JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 12, Number 2, April 1999, Pages 521-567
S 0894-0347(99)00287-8

MODULARITY OF CERTAIN POTENTIALLY BARSOTTI-TATE
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INTRODUCTION

Conjectures of Langlands, Fontaine and Mazur [22] predict that certain Galois
representations

p: Gal(Q/Q) — GLZ(G@)

(where ¢ denotes a fixed prime) should arise from modular forms. This applies in
particular to representations defined by the action of Gal(Q/Q) on the f-adic Tate
module of an elliptic curve defined over Q, and so implies the Shimura-Taniyama-
Weil conjecture.

Wiles” breakthrough in [46], completed by [45] and extended in [12], provided
results of the form

p modular = p modular,

where p is the reduction of p. These results were subject to hypotheses on the local
behavior of p at ¢, i.e., the restriction of p to a decomposition group at ¢, and to
irreducibility hypotheses on p. In this paper, we build on the methods of [46], [45]
and [12] and relax the hypotheses on local behavior. In particular, we treat certain
{-adic representations which are not semistable at ¢, but potentially semistable.
We do this using results of [6], generalizing a theorem of Ramakrishna [32] (see
Fontaine-Mazur [22, §13] for a slightly different point of view). The results in [6]
show that certain “potentially Barsotti-Tate” deformation problems are smooth, al-
lowing us to define certain universal deformations for p with the necessary Galois-
theoretic properties to apply Wiles’ method. To carry out the proof that these
deformations are indeed realized in the cohomology of modular curves (i.e., that
the universal deformation rings are Hecke algebras), we need to identify the corre-
sponding cohomology groups and prove they have the modular-theoretic properties
needed to apply Wiles’ method. As in [15] and [12], the identification is made
by matching local behavior of automorphic representations and Galois represen-
tations via the local Langlands correspondence (together with Fontaine’s theory
at the prime ¢). We work directly with cohomology of modular curves instead of
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using the Jacquet-Langlands correspondence, and we use the simplification of [46]
provided by [13] and Fujiwara [23] independently.

The main technical restriction in this paper is that we only treat representations
which arise from ¢-divisible groups over certain tamely ramified extensions of Q.
We do obtain sufficiently strong results here to give the following application:

Theorem. If E is an elliptic curve over Q with conductor not divisible by 27, then
E is modular.

Note that the hypothesis on the conductor of E is satisfied if and only if E
acquires semistable reduction over a tamely ramified extension of Qs.

Notation. We fix an odd prime ¢ and algebraic closures Q, R = C, and Qp for
all p. Choose embeddings of Q into C and Gp for all p, so we realize the Galois
group G, = Gal(ﬁp/Qp) as a decomposition group inside of Gq = Gal(Q/Q). Let
I,, denote the inertia subgroup, Frob, € G,/I, the arithmetic Frobenius element,
and W, the Weil subgroup of G, (i.e., the preimage of the subgroup of G, /I, ~ Z
generated by Frob,). We define F,, to be the residue field of the valuation ring of
Qp, and regard this as ‘the’ algebraic closure of F,,. The order p" subfield of F,, is
denoted Fn.

For any field F' of characteristic distinct from ¢ and having a fixed choice of
separable closure Fs, with Gp = Gal(F,/F) the resulting Galois group, define
€ : Gp — Z, to be the f-adic cyclotomic character. We let w = ¢ mod ¢ and
let @ : Gp — Z denote its Teichmiiller lift. For any Z;[Gr|-module V, define
V(n) = V®gz,e" for all n € Z. For a representation p of G and L/F a subextension
of Fy/F, let p|1, denote the restriction p|q, .

We will let 7, , denote the character I, — W (F,»)* obtained from the inverse
of the reciprocity map F* — G2 of local class field theory, where F is the field
of fractions of W(F,n). We write 1, for non, €, for n;!, w, : Iy — F}, for
the reduction mod ¢ of ¢,, and @, for the Teichmiiller lift of w,. Thus e¢; = ¢,
w1 = w, and &, satisfies o(£1/¢" D) = @, (0)0Y " =1 where £1/"=1) denotes any
(6™ — 1)th root of £ in Q, [36, §1.5, Prop 3].

For a ring A, we define A[E] = A[T]/(T?) with E = T mod T?; there should
be no confusion with the cyclotomic character.

1. DEFORMATION ALGEBRAS

1.1. Potentially Barsotti-Tate representations. Fix a finite extension K of
Q/ in Q, with valuation ring O and residue field k. Let F be a characteristic 0 field
complete with respect to a discrete valuation, with valuation ring O and residue
field perfect of characteristic . Consider a continuous representation

p:Ggp — GL(M),

where M is a vector space of finite dimension d over K. By a continuity and
compactness argument, there exists an O-lattice L in M which is stable under the
action of Gg.

Since all choices of L are commensurable, an argument using the method of
scheme-theoretic closure (see [33, §§2.2-2.3]) shows that if there exists an ¢-divisible
group I' /o, with generic fiber representation L (as a Z[G g]-module), then for any
choice of L such a I' exists. In this case, we say that p is Barsotti-Tate (over E).
It is straightforward to check that for K’/ K a finite extension, p is Barsotti-Tate if
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POTENTIALLY BARSOTTI-TATE GALOIS REPRESENTATIONS 523

and only if p ® ¢ K’ is Barsotti-Tate. We say that p is potentially Barsotti-Tate if
there exists a finite extension £'/E such that p|g,, is Barsotti-Tate, in which case
we say p becomes Barsotti-Tate over E'.

We remark that if £/ denotes the completion of the maximal unramified extension
E" of E, so G is identified with the inertia group of E (because the valuation ring
of E"™ is a henselian discrete valuation ring with algebraically closed residue field),
then p is Barsotti-Tate if and only if p[7, = p|g,, is Barsotti-Tate. To see this, fix
a lattice L stable under p and let p denote the representation of Gg on L. Applying
[1, Ch. 6, Prop. D4(b)] to each torsion level, if p|;, is Barsotti-Tate (over E’), then
there exists an ¢-divisible group I' over the (perhaps non-complete) valuation ring
of E"™ with generic fiber p|7,. Using [44, Thm. 4] and étale descent at each torsion
level, this descends to an ¢-divisible group over Op with generic fiber p, so p is
Barsotti-Tate. The same theorem [44, Thm. 4] shows that when p is Barsotti-Tate
and we fix a choice of G g-stable lattice L, the corresponding ¢-divisible group I' /¢,
is canonically unique and admits a unique action of O extending that on the generic
fiber.

Let p: Gg — Auto(L) be a potentially Barsotti-Tate representation, with L a
finite free O-module of rank d (so p®e K is potentially Barsotti-Tate). Suppose that
the residue field of E is finite (i.e., E is a finite extension of Q). In Appendix B, we
review (following ideas of Fontaine) how to attach to p a continuous representation

WD(p) : Wg — GL(D),

where W is the Weil group of E (i.e., the subgroup of G g which maps to an integral
power of Frobenius in the Galois group of the residue field) and D is a vector space
over Q, of dimension d. A discussion of various properties of this construction (e.g.,
behavior with respect to tensor products) is given in Appendix B. For example,
if p has cyclotomic determinant, then W D(p) has unramified determinant sending
Frobg to |kg|, the size of the residue field of E.

1.2. Types of local deformations. Fix a continuous two-dimensional represen-
tation

p:Gy— GL(V)

over k such that Endyig,) V' = k. One then has a universal deformation ring Ry, o
for p (see Appendix A).
An /-type is an equivalence class of two-dimensional representations

T: 1y — GL(D)

over Q, with open kernel. For each /-type 7, we shall define a certain quotient RZ
of the complete local Noetherian O-algebra Ry, o. This quotient will be a ‘Zariski
closure of certain characteristic 0 points’.

A deformation p of V to the the ring of integers O’ of a finite extension of K in

Q. is said to be of type T if
1. p is Barsotti-Tate over F for any finite extension F' of Q such that 7|7, is
trivial;
2. the restriction of WD(p) to I, is equivalent to T;
3. the character e~ ! det p is the Teichmiiller lift of the prime-to-¢ order character
wldetp: Gy — F, .
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We say that a prime ideal p of Ry, ¢ is of type 7 if there exists a finite extension
K’ of K (with valuation ring O’) and a (necessarily local) O-algebra homomorphism
Ry, o — O’ with kernel p such that the corresponding deformation is of type 7. If p is
of type 7, then so is the deformation corresponding to any O-algebra homomorphism
with kernel p and values in some O’ as above.

If there do not exist any prime ideals p of type T, we define R¥ v.0 = 0. Otherwise,
define R{:} o to be the quotient of Ry ¢ by the intersection of all p of type 7. We say
that a deformation of p p to R is weakly of type 7 if the associated local O-algebra
map Ry, o — R factors through the quotient Rv,o- We say that 7 is acceptable for
pif R{) o # 0 and if there is a surjective local O-algebra map O[X] — R 4. More
concretely, if m” denotes the maximal ideal of Ra o then the surjectivity condition
is equivalent to dimj m?/(\, (m?)?2) < 1.

It is straightforward to check (cf. [9, Lemma 2.38]) that the above notions are
well-behaved with respect to extension of the field K. In particular, if K’ is a
finite extension of K with valuation ring O’ and residue field &', then O’ ®¢ R‘[})O
is naturally isomorphic to R":/’@k .o and 7 is acceptable for p if and only if 7 is
acceptable for p @y, k.

We make the following conjectures, although they are considerably stronger than
the results that will actually be important in the sequel. What is important for the
sequel is only the question of which ¢-types are acceptable for a given p|g, .

Conjecture 1.2.1. A deformation p: Gy — GL(M) of p to O’ is weakly of type T
if and only if it is of type T.

Conjecture 1.2.2. Suppose that 7 = &' @ &7. Then Rx[/),(:) # (0) if and only if
pl1, @1 k is of one of the following three forms:

1+i
° wO :j > and in the case j =i mod ¢ — 1,  is peu-ramifié (in the sense
of Serre [40]),
witi o« . L. . T
) 0 o and in the case j =i mod £ — 1, * is peu-ramifié,
. w;+{j_i}+(é+l)i e U= , where {a} denotes the unique integer in

the range from O to é 2 congruent to a modulo £ — 1.
In the first two of these three cases RVO >~ O[X] and so T is acceptable for p. In
the last case, if j =t mod ¢ — 1, then RVO >~ O[X] and so T is acceptable for p.

Conjecture 1.2.3. Suppose that 7 = OF @ 05, where m € Z/({? — 1)Z and
m =i+ ({+1)j withi=1,...,0 and j € Z/({ —1)Z. Then R # (0) if and

only if p|1, @ k is of one of the following four forms:

1+7 *
. ( 0 witi ) and in the case i = 2, % is peu-ramifié,

1+j %
) ( 0 Wit > and in the case i = £ — 1, *x is peu-ramifié,

° wl+m @ e(1+m)
2
° w§+m D w;+2m

In all these cases R o = O[X] and so 7 is acceptable for p.

)

It will be convenient to say that a type 7 is strongly acceptable for p|g, if it is
acceptable and if one of the following is true:

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POTENTIALLY BARSOTTI-TATE GALOIS REPRESENTATIONS 525

° ol & ( wo w*" ) for some m,n € Z/(¢ — 1)Z (and in the case m =

n + 1mod ¢ — 1, * is peu-ramifié¢), and 7 is equivalent to O™ 1 @& &" or
~{m—-n}+1+(n—1)(L+1) ~L({m—n}+1)+(n—1)(L+1)
Wq D wy .

e D, k=Wt o w§(1+m) for some m € Z/((? — 1)Z, and 7 = OF* @ O5™.
Note that in particular we are conjecturing that we can suppress the assumption of
acceptability in the definition of strong acceptability. In §2 we shall explain what
we know about these conjectures.

1.3. Global Galois representations. Fix a finite extension K of Q, in Q, with
valuation ring O, uniformizer A and residue field k, and a continuous global two-
dimensional (over k) Galois representation
p:Gq — GL(V).

We shall suppose p satisfies the following hypotheses:

e The determinant of p(c) is —1, where ¢ denotes a complex conjugation.

e The restriction of p to Q(y/(—1)¢=1)/2¢) is absolutely irreducible.

e The conductor of 7 (see [40]) divides the conductor of all of its twists by

¥ -valued characters.

e The centralizer of p(Gy) consists only of scalar matrices.
We remark that the third condition is simply for convenience and will be removed
as an assumption from all our main theorems by an easy twisting argument. Let .S
be a finite set of rational primes which does not contain ¢, and let 7 : I, — GL(D)
be an {-type which is strongly acceptable for p|g,.

We will say that a deformation p : Gq — GL(M) of p to an object R of € (see
Appendix A) is of type (S, 7) if the following hold:

e p|g, is weakly of type 7.

e If p ¢ SU{¢} and the order of p(I,) is not ¢, then p(I,) = p(I,).

o If p ¢ SU{/¢} and the order of p(I,) is ¢, then M/M?» is free of rank one over

R.

e ¢ !det p has finite order prime to /.
One checks that the subsets of deformations of type (S, 7) satisfy the representabil-
ity criterion in Appendix A. Note that when p ¢ S U {¢}, 5(I,) has order ¢, and
the fourth condition above holds, then ply, is tame with det p|, trivial, so if g € I
is a topological generator, then a lift p(g) of p(g) fixes a basis vector if and only if
trp(g) = 1+det(p(g)) (which is equivalent to (p(g) —1)? = 0 in the present setting).
We let R‘S,:g denote the universal type (S,7) deformation ring. We write simply
Ry, and R{) , for the deformation rings associated to p|a,. Then Ry,0, R{} o and
R‘S,’g are complete local Noetherian O-algebras with residue field k, well-behaved
with respect to finite extension of K.

1.4. Galois cohomology. We will let ad’ V denote the representation of Gq on
the trace zero endomorphisms of V. The trace pairing gives rise to a Galois equi-
variant perfect pairing

ad’ V @ (ad® V)(1) — k(1).

If m denotes the maximal ideal of Ra o, then there is a natural injective map from
the k-dual of m/(\, m?) to H'(Qg,ad” V). Using the trace pairing and a k-linear
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analogue of local Poitou-Tate duality we get a surjective map H'(Qy, (ad’ V))(1)) —
m/(\,m?). We will denote the kernel of this map by Hp(Qe,ad’ V(1)). We will
let Hy 5(Q, (ad’ V)(1)) denote those classes in H'(Q, (ad’ V)(1)) which localize
trivially at all primes in S to an element of H}(Qg, (ad’ V)(1)) at ¢, and to an
element of H'(F,, ((ad’ V))(1))!») at all primes p ¢ S U {¢}.

Observe that for p ¢ SU{¢} with p(I,) not of order ¢, the condition p(I,) = p(I,)
for a deformation p of p to k[e] with det p = detp is equivalent to the splitting of
the extension as a k[I,]-module. To see this, let p be such a deformation of 5, so
p(g) = (1 + ec(g))p(g) for g € I, with the cocycle ¢ representing an element of
H(I,, ad’ p). We need to check that the cohomology class of ¢ is zero. Suppose
that g, h € I, and p(h) = 1. By our hypothesis on p, we have c¢(h) = 0, and since
c(gh) = p(g)e(h)p(g)~t + c(g), it follows that c(gh) = c(g). Thus, we can view c as
representing an element of H'(5(I,),ad’ ), and we must show that this element
is zero. By restriction-inflation, H'(p(I,),ad" p) = H(G, (ad’p)"'), where IV is
wild inertia at p and G = p(I,)/p(I}). Since G is a finite discrete quotient of the
tame inertia group at p, G is a cyclic group. Let G(¢) denote the ¢-Sylow subgroup
and Ig(,e) the kernel of the map from I, onto its maximal ¢-primary quotient. By

restriction-inflation we can identify ¢ with an element of H*(G(¢), (ad” ﬁ)lz(f) ). Since
G(¢) is a finite cyclic group, the size of this H' cohomology group is the same as
the size of the analogous H® group, which is H%(1,,, ad’ 7).

