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R-EQUIVALENCE IN SPINOR GROUPS

VLADIMIR CHERNOUSOV AND ALEXANDER MERKURJEV

The notion of R-equivalence in the set X (F') of F-points of an algebraic variety
X defined over a field F' was introduced by Manin in [I1] and studied for linear
algebraic groups by Colliot-Théléne and Sansuc in [3]. For an algebraic group G
defined over a field F', the subgroup RG(F') of R-trivial elements in the group G(F)
of all F-points is defined as follows. An element g belongs to RG(F') if there is a
rational morphism f : AL, — G over F, defined at the points 0 and 1 such that
f(0)=1and f(1) = g. In other words, g can be connected with the identity of the
group by the image of a rational curve. The subgroup RG(F) is normal in G(F)
and the factor group G(F)/RG(F) = G(F)/R is called the group of R-equivalence
classes.

The group of R-equivalence classes is very useful while studying the rationality
problem for algebraic groups, the problem to determine whether the variety of an
algebraic group is rational or stably rational. We say that a group G is R-trivial
if G(E)/R =1 for any field extension F/F. If the variety of a group G is stably
rational over F', then G is R-trivial. Thus, if one can establish non-triviality of the
group of R-equivalence classes G(E)/R just for one field extension E/F, the group
G is not stably rational over F'.

The group of R-equivalence classes for adjoint semisimple classical groups was
computed in [I5]. This computation was used to obtain examples of non-rational
adjoint algebraic groups.

Consider simply connected algebraic groups of classical types. Let G = GL1(A)
be the algebraic group of invertible elements of a central simple F-algebra A of
dimension n?, and let H = SL;(A) be the subgroup in G of the reduced norm 1
elements. The group H is a simply connected group of inner type A,_1. V. Voskre-
senskil [29] has shown that the natural homomorphism A* — K;(A) induces an
isomorphism

G(F)/RH(F) = K, (A).

Thus the group of R-equivalence classes H(F')/R is the reduced Whitehead group
SKj(A). If index ind(A) is squarefree, then SK;(A ® L) = 1 for any field exten-
sion, i.e., the group H is R-trivial [5, §23]. If ind(A) is not squarefree, A. Suslin
conjectured in [26] that H is not R-trivial (and therefore, is not stably rational).
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510 V. CHERNOUSOV AND A. MERKURJEV

This conjecture is still open. The only known case [12] is when ind(A) is divisible
by 4.

In the outer case A,_1, a simply connected algebraic group is isomorphic to the
special unitary group SU(B, T) of a central simple algebra B of dimension n? over
a quadratic extension of F' with involution 7 of the second kind [9], §26]. The group
of R-equivalence classes of SU(B, 7) was computed in [2].

Simply connected groups of type C,, the symplectic groups, are rational [30, 2]
Prop. 2.4]. In the remaining classical cases B, and D,, simply connected groups
are the twisted forms of the spinor groups of non-degenerate quadratic forms. In
the present paper we give a computation of the group of R-equivalence classes in
these remaining cases.

To describe the main result of the paper, for an algebraic variety X over a field
F, denote Ap(X, K1) to be the cokernel of the residue homomorphism

[I K:F@)* % J] KiF@),

z€X (1) z€X(0)

where X ;) is the set of all points in X of dimension p. Let (V, ¢) be a non-degenerate
quadratic space over F. In [23], M. Rost defined a natural homomorphism

FJF(‘/v Q) - AO(Xv Kl)v

where T'T(V, q) is the special Clifford group of (V, q) and X is the projective quadric
hypersurface given by q. We give another definition of Rost’s homomorphism and
prove that it induces isomorphisms (Theorem [B.2):

FJF(‘/v Q)/R Spln(va Q) =~ AO(Xv Kl)a

Spln(‘/v Q)/R =~ Z0()(7 Kl)a
where ZO(X , (1) is the kernel of the norm homomorphism
N': Ao(X,K,) — K, (F) = F*.

The result allows us to use the machinery of algebraic K-theory while dealing with
the groups of R-equivalence classes.

The rationality of the group Spin(V,q) implies that the group Ao(X, K;) is
trivial. In particular, Spin(V,q) is rational if ¢ = f L g, where f is a Pfister
neighbor and dim g < 2 [I6, Th. 6.4]. Note that triviality of Ag(X, K1) in the case
when ¢ is a Pfister neighbor (M. Rost [23]) was used by V. Voevodsky in the proof
of the Milnor Conjecture.

The main result of the paper (Theorem [5.10) can be applied for some other
classical groups. In particular we recover the isomorphism (Theorem [6.1])

Ki(A) = GLy(A)/RSL1(A) ~ Ag(X, K))

for a central simple algebra A and the Severi-Brauer variety X corresponding to A.
This isomorphism was originally obtained in [I§].

Another application deals with some twisted forms of spinor groups. Let A be
a central simple algebra of even dimension, and let (o, f) be a quadratic pair on A
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R-EQUIVALENCE IN SPINOR GROUPS 511

[9, §5.B]. If ind(A) < 2, there are isomorphisms (Theorem [6.5])
F(Aa g, f)/R Spln(A7 g, f) =~ AO(Xa K1)7
Spln(A7 g, f)/R = Z0()(7 Kl)a

where T'(A, o, f) is the Clifford group of the quadratic pair and X is the involution
variety. The group Spin(4, o, f) is a general twisted form of the classical spinor
group of type D,, n # 4. With the restriction on the index of A the result covers
all simply connected groups of type D,, with odd n.

The paper is organized as follows.

In the first section we discuss the machinery we use in the paper: R-equivalence,
cycle modules, invariants of algebraic groups, etc. In the second section the main
objects of the paper are introduced: a reductive group G together with a character
p: G — G,, and a smooth projective variety X satisfying certain conditions. We
will keep these assumptions and notation throughout the paper. We also consider
three basic examples.

In the next section we define a homomorphism

ar : G(F)/RH(F) — Ao(X, K1),

where H = ker p. The following two sections are devoted to the proof of the fact
that ap is an isomorphism (Theorem E.I0). First of all, we develop an evaluation
technique (section 4) and then use it to construct the inverse of ap, a homomor-
phism (Gp.

In the last section we consider applications. First of all, we formulate the main
result in the three special cases corresponding to examples given in section 2. At the
end we consider spinor groups of “generic” quadratic forms. In particular we exhibit
examples of non-rational spinor groups of quadratic forms of every dimension > 6.
Some examples of non-rational spinor groups in dimensions = 2 (mod 4) were given
by V. Platonov in [2I]. Note that the spinor groups of quadratic forms of dimension
< 6 are rational since they are the groups of rank < 2.

We would like to thank M. Ojanguren and M. Rost for useful discussions.

Notation. The letter F' always denotes a perfect infinite field.

We denote the Milnor K-groups of F' by K, (F') [19].

A wvariety is a separated scheme of finite type over a field.

For an algebraic variety X over a field F' and a commutative F-algebra R, we
denote the set of R-points Morg (Spec(R), X) of X by X (R). We identify the set
X (F) of rational points of X with a subset of X.

For a variety X over I, denote the set of all points in X of dimension p by X(,).
If E/F is a field extension, Xg denotes X Xgpecr Spec E. For any x € X, F(x)
is the residue field of z. The degree degz of a closed point x is [F(z) : F]. The
F-algebra of regular functions on X is F[X]. If X is irreducible and reduced, F'(X)
is the function field of X.

An algebraic group G over F is a smooth affine group scheme over F. We
consider G as a functor E — G(E) from the category of field extensions of F' to
the category of groups.

In order to distinguish between algebraic groups and their groups of F-points,
we use symbols in bold for certain algebraic groups. For example, Spin(V, q) is an
algebraic group, but Spin(V, q) is the (abstract) group of F-points Spin(V, q)(F).

