme points of the region A(P) are
of the form ¢, for suitable integers u > 1, v > 1.

It suffices to show the necessity of the condition (1/p,1/q) € B(P) in Theorem
1.2 since it implies the necessity of the condition (1/p, ) € A(P) in Theorem 1.1,
by Lemma 5.3 and a simple computation.

Lemma 6.1. Assume P € M and x(P) # 0. Suppose that 1 < p < co and that R
is bounded from LP — L. Then

(t) nr/p < 1/q+nr—1 so that (1/p,1/q) is on or above the line connecting ¢,
and (1,1), for all u > 0, and

(ii) g < npp, so that (1/p,1/q) is on or above the line connecting c1, and (0,0).

(iii) Suppose that M is not of type (1', V") for all (1, V") with either ' < pu and
V' >0 orp =pand V' <v. Then 221 —|—% > ”%“’, i.e. (1/p,1/q) is on or
above the line connecting c,,, and (1,1).

(iv) Suppose that M is not of type (u',v") for all (u/',v') with either u’ > 0 and
vV <voruy <pandv =v. Then q < (np — 1+ w)p/u, i.e. (1/p,1/q) is on or
above the line connecting ¢, and (0,0).

(v) Suppose that M is not of finite type at P. Then p > gq.

(vi) Suppose that c,,, and ¢, are two extreme points of B(P) (different from
(0,0), (1,1)), so that the line segment connecting ¢, and ¢,y is an edge of B(P).
Then (1/p,1/q) lies on or above the straight line through c,, and cyr .

Proof. For assertion (i) one chooses f = x5 to be the characteristic function of a
ball of radius 6. Then |Rf(z)| > ¢d"*~! on a set of measure > ¢;6 and therefore
|Rfslly > or—1+1/a while | f5]|, = O(6"#/P). (ii) follows from (i) by applying the
first to the adjoint operator. Similarly (iv) follows from (iii).

To see (iii) we assume that P = (0, 0) and assume that M near P is given by (3.6),
(3.7) with u = 23, v = y2. We use (6.1) for large N. Let f be the characteristic
function of the cylinder {|y'| < 16", |yn,| < 6}. Then |Rf(z)| > csrr=D/v
if |2/| < 6/ N+ (here we apply (6.1), (6.2)) and |z, | < c3d for suitable ¢,
ca, c3. Therefore ||Rf||, > §(r=D/vs(N+nr)/(N+1)a byt || 5], < Cona=1+v)/ve,
Therefore the assumed LP — L? boundedness yields the restriction (ng — 1)/v +
(N+ng)/q(N+1) > (ng—1+v)/(vp). (iii) follows from letting N — oo. Moreover
(v) follows immediately from a combination of (i)-(iv).

Finally we turn to the proof of (vi). Let 1 = n—L%l, U= =1 Suppose that ¢,
and ¢,/ are two extreme points of B(P) so that ¢, lies to the left of ¢/, that
is, (p+1)/(p+v+1) < (@ +1)/(f + 7' + 1); this condition is equivalent with
(k+ 1)V < (@' + 1)v. Since ¢y is an extreme point it lies below the line through
(0,0) and ¢,,» which implies that z < @’. Since ¢,/ is an extreme point it lies
below the line through ¢, and (1,1) which implies that 7/ < v. Both conditions
also imply that p'v — v’ > 0. Let

1 -7 1 @ -

ng, —1pv—pv'’ —  nrp—1pv— gy
A computation shows that the point (u,v) is below the line through ¢,, and ¢,/
if and only if (b(ng — 1)+ 1)u — (a(ny, — 1) + 1)v > b(nr — 1). Moreover the point
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cjk is below this line if and only if aj 4+ bk < 1. Therefore, M is not of finite type
(4, k) if aj + bk < 1, by the definition of B(P).

