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BOUNDEDNESS OF AUTOMORPHIC L-FUNCTIONS
IN VERTICAL STRIPS

STEPHEN GELBART AND FREYDOON SHAHIDI

INTRODUCTION

The purpose of this paper is to prove the boundedness in vertical strips of finite
width for all the L—functions that appear in constant terms of Eisenstein series,
under a certain natural assumption on local normalized intertwining operators.
As a corollary, we prove the boundedness for a number of important L—functions,
among them the symmetric cube and triple product L—functions attached to cusp
forms on GL(2), as well as several Rankin—Selberg product L—functions, where the
local assumption was already proved to be valid in each case. Moreover, our main
theorem plays a fundamental role in establishing certain new and striking cases of
functoriality ([CKPSS|, [K3|, [KSh4]). Under the same assumption, the finiteness
of poles on all of C for all of these L—functions is also proved, a necessary step in
the proof of boundedness in vertical strips.

More precisely, let G be a quasisplit connected reductive group over a number
field F' whose ring of adeles is Ap. Let P = MN be a maximal parabolic subgroup
of G, containing a fixed F'—Borel subgroup B of G. Let m be a globally generic
(cf. Section 2 here and [Sh2]) cuspidal representation of M = M(Ar). Decompose
the adjoint action r of “M, the L-group of M, on the complex Lie algebra “n of

m
LN, the L-group of N in the sense of [B], as r = @ r;, ordered as in Section 1.
i=1
Let L(s,m,1;), s € C, be the completed automorphic L—function attached to = and
r;, where local factors at ramified places are defined as in [Shi]. We use the same
local L-functions (and root numbers) to normalize the local standard intertwining
operators (Section 2).

Given a closed real interval I and a real number € > 0, we let T, ; be the set
of all z € C for which Re(z) € I and |Im(z)| > . For each ¢, there exists ¢ > 0
such that L(s,n,r;) is holomorphic for s with | Im(s)| > €. The main result of this
paper, Theorem 4.1, its Corollary, and Proposition 3.2, states:

Theorem. Assume all the relevant local normalized operators are mon—zero and
holomorphic for Re(s) > 1/2. (See Assumption 2.1 and the statement of Theorem
4.1.) Then each L(s,m,1r;), 1 <1i < m, has a finite number of poles on C, and
there exists € > 0 such that each L(s,m,r;) is bounded in every T ;. Consequently
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each L(s,m,1;) defines a function of order 1 in all of C (away from its poles), and
a similar statement is true about partial L—functions.

There are a number of very important cases where the local assumption is al-
ready verified. We refer to Corollaries 4.2 through 4.5 for detailed statements and
references to related results in each case. For example, if we let G be either an
exceptional group of type G (cf. [KShI]), or a simply connected group of type Dy
(cf. [KSh2]), we have (Corollaries 4.3 and 4.4):

Corollary 1. Let m, 7', and ©" be three cuspidal representations of GLa(Ap). As-
sume 7 is not monomial. Then the L—functions

L(s,m,Sym3(p2)) and L(s,mx 7' x ")
are bounded in every vertical strip of finite width.

In both cases m = 2 and the second L-functions, i.e., for i = 2, are Hecke
L-functions attached to certain grossencharacters.

We remark that in the case of L(s, m x ©’ x ) the corollary was originally proved
in [Ral, using the Rankin—Selberg method.

Next, applying our theorem to maximal parabolic subgroups of classical groups
or general linear groups, we get (Corollaries 4.2 and 4.5):

Corollary 2. Let o and 7 be globally generic cuspidal representations of GL,(Afp)
(automatically true for o) and G(Ar), where G s either GL,, or a split classical
group. Then the L—functions L(s,0 x 7), L(s,0,A%p,), and L(s,o,Sym*(p,)) all
have only a finite number of poles on C and there exists € > 0 such that they are
all bounded in each T¢ 1.

It is needless to say that such results are quite important and absolutely neces-
sary in establishing liftings of automorphic forms using converse theorems ([CPST],
[CPS3], [CPS], [Ragl], [Rag2]). In fact, recent striking developments ([CKPSS],
[K3], [KSh4]), establishing important cases of functoriability, all rely in a funda-
mental way on our main Theorem 4.1. In particular, in [KSh4] one needs to employ
the full power of our main theorem, since, to apply the converse theorem, one now
has to deal with exceptional groups of type FEg and E; with m = 3 and 4, respec-
tively. We again refer to the discussions before and after each of the Corollaries 4.2
through 4.5 mentioned before. One hopes that there will be other applications for
such results as in [A4], [RS].

As usual, we use the theory of Eisenstein series to prove the theorem ([L.2], [HC],
IMW1]). We exploit the boundedness of constant terms in each T, ; with I > 0
(Lemma 101 of [HC] or page 242 in [L3]). If m = 1, granting the functional equation
(2.7), Assumption 2.1, and analytic properties of matrix coefficients of normalized
operators (cf. [Al], [Si], [Sh1]), this immediately implies the boundedness in each
T 1.

The general case is then inductively reduced to this case. We refer to Proposition

1 (cf. [Shl], [Sh2|, and [A4]) for the general induction involved.

It is here, i.e. when m > 1, that one needs to deal with the reciprocals of L—
functions for Re(s) > 1. For that, one appeals to a non—constant Fourier coefficient
of the corresponding Eisenstein series which up to a product of values of local

m
Whittaker functions equals H Ls(1 +is,m,7;)"", where S is a finite set of places

i=1
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of F including all the ramified and archimedean ones [Sh2]. One then needs to solve
two analytic problems.

The first is to estimate non-constant Fourier coefficients of a cuspidal Eisenstein
series. As was pointed out to us by Erez Lapid, one cannot expect to prove,
within the existing techniques, that these coefficients are of finite order in the closed
half plane Re(s) > 0. In fact, to estimate them, one needs to study Langlands
inner product formula ([A3], [L3]) for Arthur’s truncated ([A2], [A3]) Eisenstein
series. A simple calculation shows that one needs to deal with the logarithmic
derivative of M (s), the global intertwining operator, as one approaches the unitary
axis Re(s) = 0. Therefore, within our present state of knowledge, the best that
one can expect is that a non-constant Fourier coefficient is given as a ratio of two
analytic functions of finite order in the closed half plane Re(s) > 0. We prove this in
Section 6, using Muller’s [Mu] results on analytic properties of M (s) (Proposition
5.4). We would like to thank Erez Lapid for his observation and several useful
communications.

Each of our L-functions can now be expressed, through induction, as a ratio of
two analytic functions of finite order in the closed half plane Re(s) > 1/2. These
quotients are obtained, not only from Fourier coefficients as explained earlier, but
since we must also divide by values of Whittaker functions at archimedean places
(Proposition 5.2 and Lemma 5.6).

Here is where the second problem shows up. In fact, to show that our L-functions
are of finite order in vertical strips of finite width, to which we can now apply
Phragmén-Lindel6f’s theorem, we are led to use a fairly deep result from complex
analysis which, strikingly enough, has itself been originally motivated by operator
theory (Matsaev’s theorem). Using Carleman and Poisson formulas in half disks
we get an estimate for log|Lo(s, 7, 7;)| in the open half plane Re(s) > 1/2 of the
form

< (r” +1),

C
IOg |L0(85777Ti)| < cosd

s—(1/2) =re?, 0| < 7/2, for some p > 1 and C > 0, which using the functional
equation we then extend to all of C with |cosf| in the denominator, but with
possibly a larger C. To this we then apply the main theorem in the proof of
Matsaev’s theorem (Theorem 3, lecture 26 of [Le]) to conclude that L(s,m,r;) is
indeed of finite order in C (away from its poles). Here Lo(s,,r;) is the entire
function P;(s)L(s,m,r;), where P;(s) is the monic polynomial which gives the poles
of L(s,m,r;) (cf. Sections 4 and 5).

This line of argument evolved from a large number of communications and con-
versations that we had with Misha Sodin. His ideas were communicated to us
through several letters which we have included partly here as our Theorem 5.7. We
are indebted to him for the countless hours that he has spent to help us with this
problem.

Although the problem of boundedness in vertical strips for each L(s,m, ;) is now
resolved, the much harder question of finiteness of order of each L(s,m,r;)~! for
Re(s) > 1 still remains open which we state here as:

Conjecture. Each L(s,m,r;)~! is of finite order in Re(s) > 1.

Remarks are now in order on Assumption 2.1, a result which beside its applica-
tions here and elsewhere ([KSh3], [K1], [K2]), is necessary in analysis of the residual
spectrum for reductive groups. (One needs even the stronger result of validity of
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Assumption 2.1 for Re(s) > 0 as opposed to Re(s) > 1/2.) In recent years, sig-
nificant progress has been made towards its resolution, mainly due to local work
of several mathematicians ([CSh|, [K1], [K2|, [KShl], [KSh2], [M1], [M2], [MSh],
IMW2], [Z], [ZL]) and we would not be surprised if it is resolved within the next
few years. One only needs to address the problem when the group is either excep-
tional of type different from Gs, for which the problem has already been resolved in
[KShI], or is a spin group, i.e. a simply connected covering of a special orthogonal
group. We again refer to the discussions after and before each of the Corollaries 4.2
through 4.5 for appropriate credits and references. Significant progress has been
recently made by Henry Kim on proving the assumption in general.

