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§0. INTRODUCTION

In this paper, we study the convergence and finite determination of formal
holomorphic mappings of (CV,0) taking one real submanifold into another. By
a formal (holomorphic) mapping H: (CV,0) — (C¥,0), we mean an N-vector
H = (Hi,...,Hy), where each H; is a formal power series in N indeterminates
with no constant term. If M and M’ are real smooth submanifolds through 0 in
CV defined near the origin by p(Z,Z) = 0 and p/(Z,Z) = 0 respectively, where
p and p’ are vector valued smooth defining functions, then we say that a formal
mapping H: (CV,0) — (CV,0) sends M into M’ if the vector valued power series
p'(H(Z),H(Z)) is a (matrix) multiple of p(Z, Z). For real-analytic hypersurfaces,
we shall prove the following.

Theorem 1. Let M and M’ be real-analytic hypersurfaces through the origin in
CN, N > 2. Assume that neither M nor M’ contains a nontrivial holomorphic
subvariety through 0. Then any formal mapping H: (CV,0) — (CV,0) sending M
into M’ is convergent.

The condition that M’ above does not contain a nontrivial holomorphic subva-
riety is necessary (see Remark 2.3). As a corollary we obtain the following charac-
terization.

Corollary 2. Let M be a real-analytic hypersurface through 0 in CN with N > 2.
Then, M does not contain a nontrivial holomorphic subvariety through 0 if and only
if every formal mapping H: (CN,0) — (CV,0) sending M into itself is convergent.

As a consequence of the geometric properties of mappings used in the proof
of Theorem 1 above, we also obtain a new reflection principle for CR mappings
between real-analytic hypersurfaces (see Theorem 2.4).

We state now some results for generic submanifolds of higher codimension in
CN. A formal mapping H: (CV,0) — (CV,0) is called finite if the ideal generated
by its components Hiy,... ,Hy has finite codimension in the ring of formal power
series C[[Z]]. Recall that a smooth generic submanifold M C C is of finite type (in
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the sense of Kohn and Bloom-Graham) at p € M if the Lie algebra generated by
its CR vector fields and their complex conjugates has full dimension at p (see §1.1).
For a real-analytic hypersurface in C? the notion of finite type is equivalent to that
of not containing a nontrivial variety. Our first result for higher codimensional
generic submanifolds is the following.

Theorem 3. Let M and M’ be real-analytic generic submanifolds of the same
dimension through the origin in CN. Assume that M is of finite type at 0, and
that M’ does mot contain any germ of a nontrivial holomorphic subvariety through
0. Then any formal finite mapping H: (CV,0) — (CN,0) sending M into M' is
convergent.

In fact, we prove a more general result (see Theorem 2.1) in which M and M’
need not be in the same complex space nor of the same dimension. Moreover, the
condition that M’ does not contain any nontrivial variety is replaced by the weaker
assumption that M’ is essentially finite at 0, and the condition of finiteness of the
mapping H is replaced by injectivity of its Segre homomorphism. (See §1.1 for
relevant definitions.)

Recall that two real submanifolds M and M’ of the same dimension through
the origin in CV are said to be biholomorphically equivalent at 0 if there exists
a biholomorphism H: (CV,0) — (C¥,0), defined near 0, sending M into M.
Similarly, we shall say that M and M’ are formally equivalent (at 0) if there exists
a formal invertible mapping sending M into M’.

Theorem 4. Let M and M’ be real-analytic generic submanifolds through the ori-
gin in CN. Assume that M is of finite type at 0 and does not contain any germ
of a nontrivial holomorphic subvariety through 0. Then M and M’ are formally
equivalent at 0 if and only if they are biholomorphically equivalent at 0.

In the following result, we use the notation jf;f for the jet of order k at p € M of a
smooth mapping f: M — M’, where M and M’ are smooth manifolds. We shall say
that a smooth generic submanifold M does not contain a (nontrivial) formal variety
through 0 if there is no (nontrivial) formal holomorphic curve v: (C,0) — (C¥,0)
such that p(y(t),7(t)) ~ 0, where the composition is in the sense of formal power
series and ~ means equality for power series. Here, p(Z, Z) is a vector valued
smooth defining function for M near 0 identified with its Taylor series at the origin.

Theorem 5. Let M be a smooth generic submanifold through the origin in CV.
Assume that M is of finite type at 0 and does not contain a nontrivial formal variety
through 0. Then there exists a positive integer K with the following property. If
M’ is a smooth generic submanifold in CN and H', H>: M — M’ are smooth local
CR diffeomorphisms, defined near 0, such that j&(H') = j&(H?), then ji(H') =
GO (H?) for all positive integers I.