For an algebraic torus T' denote the group of co-characters Hom(G,,,T) by T.
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512 V. CHERNOUSOV AND A. MERKURJEV

1. PRELIMINARIES

In this section we introduce necessary definitions and prove some auxiliary re-
sults.

1.1. R-equivalence. Let Y be an irreducible variety over a field F', and let L =
F(Y) be the function field of Y. For a point y € Y denote the local ring of y on Y
by O,.

Let X be another algebraic variety defined over F. Clearly X (0O,) is a subset
in X(L). We say that an element v € X (L) is defined at y if u € X(O,). If u is
defined at y, then the image u(y) under the map X(0,) — X(F(y)), induced by
the natural surjection O, — F(y), is called the value of u at y.

We consider the rational function field F(¢) as the function field of the affine
line A} or the projective line PL,. We say that an element u = u(t) € X (F(t)) is
defined at a rational point a € PL(F) if it is defined at the corresponding point of
PL. We denote the value at a by u(a).

Let G be an algebraic group defined over . An element g € G(F) is called
R-trivial if there is g(t) € G(F(t)) defined at the points ¢ = 0 and ¢ = 1 such
that g(0) = 1 and ¢(1) = ¢ [3]. In other words, there exists a rational morphism
f:AL — X defined at t = 0 and ¢ = 1 such that f(0) =1 and f(1) = g.

The set of all R-trivial elements in G(F) is denoted by RG(F'). It is a normal
subgroup in G(F). The factor group G(F')/R = G(F)/RG(F) is called the group
of R-equivalence classes. For a field extension E/F we define the group G(E)/R
as the group of R-equivalence classes of the group Gg over E. We say that a group
G is R-trivial if G(E)/R =1 for any field extension E/F.

The following properties of R-equivalence can be found in [3], [6] Lemme 2.1]
and [7) Lemme II.1.1].

1. Let g(t) € G(F(t)) be defined at two rational points ¢ = a and ¢ = b. Then
the value g(a) - g(b)~! belongs to RG(F).

2. If G is stably rational, i.e., G x A% is birationally isomorphic to A% for some
n and m, then G is R-trivial.

3. The functor E — G(E)/R is rigid, i.e., for a purely transcendental field
extension L/F' the natural homomorphism G(F)/R — G(L)/R is an isomorphism.

1.2. Cycle modules. Cycle modules were introduced by M. Rost in [22]. A cycle
module M over a field F is an object function E — M, (E) from the category
of field extensions of F' to the category of Z-graded abelian groups together with
some data and rules [22] §2]. The data includes a graded module structure on
M under the Milnor ring K, (F'), a degree 0 homomorphism o, : M(E) — M(L)
for any field homomorphism « : F — L, a degree 0 homomorphism (norm map)
a* : M(L) — M(FE) for any finite field homomorphism « : E — L over F and also
a degree —1 residue homomorphism 8, : M (E) — M (r(v)) for a discrete, rank one,
valuation v on E (here k(v) is the residue field). For example, the Milnor K-groups
K, for field extensions of F' form a cycle module over F.

For a variety X over F and a cycle module M over F one can define a complex
22, 5

Op
= Cp(XsMn) = Cpor(X; M,on) — ...,
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R-EQUIVALENCE IN SPINOR GROUPS 513

where

(1.1) Co(X;Mn) = [ Muip(F(2)).
z€X(p)

The p-th homology group of this complex is denoted A, (X, M,,).
In particular if M, = K, is the cycle module of Milnor K-groups, we get the
K -homology groups A, (X, K,). In particular,

CH,(X)=A,(X,K_,)
are the Chow groups of classes of cycles on X of dimension p.
Example 1.1. Let X be a variety over F. As shown in [22, §7], the function

E — Ay(Xg, K.) is a cycle module over F denoted Ag[X, K.]. We will be using
this cycle module later to define invariants of certain algebraic groups.

Let M be a cycle module over F', and let Y be an irreducible variety over F
of dimension d, with y € Y a point of codimension 1. We say that an element
u € M, (F(Y)) is unramified at y if u belongs to the kernel of the homomorphism
induced by the differential 94 in the complex ([L)):

Oay : Mn(F(Y)) = Mu_1(F(y)).
The subgroup of all elements in M, (F(Y)) unramified at all points of codimension
1in Y is denoted A°(Y, M,,). Clearly,
ANY, M,,) = Ag(Y, M,,_q).

For a morphism of varieties f : Y/ — Y with smooth Y there is a well-defined
inverse image homomorphism [22, §12]

o AYY, M) — A°(Y, M,,).
Let y be a smooth point of Y. The evaluation homomorphism
AY(Y, My) — Ma(F(y)), v~ v(y)
is the restriction to A°(Y, My) of the inverse image homomorphism
it A%U, My) — A° (Spec F(y), Ma) = My(F(y)),

where U is a smooth open neighborhood of y and i : Spec F'(y) — U is the canonical
morphism.

We say that an element v € My (F(Y)) is defined at y € Y if there is an open
neighborhood U of y such that v € A%(U, My). If v is defined at a smooth point v,
then the value v(y) is well defined.

1.3. Invariants of algebraic groups. Let G be a connected algebraic group over
a field F', and let M be a cycle module over F. For any d € Z, we consider M, as a
functor from the category of field extensions of F' to the category of abelian groups.
An invariant of G in M of dimension d is a morphism (natural transformation) of
functors G — My [I7]. In other words, an invariant is a collection of compatible
group homomorphisms

G(E) — Ma(E)
for all field extensions E/F.
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514 V. CHERNOUSOV AND A. MERKURJEV

Consider two projections and multiplication morphisms py,p2,m : G X G — G.
An element a € A°(G, My) is called multiplicative if

pi(a) + pi(a) = m*(a) € A%G x G, My).

By [17} 2.1], a multiplicative element « of the group A°(G, My) defines an invariant
u of G in M of dimension d as follows. For a point g € G(FE), i.e., for a morphism
Spec(E) — G, the value u(g) € My(E) is the image of o under the inverse image
homomorphism

A%G, My) — A°(Spec E, My) = My(E).

Conversely, any invariant u of G in M of dimension d can be obtained from a
multiplicative element « of the group A%(G, My) this way.
Invariants are compatible with the evaluations at smooth points.

Proposition 1.2. LetY be an irreducible variety over F', and let y € Y be a smooth
point. Then for any invariant u of an algebraic group G in a cycle module M of
dimension d and any g € G(F(Y)) defined at y, the element upy(g) € Ma(F(Y))

is defined at y and (uF(y) (g))(y) = UF(y) (g(y))

Proof. Since g is defined at y, there is an open smooth neighborhood U of y con-
tained in the set of definition of g. We consider g as a morphism g : U — G.
Let i : Spec F(y) — U be the natural morphism. Denote by o € A%(G, M) the
multiplicative element corresponding to the invariant u. Then upyy(g9) = g* ()
belongs to A°(U, My) and hence is defined at y. Moreover, the value up(yy(g)(y)

is equal to i* o g*(a) = g(y)* () = up(y) (g(y)) since g oi = g(y). O

1.4. Index of a character. Let p : G — G,, be a non-trivial character of a
reductive group G. The indez ind p of p is the least positive integer in the image of
the composition

G(F((1)) & F(£)* = Z,

where v is the discrete valuation of the field of formal Laurent series F'((t)). By [14]
Prop. 4.2], ind p is the smallest n € N such that there exists a group homomorphism
v : G,, — G with the composition p o v being the n-th power endomorphism of
G- In other words, nZ is the image of the induced homomorphism of co-character
groups Ty — (G,,)« = Z where T is a maximal split torus of G.

