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To the memory of Sergei Kerov

1. INTRODUCTION

In this paper, we initiate the study of a new class of algebras, which we call cluster
algebras. Before giving precise definitions, we present some of the main features
of these algebras. For any positive integer n, a cluster algebra A of rank n is a
commutative ring with unit and no zero divisors, equipped with a distinguished
family of generators called cluster variables. The set of cluster variables is the
(non-disjoint) union of a distinguished collection of n-subsets called clusters. These
clusters have the following exchange property: for any cluster x and any element
T € X, there is another cluster obtained from x by replacing z with an element z’
related to x by a binomial exchange relation

(1.1) xx' = My + M ,

where M7 and M5 are two monomials without common divisors in the n—1 variables
x — {x}. Furthermore, any two clusters can be obtained from each other by a
sequence of exchanges of this kind.

The prototypical example of a cluster algebra of rank 1 is the coordinate ring
A = C[SLs| of the group SLs, viewed in the following way. Writing a generic
Z , we consider the entries a and d as cluster variables,
and the entries b and ¢ as scalars. There are just two clusters {a} and {d}, and A
is the algebra over the polynomial ring C[b, ¢] generated by the cluster variables a
and d subject to the binomial exchange relation

ad =1+ be .

element of SLs as [CCL

Another important incarnation of a cluster algebra of rank 1 is the coordinate
ring A = C[SL3/N] of the base affine space of the special linear group SLs; here
N is the maximal unipotent subgroup of SLs consisting of all unipotent upper
triangular matrices. Using the standard notation (z1,z2, s, z12, 213, T23) for the
Pliicker coordinates on SL3/N, we view xo and x13 as cluster variables; then A is
the algebra over the polynomial ring Clzy, 3, 12, x13] generated by the two cluster
variables x2 and x13 subject to the binomial exchange relation

T2X13 = X1T23 + T3X12 -
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498 SERGEY FOMIN AND ANDREI ZELEVINSKY

This form of representing the algebra C[SL3/N] is closely related to the choice of
a linear basis in it consisting of all monomials in the six Pliicker coordinates which
are not divisible by x2x13. This basis was introduced and studied in [9] under
the name “canonical basis”. As a representation of SL3, the space C[SL3/N] is
the multiplicity-free direct sum of all irreducible finite-dimensional representations,
and each of the components is spanned by a part of the above basis. Thus, this
construction provides a “canonical” basis in every irreducible finite-dimensional
representation of SLs. After Lusztig’s work [13], this basis had been recognized
as (the classical limit at ¢ — 1 of) the dual canonical basis, i.e., the basis in the
g-deformed algebra C,[SL3/N] which is dual to Lusztig’s canonical basis in the
appropriate g-deformed universal enveloping algebra (a.k.a. quantum group). The
dual canonical basis in the space C[G/N] was later constructed explicitly for a few
other classical groups G of small rank: for G = Spy in [16] and for G = SLy in [2].
In both cases, C[G/N] can be seen to be a cluster algebra: there are 6 clusters of
size 2 for G = Sp4, and 14 clusters of size 3 for G = SLy4.

We conjecture that the above examples can be extensively generalized: for any
simply-connected connected semisimple group G, the coordinate rings C[G] and
C|[G/N], as well as coordinate rings of many other interesting varieties related
to G, have a natural structure of a cluster algebra. This structure should serve as
an algebraic framework for the study of “dual canonical bases” in these coordinate
rings and their g-deformations. In particular, we conjecture that all monomials
in the variables of any given cluster (the cluster monomials) belong to this dual
canonical basis.

A particularly nice and well-understood example of a cluster algebra of an arbi-
trary rank n is the homogeneous coordinate ring C[Grs 43 of the Grassmannian of
2-dimensional subspaces in C"*3. This ring is generated by the Pliicker coordinates
[ij], for 1 <i < j < mn+ 3, subject to the relations

[ik][51] = [ig][kI] + [l [5k]

for all 1 < 7 < k < [I. It is convenient to identify the indices 1,...,n + 3 with
the vertices of a convex (n + 3)-gon, and the Pliicker coordinates with its sides
and diagonals. We view the sides [12],[23],...,[n + 2,n + 3],[1,n + 3] as scalars,
and the diagonals as cluster variables. The clusters are the maximal families of
pairwise noncrossing diagonals; thus, they are in a natural bijection with the trian-
gulations of this polygon. It is known that the cluster monomials form a linear basis
in C[Gra,n+3)- To be more specific, we note that this ring is naturally identified with
the ring of polynomial S Lo-invariants of an (n+3)-tuple of points in C2. Under this
isomorphism, the basis of cluster monomials corresponds to the basis considered in
[T, 18]. (We are grateful to Bernd Sturmfels for bringing these references to our
attention.)

An essential feature of the exchange relations (L)) is that the right-hand side
does not involve subtraction. Recursively applying these relations, one can repre-
sent any cluster variable as a subtraction-free rational expression in the variables
of any given cluster. This positivity property is consistent with a remarkable con-
nection between canonical bases and the theory of total positivity, discovered by
G. Lusztig [14} [15]. Generalizing the classical concept of totally positive matrices,
he defined totally positive elements in any reductive group G, and proved that all
elements of the dual canonical basis in C[G] take positive values at them.
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It was realized in [I5] 5] that the natural geometric framework for total positivity
is given by double Bruhat cells, the intersections of cells of the Bruhat decompo-
sitions with respect to two opposite Borel subgroups. Different aspects of total
positivity in double Bruhat cells were explored by the authors of the present pa-
per and their collaborators in [1} [3 [4l, 5l 6] [7, 12l 17, [20]. The binomial exchange
relations of the form (1) played a crucial role in these studies. It was the desire
to explain the ubiquity of these relations and to place them in a proper context
that led us to the concept of cluster algebras. The crucial step in this direction
was made in [20], where a family of clusters and exchange relations was explicitly
constructed in the coordinate ring of an arbitrary double Bruhat cell. However,
this family was not complete: in general, some clusters were missing, and not any
member of a cluster could be exchanged from it. Thus, we started looking for a
natural way to “propagate” exchange relations from one cluster to another. The
concept of cluster algebras is the result of this investigation. We conjecture that
the coordinate ring of any double Bruhat cell is a cluster algebra.

This article, in which we develop the foundations of the theory, is conceived as
the first in a forthcoming series. We attempt to make the exposition elementary and
self-contained; in particular, no knowledge of semisimple groups, quantum groups
or total positivity is assumed on the part of the reader.

One of the main structural features of cluster algebras established in the present
paper is the following Laurent phenomenon: any cluster variable z viewed as a
rational function in the variables of any given cluster is in fact a Laurent polynomial.
This property is quite surprising: in most cases, the numerators of these Laurent
polynomials contain a huge number of monomials, and the numerator for  moves
into the denominator when we compute the cluster variable x’ obtained from =z
by an exchange (IT). The magic of the Laurent phenomenon is that, at every
stage of this recursive process, a cancellation will inevitably occur, leaving a single
monomial in the denominator.