Due to the large number of equations in this paper, we were advised to explain
how they are numbered. Equations in the main body of each section are given by
two numbers, that of the section, followed by the number of the equation in it,
e.g. equation (5.2), (5.7), (6.12). On the other hand, the equations which appear
in the statements and proofs of lemmas and propositions are numbered by the
proposition (or lemma) number, followed by that of the equation, e.g. (5.2.1) or
(5.1.2), which refer to Proposition 5.2 and Lemma 5.1, respectively.

Besides expressing their gratitude to Erez Lapid and Misha Sodin, the authors
would like to thank Armand Borel for his important advice on the material in
Section 6 (see the first paragraph there), as well as James Cogdell, David Drasin,
Ravi Raghunathan, and Dinakar Ramakrishnan for useful discussions.

1. PRELIMINARIES AND NOTATION

Let F' be a number field. For every place v of F, let F,, be the completion of
F at v. Denote by O, and P, the ring of integers of F, and its maximal ideal,
respectively. Let ¢, be the number of elements in the residue field O,/P,. Fix
a uniformizing parameter w, € P,, i.e. P, = (wy). Let | |, be the normalized
absolute value of F), for which |z, |, = ¢, !. Finally, denote by A the ring of adeles
of F. If I is the group of ideles of F, the units of Ap, then Ip = Ik x R, where
[L is the subgroup of ideles of norm one, while R?* denotes the multiplicative group
of positive real numbers.

Let G be a quasisplit connected reductive algebraic group over F. Fix a Borel
subgroup B of G defined over F'. Write B = TU where T is a maximal torus of G
and U denotes the unipotent radical of B, both over F. Let P be an F—parabolic
subgroup of G with P D B. Let P = MIN, N C U, be a Levi decomposition of P.
We will fix M by assuming M D T.

For every place v, G may be considered as a group over F,. We then set
G, = G(F,). We similarly have B,,T,,U,, P,, M,, and N,. Finally, set G =
G(AF), B = B(AF), etc.

For almost all places v, where G is defined over O,, we let K, = G(O,). Oth-
erwise, we fix a special maximal compact subgroup K, C G, which we will further
assume to be adapted to Ay, = Ag(Fy), where Ay is the maximal F—split torus in
T. Set K = ®,K,. Then G = PK.

Let A be the split component of the center of M. Then A C Ay C T. For
every F—group H, let X(H)r be the group of F-rational characters of H. Set
a = Hom(X(M)p, R), the real Lie algebra of A. Then

a*:X(M)F®ZR=X(A)F®ZR

and af = a* ®g C is the complex dual of a.
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The embedding X (M) C X(M)p, induces a map a, — a (mistakenly called an
embedding in [Sh2]), where a, = Hom(X (M)r,,R). There exists a homomorphism

HM M —a

defined by

exp(x, Hy (m HlX mv v

for all x € X(M)r and m = (m,). Extend Hjs to all of G by making it trivial on
N and K which we denote by Hp. We can define Hp, for each v in precisely the
same manner. Then

exp(x, Hp(m HeXP x. Hp,(my))  (x € X(M)r)

using the embedding X (M)p — X (M)p, for each v. Observe that given m € M,
this is only a finite product.

Let M! be the kernel of Hy;. Then M is the direct product of M! and A%,
where AY_ is the connected component of identity in A, = H Ay, Ay = A(F)).

v|oo

Denote by ¥ the set of F-roots of Ag. Then ¥ = X+ U X ™, where ¥ is the set
of positive roots, i.e. those generating U. Let A C X7 be the set of simple roots.
We shall identify the roots of A in N with a subset of X7.

We shall say P is maximal if the roots of A in N, as identified with a subset of
YT, contain a single simple root a € A. Thus « denotes the unique reduced root of
A in N. Throughout this paper we shall assume P is maximal. Let pp be half the
sum of roots generating the Lie algebra of N. Then & = (pp, )~ !pp belongs to a*.
We refer to Section 1 of [Sh2] for the definition of (, ) in terms of the Killing form
for non-restricted roots of T in U, restricting to . Observe that, for each v, &
can be realized as an element in a}, through the embedding a* — aj. From now
on, we shall identify C with a subspace of af by identifying s € C with sa& € ag.

For every connected reductive group H over F, let “H be its L-group [B]. We
use H to denote “H 0. the connected component of 1 in “H. For each v, there is a
natural homomorphism “H, — “H, where “H, is the L-group of H as a group over
F,. Let n,: “M, — “M be this map for M. Given a finite dimensional complex
representation r of M, the representation r, = r - 1, becomes one of “M,. We
define EN, the L-group of N, as in the sense of [B].

Let £n be the (complex) Lle algebra of “N. The group “M acts on “n by ad301nt
action r. We decompose r = @ 7; to its irreducible constituents on fn = V = @ Vi

=1 i=1
and index them according to an upper central series of “n. More precisely, m is
equal to the nilpotence class of “N' (or £n), and each r; corresponds to a factor in
the series with 7, corresponding to the action on the center V,, of “n, and then
increasing up on the series. Notice that

Vi = {Xpo € (@, 8) = i}

and therefore the order is that of the increasing eigenvalues of the action of “A on

L.
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2. L-FUNCTIONS AND INTERTWINING OPERATORS

Let m = ®,m, be a cuspidal representation of M = M(Ag). For our purposes,
we may and will assume that 7 is trivial on A% and therefore is one of M?!, the
kernel of H)y;.

Let W be the Weyl group of Ag in G. We use 0 to denote the subset of A which
generated M. Then A = 6 U {«a}. There exists a unique element @ € W satisfying
w(#) C A but w(a) € ™. Fix a representative w € K N G(F') for .

Let I(s,m) be the induced representation

I(s,m) = A}Zf\}%ﬂ ®exp(s, Hp( ) ® 1,

where we have identified C with a subspace of af by s — s& as in Section 1. Then

I(S;'/Tv) = M %\Ifl(%G Ty & exp<87HPu( )> ®1.

Let M be the Levi subgroup of G with M’ D T and generated by w(6). Let P’ O B
be the parabolic subgroup of G which has M’ as a Levi factor. Let N’ C U be
its unipotent radical. Given f in the space V (s, ) of I(s, ) and Re(s) sufficiently
large, define

(21) M) = [ fwng)in (€ G).

Observe that if f = ®, f,, then for almost all v, f, is the unique K,—fixed function
normalized by f,(e,) = 1. Finally, for each v, let M (s,m,,w) = M(s&, m,,w) be
the corresponding local intertwining operator defined for Re(s) sufficiently large by

(2'2) M(deﬂ'vaw)fv(g) = N fv(w_lng)dn (g € GU)'
Then
(2.3) M(s,7) = @y M (s&, Ty, w).

Suppose v is such that both G and 7, are unramified. If 7, is the Frobenius
conjugacy class in Gal(L,,/F,), w|v, where L is a finite Galois extension of F over
which G splits, then there exists A, € T' = “T° such that the “M —conjugacy class
of A, x 7, determines the class of m, uniquely (cf. [B], [Sh2]). We may and will
assume that A, is fixed by 7,. The local Langlands L—function attached to m, and
ry is then defined by

L(8,7y,7y) = det(I — 7, (A, % 75)g, *) "

Let S be a finite set of places of F' such that for every v ¢ S, 7, and G are both
unramified. Set

LS(Sv’fraT) = H L(saﬂ—vvrv)'
vgS
Now, for each i, 1 < i < m, let r; be as before the adjoint action of “M on
Vi, I'n= @ V;. Tt is well known (cf. [L1], [Sh2]) that

=1

(2.4)

m
M(S,ﬂ')f = ®UESM(S&a7rv;w)fv ®v€S f~v : HLS(i877T7fi)/LS(1 + isﬂnﬂ);
i=1
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where f = ®,f, is such that for each v € S, f, is the unique K,—fixed function
normalized by f,(e,) = 1 and for each i, 7; is the contragredient of r;, ¢ = 1,... ,m.
Here f, is the K, fixed function in the space of I(—s,w(m,)) normalized the same
way.

Let 9 = ®4%, be a non-trivial character of F\Ap. Let x be a non—degenerate
character of U(F)\U, defined by 1 and compatible with @ (cf. [Shi]). If U° =
UNM, we will use x to also denote x|U®. From now on, we shall assume 7 is
x—generic in the sense that there exists a cusp form ¢ in the space of m with a
non-zero x—Fourier coefficient (cf. Section 3 of [Sh2]).

We shall now concentrate on places in S. We assume S is large enough so that for
v & S each v, and X, is unramified. For each v, in [ShT], one defines a root number
(s, Ty, Tiw, Yo) and an L—function L(s, my,7;,,), and normalizes M (sé&, m,, w) as

N(s&,my, w) =

2.5 e

(2:5) H e(i8, Tu, Fiwy Yo ) L(1 + 08, Ty, 7i ) L(i8, T, Fiw) M (56, Ty, w).
i=1

Then

(2.6) N (sé, Ty, w)N(sw(@&), w(my), w™ ') = 1.

