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GLOBAL WELLPOSEDNESS OF DEFOCUSING CRITICAL
NONLINEAR SCHRODINGER EQUATION
IN THE RADIAL CASE

J. BOURGAIN

0. INTRODUCTION

In this paper, we show that the initial value problem (IVP) for the nonlinear
Schrodinger equation (NLS) in 3 space dimensions (3D)
0.1) iug + Au — ujult =0,

' u(0) = ¢ € H'(R?), ¢ radial,
is globally wellposed in time. More precisely, we obtain a unique solution u = uy €
C1([0, 00[) such that for all time, u(t) depends continuously on the data ¢ (in fact,
the dependence is even real analytic here). Moreover, there is scattering for ¢ — oo.
The same statement holds for radial data ¢ € H®, s > 1 and proves in particular
global existence of classical solutions in the radially symmetric case. Also this issue
was open. Thus this is the analogue for NLS of the result for the wave equation
with quintic nonlinearity obtained by M. Struwe [Str] in the radial case (and by
M. Grillakis [Gr], [S-S], in general). In the case of the wave equation, the proof is
based on the following two different facts:

(i) As a consequence of the analysis of the local IVP, if global wellposedness fails,
there is necessarily a “concentration” effect of the solution on small balls (that
may be centered at 0 in the radial case).

(ii) The Morawetz inequality, which forbids an infinite repetition of the effect
described in (i).
The main problem to follow that scheme for (0.1) is due to the fact that the
analogue of the Morawetz inequality for NLS (see [L-S]), implying an apriori bound
on

6
u
(0.2) / uda: dt
||
is not sufficient to disprove the concentration effect.
(This is not surprising since (0.2) is in fact already bounded by sup; ||u()|3:,2-)
We will use, however, together with some other ideas, the following variant of
Morawetz’ inequality obtained basically by localizing the argument.
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146 J. BOURGAIN

Assume I is some time interval. Then

£)6
(0.3) // @ O 4 gt < cro)12.
I Jz|<|1|1/2 |z|
Recall that the concentration effect in space-time relates to the L;%-norm and we
get space-time boxes @Q of size § x § x § x §2 where § — 0 such that
(04) inf ”u”Li?t(Q) >0

assuming no global wellposedness. Considering only the spatial variable z, there is
concentration of H'-norm and L®mnorm on size § balls for certain times ¢ (in the
setting (0.4), we get a time interval of size 62).

In order to establish global wellposedness for (0.1), it will suffice to get a uniform
bound

(0.5) HUHL}E‘?t[J] <C

assuming (0.1) wellposed on the time interval J.
We prove this by an inductive argument on the size of the Hamiltonian

1 1
1) =5 [1vof + 5 [1or

(the property holds provided H(¢), hence ||¢| g1, is sufficiently small).
The main points of the argument may be summarized as follows:
(i) Assume

(0.6) HUHL}E‘?t[J] > M
for some time interval J on which (0.1) is wellposed. Using (0.3) and an argument

based on the fact ||u(t)| ;1 remains uniformly bounded, one shows the existence of
a subinterval I = [to,b] C J such that

(0.7) lull L2o,itery = m,
(0.8) IV u(to) |l aa)<niriz > 1%

Here 7 is a fixed small number (except for the fact that we let n — 0 if ||¢|| g —
00). The number x will be chosen sufficiently small (depending on the induction
hypothesis for initial data 1 satisfying say H (1) < H(¢) —n*) and this is possible
provided M in (0.6) is taken large enough.

(ii) Write on J N [tg, 00]
(0.9) u=v+w

where v satisfies the IVP

. A _ 4 _

(0.10) v + Av —olv|* =0,
U(t()) = Cu(t()),

and 0 < ¢ < 1 is a radial bump function chosen such that

= 1if I1/?
o) C=vifo] < wlI
¢ =0if |z| > Cr|I|/?,
(0.12) lw(to)llz = (1 = Qulto)lI 7 < llulto)llzn —n°,

which is possible by (0.8).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



GLOBAL WELLPOSEDNESS 147

Also, because of (0.7),

(0.13) Hei(t_t[))Au(to)||Lalv:?t[tel] =,
(0.14) ||€i(t_t0)AU(t0)||Li?t[tel] S,
(0.15) vl Lo, eer < 0,

and u, v, w behave on I = [tg, b] essentially according to the linear flow, up to an
error at most 0%, i.e.

(0.16) w(t) — et By (to)|| g St for t e T

(from (0.14), it follows in particular that (0.10) is wellposed on I).
From (0.12), (0.16) we deduce that for ¢ € I

(017) ()3 < utto) i — 57°
and also
(0.18) H(w(t)) < H(u(to)) — %773 = H(¢) — %173.

(iii) Considering v on [tg, b], the pseudo-conformal conservation law (see [G-V2])
implies in particular an estimate

(0.19) (t —t0)?lv(®)l|%e < Clllafvto)l7, < CK*|IP?

taking (0.11) into account.
Hence, for t > b

(0.20) o(t)|| e < Cr'® < kM1,

It follows in particular that (0.10) is globally wellposed on [to,o00[ (if not, LS-
concentration effects would need to occur for some times ¢ > b, which is impossible
since, by (0.20), ||v(¢)||6 is in fact small for ¢ > b).

(iv) It remains to analyze the behavior of w on J N [b, oo[, satisfying the IVP

(0.21) {iwt +Aw — v+ wl*(v+w) + |v[*v =0,

w(b) = (1 = QJu(b),

and we compare w with W solving

. _ 4 _
022) {th—i-AW [W[*W = 0,

W (b) = w(b).