In view of the positivity property discussed above, it is natural to expect that all
Laurent polynomials for cluster variables will have positive coefficients. This seems
to be a rather deep property; our present methods do not provide a proof of it.

On the bright side, it is possible to establish the Laurent phenomenon in many
different situations spreading beyond the cluster algebra framework. Omne such
extension is given in Theorem [B:21 By a modification of the method developed
here, a large number of additional interesting instances of the Laurent phenomenon
are established in a separate paper []].

The paper is organized as follows. SectionPlcontains an axiomatic definition, first
examples and the first structural properties of cluster algebras. One of the technical
difficulties in setting up the foundations involves the concept of an exchange graph
whose vertices correspond to clusters, and the edges to exchanges among them. It
is convenient to begin by taking the n-regular tree T, as our underlying graph.
This tree can be viewed as a universal cover for the actual exchange graph, whose
appearance is postponed until Section [Tl

The Laurent phenomenon is established in Section Bl In Sections M and [, we
scrutinize the main definition, obtain useful reformulations, and introduce some
important classes of cluster algebras.

Section [B] contains a detailed analysis of cluster algebras of rank 2. This analysis
exhibits deep and somewhat mysterious connections between cluster algebras and
Kac-Moody algebras. This is just the tip of an iceberg: these connections will be
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further explored (for cluster algebras of an arbitrary rank) in the sequel to this
paper. The main result of this sequel is a complete classification of cluster algebras
of finite type, i.e., those with finitely many distinct clusters; cf. Example This
classification turns out to be yet another instance of the famous Cartan-Killing
classification.

2. MAIN DEFINITIONS

Let I be a finite set of size n; the standard choice will be I = [n] = {1,2,...,n}.
Let T,, denote the n-regular tree, whose edges are labeled by the elements of I, so
that the n edges emanating from each vertex receive different labels. By a common
abuse of notation, we will sometimes denote by T, the set of the tree’s vertices.

We will write ¢ —— ¢ if vertices t,t' € T, are joined by an edge labeled by i.

To each vertex t € T,,, we will associate a cluster of n generators (“variables”)
x(t) = (x;(t))ier. All these variables will commute with each other and satisfy the

following exchange relations, for every edge ¢ —4_ ¢ in T,:
(2.1) x;(t) = x;(t') for any i # j;

(22) () x; (') = M;(t)(x(t)) + M; (") (x(t')).
Here M;(t) and M;(t') are two monomials in the n variables x; ,i € I; we think of
these monomials as being associated with the two ends of the edge ¢ -

To be more precise, let P be an abelian group without torsion, written multi-
plicatively. We call P the coefficient group; a prototypical example is a free abelian
group of finite rank. Every monomial M (¢) in [Z2) will have the form

(2.3) M;(t) = p;(t) [TV
iel
for some coefficient p; (t) € P and some nonnegative integer exponents b;.

The monomials M;(t) must satisfy certain conditions (axioms). To state them,
we will need a little preparation. Let us write P | Q to denote that a polynomial
P divides a polynomial Q. Accordingly, z; | M;(t) means that the monomial M, ()
contains the variable x;. For a rational function F' = F(z,y,...), the notation
Flyg(z,y,..) Will denote the result of substituting g(x,y,...) for = into F. To
illustrate, if F'(z,y) = xy, then F|, » = yx—2
Definition 2.1. An ezchange pattern on T, with coefficients in P is a family of
monomials M = (M;(t))ser,, jer of the form (3) satisfying the following four
axioms:

(2.4) If t € T, then x; { M;(?).
(2.5) If tl g tQ and €T; | Mj(tl), then €T; TMj(tQ).

(26) If tl L tg L t3 5 then xj | Mz(tl) lf and only lf X | Mj(tg) .
M;(ts) — M;(ta)

2.7 Let t; —— ty —— t3 —— ¢4 . Then ,
@7 Pkl Mi(t)  Miltr) by o/,

where My = (M;(t2) + M;(t3))

:Ci,=0 .
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We note that in the last axiom, the substitution z; « % is effectively mono-

mial, since in the event that neither M;(t2) nor M;(t3) contain x;, condition ()
requires that both M;(t2) and M;(¢1) do not depend on z;, thus making the whole
substitution irrelevant.

One easily checks that axiom (2.7) is invariant under the “flip” t; < t4, to < ts3,
so no restrictions are added if we apply it “backwards”. The axioms also imply at
once that setting

(2.8) Mi(t) = M;(t')

for every edge t —J_ ¢/, we obtain another exchange pattern M’; this gives a natural

involution M — M’ on the set of all exchange patterns.

Remark 2.2. Informally speaking, axiom (27) describes the propagation of an ex-
change pattern along the edges of T,,. More precisely, let us fix the 2n exchange
monomials for all edges emanating from a given vertex ¢t. This choice uniquely
determines the ratio M;(t')/M;(t") for any vertex t' adjacent to ¢ and any edge

' —— " (to see this, take t, = t and t3 = ' in (Z0), and allow i to vary). In

view of (Z.5)), this ratio in turn uniquely determines the exponents of all variables
x in both monomials M;(¢') and M;(t"”). There remains, however, one degree of
freedom in determining the coefficients p;(t') and p;(t”) because only their ratio
is prescribed by (Z7). In Section [5] we shall introduce an important class of nor-
malized exchange patterns for which this degree of freedom disappears, and so the
whole pattern is uniquely determined by the 2n monomials associated with edges
emanating from a given vertex.

Let ZP denote the group ring of P with integer coefficients. For an edge ¢ ko ,
we refer to the binomial P = M (t) + My (t') € ZP[x; : i € I] as the exchange
polynomial. We will write ¢ - t' or t % t’ to indicate this fact. Note that,

in view of the axiom (Z4)), the right-hand side of the exchange relation ([Z2) can
be written as P(x(t)), which is the same as P(x(t')).

Let M be an exchange pattern on T,, with coefficients in P. Note that since
P is torsion-free, the ring ZP has no zero divisors. For every vertex t € T,, let
F(t) denote the field of rational functions in the cluster variables x;(t), ¢ € I, with

coefficients in ZP. For every edge t % t', we define a ZP-linear field isomorphism
Rtt’ : f(t/) — f(t) by
Ry (2i(t')) = w;(t)  for i # k;
(2.9) P(x(t))
Ry t))=——2=.
w (2 (t)) 20 (t)

Note that property (24]) ensures that Ry = R;}. The transition maps Ry enable
us to identify all the fields F(¢) with each other. We can then view them as a single
field F that contains all the elements z;(t), for all t € T,, and ¢ € I. Inside F, these
elements satisfy the exchange relations (2.1))-(22).