In the following proposition we collect some properties of the index.

Proposition 1.3. 1. For a finite field extension L/F, indp divides the product
[L:F] indpg.

2. The following three conditions are equivalent:

(a) indp=1;

(b) the homomorphism p splits;

(c) for any field extension E/F, the homomorphism p(E) : G(E) — E* is

surjective.

3. For any purely transcendental extension E/F, ind p = ind pg.

Proof. 1. Let n = ind pr,. Then ¢" belongs to the image of p(L(t)) : G(L(t)) —
L(t)*. By the norm principle for monic polynomials [I4} Cor. 4.5], t!LF]
to the image of p(F(t)), hence ind p divides [L : F] - n.
2. Clearly, (a) = (b) = (c). To show (c) = (a), we take E = F((t)).
3. The group T, does not change under purely transcendental extensions. O

™ belongs
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R-EQUIVALENCE IN SPINOR GROUPS 515

1.5. Norms. Let X be a complete variety over F. For any m > 0 there is a
well-defined norm homomorphism [22]

N™: Ag(X, Km) = Kn(F), N(O (#,u2)) =Y Np(ayr(ua).
In particular, if m = 0, the image of
N°: CHy(X) = Ag(X, Ko) — Ko(F) =17

is equal to nZ, where n = ged(deg @) for all closed points z € X.
We denote the kernel of N™ by Ao(X, K,,).

2. ASSUMPTIONS

In this section we introduce two objects: a character p of a (connected) reductive
group G over F and a variety X over F satisfying certain properties. We will keep
this notation and the assumptions throughout the paper.

Let p : G — G, be a non-trivial character of a reductive group G. We assume
that G is a rational group and the group scheme H = Ker(p) is smooth. The
subgroup RH (F') C G(F) is normal by [2, Lemma 1.2]. Hence the homomorphism
of the groups of F-points p(F) : G(F') — F* induces a homomorphism

p' : G(F)/RH(F) — F*

with the kernel H(F)/R.

If p satisfies the equivalent conditions of Proposition [[3.2, then p is an iso-
morphism. Indeed, p splits, hence the variety of G is isomorphic to H x G,,. In
particular, the group H is stably rational and RH(F) = H(F). Therefore, p" is
injective and hence is an isomorphism.

Assume that there is a complete smooth variety X over F satisfying the following
conditions:

1. For any field extension L/F, the norm homomorphism

N° =N} : Ay(X1, Ko) — Ko(L) =Z
is injective, i.e., Ag(Xp, Ko) = 0.
2. For any field extension L/F such that X (L) # ), the norm homomorphism
N' =N} : Ay(Xp,K,) — Ky (L) = L*

is an isomorphism.
3. For any field extension L/F,

indpp, = ged (degz).
z€(XL)(0)

In particular, if X (L) # @, then ind p;, = 1.

Proposition 2.1. For any field extension L/F, the image of p(L) : G(L) — L*
coincides with the image of the norm homomorphism

N' =N} : Ay(Xp,K,) — Ky (L) = L*.
Proof. Let x € (X1)() and E = L(z). Since X(E) # (), condition 3 for X implies
that p(E) : G(E) — E* is surjective. It follows from the rationality of G and the

norm principle [I4} Th. 3.9] for the field extension E/L that N, (E*) C Im(p(L))
and hence Im(N}) C Im(p(L)).
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516 V. CHERNOUSOV AND A. MERKURJEV

Conversely, by [14, Th. 4.3], the image of p(L) is the product of the subgroups

B(E) def Ng/L (E*)ndre for all finite field extensions E/L. By property 3 of X,
(E*)mdre s contained in the image of N}, hence B(E) C Im(N7) and Im(p(L)) C
Im(ND). 0

2.1. Examples. We consider three basic examples.

Example 2.2. Let A be a central simple algebra over F of dimension n?, and let
G = GL1(A) be the group of invertible elements in A. More precisely, G(R) =
(A®p R)* for any commutative unitary F-algebra R. The group G is rational
since it is an open subvariety of the affine space of A.

The reduced norm homomorphism [5l, §22] gives rise to a character p : G — Gyy,.
The kernel H of p is the special linear group SL;(A4). It is an absolutely simple
simply connected algebraic group of type A,—1 [9, Th. 26.9].

Let X be the Severi-Brauer variety of right ideals in A of dimension n [9, §1.C].
Note that X (E) # () for a field extension E/F if and only if the algebra Ap = AQpE
splits.

The variety X satisfies the following properties:

1. The injectivity of N for X is proved in [20] (see also [18]).

2. If X(L) is not empty, X, ~ ]P’z_l. For projective spaces the norm homomor-
phism N} is an isomorphism by [24].

3. The index ind pr is equal to the index of the algebra Ar. On the other
hand, for any closed point « € X, the field L(z) splits Ay, hence ind(Ay,) divides
deg(z). If E/L is a splitting field of Ar of degree ind(Af), then X (F) # 0; thus,
ind(Az) = gedye(x, ) o, (deg ).

Example 2.3. Let (V, q) be a non-degenerate quadratic space over F' of dimension
n > 2, and let G be the special Clifford group TV (V, q) of the quadratic space (V, q)
[9, 23.A]. The character p is the spinor norm homomorphism G — G,,. There is
an exact sequence

1-G,—G—-0"(V,q —1,

where O (V, q) is the special orthogonal group of (V,q). By Hilbert Theorem 90,
this sequence splits rationally, hence G is birationally equivalent to O1(V, ¢) x G,
and therefore is rational since the orthogonal group is rational ([30] if char(F') # 2
and [2) Prop. 2.4] in general).

The kernel H of p is the spinor group Spin(V,q). It is an absolutely simple
simply connected algebraic group of type B, if n =2m + 1 and D,, if n = 2m > 4
(semisimple if n = 4).

Let X be the projective quadric hypersurface given in the projective space P(V)
by the equation ¢ = 0. The variety X satisfies the following three properties:

1. The injectivity of N° for X is proved in [8] and [27].

2. We need to show that if ¢ is isotropic, then N! : Ag(X, K;) — F* is an
isomorphism. As shown in [§], there is an open subset U C X isomorphic to an
affine space, a rational point z € Z = X\ U and a vector bundle Z\ {z} — X’ where
X’ is a subquadric in X of codimension 2. The variety Z is a singular projective
quadric corresponding to a degenerate quadratic form with one-dimensional radical.
Since U is an affine space, by [25], Ao(X, K1) = Ao(Z, K1). The statement follows
from

Lemma 2.4. The norm map N™ : Ag(Z, Ky,) — K (F) is an isomorphism.
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R-EQUIVALENCE IN SPINOR GROUPS 517

Proof. Since Z has a rational point, N™ is surjective. In order to prove that N™
is an isomorphism, it suffices to show that A¢(Z, K,,,) = K,,,(F) - [z]. By the vector
bundle theorem [25],

AO(Z \ {Z}a Km) = A—l(Xla Km-‘,—l) =0.
The desired equality follows from exactness of the localization sequence
K (F) = Ao(2, Km) — Ao(Z, Ki) — Ao(Z \ {2}, Km) = 0.
O

3. If gz is anisotropic, then ind py, = 2 = ngxE(XL)(O) (deg x) since odd degree
field extensions of L do not split gz by Springer’s Theorem. If ¢y, is isotropic, then
the spinor norm is surjective and clearly, ind pp, =1 = gcdme(XL)(O) (deg x).

Example 2.5. Let A be a central simple algebra over F' of dimension n? = (2m)?,
n > 4. Denote by Sym(A, o) (resp. Skew(A,o)) the space of symmetric (resp.
skew-symmetric) elements in A under o. A quadratic pair on A is a couple (o, f),
where o is an involution of the first kind on A and f : Sym(A,0) — F is a linear
map such that:

1. dimp Sym(A4,0) = n(n + 1)/2 and Trda (Skew(A4,0)) = 0, where Trd is the
reduced trace map;

2. f(a+o0(a)) =Trda(a) for all a € A [9, §5.B].