Theorem 5 is a consequence of the more general result Theorem 2.5, in which M
and M’ can be of different dimensions and be contained in different complex spaces.
As in the case of Theorem 3, we may replace the condition that M does not contain
a nontrivial formal variety through 0 by the assumption that M is essentially finite
at 0 and the condition that H', H? are CR diffeomorphisms by the assumption
that their Segre homomorphisms are injective. We should also point out that if M
is of D-finite type (finite type in the sense of D’Angelo [DA]) at 0, then it does not
contain a nontrivial formal variety through 0.
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The study of formal mappings between analytic objects has a long history. We
shall mention here only results which are related to this work. In their study of
normal forms for real-analytic Levi nondegenerate hypersurfaces in complex space,
Chern and Moser [CM| proved that any formal invertible mapping between such
is convergent. We should also mention that Moser and Webster [MW] proved
convergence of formal equivalences between real-analytic two-dimensional surfaces
with complex elliptic tangents (of a certain kind) at the origin in C2. On the
other hand, Moser and Webster in the same paper also proved that there are real-
analytic surfaces through the origin in C? which are formally equivalent but not
biholomorphically equivalent at 0. Subsequently, Webster [W] proved that each real
Lagrangian surface in C? with a nondegenerate complex tangent at 0 is formally
equivalent to a certain quadric. Later, Gong [Go2] showed that there exist such
real-analytic Lagrangian surfaces which are not biholomorphic to that quadric. An
analogous situation arises in the classification of glancing hypersurfaces (see Melrose
[Mel], Oshima [0], and also Gong [GoT]).

Previous results on convergence of formal mappings between real-analytic sub-
manifolds in complex space were obtained by the authors in [BER3| and [BERH],
where analytic dependence of holomorphic mappings on their jets of a prescribed
finite order was studied. We should point out that the results in the present paper
are new even for invertible mappings. (See also the closing remark at the end of
this paper.)

Finite determination (by their 2-jets) for formal invertible mappings between
smooth Levi nondegenerate hypersurfaces was proved by Chern and Moser [CM]|
(see also earlier work of E. Cartan [C] and Tanaka [T]). Later work was done by
e.g. Tumanov and Henkin [TH]|, Beloshapka [B], and the authors [BER2], [BER5].
For a more detailed history, the reader is referred to [BERS].

This paper is organized as follows. In §1, we introduce the basic concepts of
formal manifolds and mappings in the setting of ideals in the ring of formal power
series. We also give the fundamental properties of the Segre mappings for generic
submanifolds: these mappings play an important role in the proofs. The precise
formulations of our main results are given in §2. Another ingredient in the proofs
is the reflection identity for formal mappings presented in §3. The proofs of the
results stated above and those in §2 are then given in §§4-7.

§1. PRELIMINARIES AND BASIC DEFINITIONS

§1.1. Formal mappings and manifolds. Let C[[z]] = C[x1, ..., zx] be the ring
of formal power series in z = (1, ... ,2x) with complex coefficients. We shall say
that a proper ideal I C C[z1,...,x] is a manifold ideal of dimension I, if it is
generated by k—[ power series h1, ... , hx_; whose differentials at the origin are inde-

pendent. This is equivalent to the local ring of I, C[[z]|/I, being a regular local ring
of Krull dimension [ (see e.g. [Hal, [AM]). We shall write Z(hyi(x),... ,hx—i(z)) =
Z(h(x)) for the ideal in C[[z] generated by h(x) = (h1(x),... , hx—i(z)).

By a formal mapping F': (C*¥,0) — (C™,0) we shall mean a vector of formal
power series F' € C[[x1,...,zx]™ such that each component of F' = (F1,...,Fy)
has no constant term. Writing C[[y]] = C[ly1, ... ,ym], we let np: Clly]] — C[z] be
the ring homomorphism defined by

(1.1.1) nr(g9)(x) = (9o F)(z), ge€Cy].
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Conversely, any ring holomorphism 7 : C[ly]] — CJ[z] is of the form (1.1.1) for some
uniquely determined formal mapping F. Given an ideal I C C[[z]], we define its
pushforward by F, F,.(I) C C[y]], as follows:

(1.1.2) F.(I)={feC[y]: foFel}.

Note that Fi.(I) = np"(I), with np defined by (1.1.1).

It is easy to check that F,(I) is an ideal and if I is prime, then F,(I) is also
prime. However, even if I is a manifold ideal, F,(I) need not be a manifold ideal.
Observe that the mapping np is a ring isomorphism if and only if m = k and the
Jacobian of F' at 0 is invertible. In that case we shall refer to F' as a formal change
of coordinates. If I C C[z] is an ideal, then I is a manifold ideal of dimension I
if and only if there is a formal change of coordinates F' such that Fi.(I) C C[y] is
generated by the coordinates yi, ... ,yk—i.

A formal vector field in CF is a derivation of C[[z]. It is easy to check that any
formal vector field X can be written uniquely in the form

k
d
(1.1.3) X—jz::laj(x)%j,

with a; € C[lz]]. We shall say that X is tangent to a proper ideal I C Cl[[z] if for
any f € I we have X f € I. If F' is a formal change of coordinates as above, then
we may define the pushforward of a formal vector field X by

(1.1.4) (F.X)(g) =np-1 (X(nr(9)), g€ Cly].

It is clear that F, X is also a formal vector field. Furthermore, if X is tangent to
an ideal I C C[[z]), then F, X is tangent to Fi(I).

If7Z=(Z1,...,Zn), ¢ = ((1,-.. ,Cn), and I C C[[Z,(] an ideal, we shall say
that I is a real ideal if f(Z,¢) € I implies f((,Z) € I. Here f is the formal
power series obtained by taking the complex conjugates of the coefficients of f.
If f(Z,¢) € C[Z,(]), we shall say that f is real if f(Z,¢) = f(¢,Z). The notion
of a real ideal is not invariant under all formal changes of coordinates in C[Z, (]],
and we shall restrict ourselves to changes of coordinates of the form Z' = H(Z),
(" = H(C), where H(Z) is a formal change of coordinates in C. We shall write
H(Z,¢) == (H(Z),H(C)). If I is a real ideal in C[[Z, (]}, so is the ideal H.(I), as
defined by (1.1.2).