Definition 2.3. Let A be a subring with unit in ZP containing all coefficients p;(t)
for i € I and ¢t € T,,. The cluster algebra A = Ay (M) of rank n over A associated
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with an exchange pattern M is the A-subalgebra with unit in F generated by the
union of all clusters x(¢), for ¢ € T,,.

The smallest possible ground ring A is the subring of ZP generated by all the
coefficients p;(t); the largest one is ZP itself. An intermediate choice of A appears
in Proposition below.

Since A is a subring of a field F, it is a commutative ring with no zero divisors.
We also note that if M’ is obtained from M by the involution (28], then the cluster
algebra Ay (M) is naturally identified with Ay (M).

Example 2.4. Let n = 1. The tree T; has only one edge t —L_ ¢ The corre-

sponding cluster algebra A has two generators x = z1(t) and ©’ = 21 (¢') satisfying
the exchange relation
zr' =p+p,

where p and p’ are arbitrary elements of the coefficient group P. In the “universal”
setting, we take P to be the free abelian group generated by p and p’. Then the
two natural choices for the ground ring A are the polynomial ring Z[p, p'], and the
Laurent polynomial ring ZP = Z[p*!,p/ jEl]. All other realizations of A can be
viewed as specializations of the universal one. Despite the seeming triviality of this
example, it covers several important algebras: the coordinate ring of each of the
varieties SLa, Gro 4 and SLs/B (cf. Section[) is a cluster algebra of rank 1, for
an appropriate choice of P, p, p’ and A.

Example 2.5. Consider the case n = 2. The tree Ty is shown below:

1 2 1 2

ty —— -

(210) - Lt —2—1, t t3

Let us denote the cluster variables as follows:

y1 = 21(to) = 21(t1), Y2 = x2(t1) = x2(t2), ys = w1(t2) = 21(t3), . -

(the above equalities among the cluster variables follow from (ZI))). Then the
clusters look like

Y1,Y0 Y2,Y1 Y3,Y2 Y4,Y3 Ys5,Y4
2 1 2 1
. — e ° ° ° o — ...
to t1 ta t3 ty

We claim that the exchange relations (ZZ) can be written in the following form:
Yoy = @Y7+, Y1ys = qays + 72,
(2.11)
Yoys = QaY5 + 73, YsYs = quy§ +Tas. o,
where the integers b and c are either both positive or both equal to 0, and the
coefficients g, and r,, are elements of P satisfying the relations
Qogar{ =ToT2,  q1q3Th =T173,
(2.12)
q2qaTs = T2T4, 3qsTh = T375s -
Furthermore, any such choice of parameters b, ¢, (¢,,), (r,) results in a well-defined
cluster algebra of rank 2.
To prove this, we notice that, in view of (Z4))—(ZH), both monomials Ma(tg) and
M>(t1) do not contain the variable z2, and at most one of them contains z. If 4
enters neither My(tg) nor Ma(t1), then these two are simply elements of P. But
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then (Z6) forces all monomials M;(t,,) to be elements of P, while (Z7) implies that
it is possible to give the names ¢,, and 7, to the two monomials corresponding to

each edge t,,, — tm+1 so that (ZII)-(ZI2) hold with b = ¢ = 0.

Next, consider the case when precisely one of the monomials Ms(tg) and Ma(t1)
contains x1. Applying if necessary the involution (2.8)) to our exchange pattern, we
may assume that Ma(to) = q124 and May(t;) = 71 for some positive integer b and

some q1,71 € P. Thus, the exchange relation associated to the edge tg 2 ¢, takes

the form yoyo = q1y% + r1. By ([Z0), we have M;(t1) = qox§ and M;(t2) = ro for
some positive integer ¢ and some ¢o,72 € P. Then the exchange relation for the

edge t; —— 5 takes the form yiys = goyS + r2. At this point, we invoke ([Z7):

Mg(tg) - Mg(tl) T1 rlxl{

MQ(t3) N MQ(tO) E1<*7"2/117 QLTI{ 11<~T2/I17 (J17"g .

By ([235), we have My (t2) = gzxt and Ma(t3) = r3 for some g3,73 € P satisfying
q1q3m5 = r17r3. Continuing in the same way, we obtain all relations (Z.11))-(2.12).

For fixed b and ¢, the “universal” coefficient group P is the multiplicative abelian
group generated by the elements ¢, and r,, for all m € Z subject to the defining
relations (2:12)). It is easy to see that this is a free abelian group of infinite rank.
As a set of its free generators, one can choose any subset of {g,,, ., : m € Z} that
contains four generators qg, 7o, q1,71 and precisely one generator from each pair
{qm,rm} for m # 0, 1.

A nice specialization of this setup is provided by the homogeneous coordinate
ring of the Grassmannian Gry 5. Recall (cf. Section[) that this ring is generated
by the Pliicker coordinates [k, ], where k and [ are distinct elements of the cyclic
group Z/5Z. We shall write m = m mod 5 € Z/5Z for m € Z, and adopt the

convention [k, 1] = [l, k]; see Figure [
3
a5 a3
2 Ya 4
Y1 Y2
42 « 1
il qa 5

FIGURE 1. The Grassmannian Grj 5

The ideal of relations among the Pliicker coordinates is generated by the relations

[m,m+2][m+1,m+ 3] =[m,m+1][m+2,m+ 3]+ [m,m + 3][m + 1,m + 2]

for m € Z. A direct check shows that these relations are a specialization of the
relations (ZIT), if weset b=c=1, y, = 2m — 1,2m + 1], g, = [2m — 2,2m + 2],
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and r, = [2m — 2,2m — 1|[2m + 1,2m + 2| = ¢m—2Gm+2 for all m € Z. The coef-
ficient group P is the multiplicative free abelian group with 5 generators g,,. It is
also immediate that the elements ¢, and 7, defined in this way satisfy the relations

E12).

We conclude this section by introducing two important operations on exchange
patterns: restriction and direct product. Let us start with restriction. Let M be
an exchange pattern of rank n with an index set I and coefficient group P. Let
J be a subset of size m in I. Let us remove from T,, all edges labeled by indices
in I — J, and choose any connected component T of the resulting graph. This
component is naturally identified with T,,. Let M’ denote the restriction of M
to T, i.e., the collection of monomials M;(¢) for all j € J and ¢t € T. Then M’ is an
exchange pattern on T whose coefficient group P’ is the direct product of P with
the multiplicative free abelian group with generators x;, i € I — J. We shall say
that M’ is obtained from M by restriction from I to J. Note that M’ depends on
the choice of a connected component T, so there can be several different patterns
obtained from M by restriction from I to J. (We thank the anonymous referee for
pointing this out.)

Proposition 2.6. Let A = Ay(M) be a cluster algebra of rank n associated with
an exchange pattern M, and let M’ be obtained from M by restriction from I to
J using a connected component T. The A-subalgebra of A generated by | J,crx(t)
is naturally identified with the cluster algebra Ax (M), where A’ is the polynomial
ring Alz; i€ I —J].