Let G be the Clifford group T'(A,o, f) of (A,o,f), and let p : G — G,, be
the spinor norm homomorphism. Similarly to Example 23] it follows from the
exactness of the sequence [9, 23.B]

1—-G, —G—0"(Aof) —1,

that the group G is rational.

The kernel H of p is the spinor group Spin(A4, o, f) [9, p. 351]. It is an absolutely
simple simply connected algebraic group of type D, if m > 2 (semisimple if m = 2).
In fact, any simply connected group of type D,,, m # 4, is the spinor group of some
quadratic pair by [9, Th. 26.15].

If A splits, i.e., A =Endp(V) for a vector space V over F, the quadratic pair is
given by a non-degenerate quadratic form ¢ on V' [9, Prop. 5.11] and the groups G
and H coincide with those in Example [2:3]

A right ideal I C A is called isotropic with respect to the quadratic pair (o, f)
[9, Def. 6.5] if the following conditions hold:

1. o(I)- I =0;

2. f(a)=0for all a € I N Sym(A, o).

We say that a quadratic pair (o, f) is isotropic if A contains a non-zero isotropic
ideal.

The variety X = I(A4, 0, f) of all isotropic ideals of dimension n is called the
involution variety of the quadratic pair (o, f). (In the case char(F) # 2, the in-
volution varieties have been introduced in [28].) If A splits, X coincides with the
projective quadric hypersurface considered in Example 2.3

Assume now that ind(A) < 2. The variety X satisfies the following properties:

1. The injectivity of N for X is proved in [I3].

2. If X(L) # 0 for a field extension L/F, the variety Xy, is a projective isotropic
quadric considered in Example [Z3] hence the condition holds.
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3. If Ay, splits and (o, f1,) is isotropic, the spinor norm is surjective and there-
fore, indpy =1 = ngzE(XL)(O) (deg z). Otherwise, ind p;, = 2 and for any closed
point € Xy, the degree of x is even. Since ind(A) < 2, by [13], there is a
closed point in X of degree 2 and therefore ged, ¢ (x, ), (deg ) = 2. Note that this
condition does not hold if ind(A) > 2.

(0)

Remark 2.6. The statements in [I3] and [I4] quoted in Example are proved
under assumption char(F') # 2. But the proofs carry over in the general case too.

2.2. More norms. The group G is rational. As shown in [2, Sect. 4], for any
finite field extension L/F there is a well-defined norm homomorphism

Npp:G(L)/RH(L) — G(F)/RH(F).
The homomorphism p commutes with the norms, i.e., the following diagram
commutes:
L
G(L)/RH(L) —*— 1*
NL/FJ JNL/F
F
G(F)/RH(F) —£— px.
The norm N is transitive [2, Sect. 4]: for a finite field extension E/L, Ng,p =
NL/F‘ © NE/L-
3. INVARIANT «

3.1. Definition of the invariant. We would like to define a one-dimensional
invariant « of G in the cycle module Ay[X, K.], i.e., to construct a collection of
compatible group homomorphisms

o . G(E) — Ao(XE,Kl)

for all field extensions E/F, so « is an invariant of dimension 1. By subsection [L.3]
such an invariant can be determined by an unramified multiplicative element of the
group Ao(Xp(a), K1)

The character p can be considered as a regular function in F(G)*. Clearly, p is
the image of the generic element £ of G under

p(F(G)) : G(F(G)) — F(G)".
Hence, by Proposition 2] there is an a € Ao(X (), K1) such that N},(G)(a) = p.

Lemma 3.1. Any such « is unramified with respect to all codimension 1 points of
G, ie., a € A%G, Ao[X, K1]).

Proof. Let x be a point of G of codimension 1. In the commutative diagram

Nt
Ao(Xp(g), K1) — F(G)*

NP (2)

Ao(XF(a), Ko) —— 7Z

the bottom homomorphism is injective by property 1 of X. Since p € F(G) is an
invertible regular function, v, (p) = 0, hence 9, (a) = 0, i.e., v is unramified. O
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Thus, Lemma 3.1 implies that for any point ¢ € G(F') and any « as above there
is a well-defined value a(g) € Ao(X, K1).

The element « is not uniquely determined. To make a canonical choice of a we
need the following

Lemma 3.2. The functor E — Ao(Xg, K,) is rigid, i.e., the natural homomor-
phism

Ao(X, K1) = Ao(X @y, K1)
is an isomorphism.

Proof. Using the formalism of cycle modules [22, Prop. 2.2], we get the following
commutative diagram with an exact sequence in the top row:

00— Ag(X, K1) —— Ao(Xp), K1) —— [penr Ao (XF(p), Ko) —— 0

lN} Ni JU Ni )

0 Ja Pl —— s pemZ——0

The result follows by the Snake Lemma and injectivity of the right vertical arrow
(property 1 of X). O

Corollary 3.3. IfY is a rational irreducible variety, the natural homomorphism
Ao(X, K1) — Ao(Xpyvy, K1)
is an isomorphism.

Since G is a rational group, it follows from the corollary that the element « is
uniquely determined modulo Ag(X, K1), hence it is uniquely determined by the
value a(1) € Ag(X, K1). Therefore, there exists a unique a such that a(1) = 0.
We will assume such a normalization.

Lemma 3.4. The element « is multiplicative.

Proof. We need to show that the element

k< pi(a) + p3(a) —m*(a)

is trivial in Ag(Xp(@xa), K1). Since the function p € F(G)* is multiplicative, we
have
* * * —1
Niaxa)(®) = pi(0(6) - p3(p(€)) - m*(p(€))
=p(Ex1)-p(lx€)-p(Ex &~ =

ie., k€ Ag(Xp(Gxa), K1). But G x G is a rational group, hence by Corollary [3.3]

k € Ao(X, K1), i.e., k is constant. Finally, the element & is normalized, x(1) = 0,
hence x = 0. |

Thus, the element « defines an invariant of the group G which we also denote
«, so that we have a collection of compatible homomorphisms

Qg . G(E) — Ao(XE,Kl)
for any field extension E/F.
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3.2. Properties of a.

Proposition 3.5. The composition G(F) 5 Ag(X, K;) e P coincides with
p(F).

Proof. Let g € G(F). Consider the commutative diagram

Nt
AO(XF(G)a Kl) —_— F(G)X

i J
Lo,

Ao(X, K1) ———— F*
where ¢ and j are the evaluation homomorphisms at g. We have

Ni(ar(g)) = Np(i(a)) = j(Nie (@) = i(p) = p(g).
O
Proposition 3.6. The map ap factors through a homomorphism (still denoted
OéF)
G(F)/RH(F) — Ao(X, K).

Proof. Let h(t) be an element of H(F(t)) defined at the points ¢ = 0 and ¢ = 1
such that h(0) = 1. The image of h(t) under ap;) belongs to Ao(Xpw), K1) =
Ap(X, Ky), i.e., it is constant. By Proposition [, the homomorphism o commutes
with the evaluations, hence

ar(h(1)) = ar@ (h)(1) = ape (h)(0) = ap(h(0)) = 0.

In particular, ap induces a homomorphism
H(F)/R — A(X, K)).
Finally, we prove that o commutes with the norms.