Here we have fixed the representative w of w as in [Sh3|, and we understand that
in the normalizing factor for N(sw(&), w(m,),w™"), 1, is replaced with 1,

The map f%(g) — exp(s&, Hp,(9))f°(g9), g € G, defines a bijection from
V(0,m,) onto V(s,m,). Set f,(g9) = exp(s&, Hp,(g))f°(g). We make the follow-

ing assumption.

Assumption 2.1. Fiz a place v and assume Re(s) > 1/2. Then there exists a
function fO € V(0,m,) such that N(s&, T, w)f,(g) is non—zero and holomorphic at
s for some g € G,,.

The assumption is quite natural and is already verified in many cases including
GL(n) [MW2] and a number of other groups ([KI, [K2], [KShI], [KSh2]). We
will comment more on it in Section 4, where we discuss a number of important
applications. One expects the validity of Assumption 2.1 even for Re(s) > 0 which
is necessary for the study of residual spectrums. But this is usually harder to prove.

Next, as in [ShT], we let

L(s,m,r) = H L(s, Ty, Tiw)

and

5(577"; ri) = H&(S,Trv, m,m%)-
v

Then the functional equations (cf. [Shi], [Sh4])
(2.7) L(s,m,r;) =¢e(s,m,r;)L(1 — s, 7, 7;) (1<i<m)

allow us to restrict ourselves to proofs of analytic properties of these L—functions
only for Re(s) > 1/2.
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3. INDUCTION AND FINITENESS OF POLES

Assumption 2.1 allows us to prove that each L(s,, ;) has only a finite number
of poles on all of C. While many cases of this result for Lg(s, 7, r;) were proved in
[Sh2], [Sh3] with no assumptions, the general case is still not in hand unless Assump-
tion 2.1 is used. We start by recalling the general induction ([Sh1], [Sh2]) which is
needed in order to answer different questions about each individual L(s, 7, r;) using
this approach. As observed by Arthur [A4], our induction is endoscopic. For the
sake of completeness, we include a result which captures the main induction step
of [Shi] (cf. Propositions 4.1, 4.2, 5.1, Theorem 3.5 of [Shi]).

Proposition 3.1. Let F' be a number field (a local field of characteristic zero, re-
spectively). Let G be a quasisplit connected reductive group over F. Let P = MIN
be a standard mazimal parabolic subgroup of G with respect to a F—Borel subgroup
B as before. Let m be a globally generic cuspidal representation of M = M(AFp)
(irreducible admissible generic representation of M = M(F), respectively). Let
m
r= @ r; be the adjoint action of “M on In as before. Then for each i, 2 <i < m,
i=1
theré exist a quasisplit connected reductive F—group G;, a mazimal F—parabolic
subgroup P; = M;N; of G;, and a globally generic cuspidal representation w of
M; = M,;(AF) (an irreducible admissible generic representation ©' of M; = M;(F),
respectively) such that, if the adjoint action v’ of “M; on Tn; decomposes as r' =

m/
D r’, then
=1

(3.1.1) L(s,m,7i) = L(s, 7', 1)
and
(3.1.2) e(s,m,ri) = e(s, 7', r))

(e(s,m,ri,p) = e(s, 7,1, ¥F), respectively). Moreover m' < m and for F a
number field if the data outside S is unramified for (G,M, ), then the same is
true for each (G, M;, 7’).

Remark. Arthur [A4] has shown that groups G; can be taken to be among the
elliptic endoscopic groups of G.

Proposition 3.2. Let F' be a number field and 7 a globally generic cuspidal rep-
resentation of M' = M(Ap)'. With notation and terminology as in Section 2 and
this section, suppose for each v € S, Assumption 2.1 holds for (G, M,,m,), and
each (G; .y, M, 7)), as well as for those groups attached to them, and so on, via
induction of Proposition 3.1. Then each L(s,,r;) has only a finite number of poles

on all of C. They are all real.

Corollary 3.3. Under the above assumption, each Lg(s,m,r;) extends to a mero-
morphic function of s on all of C with only a finite number of poles. They are all
real.

Proof of Proposition 3.2. We shall reformulate equation (2.4) as
(3.3.1)

m
M(Sa ’/T)f = HE(iS77rvfi)ilL(Z‘Svﬂ-?fi)L(l + is?”vfi)il (2 N(S&,?Tv71U)fv,

i=1
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Under our assumption (Assumption 2.1), the finiteness of poles for M(s, ) for
s> 0 (cf. [L2], [HC]) implies the same for

m

(3.3.2) [ Lts.x.#) /L1 +is, m, 7)
i=1

for Re(s) > 1/2. By (2.7) it is enough to prove the finiteness of poles for each
L(s,m,r;) only for Re(s) > 1/2. We do this by induction on m.

By Lemma 5.6 of [Sh2], applied to the completed L—functions rather than the
Lg’s, which by the nature of local L—-functions is still valid,

(3.3.3) ﬁL(l +is,m,7)

i=1

has only a finite number of (simple) zeros for Re(s) > 0.

Our induction hypothesis now becomes: Suppose ¢ > 2. Then each L(s, 7, ;) has
only a finite number of poles for Re(s) > I and zeros for Re(s) > 1, respectively.

Now, suppose L(s,m,r;) has only a finite number of poles and zeros for Re(s) >
1/2 and Re(s) > 1, respectively, for 2 < ¢ < m. Then it follows from applying
(3.3.3) to 7, the contragredient of 7, that L(s,m,r1) also has only a finite number
of zeros for Re(s) > 1.

The finiteness of poles for Re(s) > 1/2 for L(s, m,r1) now follows from finiteness
of poles for (3.3.2) applied to 7 over the same range and our induction hypothesis

for 2 < i < m. This completes the proof. O

Corollary 3.4. Under the assumption of Proposition 3.2 each L(s,7,r;) has only
a finite number of zeros for Re(s) > 1. They are all real.

4. BOUNDEDNESS IN VERTICAL STRIPS
Given a real number € > 0 and a real closed finite integral I, let
Te.; = {s € C||Im(s)| > ¢, Re(s) € I},

which we call a pair of “half strips of finite width”.

A meromorphic function f(s), s € C, is said to be bounded in vertical strips of
finite width or simply in finite vertical strips if for each I, there exists an € > 0 such
that f is bounded in T ;. In particular, f will have to be holomorphic on 7} ;.
When f is entire this definition agrees with the usual boundedness in finite vertical
strips.

By Proposition 3.2, for each i, 1 < i < m, L(s,m,r;) is meromorphic with at
most a finite number of poles on C. The main result of this paper is the following
theorem. We refer to [CPST], [CPS3|, [CPS4], [Ragl], [Rag2], [Ra], [CKPSSI,
IKSh4], [K3] for its applications in converse theorems.

Theorem 4.1. Let F' be a number field and 7 a globally generic cuspidal rep-
resentation of M = M(Ap). With notation and terminology as in Sections 2
and 3, suppose for each v € S, Assumption 2.1 holds for (G, M,,n,) and each
(Giws Miw,m,), as well as for those groups attached to them, and so on, via induc-
tion of Proposition 3.1. Then each L(s,m,r;), a meromorphic function with possibly
only a finite number of poles on C, is bounded in every vertical strip of finite width.
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We shall prove Theorem 4.1 in the next few sections. But for the moment we
shall state a number of results by specializing Theorem 4.1 to special cases where
Assumption 2.1 is already verified. A collection of very important L—functions are
among these which we shall now list. Each of these results is important at least
when one tries to apply converse theorems to establish existence of automorphic
forms and prove new cases of functoriality (cf. [CPSI], [CPS3|, [CPS4], [Ragl],
[Rag2|, [Ral, [CKPSS], [KSh4], [K3]).

For each i, 1 <i <m,let s; = {s;;} be the set of poles of L(s, ,r;), where each
pole is counted with multiplicity. By Proposition 3.2, each s; is finite, and every
sij € Rif 7 is a representation of M. Let

Pi(s) =[] (s = siy)-
J
Then each P;(s)L(s,m,r;) is entire. Since local L-functions at archimedean places
are each a product of I'-functions in linear combinations of s which are consequently
of order 1 in Re(s) > 1/2, Theorem 4.1 and the functional equation immediately
imply:

Corollary. For each i, both P;(s)L(s,m,r;) and P;i(s)Lg(s,m,r;) are entire func-
tions of order 1 on all of C.

We start with the Rankin—Selberg product L-functions for GL,,(Ar) x GL,(AF),
where n and p are two positive integers. Let m and 7’ be cuspidal representations
of GL,,(Ar) and GL,(AF), respectively. Recall that the local Rankin—Selberg L—
function attached to m, and 7] when they are unramified and attached to A, C
GL,(C) and A, C GL,(C) is defined by

L(s,m x 7)) = det(I — A, @ ALgy®) ™"

At ramified places, the local factors are defined by either of two methods and are
equal ([JPSS], [Sh3], [Sh6], [Shi]), and, in view of the recent proof of the local
Langlands conjecture ([HT], [H], [L4], [Sh3]), are all those of Artin. Moreover, the
global L-function L(s,m x 7') is entire unless 7’ = 7 ® | det( )|* for some sy € C
(cf. [JSI]), [JS2], MW2|) and satisfies a standard functional equation ([Sh1], [Sh3],
[Shd], [Sh6]). Suppose n’ = 7. Then L(s, 7 x ©’) has simple poles at s = 0 and 1
(cf. [IS2)).