Proof. It i € T — J, then (21)) implies that x;(t) stays constant as ¢ varies over T.
Therefore, we can identify this variable with the corresponding generator z; of the
coefficient group ', and the statement follows. O

Let us now consider two exchange patterns M; and My of ranks n; and na,
respectively, with index sets I; and I3, and coefficient groups P; and Py. We
will construct the exchange pattern M = M; x My (the direct product of M;
and M) of rank n = nji + ng, with the index set I = I; U Iz, and coefficient
group P = P; x P;. Consider the tree T,, whose edges are colored by I, and, for

v e {1,2}, let 7, : T,, — T, be a map with the following property: if ¢t —— ¢’

in T, and i € I, (vesp., i € I — I, = I5_,), then m,(t) —— 7, (') in T,, (resp.,

m,(t) = m(t')). Clearly, such a map =, exists and is essentially unique: it is
determined by specifying the image of any vertex of T,,. We now introduce the
exchange pattern M on T,, by setting, for every t € T,, and i € I, C I, the
monomial M;(t) to be equal to M;(m,(t)), the latter monomial coming from the
exchange pattern M,,. The axioms (Z4)—(Z7)) for M are checked directly.

Proposition 2.7. Let A; = Ay, (M1) and Ay = Ay, (Ma2) be cluster algebras. Let
M= Mij x Mz and A = Ay ® As. Then the cluster algebra Ay(M) is canonically
isomorphic to the tensor product of algebras A1 ® As (all tensor products are taken
over 7).

Proof. Let us identify each cluster variable z;(t), for t € T,, and i € I; C I (resp.,
i €Iy C 1), with 2;(m1(t)) ® 1 (resp., 1 ® z;(m2(¢))). Under this identification, the
exchange relations for the exchange pattern M become identical to the exchange
relations for M7 and M. O
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3. THE LAURENT PHENOMENON
In this section we prove the following important property of cluster algebras.

Theorem 3.1. In a cluster algebra, any cluster variable is expressed in terms of
any given cluster as a Laurent polynomial with coefficients in the group ring ZP.

We conjecture that each of the coefficients in these Laurent polynomials is actu-
ally a nonnegative integer linear combination of elements in P.

We will obtain Theorem[3d]as a corollary of a more general result, which applies
to more general underlying graphs and more general (not necessarily binomial)
exchange polynomials.

Since Theorem Bl is trivial for n = 1, we shall assume that n > 2. For every
m > 1, let T, ., be a tree of the form shown in Figure The tree T, ,, has
m vertices of degree n in its “spine” and m(n — 2) + 2 vertices of degree 1. We
label every edge of the tree by an element of an n-element index set I, so that the
n edges incident to each vertex on the spine receive different labels. (The reader
may wish to think of the tree T, ,, as being part of the n-regular tree T,, of the
cluster-algebra setup.)

teail thead
tbase

FIGURE 2. The “caterpillar” tree Ty, ,,,, for n =4, m =8

We fix two vertices thead and tiail of Tp n that do not belong to the spine and
are connected to its opposite ends. This gives rise to the orientation on the spine:
away from tn; and towards theaq (see Figure 2)).

As before, let P be an abelian group without torsion, written multiplicatively.
Let Z>oP denote the additive semigroup generated by P in the integer group ring
ZP. Assume that a nonzero polynomial P in the variables z;, i € I, with coefficients

in Z>oP, is associated with every edge t — ' of T), ,,. We call P an exchange

polynomial, and write ¢ - t’ to describe this situation. Suppose that the exchange
polynomials associated with the edges of Ty, ,, satisfy the following conditions:

(3.1) An exchange polynomial associated with an edge labeled by j does not

depend on z;, and is not divisible by any x;, i € I.

(3.2) If o % t % to % t3, then R = C'- (Ply;—qy/x;) Where Qo = Q

and C' is a Laurent polynomial with coefficients in Z>oP.

Iizo )

(Note the orientation of the edge t; — t3 in (B2).)

For every vertex ¢ on the spine, let P(t) denote the family of n exchange polyno-
mials associated with the edges emanating from ¢. Also, let C denote the collection
of all Laurent polynomials C' that appear in condition (32)), for all possible choices
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of tg,t1,t2,t3, and let A C ZP denote the subring with unit generated by all coef-
ficients of the Laurent polynomials from P (thase) U C, where tpase is the vertex on
the spine connected with ..

As before, we associate a cluster x(t) = {x;(t) : i € I} to each vertext € T,
and consider the field F(t) of rational functions in these variables with coefficients
in ZP. All these fields are identified with each other by the transition isomorphisms
Ry : F(t') — F(t) defined as in (2.9). We then view the fields F(t) as a single
field F that contains all the elements x;(t), for t € T,, ,,, and 7 € I. These elements
satisfy the exchange relations ([2.I) and the following version of (2.2):

x;(t) x; (') = P(x(t)) ,
for any edge t % t'in Ty, .

Theorem 3.2. If conditions B1)—(B2) are satisfied, then each element of the clus-
ter X(thead) @ a Laurent polynomial in the cluster X(taq), with coefficients in the
ring A.

We note that Theorem B.2 is indeed a generalization of Theorem [B.1] for the
following reasons:

e T, ,, is naturally embedded into T;

e conditions (BI)—(B32)) are less restrictive than ([Z2)—(Z1);

e the claim being made in Theorem [B2] about coefficients of the Laurent poly-
nomials is stronger than that of Theorem [3.1] since A C ZP.

Proof. We start with some preparations. We shall write any Laurent polynomial L
in the variables x = {z; : 7 € I'} in the form

L(x) = Z u(L)z® |

a€esS

where all coefficients u, (L) are nonzero, S is a finite subset of the lattice Z! (i.e.,
the lattice of rank n with coordinates labeled by I), and z¢ is the usual shorthand
for ], #7. The set S is called the support of L and denoted by S = S(L).

Notice that once we fix the collection C, condition (B:2) can be used as a recursive

rule for computing P(#') from P(t), for any edge ¢ —/» ¢’ on the spine. It follows

that the whole pattern of exchange polynomials is determined by the families of
polynomials P(tpase) and C. Moreover, since these polynomials have coefficients in
Z>oP, and the expression for R in (B2) does not involve subtraction, it follows that
the support of any exchange polynomial is uniquely determined by the supports of
the polynomials from P (tpase) and C. Note that condition (3I]) can be formulated as
a set of restrictions on these supports. In particular, it requires that in the situation
of (3:2)), the Laurent polynomial C' does not depend on z; and is a polynomial in
xj; in other words, every o € S(C) should have a; = 0 and «; > 0.