Proposition 3.7. Let L/F be a finite field extension. Then the following diagram
commutes:

G(L)/RH(L) —— Ao(X1, K1)

NL/FJ J/NL/F

G(F)/RH(F) —E Ag(X, K,)

Proof. The difference of two compositions N poar —apoNy,p can be considered
as an invariant of the group G’ = Ry ,p(G) and therefore is given by an element
v € Ao(Xp(c), K1). Since p commutes with the norms, the image N'(v) in F(G')*
is trivial, hence v € ZO(XF(G/), K1). Since the group G’ is rational, by Corollary
B3, v € Ao(X, K1), hence + is constant and therefore v = (1) = 0. O
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3.3. Homomorphism v%. Let indp = n. By [[4, there is a homomorphism v :
G, — G such that the composition p o v is the n-th power map. Then v defines a
homomorphism

(1)

VI FX =G (F) "= G(F) — G(F)/RH(F).

Lemma 3.8. The map v’ does not depend on the choice of v.

Proof. Assume that pov = po v/ for another homomorphism v/. Then v/ = v - ¢
for some morphism ¢ : G,, — H (not necessarily a homomorphism). Clearly,
(1) =1 and therefore ¢(a) € RH(F) for all a € F*. Hence v/(a) = v(a) modulo
RH(F). O

The composition pf" o v is the n-th power endomorphism of F*.
If indp =1, i.e., porv =id, then v is the inverse isomorphism to p*.

4. EVALUATION

We elaborate the evaluation technique which we use in the next section.

4.1. Value at a point. Let Y be an irreducible variety over a field F, with L =
F(Y) the function field of Y, y € Y. We say that an element v € G(L)/RH(L) is
defined at the point y if v is represented by an element of G(O,), where O, is the
local ring of y, i.e., if v is represented by an element of G(L) defined at y.

We would like to show that the value v(y) is well defined at least if Y = Al
and y is a rational point t = b, b € F. Let O be the local ring of all functions in
F(AL) = F(t) defined at y.

Lemma 4.1. For any h(t) € H(Oy) NRH (F(t)) the value h(b) belongs to RH(F).

Proof. Choose h(s,t) € H(F(s,t)) such that h(0,¢) = 1 and h(1,t) = h(t). The
element h(s,t) is given by an algebra homomorphism f : F[H] — F(s,t) with the
property that the image of f is contained in the localization F[s,t], where the
polynomial ¢ € F[s,t] is such that ¢(0,t) and ¢(1,¢) are non-zero polynomials in
F[t]. Since F is infinite, there is ¢ € F such that ¢(0,¢) # 0 and ¢(1,¢) # 0.
Then the elements h(0,¢) and h(1,t) in H(F(t)) are defined at the point ¢ = ¢
and h(0,c) =1, h(1,c) = h(c). Hence the element h(s,c) € H(F(s)) is defined at
s =0, s =1 and therefore h(c) = h(1,¢)/h(0,¢) € RH(F). On the other hand,
h(t) = h(1,t) is defined at ¢ = b and t = ¢, hence h(b)/h(c) € RH(F'). Finally,
h(b) = h(c) - h(b)/h(c) € RH(F). O

Lemma 4.1 shows that if an element v(t) € G(F(t))/RH (F(t)) is defined at a
point ¢ = b, then the value v(b) = v|i—p € G(F)/RH(F) is well defined.
We show that the homomorphism v* commutes with the evaluations.

Proposition 4.2. Let g(s) € F(s)* be defined at a point s = a, a € F. Then
v () (9(s)) is defined at s = a and

v (g(s)) (@) = 17 (g(a)).

Proof. By Proposition [L.3]3, ind(p) = ind(pr(s)), hence v ®p F(s) can be taken in
the definition of v¥'(%), O
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4.2. Properties of the evaluation.

Lemma 4.3. Let O be the local ring of a smooth point y of a rational irreducible
variety Y, L = F(Y). Assume that p*(w) € O* for an element w € G(L)/RH(L).
Then w is defined at vy.

Proof. Let w be represented by w € G(L). By [4, Th. 3.2], the right vertical map
in the commutative diagram with exact rows

G(0) —L— ox —— HL(0, H)

IR

G(L) —t— x —— HL(L, H)

is injective. Since p(w) € O, there exists v € G(O) such that p(u) = p(w).
Replacing w by @ - u~!, we may assume that p(w) = 1, i.e., w € H(L). Therefore,
since L/F is purely transcendental, w € H(L)/R = H(F)/R is constant and hence
is defined at y. O

Let O be a local F-algebra. For any variety Y over F' consider a map jy :
Y(O) — Y defined as follows. Let v be a point of Y (O), i.e., v is a morphism
SpecO — Y. We set jy(v) = v(z) where z is the closed point of Spec O.

Lemma 4.4. The image of jo : G(O) — G is dense.

Proof. Since G is rational, the group of rational points G(F') is dense in G [1} Cor.
18.3]. Hence the image of jg is also dense in G. O

Corollary 4.5. Assume that the residue field of a local F-algebra O is F. Then
for any non-empty open subset U C G, G(O) = U(O) - U(0O).

Proof. For a g € G(O) denote its value in G(F) by g. The group G is connected,
hence the set gU ! N U is non-empty. By Lemma B4l there is g; € G(O) such
that g1 € gU(F)~t NU(F). Since g1 € U(F), the image of the closed point under

1 : SpecO — G is contained in U, hence Im(g1) C U and g1 € U(O). Set
g2 = g7 'g. Again, go € U(F) implies that g, € U(O). Finally, g = g1g2 and
g1, 92 € U(O). O

Lemma 4.6. Let O be the local ring of an F-point p = (a,b) of the affine plane
Spec F[s,t]. Assume that an element w = w(s,t) € G(F(s,t))/RH(F(s,t)) is
defined at p, i.e., is represented by an element w € G(O). Then w is deﬁned
at s = a over F( ), the value w(a,t) = w|s=q is defined at t = b and the value
(W]s=a)|t=b in G(F)/RH(F) is represented by w(p).

Proof. Let O1 be the local ring of the point s = a over F(t) and O3 the local ring
of the point ¢t = b over F'. The inclusion O C O; and evaluation homomorphisms

1) si)a 02 t:b F, 01 si)a F(t)
induce the following commutative diagram:

G(O) —— G(O2) —— G(F)

|

G(0)) — G(F(t)).
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The image of @ in G(O;) represents w, hence w is defined in s = a over F(t). The
value w(a,t) = w|s=, is represented by the image of w in G(Oz), hence w(a,t) is
defined at t = b and the value (w|s—q)|t=p coincides with the image of @ in G(F),
i.e., it is equal to w(p). O

Corollary 4.7. (w|t=p)|s=a = (W]s=a)|t=b-

4.3. Evaluation and norms. We prove that the norms commute with the evalu-
ation.

Lemma 4.8. Let L/F be a finite field extension, and let

o(s) € G(L(s)) /RH (L(s))
be an element defined at s = a, a € F. Then NL(S)/F(S) (v(s)) is defined at s = a
and

(Ne(sy/r(s)v(s)) (@) = Npyr(v(a)).

Proof. By the definition of the norm map N given in [2], there is a non-empty open
subset U C Ry p(Gr) and a morphism i : U — G such that for any field extension
E/F the restriction to U(F) of the composition

L/F

N,
Ry p(GL)(E) =G(L®r E)— G(L®r E)/RH(L®r E) = G(E)/RH(E)
is given by the composition

v(E) 'Y ¢(E) - G(E)/RH(E).

Let O be the local ring in F(s) of the point s = a. If v(s) is represented by an
element 0 € U(O), then N, (s)/r(s) (v(s)) is represented by i(0) € G(O) and hence
is defined at s = a. It follows from the commutatwlty of the diagram

U(0) —

I

U(F) ) —— G(F

A(_/-\

that (./\/'L(S)/F(S)v(s)) (a) is represented by (zp)(f}) and hence is equal to N/ (v(a)).
The general case follows from Corollary O

Proposition then implies

Corollary 4.9. Let L/F be a finite field extension, and let g(s) € L(s)* be a
function defined at s = a, a € F. Then NL(S)/F(S)VL(S) (g(s)) is defined at the
point s = a and

(N ror Pg(s)) (@) = Npypv* (g(a)).