In our setting G = GLyp4+p, M = GL,, x GL,, and the representation of M is
7 ® 7', In this case, m = 1 and L(s,m x 7') is the corresponding L—function.
Consequently P;(s) = s(s—1) if 7/ = 7. Our Theorem 4.1 then gives another proof
of the following result which was first observed in print by Rudnick—Sarnak in [RS],
to which we refer the reader for some important applications on distribution of
zeros for certain L—functions.

Corollary 4.2. The L—function s(s — 1)L(s,m x «') is bounded in every vertical
strip of finite width.

Proof. We only need to verify Assumption 2.1. But a much stronger result is proved
in this case by Moeglin-Waldspurger (Proposition 1.10 of [MW2]). O

Next we let m be a cuspidal representation of GLy(Ar). Let Sym®(ps) be the
third symmetric cube representation of GL2(C) on symmetric tensors of rank 3.
Here py = Sym'(ps) is just the standard representation of GLo(C). Recall that if
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m, is unramified and its corresponding semisimple conjugacy class is represented
by diag(aw, By) € GL2(C), then
3
L(s,m, Sym®(p2)) = [[(1 = ad 50 7q,*) "
§=0

At ramified places the local factors are defined in [Sh3], [Sh7] and are again those
of Artin attached to 7, through the local Langlands conjecture (cf. [HT), [H, [Kul,
[L4]).

In our setting G is the split group of type G2 and M = G L, is generated by
the long simple root of G. Then m = 2, r; = 7§ = Sym®(p2) ® (A%pz)~" and
ro = A2py. Observe that if w; is the central character of 7, then

L(s,m ® wr,7m1) = L(s, 7, Sym3(p2))
and
L(S,?T,TQ) = L(saww)'

It was proved in [KShI] that L(s,m, Sym*(p2)) is entire unless 7 is defined by a
grossencharacter x of a quadratic extension of F, i.e. 7w is monomial (cf. [KShI]).
Again assuming 7 is a cuspidal representation of GLy(Ar)! which amounts to
wy being trivial on R% through the identification of the center of GLy(Afr) with
[ = I} x R%, the poles of L(s,, Sym?®(ps)) are at s = 0,1 and appear if and only
if 3 = 1. Thus Pi(s) = s(s — 1) in this case. We furthermore have:

Corollary 4.3. a) If 7 is not monomial, then the L-function L(s,m,Sym>(p2)) is
bounded in vertical strips of finite width. The same is true in every T i, otherwise.
b) Let p = ®,p, be an arbitrary grossencharacter of F. Define

L(S,?T,’I"g,p) = L(577T® pa’rg)a

where 19 is the adjoint cube representation of GLy(C) defined by r§ = Sym?®(p2) ®
(A2p)~ Y. Assume m is not monomial. Then L(s,m, 73, p) is bounded in vertical
strips of finite width for every p.

Proof. Again Assumption 2.1 is verified already in Propositions 3.1 and 3.2 of
[KSRT]. O]

Remark. Observe that part b) is formulated so that whenever similar results about
twists of rg with cusp forms on GL2(Ar) become available, the converse theorem
can be used to imply the existence of the functorial lift 7§, of r§. This would
be a spectacular result (cf. [GJ] for Sym?(p2)). We refer to [KShi], [ShS| for a
discussion of these issues. Observe that if the functorial lift IT = 7§ , () of 7 exists,
then Sym®(ps)«(7) = II ® w,. Note that boundedness in this case can also be
directly proved since L(s,,rJ) is the ratio of two Rankin product L-functions (cf.
[KSh1]), both of which are entire of finite order by Corollary 4.2. (The existence of
79 . is now proved in [KSh4].)

Next, we turn our attention to the Rankin triple product L—functions a 14 Garrett
|Gal, Piatetski-Shapiro-Rallis [GPSR], Ikeda [I], Ramakrishnan [Ral, and Kim-
Shahidi [KSh2]. More precisely, let 7,7/, 7" be three cuspidal representations of
GL2(Ar). Assume for some place v that all these local components are unramified,
and let A,, A}, A” be the corresponding conjugacy classes in GL2(C). The local
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Langlands L—functions, the local Rankin triple product L—function, is then defined
by

L(s,my x 7l x 7Y = det(I — A, @ A, @ Allq, )7L

Again, for each place v, ramified or otherwise, the local factors are defined by both
methods and are equal to those defined through the local Langlands conjecture as
Artin factors. This equality is due to Ramakrishnan [Ra]. Moreover, using either
the method of Rankin-Selberg, or that of Eisenstein series, one can prove that the
global L-function L(s,m x 7’ x «"’) is entire unless all three representations are
monomial. The poles were then determined by Ikeda [I]. They are again at s = 0,1
and therefore s(s — 1)L(s,m x @’ x «"’) is always entire.

In our setting G = Spin(8) and M is generated by {a1, a3, a4} with the middle
root as eliminated. It is easy to see

M= (SLQ X SLQ X SLQ) X GLl/(iI),

where I = (I3, 15, I5,1). Let wy = ww'w”, where w,w’, and w” are the correspond-
ing central characters. Choose irreducible constituents m, 7, 7y of 7|SLa(AF),
7'|SLa(AFR), m'|SLa(AF), arbitrarily, and consider them as representations of three
S Lo components of M. Finally, consider wq as a character of GL1(Ap). This then
leads to a representation II of M = M(Ap). We have m = 2,

L(s,II,ry) = L(s,m x " x ),
and
L(s,II,73) = L(s,wo).
Moreover, if L(s,m x 7’ X ©’’) is not entire, then P;(s) = s(s — 1). We have:

Corollary 4.4. Suppose at least one of w,7’, or " is non-monomial. Then the
L—function L(s,7m x ' x 7" is bounded in every vertical strip of finite width. The
same is true in every 1. 1, otherwise.

Proof. Assumption 2.1 is Proposition 3.2 of [KSh2| in this case. O

Remark 1. This was first proved by Ramakrishnan using the Rankin—Selberg
method in [Ral] (Section 3.4). As explained there, this is absolutely necessary in
order to prove the functorial lift corresponding to the L—-group embedding

GLy ((C) ® GLo ((C) — GLy ((C),

using the converse theorem, which was established by Ramakrishnan in [Ral] as
well. This is a very important result with many fundamental applications such as
multiplicity one for SLa(Ar) (Section 4.1 of [Ral).

Remark 2. Ramakrishnan’s proof is more specialized and complicated since he
needs to deal with residual (non—cuspidal) Eisenstein series as opposed to ours.
In spirit, our two proofs are close to each other (cf. Section 6).

Our final example is that of the Rankin—Selberg L—functions L(s, o x 7), where o
is a cuspidal representation of GL,(Ar) and 7 is a generic cuspidal representation
of Gp, G, = Gp(Ap), where G,, is a split classical group of rank p, i.e. either a
split special orthogonal group or a symplectic one. The cases of similitude groups
must be similar. But we have not checked that carefully.
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Suppose v is such that o, and 7, are both unramified. Let A, and A! be the
corresponding conjugacy classes, respectively. The local Langlands L—function is
then simply

L(Sa Oy & T’D) = det(‘[ - A’U ® Aiquis)il'

An enormous amount of work has been done about these L-functions (JGPSRJ,
[Soll, [So2|, [GRSIT], [GRS2|, [Shi]) and local factors are defined by both methods.
Their equality can probably be verified using local-global methods along the lines
of [Shi], [GRS2], and [Ra] (cf. Proposition 6.3 of [GRS2]). But nothing as strong
as the earlier cases can be said about these.

In our setting G = Gpipn, M =GL, x Gy, and m = 0 ® 7. Moreover, if p > 0,
then m = 2 and

L(s,m,r1) = L(s,0 x 7).

The representation o = A2p,,, or Symz(pn), according as G is a symplectic or
a special even orthogonal group, or a special odd orthogonal one. Here p,, is the
standard representation of GL,,(C) and LG, acts trivially; in other words, according
as 'GP is special orthogonal or symplectic. Then

L(s,m,re) = L(s,0,72).

When G = SOgp12,+1 and o satisfies the weak Ramanujan property (cf. [CPS2]
and Definition 3.1 of [K2]), then Kim ([K2], Theorem 3.5) has proved that L(s, o xT)
is holomorphic except possibly at s = 0,1/2,1. In general, some rather weaker
results are also proved in [K2] to cover the symplectic groups (Theorem 3.7 of [K2]).
On the other hand, Assumption 2.1 is verified for all of these groups (Proposition
3.4 of [K2], Lemma 3.3 and Proposition 3.4 of [K1]). (The case of the even special
orthogonal group is not proved there. But in view of Muic’s new result [M2], it is
totally similar.) Let Pi(s) and P»(s) be the polynomials defined by the finite sets
of poles of L(s,o x 7) and L(s,0,73), r2 = A%p,, or Sym?(pn) (Proposition 3.2).
Then

Pi(s)L(s,0 x T)
and
Py(s)L(s,0,712)

are entire.
We have:

Corollary 4.5. Let o and T be cuspidal representations of GL,(Ar) and G,. As-
sume T is globally generic.

a) The L—function L(s,o X T) has at most a finite number of poles in C and is
bounded in vertical strips of finite width.

b) The same is true for L(s, o, A2p,) and L(s, o, Sym?(p,)).