We now fix a family of supports S(L), for all L € P(thase) U C, and assume
that this family complies with (3I). As is common in algebra, we shall view the
coefficients uq (L), for all L € P(tpase) UC and a € S(L), as indeterminates. Then
all the coeflicients in all exchange polynomials become “canonical” (i.e., indepen-
dent of the choice of P) polynomials in these indeterminates, with positive integer
coeflicients.
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The above discussion shows that it suffices to prove our theorem in the following
“universal coefficients” setup: let P be the free abelian group (written multiplica~
tively) with generators uqy (L), for all L € P(tpase) UC and o € S(L). Under this
assumption, A is simply the integer polynomial ring in the indeterminates uq (L).

Recall that we can view all cluster variables x;(t) as elements of the field F(¢ta1)
of rational functions in the cluster z(t tai1) with coefficients in ZIP. For ¢t € Ty, 1,
let £(¢) denote the ring of Laurent polynomials in the cluster x(t), with coefficients
in A. We view each L£(t) as a subring of the ambient field F(¢¢ai)-

In this terminology, our goal is to show that the cluster X(tnead) is contained
in L(ttai). We proceed by induction on m, the size of the spine. The claim is
trivial for m = 1, so let us assume that m > 2, and furthermore assume that our
statement is true for all “caterpillars” with smaller spine.

Let us abbreviate tg = tyaj1 and t1 = tpase, and suppose that the path from .

t0 thead Starts with the following two edges: tg % t1 % to. Let ¢35 € Ty be

the vertex such that to % ts.

The following lemma plays a crucial role in our proof.

Lemma 3.3. The clusters x(t1), x(t2), and x(t3) are contained in L(ty). Further-
more, ged(z;(t3), zi(t1)) = ged(z;(t2), z:(t1)) = 1 (as elements of L(to)).

Note that Lo = L(t9) is a unique factorization domain, so any two elements
x,y € Lo have a well-defined greatest common divisor ged(z, y), which is an element
of Ly defined up to a multiple from the group £ of units (that is, invertible
elements) of L. In our “universal” situation, £ consists of Laurent monomials in
the cluster x(tg) with coefficients +1.

Proof. The only element from the clusters x(¢1), x(t2), and x(t3) whose inclusion
in Ly is not immediately obvious is x;(t3). To simplify the notation, let us denote

Tr = J)i(to), Yy = J)j(to) = J?j(tl), z = J)i(f,l) = J?i(tg), u = J)j(tg) = J?j(tg), and

v = x;(t3), so that these variables appear in the clusters at to,...,t3, as shown
below:
x,y Y,z zZ,Uu u,v
i j i
[ ] [ ) [ ) [ )
P Q R
to t1 ta t3

Note that the variables xy, for k ¢ {i,;j}, do not change as we move among the
four clusters under consideration. The lemma is then restated as saying that

(3.3) v € Lo;
(3.4) ged(z,u) =1 (as elements of Lo);
(3.5) ged(z,v) =1 (as elements of Ly).

Another notational convention will be based on the fact that each of the polynomials
P,Q, R has a distinguished variable on which it depends, namely x; for P and R,
and z; for Q. (In view of BI), P and R do not depend on z;, while @ does
not depend on z;.) With this in mind, we will routinely write P, @, and R as
polynomials in one (distinguished) variable. In the same spirit, the notation @,
R/, etc., will refer to the partial derivative with respect to the distinguished variable.
We will prove the statements (B3), (34)), and (33]) one by one, in this order.
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By (32), the polynomial R is given by
(3.6) R(u) = C(u)P (%) ,

where C' is an “honest” polynomial in 4 and a Laurent polynomial in the “mute”
variables x, k ¢ {i,7}. (Recall that C' does not depend on x;.) We then have:

_ Pl ;
x
_ow (%) |
Y )
Lok B(EE) R(%2)-R(5) R(5Y)
z z z z
Since
() n(s)
z
and
R<%) = C<QTO))P(y) zC(%)mEEm
z z
B3) follows.
We next prove ([B4). We have
U= Q) = @ mod z .
Y Y

Since z and y are invertible in Ly, we conclude that ged(z,u) = ged(P(y), Q(0)).
Now the trouble that we took in passing to universal coefficients finally pays off:
since P(y) and Q(0) are nonzero polynomials in the cluster x(¢9) whose coefficients
are distinct generators of the polynomial ring A, it follows that ged(P(y), Q(0)) = 1,
proving (B4).

It remains to prove (BH). Let

Then

v =

M+C(w>m.

Our goal is to show that ged(z, v) = 1; to this end, we are going to compute v mod 2z
as “explicitly” as possible. We have, modz,

z )

Hence
v=R (—Q(O)> LQO) o (—Q(O)> zmod z.
y y y

Note that the right-hand side is a linear polynomial in x, whose coefficients are
Laurent polynomials in the rest of the variables of the cluster x(tp). Thus our

claim will follow if we show that ged (C (@) ,P(y)) = 1. This, again, is a
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consequence of our “universal coefficients” setup since the coefficients of C, P and
Q are distinct generators of the polynomial ring A. [l

We can now complete the proof of Theorem We need to show that any
variable * = xj (thead) belongs to L(ty). Since both ¢; and t3 are closer to thead
than g, we can use the inductive assumption to conclude that x belongs to both
L(t1) and L(t3). Since x € L(t1), it follows from (ZT]) that a can be written as
x = f/x;(t1)* for some f € L(ty) and a € Z>( . On the other hand, since x € L(t3),
it follows from (ZT]) and from the inclusion z;(t3) € L(to) guaranteed by Lemma
that = has the form z = g/xz;(t2)%2;(t3)¢ for some g € L(tg) and some b, c € Z>o .
The inclusion « € L(ty) now follows from the fact that, by the last statement in
Lemma B3] the denominators in the two obtained expressions for x are coprime
in E(t()) ([l

Several examples that can be viewed as applications of Theorem are given
in [8].

4. EXCHANGE RELATIONS: THE EXPONENTS

Let M = (M;(t)) : t € T,,j € I) be an exchange pattern (see Definition 2.1]).
In this section we will ignore the coefficients in the monomials M;(t) and take a
closer look at the dynamics of their exponents. (An alternative point of view that
the reader may find helpful is to assume that all exchange patterns considered in

this section will have all their coefficients p;(t) equal to 1.) For every edge ¢ 4y

in Ty, let us write the ratio M;(t)/M;(t’) of the corresponding monomials as

M;(t) — pit) bij (t)
41 ) by 2 ®
( ) Mj (t’) Dj (t/) H 1
where b;;(t) € Z (cf. (23))); we note that ratios of this kind have already appeared
in (7). Let us denote by B(t) = (b;;(t)) the n x n integer matrix whose entries

are the exponents in (I). In view of ([Z1), the exponents in M;(t) and M;(t') are
recovered from B(t):

bii(t
Mit) = pit) [ =",
i by (t)>0

M) = p) I w™
7 bij (t)<0

(4.2)

Thus, the family of matrices (B(t))ieT, encodes all the exponents in all monomials
of an exchange pattern.

We shall describe the conditions on the family of matrices (B(¢)) imposed by the
axioms of an exchange pattern. To do this, we need some preparation.