The following lemma is the first application of the evaluation technique. The
idea of the proof of the lemma (and a series of statements in the next section) is as
follows. Suppose we would like to prove an equality v = 1 in some “rigid object”,
where v is “R-trivial”, i.e., there is a rational family v(s) such that v(0) = 1 and
v(1) = v. Since v(s) takes values in a rigid object, v(s) is a constant family, hence
v =o(1) =v(0) = 1. Shortly: a map from “R-trivial” to “rigid” is constant.

Let L/F be a finite field extension such that ind p;, = 1. Then by Proposition
3.1, ind p divides [L : F].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



524 V. CHERNOUSOV AND A. MERKURJEV

Lemma 4.10. Let L/F be a finite field extension such that ind py, = 1. Then for
any a € F*,

Niye(vE(a)) = vf (a)llsF)/ ind(e),
Proof. Consider the following two elements in G(F(s))/RH(F(s)):
v(s) = NL(s)/F(s) (VL(S)(l — s+ sa)),

w(s) = I/F(S)(l — s+ sa)[L:F]/indp.
Since p commutes with the norms and ind pp(s) = ind p by Proposition 313,
p(0(8)) = Nioyrie) (1= 8+ 50) = (1 = s + 50)1FF] = p(w(s)),
we have ¢(s) = v(s)-w(s)~! € H(F(s))/R= H(F)/R, i.e., q(s) is constant. By
Corollary and Proposition 2]
1=q(0) = (1) = Np/p (" (@) /17 (@) 5V Inde,

5. HOMOMORPHISM Sg

In this section we prove that ap is an isomorphism by constructing its inverse

Br.
5.1. Definition of Bp. For a closed point x € X we define a homomorphism
F(2)* — G(F)/RH(F), w Np()r(v"® (u)),
and hence we have a homomorphism
[ F@)* - G(F)/RH(F).
EX (0

We will prove that this homomorphism is trivial on the image of the differential in
the complex ([LCTl):

(5.1) [ K:(F@)2% ] F@)
IEX(l) IEX(O)
and hence factors through a well-defined homomorphism

The closure of a point y € X(;) is a projective curve in X. Let C be the
normalization of this curve. By the definition of the complex (L1l), [22, 3.2], the
image of K»(F(y)) under 9 in coincides with the image of the composition

K2(F(©) % I Flo*— [[ F)*,
c€C0) z€X(0)

where the second homomorphism is induced by the norm maps F(¢)* — F(z)*
for all pairs c|z. Hence, by the transitivity of the norm map N, it suffices to show
that the composition

(5.2) K2(F(C)) % ] F(e)* — G(F)/RH(F)
ceC(p)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



R-EQUIVALENCE IN SPINOR GROUPS 525

is zero. Note that the curve C' is smooth projective and by property 3 of X,
ind p () = 1 for all points ¢ € C since X (F(c)) # 0.

For a function f € F(C)* we denote by Sup(f) C C the support of the principal
divisor div(f). Clearly, Sup(f) = 0 if and only if f € F*. For any closed point
x € C we denote by v, the discrete valuation of F(C) associated to .

Lemma 5.1. The group K»(F(C)) is generated by the symbols {f, g} for all f,g €
F(C)* such that Sup(f) N Sup(g) = 0.

Proof. For any n > 0, denote by A,, the subgroup in K» (F(C)) generated by the
symbols {f,g} for all f,g € F(C)* such that |Sup(f) N Sup(g)| < n. Clearly
Ao C A1 C---C Ky (F(C’)) and we would like to show that Ag = K5 (F(C’))

We prove first that A1 = K2 (F(C)). Let f,g € F(C)* be such that |Sup(f) N
Sup(g)| =n > 1. For a point = € Sup(f) N Sup(g) consider a function h € F(C)*
such that vz (h) = vz(f) and v, (h) = 0 for all y € Sup(g), y # =. Then {f, g} =
{h,g} +{fh~t,g} and {h,g} € Ay, {fh~ ', g} € A,_1, therefore A, = A,,_; for
n > 1. The descending induction shows that A; = K> (F(C))

It remains to show that 4; = Ag. Let f,g € F(C)* be such that Sup(f) N
Sup(g) = {z} for a point x € C. The curve C’ = C'\ {z} is affine and the supports
of the divisors of f and g on C’ are disjoint. Choose a non-zero regular function
h € F[C"] such that v,(h) = —v,(f) for all y € C’ with v,(f) < 0 and v, (h) =0
for all y € C" with vy(g) # 0. Then fh € F[C'] and {f,g} = {fh,g} — {h,g} and
functions in the pairs (fh,g) and (h,g) have disjoint supports on C’. Thus, we
may assume that f € F[C’]. A similar argument shows that we may also assume
that g € F[C']. Let n = —v,(f) > 0, m = —v,(g9) > 0 and d = ged(n,m). Set

n' =n/d and m’ = m/d. We have m'{f, g} = {f™, g} = {h,g} where h = %
Since v, (h) = 0 and the divisors of g and 1 — g are disjoint on C’, the symbol {h, g}
belongs to Ay, i.e., m'{f, g} € Ap. Similarly, n’{f,g} € Ap. Finally, n’ and m’ are

relatively prime, hence {f, g} € Ao. O

By Lemmal5.1], in order to prove that Sr is well defined, it suffices to show that
the composition (5.2) is trivial on symbols {f, g} with the functions f,g € F(C)*
satisfying Sup(f) N Sup(g) = (). By the definition of the residue homomorphism 0,
we have to check that

63 TI Newyr(™@o@) ™" = T Newyr("@re)" .

z€Sup(f) z€Sup(g)

We may assume that one of the functions f or g, say f, is not constant. Thus
f defines a finite morphism f : C — PL. Denote by e, the ramification index
of a point z € C. We identify the function field F(¢) of Pl with a subfield in
F(C). Under this identification, ¢t = f. Thus, if f(z) = 0, then e, = v,(t), and if
f(z) = oo, then e, = —v,(¢). Set

u(t) = Neeyrwy (v 9g)) € G(F(t))/RH(F (1)),
h(t) = p(u(t)) = Npoyray(9) € F(t)*.
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The following lemma is standard.

Lemma 5.2. Letb € PY(F), and let l € F(C)* be a function defined and non-zero
at all points x € C' such that f(x) =b. Then

(Neeyray@)®) = T Ne@yr()”.
f(@)=b
Lemma 5.3. Let b € P*(F) be such that b ¢ f(Sup(g)). Then u(t) is defined at
t=">and
H NF(x)/F(VF(I)g(x))ew € G(F)/RH(F).
f(x)=b

Proof. Let g(s) =1— s+ sg € F(C)(s)*. Consider the following elements:

[T Newyeyee @ @g(s)(@)™ € G(F(s)) /RH(F(s)),

f(@)=b

w(s,t) = Npoys) resn (VD g(s)) € G(F(s,t))/RH(F(s,t)).

The function p( (s, )) NE©)(s)/F(s,t) (g(s ) is defined at the points s =0, =b
and s = 1,¢ = b. By Lemma 3] w(s,t) is defined at these points. Lemma F.G
implies that w(s,b) € G(F(s))/RH(F(s)) is well defined. Since by Lemma [5.2]
applied to the field F(s) and function I = g(s),

p(v(5)) = [ Newys/re (@8)(@) = Neys)pess (9()) (b)
f(z)=b
:p(w(sv t)) (b) = p(w(sv b))v
we have ¢(s) = v(s) - w(s,b)~t € H(F(s))/R = H(F)/R, ie., q(s) is constant.
By Corollaries[4.9] and H.7,

w(s,b)]s=1 = w(l,t)|t=p = u(b) and w(s,d)|s=0 = w(0,t)|t=p = 1.