Remark 1. The L-functions L(s,o X 7) are quite important if one tries to use
the converse theorem to lift cusp forms from classical groups to GL,. This is a
long—term project which has been studied by a number of experts and at present
is being pursued by a subset of them, notably Cogdell and Piatetski-Shapiro. We
observe that to apply the converse theorem a result such as that of Corollary 4.5a) is
absolutely necessary ([CPS1], [CPS3], [CPS4], [Ragl], [Rag2], [Ra]). (The existence
of a lifting from SOszy,41 to GLs, is now proved in [CKPSS].)
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Remark 2. We expect the situation of quasisplit classical groups as well as simil-
itudes of all these groups to follow the same path. But one first needs to verify
Assumption 2.1 for them.

5. PROOF OF THEOREM 4.1

With no loss of generality we may assume that 7 is a representation of M! so
that the poles are all real. Given a real number £ > 0 and a real closed finite
interval I, let T, r be as in Section 4. Suppose I = [a,b] and ¢ is a real number.
We will say I > c if and only if a > c.

A complex function f(s), s = o + it, is said to be of finite order in T}y if it is
analytic in T}y, and there exist real numbers K > 0 and p > 0 such that

(5.1) (o +it)| < Kel

for all s = 0 + it € T, ;. The smallest such p is called the order of f. But in what
follows we do not need the exact order of a function.

A meromorphic function f(s) is said to be of finite order in a closed (open) half
plane Re(s) = 0 > 09 (0 > 09, resp.) if it has only a finite number of poles there,
and if the monic polynomial P(s) gives the poles of f(s) in o > o (0 > 09, resp.),
with multiplicities counted, then there exist real numbers K > 0 and p > 0, both
depending only on f and oy, such that

|P(s)f(s)] < Kel*V"

for all o > og (0 > 0y, resp.), s = o + it. We will use the same definition when
dealing with finite strips (as opposed to half strips T ; defined at the beginning of
Section 4) or the whole complex plane.

The strategy of the proof is as follows. First, using some rather deep results
in complex analysis (Matsaev Theorem; cf. Lecture 26 of [Le]) and the functional
equation, we show that each L(s,m, ;) is of finite order in every T ; (in fact in the
whole complex plane in the sense of our definition). Next we take a vertical strip 7%
with a < Re(s) < b such that L(s, 7, r;) is bounded on Re(s) = a and Re(s) = b, for
example by taking b larger than an abscissa of absolute convergence and a < —b.
The theorem is now a consequence of Phragmén—Lindel6f’s theorem applied to such
T. 1 (see for example §5.6 of [T], especially 5.61 and the first paragraph in 5.65).
Thus the bulk of the proof falls on proving the finiteness of order for each L(s, m,r;)
in each T 1.

We start with the following lemma.

Lemma 5.1. Under Assumption 2.1 for every (G, M,,T,), the product

(5.1.1) HL(is,ﬂ',m)/L(l +is,m, 1)

i=1
is of finite order in the closed half plane Re(s) > 1/2.

Proof. We start with equation (3.3.1) applied to 7. For simplicity of notation let
m

(5.1.2) (s, ) = H€(i8,W,Ti)_lL(iS,W,Ti)/L(l +is, T, ).
i=1

Evaluate both sides of (3.3.1) at the identity. Next let u = ®,u, be a K-finite
vector in the space of m = ®,m, and consider the matrix coefficient of both sides
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of (3.3.1) at u = ®,u,. We then have
(5.1.3) (M (s,70)f(e),u) = £(s,m) H(N(sd, oy W) fr(€), ).

v
In the notation of [HC] (cf. Theorem 5 of [HC], as well as [[2]), we may choose f
such that

(M (s,7)f)(e) = c(w, s@&)p
for some ¢ in the space of 7. Then by the Schwarz Lemma, the absolute value of
the left hand side of (5.1.3) is bounded by

|e(w, sa)l[[ll[[ull,

where |c(w, s@)| is the norm of c(w, sa@), and ||| and ||u|| are the L?>norms of ¢
and u in 7T and 7, respectively.
It follows from Lemma 101 of [HC] (also see page 242 of [L3]) that

(5.1.4) f(s,ﬂ)H(N(sd,ﬁv,w)fv(e),uv)
is bounded in every T, ; with I > 0. Combining this with Lemma 38 of [HC|] and
the finiteness of poles of ¢(w, s&), o > 0, we see that (5.1.4) is in fact of finite order
in the closed half plane o > 0.

On the other hand, by part R6 of Theorem 2.1 of [Al] when v is archimedean,
as well as the results of [Si|] and [Shi] otherwise, each

(5.1.5) <N(50~477~Tv7w)fv(e)v uv>

is a rational function of either s if v|oo, or g *®

equal to 1 for almost all v.

Applying Assumption 2.1 for (G,, M,,7,) to (5.1.3), it is clear that £(s,7) is
analytic, except possibly for a finite number of poles coming from those of M (s, 7).
Observe that the f, used in applying Assumption 2.1 need not be among the com-
ponents of our f (and ¢) which we have fixed throughout the proof.

Write T'(s) for the numerator of II,(N(s&, 7y, w)fy(€), uy). Observe that the
zeros of T'(s) will all lie discretely on a finite number of lines parallel to the imaginary
axis. Therefore there exists a real number § < 1/2 such that all the zeros of T'(s)
with Re(s) > ¢ are among those of (M (s, 7)f(e),u) and consequently £(s,7) is in
fact analytic (except possibly for a finite number of poles) for Re(s) > §. Since
(M(s,7)f(e),u) and IL, (N (s&, Ty, w) fy(€), uy) are both of finite order in the same
half plane, a standard division theorem (cf. part a) of our Theorem 5.7) implies the
finiteness of the order of £(s, 7) for Re(s) > 1/2 > §. The lemma is now proved. O

if v is finite. Moreover, (5.1.5) is

Next, let Ey (s, ¢, e, P) be the x—Fourier coefficient of the Eisenstein series at-
tached to 7 and P as defined in [Sh2|, [Sh4]. Here ¢ is the function attached to f
coming from a cusp form ¢ on M. We record equation (3.4) of [Sh2] as:

Proposition 5.2. One has

m
(5.2.1) E,(s,p,e,P) = H W, s(e) - HLs(l +is,m, 7)) 7,
veES i=1

where Wy, s is the Whittaker function attached to f, by equation (3.2) of [Sh2].

Notice that we use the subscript s to emphasize its dependence on s € C. We
need:
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Lemma 5.3. a) Suppose v is finite. Then each f,, v € S, can be chosen so that
Wy.s(e) becomes a non-zero constant (independent of s).

b) Assume v is archimedean. Given s € C, f0, a K,~finite function in V(0,,)
defining f, € V(s,m) by fu(g) = exp(s&, Hp,(9))f2(g), can be chosen so that
Wo.s(€) # 0. This choice of f0 need not be the same as the one for which Assump-
tion 2.1 is supposed to be valid.

Proof. Part a) is well known. Thus assume v is archimedean. The non—vanishing
of Wy s(e) for some C*°—function f, in the space V(s,m,) is trivial (cf. [Sh3]).
The K-finite case is then a consequence of continuity of the Whittaker functional
fo — Wy (e) with respect to C*°—topology in V (s, 7)o and the density of K-
finite vectors inside the smooth ones. (In the notation of [Sh3]|, this is the functional
k(v,0) with v = s& and o = m,. The result we are quoting is the corollary to
Lemma 2.5 of [Sh3].) O

Next we state the following important proposition to whose proof our next section
is devoted.

Proposition 5.4. The Fourier coefficient Ey (s, p,e, P) of E(s,§,e, P) is a ratio
of two holomorphic functions of finite order in every T, ; with I > 0.

Using the estimate in Lemma 23 and Lemma 5a of [HC] (with Q2 = {e}), we see
that E, (s, ¢, e, p) is holomorphic and of finite order for Re(s) sufficiently large.
Let R(s) be the monic polynomial whose zeros are poles of

Ey(s) = [T TILQ +is 70, i) " Ex(s, 6., P)
veSi=1

for Re(s) > 0. Then by Lemma 5.3 and Proposition 5.2 both R(s)E,(s) and
m

R(s) [T L(1 +is,m,7;) "' are holomorphic for Re(s) > 0. It therefore follows that:
i=1

Lemma 5.5. The analytic function R(s)EX (s) is a ratio of two analytic functions
of finite order in the closed half plane o > 0.

Next we need to address the growth of archimedean Whittaker functionals W, s(e)
for each v.

Lemma 5.6. Fiz v =o00. The function W, s(e) is entire and of finite order in the
closed half plane Re(s) > 0.