Since (0.12) yields a reduction of the Hamiltonian, the inductive hypothesis on the
data implies that (0.22) is globally wellposed and an estimate

(0.23) HW”L;Ot < My

holds for some constant M;. The remainder of the argument consists in bounding
W — w; taking in (0.20) x sufficiently small (depending on M), equation (0.21)
may indeed be seen as a perturbation of (0.22). The conclusion is that in particular
T L1opsAp,00p = 0(1) < 1, I' = w — W, which, together with (0.23), is used to
contradict (0.6).
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148 J. BOURGAIN

Looking back at inequalities (0.12), (0.16), the (high) order (|u|®) of the nonlin-
earity in (0.1) clearly plays a role in the preceding argument. In the case D = 4,
the corresponding equation becomes

(0.24) iug 4+ Au— ulul? =0

with only cubic nonlinearity. In section 7, we indicate a variant of the method that
permits us to treat (0.24) as well. The case of general dimension will be pursued
elsewhere.

1.
Consider the IVP for 3D defocusing NLS (in the radial case)

iug — Au+ ulult =0,
(1) {wm=¢eﬂ%wx

with Hamiltonian
1 1

(1.2) H(u):—/ |w|2+—/ luls = H(¢).
2 Jgs 6 Jps

Our purpose is to prove global wellposedness of (1.1) using an inductive argument
on the size of H(¢); for H(¢) sufficiently small, this is indeed the case.

2. MORAWETZ APRIORI INEQUALITY (A REFINEMENT)

Lemma 2.1. If u is a smooth solution of (1.1) on a time interval I C R, then

||

(2.2) .K/<ﬂmﬂgﬁﬁMM§Cm@UW?

Proof (¢f. [L-S], Lemma 4). Write r = |z|, u = v + iw. Consider a bump function
¢ on R? satisfying

¢ =1 for x| <4,
(2.3) » =0 for |z| > 26,

@ radial, || <57,

One has
w 0X

(2.4) O:Re(iut—Au+|u|4u)<ﬂr+%>:E+V-Y+Z
where
(2.5)

X_—w<vr—|—2>,

,

N v _ W 4T P ol -

(2.6)Y—Tvtw VU(UT+T> Vw(wT+T>+2T|Vu| +6r|u| 2743|u|,
1 2

2.7) Z = —(|Vul* = Ju|*) + —]ul®.
(27) 7 = ~(Vul* = u, ) +
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GLOBAL WELLPOSEDNESS 149

Multiplying both sides of (2.4) by ¢ and integrating in (x,t) € R® x I, I = [a,b],

we get
/ [X (z,b) — X (x, dm+// Yo dzdt
R3 R3

(2.8) //{ (IVauf? |ur|2)+§|u|6}g0dxdt20.

Since (V-Y)p =V - (¢Y) — Vo - Y, excision of the singularity in the last term of
Y in (2.6) gives

(29 [ 7+ (@¥)de ~ (0. = fu(o. )
Thus (2.8), (2.9) imply in particular that
6
(2.10) // |u| r)dzdt < sup /X(:U,t)godx + |I|sup /chde.
tel tel

By (2.5), (2.3), one has for fixed ¢

/|X|<pd1: = / (|Vu| + M) lulp dz

< (nu( s+ 42, ) luelz

< Cllu(®) || [lu(®)6 llll3
(2.11) < Ollu(®)]| -

By (2.3), (2.6)

2
‘/V@-de < ‘ o'( Utw‘ 5 / [<|Vu| + @) + |u|6}
C
(2.12) < ‘ o'( Aww‘ + gH((b)
where
[ s < / Val? + [ 1676 19all

1 V21
(2.13) S 5le®lin + 5 ||u( )z ul*de ) < < [lu(®)]F

) §

|z| <8
Hence
(2.14) ’/V@.de < %H(qﬁ)
Thus from (2.10), (2.11), (2.14)
6
(2.15) // [l gear < H (o) (5 + ﬂ)
IJzl<s T 4

and letting § = |I|'/2, (2.2) follows. |
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150 J. BOURGAIN

3. A CONCENTRATION PROPERTY

Our purpose here is to elaborate more on some aspects of the local wellposed-
ness theory for (1.1). Standard references for this issue are the papers [C-W] and
[G-V1].

Assume (1.1) is wellposed on the time-interval I = [a, b] and

(3.1) el a0, = m

where 7 is a sufficiently small but fixed number.
From the integral equation

(3.2) u(t) = () 4 [ Sl (r)dr

it follows that

||Dg/5u||L%gILio/3 <

(33) €2 (DY Pu(a@) oo

(3.4) + H /at DA DS y|ul* e r)dr LtlglL;O/‘g.
From Strichartz’ inequality, estimate

(35)  (33) < Ce V2 Dau(a)]] rogs < Cl|Daua)llz = Clull.

From the decay of the linear group e®* in 3D

(3.6) e Plloo S 18172911

and interpolation, it follows that

(3.7) [ F g (A ([

By (3.7)

(53) 34) < | [ I DY bt M|

where by estimates on fractional derivatives and Hoélder’s inequality
(3.9) 1D/ P lulul*(7)]| 2 < CIDY u(r)|| 10 u(r)]5o-
Thus by (3.3), (3.9) and Young’s inequality

(3.4) < C|[ID/ull ross[ull Lol 21y
(3.10) < C”Dg/%HL,}g,L;O/‘“’ ||U||%;?t[1]-
Consequently, from (3.3), (3.4), (3.5), (3.10), (3.1)

1D%/%ull g0 103 < Cllullgr + Cllulld o, | D¥ull g a0
< Cllullm + Co*|DPull o p10rs
tel ™~

implying
(3.11) 1D¥%ull 3y yaors < Cllullsn.
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GLOBAL WELLPOSEDNESS 151

Next, estimate again from (3.2)

s = D8 0@) 1y S 1D = DB u(@)] g 10

= (34)
(3.12) <cnt
by (3.10), (3.11), (3.1)
Thus, from (3.1), (3.12)
(3.13) ||€i(t_a)AU(a)||L;?t[I] ~ 1.