Corollary implies that
[T Newr@™@g@)™, v(0) =1,
Fx)=b
hence
1=¢q(0)=q(1) = H NF(x)/F(VF(z)g(x))Ex u(b)
f(z)=b
|

Lemma 5.4. Let a,b € F, a # 0, and let I(t) € F(t)* be a rational function
defined at t = 0, g, oco. Then

IT Newyr(ate) —b)" " =1

pEGH,

) - 1(00) L.

a

Proof. Since both sides of the equality are multiplicative in I(t), we may assume
that I(t) = p(t)/(t — ¢)™ where p(t) # t is an irreducible polynomial of degree n and
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c € F is different from 0 and 3. In this case at(p) — b is a root of p (%) and the
product reduces to
Neyr(atlp) —b) _ (=a)"p(3) b

(-0 (ae— (o)~ la) e

O

Since Sup(f) and Sup(g) are disjoint, h(t) is defined at the points t = 0, o0;
hence by Lemma [.3, u(0) and u(oc) are well defined. By [14, Th. 4.4], ind pp(p)
divides v, (h).

Lemma 5.5.

T[T Negye (v7 () ™™ ) = u(0) - u(s0) ™ € G(F)/RH(F).

pEGH

Proof. Consider the following two elements in G(F(s))/RH(F(s)):

s vp(h)/ ind »
v(s) = TT Newoy/meo) (707 (1 = s+ st(p) "/ 0r @),
pEGm

s—1
s

) - u(00) ™

Since p commutes with the norms, by Lemma [E4] applied to the field F(s) and
a=sb=s—1,

p(v(9)) = TI Nrwyyres (1= s+ st(p) ™"
pEG,

:h(s—l

we have ¢(s) = v(s) - w(s)™t € H(F(s))/R = H(F)/R, ie., q(s) is constant.

Corollary B9 implies that

1= g0 =) =TT Negose(v"® (1) @70 o) - u(oo).

pEG,

Lemma 5.6. For any closed point p € G, C PL,

* p(h)/ind "
H NF(x)/F(p) (VF(x)f(x))v (9) _ VF(p) (t(p))v (h)/ PF(p)
f(z)=p

in G(F(p))/RH(F(p)).
Proof. Since f(x) = t(p) € F(p)* and
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we have
x vz (g)
IT Ny em @@ (@)
f(z)=p
— H Z/F(p) (t(p))vm(g)'[F(x):F(p)]/indl)F(p) (by Lemma 410)
f(z)=p
_ VF(p) (t(p))vp(h)/ind pF(p).

Now we can prove (53):
11 NF(x)/F(VF(x)g(x))%(f)

>eSup(f)

- H NF(x)/F(VF(“’)(g(x)))”w(t)

f(x)=0,00
=u(0)-u(00)™'  (by Lemma 5.3)

= I Newyr (v77 () "™ ™47 @) (by Lemma 5.5)
pEGm

= H Np(p)/p H NF(x)/F(p) (Z/F(x)f(x))vx(g) (by Lemma 5.6)
PGy, f(z)=p

= H NF@)/F (VF(m)f(x)) vx(g)~

z€Sup(g)

Thus, the homomorphism SGg is well defined.

5.2. Properties of Sp. We prove first that §r commutes with the norms.

Proposition 5.7. For any finite field extension L/F the following diagram com-
mutes:

Ao(Xp, K1) —2 G(L)/RH(L)

NL/FJ/ JNL/F
Ao(X, K1) 25 G(F)/RH(F)

Proof. Let x € X, be a closed point, u € L(z)*. Denote by y the image of  under
the natural morphism X7 — X and by v the norm Ny 4y, (u) € F(y)*. Since

p commutes with the norms and by a property of the map v, v¥ = (p¥)~! for any
field extension E/F such that X (F) # (), we have

Ny pavt @ (w) = v (Ni @y e () = v7@ ().
Then Np/p(z,u) = (y,v) and
Br (N p(z,u)) = Br(y,v) = New)r (V7P () = New) e (V@) rar™ ™ (u)
= NL/F (NL(z)/LVL(x)(U)) = NL/F (ﬁL(J% u))
O
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Corollary 5.8. The composition
A0(X, K1) 5 G(F)[RH(F) ™% Ay(X. K))
is the identity.
Proof. Assume first that X (F) # (). Then for any € X(F) and a € F*,
Ni(ar(Br(z,a))) = p" (Br(z,a)) = p"' (v"(a)) = a = Np(z, a);

hence ap o B is the identity since N} : Ag(X,K;) — F* is an isomorphism by
property 2 of X.

In the general case, by Propositions [3.7] and [5.7, for any finite field extension
L/F the following diagram is commutative:

Ao(Xp, Ky) 25 G(L)/RH(L) —5s Ag(X1, K1)

J/NL/F JNL/F J/NL/F
BF

Ao(X, K1) —— G(F)/RH(F) —£ Ay(X, K)).

Since the composition in the top row is the identity if X (L) # 0, the composition
ar o Br is the identity on the image of N, p for such field extensions. But these
images generate the group Ao (X, K1). O

Lemma 5.9. Let p(t) be a monic irreducible polynomial over F different from t

and t — 1, and let L = F(p) = F[t]/p(t)F[t]. Then there is an element u(t) €
G( (t))/RH(F ( )) such that

(u ) 1ndpL .
u(t) is deﬁned att=0,t=1;
u(0), u(1) € Im fr.

Proof. Let 0 € L be the canonical root of p(t). For a closed point « € X, consider
the element

us(t) = Ny /r) (VLo (t = 0)) € G(F(t))/RH(F(t)).
Clearly,
p(ua(t)) = N/t —0)
= Np oy r(t = 0)%5" = p(t) ™57,
For a =0 or 1, by Lemma [£:3] and Corollary 9], . (¢) is defined at ¢ = a and
ug(a) = Ny r (Vi) (a—0)) = Npyr(u),

where u' = Ny (l/L y(a — 9)) By the definition of 8, v’ € Im((8). Hence,
Proposition [B7 implies that uz(a) € Im(Br).

Since by property 3 of X, geddeg(z) = ind py,, there are finitely many closed
points z; € X, and integers m; such that > m; degxz; = ind pr,. Then the element
u(t) =[] us, ()™ satisfies the necessary conditions. O

Theorem 5.10. The maps ar and Br are mutually inverse isomorphisms.
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Proof. In view of Corollary it is sufficient to show that Bp is surjective. Let
g € G(F)/RH(F). Since G is a rational group, there is

u(t) € G(F(t))/RH(F(t))

defined at ¢t = 0,1 such that u(0) =1 and u(1) = g. Set
p(u()) =a-[[p®)™,
where a € F* and p; are monic irreducible polynomials over F'. By [14, Th. 4.4],
a = p(w) for some w € G(F)/RH(F) and ind ppp,) divides k; for all i. By Lemma
£3, there exist elements u;(t) € G(F(t))/RH(F(t)) such that p(u;(t)) = p;(t)™,
u(t) is defined at ¢t = 0,1 and ;(0),u(1) € Im Bp. Set
v(t) =w- Hui(t), h(t) = u(t) - v(t) "t
Clearly, p(h(t)) =1, hence h(t) € H(F(t))/R = H(F)/R is constant. Thus,
u(d) (1)

g=—~ =—"LcImfp.

u(0)  (0)
O

Corollary 5.11. The map ar induces an isomorphism H(F)/R ~ Ay(X, K1).