Proof. The first statement is well known (cf. [Sh3|], [Sh9], [GW]). For simplic-
ity we will drop the index v; then f will denote f,, f° = f0, and W, = W, ;.
Using Casselman’s subrepresentation theorem m — Ip(vg,70), & principal series
representation of M, with Re(vg(Hg)) > 0, 8 € 8, M = My (cf. [Sh3|). Then
I(sa,m) — I(D,n9), m = my, where ¥ = s +1y. Let f be the image of f under this
embedding. Note that Re(#(Hg)) > 0, 8 € 6. But Re(#(H,)) may be negative,
even if Re(s) > 0. If 7 is in the positive Weyl chamber, then W, s(e), which is now
a value of the Jacquet integral for I(¥,10), is bounded by

(5.6.1) (Ws(e) < [Co()I f1I,

where || f|| = sup |f(k)|, K = K,. Here Cy(s) is a product of ratios of Ifunctions,
kekK

each ratio given explicitly by equation (2.2.5) of [Sch| (cf. equation (2.2), page 304
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of [Sh4] and Theorem 5.4 of [GW]). By the inequality on I'-functions given in page
37 of [Al] it is bounded by a rational function for Re(s) > 0, since each Ag in
equation (2.2.5) of [Sch] now has a positive real part.

On the other hand, suppose 7 is not in the closure of the positive Weyl chamber.
This will only happen if Re(s) < g for some oy depending only on 7 = m,. To
complete the lemma we only need to prove it in the strip 0 < Re(s) < op. We
use the functional equation for Whittaker functions. Let A(7,w) be a standard
intertwining operator for which w is of shortest length and wv is in the closure
of the positive Weyl chamber. Thus A(7,w) sends I(7,n9) into I(wv,wng). Let
Cy (7, w) be the corresponding local coefficient, i.e. the complex function C, (v, w)
defined by

VVs(e) = Cx(ﬁ,w)/\(A(D,w)f),

where A is the canonical Whittaker functional for I(wo, wn) (cf. [Sh3| and [Shd]).

We will prove the finiteness of order in the strip 0 < Re(s ) < 09 by induction on
the length of w. Suppose for a simple reflection w-, £(ww3"') < £(w), where {(w)
denotes the length of w. Then

Wa(e)l = |Cx (7, wy) [IN(A @, wn) f)].

Using the explicit formulas for the rank one local coefficients C) (7, w~) given in
[Sh3] and [GW] and properties of I'-functions, one immediately sees that Cy (7, w-)
is of finite order in the closed interval 0 < Re(s) < o¢, having only a finite number
of poles there. Our induction hypothesis is now that: There exist seminorms pi;
on I(D,m)eo of the form

11;(f) = sup | X; f(k)],
keK

each for some X; in the universal enveloping algebra of the complexified Lie algebra
of G = G,; and complex functions w; of finite order in the strip 0 < Re(s) < oy
such that

Wi(e)] < lwj(9)ln ().
J
Clearly (5.6.1) implies the validity of the first step of induction. Now by the induc-

tion hypothesis there exist seminorms pj on I(w~(2), w~ (1)) and functions wj of
finite order in 0 < Re(s) < gp such that

MA@, w,) f |<Z|we (A, wy) f).

Moreover

sup | X7 (A(7, w,) f)|
keK

= sup |A(5, w, ) (X1)]
keK

1o (A, w,) f)

We now appeal to Schiffmann’s estimates (2.3.12) and (2.3.14) for rank one in-
tertwining operators in page 40 of [Sch| (applied to ' = {7} and Q = {e}, also
cf. estimate (7.38) of [GW]) to conclude

pe(A(D, wy) f <Z|W"l7 1y ()
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with seminorms u;)’ of the above type on I(7,1), where functions w;)’ are of finite
order in Re(s) > 0.

Observe that f depends on 7 and therefore s, and consequently the same is true
of {,ug(f)} To take this into account, we appeal to [GW]. We use notation as in
[GW]. By Lemma 5.1 of [GW] there exist positive constants a, b, and M such that

£l 2o aoi46 < M Fllyis
where Z; = {I(7,19)(Z;)} and Y = {I(0,70)(E;)}. Here {Z;} and {E;} are fixed
bases for complex Lie algebras of G and K, respectively, and

| Flly,1,10 = max{sup |E; f(k)[}
J keK

(cf. Theorem 1.1 and definitions in pages 208 and 209 of [GW]), which is obviously
independent of D.
But for each 4, definition (1.2) in page 208 of [GW] with n = A = 1 implies
1Z: )l < (alz] + b))

We conclude that given X in the universal enveloping algebra, there exists a positive
integer NV such that

Z5,1,a|P|+b-

sup | X (k)| = | X ]|
keK

< M(alp| + 0N flly.1-

The induction hypothesis for w is now proved. Since W, s(e) is entire, it will be
bounded on any compact set containing the poles of functions that appear in front
of different || f||y.1.1 (attached to different X’s) in the interval 0 < Re(s) < oo. The
lemma now follows. O

To continue we need the following theorem from complex analysis which was
communicated to us by M. Sodin (cf. Lecture 26 of |Le| on Matsaev’s Theorem).
We are indebted to him for countless hours that he spent in helping us in resolving
the division problem whose resolution is needed in order to handle the quotients
that appear in different expressions for L-functions.

Theorem 5.7 (Matsaev, lecture 26 of [Le]). Let f(z) and h(z) be analytic func-
tions in the closed right half plane x > 0, z = x + iy, satisfying

(5.7.1) log|f(2)] < C(|z]” + 1)
and
(5.7.2) log |h(2)] < C(]z]” + 1)

for positive numerical constants C and p > 1. Let g(z) = f(z)/h(z).

a) Assume g(z) is analytic for x > 0. Then it is of (finite) order less than or
equal to p+ 1 in any vertical strip Ty, I > 0.

b) Suppose further that g(z) is entire and there exist constants « € R and C1 > 0
such that

(5.7.3) l9(—z +iy)| = C1e**|g(z + iy)|

for any x > 0. Then g(z) is of (finite) order less than or equal to p in all of
C.
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Proof. a) Since g = f/h is analytic, we can majorize log|g(z)| by the Poisson
integral in each semi-disk {|z] < R, Re(z) > 0} (cf. equation 14, page 193 of [Lel):

/2 ] )
log|g(z)] < K1(Re'?, z) log |g(Re")|dy
—m/2

R
+»j/ Ky (i, 2) log|g(ir)|dr,
-R

where

A R? — |z? 1 1
10 _ —
Kl(Re ;Z)* 2t (|Rew—z|2 |Rew—z*|2)7

*—_

z* = —x 41y, and

KQ(iT,z)—x( LK >

m\|it—z]2 |R2+irz|?

Using the positivity of Poisson kernels [Le], we can replace log|g| by log™ |g]
under the integral sign, to conclude

/2 ) )
log lg(2)] < K1(Re'?, 2)log™ |g(Re™)]|dy
—m/2
R
(5.7.4) +/ Ko(iT,2) log™ |g(iT)|dr.
-R

Next, assuming r = |z| = R/2, r > 2, 6 = arg(z), we estimate the kernels K
and K as follows: for K; we have

R? — 12 4rRcosfcosyp _ 12cosy
27 (R—m* —
(cf. equation (12), page 211 of [Le| for details); since

lir — 22 > {72 cos? 6, |r|>1,

(5.7.5) Ki(Re',z) <

r?/4, 7] < 1,
we obtain
1
Ka(ir,2) < Rcosf W’ || > 1,
2m 2 |T| < ]-a
(5.7.6) n
— J 2772 cos 6’ |T| 2 1’
8;‘};9, |7] < 1

(cf. page 211 of [Le] again). Now, plugging estimates (5.7.5) and (5.7.6) in (5.7.4),
we get
/2

12 .
loglg()] < = [ log" lg(Re)]cos o
Q —7/2
(5.7.7) R . .
27 cos 0 /1 (10g+ lg(im)l + log™ lg(=iT)]) - dT/72
+0(1)

as R — oo.
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We now appeal to Carleman’s formula (cf. [Le]) to estimate the right hand side
of (5.7.7). Observe that
log™ |g| <log™ |f] +log™ |Al,
and consequently

1 /2

— log™ |g(Re™ d
&) og™" |g(Re"?)| cos pdyp

1 R
+on | Gog" lgtir)| +log* lg(~ir))dr/r*
1

/2 )
< % L o log™ | f(Re™)| cos pdp
(5.7.8) 1 [ , :
+gr [ Qo™ 17Gr)| +log" |f(-im) - dr/r?
1
1 /2 ]
+ = /ﬂ2 log™ |h(Re'?)| cos pdyp

R
+ %/1 (log™ |h(iT)| 4 log™ |h(—iT)|) - dT /7>
+0(1),

as R — oo. Applying Carleman’s formula to h we conclude that (5.7.8) is bounded
above by
1 7T‘/2

T ost 7R+ g™ [h(Re)]) cos oy

R

*on / (log™ |£(i7)| + log™ | f(—i7)| + log™ |h(ir)| + log™ [h(—ir)]) - dr /2
1

+0(1),

as R — oo. Substituting this into (5.7.7) we obtain
/2

log |g(2)| < (log™ |f (Re™)[ +log™ [h(Re")]) cos pdp

cost J_ /o
(5.7.9) LR n . T + . 5
+ [ Qog® £(67)| +1og™ |(~ir)] + log” [h(ir)| + log™ h(~ir)]) - dr/r
1
+0(1),
where z = re?, R = 2r, and as r — oo, for some constant D. Substituting (5.7.1)
and (5.7.2) into (5.7.9), one immediately gets a bound

(5.7.10) log|g(2)] < C'(|2*1 +1)
using the inequality (cos@)~! = r/a, if the interval I defining Tt is given by I =
[a,b], a > 0. This implies part a).