Definition 4.1. A square integer matrix B = (b;;) is called sign-skew-symmetric
if, for any ¢ and j, either b;; = b;; = 0, or else b;; and bj; are of opposite sign; in
particular, b;; = 0 for all .

Definition 4.2. Let B = (b;;) and B’ = (b};) be square integer matrices of the
same size. We say that B’ is obtained from B by the matriz mutation in direction k
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and write B’ = pu(B) if

—byj ifi=korj=k;
bk |brs + bik |k
bij + [bir| kj; ik x| otherwise.
An immediate check shows that uy is involutive, i.e., its square is the identity
transformation.

Proposition 4.3. A family of n x n integer matrices (B(t))iet, corresponds to an
exchange pattern if and only if the following conditions hold:
(1) B(t) is sign-skew-symmetric for any t € T,,.

(2) If t—— ¢, then B(t') = uu(B(t)).

Proof. We start with the “only if” part, i.e., we assume that the matrices B(t) are
determined by an exchange pattern via (1)) and check the conditions (1)—(2). The
condition b;;(t) = 0 follows from (24). The remaining part of (1) (dealing with
i # j), follows at once from (Z@). Turning to part (2), the equality b, = —b
is immediate from the definition (@I). Now suppose that j # k. In this case, we

apply the axiom (27) to the edge t —— ¢’ taken together with the two adjacent
edges emanating from ¢ and t' and labeled by j. Taking ([2) into account, we

obtain:
b b
4.4 I | PE :
(1) 1 |
where M = Hi:bmbjk<0 be““l. Comparing the exponents of z; on both sides of ()

yields b%j = —by;. Finally, if ¢ # k, then comparing the exponents of x; on both
sides of ([fL4) gives
bi; if birbjr > 0;
. —
ij
bij + |blk5|bkj otherwise.

To complete the proof of (2), it remains to notice that, in view of the already proven
part (1), the condition b;b;, > 0 is equivalent to b;;br; < 0, which makes the last
formula equivalent to (E3).

To prove the “if” part, it suffices to show that if the matrices B(t) satisfy (1)-
(2), then the monomials M;(t) given by the first equality in (£.2) (with p;(¢t) = 1)
satisfy the axioms of an exchange pattern. This is done by a direct check. O

Since all matrix mutations are involutive, any choice of an initial vertex ty € T,
and an arbitrary n X n integer matrix B gives rise to a unique family of integer
matrices B(t) satisfying condition (2) in Proposition d3 and such that B(tg) = B.
Thus, the exponents in all monomials M, (¢) are uniquely determined by a single
matrix B = B(tg). By Proposition @3] in order to determine an exchange pattern,
B must be such that all matrices obtained from it by a sequence of matrix mutations
are sign-skew-symmetric. Verifying that a given matrix B has this property seems
to be quite nontrivial in general. Fortunately, there is another restriction on B that
is much easier to check, which implies the desired property, and still leaves us with
a large class of matrices sufficient for most applications.
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Definition 4.4. A square integer matrix B = (b;;) is called skew-symmetrizable if
there exists a diagonal skew-symmetrizing matrix D with positive integer diagonal
entries d; such that DB is skew-symmetric, i.e., d;b;; = —d;b;; for all ¢ and j.

Proposition 4.5. For every choice of a vertex tg € T,, and a skew-symmetrizable
matriz B, there exists a unique family of matrices (B(t))ier, associated with an
exchange pattern on T,, and such that B(tg) = B. Furthermore, all the matrices
B(t) are skew-symmetrizable, sharing the same skew-symmetrizing matriz.

Proof. The proof follows at once from the following two observations:

1. Every skew-symmetrizable matrix B is sign-skew-symmetric.

2. If B is skew-symmetrizable and B’ = puy(B), then B’ is also skew-symmetriz-
able, with the same skew-symmetrizing matrix. O

We call an exchange pattern—and the corresponding cluster algebra—skew-
symmetrizable if all the matrices B(t) given by ([@J) (equivalently, one of them)
are skew-symmetrizable. In particular, all cluster algebras of rank n < 2 are skew-
symmetrizable: for n = 1 we have B(t) = (0), while for n = 2, the calculations in
Example show that one can take

(45) Bm) = (-1" | °, ]

—c
for all m € Z, in the notation of (ZI0)—(ZI).

Remark 4.6. Skew-symmetrizable matrices are closely related to symmetrizable
(generalized) Cartan matrices appearing in the theory of Kac-Moody algebras.
More generally, to every sign-skew-symmetric matrix B = (b;;) we can associate a
generalized Cartan matrix A = A(B) = (a;;) of the same size by setting

2 if i = j;

bl i # 5.
There seem to be deep connections between the cluster algebra corresponding to B
and the Kac-Moody algebra associated with A(B). We exhibit such a connection
for the rank 2 case in Section Bl below. This is however just the tip of an iceberg:
a much more detailed analysis will be presented in the sequel to this paper.

(46) aij =

In order to show that non-skew-symmetrizable exchange patterns do exist, we
conclude this section by exhibiting a 3-parameter family of such patterns of rank 3.

Proposition 4.7. Let o, 3, and v be three positive integers such that afy > 3.
There exists a unique family of matrices (B(t))ter, associated with a non-skew-
symmetrizable exchange pattern on T3 and such that the matriz B(ty) at a given
vertex tg € Ts is equal to

0 2 —2af
(4.7) B(a,B,y)=| =pv 0 2p

v —ay 0
Proof. First of all, the matrix B(q,3,7) is sign-skew-symmetric but not skew-
symmetrizable. Indeed, any skew-symmetrizable matrix B = (b;;) satisfies the

equation biabazbs; = —b21bsabiz. However, this equation for B(a, 3,) holds only
when a7 is equal to 0 or 2.
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For the purpose of this proof only, we refer to a 3 x 3 matrix B as cyclical if its
entries follow one of the two sign patterns
0o + - 0 - +
- 0 +1],]+ 0 -
+ - 0 - + 0
In particular, B(«, 3,7) is cyclical; to prove the proposition, it suffices to show that
any matrix obtained from it by a sequence of matrix mutations is also cyclical.
The set of cyclical matrices is not stable under matrix mutations. Let us de-

fine some subsets of cyclical matrices that behave nicely with respect to matrix
mutations. For a 3 x 3 matrix B, we denote

c1 = |basbsa|, ca = |bisbsi|, c3 = |bi2ba1|, 7 = |b12basgbs1] .
For i € {1,2,3}, we say that B is i-biased if we have
r>c>r/2>¢>6
for any j € {1,2,3} \ {¢}. For B(«,3,7), we have
r/2=1c =co=c3=2a07>6,
so it is i-biased for every i € {1,2, 3}.
Our proposition becomes an immediate consequence of the following lemma.

Lemma 4.8. Suppose B is cyclical and i-biased, and let j # i. Then p;(B) is
cyclical and j-biased.