If I ¢ C[Z,¢]] is a real manifold ideal of dimension 2N —d, then one can find gen-

erators p = (p1,...,pq) which are real and have linearly independent differentials
at the origin, i.e. satisfy

(1.1.5) 9p1(0) A -+ A dpq(0) # 0.

If p = (p},...,p}) is another set of generators of I (not necessarily real), then

there exists a d x d matrix of formal power series a(Z, () (with a(0,0) necessarily
invertible) such that

(1.1.6) p(Z,Q) ~a(Z,C)p'(Z,C).

We say that a real manifold ideal I C C[[Z, (]| of dimension 2N — d defines a formal
real submanifold M of CY through 0 of codimension d (and dimension 2N —d), and
we write I = Z(M). We shall say that a formal vector field in CV x CV is tangent
to M if it is tangent to Z(M).
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The motivation behind these definitions is the following. If in addition the com-
ponents of the formal series p above are convergent, then the equations p(Z, Z) = 0
define a real-analytic submanifold M of CN through 0. Also, if M is a smooth
real submanifold in CV through 0, then the Taylor series at 0 of a smooth defining
function p of M near 0 defines a formal real submanifold of CV through 0. Thus,
the notion of a formal real submanifold is a generalization of that of real-analytic
and smooth real submanifolds of CV.

A formal real submanifold M of CV is said to be generic if there exist formal
series p generating Z(M) satisfying the condition

(1.1.7) Ozp1(0) A+ ANDzpa(0) # 0,

which in particular implies (1.1.5).
If H: (CV,0) — (CN',0) is a formal mapping, then as before we associate to it
a formal mapping H: (CN x CV,0) — (CN" x CN',0) defined by

(1.1.8) M(Z,¢) = (H(Z),H(C)).

If M and M’ are formal real submanifolds through 0 in C and CV /, respectively,
then we say that the formal mapping H maps M into M’, denoted H: (M,0) —
(M',0), if Z(M') € H.(Z(M)). (When M and M’ are real-analytic and H is
convergent, i.e. defines a holomorphic mapping near 0, then H(M) C M’ if and
only if the formal mapping H maps the formal submanifold M into the formal
submanifold M'.) If N = N’ and H is invertible, then the ring homomorphism
m: C[Z', '] — C[[Z, (], defined by (1.1.1), where (Z’,¢') € CN'xCN" and (Z,¢) €
CN x CV, is an isomorphism. If, in addition, dim M = dim M’ and H: (M,0) —
(M’,0), then H.(Z(M)) = Z(M') and 1y is an isomorphism between Z(M) and
Z(M'). In this case, we say that M and M’ are formally equivalent and that H is
a formal equivalence between M and M’.

In this paper, we shall consider formal mappings which are more general than
formal equivalences. For a formal generic submanifold M of codimension d through
the origin in CV, we define the Segre variety ideal I;(M) C C[Z] as the ideal
generated by p1(Z,0),...,pqa(Z,0), where the p;(Z, () are generators of the ideal
Z(M) ] The ideal I, (M) is a manifold ideal which only depends on the ideal Z(M)
and not on the choice of generators p;(Z, (). The reader can easily check that if
H: (CN,0) — (CN',0) is a formal mapping which maps M into another formal
generic submanifold M’ through the origin in CV /, then in the notation introduced
above, the homomorphism ng maps I1(M’) into I;(M). Hence, ny induces a
homomorphism

(1.1.9) Sy C[Z']/L(M') — C[[Z])/I,(M).

The homomorphism ®g is called the Segre homomorphism of H. When H is a
formal equivalence, this homomorphism is an isomorphism. We shall consider in this
paper formal mappings whose Segre homomorphisms are injective. In particular,
all formal finite mappings satisfy this condition (see Lemma 6.1).

In the convergent case, the variety defined by I1 (M) in CV is the so-called Segre variety of
M at 0.
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A formal vector field in CN x CV of the form

al ) )

(1.1.10) ijz:; (aj(z,g)a—zj+bj(z,g)a—gj>
is said to be of type (0,1) if a;j ~ 0, j = 1,..., N, and similarly of ¢ype (1,0) if
the b; ~ 0. Let M be a formal generic real submanifold in CV of codimension d.
We let D?\’; denote the C[Z, (]-module generated by all formal (0, 1) vector fields
tangent to M. A formal vector field L € D?\’; is usually called a CR wvector field
tangent to M. We define DJI\/’[O in a similar fashion. We define the C[[Z, {]-module
Dy by Dy = D}V’IO @ D?\’f, and define gp; to be the Lie algebra generated by Dy, .
We shall say that a collection Ly,...,L, € D(I)\/’Il, with n = N — d, is a basis for
the CR vector fieldson M if w(Ly),... ,m(Ly) form a basis for the quotient module
DY /Z(M)DY), where  is the canonical projection 7: DY — DY /Z(M)DY).
Loosely speaking, Lq,..., L, form a basis for the CR vector fields on M if they
form a basis for Dg/’ll modulo those formal vector fields whose coefficients belong
to Z(M). (One can always find a basis for the CR vector fields on M; see §1.2.4
below.)