Define next the Fourier restriction operators (wrt the z-variable)

_ o ix.£
Pyé /mgN‘b@e d,

PNg = P(E)e ™ de,
[E|>N
Ano = P(E)e ™ de.
[£|~N
Since
) 1/10
1Py (€03 u(0)) 20, < [/ne =8 a) |9 || Py (-2 u(a)) | dt
(3.14) < (HINHYO | o,
it follows from (3.13) that for
77 5
3.15 Ny~ | —— ) 1|72
(3.15) 0 (nunm) d
we have

| PN (ei(t_a)Au(fl))||L;?t[1] ~ 1)
and hence, by the Littlewood-Paley theorem

I( 3 a2 >>|2)1/2

~n
eyl L10,11)

N dyadic
or
(3.16) 3 / dt / do H A, (=924 (a))2 > 710

N1>N2>N3>Ny2>Ns>No

dyadic

Denote

on =sup N"V2||Ay (ei(t_a)Au(a)) lloo
tel

(thus oy < 1) and estimate

H |An, (=% u(a)[? < |Ay, (72 u(a)) [

]
(3.17) X | An, (€24 (a)) |3 Ny Ny NyNsorsg 0%, 0%, 0%,
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152 J. BOURGAIN

By Holder’s and Strichartz’ inequalities

[ [ deiam, (B u@)P |, (2 ula)
I
< AN G- Ro 18N G-I < ClANul@)|2|ANu(a)]ly

3 3

(3.18) < CNT2N; 2| Ay u(a)| 3.
Substitution of (3.17), (3.18) permits to bound the left member of (3.16) by

Z AN, u(a)|3: Nl_QN2_1N3N4N5 (J\I[na]%( 012\,0/3) < Cj{fna]i; 012\?/3
Ni>>Ns>No o o
dyadic
so that for some N > Ny
(3.19) on =2
Consequently, there is some ¢y € I and o € R? such that
(3.20) (o= D2 A yu(a) (o)) 2 n*/2N Y2
where, by (3.15),
(3.21) N > O, lull )22
From (3.20), it follows easily that
(3.22) et Axu(@)| oo < ) 2 N0
(where C = C(n, ||ul|f:)) and
(3.23) IV (0= %u(a)) I L2jz—20l< €] R 2.

Since u is radial and
IV (e~ u(a)) |2 = [lu(a)|m < C,
(3.23) implies that

(3.24) lzo| < CNY, C = C(n, ||ull ).

Observe that (3.22) remains valid for |t — to| < ¢(n, ||ul| g2 )N 2. Hence, by (3.24)
(3.25) ||6’i(t_a)AANU(a)||L2[|m|<%] 2Nt

and also

(3.26) IV (=% u(a)) [l o)< gy 2 177

for |t — to] < CN~2 (the precise lower bound in (3.26) will be important later on).
Similarly, from

(3.27) (2 Ay u(a)) (zo)| 2 7?/2NY2
for
|t = to] < Co, l|ull ) N2
one deduces (taking (3.24) into account) that for |t —to| < CN~2
(3.28) ||€i(t_a)AANU(a)||L6[m<%] z 2
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GLOBAL WELLPOSEDNESS 153

and

(3.29) Hei(t_amu(a)||L6[m<%] zn*2.

4. USE OF THE MORAWETZ INEQUALITY

Assume (1.1) is wellposed on a time interval 7 and
(4.1) [ull 10,177 > M

where M is a large number, to be specified.
Let n be as above and consider a sequence of times in J

ap < ag < ---<ay
such that
(42) ol 22, 01 = 7
Denote
Jo = [a1,az].

From the construction in section 3, one gets then for each j some t; € [a;, aj11]
and N; > c(aj41 — a;)71/2 such that (3.25), (3.26), (3.29) hold, i.e.

”ei(t_aj)AANju(aj)”Hl > 773/27

(4.4) IV (= (@) | agag oy 2 0%
and
(45) ”ei(t—aj)Au(aj)||L6[|r|<CNj,1] Z 7]3/2

for [t —t;| < ch_Z.
From the integral equation

t
u(t) = ei(t_“j)Au(aj) + z/ ei(t_T)A(u|u|4)(T)dT

aj

it follows that for t € [a;, aj41]

. aj+1 .
Ju(®) — ()l < [ [ 1Sl (D)) fulr)dndr
(for some ¢ € L*(R3), ||¢]]2 = 1)
< ||€”A¢HL;?{3 ||Dwu||L;?t/3[aj,aj+1] ”u”ip

Ytlagj,aj+1]
(4.6) <Cn'
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154 J. BOURGAIN

by (4.2) and Strichartz’ inequality. The bound on ||Dw’LL||L’10/3[aA a5a] follows from
the inequality (cf. section 2) 1

< ||D, ei(t_af)Au(aj)HLiot/g

aj+1 \
H/ |3/5 Dl (7) [u(T)|]| 12

< CI\DzU(aj)Ilz + 11Dzl [ul*{l 107

HDzuHLi?t/g[awajH

Lgo/s

laj,a;41)
< Cllullr + CDaul oo
x,t

4
[aj,aj+1]||u||Lalv:[,)t[a’j>aj+1]
4
(4.7) < Cllull + Cr* | Dl o o
From (4.6), we get also
(4.8) lu(t) — =% u(ay)lls < O
Hence, by (4.3)—(4.5), it follows that for

te [aj,aj+1], |t — tj] < C]\[j_2

we have

(4.9) AN, ()2 = n*2,
(4.10) [Vu(t )||L2 [lz|<CN; 1zn /2
(4.11) [Ju(t )||L6Hz\<CN s Z 2.

Fix a small number x > 0 and assume that

(4.12) Nj_2 < k(ay —a1) = K|Jo| for each j.

Recalling inequality (2.2) applied to the time interval Jo = [a1, as], we get

Clay—a)/? > / dt/d d dt
(4.13) > Z / N )Gy oy

Restricting t € [a;,a;j41] to [t —t;| < cN-_ < aj41 — aj, (4.11), (4.12) imply

(4.14) (4.13) ZN 25 Y2 ay —ap) "2
Hence
J-1
(4.15) S ONE< )P as —ar) < 672 (aj11 — ay)
, o
taking
Kk < C(n).