Proof. Without loss of generality we can assume that i = 1 and j = 2. Denote
B’ = pa(B), and let us write 1’ = [b]obh3bh, ], ) = |bhsbls|, ete. By @3), we have
blg = —b1a, by = —ba1, bhs = —bas, bhy = —bso; therefore, ¢f = ¢; and ¢ = ¢3. We
also have
|b12|b23 + b12|bas| |b32|ba1 + b32|bo1 |

2 2 '
Since B is cyclical, the two summands on the right-hand side of each of the equalities
in (48) have opposite signs. Note that

(4.8) 13 =biz + , by =bg1 +

r 2¢o
|b12bas| = ] > ool 2|b13]
and
c1]ba1 | S Tlba1|  calbsi]
|b23| - 2|b23| 2
It follows that b} (resp., b5;) has the opposite sign to byz (resp., bs1). Thus, B’ is
cyclical, and it only remains to show that B’ is 2-biased. To this effect, we note

|b32ba1| = > 3|bs1] -

that |05 | = |bs2ba1| — |bs1|, and so
v’ = [byobygbiy | = |br2|bas|(bs2bar| — [bs1]) = cres =7 > (r/2) -6 — 7 =2r;
therefore, both ¢j = ¢; and ¢ = c¢3 do not exceed /2. As for ¢}, we have

|bl5] = |b12bas| — |bi3|, and so
C
¢y = |b3bhy | = (|bizbes| — |b13])(|bs2bai| — |ba1]) = r'(1 — ?2) :

since co/r < 1/2, we conclude that r" > /(1 — 22) = ¢4 > 7' /2. This completes the
proof that B’ is 2-biased. Lemma and Proposition @1 are proved. O
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5. EXCHANGE RELATIONS: THE COEFFICIENTS

In this section we fix a family of matrices B(t) satisfying the conditions in Propo-
sition [43] and discuss possible choices of coefficients p;(¢) that can appear in the
corresponding exchange pattern. We start with the following simple characteriza-
tion.

Proposition 5.1. Assume that matrices (B(t))ier, satisfy conditions (1)—(2) in
Proposition [£.3. A family of elements p;(t) of a coefficient group P gives rise,
via (B2), to an exchange pattern if and only if they satisfy the following relations,

whenever t; —— to —4— t5 — t,:

(5.1) Pi(t1)pi(t3)p; (ta) O (13100 = p, (13)p; (ta)p (to) oo (2).0)

Note that bj;(t2) = —bji(t3) by @3), so at most one of the p;(t2) and p;(t3)
actually enters (B.1]).

Proof. The only axiom of an exchange pattern that involves the coefficients is (2.7)),
and the relation (B.1]) is precisely what it prescribes. O

First of all, let us mention the trivial solution of (&1) when all the coefficients
pi(t) are equal to 1.

Moving in the opposite direction, we introduce the wuniversal coefficient group
(with respect to a fixed family (B(¢))) as the abelian group P generated by the
elements p;(¢t), for all i € I and ¢ € T, which has (&) as the system of defin-
ing relations. The torsion-freeness of this group is guaranteed by the following
proposition whose straightforward proof is omitted.

Proposition 5.2. The universal coefficient group P is a free abelian group. More
specifically, let tog € Ty, and let S be a collection of pairs (i,t) that contains both

(i,t0) and (i,t) for any edge to — ¢, and precisely one of the pairs (i,t) and (i,t')

for each edge t —— t' with t and t' different from to. Then {p;(t) : (i,t) € S} is a
set of free generators for P.

We see that, in contrast to (£3)), relations (5.1)) leave infinitely many degrees of
freedom in determining the coefficients p;(t) (cf. Remark 2:2).

The rest of this section is devoted to important classes of exchange patterns
within which all the coefficients are completely determined by specifying 2n of
them corresponding to the edges emanating from a given vertex.

Suppose that, in addition to the multiplicative group structure, the coefficient
group P is supplied with a binary operation & that we call auxiliary addition. Fur-
thermore, suppose that this operation is commutative, associative, and distributive
with respect to multiplication; thus (P,®,-) is a semifield. (By the way, under
these assumptions P is automatically torsion-free as a multiplicative group: indeed,
if p™ =1 for some p € P and m > 2, then

prep e @p _pm_l@pm_2@~~®1_1)
prlepr—2g...o1 prlepr2¢..-¢1

Definition 5.3. An exchange pattern and the corresponding cluster algebra are

called normalized if P is a semifield and p;(t) @ p;(t') = 1 for any edge t SR
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Proposition 5.4. Fiz a vertex tg € T,, and 2n elements q; and r; (j € I) of a
semifield P such that g; ®1; =1 for all j. Then every family of matrices B(t) sat-
isfying the conditions in Proposition [{.J gives rise to a unique normalized exchange

pattern such that, for every edge to —— t, we have pj(to) = ¢q; and p;(t) = rj.
Thus a normalized exchange pattern is completely determined by the 2n monomials
M;(to) and M;(t), for all edges to —— t.

Proof. In a normalized exchange pattern, the coefficients p;(t) and p;(¢') corre-

sponding to an edge t —J_ ¢ are determined by their ratio

o Pi(D)
(52) u] (t) - pj(tl)
_ uj(t) N 1
(5:3) pilt) = 1o u;(t) pit) = 1@ u;(t)
Clearly, we have
(5.4) wy (O (¢) =1

for any edge t —.— t. We can also rewrite the relation (5.]) as follows:
(55) (') = i) (0" OO (1.6 (1))~

for any edge t —4_ ¢ and any 4 # j. This form of the relations for the normalized

coefficients makes our proposition obvious. [l

Remark 5.5. It is natural to ask whether the normalization condition imposes addi-
tional multiplicative relations among the coefficients p;(¢) that are not consequences
of (BJ). In other words: can a normalized system of coefficients generate the uni-
versal coefficient group? In the next section, we present a complete answer to this
question in the rank 2 case (see Remark [6.5] below).

One example of a semifield is the multiplicative group R~ of positive real num-
bers, ® being ordinary addition. However the following example is more important
for our purposes.

Example 5.6. Let P be a free abelian group, written multiplicatively, with a finite
set of generators p; (i € I'), and with auxiliary addition @ defined by

(5.6) Hp;z @ Hpg _ ]:[pinin(ai,bi) .

Then P is a semifield; specifically, it is a product of |I’| copies of the tropical
semifield (see, e.g., [1]). We denote this semifield by Trop(p; : « € I’). Note that if
all exponents a; and b; in (B:6) are nonnegative, then the monomial on the right-
hand side is the ged of the two monomials on the left.

Definition 5.7. We say that an exchange pattern is of geometric type if it is nor-
malized, has the coefficient semifield P = Trop(p; : @ € I'), and each coefficient
p;(t) is a monomial in the generators p; with all exponents nonnegative.
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For an exchange pattern of geometric type, the normalization condition simply
means that, for every edge ¢ —_ ¢ the two monomials p;(t) and p;(¥') in the

generators p; are coprime, i.e., have no variable in common.