Let T3C%V denote the holomorphic tangent space of C2V at 0, i.e. the space of
all tangent vectors of the form

0
b —

0 i 9 o) ’

al )
1.1.11 i —
(1) > (w7
Jj=1

with a;,b; € C. We denote by Dy (0) and gas(0) the subspaces of T{C?" obtained
by evaluating at 0 the coefficients of the formal vector fields in Dy; and gy respec-
tively. We say that M is of finite type at 0 if dimc gps(0) = dim M = 2N —d. (Note
that the vector space Djs(0) has dimension 2N — 2d; this follows easily from the
fact that M is generic and of codimension d.)

Another notion which will be used in this paper is that of essential finiteness at

0 for a formal generic submanifold M of codimension d in CN. Let Ly,..., L, be
a basis for the CR vector fields on M as described above. We write
N
0
1.1.12 Li=) aju(Z,()5—
(1.112) ) Ezj (250

where aj; € C[Z,(]], and set

al 0
(1.1.13) Xj=) ajx(0,0)5—,
=095

for j = 1,...,n. Given generators p1(Z,(),... ,pia(Z, () for Z(M), we define, for
I=1,... ,dand a € Z7,

(1.1.14) ca(Z) = Xp(Z, Q)]

with X := X" --- X% We say that M is essentially finite at 0 if the ideal gen-
erated by all the ¢;o(Z) has finite codimension in C[[Z]]. The reader can check that
this definition depends only on the ideal Z(M) and not on the choice of generators
or basis of CR vector fields. (See [BER4, Chapter XI] for a similar definition for a
smooth generic submanifold.) For a real-analytic generic submanifold, the notion
of essential finiteness given above coincides with the standard one (see e.g. [BER4]
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Chapter XI]), since an ideal J in C{Z} is of finite codimension if and only if the
ideal generated by J in C[[Z] is of finite codimension (see e.g. [BER4] Corollary
5.1.26]). Also, if M is real-analytic and does not contain a nontrivial holomorphic
subvariety through 0, then M is essentially finite at 0 (see [BER4, Chapter XI.4]).
In fact, the analogous statement in the formal setting is also true. The proof of
this relies on Lemma 3.32 below, and will be given in §6 below.

§1.2. Normal coordinates and the Segre mappings. We keep the notation
introduced in the previous section; in particular, M is a formal generic subman-
ifold of codimension d with real manifold ideal Z = Z(M). There is a formal
change of coordinates in CV, Z = Z(z,w) € C[z,w]", with z = (z1,...,2n),
w= (w1,...,wq), and N = n + d, such that if we make the corresponding change
of coordinates ¢ = Z(x, 7), with x = (x1,..- ,Xn), T = (71, ...74), then the ideal T
of M, after making the above change of coordinates, is generated by

(121) wj_Qj(27XaT)a ]Zla 7d7
where the Q;(z, x,7) € C[z, x, ]| satisfy
(1.2.2) Q;i(0,x,7) ~ Q;(2,0,7) ~ 5.

(See [BERA, Chapter IV].) Such coordinates will be called normal coordinates. It
follows from the reality of 7 that Z is also generated by

(1.2.3) i —Qi(x,zw), j=1,....d

In such coordinates, we can take

0 ~ 0 ,
(1.2.4) Lj:—+ZQl’Xj(X’Z’w)5‘_n’ j=1,...,n,
=1

an
as a basis of the CR vector fields on M. The reader can easily check that if we
write

(1.2.5) (X 2, w) Z Jia(z, w)x
a€Zl

then M is essentially finite at 0 if and only if the ideal generated by {g;a(z,0)},
j=1,...,d, a € Z", has finite codimension in C[[z].

We shall introduce some more notation. Let M and M’ be formal generic sub-
manifolds through the origin in CV and CV of codimension d and d’, respec-
tively. We let Z = (z,w), ( = (x,7), with z = (21,...,2n), w = (w1,... ,wq),
x = (x1,---,Xxn) and 7 = (71,...,74), be formal normal coordinates for M, and
similarly Z’' = (2/,w’), ¢ = (x/, ') be formal normal coordinates for M’. Thus, the
ideal Z(M) is generated by (1.2.1), and similarly for Z(M’) with @ replaced by Q.
If Z' = H(Z) is a formal holomorphic mapping (CV,0) — ((CNI, 0), sending M into
M’, then we write H = (F,G), with F = (Fy,...,F,) and G = (Gy1,... ,Ga).
The Segre homomorphism @y : C[Z']/[1(M') — C[Z]]/I.(M) can be identified
with the homomorphism

®: C['] — C],

where ®(h)(z) = h(F(z,0)) for h € C[[z']]. Thus, injectivity of the Segre homomor-
phism ®g is equivalent to the statement that there is no formal nontrivial power
series h € C[[z']] such that h(F(z,0)) ~ 0. In particular, as mentioned in §1.1, if
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H is a finite formal mapping (with N = N’ and d = d’), then ®p is injective (see
Lemma 6.1).

We now introduce another important ingredient in this paper. Let Q(z,x,T)
be the C-valued power series whose components are the Q;(z, x, 7). Consider, for
each integer k£ > 1, the formal mapping v*: (C*¥",0) — (CV,0) defined as follows.
For k = 2j,

(1'2'6) Uzj(z’xlﬂ"' 72:‘]71’)(‘]) = (Z’Q(Z7X17Q(X1’ZI7Q(ZI7X27"' )

QL QT 0)) ) )

and, for k =25+ 1,
(1'2'7) ’U2]+1(Z’ Xl)' A 7Zj_1)Xj’Z]) = <Z7Q(Z7X17Q(X15217Q(217X27" t

QA 0)) ) ).
where j =1,2,.... For kK =0,1, we define
00 :=(0,0), v'(2):=(2,Q(z,0,0)) = (2,0).
We shall refer to the mapping v* as the kth Segre mapping of M.
Proposition 1.2.8. Let f € Z(M). Then, for any k > 0,
(1.2.9) FF (2 Xt 2h ), 0% (2L L)) ~ 0.