Thus (4.15) implies the existence of some interval

I =aj,aj11] C Jo
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GLOBAL WELLPOSEDNESS 155

for which
(4.16) N;? < kAL
This is the setup required for the continuation of the argument.

The conclusion is subject to hypothesis (4.12). Assume otherwise there is j;
such that

(4.17) quz > k(ay — a1).
Consider then either the sequence
ar < as < - <aj,—1, J1 = a1, a5, 1]
or
aj41 <---<ag, i = [aj,4+1,a5]
such that J; = j1 (or J —j1) is at least J/2 and repeat the preceding. Remark that
since (4.17) implies that aj11 — a; > ck(as — a1), necessarily

(4.18) |J1| < (1 = ¢cr)|Tol

Let r be an integer (in particular depending on k) and suppose (4.12) fails for
r repetitions (which we may perform provided logJ > r, hence for M in (4.1)
sufficiently large).

Thus we get indices

J15J2y -+ 5 Jrs
times

tjl?tjzv'” 7tj7‘7
and numbers

Nj,Njy, ..., N;

r

satisfying

(4.19) tj. € laj., aj.n] C Jomn,

(4.20) ClTs=1] = Claj,+1 — aj,| > N2 > KTl

(4.21) 1A, ult;)lla 2 72 (from (4.9)).

Our next purpose is to show that when r = r(k) is taken sufficiently large, the
boundedness

Slip lu(®)|| g1 < oo

will be contradicted.
It follows from (4.21) that for all N < Nj,

(4.22) 1PN u(t;, )2 > e(n)N;
From equation (1.1), we get
%HPNU(OH% = Im (PYu(t), PN u(t)u(t)|'])
= Im (PYu(t), u(t)|u(t)]* — PYu(t) PV u(t)]")
which, writing u(t) = Pyu(t) + PNu(t), may by Hélder’s inequality be bounded by
(4.23) 11PN u(®)][Pru@)] e lu(t)l| 7o -
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156 J. BOURGAIN
Hence, for N = N, < Nj_, by (4.22)

i
[PNeu(t; )3 2 1PN ut; )3 —C | [PYu(t).Py,u(t)lls |dt]
tis

ti, '

(4.24) >cN;?-C | PNeu(t). P u(t)||3 |dt].
tis
Observe that the integral term in (4.24) is certainly bounded by C|t;, —t; | <
C|Te1| < Ck™'N; 2, from (4.19), (4.20), and our aim is to pick Ny such that it
becomes O(NJZQ).
To do this, observe that if we let
M, =2"°N;. (a=0,1,2,...),

then

B B
DI P plls <Y D ALY ALYs
a=1

o=l [, >M,>Ls>
dyadic

5
<> Y ALYl ALYl

a=1 Li>My>L>

B Lo 1/2
> X () 1auelelanlm
1

a=1 Li>M,>L>

Lo\ /2
< S (2) 18l 18svl

IN
Q

Li>Lo
(4.25) < CllYI.
Hence, letting v = u(t), inequality (4.25) gives some
(4.26) 275N, < N, <N,
such that
(4.27) /tt” | PNeu(t). Py, u(t)||s|dt| < Ck®|t;, —t;,| < CkN; 2.
Js

For this choice of N, (4.24), (4.27), (4.26) imply
N [PNeu(t;, )3 > e,
(4.28) N2|PNou(t;)||3 > ca™ V5"
By (4.20), (4.26)
o|Tema| VP < Ny, < KT T TR
(4.29) 27V Ty TV < Ny < 672 Fuq |2

where

J DI D DT=1DTs D+,

4.30
(4.30) 7l < (1= CRTer .
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GLOBAL WELLPOSEDNESS 157

Hence, as a consequence of (4.29), (4.30)
(4.31) STINN, < N} < Ok 24Y% N2,
Summation of (4.28) for s =1,...,r gives then by (4.31)
erd ™ < Y TNSIP ()3 = DN DD [ Awults, )3
s=1

s=1 N>N,
N dyadic

< Or24Y 3" N2 Ayulty,) |13
(4.32) = Cr™24Y" |u(t;,) |10

leading to the desired contradiction for r > r(k).
Hence, the hypothesis (4.12) needs to hold on one of the intervals Jp D J1 D
-+ D J, and one may thus claim (4.16) for some j.

5. USE OF THE PSEUDO-CONFORMAL CONSERVATION LAW

Our starting point is the situation (4.16), thus a time-interval I = [a,b],to € I
and N such that

(5.1) N7 < kM3,
(5.2) ||U||L;?t[1] =,
and, cf. (4.10),
(5.3) IVu(to)ll L2gai<copn -1y 2 0>
More precisely, assuming 7 is a time interval on which (1.1) is wellposed and
(5.4) lull1o,17) > M,
one may write J as a union of 3 consecutive intervals
J=J-UJUTs,
each satisfying
(55) ol 01 > 5

and perform the construction from section 4 in the middle interval Jy, thus I C Jp.
We then distinguish 2 cases.

(i) ta—a < b—tq.

In this section, going forward in time, we will aim to disprove

M
lull 2o,y > =5
(i) b—tg <tg —a.
Then, going backwards in time, we aim to disprove that
M
lull 2oy > 5

Our reasoning will involve an inductive argument on the size of the Hamiltonian.
We assume, say, that for an IVP

{th + AW - W|W* =0,

(5.6) W(0) =4 € H' (¢ radial and smooth),
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158 J. BOURGAIN

such that
(5.7) H() < H(u) =",
there is global wellposedness and a uniform estimate

(5.8) Wl 0,15) < M.

for any unit-time interval S ((5.8) implies global wellposedness). Recall that there
is global wellposedness of (5.6) and ||W ||, (r) < oo provided H (1)) is sufficiently
small. Thus our purpose is to show that under assumption (5.6)—(5.8) the hypoth-
esis (5.4) with M sufficiently large leads to a contradiction.