To prove part b) we again plug (5.7.1) and (5.7.2) into (5.7.8), but this time
keeping cos . We get

(5.7.11) log|g(z)| <

1 p 1
wosg A"+ 1)
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for |0] < w/2. Now using functional equation (5.7.3), we extend the estimate
(5.7.11) to all of C with | cosf| in the denominator and possibly a larger C;. The
statement about the order of g(z) in part b) of the theorem is now a consequence
of Theorem 3 in lecture 26, page 212, of [Le]. O

Remark 5.8. The conditions of Theorem 5.7 can be further relaxed, if needed. In-
stead of (5.7.1) and (5.7.2), it is enough to have an upper bound of the form

<
20

A more general functional equation of the form
|P(2)lg(—z +iy)| = 1Q(2)[lg(x + iy)],

in which P and @ are entire functions of order less than or equal to p, can also
replace (5.7.3).

(2P +1)  (£>0, x> 0).

Proof of Theorem 4.1. We are now ready to prove Theorem 4.1. We continue to
assume Assumption 2.1 in everything that follows. Let us now state our induction
hypothesis:

Induction Hypothesis. For each quasisplit connected reductive group over F' and
m

every mazximal parabolic subgroup P = MN, let r = @ r; be the adjoint action of
i=1

EM on In. Then fori > 2, every L(s,m,r;) is of finite order in the whole complex

plane (in our sense, i.e. allowing a finite number of poles in C; cf. Proposition 3.2).

We will prove Theorem 4.1 by induction on m. By Lemma 5.1 and the functional
equation, the first step of induction, i.e. m = 1, is clear. We thus assume that the
statement of the hypothesis is valid for all m’ < m. Let

(5.2) m(s,m) = [ [ Llis, 7, r:)/L(1 +is, 7, 7).

i=1
Moreover, for each 2 < i < m, let E;C(s) be the Fourier coefficient of the Eisenstein
series B attached to the parabolic subgroup P; = M;N; of the group G; in Propo-

sition 3.1 on our general induction, which defines L(s,m,r;) as its first L—function
L(s,7',7}). Let

Bi(s) = [T TI L +ds,mlv5)  ELls)
veS j=1
and denote by W,  (e), v|oo, each archimedean Whittaker functional for our E".
Fixing W&S(e) =1forallv €S, v<oo, wecan write equation (5.2.1) of Proposi-
tion 5.2 for each E)"((s), 2<i<m,as

(5.3) L(1+s,mr) "t =[] LA+ js,«' 7)) EL(s)/ [T Wi o(e).
Jj=2 v|oco
(We change our data to get r; rather than 7;.)
Next, it follows from (5.2) that
m
(5.4)  L(s,m,r1) =m(s,m)L(1 + s, 1) [[ L +is,m,r;) - L(is, m,m;) 7"
i=2
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We will now assume that Re(s) > 1/2 in (5.4), and for each inverse L-function
L(is, m,7;)~ !, substitute the right hand side of (5.3) for the appropriate value of s.
More precisely, equation (5.3) together with Lemmas 5.5 and 5.6 applied to E;C(s)
and qu,s(e), respectively, and the induction hypothesis for each L(1 + js, 7', 77}),
show the existence of a pair of complex functions f;(s) and h;(s), each of finite
order in the closed half plane Re(s) > 0 (in our sense of allowing a finite number
of poles), such that

(5.5) L1+ s,7,7)" " = fi(s)/hi(s).
Rewriting (5.4) as
(5.6)
L(s,m,m)/L(+ s,m,m1) =m(s,m) [[ LA +is, m,r) [ [ filis — 1)/ha(is — 1)
=2 =2

and appealing to Lemma 5.1, the induction hypothesis, and the stated properties of
fi(s) and h;(s) for each 4, 2 < i < m, we see that the right hand side of (5.6) can be
written as the ratio of two functions F'(s) and H(s) of finite order in Re(s) > 1/2.
Write

(5.7) L(s,m,m)/L(1+ s,m,r1) = F(s)/H(s).

We now start with a line of absolute convergence for L(s,m,71) and using the
finiteness of poles for it on all of C, apply part a) of Theorem 5.7 to L(s,m,r1) for
Re(s) > 3/2, to conclude inductively from (5.7) that

L(s,m,r1) = f(s)/h(s),

where both f(s) and h(s) are complex functions of finite order in Re(s) > 1/2.
Finally, if P;(s) = Pi(s) is the monic polynomial giving the poles of L(s,m,r1)
as in Section 4, then

Lo(s,m,r1) = Pr(s)L(s,m,71)
= fo(s)/ho(s)

where fo(s), ho(s), and Lo(s, 7, r1) are analytic in the closed half plane Re(s) > 1/2.
Observe that, using the functional equation,

Pz(1 —s) = Pr(s),
and therefore
Lo(s,m,r) =¢e(s,m,m1)Lo(l — s, 7,71).
The conclusion is that
Lo(s,m,11) = fo(s)/ho(s)

where fo(s) and ho(s) are analytic functions of finite order in the closed half plane
Re(s) > 1/2, while Lo(s,m,r1) is entire. We now change variables s = z4+1/2, z =
r + 1y, and set

g(z) = Lo(z + 1/2, m, r1).
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Then
- 1 _
LO( -z, m, Tl) :LO(E -z, m, Tl)
=9(-%)
=g(—z +iy)

The functional equation implies

9(x +iy) = e(s,m,m1)g(—x +iy)
or

l9(—2 +iy)| = Cre™*[g(x + iy)|

for z > 0, where C1 > 0 and a € R. Set f(z) = fo(2+1/2) and h(z) = ho(2+1/2),
which are now analytic of finite order in Re(z) > 0 and g(z) = f(2)/h(z). We now
apply part b) of Theorem 5.7 to conclude the finiteness of order for g(z) on all of
C. Thus, granting Proposition 5.4, which we will prove next, Theorem 4.1 is now
proved. [l

6. ANALYTIC BEHAVIOUR OF FOURIER COEFFICIENTS OF CUSPIDAL
EISENSTEIN SERIES; PROOF OF PROPOSITION 5.4

In this section we complete the proof of Theorem 4.1 by proving Proposition
5.4. As before, we rely on Langlands’ theory of Eisenstein series ([L2], [L3], [HC],
IMWT]). Our main references are Arthur’s truncation ([A2], [A3]), Langlands’ inner
product formula ([A3], [L2], [L3]), Harish-Chandra [HC], and Muller [Mu] (see our
Introduction). In fact, our original proof relied on [HC], in which the inner product
formula and more generally the analytic continuation of the Eisenstein series were
proved using the Maass—Selberg relation for a semisimple algebraic group over Q.
Since the Maass—Selberg relation was proved in [HC] with only sketches provided,
we felt that it may attract criticism for the lack of a complete proof. For this reason,
and due to our use of adelic language, we have decided to use results of Arthur and
Langlands. We thank A. Borel for his insistence that we do this; indeed, it was
Borel who first complained to us about the proof of Harish—Chandra’s Maass—
Selberg relation, and wanted a better proof in the language of adeles.

Finally, we should point out that in the special case of a symplectic group of
rank 3, the same kind of arguments are used by Ramakrishnan in [Ral to establish
the same result as our Proposition 5.4 but for a non—cuspidal Eisenstein series. We
refer to Corollary 4.4 in our Section 4 to explain Ramakrishnan’s results [Ral.

The quasisplit group Go = Resp,q G is defined over Q and Go(Ag) = G(AF).
Therefore with no loss of generality we may and will assume that G is defined over
Q so as to be able to use Arthur.

Let E(g) = E(s,$,g,P) be our Eisenstein series as in [HC], [Sh4], [L2]. Given
any parabolic subgroup P; = M;N;, P; D B, let Ep, be the corresponding
constant term

(6.1) Ep (g) = /N o, Elnin

Next, let T be a sufficiently regular (cf. [A2], [A3]) element of ag, where ag is
the real Lie algebra of Ay. This means that G(7T) is sufficiently large for all 5 € A.
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Let AT be the truncation operator of Arthur ([A2], [A3]). Then, 7 being cuspidal,

(6.2) A"E(9)=E(9) =Y. Y.  Er(Sg)ie,(Hp(59) - T),
P1 6€P1(Q)\C(Q)

g € G, where the first sum runs over the set {P,P’}, with P’ = M'N’, N’ C
U, M = w Mw, M D> T D> Aj. Observe that if M is self-conjugate, then
P’ = P and therefore the set {P, P’} consists of only one element. Let us recall
how 7p, is defined (cf. page 916 of [A2]). Let o be the unique simple root of Ay,
the split component of M, P; = M 1Ny, N; Cc U, M; D T D Ay, in Ny. Then
there exists a unique 31 € A such that oy = $1]a;. Let oY be the projection onto
a; of the coroot 8Y € ag attached to 31, where ag is the real Lie algebra of Ag. Let
Wa, € a} be dual to ). Then w,, € aj. Now 7p, is the characteristic function in
ap of the set

(H € aplwa, (H) > 0}.

As in [MWI] one can simply define 7p to be the characteristic function of the sum
of 3, the real Lie algebra of the center of G, and the interior of the cone generated
by a;. We then need to project T on aj.