6. APPLICATIONS

We apply Theorem B I0land Corollary B.TTlin the situation considered in Exam-
ples 222, 23 and
First of all, we get another proof of the following theorem [I§].

Theorem 6.1. Let A be a central simple algebra over F, and let X be the Severi-
Brauer variety of A. Then there are canonical isomorphisms

Kl(A) = GLl(A)/RSLl(A) ~ AQ(X, I(l)7
SK1(A) = SLi(A)/R ~ Ao (X, K).

In the following two theorems we get a computation of the group of R-equivalence
classes in spinor groups.

Theorem 6.2. Let (V,q) be a non-degenerate quadratic space over F, and let X
be the corresponding projective quadric hypersurface. Then there are canonical iso-
morphisms

(v, q)/RSpin(V, q) ~ Ap(X, K1),
Spin(V, q)/R ~ Ao(X, K1).

Corollary 6.3. If g = f L g, where f is a Pfister neighbor and dimg < 2, then
the group Ao(X, K1) s trivial.

Proof. By [16], Th. 6.4], the group Spin(V, ¢) is rational. O
Remark 6.4. One can show that the homomorphism

ap :TT(V,q) — Ao(X, K1)
coincides with one defined by M. Rost in [23].
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Theorem 6.5. Let A be a central simple algebra over F' of even dimension and in-
dex at most 2 with a quadratic pair (o, f), and let X be the corresponding involution
variety. Then there are canonical isomorphisms

T'(A,o, f)/RSpin(A4, o, f) ~ Ao(X, K1),

Spin(A, o, f)/R ~ Ao(X, K1).

Remark 6.6. Theorem [6.5] covers all simply connected groups of type D,, with odd
m.

6.1. Generic quadric hypersurfaces. Let F be a field of characteristic different
from 2. Let ¢ be a non-degenerate quadratic form over F' of dimension n. Consider
the quadratic form ¢’ = (t) L qp(s) over the rational function field F'(t). Since qp()
is a subform of ¢/, the group Spin(q)p() is a subgroup of Spin(q’).

Theorem 6.7. Spin(q)/R ~ Spin(¢’)/R.

Proof. Consider the hypersurface Y in Al x P given by the equation tT¢+q(T) = 0
in the coordinates ¢,Ty : Ty : ... : T},. The subvariety Z C Y given by Ty =
0 is isomorphic to AL x X, where X is the projective quadric corresponding to
q. The generic fiber of the projection f : Y — AL is the projective quadric X’
corresponding to ¢’ over the field F'(¢). The top row of the following diagram is the
exact sequence corresponding to the morphism f [22] §8]:

[penr A1(Yy, Ko) — s ALY, Ko) —— Ag(X Ky) —2— [,ear Ao(Yp, Ko)

4

F(t)~ — Hpenr Z

where Y, is the fiber of f over p € Al. Notice first that the right vertical homo-
morphism is injective. Indeed, if p # 0, the fiber Y}, is a smooth quadric and the
norm homomorphism N° : Ay(Y,, Ko) — Z is injective (Example[2.3)). If p = 0, the
variety Y}, is a singular projective quadric corresponding to a degenerate quadric
with one-dimensional radical, i.e., Y, is of the form of the variety in Lemma 2.4]
Hence the result follows from Lemma [2.4]

Let U =Y \ Z, i.e., U is an open subvariety in Y defined by Ty # 0. Clearly,
U is isomorphic to the affine space A%. The localization exact sequence for (Y,U)
and the homotopy invariance then yield an isomorphism

A1 (Y, Km) ~ Ao(X, Kerl)
for any m > 0. Thus the diagram above gives the following exact sequence:

H Al(Y;D,K()) i> Zo(X, Kl) — ZQ(XI,Kl) — 0.

pEAL

In view of Theorem [5-10] it suffices to show that i = 0, i.e., for every closed point
p € AL, the direct image homomorphism

ip : A1 (Yp, Ko) — Al(Y, Ko)
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is trivial. More generally, we will prove that for any m > 0, the direct image
homomorphism

Z;n : Al(Yp, Km) — Al(Y, Km)
is trivial.
Assume first that p # 0, i.e., the fiber Y, is a smooth projective quadric. Consider

the graph A C Y, XY of the embedding of Y, into Y. The idea to use the following
lemma is due to M. Rost.

Lemma 6.8. If A represents the trivial class in CH,_1(Y, x Y), then i)' is the
trivial homomorphism.

Proof. By [10], the direct image 4," is the composition

A (Y Kin) 2 Apia (Y X Y, Kpm) 2 A4 (Y X Y, K ) 2 AL(Y, Ko,

where g is the inverse image homomorphism with respect to the projection Y, xY —
Y,, k is the multiplication by the class of A in

CHn_l(Yp X Y) = An—l(Yzo X K Kl—n)

and h is the direct image under the projection Y, x ¥ — Y. O

It remains to check that the class of A is trivial. The variety Y, x Y is given
in A}; x P x A}; x P with the coordinates t,7p : ... : T,,s,5 : ... : Sy by the
equations

¢T3 +9(T) =0, sS§+q(S) =0, t=1t(p).

Consider the closed subvariety V' in Y, x Y given by the equations S;T; = 5;T;
for all i, = 1,2,...,n. The restriction [ on V of the function gOTO — 1 does not
depend on the choice of i = 1,2,...,n. It is straightforward to check that A is the
divisor of [ on V' so has trivial image in CH,,_1(Y, xY').

Finally assume p = 0. The fiber Y; is a degenerate quadric with the singular

point y given by Ty = 1, T; = 0 for ¢ > 1. There is a natural vector bundle
YoM{yt—= X, &To:Tr:...:Tp)— (Th:...: Ty).

The localization exact sequence and the homotopy invariance then yield isomor-
phisms

A1(Yo, Kim) = A1(Yo \ {y}, Km) = Ao (X, Kipit).-
The group Ag(X, K,n41) is generated by the norms of the group
Ao(Xr, Kmt1) = K1 (L)
in all finite field extensions L/F such that X (L) # (). Since the homomorphisms

i are K,-linear and commute with the norms, it suffices to prove that i) = 0. But
this is clear since the image of i) belongs to Ag(X, Ko) = 0. O

Example 6.9. Let ¢ be a non-degenerate quadratic form of dimension 6 over F,
and L = F(ty,to,...,t,) a field of rational functions. Consider the quadratic form
q = (t1,t2,...,tn) L qr over L. By Theorem [E7] for any field extension E/F,

Spin(ge)/R ~ Spin(qp.)/ R
Assume that ¢ remains anisotropic over the discriminant quadratic extension
F(y/disc(q)). Then by [16, Cor. 9.2], Spin(gg)/R # 0 for some field extension
E/F. Hence Spin(q%;)/R # 0 and therefore, the group Spin(q’) is not rational.
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In particular we get examples of non-rational spinor groups for quadratic forms
of any dimension > 6. Note that some examples of non-rational spinor groups in
dimensions = 2 (mod 4) were given in [21].

Example 6.10. Let ¢ be the “generic” quadratic form (¢1,ta,...,t,), n > 2, over
the rational function field L = F(t1,t2,...,t,). It follows from Example that
for any n, Spin(g)/R = 1 but the group Spin(q) is not rational if and only if n > 6.

Remark 6.11. If char(F) = 2, the form ¢’ in Theorem 617 is degenerate if dim(q)
is odd. Let ¢” be the orthogonal sum of the form gp(s ;) with the non-degenerate
binary form sX? + XY + Y2 over the field F(s,t). Then ¢” is non-degenerate and
one can prove that the natural map Spin(q)/R — Spin(¢”)/R is an isomorphism.
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