Without loss of generality, we may assume H°(I,,ad’5) # 0 (so G(£) # 0 also).
After making a finite extension of scalars on k£ (which we may do), p|z, is reducible
and is a non-trivial extension of x by itself, where x : I, — k> is some continuous
character. If y is non-trivial, then the conductor N(p) of p is divisible by p?. But
if we twist p by a global character Gq — k* whose restriction to I, is x~! and
which is unramified at all other primes, then this twist of p has conductor which
has the same prime-to-p part as N(p) but has p-part equal to p. By our hypothesis
on the minimality of the conductor of p, this is a contradiction. Thus, the above
character xy must be trivial, so p is a non-trivial extension of 1 by 1. Since ¢ # p,
this forces p to be tame at p. The pro-cyclicity of tame inertia then forces p(Ip)
to have order ¢, contrary to hypothesis. Therefore, the original deformation p as
a k[I,)-module extension class of 5 by p must be the trivial extension, as desired.
A similar argument (ending with the same analysis of H 0(Ip,ad0 7)) proves the
analogue for (O/A™)[e]-deformations of type (S, 7) of a fixed O/A"-deformation of p
of type (S, 7) (this is needed in the proof of Lemma 1.4.2 below). With this noted,
the usual calculations give rise to the following lemma (see for example §2 of [9],
especially Corollary 2.43).

Lemma 1.4.1. Suppose that T is acceptable for plg,. Then R‘S}g can be topologi-
cally generated as an O-algebra by

dimg H 5(Q, (ad” V)(1)) + > _ dimy H°(Q,, (ad® V)(1))
peS
elements.
The proof of this lemma makes essential use of the assumption that 7 is accept-
able for p|g,. More precisely, the acceptability hypothesis enables the local contri-

bution at £ to ‘exactly cancel’ the local contribution (of dim HO(R,ad’75) = 1) at
00.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POTENTIALLY BARSOTTI-TATE GALOIS REPRESENTATIONS 527

Now suppose that we are given a deformation p : Gq — GL(M) of p of type
(S.7) to 0. Let 65 : Ry — 0, 0P : RD ;) — 0 and 0 : Ry,0 — O denote the
corresponding homomorphisms. We let ad M and ad® M denote the representations
of Gq on the endomorphisms and trace-zero endomorphisms of M respectively. Let
HA(Qy,ad’ M @0 K/O) denote the image of

Homg (ker 67 /(ker 6P)?, K/O) — Home (ker 0/ (ker§)?, K/O)
~ HY(Qu,ad M ®0 K/0).
It is easy to see that the image is in fact contained in
HY(Qg,ad’ M @0 K/0) C HY(Qq,ad M ®¢ K/0O).

Welet Hg 5(Q, ad’ M ®o K/0O) denote the set of elements of H'(Q, ad’ M®¢ K/O)
which localise at £ to an element of H}(Qr,ad” M ®¢ K/O) and at each prime
p & SU{(} to an element of H'(F,,, (ad’ M®eK/O)™). Note that for any particular
€ HY(Q,ad’ M ®¢ K/0), the conditions at p ¢ SU{¢} are automatically satisfied
for all but finitely many p. Therefore, we can argue by passage to the direct limit
from the torsion cases, using the usual calculations to get the following lemma (see
for example §2 of [9]).

Lemma 1.4.2. In the above situation we have an isomorphism of O-modules
Homg (ker 057 /(ker 657)2 K/0) = HE 5(Q,ad’ M ®¢ K/0).
This isomorphism is compatible with change in S.

Corollary 1.4.3. Suppose that p & SU{(}, let S' = SU{p} and let 5P denote
the composite R‘S/)E,)D — R‘S,:g — O. Then

length (ker 05) /(ker 65"7)? < lengthy, (ker 637)/ (ker 6%7)2
+ length (ad® M)(1)% /(Frob, — 1)(ad® M)(1)%.

In this corollary, the lengths involved could a priori be infinite, so the inequality
is understood to imply that if the right side is finite, then so is the left side. In order
to see that the second term on the right (which might be infinite) has the same
cardinality as H'(I,,ad’ M ®¢ K/O)% (which is what arises in the calculation),
we just need to observe that ad’ M(1) is (via the trace pairing) Cartier dual to
ad’ M @0 K /O and for any finite discrete G,-module X with prime-to-p-power
order n and Cartier dual X*, the G, /I,-equivariant pairing (via cup product)

HY(I,, X) x H(Iy, X*) = H"(I, ) = H' (I, Z/nZ) = (Z/nZ)(~1)

is a perfect pairing. This follows from [37, Ch. I, §3.5, Prop. 17, Rem. 4] and the
proof of [37, Ch. II, §5, Thm. 1].

2. LOCAL CALCULATIONS

In this section, we study local deformation problems. Consider a continuous
two-dimensional representation 5 : Gy — GL(V) over k. Choose a subfield F' C Q,
with finite degree over Q, and with absolute ramification index e = e(F) < £ — 1.
We write A for the valuation ring of F', and Ir for the inertia subgroup of Gp.

A finite discrete Gy-module p : Gy — Aut(M) is called A-flat if there exists
a finite flat commutative group scheme G over A and a Gp-module isomorphism
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plar =~ G(Q,). In this case, all subrepresentations and quotient representations are
also A-flat. If instead p is an inverse limit of finite discrete Gy-modules, we say that
p is A-flat if all finite discrete quotients of p are A-flat.

2.1. A-ordinary deformations. Assume that p is reducible and Endyg,| V = k,
S0 p is isomorphic to a non-semisimple representation

— o [ Pa™ *
7= ("5 )

for some a,b € k*, m,n € Z/({ — 1) with a # b or m # n (where ¢, : Gy — k*
is the unique continuous unramified character sending Frob, to x € k*). If m #
n+1or a# b, then dimy H(Gy, (pw™) 11h,w™) = 1, so the non-split condition
implies that p is determined up to k[Gy]-module isomorphism by the specification
(and ordering) of its diagonal characters. See the discussion above [6, Thm. 2.4.4]
for more details on this. In the case m = n + 1, we assume * is peu-ramifié.
This condition is automatically satisfied if a # b, and it is satisfied for a unique
isomorphism class of representations in the case a = b.

In this section, we let F' denote the unramified extension of Qg () of degree |k*|
(so both diagonal characters of p are trivial on Gr). We say that a deformation M of
p to an object R of € is A-ordinary if its determinant is en, with 7 the Teichmiiller
lift of (detp)w™! : Gy — k>, and there is an exact sequence of R[G(]-modules

0—-MY M- MO 0

with M1 and M© free of rank one over R, and Ir acting via ¢ on M1
and trivially on M(©). (Note that the Gy actions on M~V /mp and M©) /mp are
necessarily via ¥,w™ and ¥pw™ respectively.) Using the criterion in Appendix A,
one checks that there is a universal A-ordinary deformation of p, where in the case
m = n+ 1 we also require that the twist of our deformations by w~" is Z,-flat. We
let R“‘}:grd denote the universal A-ordinary deformation ring, canonically a quotient
of Rv)(‘_).

We shall now define a subspace of H*(Gy,ad” V) denoted HY__ ,(Gy,ad’ V). Let
W denote the subspace of ad’ VvV consisting of those trace-zero endomorphisms
preserving the filtration

0-VEY v v L9

(i.e., WO consists of matrices with lower left entry vanishing), and let W1 =
Homk(V(O), V(_l)) c wo (i.e., the matrices vanishing outside of the upper right
entry). There are thus canonical exact sequences

0— WO —ad’V — Hom (VD V@) — 0, and

0— WD — WO — Hom, (VED, VD) — 0.

We define a subspace Cy of H'(Iy, W(_l)) as follows: If m #n+ 1, we let C; =
H'(I;,, WD), If m = n 4+ 1, then WD = k(1) as k[I;]-modules and we define
C1 to be the kernel of the map

H' (I, WD) = HY (I, k(1) = (QP™)* @ k — k,

where the second isomorphism is the Kummer map and the last homomorphism is
induced by the valuation on Qy*. Let Co denote the image of Cy in H' (I, W),
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let C5 denote the preimage of Cy in H(GY, W(O))7 and finally, let Hi‘_ord (Gy, ad’ V)
be the image of C3 under the natural inclusion.

Theorem 2.1.1. There is a surjective homomorphism of O-algebras
o[T] — Ry

Proof. Letting m denote the maximal ideal R(})‘grd, it suffices to prove m/(\, m?)
is at most one-dimensional over k. This is done by checking that the image of
Homy (m/(\,m?),k) in H'(Gy,ad V) is contained in HY (G, ad’ V), and then
computing the dimension of this subspace. See the proof of [46, Prop. 1.9(4i)] for
the case m # n+ 1 (recall that p(G,) has trivial centralizer) and see [9, 2.4] for the
case m =n+ 1. (]

Now suppose that p : G¢ — GL2(0’) is a deformation of p of type 7, with
T =" @ QI for some i and j. In this case there is an ¢-divisible group I' over A
with an action of O’ such that p|g, is isomorphic to the representation defined by
the action of O'[GF] on the Tate module of T':
M = projlimT[£"](Q,).
The canonical connected-étale sequence for I' gives rise to an exact sequence
0—-M"— M- M*—0

of free O’-modules with an action of G .

Lemma 2.1.2. The O'-modules M° and M¢ are each free of rank one, and Ir
acts via € on MP°.

Proof. First observe that it suffices to prove that M £ 0, for I acts trivially on
M® and det p|, = e.
Suppose now that M¢ = 0, so I'[{] is connected. Since V = M/AM has a
non-zero element fixed by G g, the same is true of
(M/eM)[A] C T[A(Qy).
Therefore there is a non-trivial map
pe,r = (Z/LZ)p — T[l]/p — T[L].

Since I'[¢] is connected and e = £—1, the schematic closure of the image is isomorphic
to pe 4. It follows that the Cartier dual of I'[¢] is not connected.

Now let I'P denote the dual ¢-divisible group, and MP its Tate module. As
O’[G r]-modules, we have

MP = Homg, (M, Z(1)) = Home (M, 0'(1))
(the first isomorphism is canonical, the second depends on a choice of generator for
the different of O’ over Z;). We have just proved that T'°[¢] is not connected, so

MP# -£ (0. The lemma follows on observing that the first paragraph of the proof
now applies to M P, showing that Ir acts via e on MP:0 £ 0. O

We can now deduce the following from Theorem 2.1.1.

Corollary 2.1.3. Suppose that p is reducible with Endyg,) V = k. If p admits a
lifting of type T : I; — GL(D) (i.e., if R‘IZO # 0) with 7 = &' ® &7, then T is
acceptable for p.
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Proof. Let p be a prime ideal of Ry, ¢ of type 7, so p is the kernel of a homomorphism
Ry,o — O such that the associated deformation to O is of type 7. The lemma
(along with [16, Prop. 8.2] in case m = n+ 1) shows this deformation is A-ordinary,

so the map Ry,o — O factors through Ré‘grd. Therefore the kernel of the map

A-ord
Rv,o — RyQ

is contained in the intersection of all prime ideals p of type 7. It follows that R‘[})O
is a quotient of R(}:grd, hence a quotient of O[T7]. |

2.2. A-flat deformations. Now we return to the case of arbitrary F with e < /—1.
We no longer assume that p is reducible. We assume that V' is A-flat, with G
connected and having connected dual. Under these conditions, G is the unique finite
flat A-group scheme with generic fiber isomorphic (as a Gp-module) to p|g,., with
G determined up to unique isomorphism (see [6, §2.1] for details; the connectedness
conditions ensure uniqueness when e = ¢ — 1).

Let M denote the (contravariant) Dieudonné module of the closed fiber of §. We
assume that the canonical sequence of groups

0— M/VME M =M/¢M — M/FM — 0

is exact, where F' and V' denote the Frobenius and Verschiebung operators respec-
tively. This exactness condition is automatically satisfied when § ~ I'[¢] for '/ 4 an
{-divisible group, and so is an extremely natural condition; also, it is needed in the
results we will require from [6] below.

We now give the complete list of isomorphism classes of representations p sat-
isfying the above conditions. (See Corollary 2.2.3 and Theorem 2.4.4 of [6].) The
irreducible p which arise are absolutely irreducible and are exactly those continuous
p: Gy — GLa(k) satisfying |7, @k k ~ wi* © wi™, with em = e mod ¢? — 1. The
reducible p which arise can be written as non-semisimple representations

— [ aw™ *
7= (" i)

for a,b € k*, m,n € Z/(¢ —1). The precise possibilities are as follows. There
must exist an integer j satisfying 1 < j<e—1,en=jmod¥f—1, e|j({ +1) and
m=n-+1—jl+1)/emod ¢ — 1. These conditions imply e f({ — 1), m # n, and
for £ = —1 mod 4 they also imply m # n+ 1. For £ = —1 mod 4, the unique (up
to isomorphism) non-split extensions of ¥pw™ by P,w™ for a,b € k* and n and
m as above are exactly the p which arise. For £ = 1 mod 4, we get the same list,
except that the cases with m = n 4+ 1 (which occur precisely when e = (£ + 1)/2,
n= (£ —1)/2) and a = b are given by the unramified k-twists of the (unique up to
isomorphism) non-split Fy-representation of the form

(e-1)/2 W
w by (0 1)
for which * is peu-ramifié.

The property of being A-flat is closed under taking submodules, quotients and
finite products, and since Endyg,; V' = k for the representations listed above, there
is an associated universal A-flat deformation ring Ré:gat which is a quotient of Ry o.
Consider also the fixed determinant character x : Gy — O of the form en, with n
the Teichmiiller lift of (det p)w ™! : Gy — k*. There is a universal deformation of
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which is A-flat with determinant x, and the universal deformation ring is naturally
a quotient of RA fat which we denote RA 126X The main deformation-theoretic
result we need in the local theory is prov1ded by Theorems 4.1.1 and 4.1.2 of [6].

Theorem 2.2.1. There are O-algebra isomorphisms
R(/‘;gat = o[[Tla TZ]] and Ré,_gat7x ~ OIIT]]

Corollary 2.2.2. If p admits a lifting of type 7 : Iy — GL(D) (i.e., if R‘IZO #0)
and T is trivial on the inertia group of F', then T is acceptable for p.

Proof. Let p be a prime ideal of Ry, ¢ of type 7, so p is the kernel of a homomorphism
Ry, o — O’ such that the associated deformation to O’ is of type 7. Replacing O by
O’ without loss of generality, the determinant x of this deformation is O*-valued,
so our map Ry,9 — O factors through RA fat.X Therefore the kernel of the map

A-flat
Ry,0 — Ry p™~

is contained in the intersection of all prime 1dea1s p of type 7. It follows that R‘IZ o is

Aﬂatx

a quotient of Ry, , which, by the preceding theorem, is isomorphic to O[T']. O

2.3. Twisted A-ﬂat deformations. We now consider a variant of the A-flat de-
formation problem. We still fix a finite extension F'/Qp with e(F) < £—1 and study
certain deformations of a given p : Gy — GLa(k). However, instead of requiring
Plar to arise as the generic fiber of a finite flat A-group scheme, we fix a (ramified)
quadratic character ¢ on Gr and require that p|g, ® ¥ is the generic fiber of a
finite flat A-group scheme. Moreover, we impose the same connectedness conditions
and the same exactness hypothesis on Dieudonné modules as above, and we study
those deformations of p whose ¢-twist is A-flat (in the same sense as above). In
contrast to the (untwisted) A-flat setting, the case e|(¢ — 1) can now occur, and
we shall actually restrict our attention to this case. In §4.2 of [6], it is explained
how the methods of [6] carry over to this setting. In particular, under the above
hypotheses, Endyg,) V' = k, so there is a universal deformation ring Ry,o for p.
The property of the -twist being A-flat is preserved under taking submodules,
quotients and finite products, so there is an associated quotient of Ry ¢, which we
denote RA veflat o can also consider the quotient RA vflat,x

deformatlons with fixed determinant y = en. Theorem 4 2 1 of [6] then gives:

representing such

Theorem 2.3.1. Under the above hypotheses, there are O-algebra isomorphisms
R(/‘:&b@ﬂat ~ O[[Tl, TZ]] and Réy—g@ﬂatﬂ( ~ O[[T]]

Corollary 2.3.2. Suppose that e(F)|(£ —1), ¢ is a quadratic character of Gp and
T®1) is trivial on the inertia group of F. If p admits a lifting of type T : Iy — GL(D)
(i.e., if RD o (p) # 0) and p® 1 is A-flat and satisfies the above connectedness and
Dieudonné module hypotheses, then T is acceptable for p.