Proof. For simplicity, we only consider the case where k& = 2j. It follows from
(1.2.6) and (1.2.7) that

(1.2.10) v (2 xt 2T N 2 ~ (z,Q(Z,@Qj(Xl,... ,zj_l,xj,zj))).

It suffices to show (1.2.9) for the generators of Z(M) given by (1.2.1), for which
(1.2.9) is an immediate consequence of (1.2.10). O

In this paper, we shall not need the explicit form of the Segre mappings
o*: (CF0) — (CV,0)

given in (1.2.6) and (1.2.7), but merely the properties given by Proposition 1.2.8
and Theorem 1.2.11 below (and the fact that the v* are convergent when M is
real-analytic). It will be convenient to write v*(z,&), z € C™ and ¢ € CF~1n,
Thus, for fixed k, we write £ = (x',2%,...) € C*~D"  The equation (1.2.9) can
then be written as

(1.2.9) F@(2,€),5%(6) ~ 0,

where, in (1.2.9’), we have ¢ € C*™.

For a formal power series mapping F': (C%,0) — (C™,0) we denote by rk (F) the
rank of the matrix (9F;/0zy), j = 1,...,m, k= 1,... ¢, in K% here, K denotes
the quotient field of C[[z]]. In particular, when ¢ = m, then rk (F') = m if and only
if the determinant of the matrix (0F;/0xy), as a formal power series in x, is not
identically zero. We shall need the following result.
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Theorem 1.2.11. Let M be a formal generic submanifold of C through 0 of
codimension d. Then, M is of finite type at 0 if and only if there exists k1 < d+1
such that tk(v¥) = N for k > ky. Moreover, if M is real-analytic and of finite type
at 0, then there exists (z0,&) € C* x CF1=D" arbitrarily close to the origin such
that v?*1(z0,&) = 0 and the rank of the Jacobian matriz dv?*' /9(z,€) at (20,&)
s N.

The proof of the first part of Theorem 1.2.11 can be found in [BERS| (see also
[BER1] and BERA] for the case where M is real-analytic). The proof of the last
statement follows from [BER4, Proposition 10.6.19].

§2. STATEMENT OF FURTHER RESULTS; EXAMPLES

We state now the main results of this paper from which the theorems in the
introduction will be deduced. We begin with a result which will be shown to imply
Theorem 3.

Theorem 2.1. Let M and M’ be real-analytic generic submanifolds through the
origin in CN and c, respectively. Assume that M is of finite type at 0 and that
M’ is essentially finite at 0. If H: (CN,0) — ((CN/,O) is a formal holomorphic
mapping sending M into M’ whose Segre homomorphism ®py is injective, then the
formal series H converges in a neighborhood of the origin.

We shall now give a result for hypersurfaces which in particular will imply The-
orem 1.

Theorem 2.2. Let M and M’ be real-analytic hypersurfaces through the origin
in CN, N > 2. Assume that M is essentially finite at 0 and that M' does not
contain any nontrivial holomorphic subvariety through 0. Then any formal mapping
H: (CN,0) — (CY,0) sending M into M’ is convergent.

Remark 2.3. The condition that M’ above does not contain a nontrivial holomor-
phic subvariety is necessary for the conclusion of Theorem 2.2 to hold. Indeed, if
M’ is any real-analytic submanifold containing a nontrivial holomorphic subvariety
through the origin in CVV, then there exists a formal mapping H: (CV,0) — (CV,0)
sending all of CV into M’ (even into the holomorphic subvariety contained in M’)
which does not converge. To see this, let s — A(s) be a nontrivial holomorphic
mapping from a neighborhood of the origin in the complex plane into the holomor-
phic subvariety contained in M’ with A(0) = 0. The reader can easily verify that
there exists f € C[[s] with f(0) = 0 such that at least one component of Ao f is
not convergent. We may then take H(Z) = A(f(Z1)).

As a byproduct of the proof of Theorem 2.2, we obtain the following reflection
principle for CR mappings between real-analytic hypersurfaces.

Theorem 2.4. Let M and M’ be real-analytic hypersurfaces through the origin in
CN, N > 2. Assume that M is essentially finite at 0 and M’ does not contain
any nontrivial holomorphic subvariety through 0. Then every smooth CR mapping
h: (M,0) — (M’,0) which does not vanish to infinite order at 0 necessarily extends
as a holomorphic mapping (CV,0) — (CV,0) sending M into M’.

In the case N = 2, this result follows from the more general theorem of Huang
[Hu] in which the only condition assumed on the CR mapping is continuity. How-
ever, for N > 3, Theorem 2.4 is new, since previous results in this context assumed
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more stringent conditions on the CR mapping. The reflection principle for real-
analytic submanifolds in complex space has a long history; the reader is referred to
the notes in [BER4, Chapter IX] for further information.

We return to the case of higher codimensional generic submanifolds. Theorem
5 will be a consequence of the following result on finite determination, or more
precisely its corollary given below.