From now on we use E(s,z), * € G, to denote our Eisenstein series. Then
(cf. [Sh4] and Section 5 here)

(6.3) BsgeP)< [ Bl

U(@Q@\U
Let Q C G be a compact set such that U(Q)\U ~ Q. Then there exists a constant
¢ > 0 such that

/ |E(s,u)|du < c sup |E(s,u)|.
UQ)\U ueQ

Cover ) by open neighborhoods chosen as in Lemma 3.4.7 of [Ra] and fix a finite
set {V;} of such neighborhoods covering €2, once and for all. Then by Lemma 3.4.7
of [Ral, there exists a polynomial P(s) such that

(6.4) | By (s, 8., P)| < |P(s)] max || E(s)]2.v:.

where || ||2,v; is the L2-norm on V;. Since AT E(s) = AT E(s, ) is square integrable
on G(Q) \ G,

(6.5) IE()3v, < AT E)I3 + il E(s) = ATE()]12 v

with constants ¢ independent of s. Here || ||2 denotes the L?-norm on G(Q) \ G*
and || [|eo,v; the L®-norm (sup-norm) on V;.

We shall estimate each term in the right hand side of (6.5) separately. Choosing
T sufficiently regular, we can now apply Lemma 4.2 of [A3] in which one only needs
to stay away from the poles of E(s,z) to conclude that

AT E(s)ll2 = (s +8)"H(p, 0)e"F) — (M(s)p, M(s)p)e™T+9}
+ (s — 5) (e, M(s))eT=9) — (M(s)p, p)e T},

(We refer to the formula for £2(Z : z) in the middle of page 93 of [HC|, as well as
page 242 in [L3] for the original version.)

Upon a close examination of (6.6) one sees immediately that, away from the
poles of M (s), the singularities coming from (s+35)~! and (s —5)~! are removable.

(6.6)
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One needs to recall that the adjoint of M(s) is M (5). While the limit on the real
axis s = § is harmless for our purposes, its values on the imaginary axis are quite
subtle and must be treated with care. It involves the logarithmic derivative of
M (s). We are indebted to Erez Lapid for pointing this out to us upon reading an
earlier version of this paper.

Using L'Hospital’s rule in the variable o, s = o + it, we compute the main part
of the limit, i.e. the part coming from the first term in (6.6), as

(6.7) 2(p, )T — (M (it) " M’ (it)p, ).

To proceed, we need Muller’s results [Mul.

Write M (s) = B(s)A(s)~! as in Theorem 4.30 of [Mul, with A(s) and B(s) mero-
morphic linear operators, defined in Lemma 4.27 of [Mu|]. Clearly, to understand
the growth of (6.7), we need to control the operators A(s), B(s), their derivatives,
and their inverses. For this, one needs to control det A(s), det B(s),det A’(s), and
det B'(s). Observe that by estimates (5.9) of [Mu], there exists an entire function
P(s) of finite order, so that all the matrix coefficients of P(s)A(s) and P(s)B(s)
are entire and of finite order. By Leibnitz’s rule, P(s)2A’(s) and P(s)?B’(s) have
matrix coefficients which are all entire and of finite order. From this, it is clear
(cf. proof of Theorem 5.10 of [Mu]) that there exists an entire function R(s) of
finite order such that R(s)det D(s) is entire and of finite order, where D(s) is
either A(s), B(s), A’(s), or B’(S). The fact that matrix coefficients of M (s), its
derivatives, and inverses are of finite order now follows from the estimate (5.9) of
[Vl .

Similar statements are true about higher derivatives if needed. We recall that
derivatives of an entire function of finite order are again of finite order.

It must now be repeated again that while (6.6) is valid away from the unitary
axis, we must use (6.7) while we are on the axis and therefore we must understand
how (6.7) behaves as |o| increases, i.e. as we move away from the unitary axis. By
the discussion in the previous paragraph, we first observe that one can multiply
(6.7) by a function (in variable it) of exponential growth in a power of |¢| so that
the product has the same type of growth. The same statement is true if we replace
it with o + it and |t| with |s|, and in fact we can choose the multiplier to be an
entire function of finite order. A similar kind of statement about (6.6) is valid on all
of C. To be precise, one will need two entire functions R;(s) and Ry(s) such that
the product of R;(s)Ry(5) with (6.6) is of the exponential type growth discussed
above.

We can now estimate the growth of || A2 E(s)||2. In view of the preceding discus-
sion, one sees that there exists a pair of entire functions of finite order R;(s) and
R(s) such that

(6.8) |Ri(s)Re ()| AT E(5)]l2

is of exponential growth in some power of |s| on all of C.
We may replace |Rz(5)| by |Rs(s)| in (6.8), where R3 is another entire function
of finite order. Let Q(s) = R1(s)Rs(s). We have proved:

Lemma 6.1. There exists an entire function Q(s) of finite order such that

Q)N AT E(s)]2

is of exponential growth in some power of |s| on all of C.



104 STEPHEN GELBART AND FREYDOON SHAHIDI

Next we need to analyze

(6.9) > Y. |Br(s,6u)lie, (Hp, (6u) = T)

P; 5eP1(Q\G(Q)

if s € T, 1 for some € and I. For this we apply Corollary 5.2 of [A2] to each Ep,.
We disregard y in the corollary or, said in other words, fix it and absorb it in T
Fix N > 0. Then by the corollary, (6.9) is bounded by

(6.10) el ¥ Suclgl(IEpl(s,w)l lz(I7),
TE

where ¢ and N’ are as in the corollary. We shall now use the well-known explicit
expression for Ep, (z). It is

(6.11) Ep(s,x) = Y (M(sd,w)p)()exp(w(sd) + pp,, Hp, (z)),
weN(a,a1)

with the obvious meaning for the Weyl set Q(a,a;). We need to estimate

(6.12) > (M (5@, w)e) (@)l exp(w(sd) + pp,, Hp, (2)))]
Q(a,a1)

if s € T, 1, i.e. under the assumption that |Re(s)| is bounded and Im(s) # 0, for
each P;.

We start by recalling some well-known facts. The function ¢ on which our Eisen-
stein series is built, being both Ky finite, K3y = KN M = KN M?*, and 35/ finite,
we can let o and & denote its Ky —type and 3p—type, respectively (cf. [HC]). Here
3 is the center of the universal enveloping algebra of the complexified Lie algebra
of (the connected component of 1 in) M, where Po, = P(R) = MLA(R)°N(R) is
the Langlands decomposition of P, = P(R). Denote by °L?(M(Q)\M*, 0, £) the
space of (smooth) cusp forms on M! which transform according to o and . Then
YL2(M(Q)\ M1, 0,¢) is finite dimensional and of course ¢ belongs to it. We need
the following well-known estimate which is an immediate consequence of finiteness
of dimension and boundedness of cusp forms.

There exists a constant ¢ > 0 such that

(6.13) [elloo = sup |p(z)| < clloll2
reM?

for all ¢ in °L>(M(Q)\M!, 0, ¢).

(Without considering the finiteness of dimension we can argue as follows. By the
finiteness of volume, ||¢|2 < d||¢]/co; this implies the continuity of the identity map
from °L2(M(Q)\M?!, 0, ¢) into itself equipped with || ||s—norm, cusp forms being
bounded, and || [—norm, respectively. The closed graph theorem then implies
that this map is in fact a homeomorphism.)

Using (6.13) we then have

|(M(sa, w)p) (@) < cwl| M (s, w)ell2

6.14
(6.14) < co|M(sa, w)|[oll,

where |¢]] = |l¢ll2 and ¢, denotes the constant of equality (6.13) applied to
YL2(M(Q)\ M1, 0%, £¥) with obvious meanings for o and £“. Observe that ¢,
only depends on this space and not s. If we now again apply Lemma 101 of [HC]
(or the discussion on page 242 of [L3]), we see that (6.12) is bounded by a constant
multiple of ||¢|| in every T ; with I > 0.
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Since s € T¢ 1, which in particular implies that | Re(s)| is bounded, part b) of
Lemma 5 of [HC] shows that there exist a constant d,, > 0 and an integer M,, such
that

(6.15) | exp(w(sd) + pp,, Hp, (2))] < dull|™.

Here ||z|| denotes the norm of x (cf. [A2], [HC]).
Using the estimates (6.13), (6.14), and (6.15) in (6.12), we now conclude that
there exist a constant x > 0 and an integer L > 0 such that

(6.16) |Ep, (s,2)] < x|z
for all s in the given T, ; with I > 0. Now choose N in (6.10) equal to L to conclude:

Lemma 6.2. Given every T, ; with I > 0, there exist a constant ¢ > 0 (depending
also on o and £) and an integer N > 0 such that

Y. |Bp(s,82)lfe, (Hp (82) = T) < cllpll|z|™
5€P1(Q\G(Q)

for all x € G and all ¢ €°L2(M(Q)\M?,0,€).
Remark 1. Observe how important the boundedness of |Re(s)] is.
Remark 2. The constants ¢ and N need not be the same as in (6.10).
Remark 3. This is the adelic version of Lemma 91 of [HC].
Proposition 5.4 is now a consequence of Lemmas 6.1 and 6.2 applied to estimates

(6.4) and (6.5).
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