3. SOME REPRESENTATIONS OF FINITE GROUPS

3.1. Representations of GLy(F,). Let us recall the classification of irreducible
finite-dimensional representations of GL2(F,,) over an algebraically closed field F' of
characteristic zero. Any such representation is isomorphic to one of the following,
where we have fixed an embedding i : F,» — M3(F),) corresponding to a choice of
F,-basis of F 2.
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e For any character x : F; — F*, the representation x o det.

e For any character x : 7 — F'*, the representation sp, = sp® (xodet), where
sp is the representation of GLa(F,) on the space of functions P!(F,) — F
with average value zero (with g € GL2(F,) acting on a function through the
usual action of g=! on P}(F,)).

e For any pair of characters x1 # x2 : F,; — F'*, the representation I(x1, x2)
on the space of functions f : GL2(F,) — F which satisfy

f <( %1 b >g> = x1(a1)x2(az)f(9),

az

where g € GLy(F,) acts on f through right multiplication of g on GL2(F)).
This representation is isomorphic to the representation induced from the fol-
lowing character on the subgroup of upper-triangular matrices in GLa(F)):

a; b

( 01 as ) > x1(a1)xa(az).

e For any character y : F;z — F* with x # xP, a representation O(x) of
dimension p — 1 which is characterized by

GLa(Fy)
F:2

O(x) ®sp ~ Ind

The only isomorphisms between these representations are I'(x1, x2) = I(xz, x1) and
O(x) = O(xP). For convenience, we include the character table of GLa(F)):

Representation
Conjugacy
class of: x o det SDy I(x1,x2) O(x)
(o 0) | x@ | o@ | oro@e@ | 6-0x@
(6 .) | x@ | o (@) ~x(@)
(0 5)#m | x@ | x@ |u@e® ot | o
i) €F) | x(e@th) | =x(et) 0 —x(e) = x(c)

We recall also the classification of absolutely irreducible finite-dimensional rep-
resentations of GLa(F,) in characteristic /. We will let o, denote the natural
representation of GL2(F¢) on Symm" (F?) for each n € Z>(. The semisimplicity of
oy, follows from that of o1, and for n < £—1 the representation o, is absolutely irre-
ducible (cf. [8, Example 17.17]). For m € Z/({ —1)Z and 0 < n < £ —1, we will let
On.m denote o, @ det™. These representations oy, ., are mutually non-isomorphic
and exhaust the isomorphism classes of absolutely irreducible finite-dimensional
representations of GL2(F;) in characteristic £. The Brauer character of o, n, is
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given by:

a 0 ~2m+n
< 0 a ) — (atla 7

(G 5)ere — @i —iya-b,

i(c) £ ¥y DTl ) (e — ),

where ~ indicates Teichmiiller lift. In fact, since the o, ,, are defined over Fy, any
irreducible finite-dimensional representation of GLo(F) over a field k of charac-
teristic ¢ is isomorphic to some oy, ., ®F, k and so is absolutely irreducible. Using
Brauer characters, one finds:

Lemma 3.1.1. Let L be a finite free O-module with an action of GLo(F) such
that V =L ®¢ Q, is irreducible.

1. If V = x odet with x(a) =a™, then L ®9 k = 0¢,m.

2. If V = sp, with x(a) =a™, then Lo k = 0¢_1 .

3. If V = I(x1, x2) with x;(a) = a™ (for distinct m; € Z/(£—1)Z), then L®o k
has two Jordan-Hélder subquotients: o(m, —my}mo AN T{my—my},m,, where
0<{m}<€—-1and {m}=mmod{— 1.

4. If V = O(x) with x(c) = &+HVI where 1 <i < ¢ and j € Z/({ — 1)Z, then
L ®o k has one or two Jordan-Holder subquotients: o;_2 145 and op—1_; it;.
Both occur unless i = 1 (when only the second one occurs) ori = £ (when only
the first occurs), and in either of these exceptional cases L @9 k = 0¢_2 14;.

3.2. Representations of GL2(Z/p"Z). We shall also need to consider certain
representations of GLy(Z/p™Z) for n > 1 which generalize the representations O(x)
for n = 1. Let o denote Frob, on A = W(F,2), choose an isomorphism

Mg(zp) = Endzp A=A® Ao,

and let @, denote the projection GL(A) — G = GL2(Z/p"Z). Let m = [n/2] > 1
and define subgroups N C H of G as follows:

N = w,({z+yolzel+pAdyep' ™A}),
H = w,{z+yo|ze A yecpmA}).

Thus [N : 1] = p*™ and [G : H| = ¢(p*™). Note that N is normal in H and H
contains the center of G.

Again let F' denote an algebraically closed field of characteristic 0. Suppose that
X : A* — F* is a character of conductor p™. We assume also that x/(x o o) has
conductor p™ (or equivalently, no twist of x by a character factoring through the
norm A* — Z)X has conductor less than p"; see [24, §3.2]). Since the quotient
group F 2 /F, is of order p, this latter condition implies that for any x € A* with
x # 27 mod pA, (x/xoo)(1+p"tz) # 1. If n is even, we define a character 3, of
H/N by By(x+yo) = x(x). If nis odd, we let 8, denote the unique p-dimensional
representation of H/N whose character satisfies

px(x), if y=0modp™TtA=p""™A and x = 2° mod pA;
trB(x+yo) =4 —x(x), ify=0modp™A=p" ™A and z # 2° mod pA;
0, if x + yo is not conjugate to an element as above.
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Note that since the above class function satisfies (tr 8y, tr 8y) g /n = 1, the existence
of such a representation can be proved using Brauer’s criterion [38, §11.1], and it
is absolutely irreducible. Regarding (3, as a representation of H, let ©(x) denote
the ¢(p™)-dimensional representation Ind% By. The isomorphism class of ©(x) is
independent of the choice of isomorphism M>(Z,) = Endgz, A, since any two such
isomorphisms differ by conjugation by an element of GL2(Z,). So far, the only
conductor hypothesis we have used is that x has conductor dividing p™.

Lemma 3.2.1. Suppose that n > 1 and x1 and x2 are a pair of characters of
A* — 6; as above. Suppose that L; fori = 1,2, is a free O-module with an action
of G = GLy(Z/p"Z) such that L; ®¢ Q, is isomorphic to ©(x;). Let B denote
the subgroup of G consisting of matrices which mod p are upper triangular, and let
C=A"NB={xe A"z =z° mod p}.

1. The restrictions ©(x;)|s are irreducible,
O(x1) = O(x2) © x2 € {x1,x100},
O(x1)ls ~O(x2)ls € x2lc € {x1le.x100lc },
if p(p — 1) is not divisible by £, then L; ®¢ k is absolutely irreducible,
if x1 = x2 mod A, then L1 ®9 k and Lo ®¢ k have isomorphic semisimplifi-
cations.

Otk

Proof. The second assertion is proved by computing (©(x1), ©(x2))¢ and showing
that this equals 1 if xo = x1 or if x2 = x1 00, and equals 0 otherwise. This uses the
hypotheses on conductors, as we now explain. Using Frobenius reciprocity twice
and [38, §7.3], we get

(©(x1),0(x2))a = Y (B, Bra)n,
geXx
where X is a set of double coset representatives for H\G/H, H, = H N gHg™!,
and (9 (2) = By, (9~ "2g). Note that 1 and o represent two distinct double cosets,
and Ho = oH, so H, = H. By computing conjugacy classes in H/N and treating
separately the cases where n is even or odd, we compute that

<6X175X2>H = <5x175x2>H/N = <X1,X2>Ax'

Since 87 = Byoo and x # x o o for our characters x = x;, the sum of the terms for
g=1land g=o0cis 1if y2 € {x1,x1 00}, and is 0 otherwise.

For g € X not equivalent to 1 or o, we claim that (3y,,8y,)n, = 0. It suffices
to construct h € HNgNg~! of the form h = 1+ p"~(t —t7) 4+ p"~™so for t € A*
with ¢ # ¢ mod pA and s € A, because then on the subgroup of H, generated by
h, B, is a direct sum of copies of the trivial representation (since g thg € N) and
By is a direct sum of copies of a non-trivial character (the number of copies being
1 when n is even and p when n is odd). This non-triviality follows from the fact
that on the subgroup in H/N generated by h, [y, is a direct sum of copies of the
1-dimensional representation which sends h to

Xa(L+p" Mt —17)) = (x2/x200) (1 +p" 1) # 1.

Since o and H normalize N, we may multiply g on the right by o or an element of
H without changing gNg¢g~!, and hence without loss of generality.

To construct h, we write ¢ = x + yo and first multiply by o if necessary so that
x is not divisible by p and then multiply by ! € H to get a representative of
the form g = 1 + p"uo, with v # 0 mod pA and r < m. Note that for r = 0, the
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invertibility of 14+-uo forces wu® # 1 mod pZ,, because det(x+yo) = No—Ny for all
z,y € A, where N : A — Z,, is the norm map. Now define h = g(1+p" " lvo)g~!,
where v € A* is chosen so that uwv® # vu® mod pA (in which case we can take
t = ww’ when r # 0 and ¢t = w/(1 — uu?) if r = 0). For the first and third
assertions, after changing the isomorphism Mj(Z,) = Endz,(A) we can suppose
that o € B. Thus, for g € B, g€ HN B if and only if g € H and g € (H N B)o if
and only if g € Ho. In particular, if ¢ ¢ (HNB)U(H N B)o, then we can construct

the h as above and this also lies in B since h = 1 mod p. Since G = BH,

O(x)|5 = Indjinp(By|anB)-

We can now run through the exact same calculation as before with B and H N B
replacing G and H respectively. This settles the first and third assertions (note
that x1|c # X1 © o|c because x1/x1 © o has conductor p™ and n > 2).

If ¢ doesn’t divide p(p — 1), so #B is not divisible by ¢, then the reductions
L; ®¢ k are also absolutely irreducible by [38, §15.5]. The last assertion follows
since the two representations have the same Brauer character. O

3.3. Duality. Let K, O, A and k be as above, and let O’ denote the valuation ring
of K’ = K(X), where X % = \. Suppose that V is a K-vector space with an action
of GLa(Z/p"Z) such that V ® Q, is one of the representations considered above,
i.e., that » = 1 and V is absolutely irreducible, or that n > 1 and V ® Q, is

isomorphic to ©(y) for some character x : A* — Qéx with conductor p™ such that
x/x oo also has conductor p™. In each case, there is a non-degenerate pairing ( , )
on V such that

(gu, gv) = ¥(det g)(u, v),

where ¢ : (Z/p"Z)* — K* is the central character of the representation (note that
1 necessarily takes values in K since V is absolutely irreducible). Equivalently,
we have an isomorphism of representation spaces V ~ V* ® (¢ o det) in all cases.
For n = 1, this is clear from the character table, and for ©(x) with n > 1, this
follows from the analogous assertion for (. More precisely, using the fact that
det(z +yo) = xx® € Z) for x + yo € H with y = 0 mod p™ 1A for odd n, one
checks that 3, = g5, ® (¢ odet)|r, where ¢ = x|(z/pnz)x (and then induct up to
G, using that ©(x) = ©(x 0 0)).
We will need the following lemma.

Lemma 3.3.1. Suppose G is a finite group which acts absolutely irreducibly on a
finite dimensional K -vector space V. Let (, ) be a non-degenerate pairing on'V such
that (gu, gv) = ¥(g)(u,v) for some characterv : G — K*. Let V' = V@g K(A\/?).
Then there is a G-invariant O -lattice L' C V' which is self-dual for ( , ).

Proof. First note that by Schur’s lemma, the pairing is symmetric or alternating.
Choose a G-invariant lattice L1 in V which contains its dual lattice Li-. Then ( , )
induces a perfect pairing L1/Li x L1/L{ — K/O. Let X be a maximal isotropic
G-submodule of L;/Li and replace L; by Ls, the preimage of X*. Using the
maximality of X, one sees that Ly D L2l D ALs. It is then easy to check that
L' = L} ® \'/? Ly will suffice. O
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4. GALOIS REPRESENTATIONS FOR MODULAR FORMS

4.1. (-adic representations associated to modular forms. Now let us recall
some facts about the ¢-adic representations attached to certain automorphic repre-
sentations of GLa(A), where A denotes the adele ring of Q. Recall that we have
fixed embeddings of Q into C and into Gp for all p. Suppose that m = ®; Ty is a
cuspidal automorphic representation of GL2(A) such that mo, is a lowest discrete
series representation of GL2(C) with trivial central character. Recall that the set
of such representations 7 is in one-to-one correspondence with the set of weight two
newforms. The theory of Eichler and Shimura associates a continuous irreducible
two-dimensional representation

pr : Gq — GL(V;)

over Q, to m which is characterized as follows: For any prime p # ¢ such that 7, is
unramified, p, is unramified at p and p,(Frob,) has characteristic polynomial

X2 —t,X + psy,
where t,, denotes the eigenvalue of the Hecke operator

7, = |G1az,) () ) GLa@,)

GL2(Z
on Tp 2( p)

, and s, denotes that of

s, = [GLQ(ZP) ( v 2 ) GLQ(ZP)} .

Let S(m) denote the set of primes p such that 7, is ramified, and let .S be any
finite set of primes. Then the set of ¢, for p & S U S(m) generates a number field
over which 7 is defined, and p, is defined over the closure of this field inside of
Q, (some finite extension of Q). If 7 and 7’ are such that the corresponding
eigenvalues t, and ¢, coincide for all p ¢ S U S(w) U S(n'), then in fact 7 = 7.
For any automorphism o in Gy, there is an automorphic representation denoted 77
such that p7 ~ pro.

For any prime p, the local Langlands correspondence associates to m, a certain
continuous semisimple two-dimensional representation WD(m,) : W, — GL(Dx,)
over Q with discrete topology. Our convention here is that W D(,) is the restric-
tion to W), of o(m,) ® | |7!, where o(m,) is as in [3] and we have identified Q.
with Wpab by the Artin map (which, with our conventions, sends p to a preimage
of Frob, € W,/I,). Thus II — WD(II) establishes a bijection between (a) iso-
morphism classes of irreducible admissible infinite-dimensional representations of
GL2(Q,) defined over Q, and (b) isomorphism classes of continuous semisimple

representations W, — GL2(Q). The bijection has the following properties:

e If x is a continuous character Q,; — QX , then WD (II® yodet) = WD(II)®x.
e The determinant of WD(II) is exr, where xi1 is the central character of II.

A theorem of Carayol ([3, Thm. A], generalizing results of Langlands and Deligne)
shows that

Q, @ WD(mp) = (prlw,)™
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for p # £. If my is not special, then p,|g, is Barsotti-Tate over any finite extension
F of Qg such that WD(my)|r,, is trivial and

Q, &g WD(m) = WD(pxla,)-
For a proof of this last isomorphism, see Appendix B (note also that the isomor-

phism of representations follows from the main theorem of [34]).

4.2. The local Langlands correspondence. We shall need to recall some prop-
erties of the correspondence II « W D(II). Before doing so, we define, for each
n > 0, open subgroups

Uo(p™) D Ue(p™) D U1(p™) D U(p")

of GL2(Z,) as follows. We set

o v == {
o Ui(p") = w, " |a € (Z/p"Z)* has ¢-power order p;

n

o =={(7 1)k

o U(p") = ker wy;
where w,, denotes the natural projection GL2(Z,,) — GL2(Z/p"Z). For V =Uy(p"),
Ui(p™) or Uy (p™) with n > 1, we let U, denote the Hecke operator V' ( p 0 ) 14

/N
* O % O %
* 8 % % ¥

0 1
on IIV. If V and V' are two such subgroups with V/ C V, then the operators
denoted U, are compatible with the natural inclusion IV — IIV".

Lemma 4.2.1. There is an integer ¢ = ¢(I1) > 0 such that
dim TV ®™) = max{0,m — ¢ 4 1}

for allm > 0.

1. If ¢ = 0 and n > 0, then the characteristic polynomial of U, on Vo (") =
Y (P") s X1 (X2 —1,X +ps,), where t, (respectively, s,) is the eigenvalue
of T, (respectively, Sp) on ﬂ';(,}Lz(Zp).

2. If ¢ >0 and n > 0, then the characteristic polynomial of U, on IIV1 P s
X"™(X — up), where u, is the eigenvalue of U, on TTV1(P"),

With the above notation, we have the following well-known properties of the
correspondence II « W D(II).

Lemma 4.2.2. 1. Suppose that ¢ = 0. Then WD(II) is unramified and the
characteristic polynomial of Frob, on WD(II) is X% — t,X + ps,.

2. Suppose that ¢ = 1. Let x denote the character of Z, defined by the action of
F) = Uy(p)/Ui(p) on Y @), Then WDL)|;, 2 1@ xonp1. If X is trivial,
then WD(II) 2 € @ £| |71 where & is unramified and &(Frob,) = u,. If x is
not trivial, then Frob, acts via u, on WD(II)!».