Theorem 2.5. Let M and M’ be formal generic submanifolds through the origin
in CN and CN', respectively. Assume that M is of finite type at 0, that M’ is essen-
tially finite at 0, and that there exists a formal holomorphic mapping H: (CV,0) —
((CN/,O) sending M into M' whose Segre homomorphism ®g is injective. Then
there exists an integer K with the following property. If H': (CV,0) — ((CN/,O) is
a formal holomorphic mapping sending M into M’ and if
ol 7' ol H
oz« 0z« (0),

(2.6) VY|a| < K,

then H ~ H'.

Corollary 2.7. Let M be a formal generic submanifold through the origin in CV.
Assume that M is of finite type and essentially finite at 0. Then there exists an
integer K with the following property. If M’ is a formal generic submanifold through
the origin in CN of the same dimension as M, and if H*, H?>: (CV,0) — (CV,0)
are formal invertible mappings sending M into M' which satisfy

ol |t ol H?

(28) 0z« 9z~

(0), Ve <K,
then H! ~ HZ2.

Proof of Corollary 2.7. We claim that it suffices to take K to be the integer given
by Theorem 2.5 with M’ = M and H(Z) := Z. To see this, let M', H', H? be
as in Corollary 2.7 and observe that if (2.8) holds, then 9%((H')~! o H)(0) =
0%((HY)~1 o H?)(0), for all |a|] < K. By Theorem 2.5 and the choice of K, we
deduce that ((H')"!o H?)(Z) ~ Z and, hence, the conclusion of Corollary 2.7. O

We conclude this section by giving three simple examples motivating each of the
three conditions in Theorem 2.1.

Example 2.9. Let M = M’ C C? be the generic submanifold of codimension two
defined by

(2.10) Im wy; = |z|27 Im wy = 0.

Observe that M is essentially finite but not of finite type at 0. Let f € Rfws] be
nonconvergent with f(0) = f/(0) = 0. Then, the formal mapping H: (C3,0) —
(C3,0) defined by

(2.11) H(z,wr,ws) := (z,w1, w2 + f(ws))
is invertible, sends M into M, but does not converge.

Example 2.12. Let M = M’ C C* be the generic submanifold of codimension two
defined by

(2.13) Im w; = |2120%, Tm wy = |27 20"
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In this case, M is of finite type but not essentially finite at 0. Let f € C[[z1] be
nonconvergent with f(0) = 0. Then, the formal mapping H: (C* 0) — (C*0)
defined by

(2.14) H(zy, 29, w1, ws) := (Zl@f(zl),zge_f(zl),UJ1,'LUQ)
is invertible, sends M into M, but does not converge.

Example 2.15. Let M = M’ C C* be the generic submanifold of codimension two
defined by
(2.16) Im w; = |21* = |22)?,  Tm we = |21]* — |22*.

This time, M is essentially finite and of finite type at 0. Let f € C[z1] be non-
convergent with f(0) = 0. Then, the formal mapping H: (C*,0) — (C%,0) defined
by

(2.17) H(z1, 22, w1, w2) := (f(21), f(21),0,0)
sends M into M, but does not converge. Observe that the Segre homomorphism
® is not injective.

§3. A REFLECTION IDENTITY

The following reflection identity will play an important role in the proofs of
Theorems 2.1 and 2.5.

Theorem 3.1. Let M and M’ be formal generic submanifolds through the origin
in CN and CN', respectively. Assume that M’ is essentially finite at 0. Let H :
(CN,0) — ((CN',O) be a formal holomorphic mapping sending M into M’ whose
Segre homomorphism ®g is injective. Then there exist a positive integer r, positive

integers Nj, 5 =1,... ,N', and monic polynomials in X of the form
(32) P (X.Z,¢(ay)1zr) = XN 4+ Y7 (2,6 (ay))120) XF
k=0

forj=1,... ,N’, such that
(3.3) P; (Hj(Z),Z,¢,(0VH(C) — 0VH(0)) <) € Z(M).

Here, v € ZY, ay = (aym)i<m<n’, and the ¢?* are formal power series whose
coefficients depend only on M, M' and on the values O°H(0) for || < r. In
addition, if H' is another formal mapping (CN,0) — ((CN/,O) sending M into M’
and if O°H'(0) = 0P H(0), for |3] < r, then (3.3) holds with H replaced by H'.

Moreover, if M and M’ are real-analytic, then each of the formal power series
in (3.2) defines a holomorphic function in a neighborhood of the origin.

In order to prove Theorem 3.1, we let Z = (z,w), ¢ = (x,7), with z =
(zla"' 7Zn)ﬂ w = (wla"' 7wd)7 X = (Xla"' 7Xn) and 7 = (7—1;"' 77—d)a be for-
mal normal coordinates for M, and similarly Z’ = (2/,w’), ¢/ = (x/,7’) be formal
normal coordinates for M’; as in §1.2. We shall first prove Theorem 3.1 in these
coordinates. We let Lq,..., L, be the basis for the formal CR vector fields on M
given by (1.2.4). Let H = (F,G): (C" x C?,0) — (C* x C%,0) be a formal holo-
morphic mapping sending M into M’. The following proposition gives the desired
polynomial identities for the components of F'.
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Proposition 3.4. Let M, M', and H be as above. Assume that M’ is essentially
finite at 0, and that the Segre homomorphism @y is injective. Then there exist a