We assume case (i); the other case is similar.

Consider the IVP

. A _ 4:
(5.9) {zut—|— u—ujul* =0,

ult=t, = u(to).
By construction
(5.10) wllLiogg,o) < 1
and N in (5.3) fulfills
(5.11) N=2 < 26Y3(b — to).
From (5.3), we derive the following.

Lemma 5.12. There is a radial bump function ¢ such that

C=1 for Jo] < COHNY,
(518) {czo for |zl > C' (N,
and
(5.14) lulto)(1 = OliZ < llulto) 3 — o

Proof. We construct ¢ satisfying (5.13) and such that

(5.15) lu(to) V¢[l2 < n".

It then follows from (5.3) that

lu(to)(X = Ol < [IVulto)llzzga)>cmn- + Cn*
< |[Vu(to)ll3 = IVulto) 22z <cmn-1 + Cn'*
< |IVu(to) |3 — en® + Cn’*
< llu(to) |7 — en’.
To get (5.15), consider smooth bump functions (o, (1, ... satisfying
(=1 for |z| <2°C(n)N~1,

(5.16) ¢ =0 for |z| >2°TIC(n)N~1,
DO S (27°N) (0 =1,2).
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Then, by (5.16) and Holder’s inequality

T T

D Nulto)VE 8 < Cn) D (27 N [[ulto) 5 210e 0 w1 <l <2e+ 10 (yn—1]
s=1 s=1

<C) D 27 N) NN Julto) o pae iy v -1 <l <25+ 10 ()N 1]

s=1

< Cnluto)llg
(5.17) < C(n)llu(to)l
and hence there is some s < C(n) for which
[u(to)VEsllz < n™.

This proves the lemma. O

Consider next the IVP
(5.18) vy + Av —vjv|t =0,
- Vle=t, = Cu(to).
Lemma 5.19.

||6 (t—to)A U(tO)HL}r?t[tmb] < C'f]

Proof. First, the integral equation

t
u(t) = ei(t_tO)Au(to) —l—i/ ei(t_T)A(u|u|4)(T)dT

to

implies (cf. section 3)
(5:20) [ u(to)l| 1o, 11y < Nlutll o, + C||D3/5U||L%21L;0/3||U||i;9t[1] <27
where I = [to, b].

Next, since v(tg) = ¢ * u(to) and [|]1 < C, we get

/@(g)ei(w@r(t—to)éz)dg‘
< | \ / u/@(f—51)6“””'5”““)52)615‘ Clen)lde

et 2 tg)] =

(521 et} S s | [ )€ - eteer-0g
& L% (1]
where, by a change of variable,
‘/@(5_Sl)ei((w'§+(t—to)f2)d€ ‘/ tO ($+2(t to)€1)-E+(t— to)g dé“
(5.22) (et~ tO)Au( t0)) (z + 2(t — to)&1) .
(5.19) then follows from (5.20), (5.21), (5.22). O
Since
t
(5.23) o(t) = 0By (1) 4 / A (o4 (7)dr,
to
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it follows again from the estimates in section 3 that
(520) DYl a0 S o)l + D50l g prors ol

i(t—to)A
””HL}C?t[I] S Hel(t fo) U(tO)HL}COt[I] + HD:?;/SUHL%&L;W||U||i;?t[1]

by (5.19) os .
(5.25) S 0+ DYl o pross 1ol

which permits us to conclude that

(5.26) | D3/ ors < C, ||vll Lo, S -

Ulse, e
Thus in particular (5.18) is wellposed on I = [tg, b].
Recall next the pseudo-conformal conservation law (cf. [G-V2], [Caz])

. 4
I(z + 2i(t = to) V) o (@5 + 5 (t — to)*[l0(®)]l5
, 16 [f 6
= llzv(t)lls — = [ s [ |v(s,z)|°dwds
3 t[) RS
(5.27) < v (to)l13

valid on I and any larger interval [to, ], b > b on which (5.18) is wellposed. Since
by (5.18) and (5.13)

(5.28) Halo(to) 13 = || lzlcu(to)ll3 < Cll l=[¢ll3 < CmNTH,
we deduce from (5.27) that

(5.29) nmwﬁgscmgvjiﬁﬁ;.

Hence, by (5.11)

(5.30) [v@®)]|S < C(n)s?? for t>b.

It follows from (5.30) that (5.18) remains wellposed on [b, oo[ and
(5.31) 0]l 10, 00 < K15

Indeed, if (5.31) fails, we may find b; > b such that

(5.32) oll o,y = 5115

1/15

and, replacing « by v and ) by & in assumption (3.1), (4.11) gives some t € [b, by]

such that in particular
lo(®)lls Z &/

contradicting (5.30). Thus (5.31) holds.
From (5.31), we get also

(5.33) ||D335/5UHL%2[17’00[L;0/3 < C and ”DwUHL;‘?{?’[b,oo] <C.
Denote
(5.34) w=u-—v

satisfying the difference equation

iwe + Aw — ulul* + (u — w)lu — w|* =0,
(5.35) {w(to) = (1 = Q)u(to).
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From (5.10), (5.26), (5.34)
(536) Hw”Li?t[I] 5 m, ||Dg/5w||L%21L3160/3 < Ca Hwa”Liot/s[]] <C.