3. Suppose that ¢ > 1. Then c is the conductor of WD(II). Moreover u, # 0 if
and only if WD)’ # 0, in which case Frob, acts via u, on WD(II)!».
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Note that the only case where ¢(II) is not the conductor of WD(II) is when
¢(IT) = 1 and the central character of II is unramified. We refer to such II as un-
ramified special representations. We let e(II) = 1 if W D(II) is unramified special,
and e(Il) = dim W D(I)!» otherwise. In general, if 7 is an automorphic represen-

tation as above and p # £, then dim ps’ = e(mp).

e(mp)te(np)
Corollary 4.2.3. The characteristic polynomial of Uy, on wgl (P ") s of the

form zf(x) where f(x) has degree e(m) and roots which are £-adic units.

We also have the following relationship between W D(II) and the action of
GLy(Z/p"Z) = GLy(Z,)/U(p™) on v @™

Lemma 4.2.4. 1. Suppose that x : F; — Q. I (spx@xodet,HU(p)>GL2(Fp) #
0, then WD(II)|1, = x 0 1p,1 D x 0 Np,1. Conversely if WD(II)|1, = x onp1 ©
XOMNp1, then either TIV(P) = spy © x odet and 11 is the twist of an unramified
representation, or I1V(P) = sp, and II is special.

2. Suppose that x1 # x2 : F)} — Q. It (I(xl,xg),HU(p)>GL2(Fp) # 0, then
WD)z, = (xa07p.1) & (X2 01p.1). Conversely if WD(I)|1, = (x10mp,1) &
(X2 0 Mp.1), then TIV®) = [(yq, x2).

3. Suppose that x : A = W(F,2)* — Q" is as in §3.2 with conductor p"A. If
<®(X)aHU(pn)>GL2(Z/pnz) # 0, then WD(I)|1, = (xomp,2)® (xoFrob,on,2).
Conversely if WD(II)|;, = (x omp,2) ® (x © Frob, ony,2), then IIV®") 2 ©(y).

These assertions follow from explicit descriptions of the local Langlands corre-
spondence. The first two parts can already be deduced from the properties listed
above, together with the classification of representations of GLy(F,). For the third
part, see [24, §3].

5. HECKE ALGEBRAS AND MODULES
5.1. Definition of Hecke algebras. We use the notation of §1.3. In particular,
p:Gq — GL(V)

is absolutely irreducible, 7 is an ¢-type strongly acceptable for p|g, and S is a finite
set of primes not containing ¢. We suppose from now on that p is modular, meaning
there exist an automorphic representation as in §4 and a finite extension K’ of K
such that p, = Q, ®w/ p for some deformation p of 5 to O’. We let Ng denote the
set of 7 such that this holds for some p of type (S,7). We shall write Rg for the
universal deformation ring of type (S, 7), and pg for the universal deformation.

Let S(p) denote the set of primes p such that p = ¢ or p is ramified at p. Let
T'(p) denote the set of primes p such that p = —1 mod ¢, p|g, is irreducible and
pl1, is reducible. We let Tg denote the polynomial algebra over O generated by
the variables T}, and S, for p € S U S(p). We define the Hecke algebra T as the
image of the O-algebra homomorphism

Ts — H Q,
TENg

sending T}, — t, and S, — s, in each component. We let Is denote the kernel of

Tg — Ts. We also let 'i‘ls denote the polynomial algebra over Tg generated by
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the variables U, for p € S, and let I denote the ideal generated by I's and the set
of Uy forpe S.

For each prime p we will define open subgroups Vg ,, normal in Us , C GL2(Z,),
an element wg, € GL2(Q,) and a finite-dimensional irreducible representation

osp of Usyp/Vs,p over Q. For p # [, let ¢, denote the conductor of p|g, and
ep = dimy p'». If p € T(p), then ¢, is even and we can choose a character y, :

W(Fp2)* — QX of order prime to £ whose reduction X, satisfies

pl1, @k F, = Xp © lp,2 © X, © Froby, o1y .

o If p g SUT(p)U{l}, then Ug,p = Vs, = Ur(p®), wsp = < 0 -1 ) and

p* 0
osp=1.
o If pe S—T(p), then Usy = Vs, = Up(p»Ter), wg,, = < pcp(lep 01 ) and
0S8,p = 1.
e If p € T(p) — S, then Us, = GLa(Z,), Vs, = U(p*/?), ws, = 1 and
0S,p = G(XP)'

e If p € T(p) N S, then Us, = Uy(p), Vs, = U®>'?), ws, = 1 and 05, =
@(Xp)|Us,p/v.s,p-
o If p =1/, then Ugp = GLa(Zy), Vsp =U(¥), wsp =1 and og,, is
x o det, ingXOwl@XOwlfOl"SOIIleX:F;HQX;
I(x1,x2), 7= x10w @ xeowr with x1 # x2: FéX —>6X;
O(x), ifT%xowQEBxeowQwithx;«éxe:F;—>QX.
We will set Ug = Hp Usp, Vs = Hp Vs p, ws = pr&p and og = ®pUs)p.

We have defined wg for later use. The point of the definitions of Ug and og is the
following lemma.

Lemma 5.1.1. Suppose that p, = Q, ®o p for some deformation p of p to the
ring of integers O’ of a finite extension K' of K. Then m € Ng if and only if

Homy (og, ) # (0).

In that case, the eigenvalues of U, on Homyg(og,m) for each p € S are either 0
or {-adic units, and the subspace on which U, =0 for all p € S is 1-dimensional.

Proof. This follows from the results recalled in the preceding section together with

the analysis of possible lifts of p|g, for p # £ (see [4] and [15]). In particular that

analysis shows that c(mp) + e(m,) = ¢, + ep. Moreover if p & T(5), ¢, = c(mp)

and det p|7, has order prime to £, then pl|;, satisfies the local condition at p in the
U(pr/?)

definition of type (S, 7). On the other hand, if p € T'(p), then 7, as a module
for GLy(Z,) is isomorphic to ©(x,1),) for some character ¢, of -power order. Note
that in that case ©(xp¥p)|v, () = O (Xp)| v (p)- |

Corollary 5.1.2. The set Ng is finite, Tg is finitely generated as an O-module
and the natural map

Ts ©o Q; — H Q

TENg

is an isomorphism.
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Proof. By the lemma, Ng is finite, from which it follows that T'g is finitely generated
over 0. For m € Ng and p ¢ S U S(w), let ¢,(m) denote the eigenvalue of T}, on

ngz(ZF’). Choose any m € Ng. For each 7' € Ng distinct from 7, choose a prime
p(r') & SUS(m) U S(n') with ¢,z (7) # tpry (). The element

H (Tp(ﬂ/) ®1l-1® tp(ﬂ'/)(ﬂ-/)) € Ts ®o QZ

L=y
maps to 0 in all components except for the wth one, where it has non-zero image.
This proves surjectivity. It now suffices to show dimg Tg ®9 K < |[Ng|. Let
K. C Q, denote the subfield of finite degree over Q, which is generated by the
tp(m)’s for p & S U S(w). Under the natural action of Gx C Gy on the coefficient
field Qg, Ng is stable. For 0 € Gk, pre = pZ ~ p, if and only if o fixes K, so the
orbit of 7 under the action of G i has size equal to [K, : K]. Thus, if we sum over
a set X of representatives for the G g-orbits in Ng,

Ns| =) [Kx: K.
TeX

But the image of Ts ®¢ K in the wth factor Qe is K, and using the Gx-action we
see that any element of Tg ®¢ K is determined by its image in the K, ’s for 7 € X.
Thus, dimg Ts ®9 K < |Ng|. ]

5.2. The universal modular deformation. For each 7 in Ng, the universal
property of the deformation ring Rg provides an O-algebra homomorphism Rg —
Q, so that p, is the extension of scalars of the universal deformation. The map

Rg — H Q
mENg
has image Tg since Rg is topologically generated by traces. We let ¢g denote the
resulting surjective O-algebra homomorphism
Rs — Tg.

Note that whenever S C S/, we have a natural commutative diagram of O-algebra
homomorphisms
T S’ — T S’ «— RS’

1 il !
Ts — Ts <« Rg,

with all maps surjective except Tg — Tg, which is injective.

5.3. Definition of Hecke modules. It is convenient to fix an auxiliary prime
r ¢ S(p) such that no lift of p can be ramified at r (see Lemma 2 of [15]). Thus
we have Ns = Ngygry, 80 Tgugry = Ts. We also assume the field K is sufficiently
large so that it contains all quadratic extensions of some field Ky such that

e p is defined over ko;
e 0y, g Qq is defined over Ky for each p € T'(p) U {/}.

For each p € T'(p) U{¢}, we fix a lattice M), as in Lemma 3.3.1 for 0y , and a pairing
(, )p inducing an isomorphism

M, — Homg (M;Da O(Xp))
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of OUp p-modules, where x, = 1, o det, 1), being the central character of oy .
Letting Mg denote the model ®p€5 M, over O for og, we have a pairing ( , )g on
Mg which induces an isomorphism

Mg — Homo (Ms, O(xs))

of OUg-modules, where ys = ¥g o det; here g = ®p65 Up.
If U is an open compact subgroup of GLa(A°), then we will let Yy denote the
modular curve

GLy(Q\((GL2(A™)/U) x (C = R)) = GL2(Q)\ GL2(A)/UUx,

where Uy, = O2(R)R*. We let X denote its compactification obtained by adjoin-
ing cusps. Recall that Xy is not necessarily connected (its connected components
are in bijection with Z* /det U), and that Xy has a model over Q. Our convention
for the definition of this model is that Yz7(Q) is in canonical bijection with the
set of equivalence classes of pairs (FE, ), where E is an elliptic curve over Q and
a:Ax A (projlim, E[n]) ®; A. We consider (Ey,a1) ~ (Ea,az) if there is
an isogeny ¢ : Fy — Fy such that ¢ o a3 = ag o u for some u € U. The point
GL2(Q) - (zU, 1) corresponds to the elliptic curve C/A, where A; = Z7 & Z and
« is defined by composing = with the isomorphism obtained using (7, 1) as a basis
over Z for projlim,, E[n].
We obtain an admissible GLa(A°°)-module

H = injlim H' (Xy, Q)
U

where the limit is with respect to the natural maps on cohomology induced by
Xy — Xy whenever V. C U. Then H decomposes as €D, (B @& By ) where each

B is a model for 7. We recover each H' (X, Q) from 3 as the subspace HY of
U-invariants.
We let Xg = Xy, and consider H!(Xg,0). We have natural compatible actions

on it of ’i‘t.;, and Gg = Ug/Vs. If r is in S, then we define Lg to be the T g-module
HomO[Gs] (M57H1(X57 O))[Ié]

(If I is an ideal in a ring R and M is an R-module, we write M[I] for the largest
submodule of M whose annihilator contains I.) If r is not in S, then we set
Ls = Lsu(ry-

Lemma 5.3.1. The (Ts ®o K)-module Ls ®¢ K is free of rank two.
Proof. We may assume 7 is in S and replace K by Q,. Writing H'(Xs,Q,) as

(H ®66g)vs and decomposing H, we obtain an isomorphism of Tg®¢ Q,-modules

Ls @0 Q, = @ (B, ©g Q,)ls]

where Bl is the subspace of Homy,(og, B} @ B ) killed by U, for all p in S.
By Lemma 5.1.1, this space is two-dimensional whenever 7 is in Ng. The lemma
follows, since for p not in S U S(p), the operators T}, and S, act on B as t, and
sp, Tespectively. O

There is also a natural action of Gq on Lg compatible with that of Tg. This can
be defined, for example, via the isomorphism of Homz, (H' (X, Z¢), Z¢) with the ¢-
adic Tate module of the Jacobian of Xg. Each m € Ng gives rise to a homomorphism
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0r5:Ts — Qg sending T, — t, and S, — s,. The resulting representation of Gq
on Ls @14 Q,(1) is isomorphic to p,, and we therefore have the following lemma:

Lemma 5.3.2. There is an isomorphism

Ls ®0 Qy(1) = @ Ve

TENg
of representations of Gq over Tg ®p Q, = Drens Q.

5.4. The main results. Recall that we are assuming 7 is as in §1.3 and that it is
modular. We defined Ng and Tg in §5.1, ¢s in §5.2 and Lg in §5.3. We have not
yet shown that these objects are non-trivial. We shall deduce the following lemma
from related results in the literature in §6.

Proposition 5.4.1. With the above notation and hypotheses, Ng # (.

Our main result is the following theorem; we give the proof in the rest of this
section, subject to some propositions which are proved in §6.

Theorem 5.4.2. With the above hypotheses and notation, the following hold:
1. ¢g is an isomorphism;
2. Tgs us a complete intersection;
3. Lg s free over Tg.

5.5. Reduction to the case S = (. Following Wiles [46], we shall deduce the
result for arbitrary S from the result for S = 0.
For each p ¢ S U {¢}, we define an element y, € Tg as follows:
If e, = 2, then p, = (p — 1)(T7 — Sp(1 +p)?).
If e, = 1 and det p is unramified at p, then p, = p* — 1.
If e, =1 and detp is ramified at p, then p, =p — 1.
If e, =0 and p € T(p), then pp, =p+ 1.
If e, =0 and p ¢ T(p), then p, = 1.
If ¥ is a finite set of primes disjoint from S U {£}, we let ps =[] o f1p-
The key proposition we prove in §6 for the induction step is the following:

Proposition 5.5.1. 1. There exists a pairing { , )s on Ls which induces an
isomorphism

Ls — Hom@ (Ls, O)

of Ts-modules.
2. IfSc S and £ & S, then there exists a Ts -module homomorphism

ig/ :Lg — Lg/
such that is,50 ®e k is injective and
j$i% Ls = psr—sLs
where jg, is the adjoint of ig, with respect to the pairings { , )s and { , )g.

Fix for the moment an element 7 of Ny. Note that if part 1 or 2 of Theorem 5.4.2
holds for some K such that T is defined, then it holds for all such K, and similarly
for part 3 provided Lg is defined. We may therefore assume that K contains the
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eigenvalues t, and s, for all p & S(p). Let pgs denote the kernel of 0, s and Jg the
annihilator of pg in Tg. Define

Cs,p = Ls/(Lslps] + Ls[Js])-
This is isomorphic to the cokernel of the map
Llps] — Homo (L[ps], 0)

defined by the restriction of { , )s. Thus Cg g has finite length over O, and by
Proposition 5.5.1 we have

lengthy Cguipy,e = lengthy Cs g + 2 - lengthy (0/07 s (p1p)).

Since 0, s(pp) is a unit times the determinant of Frob, — 1 on ad’ Vi (1)!», we
can combine this with Theorem 2.4 of [13] and Corollary 1.4.3 to conclude that
Theorem 5.4.2 for all S follows from the special case S = {J.

5.6. The case of S = (). We now turn to the proof of Theorem 5.4.2 in the case
S = (. We will use the improvement on the method of Taylor and Wiles ([45])
found by Diamond ([13]) and Fujiwara ([23]). We keep the above hypotheses and
notation, but only consider finite sets .S of primes with the following properties. If
p € S, then

* p&S(),

e p=1mod/,

o p(Frob,) has distinct eigenvalues a4, and ag p.

One checks as in Lemma 2.44 of [9], that for each p € S, the restriction to G, of
the universal deformation pg is equivalent to xf’) »® xgq’) p for some characters

Xf » Gy — RS,
where the reduction of xf:p mod the maximal ideal of Rg is unramified and sends
Frob, to a;, for i = 1,2. The restrictions x7 |7, are of the form &, o wy, 1 where
wp,1 denotes the mod p cyclotomic character I, — (Z/pZ)*. Welet Ag = ][ g Ay
where A, denotes the ¢-Sylow subgroup of (Z/pZ)*. We regard Rg as an O[Ag]-
algebra by mapping

gf,p : AP - R;
for each p € S. This makes Lg an O[Ag]-module. We let as denote the augmen-

tation ideal of O[Ag]. The last key result whose proof we postpone until §6 is the
following proposition:

Proposition 5.6.1. The O[Ag]-module Lg is free. The map mps : Ls — Ly
induces an isomorphism
Ls/l‘lsLs = L@.

We also need the following lemma, which is proved exactly as Theorem 2.49 of
[9] using Lemma 1.4.1.
Lemma 5.6.2. There exists an integer r > 0 such that for any integer n > 0, there
exists a finite set of primes S,, disjoint from S(p) such that

1. ifpe Sy, then p=1mod {™;

2. if p € Sy, then p(Frob,) has distinct eigenvalues;

3. #S, =7r;

4. Rg, can be topologically generated by r elements as an O-algebra.
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We can then apply Theorem 2.1 of [13] to complete the proof of Theorem 5.4.2
in the case S = (). (See the proof of Theorem 3.1 of [13].)