Now let f5 be the characteristic function of the cylinder {|y'| < 6%, |yn,| < 1.
By (6.1) with N > a, b we see that

S(z,y) <C Y [P+ 0N 4 |2 |NHE 4, |).
G R)Er(P)

1<j<N
1<k<N

We choose N large and evaluate for |2/| < ¢10%, |2y, | < c20 to see that |Rfs(x)| >
§0(mr=1) on a set of measure > 202"~ D+1 Therefore

|Rfs5)lq > cobrr—D+(an—1)+1)/q

while || £, = O(®=r=D+1/P) " Assuming that R is bounded from LP to L9 and
letting 6 — 0 we obtain the restriction (b(ng—1)+1)/p—(a(nr—1)+1)/q < b(ng—1)
and this is precisely the assertion. O

7. APPENDIX

We have noticed that our argument used in [19, Lemma 3.6] is correct only in
the semitranslation-invariant case. Since this lemma is a technical step leading to
inequality (5.3) above we give the proof valid in the general case in this appendix.

Let p denote a C™ function of the variables (w, 7,y1) € R? x R x R, supported
near (w,y1,7)o = (0,0,1), in particular p(w,7,y1) = 0 for 7 < 1/2. Let (w,y1) —
S(w,y1) be a C* function such that 1/4 < 9,,,S < 4. We assume that if w,z €
supp p(+, 7,y1) for any 7, y;, then the equation S(z,y1) — S(w, y1) = 0 can be solved
in z1 and in wq; that is, there is a function v such that

S(z1,v(21,w, 1), 91) — S(w,y1) = S(z,91) — S(w1,v(wi, 2,y1)) = 0.
Note that then

S(z,y1) — S(w,y1) = 22 — v(z1,w,91) = v(wy, 2,y1) — wa.

Let n be a fixed positive integer and r = (rq,...,r,) € Z™ such that 0 < r; <
[ 4+ n + C for suitable C. Let
1 0 \J+1
oi(z,y1) = ——=— S! (z1,v(21, 2, Y1), )
J( yl) (] +1)|(6zl) [ y1( 1 ( 1 yl) yl)] 1=y

Let x?(s) = x0(27"s) and x]*(s) = xo(2/7" " Hs) — xo (21777 F35) and
let v/ (z,91) = xa(oo(z, 1)) [[;=) x;* (0i(x,91)). Define

(7.1) KM (w,z) = // IS @) =Syl o (4 o 7y ) drdyy

with o (w,2,7,51) = p(w, 1, 72} (10,5902, 51, )7 (2> 1) The following s a re-
formulation of [19, Lemma 3.6].

Lemma 7.1. Fiz A >1 and l, k such that 0 <1 < k and 281 < X\ < 2%, and let
I (z1) = {wiswr — 21| € [27Fm, 2" (m + 1)]}.
Let m > 2!t for suitably small £, > 0 and assume that

(72) |Sy1 (wlau(wlvzvyl)vyl) - Syl (217Z27y1)| 2 C2_l|w1 - Z1|
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for wy € I¥¥(21) and for z; € I'¥(wy). Then
(7.3)
// |KY (w, 2)| dw + // KV (w, 2)|dz < C. (1 4m) 12!+ =2,
w1 €Ik (21) z1 €1k (w1)
We shall need

Lemma 7.2. Let N > 2 and let a be a CN*! function on the interval [—R, R],
R<1. Forl>1letE = {t € |[-R,R)]: |a(t)] > 27"} and °E; = [-R,R]\ E;.
Suppose that for some B > 1

sup |a™M(t)] < B.

te[—R,R]
Then
la'(t)] I/N
dt < Cp,n12
/El la(t)]
and

/ a/(8)]dt < Cpy 1271071/,
E,

The first inequality is proved in [19, Lemma 3.8], the second can be deduced
from the first, noticing that

, e [ 12O
[, ol <o o [ S

m>0 EH»m
S C/ Z 2—l—m(l +m)2(l+m)/1\7 S CIIZQ_l(l_l/N)-
m>0

Actually by a similar argument one could also obtain the first inequality from the
second.

Proof of Lemma 7.1. By symmetry it suffices to consider the first term in (7.3),
for fixed z7. In (7.1) we perform first one integration by parts with respect to y;
and then many integrations by parts with respect to 7. Let £ be the differential
operator defined by

1—iMr(S), (z,91) — Sy, (w,1))g),
L+ X272[S), (2,01) — S0, (w, y1)]|?