positive integer r, positive integers N;, j =1,...,n', and monic polynomials
N; ik k
(3'5) Pj (X7 (a’)’)\vlgrv (b’)’)\wlgr) =X+ Z d ((a’y)\wlgm (b’y)\wlgr) X",
k=0

forj=1,...,n, such that
(36) Pj (FJ (Z7 ’LU), (L’YF‘(Xa T) - L’YF(O))\“HSN (L’YG(X7 T))\ﬂgr) € I(M)
Here, v € Z1, ay = (aym)1<m<n’, by = (by1)1<i<ar, and the ¢* are formal power
series whose coefficients depend only on M’ and on the values (LP F)(0) for |3] < r.
In addition, if H' = (F',G") is another formal mapping (CN,0) — ((CN/,O) sending
M into M’ and if L°F'(0) = LPF(0), for |8] < r, then (3.6) holds with (F,G)
replaced by (F',G").

Moreover, if M and M’ are real-analytic, then each of the formal power series
in (3.5) defines a holomorphic function in a neighborhood of the origin.

For the proof of Proposition 3.4, we shall need the following preliminary results.

Lemma 3.7. Let p1(X,Y, Z) and p2(X,Y, Z) be formal power series of the form

N—1

(3.8) p(XY,Z) =XV + ) a; (Y, 2) X7,
=0

(39) pQ(X,Y,Z):YM+K(X,Y,Z)7

where X,Y € C, Z = (Z',2") € CF x C¥", a;(0,0) = 0, and K(X,Y,Z',0) ~ 0.
Then the ideal Z(p1,p2) C C[X,Y, Z]| contains a power series of the form

(3.10) r(Y,Z) = YMN L K'Y, Z),
with K'(Y, Z,0) ~ 0.

Proof. For & = (&1,... ,&n), we denote by 0¢(&), ... ,on—1(§) the usual elementary
symmetric polynomials of £ defined by

N
(3.11) on-1(§) = _ijv ona@) = Y. & e

1<j<k<N

N
o0(&) = DV ] 4
j=1

Consider the ring

(3.12) R =C[X,Y,Z.¢]/T,

where J denotes the ideal generated by ¢;(§)—a;(Y,Z), j =0,..., N—1, where the
a; are the coefficients of p; in (3.8). We use the notation [f] € R for the equivalence

class of a power series f € C[X,Y, Z,£]], and we also consider C[X,Y,Z] as a
subring of C[X,Y, Z,£]]. Observe that

(3.13) [p1] = [ljjl(X —Ej)}
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Consider the power series

N

j=1

Since ¢ is symmetric in the £, it follows from Newton’s theorem for symmetric

functions (see e.g. [VW]) that there exists a power series ¢(Y, Z, 09, ... ,0n—1) such
that

(3.15) Y, 2,8) =q(Y, Z,00(¢),... ,on-1(f)).

By the definition of the ideal J, we have

(3.16) (Y 2,6)] = [a(Y: Z, ao(Y, Z), .., an +(Y, 2))].

We claim that [¢(Y, Z,ao(Y, Z), ... ,an—1(Y, Z))N] is in the ideal generated by [p1]
and [p2] in R. This is straightforward to check in view of (3.13-(3.16) since ¢ is
in the ideal generated by ps and H;.V:l(X —¢;) in C[X,Y, Z,£]. (The latter fact
follows easily from the observation that, for any j, ¢ is in the ideal generated by po
and X —¢&;.)

It follows from the claim above that there are power series ¢; (X, Y, Z,§), j =1, 2,
such that

(317) Q(Ya Zv (lo(Y, Z)a cee 7aN*1(Y7 Z))N - Cl(Xa Ya ng)pl(Xa Ya Z)
- CQ(Xa Ya ng)p2(Xa Ya Z) €J.

Wepwt u(Y, Z) :=q(Y, Z,a0(Y, Z),... ,an-1(Y, Z)). It is easy to see that u(Y, Z) is
of the form YMY + K"(Y, Z) with K" (Y, Z’,0) ~ 0. We shall complete the proof of
Lemma 3.7 by showing that 7(Y, Z) := u(Y, Z)" is in the ideal Z(p1,p2). Since the
generators of the ideal J are invariant under permutations of the components of &,
we may assume without loss of generality that ¢;, j = 1,2, in (3.17) are symmetric
in the €. Thus, again by Newton’s theorem, there are power series d;(X,Y, Z,0),
j=1,2,0=(0g,...,0N-1), such that

(3.18) r(Y,Z2)—-di(X,Y,Z,00(),... ,on-1(E) ) (X,Y, 2)
- d2(Xa Ya Zv JO(f)a cee 70N71(£))p2(Xa Ya Z) S j
It follows that

(3.19) (Y, Z) — di(X.Y. Z,a0(Y, Z),... ,an_1(Y, Z))p1(X,Y, Z)
_dQ(X7KZ7a0(KZ)7'- . 7aN—1(Ya Z))pQ(XaYa Z) € \7

Since the power series in (3.19) is independent of £, the desired fact that r(Y, Z)
is in Z(p1, p2) will follow from the injectivity of the canonical homomorphism

Clx,y, 2] — R.