6. COHOMOLOGY OF MODULAR CURVES

In this section we will give the proofs of Propositions 5.4.1, 5.5.1 and 5.6.1.
We maintain the notation of the preceding section. In particular, we consider a
representation 5 : Gq — GLg(k) which is irreducible and modular. Recall that Tg
is the polynomial algebra generated by the operators T}, and S, for p not in SUS(p).
We define mg to be the kernel of the map Tg — k defined by T, + tr(5(Frob,)),

S, +— p~1det(p(Frob,)). We consider also the polynomial algebra ’i‘ls over Tg
generated by the operators U, for p € S, and the maximal ideal m)y generated by
mg and the operators U, for p € S. Recall that since p is irreducible, the maximal
ideals mg and my are not Eisenstein. (We say a maximal ideal m of T or Ty is
Eisenstein if there exists an integer N > 0 such that T, -2 € m and S, —1 € m for
all p € SUS(p) with p =1 mod N; see [14, Proposition 2], for example.)

For n > 0, we let L, denote the SLy(Z)-module Symm™Z2. Recall that if
I'1(N) Cc T CTy(N) for some N > 1 and SUS(p) contains the set of prime divisors
of N, then there is a natural action of Tg on H'(I', L, ® M) for any O-module M.
(See for example, [43, Chapter 8].)

6.1. Preliminary lemmas. The following is a consequence of the results of Ribet
and others (see [11, Corollary 1.2]).

Theorem 6.1.1. Suppose that 0 <n < ¢ —1 and p|y, is of the form

Wt
° 0 1 with * peu-ramifié if n =0, or

. wytt 0
0 wgn-l-l)f .

Let N be any integer divisible by the conductor of p, let ' denote the group of

d
set of primes such that SU S(p) contains the set of prime divisors of N. Then mg
contains the annihilator of H'(T', L, ® K), hence is in the support of H'(T', L, ® Q)
and HY(T', L, ® k).

matrices ( ch b ) € To(N) such that d mod N has £-power order and let S be a

Suppose that V is an open compact subgroup of GLy(A>). We assume that
V' is of the form J[,V}, with V,, C GL2(Z,) and that V. C U (r?) for some fixed
prime r as in §5.3. Suppose that ¥ is a finite set of primes, and that for each p in
Y we are given a finitely generated O-module M), with a left action of V,, which is
continuous for the discrete topology on V,,. We can then associate to the V-module
M =@, M, alocally constant sheaf

Far = GLo(Q)\(GLa(A) x M°P)/V U

on Yy. If ris in S, then we let Ys = Yy, and Fg = Fy;_, where Mg denotes the
Ug-module Homo (Mg, Q). (See §5.1 and §5.3 for the definitions of Ug and Mg.) If
r is not in S, then we let Yg = YSU{T‘} and Fg = ?Su{r}-
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If for all p ¢ SU S(p) we have V), = GL2(Z,) and V,, acts trivially on M, then
there is a natural action of Tg on the cohomology groups

H!(Yy,Fy) and H'(Yv,T ).
Standard arguments yield the following useful technical result.

Lemma 6.1.2. Suppose V., M and S are as above and let m be a non-Eisenstein
mazimal ideal of Ts with finite residue field.

1. The map H}(Yv,Frnr)m — HX Yy, Far)m s an isomorphism.
2. If M 1is free over O, then the natural map

H' Yy, Fs)m @0 k — H (Yv, Frrgok)m

18 an isomorphism.
3.If0 > M — M — M"” — 0 is an exact sequence of O[V]-modules, then the
sequence

0— H' Vv, Fu)m — H Vv, Ft)m — H (Y, Farr ) — 0

15 exact.
4. If V! C V and satisfies the hypotheses above for S, then

H' Yy, Fm)m — H (Yo, Fao)i

18 an isomorphism.
5. If V acts trivially on M, then

HY Xy, 0)m @0 M — H' (Yo, Far)m
18 an isomorphism.

If in addition we have Ui(p™) C V, C Up(p™) for some n > 0 and V, acts
trivially on M for all p € S, then this action extends naturally to an action of ’i‘i.;
Furthermore, the lemma holds for m = m/. In particular, T/SU (r} acts on

H!(Ys,Fs) and H'(Ys,Ts)
and the lemma yields natural isomorphisms
H!(Ys,Fs)m — H'(Ys,Fs)m — Homgy (Ms, H' (X5,0))m
where m = m/ | ) One can also check that the natural map
Ls = Homg, (Ms, H'(Xs, 0))[Ig 4] — Homey (Ms, H' (X5, 0))m
is an isomorphism, so we conclude:
Lemma 6.1.3. There are natural isomorphisms of T/Su{r} -modules

H!(Ys,Fg)m = H' (Ys,Fs)m = Ls

identifying Ts = Tsyq,y with the localization at m of the image of TISU{T} in
Endo I’I1 (Ys, .rfs) (07“ Endo Hcl (Ys, S:'S))'
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6.2. Proof of Proposition 5.4.1. Suppose for the moment that 0 <n < ¢—1
and p|y, is of the form

0

. wytt 0
0 w§n+l)l .

Setting S = T(p) U {r}, we find that the group I' = SLy(Z) N Ug satisfies the
hypotheses of Theorem 6.1.1. Furthermore

H'(Ys,F ) = HYT, L, ®k)

Wt
° < 1 > with * peu-ramifié if n = 0, or

as a ’i‘/s—module where M is the module for Ug ¢ = GL2(Z,) defined by the action
of GL2(F,) on Hom(L,, k). Therefore mg is in the support of H'(Ys,Fr). On
examining the list of possible 7 which can be considered strongly acceptable for p
(see the definition after Conjecture 1.2.3), we see from Lemma 3.1.1 that M is a
constituent of Homg (Mg, k). It follows from Lemma 6.1.2 that mg is in the support
of H'(Ys,Js), so Lg is non-zero and Ng is non-empty. Moreover by twisting by a
power of the Teichmiiller character, we see that this holds without the assumption
on p|y, imposed in Theorem 6.1.1.

Now choose an automorphic representation 7 in Ng. Then for each p € T'(p),
pr|1, is necessarily of the form

X;; 0 7p,2 D X;; o Froby, ony, 2
for some character x; of W(F2) such that X; = Xp- Suppose now that O is
sufficiently large that each representation ©(x;,) has a model M, over O, and set

My = M@0 Q) M,

peT(P)
It follows from Lemma 6.1.2 and the last part of Lemma 4.2.4 that
HOTHO[G{T}](MET}v H' (X(ry: 0))ms = H' (Yg, EMQT})ms # 0.
Finally, since MET} ®o k = My, ® k by Lemma 3.2.1, we conclude from Lemma
6.1.2 that mg is in the support of
Hl(}/{r}v 3:{7‘}) = Hl(Y@7 3:(2))3
hence Ny is not empty.
6.3. Proof of Proposition 5.5.1. We first define the pairings ( , )s on Lg in-
ducing isomorphisms
Ls — Homg(Ls,0)

of Tg-modules. We may assume r € S. We let Wg denote the involution of Yg
defined by g — (det g)"'gws, where wg was defined in §5.1. There is a natural
isomorphism of sheaves

WsTFs — Fs(xs) = Fs @0 Fygodet

where x5 = 05|axnus- (Recall that Fg is associated to Mg = Homg (Mg, 0).) The
Ug-equivariant perfect pairing chosen in §5.3 gives rise to one on Mg which defines
an isomorphism of sheaves Fs(xs) — Fars. We thus obtain an isomorphism

H}(Ys,Fs) — H!(Ys,WiFs) — H! (Ys, Fug)-
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The cup product gives rise to a pairing
H!(Ys,Fng) x H' (Ys,Fs) — HZ(Xs,0) 20,
which defines an isomorphism
H!(Ys,Fny) — Home (H' (Ys, Fs), 0).
We thus obtain an isomorphism

H!(Ys,Fs) — Home (H'(Ys,Fs), 0),

which one can check is ’i‘ls-linear. Localizing at m and applying Lemma 6.1.3, we
obtain the desired isomorphism

Ls — Hom@ (Ls, O)

of Tg-modules, arising from an alternating pairing ( , )s on Lg.
Now we suppose p is a prime not in S U {¢} and we define a homomorphism

ig/ :Lsg — Lg
of Tg-modules where S = S U {p}. We use the identity map if p = r, and then

-

we can assume r € S. We let fpn = ( pO ]

) , where the subscript p indicates
p

that this matrix is inserted in the p-component of the adeles. Let Tff) denote the

polynomial algebra over O generated by the variables T, and S, for ¢ & S" U S(p)
and U, for ¢ € S. We regard Tg’) as a subalgebra of both ’i‘tg and ’i‘:g/, and let
mgp) =mgN T(Sp) =my N Tg’”.

If 0 <n < ep, then g — gBy» defines a map Vs — Ys and (. Fg is canonically
isomorphic to Fg:. We also use B,» to denote the induced T(Sp)—linear map on
cohomology

H'(Ys,Fs) = H'(Ys:, T).
Now consider the map
igl : Hl(Ys, ?S)m(sp) — Hl(YS'aSFS')m(Sm

defined by

o v pbix— Bplpx + By2Spx, if e, = 2;

o x— pbhix — BpU,z, if e, =1;

o x— [z, if e, =0.
Using Lemma 6.1.2 we can identify H'(Yg, Fg)m(sm with the Tg,-module Lg. One
then checks that the image of i3 is in H'(Ys, ?Sl)mgp) [Up], which can be identified

with the Tg,-module Lg/. We thus obtain the desired map % : Lg — L.

These are compatible for varying p in the sense that i3, ) © Z.gu{p} =3, (@) ©

igu{q} if S = S U {p,q} for distinct primes p,q ¢ S U {f}. We can therefore
inductively define igl :Lg— Lgif SC S and £ ¢ S'.

To complete the proof of the proposition, we can assume S’ = S U {p}. First
consider the calculation of j£,i3 . The assertion holds for p = r since p, is a unit
in Tg. We can then assume r € S.
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In the case e, = 2, one finds that the adjoint of fp» is the trace map
Hg(YS’ag:S’) - Hcl(stgs)

with respect to Bp2-», which we denote 6;2*"' After localizing at m(Sp ), we can

compute the composites 35 G,n on H' (X, 0), for example. Finally, we are reduced
to the calculation of

T, —(p+1)S, T, pp+1) p
d(p, =Ty, S;D) Ty p(p+1) pSp_lTp =T,
p(p+1) pSp_lTp SEQ(T,? —(p+1)Sy) Sp

where d is the prime-to-¢ part of ¢(p?). The result is —dpu,,.
The case of e, = 1 is similar, except that one gets —pUp,(p* — U;U,) where

Uy =Vsyp < (1) 2 ) Vs p. One then uses that
P

U — { 1, if m, is unramified special,
PP p, if m, is principal series with e, = 1.
Note that this also shows that U, is an automorphism of Ls.

In the case e, = 0, one gets jg,igl =p+1ifpeT(p) and jg,igl =1ifp¢ T(p).

We now turn to the proof that Lg ® 9 k — Lg» ®¢ k is injective. Again we may
assume 1 € S and S’ = S U {p} for some p & S U {¢}.

First we treat the case e, = 0. There is nothing to prove if p € T'(p), and if p is
in T'(p), then the assertion is immediate from Lemma 6.1.2.

The remaining cases of Proposition 5.5.1 follow from Lemma 6.1.2 and the lemma
below, the first part of which is essentially due to Ihara [27] and the second to
Wiles [46]. For the following lemma, we let Vi(N) = ][, Ui(qvs™)), Vo(N) =
[1, Uo(g"*™) and V/(N) = T], U(g"s™)). We also let V1 o(N, N') denote V1 (N)N
Vo(N') and Vi (N, N’) denote V1(IN) N V(N'). We also use §, to denote the map
HY(Xv,Fu) — HY(Xv+,F ) induced on cohomology (by the matrix 3,) whenever
ByV'3, 1 C V and V, acts trivially on M.

Lemma 6.3.1. Suppose that D and N are relatively prime positive integers with
N > 3 and p not dividing ND{. Let m = my where X is a finite set of primes con-
taining those dividing N Dpf. Suppose that M is a k[GLa(Z/DZ)]-module, finite-
dimensional over k.

1. The map

184
H' (Xvy () Fi)a —F HY (Xvi(vp), Far)m

18 1njective.
2. If s > 1, then

(_ﬁpxl)
—

108
0 — H"(Xv,(np-—1), Far)m HY(Xvy(npe), T )i — H' (Xvy (npot1y, Far)m

s exact.
Proof. We first explain the proof of the second part. Let V = Vi (Np®)B, and

L= Hl(XVI(N)ps), Frr)m- Then using Lemma 6.1.2, we see that we are required to
check the exactness of

(0) — LV1(NP571) — LV VW) __, LVf'ﬂfl(NPS)7
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where the non-trivial maps are given by = — (—z,z) and (x,y) — « + y. Thus
it suffices to check that Vi (Np*~!) is generated by Vi(Np®) and V, which is a
straightforward calculation.

We now turn to the proof of the first part of the lemma. By Lemma 6.1.2, it
suffices to show that if (z,y) is in the kernel of

138,
Hl(XV1(N), SFM)Q — Hl(XVl,o(N;P)’ ‘?M)’

then x restricts to zero in H!(Xy, Fys) for some open subgroup V C Vi (V). How-
ever we can rewrite this map as

HY(T'1(N), M)* — H"T'1(N)NTo(p), M)

0 1
suffices to show that if (z,y) is in the kernel, then there is a congruence subgroup
I C 'y (N) with Resz = 0in HY(I', M). Let A C SL2(Z[1/p]) denote the subgroup

modulo N. Then A is the amalgam of I'y (V)

with the map induced by 1 ¢ pu where p = ( p 0 ) € GL2(Z[1/p]). Thus it

1 =
of elements congruent to 0 1
and p~1T1(N)p over T'1(N) NTo(p) (see Serre [39, 11.1.4]). Thus we have an exact
sequence

HY(A, M) — HYT{(N),M) & H (T (N)p, M) — H*(T1(N)NTy(p), M).

(See [39, 11.2.8].) Thus it suffices to show that if z € H(A,7) there is a congruence
subgroup A’ C A with 0 = Resz € H'(A/, M). We may choose a subgroup A’ of
finite index in A such that Resxz = 0, and since A has the congruence subgroup
property [35], A’ will be a congruence subgroup. |

6.4. Proof of Proposition 5.6.1. For the rest of the section, S will denote a
fixed set of primes as in §5.6. We let s denote the cardinality of S. Recall that r is
a fixed prime such that no lift of p can be ramified at r. It is convenient to choose
another such prime 7’ and a character ¢ : (Z/r'Z)* — O of order greater than 2.
For each prime p, we define open subgroups V1, C Vo, C GL2(Z,) as follows:

o Vip=Vop=Upy,pifpg SU{r'}, where Uy, vy, was defined in §5.1;

o Vi, =Ui(p) and V, = Up(p) if p € S

o Vi, =Vo,=Uo(r"?) if p=1'.
We then set Vi = [[ Vip and Vo = [[,Vop, so Vi C Vo C Uygpy. We identify
Ug/Up,s with Ag =[] g Ap, where A, denotes the £-Sylow subgroup of (Z/pZ)*.
Recall that we defined a representation oy of Up in §5.1. Now we let 0 = oy ® 1/);2
where 1, is the character of Uy (1'?) — (Z/r'Z)* obtained by composing with 1. If
X is a Dirichlet character and 7 is an automorphic representation, we write simply
m-x for m ® (xa o det) where xa is the character of A*/Q*R* corresponding to

X-
The analogue of Lemma 5.1.1 for V; and Vj is the following:

Lemma 6.4.1. Suppose that pr.q = Q, ®o/ p for some deformation p of p to the
ring of integers O’ of a finite extension K' of K.

1. The space Homy, (o, 7°) is non-zero if and only if - € Ny. In that case
the dimension is 3 - 2°.
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2. The space Homy, (o, 7°) is non-zero if and only if the following hold:
o -1y is in Ng for some character x unramified outside S;
o ¢(mp) <1 forallpes.
In that case the character x is unique, and the space has dimension 3 - 2574
where d is the number of primes dividing the conductor of x.