2t

Lg(y1,7) =

and L its formal transpose. Then integration by parts yields

2 \N
] (1 - (867)2) [tﬁfyzd](wvzv’rv yl)
(1+A2|S(w, y1) — S(z 912N

Ki’r(w,z) = /ei’\T[S(z7y1)_S(w’y1) dr dyy.

Let
Jir(w, z) = {y1;7] (w,y1)7 (2,91) # 0}

and for 0 < j<n

TN w,2) = {mn € Jin(w, 2); % [0 (0w, 52))] # 0},

T2 (w,z) = {y1 € Jip(w, 2); 5iy1 [x;”(05(z,51))] # 0}
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Arguing as in [19] one obtains the estimate

KL (w, 2)] < C[/J( )Hi’fl(w,z,yl)dyl—i—/t]( )Hi’;(w,z,yﬂdyl
1 (w,z 1r(W,2
+Z/ I (w, 2,1 dy1+2/ wzyl)dyl}
lr(w z) lr(w z)
where
(7.4)
1
HY (w, 2, =
(020 = S ) = 85, (gD (T 2150w, 31) — 5 g PN
| ylyl(w’yl) _S?IJllm(z’yl)' 1

HY (w, 2, =
22002 8) = e Gy = 8 () P (11 2[5 (w, 1) — 50z, ) BN

271510y, 05 (w, y1)|
(L4 ISy, (w, 1) = Sy, (2,90)) (1 + A2[S(w, y1) = Sz, 91) P)N
2177510y, 05 (2, y1))|
(14 ALy, (w, 1) = Sy, (2,90)) (1 4+ A2[S(w, y1) = Sz, 92) )N
We now estimate separately each term in (7.4). For fixed z set u(wy,y1) :=
v(wy, z,y1). In the argument to follow the constants in the various estimates will
be chosen independently of z. Integrations will always be performed over subsets
of a fixed compact set, in particular we shall always assume that w; € I'¥(2;), so
that A|lw; — 21| &~ 2!m, moreover the length of I%*(z;) is ~ 2!A~!. Then
(7.5) 18], (w,y1) — S, (z,51)] > o2 wy — 21| = Colwa — u(wy, y1)]],
hence
(7.6)
|S;1 (w,y1) — S;l (zyy))| > XM m+1)  if |we — u(wy,y1)] < 00_12_l|w1 — z1].
Note also that

1
HY" g(w,z,41) =

L
H)\,Tj74(w7 Z, ?Jl) =

(1 + Mws — u(w, y1)|) ™2 dwsy dyy dw,

[w2 —u(w1,y1)]
>C5 27wy — 21|

(7.7) < C/\_2N(|w1 — zl|2_l)1_2N < CO'mP 2N AL
It follows that

// Hé\:rl(w727yl)dyldw

wi€l}¥(21)
yleJlr(waz)

2l
< _ _ _oN
B C[/ AMwy — 21| //(1 + Alwz — u(wy, y1)|) dws dyy dwy
/// (14 Mws — u(wi, y1)]) "2 dws dy; dwr

|w2—u(w1,y1)
>C 12 ll’wl le

<C[Q+m)~ ! +m!2N]2IA72,
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In order to estimate the second term in (7.4) we wish to apply Lemma 7.2 (with
N > 1/eq, some €3 € (0,¢1)) to the function

Sy1 (w1, w(wi,y1),y1) — 53/41 (z,91)
w1 — 21 '

Y1 — a(wlvyl) =

We have |a(wy,y1)| > 27! for wy € I'F(21) and
(7.8) |la(wy,y1) (w1 — 21) =[S, (w,y1) — Sy, (z,31)]| < Crlwy — w(wy, y1)]-

Moreover

SZ/J/1y1 ('(U, yl) - 87/4/17;1 (Z7 yl)

= ayla’(wh yl)(wl - Zl) - Sjlyllzg (wla u(wlvyl)a yl)aylu(wla yl)
+ SYIJ/1y1 (w’ yl) - S.7IJ/1y1 (wlv u(wlvyl)a yl)

= Oy, a(w, y1) (w1 — 21) + O(|S,, (w,y1) — Sy, (w1, u(wi, y1),91)|)
+ O(w — u(wi,y1)).