From the integral equation

t
w(t) = ei(t_t")Aw(to) + z/ ei(t_7')A[u|u|4 — (u—w)|u — w|*](1)dr

to
it follows that for ¢t € I
o) = €2 (t0) 1 < I1Deluful® — (= w)h = w107,

(5.37) nt.
Thus, from (5.37), (5.14)
(5.38)

[w®) 17 < llw(to)lFn + Cn* = [1(1 = Qulto) |3 + Cn* < [lulto)l|F — en®.
Also

< (IDzull rosspny + [1Dawll prossyn) ([l prop + llwll gaopn)*
<

b
Jw®§ = lwtto)|§ =3 | at [ do Re [l
0
which, by (5.35), (5.36) is bounded by
[t [ axlVof? fwft + P ul + of?)
I
S 1Dl 0 Tl sy + Nl g alsogy + ol o)
(5.39) <nt
Hence, from (5.38), (5.39)
1 1
B (w®)) = Slw®) i + glw®)g

1 1
< St = en® + Zlhw(to)s + Cn'

1 1
< §||U(t0)||%11 + 6”“@0)”2 — o’
(5.40) = H (u(to)) — en®

and the initial data ¢ = w(b) satisfies thus assumption (5.7).
From the inductive assumption discussed in the beginning of this section, it
follows that the IVP

. _ 4:
(5.41) {th—i-AW W|W|t =0,

W (b) = w(b)
is globally wellposed and W satisfies (5.8). In particular
(5.42) Wl 10, (1b,00[n7) < M1
On the other hand, by (5.5), (5.31), we have that
M
(5.43) ? — I€1/15 < ||’wHL10L7+] < ”wHLlo([b,oo[ﬂJ)

and we are going to show that (5.42), (5.43) are contradictory.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



162 J. BOURGAIN

Denote
(5.44) F=w-W
hence
u=v+W+T
satisfying by (5.9), (5.18), (5.41) the equation
(5.45) {zrr(tb;r AOP — W+ WD)+ W +T|* +vfol* + W|W|* =0,

Our aim is to show that T' remains in fact small. If v were 0, (5.45) would imply
indeed T' = 0. Now v fulfills (5.31) where x may be assumed arbitrarily small wrt
M; (choosing M large enough, according to the argument in section 4).

Denote the interval

(5.46) [b,00[NT = [b,V] = K.
In order to perform our perturbative analysis, notice that also, by interpolation
1/7 6/7
(5.47) 1020l 30 g0 < 1ol iy IDT 0070 1
where, by (5.33)
2/3 1/3
e e e e
2/3 1/3
(5.48) <D 1 1Dav] s < C-
Hence, (5.31), (5.47), (5.48) imply that
(5.49) ||D§/5v||L10KL10/3 < K1/120,
te x
Assuming I = [by, bs] C K, the integral equation for ¢t € T
D(t) = e P2 (by)
¢
(5.50) + 2/ Ay £ W D)o+ W+ T — wfo]® — W|W | (r)dr
by

implies that
(651) DYy s < IDY(EDAD(00)) | 10
(5.52) D50l o pross (ol zaopny + Wl aogn)*
(5.53) DY Wl o, rors [0l oy (vll rogsy + W] aogsy)?
(5.54) + DTl o, prors ([vllaogsy + W Il zogsy + Tl zogry)*

+ ||F||L10[1](||D932/5U||L%21L;0/s + ||D93;/5W||L%gIL;ON)(HU”Lm[I]
(5.55) + W oz + [Tl prog)?
which by (5.31), (5.49) is bounded by
(5.56) || D2/?(e'=PIAD(by))
(5.57)  + CkY20 (k! + | DYSW| 1o 10rs)
ter-e

H 10 710/3
LigrLa

(5:58) +C( 12+ |DYW g psoss + [ DYT] gy ) IDYT g o
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Assume

(5.59) | D3/5 (e =PIAT (b)) a0, pros <& <7

and

(5.60) ||D§/5W||L%21Li0/3 <.

Then the bound (5.56), (5.58) clearly implies

(5.61) ||D§/5P||L%21Li0/3 < 2 + K1/120,

From (5.42), we may partition K in C(n)Mi° consecutive intervals Iy, I, ... such
that (5.60) holds for each I = I,. When I = I, I'(b1) =T'(b) = 0 and (5.61) gives
(5.62) ||D§/5F||L%211Li0/3 < K1 = /120

In order to verify (5.59) for I = Iy = [by, bs], write from (5.50)
(5.63)

. b2 .
e (t=b2)AD (py) = z/ DA (v + W+ D)o+ W +T* —ofo|* = W|W|*(r)dr
by

and ||D3/5 (e't=P2)AD(by)) || 10, 10/ may again be estimated by (5.52) + - - - + (5.55),
(5.57) + (5.58) with I = [by,bs] = I1, hence by €2 = x1. Thus from (5.61) it follows
that

(5.64) ||Df;/5l“||ngI Lios < 262+ KY120 < 3Ky = ko
tely Mz
Also, rewriting (5.56) with by replaced by be, we get
||D§/5 (ei(t—bg)AF(bg)) ||L%OL:1£O/3 < ||Dg/5 (ei(t—bz)AF(b2)) ”L%OL?/3

+ Kl/lQO + ”D3/5FHL?€,2L§EO/3

(5.65) < &g+ K1+ Ko < 2K9 = £3.

The continuation of the process is clear and we get

(5.66) ||Di/5I‘||L%215+1L;o/3 < 2es41 + K1, hence kg1 < 2e541 + K1
where

(5.67) Est1 < €5 + K1 + Ks.

Hence ¢, < ks < T°k1 (provided < 1) and consequently

”F”L;?t[lq < ||D935/5F”Lt12,<lzalc0/3 < Z ”Dg/E)FHL%gIsLiO/?’

s<C(n)Mi®
(5.68) < C(p)Mi"g1/120 < q
for x sufficiently small.
From (5.42), (5.43), (5.44), (5.68)
M
(569 T =m0 < wlpopg < [Wllope + 1T opg < M+ 1,

a contradiction. This concludes the proof.
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6. CONCLUSION

The claim verified by induction on the size of the Hamiltonian

1 1
(6.1) H@) =5 [1vof + 5 [1or
is that the IVP

(6.2) {m + Au —ulult =0,

u(0) = ¢, ¢ radial and smooth,
is globally wellposed and satisfies
(6.3) lullLio, i < C(6llar)

for any unit time interval I.