Proof. For part 1, we note that if p € S, ¢(m,) < 1 and 7, has unramified central
character, then p,.,,-1 is unramified at p (using the above description of the uni-
versal deformation, or the analysis of local lifts in [15]). So if Homy, (o, 7°°) is not
zero, then ¢(mp) = 0 for each p € S and it follows that Homy, (013, (7))
is not zero. Therefore w4 € Ny, ..} = Ny. To compute the dimension if w1 € Ny,
one uses the lemmas in §4 to check that

3, ifp=r,

dim Homy, , (0, 7m,) = ¢ 2, ifpeS,

1, otherwise.

For part 2, we note that if p € S, then the central character xr, of 7, has {-power
order. We may therefore choose a finite order character x of A* so that xf, = X;pl.
If Homy; (o, #°) is not zero, then neither is Homy ., (Gsu(ry, (7 ¥x)>), so
7 - x is in Ngy(r,y = Ns. The uniqueness of x is clear and the dimension
calculation is similar to the one above. O

Choose a model M for o over 0. For i = 0,1, we let L, = H'(Yy,,F;)m where
M = Homgy (M, ) and m is the kernel of the map

TSU{T,T’} — k

T, = (p)~" tr(p(Froby))
Sp = 1p(p)~2p~ ! det(p(Froby)).

Lemma 6.1.2 lets us identify L; with Homey,) (M, H* (X, 0))m for V C Vi Nkero.
Lemma 6.4.2. The O-rank of Ly is 3 - 2°#Ny. The O-rank of Ly is 3 - 2°#Ng.

Proof. The first assertion follows from Lemma 6.4.1 and the argument of 5.3.1.
Simliarly one finds

ranky Ly = Z dim(Homy;, (o, 7'™)),
meNYy

where Ny is the set of automorphic representations as in part 2 of Lemma 6.4.1.
Note that if 7 € Ng, then for each p in S, pr|s, is equivalent to a representation of
the form &, & &, 1 where ¢ has f-power order. It follows that there are 2¢ twists of
7 in Ny, where d is the number of primes in S such that &p is ramified. O

There is also a natural action Ag on L; compatible with that of Tgyuy 35 in
fact, the action A, factors through the homomorphism

HS(Z/pZ) * - Tgu{r,r/}
pe

sending ¢~! to the image of S, for each prime ¢ ¢ S such that ¢ = 1 mod N(p)r?¢.
The key lemma for the proof of Proposition 5.6.1 is the following:

Lemma 6.4.3. The O[Ag|-module Ly is free of rank equal to the O-rank of L.
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Proof. Since Lg is isomorphic to LlAS7 it suffices to prove L; is free over O[Ag].
Since L; is an O[Ag]-module summand of H!(Yy,,F,;), it suffices to prove that
H(Yy,,% ;) is free. Letting T'; = GL2(Q) N'V;, we have

H'(Yy,, ) 2 HY (D1, M)
as a module for Ag =2 T'y/T"y. Since I'; and I'y are fundamental groups of connected
non-compact Riemann surfaces, they are free groups, so H*(I'y, A) = H'(T'y, A4)=0
for i > 1 and any I'g-module A. Note also that this holds for i = 0and A = M Q¢ k

since EQ is non-trivial. Therefore H'(I'1, M) is torsion-free over O, and it suffices
to prove that H:(Ag, HY(T'y, M)) = 0 for i > 0 (see [2, V1.8.10], for example), and
this is immediate from the Hochschild-Serre spectral sequence. O

We now complete the proof of Proposition 5.6.1. First note that the image of ag
in R?;’g is trivial, so we have a surjective map Tg/asTg — Ty. By Corollary 5.1.2,
this map is an isomorphism after tensoring over @ with Q,, hence after tensoring
with K. It follows that the rank of Tglas] is the same as that of Ty. Setting

bs = Anngag) as, we also see that the rank of Tg[bs] is the same as that of the
kernel of Tg — Ty. Since

ig (Ly) C Lslas]

and if is injective with torsion-free cokernel (by Proposition 5.5.1), we conclude
that equality holds. Similarly we find that Lg[bg] = ker jg. Furthermore, using the
surjectivity of j§ and the formula for j%i7, we conclude that

Ls/(Ls[bs] + Lslas]) — Lo/#As(Lg).

The first assertion of Proposition 5.6.1 now follows from Theorem 3 of [13], and the
second follows from surjectivity and comparison of ranks.

7. APPLICATIONS

7.1. Basic results. Combining Theorem 5.4.2 with [12, Thm. 5.3], we obtain the
following result.

Theorem 7.1.1. Let K denote a finite extension of Qg and k its residue field.
Suppose that p : Gq — GLa(K) is a continuous odd representation ramified at only
finitely many primes. Assume its reduction, p : Gq — GLa(k), is irreducible and
modular. Suppose also that £ # 2, that ﬁ|Q(\/m) is absolutely irreducible,
and that at least one of the following holds:

o the centralizer of p(Ge) consists only of scalars, p is potentially Barsotti-Tate

and the type of WD(p) is strongly acceptable for pla,,
e there are characters x1 and x2 of Gy such that x1|1, and xz2|5, have finite

order, X,€ # Xy and
~ X1€ *
p|Gz - ( 0 X2> :

Using the theorem, we will obtain the following strengthening of [12, Thm. 5.4]:

Then p s modular.

Theorem 7.1.2. Let E;q be an elliptic curve whose conductor is not divisible by
27. Then E is modular.
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Let us first recall some basic facts about an elliptic curve E over a finite extension
F of Q. If j(F) € Op, then E acquires multiplicative reduction over a quadratic
extension of F. If j(F) € O, then E acquires good reduction over a finite Galois
extension F’'/F with ramification degree dividing 6 if £ > 5, dividing 12 if ¢ = 3,
and dividing 24 if £ = 2. In the case of potentially good reduction, the j-invariant
of the reduction of the Néron model of E over O/ is the reduction of j(E). In
particular, the notions of potentially good ordinary and potentially supersingular
reduction are well-defined and can be detected from j(E) € F.

Let pg ¢ denote the representation of Gr on the Tate module of E, and assume
that E acquires good reduction over the finite extension F’/F. Then pg ¢ ®z, Q¢
is potentially Barsotti-Tate; in fact, this representation becomes Barsotti-Tate over
F’ and the representations WD(pg ) and pge|w, for ¢ # £ are defined over
Q (viewed as a subfield of Q,, Q,/) and are semisimple and isomorphic over this
common subfield of definition (for a proof, see Proposition B.4.2).

We need the following lemma:

Lemma 7.1.3. Let £ be a prime and E;q, an elliptic curve. Let p = pp ¢ ®z, Q.
1. If E has potentially multiplicative reduction, then

~ GX *k
p‘(o ><>

for some quadratic character x.
2. If E has potentially good ordinary reduction, then

ewlx *
”—( 0 a)—ﬂ‘x—1>

for some character x such that x|, is trivial if € > 3, and quadratic if £ = 2.
3. If E has potentially supersingular reduction, then p is irreducible.

Proof. First, we consider the case in which F is potentially ordinary. Let F' be a
Galois extension of Q over which E acquires good ordinary reduction. The ¢-power
torsion geometric points of the closed fiber of the Néron model of E,r give rise to
an unramified quotient of p|r, so p|r, is of the form

(0 1)

Let v generate the line on which Ir acts via €. Since Iy is normal in Gy, we see that
Ir acts via € on p(g)v for any g € Gy, so p is reducible. Moreover the representation

has the form
X1€ *
0 X2

with x1|7. = X2|1 trivial. Since x1|7, and x2|;, have order dividing the number of
roots of unity in Z, they are of the required form.

The case of potentially multiplicative reduction is similar; split multiplicative
reduction is attained over a quadratic extension and the Tate model yields a trivial
quotient in the split case.

There remains the case in which F is potentially supersingular. We will prove
that if E has potentially good reduction and p is reducible, then F is potentially
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ordinary. Let F' be a finite extension of Q, such that E,r has good reduction.
Since p is reducible, we must have

o [ X1 *
pE,e|GF—<O X2>-

The representation pg , arises from the Tate module of an ¢-divisible group I" over
OF, so the same is true of x;1 and x2 by [33, Prop. 2.3.1]. Clearly, the ¢-divisible
group over O corresponding to each y; has dimension 0 or 1, so it follows from [33,
Thm. 4.2.1] that each ;|1 is either trivial or €|7,.. Since x1x2 = ¢, it follows that
one of the characters is unramified. By Tate’s full faithfulness theorem [44, Thm. 4],
' has non-trivial connected and étale parts, so E/p has ordinary reduction. O

7.2. Modularity results. We now prove the following weaker version of Theorem
7.1.2:

Theorem 7.2.1. Let E;q be an elliptic curve such that ﬁE)3|Q(\/_—3) 1s absolutely
irreducible. If the conductor of E is not divisible by 27, then E is modular.

Proof. Recall that the modularity of p = pp, 5 follows from results of Langlands and
Tunnell. If E has a quadratic twist with semistable reduction over Qs, then E is
modular by Theorem 5.4 of [12], so suppose this is not the case. Since we assume
the conductor of E is not divisible by 27 (so the ‘wild’ part of the conductor at 3
is trivial), Lemma 7.1.3 shows that E acquires good supersingular reduction over
any extension L of Qs with e(L) = 4, but not over any extension with e(L) = 2. It
follows from § B.2 and Proposition B.4.2 that 7 = W D(p)|;, has the form &3 © &S,
where p = pg 3.

We now claim that the centralizer of p|g, consists only of scalars and that
W D(p)|1, is strongly acceptable for 5. Let F' be a ramified quadratic extension
of Q3 and consider the twist £ of E,p by any ramified quadratic character v of
Gp. Considering pgs ¢ for any ¢/ # 3, we see that E’ has good reduction, which is
supersingular since jp = jg. Therefore p|g, ® 1 arises from a local-local finite flat
group scheme over O and so satisfies the hypotheses in §2.3. The claim concerning
the centralizer follows, and 7 is acceptable by Corollary 2.3.2. To conclude strong
acceptability, we need to know that if p|q, ~ E[3](Q,) is reducible, then the split-
ting field is peu-ramifié. One can compute this splitting field to be Qs(y/—3, A/3),
which is peu-ramifié because 3|vs(A), or one can see the peu-ramifié property by
using [6, Thm. 4.2.2]. O

We shall use Wiles’ argument switching to ¢ = 5, where we have:

Theorem 7.2.2. Let E/q be an elliptic curve such that ﬁE75|Q(\/5) 1s absolutely
irreducible. If pg 5 is modular, then E is modular.

Proof. Theorem 5.3 of [12] applies if E has a twist with semistable reduction or,
in view of Lemma 7.1.3, potentially ordinary reduction at 5. We will show that
Theorem 7.1.1 applies even if E has potentially supersingular reduction (but has
no twist with good reduction). Making a quadratic twist if necessary, we can assume
E acquires good reduction over a field F' with e(F) = 3. Note then (by §B.2 and
Proposition B.4.2) that 7 = W D(p) must be of the form &§ & @1, where p = pg 5.
Applying the results of §2.2, we conclude that the centralizer of p consists only of
scalars and 7 is acceptable for p. Moreover, the list of possibilities in §2.2 shows
that p|r, is isomorphic (over the algebraic closure of F5 in the first case below) to
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one of the following:
o W' P w3™ for some m = 1 mod §;
1-m
o ( “ 0 L:;I ) for some m € {2, 3}, with * peu-ramifié if m = 2.
Appealing to Theorem 5.3 of [5], we can rule out the possibility that (over the
algebraic closure of F5) |1, & we @ w3, and conclude that 7 is strongly acceptable
for p. O

To remove the irreducibility hypothesis in Theorem 7.2.1, we need the following
lemma. We are grateful to Elkies for providing part of the proof (for details of
Elkies’ calculation, see the appendix of [17]).

Lemma 7.2.3. Suppose that E,q is an elliptic curve such that neither ﬁE)5|Q(\/5)
nor pr 3lq(y=s) s absolutely irreducible. Then jg € {0,(11/2)%5(29)%/2°%}, and
E is modular.

Proof. We divide the proof into four cases, according to whether the representations
Pp,3 and pg 5 are reducible.

Suppose first that both pg 3 and pg 5 are reducible. Then E gives rise to rational
points on X(15), and as noted in [46], such points are accounted for by elliptic
curves with conductor 50 (and j = 5(29)3/25), known to be modular.

Now suppose that one of the representations, say pg ,, is irreducible, but its
restriction to G is not absolutely irreducible, where F' is the appropriate qua-
dratic extension of Q. In the case of p = 3, we see (taking into account complex
conjugation) that the projective image of pp 3 in PGLy(F3) = Sy is isomorphic to
Z/27 x Z/27Z. 1t follows that the image of pp 5 has order 8 and that pg 3|k is in
fact reducible for some quadratic extension K of Q. In the case of p = 5, we see
(again using complex conjugation) that ﬁE75|Q( v5) s reducible and the image of
Pr.s has order 16.

Consider the case in which the other of the two representations pp, , is reducible.
The case of p = 3, ¢ = 5 is discussed in the final remark of [46], and the details
are given in [12, Lemma 5.5]. In that case one finds that E is isomorphic (over
Q) to a modular elliptic curve of conductor 338, with j = (11/2)3. We need to
analyze the situation with the roles of 3 and 5 interchanged. For clarity, we repeat
the argument of [12, Lemma 5.5] with two arbitrary distinct odd primes p and g,
and then specialize to the cases (p, q) = (3,5), (5, 3).

Thus, our elliptic curve E/q satisfies the properties that there is a subgroup
of order ¢ defined over Q and E[p](Q) contains two lines which are interchanged
by the action of Gq. We will now exhibit all such E,q as Q-rational points on a
suitable curve and will thereby check directly that all such E,q are modular. Define
the curve Y, q to be the quotient of the smooth connected affine curve Y'(pq)q (in
the sense of [28, §3.1]) by the subgroup of elements

s= (0 1) e cratz/iz)

for which ¢ =0 mod p, and a = d =0 mod q or b = ¢ = 0 mod ¢. This is the coarse
moduli scheme attached to the functor “isomorphism classes of elliptic curves F
over S with a cyclic order ¢ subgroup C' and an unordered pair of cyclic order p
subgroups {L1, L2} such that the natural map of S-group schemes L; X g Ly — E|[p]
is an isomorphism”, for variable Q-schemes S.
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The complex manifold associated to the base change Y)¢ is a smooth connected
open Riemann surface which is naturally identified with the quotient of the upper
half plane in C by the action of the group of elements g € SLo(Z) whose image
in GL2(Z/pqZ) satisfies the above congruences. The elements of Y (Q) correspond
to Q-isomorphism classes of triples (F,C,{L1, L2}) with E,q an elliptic curve, C
a Gq-stable subgroup of F[q](Q) with order ¢, and {L1, L2} a non-ordered set of
distinct lines in E[p](Q) such that the set {L;, Lo} is stable under the action of
Gal(Q/Q) on lines in E[p](Q).

In order to determine the Q-rational points on Y, we first identify it with another
curve. Let Yy(V)/q denote the smooth geometrically connected curve which is the
coarse moduli scheme for the functor “isomorphism classes of elliptic curves E over
S with a cyclic subgroup C of order N” for variable Q-schemes S. If d|N and
(d, N/d) = 1, then there is a natural involution Wy : Yy(N) — Yo(N) which on
geometric points is given by sending (E,C) to (E/Cld], (E[d] + C)/C[d]). This
is compatible with the involution Wy : Yo(d) — Yo(d) via the natural projection
Yo(N) — Yo(d) (we should really write Wy n for accuracy). We also note that if
e|(N/d) and (e, N/de) = 1, then the operators W, and W, commute, with composite
Wiae.

There is a natural map Yy(p?q) — Y arising from the map

(E,C) — (E/Clp], Clpa/Clp]. {C[p*)/Clp], E[p]/Clp]})

on ‘points’. This is visibly W.-invariant, so we get a natural map of smooth
geometrically connected curves Yy(p?q)/W,2 — Y. One can check that the map is
an isomorphism by noting that the resulting map on complex points is a bijection.