Here we have used that d,,u = O(|S,, (w,y1) — Sy, (w1, u(wi, y1),y1)|); this follows

by differentiation of the identity S(w1,u(wi,y1),41) — S(2,y1) = 0. Consequently
if |we — u| < 27wy — 21| for small ¢, then

|S£//1y1(w’y1) Silllllu(z’yl)'
L+ X3S, (w,y1) = Sy, (z,51) 2

2! |0y, a(wi, y1)|
Awy — 2] la(wy,y1)]

+ 1+ Awy — U(wl,yl)l},

while in the case |wy — u| > 27! |w; — 21| we have
/\|S.7/;/1y1 (w’yl) Sj/yllyl (zay1)|

1+/\2| yl(wvyl) Sgijl(zvyl)P -

Therefore using Lemma 7.2 we obtain

/// Hé\’;(w727yl)dyldw

wlellk(zl)
y1€J1(w,2)

|3 a wl,y1)| dwady, dw;
< C/ / Y1 +1 /
w1 —zll la(wi, y1)] } (1 + Mwz — u(wy, y1)])2N 1

+C / / / 2'm dwody dw
(11 Nws — uluwy, gp)| )2V -1 2na

(7.9) < C(ez)2'Fe) N2~ 4 0722 \~2p3 72N

CAJwr — 21| 4 C'fwa — u(wy, y1)]].

where e, > 0 is arbitrary (we choose €3 < €;). Since we assume that m > 2!t we
may choose N large enough to obtain the desired estimate for Hi’g(w, Z,91)-

The estimate for the term Hf\gj (w, z,y1) is similar. This time we shall apply
Lemma 7.2 to the function

Y1 = aj(wlayl) = Uj(w17u(w17y1)ayl)'



896 ANDREAS SEEGER

Note that
3y10j(wa Y1) = 3y10<j(wa Y1) — 3w20j(w1, u(wi, y1), yl)aylu
+ 0y, 0(w,y1) — Oy, 0(wr, u(wi, Y1), y1)

and therefore

|0y, 0 (w, y1) — Oy, aj(wi, Y1)
< Co[1Sy, (w,y1) = Sy, (w1, u(wr, y1), y1)| + [wa — u(wy, y1)]
and
loj(w,y1) — aj(wi,y1)| < Colwa — u(wi, y1).

In the support of Jy, x7 (0;(w, y1)) the function o;(w,y:) is bounded above by
C'2!="i. Therefore we have either |a;(wi,y1)| < €277+ or |wy — u(wy, y1)| >
claj(wy,y1)| > €217+ Consequently

/// Hl T’J (w, z) dy1dw

wiE€lY(21)
y1€J1r(w,2)

2! 1+2l_”|8 aj(wy, y1)]
<C /7 / / CP A dws dyy dw
[ NMwy — 21| (1 + Mws — u(wi, gy ) )2N-1 72 A1

o | <C2-1Hms

2! 1+ ol=ri |ay104j (wl y1)|

= , o

+ / A|'UJ1 - Zl| / / (1 + )\|w2 o u(w1,y1)|)2N_l Wy Ay dwq
laj|>C27 1T Jwa—u|>
cloy|
2lm
¢ dwadyy dw .

i / / / (1 + Mwg — u(wy,y1)])2N -1 w20y aW1

|wi—z1] |we—u|>

ol 27 wi—21]

We first perform the ws integration, then use the second Lemma and we obtain,
by a straightforward computation, the bound (7.9) for the sum of the three previous
expressions. The analogous estimate for H Lrj 2 (w, z,y1) is similar (actually simpler,
since the terms ¢;(z1,y1) do not vary in w) The proof is concluded by combining
the desired estimates for the terms in (7.4). |
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