The number 7 > 0 involved in the previous discussion, in particular in (5.7),
tends to 0 for H(¢) — oo, a point that should be mentioned. Also, observe that
the assumption of radial symmetry only enters that part of the argument related
to the use of Morawetz’ inequality (which is easier to use in this special case).

Since, by the usual scale invariance of the problem, thus

(6.4) ux(z,t) = AV 2u(N " e, A2

the interval I in (6.3) may be chosen arbitrarily, it follows that
(6.5) [ullz1o, @) < Clla1)-

Hence also

(6.6) 1Dzl pogaggy < CUIN).

The role of the smoothness assumption was only to justify certain calculations,
in particular those related to Morawetz’ inequality. However, since in the conclu-
sion only H(¢) is involved, it suffices to assume ¢ € H' (and radial). Moreover,
properties (6.5) and (6.6) imply scattering (in H') (cf. [L-S], [G-V1]) since

u(t) — e? (¢ +1i /OOO e—"A(u|u|4)(T)dT)

t—o0
=0.

H1!
(and radial), then

>1
u(t) € H® for all ¢

.
(6.7) = H /too e~ (ulul*)(7)dr

Observe also that if ¢ € H®, s

and

(6.8) sup lu()]| ms < oo.

One simply performs the IVP-analysis involving the H*-norm. Thus, from the
integral equation, for ¢ € [a,b] =T

[1Dgull rogs y < [1Dg (ei(t_amu(a))HL;?ﬁ + C||D§U||ngt/s[1]||U||i;9t[1]
(6.9) < C{llu(@) || z= + [ull Loy 1 D3 ull Lrosspn }-
If we take I such that
(6.10) [ull 20,1y is sufficiently small,
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it follows from (6.9) that
(6.11) 1Dzullpaorapny < Cllula)| as-
Also for ¢ € I, from (6.11)

it A
lu@llz < (@ +C  sup (e[| 107, 1 D3ull prosspry el o)
Hw”L2(R2)§1 @t

(6.12) < 2||u(a)|| grs-

Observe that by (6.5), Ry may be partitioned in intervals I satisfying (6.10), and
(6.8) results from iterating (6.9)—(6.12) a bounded number of times.

Theorem. Consider the IVP for the 3D NLS

{iut + Au — ulul* = 0,

6.13
(6.13) uw(0)=9¢ € H'NH* s> 1,

assuming ¢ radial. Then (6.13) is globally wellposed,
(6.14) sup [[u(®)[ = < C ([l [I¢lls-)

and there is scattering in H®,

u(t) — eitd (¢ i /0 h e—”A(u|u|4)(T)dT)

t
=°0.

’Hs

7. FURTHER COMMENTS

In 4D, the corresponding problem is the IVP

{iut + Au —ulul? =0,

(7.1) u(0) = ¢ € H'(R*) and radial

(the H'-critical case is 4D).
If one tries to repeat the 3D argument, one encounters a difficulty due to the
lower degree nonlinearity (cubic instead of quintic) and some modification is needed.
Observe that it suffices to single out a time interval I = [t1,t2], A and N such

that

(7.2) IVut)ll L2ej<an-17 > m,

(7.3) [l Lo, <t<ta) <102,

(7.4) [te — t1] > BA*N~2,

where 77 is a fixed constant, 7o = n2(n1) is sufficiently small and B is arbitrarily
large (in (5.2), the role of the L'%-norm becomes LS-norm as will be clear below).
(A). We first make explicit the estimates involved in the local Cauchy problem.

Choose

(7.5) 3<p<4, 3<g<

and define

(7.6) %:%+%:%+%,s:é+a—1
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Let t € [a,b] = I. The integral equation

(7.7) u(t) = e %u(a) + i / "2 (uful?) (r)dr

a

implies then, by Strichartz’ inequality, the decay-inequality and Young’s inequality,

ID3u(®)llLg,,cz < I1Ds (e~ u(@))l s,

t
1 . )
" H/ o sl i

L

1
< s » 2
< Ju(@)llm + H / o IDH e lpdr

(7.8) < lu(@)lm + 1 D3ull pyrellullfq,z-
7L

La

For the particular choice p = 3 = ¢, one gets thus p=6 =7, s = 1.

(B). Fix n sufficiently small and partition first in intervals Iy such that

(7.9) lullzs ,z0) = mo-
Hence, from (7.8)
(7.10) ||Dwu||L3[10] < C.

Choose next a fixed p < 4 close to 4. Let p, ¢ = @, s satisfy (7.6). These parameters
are assumed fixed in the sequel. Since from (7.10)

(7.11) ||U||L§E,OL;2 <C,
interpolation
1 6 1-6 6 1-90
(4 1-60 _ _
L I P €
(712) Sl
terg =z

implies then by (7.9)

1/6
(7.13) L

/0

Choosing 1 a constant < 77(1) , one further subdivides Iy in intervals I such that

(7.14) s, oz~
and hence also, by (7.9), (7.10),

(7.15) lull Lo < Mo, | Daull s < C.
Interpolating, (7.14), (7.15) imply

1-6 6 1-6
(7.16) 0~ ullpe oz S lullpf g lul el < lullpr
and hence there is tg € I such that
1
(7.17) luto) |l > nTo77.
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Write
(7.18)
[Anu(to) 3
[[u(to)||2 N/ > AN ulto) | An,ulte)* S <S]1bp —r l[u(to)[|7: -
N1< N3
Thus for some Ny
2
(7.19) AN u(to)llan = AN, u(to)lla 2 Ny I Angulto) oo 2 077

In fact, the preceding argument permits us clearly to take

(7.20) No > /1|72,

Property (7.19) is preserved for ¢ close enough to tg. Define
J= / Ay u(t)| dz.