We will study Q-rational points on Yy(p?q)/ W2, and even its ‘compactification’
Xo(p?q) /W2, with W, acting on the smooth connected proper curve X, (p2q)/Q in
the unique way extending the above action on Yy(p?q). For p = 3, ¢ = 5, one finds
that X(45)/Wy is an elliptic curve of conductor 15, and has at most four rational
points, all accounted for by modular elliptic curves with j = (11/2)3. For p = 5,
g = 3, the resulting curve X = X(75)/Was is a curve of genus 3 whose rational
points were determined by Elkies as follows. The quotient Ey = X /W3 has genus
one and exactly one rational cusp. Elkies found an explicit Weierstrass equation
for Fy and concluded it is isomorphic to the elliptic curve of conductor 15 denoted
15-A3(B) [1,1,1,—5,2] in the tables of Cremona [7]. This curve has rank 0 and
a torsion subgroup of order 8. One need only look in the fibers of X — Ej over
the 7 non-cuspidal points in Ey(Q) in order to find the rational points on Y. By
writing the function field Q(X) as Q(Eo)[T]/(T? — f) for an explicit f € Q(Eyp),
Elkies computed that the value of f at 6 of the points in Ey(Q) is a non-square
in Q, and also that there is a single point in the geometric fiber on X over the
remaining point. From this it follows that there is a unique non-cuspidal point in
X(Q); since it is fixed by W3, it must arise from an elliptic curve over Q with
complex multiplication. One can also check that j = 0 for such a curve.

Finally we rule out the possibility that both pp 5 and pg 5 are irreducible. First
suppose that F has potentially multiplicative or potentially good ordinary reduction
at 5. In that case Lemma 7.1.3 shows that pp 5|g, is reducible, so its semisimpli-
fication is isomorphic to wy @ ¥ ! for some character . On the other hand, since
Pp,s s induced from G 5, the ratio of the above characters on G5 must be the

quadratic character trivial on GQs( B)- This gives wx? = w?, contradicting the fact
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that w is not a square. We can therefore assume that E has potentially supersin-
gular reduction at 5. If E has a quadratic twist with good supersingular reduction,
then the order of pp 5(I5) is divisible by 24, contradicting that pp 5(Gq) has order
16. Otherwise, the order of pp 3(I5) (which a priori divides 6) is divisible by 3,
contradicting that pp 3(Gq) has order 8. (]

We now complete the proof of Theorem 7.1.2. According to Theorem 7.2.1, we
may suppose that ﬁE73|Q( /=3) 1s not absolutely irreducible. By Lemma 7.2.3, we
may assume p E)5|Q( J3) 18 absolutely irreducible. Wiles’ argument using the Hilbert
Irreducibility Theorem shows that there is an elliptic curve E’ over Q such that

® Pprs = PRss

. ﬁE,)3|Q( /=3) is absolutely irreducible.

Since ppr 5 =~ Pps, the conductor of £’ is not divisible by 27. Therefore E' is
modular by Theorem 7.2.1, 50 pg 5 ~ pp 5 is modular. Therefore £ is modular by
Theorem 7.2.2.

Finally, we record the following strengthening of Theorem 7.2.2, immediate from

Theorem 7.1.2:

Theorem 7.2.4. Let E/q be an elliptic curve. If pg, 5 is modular or ﬁE75|Q(\/5) 18
not absolutely irreducible, then E is modular.

APPENDIX A. DEFORMATION THEORY

We recall some general facts from the deformation theory of representations of
profinite groups. The basic results are due to Mazur [30], with improvements by
Ramakrishna [32], Faltings, deSmit and Lenstra [10].

Let G be a profinite group, and let O be a local Noetherian ring with residue field
k. We give k the discrete topology. Suppose that V is a finite-dimensional discrete
k-vector space with a continuous action of G. We assume that Endyg V = k, and
we consider deformations of the representation

G — End, V

to certain O-algebras.

We let Cf denote the category of local topological O-algebras A such that the
natural map

A — projlim A/a
acUx

is a topological isomorphism, where U 4 is the set of open ideals a # A such that
A/a is Artinian. The basic theory of such rings is developed in [26, Exp. VIIg]
(where they are called pseudocompact). For example, Cg is stable under formation
of inverse limits and quotients by closed ideals. Also, if A is an object of G, then
U4 above is simply the set of open ideals. We let m4 denote the maximal ideal
of A and k4 the residue field. Note that we do not assume that k4 = k. (In the
applications, O will be a complete discrete valuation ring, and A will be a complete
local Noetherian O-algebra.)

Definition. A deformation of V to A (an object of € ) is an isomorphism class of
A[G]-modules D such that D is free of finite rank over A, k4 ®4 D is isomorphic
to ka ® V as a ka[G]-module, and G — End4 (D) is continuous.
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We let Fy(A) denote the set of deformations of V to A. If A — B is a morphism
in €, then extension of scalars defines a map Fy(A) — Fy(B), allowing us to
regard Fy as a functor from Cf to the category of sets. According to Theorem
7.1 of [10], Fy is representable on the full subcategory of Ci whose objects have
residue field k. The proof actually shows that Fy is representable on Cg by an
object Ry o with residue field k. We call Ry, the universal O-deformation ring of
V', and the canonical element of Fy (Ry,0) is called the universal O-deformation of
V.

If Ry o is Noetherian, then it represents Fy on the category Co of complete
local Noetherian O-algebras, because Co is a full subcategory of Cg (as shown by
the proof of Proposition 2.4 of [10]). This holds, for instance, if G is topologically
finitely generated.

A.1. Change of rings. Suppose we are given another local Noetherian ring O’
with maximal ideal m’ and residue field &/, and a local map O — ©’. Let V' =
V @4, k" and note that Endyg) V' = k if and only if Endy (g V' = &’. For an object
B in €/, we can identify Fy (B) with Fy/(B), so we have a canonical bijection

HOIIl(ngJ (Rv_’o, B) — HOmegl (RV’.,O’ y B)
For an object A of € with residue field k, consider

O'®0A = projlim (O'/(m')") ®e (A/a).
n>0,acU 4
Each ring (O’/(m")™) ® (A/a) is a local Artinian ring with residue field ¥’ because
A has residue field k. Thus by Exp. VIIg, 0.2 of [26], O'®e A is an object of Cf,.
The natural map A — O'®p A is continuous, and for any object B of Ch, it induces
a bijection

Home:, (0'®0 A, B) — Home; (4, B).

It follows that O’®o Ry, ¢ is the universal @’-deformation ring of V’. Furthermore,
the universal deformation is obtained by extending scalars from Ry ¢. Analogous
statements are also true for the construction in the next section.

A.2. Restricted deformations. Suppose that for each A in Cf, we are given
a subset Sy (A) of Fy/(A). We then have the following necessary and sufficient
condition for Sy to be a functor represented by Ry o /I for some closed ideal I of
Ry,o: for all A € Ci and D € Fy (A), we have:

(1) D e Sy(A) if and only if D/a € Sy(A/a) for all a € Uy;

(2) ifa,b e Uy, D/ac Sy(A/a) and D/b € Sy (A/b), then

D/(anb) € Sy(A/(anb));

(3) if A— A’is an inclusion of Artinian rings in C, then D € Sy (A) if and only
if Dy A € Sv(A/).
The necessity of (1), (2) and (3) is easily verified. The sufficiency is proved exactly
as in Proposition 6.1 of [10].

Suppose we are given a local Noetherian O-algebra O’ as in §A.1. Suppose that
Sy is a restriction on deformations represented by R v /I for some closed ideal I,
and that Sy (B) = Sy (B) for B € C},. Then Sy is represented by O’'®@p Ro.v /1,
which is naturally isomorphic to the quotient of Ry v+ by the closure of the ideal
generated by the image of 1.
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Ezample A.2.1. This example is based on an observation of Ramakrishna [32].
Suppose that & has positive characteristic and P is a property of finite discrete
G-modules which is preserved under taking submodules, quotients and finite prod-
ucts. Suppose there is a finite subfield ko of k£ such that V = k ®j, Vo for some
ko[G]-module Vy. For D € Fy(A) = Fy,(A), we let Apo denote the image of
Ry, w (ko) — A. We let Dg denote the corresponding element of Fy, (Ap ). (Given
the quotient topology, Ap o is an object of G;V(ko) with residue field ky. Since the
map Ap, — A is continuous, both spaces are Hausdorff and Ap o is compact, the
topology is the same as the subspace topology. This means that the set of anNAp o
for a € U4 is a base of open ideals in Ap g.)

Define S{/(A) as the set of D such that Dy/a has property P for all a in Ua,, .
One checks that S¥, is independent of the choice of kg and satisfies (1), (2) and (3).
If A itself is finite, then S¥(A) is simply the set of D having property P. Note also
that given O — O’ as in §A.1, we have S{/(B) = S¥,(B) for B in C,.

APPENDIX B. POTENTIALLY BARSOTTI-TATE REPRESENTATIONS

B.1. Definition of WD(p). Let K and E be finite extensions of Q, inside of Q,,
and let p : Gg — GL(M) be a continuous representation on a d-dimensional vector
space M over K. We denote the valuation rings of K and E by O and Og respec-
tively. Under certain hypotheses on p, we will define a continuous representation
of the Weil group

WD(p) : Wi — GL(D)

on a d-dimensional Q,-vector space D and will investigate several properties. Also,
in case p is potentially Barsotti-Tate, we will give a more explicit description of this
construction. This explicit description will be used to prove several ‘independence
of ¢’ properties in the context of elliptic curves and Jacobians of modular curves.
Throughout this appendix, the oddness of ¢ is never needed.

In [20], the notions of semistable, crystalline, potentially semistable, and poten-
tially crystalline are defined for continuous representations of the Galois group of a
characteristic 0 local field with perfect residue field of characteristic ¢ (on a finite-
dimensional Qg-vector space). There are a number of rings (Bst, Beris, - - - ) that
are used there as well. We use these concepts below, and refer to [20] and the
references therein for complete proofs of the basic facts we need. Although our pri-
mary interest is in the case of potentially Barsotti-Tate representations, the greater
generality of potentially semistable representations is convenient for making the
initial definition of the WD functor and establishing some properties (e.g., behav-
ior with respect to tensor product constructions, which can destroy the potentially
Barsotti-Tate property).

Consider p as above. Assume p is potentially semistable [20, 5.6.1, 5.6.8], which
is to say that for some finite extension F/E, p|g, is semistable (this depends
only on the underlying Q[Gg]-module of p). For example, since Barsotti-Tate
representations are crystalline [21, Thm. 6.2], hence semistable, we can take any
p which is potentially Barsotti-Tate. This includes any finite order representation.
By the very definition of semistability, the Qg-vector space

Dst,F(M) = (Bst ®Q, M)GF

is a vector space over the maximal unramified subextension Fy of F' (via action on
Bst) of dimension equal to the Q,-dimension of M. By functoriality, Dy (M) is a
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module over Fy ®q, K, and in fact is free of rank d. To see this, it suffices to check
that after applying the faithfully flat extension of scalars Bs;®r, we get a free rank
d module over By ®q, K. But this follows from [20, 5.6.7(ii1), 5.6.8(¢1)] (and the
semistability of p over F).

From the definitions, Dg; p(M) is equipped with a bijective endomorphism ¢
which is semilinear with respect to the arithmetic Frobenius automorphism of Fj
and linear with respect to K. Also, if F/FE is Galois, then there is a canonical
action of Gal(F/FE) which is semilinear with respect to Fy and linear with respect
to K and which commutes with ¢. There are additional structures (filtration on
F ®p, Dst, p(M) and a monodromy operator) which we ignore. If F'/F is a finite
extension, then p|q,, is semistable and there is a natural isomorphism

Fy ®p, Dst,p(M) — Dy pr (M)

of F{®q, K-modules which respects the action of Gal(F'/E) if F’ and F are Galois
over I.

Suppose F/E is Galois, so Dg; p(M) is an (Fo®q, K)[Gal(F/E)]-module with an
automorphism ¢ which acts semilinearly with respect to the Fy-action and linearly
with respect to the K[Gal(F/E)]-action. We define an Fy ®q, K-linear action of
Wg as follows. For any g € Wg, we let g act on Dy, p(M) as the product of the
commuting operators given by the action of the image of ¢ in Gal(F/FE) and ¢~ ",
where the image of g in Gal(F¢/F,) is the nth power of absolute Frobenius (not the
nth power of the Frobenius relative to the residue field of E). Note that the action
of Ir C Wpg is trivial, so Wg acts continuously on Dy p(M). Thus, Dg p(M) is a
free module of rank d over Fy ®q, K equipped with a continuous linear action of
WEg that commutes with ¢. Define

WDk (p) = Dst,r(M) ®Fy0q,x Qq-

Clearly WDk (p) is of dimension d over Q, and the action of K on p induces
the action of K C Q, on WDkg(p). When there is no risk of confusion, we write
W D(p) in place of WDk (p).

B.2. Properties of WD(p). If E'/E is a finite extension, then WD(p|g,, ) ~
WD(p)|lw,, . It follows trivially from the definitions (and properties of the functor
D, r) that the representation WD(p) admits as a field of definition any common
finite extension of Fy and K inside of Q, and that it is (up to isomorphism) inde-
pendent of the choice of F. Moreover, if K'/K is a finite extension (so p ®x K’
is potentially semistable if and only if p is), then for potentially semistable p we
have a canonical isomorphism WDk (p @ K') ~ WDk (p) as Q,[Wg]-modules.
Consider continuous representations of G on finite-dimensional Q,-vector spaces
(it is automatic that there is a field of definition of finite degree over Q,). There is
an obvious notion of potential semistability for these representations, and we have
a well-defined functor W D on the category of such potentially semistable represen-
tations on Qg-vector spaces.

By using [20, 1.5, 5.1.2], the functor WDk on potentially semistable K[Gg|-
modules is exact and is naturally of formation compatible with tensor products
(and hence exterior products). The tensor product compatibility means that for
p1, p2 two semistable representations of Gg on finite-dimensional K-vector spaces,
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there is a canonical map
WD(p1) &g, WD(p2) — WD(p1 @ p2)

of Q,[Wg]-modules which is an isomorphism. Strictly speaking, [20] only considers
cases with K = Qy, but since the Q|G g]-module py underlying p gives rise to a
natural isomorphism

WDq,(po) ®K®Q26£ 6@ =WDk(p),

we readily get the tensor product compatibility for WD = WDg. In the same
manner, we get compatibility with the Hom functor (and WD is even a functor
between tensor categories).

We mention two explicit examples. First, WD(e) is a 1-dimensional unramified
representation of W over Q,, given by the character that sends arithmetic Frobe-
nius to |kg|, where kg is the residue field of E. For a proof, one is reduced to
the case E = K = Qg, where (by [20, 5.5.1, 5.6.3]) it comes down to the assertion
that Deis(€) is 1-dimensional over Qg with ¢ acting as multiplication by 1/¢. But
BCGrfS = Qy and there exists a non-zero t € Beis on which G, acts as the cyclotomic
character and ¢(t) = £, so0 Deis(€) = Qg - 1/t has ¢ acting as desired.

The second example is when p has finite order (e.g., a finite order character with
values in K*). In this case, we claim that WD(p) ~ plw, ®x Q,. This is an
immediate consequence of the definitions, as we now explain. Take F//E to be the
splitting field of p, so p|g, is trivial (and hence crystalline). Since Bgf; = Fp (the
maximal unramified subextension of F'), on which the action of ¢ corresponds to
the lifting of absolute Frobenius, we see that Dy r(p) = Fo ®q, p with g € Wg

acting as 1 ® p(g). Thus, WDk (p) is naturally isomorphic to p|lw, ®x Q.

B.3. The potentially Barsotti-Tate case. We give an alternate definition of
WD in the potentially Barsotti-Tate case. This formulation, to be given in terms
of Dieudonné modules, will be the means by which we establish the desired results
for representations coming from elliptic curves and modular forms.

Let p as above be potentially Barsotti-Tate, fix a finite Galois extension F/E
(with residue field kp) over which p becomes Barsotti-Tate, and fix a stable O-
lattice L for p. This gives us an (-divisible group I' /¢, and by [44, Thm. 4] there is
a unique action of O on I' compatible with the O-action on the generic fiber. The
generic fiber descent data for p|g, down to p gives rise (via contravariance of Spec
and Tate’s full faithfulness theorem [44, Thm. 4]) to a right action of Gal(F/E) on
" over the right action on Spec(Op). This commutes with the O-action on I'. We
get induced actions on the closed fiber T' /...

Let ¢ denote the kg-Frobenius endomorphism of the closed fiber, so this com-
mutes with the other actions we just defined. Now suppose that g is in Wg,
g — o € Gal(F/Qg) and g — Frob} in Wg/Igr. Working in the category of (-
divisible groups ‘up to isogeny’, we can define the action of g on I/, to be ",
and thereby give I' ;. the structure of a ‘right-module’ over K[Wg].