Thus, we must show that if ¢(X,Y,Z) € J, then g ~ 0. By expanding in X and
using the fact that the generators of J are independent of X, it suffices to prove
that if

N—1
(3.20) FV,2) ~ > ei(Y, 2,6)(0(8) — a;(Y, Z)),

Jj=



710 M. S. BAOUENDI, P. EBENFELT, AND L. P. ROTHSCHILD

for some power series e;, then f ~ 0. By considering all possible formal curves ¢ —
(Y(t), Z(t)) through the origin, we are reduced to proving the following statement:
If

N-1

(3.21) h(t) ~ D &(t.6)(0(6) — a; (Y (1), Z(1)),
5=0

for some power series é;, then h ~ 0. By the formal Puiseux expansion (see e.g.

[BK]), it follows that there exists an integer J and formal series fi(w), ... , fx(w)
such that

N
(3.22) (X, Y (w”! H (X — fi(w

Making the substitutions t = w’ and & = fj(w), j = 1,...,N, in (3.21), we
conclude that h(w”) ~ 0 and hence h ~ 0. This completes the proof of Lemma
3.7. (|

We shall make use of Lemma 3.7 to prove the following proposition.

Proposition 3.23. Let f(u,v) = (fi(u,v),..., fr(u,v)), with u € C? and v €
C4, be formal power series with vanishing constant terms. Assume that the ideal
generated by f;(0,v), j = 1,...,r, has finite codimension in C[lv]]. Then, there
exist power series P;(u,v), j =1,...,q, of the form

(3.24) Pi(u,v) = v} + Y bin(u)ok,
where the bji, are power series in u with vanishing constant terms, such that each
P;(u,v) is in the ideal Z(f(u,v)) C Cllu,v].

Proof. We first reduce the situation to a simpler one. By standard arguments (see
e.g. [BER4, Proposition 5.1.5]), there are power series a;;(v) and an integer N such
that

(3.25) » NZ“]’C Ve(0,0), j=1,...,q
Define power series gy (u,v) such that

(3.26) fe(u,v) ~ fir(0,v) + Zuz gri(u,v), k=1,...,7
=1

It follows that

(3.27) v + K;( Zaﬂ’“ ) fre(u,v)
where
T p
(3.28) K;( ajr(V)w gri(u,v), j=1,...,q.
k=1 1=1

Observe that v\ + Kj(u,v) are in the ideal Z(f(u,v)) and that K;(0,v) ~ 0.
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Hence to prove Proposition 3.23 we may assume that ¢ = r and the f; are of the
form

(3.29) fi(u,v) == vév +K;(uw,v), j=1,...,q

where K;(0,v) ~ 0. We reason by induction on g. For ¢ = 1, the desired conclusion
follows from the (formal) Weierstrass Preparation Theorem (see e.g. [ZS]) applied
to the power series fi(u,v), where v = v;. We shall now show how to reduce the
case of ¢ to that of ¢ — 1.

We apply the Weierstrass Preparation Theorem to fi(u,v). Hence there exist
power series ¢;(u,va,...,v), | =0,...,N — 1, satisfying ¢;(0,v2,... ,v,) ~ 0 so
that

N-1
(3.30) f1(u,v) ~ U(u,v) (v{v + Z ci(u,va, . .. ,vq)vll> ,
1=0

where U(u,v) is a unit in Cflu,v]. We apply, for j = 2,...,q, Lemma 3.7 with
X =, Y =wv;, Z" = u, Z' being the components v;, for k > 2 and k # j,
p1(X,Y, Z) being vV + Zf\;gl c(u,ve,. .. ,vq)vll, and p2(X,Y, Z) being f;(u,v).
We conclude that the ideal Z(f(u,v)) contains power series of the form

3 .
(3.31) filu,v2,... ,vq) == vév + Ki(u,v2,...,v9), j=2,...,q,

with K7(0,va, ... ,v4) ~ 0. By the inductive hypothesis, we conclude that Z(f(u,v))
contains power series P;(u,v;), j = 2,... ,q, of the form (3.24). We obtain P; (u,v1)
by repeated application of Lemma 3.7 in a similar fashion as above. This completes
the proof of Proposition 3.23. |

For the proof of Proposition 3.4, we also need the following result which can be
viewed as a formal version of the Nullstellensatz.

Lemma 3.32. Given K(z) = (K1(x),...,K.(z)) with K;(z) € C[z], = € C", the
following are equivalent:
(i) dime Cll])/Z(K(x)) = o0,
(ii) there exist pu(s) = (u1($), ..., un($)), with p1,...,pun € C[s]] and s € C, such
that 1(0) = 0, p(s) % 0, and

(3.33) K;(u(s)) ~ 0, Vi<j<r

Remark. The authors are indebted to C. Huneke for the proof of the implication
(1)=(ii).

Proof. (i)=-(ii). Since the ideal Z(K (x)) has infinite (vector space) codimension
(i.e. (i) in the lemma is satisfied), there is a prime ideal p containing Z(K (z)) that
also has infinite codimension (see e.g. [BR] Lemma 3.3]). Since m, the maximal ideal
in C[[z]], is the only proper prime ideal of finite codimension, we have p G m. We
take p to be maximal with this property, i.e. Z(K(z)) C p & mand there is no prime
ideal q (of infinite codimension) such that p & q & m. Then the Krull dimension of
Cl[=]]/p is precisely 1 ([ZS| p. 218]). The integral closure of C[[z]]/p in its field of
fractions is then a local 1-dimensional integrally closed ring, i.e. a complete discrete
valuation ring denoted by R below, whose residue field,