Then from the equation (7.1)

‘% </|ANou(t)|2|V(ANOU(t))|2—|—/|ANOu(t)|3|ANO(u|u|2)(t)| < NE,

[ J(t) = I (to)| < [t — to| NG,
AN u(®)11 > [Angu(to)ll = C(t — o) NG,

and thus
(7.21) | Awyult)la 2 =573 for |t —tol < 0™V Ny *.
Since u is radial, (7.21) gives for some C(n)
2

(7.22) AN U pagjz) <ozt R 17070
and also

2
(7.23) Hu(t)||L4[|m|<C(n)Ngl] Z o > 0

(C). To the interval I, associate ty € I and Ny obtained in (B) for which (7.19)

and (7.23) hold. Repeating the considerations of section 4 ((7.19) replaces (4.21)
and (7.23) replaces (4.11)) and using the 4D-analogue of inequality (2.2)

Jul* 1/2
(7.24) ——dzdt < C|I|
IJ|z|<|I]1/2 |z|

(deduced from Morawetz’ inequality), one gets again an interval I = [a,b],tg € T
and N > ¢(n)|I|~'/2 such that the following properties hold:

2 8 _
(7.25) IANU(t) || Lafjz)<cmyn-1] 2 0707 for [t —to] S nT=67a N2,
(7.26) N—2 <&l

and [ satisfies (7.14), (7.15).
The number x here may be chosen arbitrarily small, provided J D I in (4.1)
satisfies

(7.27) lullgs iy > M

where M is taken large enough.
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(D). Assume
(7.28) [I] ~b—to

(the case |I] ~ tg — a is similar).
Fix 72 in (7.3) and B in (7.4).
One may then clearly get tg < t1 <ty < b,

(7.29) t —to > % ty =ty + B*N°(t; — to)*
and
(7.30) lwll ope, <t<ta) < M2
provided in (7.26)
(7.31) k < k(n2, B).

Our next purpose is to establish (7.2). Writing

1 1-

(7.32) = T@ + %

it follows from (7.6) that ¢ < 1 for p < 4 close to 4.
By interpolation, estimate

(733 ID5ulzg 1 <l 1D w55,
where
(7.34) (1)
By (7.15)

1D ullzsy s < I1Dwull 3y DY ull 1254
(7.35) <UDl ) IDaul 1334 <

Substituting (7.35) in (7.33), (7.14) implies
(7.36) [D3ullpary < n”.
Consider u on the interval [tg,1]. From the integral equation

. tl .
(7.37) u(t) = e By (ty) + i / e DA (y|u)?) (7)dr.
t

From the estimate (7.8) and (7.36), (7.14)

(7.38) HD; [ /t ! ei<f—T>A(u|u|2)(T)dT}

S ||D§U||L§L£||U||2L§Lg <n*te.

LILE

From (7.25), it follows that for |t — to| < 171*%/‘1 N2
(7.39)
_a 4 _ 5
AN U@ Lo <con—1 > N2 [ANuO L ey > N e,

Defining
Q=[lz| < CON ity <t < to+nTe7a N2
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(7.39), (7.6) then imply that for p close to 4

(740) NS||AN’LL|Q||L;1L§ > NS_%+1_4/p77quG+p(1786/q) = 772+,
Comparing (7.38), (7.40), one deduces from (7.37) that
(7.41) NS||ei(t_t1)AANu(t1)|Q||L§Lg > 02t > .

In order to relate the information (7.41) to u(¢1), the following lemma is used.
Lemma 7.42. Assume ||¢|| g2 < C and
(7.43) N*||e" 2 AN g La

LP
[0<t<Q/N2]7[l=z|<Q/N]

>5  (Q>10).

Then
)
(744) ||v¢||L2[|I|<C(§\)7Q2] > 5
Proof. Let ¢ = An¢. Then
(1.45) @2 0)@) = [ B e = (01 Ko)(o)
€I~N

where we define
(7.46) Ki(z) = /,Y(%)ei(rf—k—tf?)dg

and 0 < v < 1 a standard bump function, v(y) = 1 for |y| < 2 and ~(y) = 0 for
ly| > 3. Thus from (7.46), one may ensure an estimate

N-L4 N\
(7.47) o) 5 () e
and for [t| < %
Q 10

4 Ki(2)| S | —— ) N-
(7.48) 501 % (557)
Take
(7.49) R=61Q?
and observe from (7.48) that

QlO

(7.50) I Kell Lrfje)>r/ny S o

Write by (7.45)

5 < N¢ itA 4 » <
lle ¢||L0<t<%1:‘m‘<% =
7.51 N? K -
( ) ll9 * ( t||y|<RN 1)||L7t‘<%LT;‘<%
(7.52) + N?||Y * (Ktljy)>rv-1)ll L9 o L%
< S5
and since R > Q
(7.53) (7.51) < N*[|(ppm) * (Ktl\yKRN*l)”LftK%Lﬁ
N
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with
N
(7.54) 7 (z) = 'y<§x)
Estimate
(7.55) (7.53) < N°[|(¥m) * K|l pors
(7.56) + N[ (om) * (Kilyisrv-)llzs 1z
Itl< -
Next, by (7.50), (7.6)
QY Q 1/q
(7.52),(7.56) S N o\ N2 ¥l 2z
10 1/q 11
(7.57) < NQ—6<%) NG9 < Q—G < %
Define
1 1_1
i_p g
(7.58) —=1
q
Interpolating,
3 1-3
(7.59) I zeze < I 1 IEEE-
Strichartz’ inequality gives the bound
(7.55) S N[l 5l [~/
(7.60) S NHODETD gy Iy < N ANG| 2y < a2
by (7.58), (7.6), (7.54). |
Collecting estimates, we conclude that
0
(7.61) NANO | L2(jzj<3s-1Q2n-1) > 5
2

from which (7.44) is easily deduced.
Coming back to (7.41), apply the lemma with ¢ = u(t1), § = 7%,Q = C(n) +
(t1 —to)N2. (7.44) gives then that
3
n
(7.62) IVt L2gzi <ot —t0)2ne) > 5

which is (7.2) with n; = 17;, A = C(n)(t1 — to)?N*. Conditions (7.3), (7.4) are
clearly satisfied by (7.29), (7.30).
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