Let D(T') denote the (contravariant) Dieudonné module of T',., as defined in
[18, IIT, 1.2]. Since the Dieudonné functor is contravariant, it converts right actions
into left actions. Thus, D(T") is a free W (kp)-module of rank d - [K : Q] such that
D(T')®0 K is a left module over K[WEg]. Define D'(I') = Homyy 1., (D(I"), W (kr)),
and define the Frob,-semilinear endomorphism ¢’ of D'(T")[1/£] to be the ‘semilin-
ear transpose’ of ¢! (i.e., ¢/(f) = oo f o ¢!, with o the absolute Frobenius
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endomorphism of W (kr)). Define a left semilinear action of Gal(F/E) on D'(T)
by g(f) =go fog™!, where g denotes the automorphism of W (kr) induced by g
and where we have used the previously defined semilinear left action of Gal(F/FE)
on D(T"). This commutes with ¢’ on D'(T")[1/¢]. We define a W (kp)-linear action
of Wg in the usual manner (using powers of ¢ to ‘cancel’ the semilinearity of the
action of Gal(F/E)). Also, we let O act through its action on D(T"). We define

WD'(p) = D'(T') QW (kr)®z, 0 Q,

as a Q,[Wg]-module.

This is our desired ‘concrete’ definition of W.D(p) in the potentially Barsotti-Tate
case (as the following proposition will justify). Note that the Dieudonné module of
the dual ¢-divisible group of I' has underlying W (kp)-module D'(T") and Frobenius
endomorphism £¢’.

Due to the compatibility of the Dieudonné module functor with respect to base
change (e.g., Frobenius automorphisms of the base field), we can recover the Frobe-
nius morphism of D(T') from the semilinear absolute Frobenius morphism of T and
we can likewise define a semilinear left action of Gal(F/E) on D(I') by using the
‘generic fiber descent data’. Putting these together gives an alternate formulation
of the linear Wg-action on D in terms of suitable composites of semilinear actions

(of ¢ and Gal(F/E)).

Proposition B.3.1. For potentially Barsotti-Tate p as above, WD'(p) ~ WD(p)
as Q,[Wg]-modules.

Proof. Let p’ = Homgq, (p, Q¢). Via p, this is a K[Gg|-module. In [21, 6.6], there
is defined a natural isomorphism

nr: D(F)[l/é] - DcriS(p/|Gp) = Dst,F(pl)

as ‘filtered modules’. In particular, this map respects the W(kp) ®z, O-module
structures, as well as the absolute Frobenius maps on each side. Because the functor
Dy p commutes with formation of duals, we are reduced to checking that this
identification np respects the left Wg-actions. Looking back at how the linear Wg-
actions have been defined in terms of the absolute Frobenius maps and semilinear
Galois actions on each side, it remains to show that the semilinear left actions of
Gal(F/E) on D(T') and Deis(p'|, ) are compatible via np.

Choose any g € Gal(F/E). We have an Op-linear isomorphism I' >~ T'y to the
base change by g, satisfying the usual cocycle condition as we vary ¢g. The induced
isomorphism on the closed fiber, when combined with the base change compatibility
of the Dieudonné module functor, gives rise to the semilinear action of g on D(T").
Now using the functoriality of the map nr with respect to a variable ¢-divisible group
over a fized base O, all we have to do is prove that this map is also functorial with
respect to base change of a fized ¢-divisible group T.

More precisely, consider an extension of scalars by a local extension Op/ of Op
(e.g., an automorphism o of Op) and choose an embedding of algebraic closures
F—TF over F — F' (e.g., an element of Gg over o € Gal(F/E)). This gives rise
to a continuous group map Gp» — G and a natural map Beis(F) — Beris(F) [19,
4.2.5(d)]. There is a ‘base change diagram’ which we need to commute. Namely,
if IV =T xgp, Op (so V4(T') = V4(I”) compatibly with Gp» — GFr), then we have

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



562 BRIAN CONRAD, FRED DIAMOND, AND RICHARD TAYLOR

natural maps D(I") — D(I") and
Hosz[GF] (Vg(F), BcriS(F)) - Hoer[GF/](VZ(F/)v BcriS(Fl))~

We want these to be compatible with the maps nr and nr-.

In view of the definition of the 17 maps, this finally reduces to the claim that the
isomorphism [21, 6.4] is of formation compatible with such a base change O — Op-.
But this is a consequence of the definitions (cf. [18, III, 6.2] in the case of ¢-divisible
groups, and note that the ‘base change’ compatibility of this is a consequence of
how the Dieudonné module functor is defined). |

B.4. Independence of \. Let A be an abelian variety over a field k. Suppose that
(in contrast to previous notation) K C Q is a number field with ring of integers O
and we are given an embedding

K — End) A = Endy(A) ®z Q

(we use here endomorphisms in the ‘invert isogenies’ category). If )’ is a prime of O
lying over a prime ¢’ in Z distinct from the characteristic of k, we let pa x denote
the representation of G over K defined by the Galois action on the \-adic Tate
module Vy/ (A) of A, which is

(lim A(k,) X)) © Q

if the full integer ring acts on A and more generally is defined as the factor of the
¢'-adic Tate module corresponding to the factor ring Ky of the ring K ®q Qu
(which acts on the usual ¢'-adic Tate module Vp(A)). The dimension of p4 x over
K is independent of A (equivalently, Vi (A) is free as a K ®q Qg-module), and
so this dimension is equal to 2dim A/[K : Q]. Moreover, for any f € Endj(A)
which commutes with the action of K, the K -linear action of f on V) (A) has
characteristic polynomial in K[T] which is independent of the choice of prime A" of
0. For proofs of these facts, see [42, Prop. 11.9]. The proof of [31, §19, Thm. 4]
for Tate modules (and characteristic polynomials over Q) carries over verbatim
to the case of Dieudonné modules when k is perfect of positive characteristic (with
characteristic polynomials computed over the fraction field of W(k)).

Thus, in case k has positive characteristic £ and is perfect, the same arguments
(with some minor modifications, due to the replacement of Q. by the fraction field
of W (k) with k not necessarily equal to Fy) carry over to give analogous results
for the ‘up to isogeny’ Dieudonné module D(A) = D(A[¢*°])[1/¢]. More precisely,
if Fyy denotes the fraction field of W (k), then D(A) is a free module over K ®q Fo
and for any f € Endg(A) which commutes with the action of K, the K ®q Fo-
linear endomorphism of D(A) induced by f has characteristic polynomial in K[T].
Also, this polynomial is equal to the characteristic polynomial computed above on
the ¢’-adic Tate modules of A for ¢/ # £. Of course, the same conclusions apply
to the ‘dual’ Dieudonné module, since dualizing a linear map does not affect its
characteristic polynomial.

Now suppose that £k = F is a finite extension of Q, and that A has potentially
good reduction. Let F' be a finite Galois extension of E over which A has good
reduction, and let A denote the Néron model of A over Or. We obtain commuting
actions (in the ‘invert isogenies’ category) of K and Gal(F/E) exactly as in the case
of ¢-divisible groups (using the Néron mapping property instead of Tate’s theorem),
with Gal(F/E) acting on the right. Now change this Galois action, by letting
g € Gal(F/E) instead act as g~! under the right action. This gives a left action
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of K[Gal(F'/E)] on A/, over the natural action of Gal(F'/E) on kr, composed
with inversion in the Galois group. Again using powers of the absolute Frobenius
morphism to ‘cancel’ out the semilinearity, we obtain a map of Q-algebras

0: K[Wg] — End}, A, = (Endy, Ajp,) 9z Q.

Note that 0|y, is unramified and sends Frobg to the kp-Frobenius endomorphism
of 'A/kp .

For ¢' # £, Vi (A, ) is a module over (K ®q Qe )[WEg] using 0. Also, we use
0 to make D'(A /. [(>°])[1/f] a module over (W (kr) ®z, K)[Wg]. We recall the
following well-known result. Since we do not know a reference, we give a proof.

Lemma B.4.1. For (' # £, there is an isomorphism of (K ®q Qe )[WEg]-modules
Vir(A) 2 Vi (A ). Likewise, there is an isomorphism of (K ®q Q,)[Wg]-modules
WDq,(Vi(A)) = D'(Askp [D[1/4] ©w (kr) Qu-

Proof. The (-adic case is exactly our ‘concrete’ formulation of the definition of WD
in the potentially Barsotti-Tate case (as a little checking will show). Now consider
¢ # {. There is an obvious isomorphism of the underlying groups of ¢-power
torsion geometric points on A and A y,.. Consider more specifically the ‘reduction’
morphism

r: A(Qp) = A(Zy) — A(Fy)

(an isomorphism on ¢-power torsion). From the generic fiber descent data for
A/p down to A,p, we get (via the Néron property) a semilinear right action of
g € Gal(F'/E) on Ajg,, denoted by [g]. We also have the canonical absolute
Frobenius morphism ¢ on A X ¢, kr.

For any g € W and any point y € A(Fy), [g7'] 0 ¢™ oy is another such point,
where ¢ induces the mth power of absolute Frobenius on Fy. What we need to
check is that for such g and m,

[g7 o g™ or(z) =r(zoyg)
for all z € A(Q,). The point is that under the identification
A(Gf) = HomSpec(E) (SpeC(Gg), A) = HomSpec(OF)(SpeC(ze)v‘A) = .A(ZZ),

the translation of the usual action of G on A(Q,) into an action on A(Z) requires
use of the generic fiber descent data isomorphisms (extended to A via the Néron
property). It is easy to check that for y € A(Z) and g € Gg, [g7 ] oy o g € A(Z))
is the image of y under the action of G on A(Q,).

For any such y, with ¢ € Wg inducing the mth power of absolute Frobenius on
F,, we need to show that

[g7 1 o¢™or(y) =r(lg” loyoy),

where we regard r as a function on A(Z;). This clearly reduces us to showing that
for any map of O p-schemes y : Spec(Z¢) — A with reduction 7 : Spec(Fy) — A ke
over kp, and any Opg-automorphism ¢ of Z; inducing the mth power of absolute
Frobenius on Fy, ¢ o7 is equal to the reduction of the semilinear map y o g. But
the reduction of y o g is g o Froby", so by the ‘universal commutativity’ of absolute
Frobenius on F/-schemes, we’re done. O
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Proposition B.4.2. Let A, be an abelian variety with potentially good reduction,
K C Q of finite degree over Q, and 6 : K — End%(A) a Q-algebra map. For l' # ¢,
the representations WDq,(pa,e) and pae|ws @K Ge' are semisimple and arise as
the base changes of a common semisimple (K ®q Q)[Wg]-module (necessarily finite
and free over K @q Q). Also, for any \ in K dividing £, pa_x is Barsotti-Tate over
any finite extension F/E such that WD, (pa,x) is unramified over F.

Proof. Let F/E be a finite Galois extension over which A acquires good reduction.
By Lemma B.4.1, we need to compare the (K ®q Q,)[Wg]-module

D' (A [N/ @w (1) Qo

and the (K ®q Qg )[Wg]-module V(A x,.) ®q, Q. By our earlier observations,
these are free modules over K ®q Q, and K ®q Q, respectively, and for each g €
W, the characteristic polynomial of g (over K ®q Q, and K ®q Q, respectively)
under all of these representations is the same common polynomial P, € K[T
(vastly more general comparison theorems for characteristic polynomials in étale
and crystalline cohomology, at least for K = Q, follow from [29, Thm. 2(2)]).

To see the semisimplicity in all cases, we first claim that it suffices to check
semisimplicity as Wg-representations. Indeed, if L is any field of characteristic 0
and G is any group with H a finite index subgroup, an L[G]-module with finite
L-dimension which is semisimple as an L[H]|-module is necessarily semisimple as
an L[G]-module. To prove this, we just need to show that for L[G]-modules V' and
W with finite L-dimension, the natural map ExtlL[G](V, W) — ExtlL[H] (V,W) is
injective. But if we replace H by a finite index subgroup which is normal in G, this
is identified with the restriction map

HY G, V* @, W) - H'(H,V* @, W),

which is injective because H*(G/H,V*® W) is an L-vector space killed by [G : H].

Viewing our Wg-representation spaces as Wg-representation spaces, all are un-
ramified and we just need to check that the action of 6(Frobr) on A/, is annihi-
lated (in the ‘up to isogeny’ category) by a separable polynomial over K, or even
over Q. Since §(Frobp) is the action of the kp-Frobenius morphism on the abelian
variety A, the ‘semisimplicity’ here is due to Weil. Here is the proof, for which
we may assume K = Q. Let [[ P?* € Q[T be the characteristic polynomial Peyob,.,
with P irreducible. For ¢ # £, [] P{*(0(Frobr)) kills Vi (A p,.), so it is the zero
endomorphism of A .. Each simple abelian subvariety of A /. is preserved under
the kp-Frobenius morphism 6(Frobg), so [ [ P;(6(Frobg)) kills each such subvariety
(by simplicity and the fact that K = Q). Since A, is isogenous to a product of
such subvarieties, [[ P;(6(Frobr)) =0 in EndgF (A kg )-

Now we check that our semisimple Wg-representation spaces are base changes
of semisimple (K ®q Q)[Wg]-modules, necessarily finite and free over K ®q Q.
The resulting (K ®q Q)[Wg]-modules are all isomorphic, as one sees by comparing
characteristic polynomials of all ¢ € Wg (which lie in K[T]). This readily yields
the last part of the proposition as well, since when WD, (p4,1) is unramified over
some finite extension F'/E, then the same clearly holds for all primes of K over
¢ (by a consideration of semisimplicity and characteristic polynomials), so for any
¢ # £, Vy(A) is unramified over F'; by the Néron-Ogg-Shafarevich criterion, A,p
then has good reduction.
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Consider an extension L/K of characteristic 0 fields with K algebraically closed
(e.g., K=Q, L=Q, or Q,), G a finitely generated group (such as Wg/Ir), and
V' a semisimple L[G]-module with finite L-dimension. Assume that all g € G act
with characteristic polynomial in K[T]. The above setup is just a ‘finite product’
of this setting, replacing K and L by K™ and L™ for some n > 1 and replacing V'
by V ® gk K™ where we use n field automorphisms K = K to define K — K". We
claim that there exists a (necessarily unique up to isomorphism) semisimple K[G]-
module Vj with finite K-dimension such that all g € G have the same characteristic
polynomials on Vg as on V' (which implies that Vo ® x L = V as L[G]-modules and
so finishes the proof). Since G is finitely generated, if we pick a basis of V over L,
then there exists a finitely generated extension field K’/K inside of L and a K'[G]-
module V’ with finite K’-dimension such that V' ® x» L =2 V as L[G]-modules. In
fact, we can even find a finite type K-subalgebra R’ C K’ and an R'[G]-module M’
which is finite and free as an R’-module such that M’ @ g L 2 V. Each g € G has
characteristic polynomial on M’ equal to the characteristic polynomial of g on V/,
which lies in K[T]. By the Nullstellensatz there exists a K-algebra map R’ — K,
so if we define Vy = (M’ ® g K)™, we're done. O

Note that by a theorem of Grothendieck [25, Exp. IX, Cor. 5.10], p4,¢ becomes
Barsotti-Tate over F' if and only if A acquires good reduction over F (for a simpler
exposition of the proof of Grothendieck’s theorem if one assumes potentially good
reduction, see the proof of [5, Thm. 5.3]).

Corollary B.4.3. Suppose that f is a weight two newform with coefficients in a
number field K. Let m & ®; m, denote the corresponding automorphic representa-
tion. For each prime X\ of K, let

pm)\ : GQ — GLQ(K)\)

denote the associated Galois representation. If A\|¢ and mp is not special, then pr x|a,
is Barsotti-Tate over any extension of Qg such that W D(my)|1, is trivial (such an
F exists). Also, for any embedding Q — Q, inducing the place X\ on K C Q
(and so inducing an embedding K — Q, as K-algebras), there is a Q,[W;]-module
isomorphism

Q, g WD(me) = WD(pralc,)-

Proof. If Ky C K denotes the subfield generated by the g-expansion coefficients
of f and X lies over A\g in Ko, then pr\ ~ K ®Koy, Prro, SO WE May suppose
K = Kj. In this case, the Eichler-Shimura construction provides an abelian variety
Ay = A,q with an action of an order in O so that pa x = p, x for all primes A and
dimA = [K : Q]. Choose any ¢ # ¢ and pick a K-algebra map Q — K ®q Q.
Define oy = (K ®q Q) ®g WD(m). By [3, Thm. A],

paelw, ®q, Qp = o @g Qp

as (K ®q Qg )[W]-modules. We want to construct a (K ®q Q,)[W¢]-module iso-
morphism

WDq,(paile,) = or &g Q.

But this is immediate from Proposition B.4.2. O
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