In all our examples of cluster algebras of geometric origin, including those dis-
cussed in the introduction, the exchange patterns turn out to be of geometric type.
These patterns have the following useful equivalent description.

Proposition 5.8. Let P = Trop(p; : @ € I'). A family of coefficients p;(t) € P
gives rise to an exchange pattern of geometric type if and only if they are given by
(5.7) pi(t) = [ oo

il
for some family of integers (c;;(t) : t € Tp,i € I',j € I)) satisfying the following
property: for every edge t —— t' in T,, the matrices C(t) = (cij(t)) = (ci;) and
C(t') = (ci;(t')) = (c;;) are related by

ij
—Cij ifj=k;

5.8 =
(58) : eaulons (1) + canlbiy (1)

cij + 5 otherwise.

Proof. As in the proof of Proposition B4, for every edge ¢ —— ¢’ we consider the
ratio u;(t) = p;(t)/pj(t’). We introduce the matrices C(t) by setting

uy(t) = [ o™

The expression (7)) then becomes a specialization of the first equality in (B3],
with auxiliary addition given by (B6]). To derive (B8) from (B3, first replace i by
j and j by k, respectively, then specialize, then pick up the exponent of p; . O

Comparing (E.8) with (3], we see that it is natural to combine a pair of matrices
(B(t),C(t)) into one rectangular integer matrix B(t) = (bij)icr11r,jer by setting
bij = c;j fori € I’ and j € I. Then the matrices B(t) for t € T,, are related to each
other by the same matrix mutation rule (£3), now applied to any ¢ € IJ[I’ and
j € I. We refer to B(t) as the principal part of B(t) Combining Propositions 5.8

and [4.5] we obtain the following corollary.

Corollary 5.9. Let B be an integer matriz with skew-symmetrizable principal part.
There is a unique exchange pattern M = M(B) of geometric type such that B(ty) =
B at a given vertexr ty € Ty,.

In the geometric type case, there is a distinguished choice of ground ring for the
corresponding cluster algebra: take A to be the polynomial ring Z[p; : ¢ € I']. In the
situation of Corollary[5.9] we will denote the corresponding cluster algebra 4, (M)
simply by A(B) In the notation of Section 2, A(B) is the subring of the ambient
field F generated by cluster variables x;(t) for all j € I and t € T,, together with
the generators p; (i € I') of P.

The set I’ is allowed to be empty: this simply means that all the coefficients
p;(t) in the corresponding exchange pattern are equal to 1. In this case, we have
B(t) = B(t) for all ¢.
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We note that the class of exchange patterns of geometric type (and the corre-
sponding cluster algebras A(B)) is stable under the operations of restriction and
direct product introduced in Section 2l The restriction from I to a subset J amounts
to removing from B the columns labeled by I — J; the direct product operation

replaces two matrices B; and B, by the matrix {B;l B% ] .

6. THE RANK 2 CASE

In this section, we illustrate the above results and constructions by treating in
detail the special case n = 2. We label vertices and edges of the tree Ty as in
(ZI0). For m € Z, it will be convenient to denote by (m) the element of {1,2}

congruent to m modulo 2. Thus, Ty consists of vertices t,,, and edges t,, m) b1

for all m € Z. We use the notation of Example 2.5, so the clusters are of the
form x(tm) = {Ym,Ym+1}, and the exchange relations are given by , with
coefficients ¢, and r,, satisfying (2.12)). More specifically, we have

(6.1) Ty (tm) = Ym> Tm41)(Em) = Ymi1, Pim)(tm) = @mt1, Pims1)(tm) = Tm

form € Z. Choose x(t1) = {y1,y2} as the initial cluster. According to Theorem BT}
each cluster variable y,,, can be expressed as a Laurent polynomial in y; and y» with
coeflicients in ZP. Let us write this Laurent polynomial as

Nm(yla y2)

yill (m)ygz (m)

(62) Ym =

where Ny, (y1,y2) € ZP[y1,y2] is a polynomial not divisible by y; or y2. We will
investigate in detail the denominators of these Laurent polynomials.

Recall that for n = 2 the matrices B(t) are given by ({5). Thus, all these
matrices have the same associated Cartan matrix
(6.3) A= AB(t) = [ 2 ‘b}

—c 2

(see ([@4). We will show that the denominators in ([G2]) have a nice interpretation
in terms of the root system associated to A. Let us recall some basic facts about
this root system (cf., e.g., [10]).

Let Q) = Z? be a lattice of rank 2 with a fixed basis {a1, as} of simple roots. The
Weyl group W = W (A) is a group of linear transformations of @) generated by two
simple reflections s; and s whose action in the basis of simple roots is given by

© R R

Since both s; and s are involutions, each element of W is one of the following:
w1 (M) = 815251 - S(my, Wa(M) = 825152 S(m41) ;

here both products are of length m > 0. It is well known that W is finite if and
only if bc < 3; we shall refer to this as the finite case. The Cozeter number h of W
is the order of s1s5 in W it is given by Table[ll In the finite case, W is the dihedral
group of order 2h, and its elements can be listed as follows: w;(0) = we(0) = ¢

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CLUSTER ALGEBRAS I 517
(the identity element), wi(h) = wa(h) = wpo (the longest element), and 2h — 2
distinct elements wy (m), we(m) for 0 < m < h. In the infinite case, all elements

wy(m) and wa(m) for m > 0 are distinct.

TABLE 1. The Coxeter number

be|0]1]12(3]|>4
h|23[4|6]| o

A vector a € @ is a real oot for A if it is W-conjugate to a simple root. Let ®
denote the set of real roots for A. It is known that ® = &, U (-, ), where

<I>+:{a:d1a1+d2a2 €d: dy,do 20}

is the set of positive real roots. In the finite case, ®; has cardinality h, and we
have

Oy = {wi(m)amiry : 0 <m < h}.
In the infinite case, we have

P = {wi(m)agmi1y, w2(m)agmy2) 1 m >0},

with all the roots w1 (m)a 41y and wa(m)a 2y distinct.
We will represent the denominators in (G.2]) as vectors in the root lattice @ by
setting

o(m) = di(m)aq + da(m)ae
for all m € Z. In particular, we have §(1) = —a; and §(2) = —ae.

Theorem 6.1. In the rank 2 case (finite or infinite alike), cluster variables are
uniquely up to a multiple from P determined by their denominators in the Lau-
rent expansions with respect to a given cluster. The set of these demominators is
naturally identified with {—aq, —ag} U 4. More precisely:

(i) In the infinite case, we have

(65)  S(m+3) = wi(m)aguiy. O(-m) = wa(maguyz  (m>0).

In particular, all y,, for m € Z have different denominators yfl(m)y;b(m).

(ii) In the finite case, we have
(6.6) d(m +3) = wi(m)amir) (h>m >0)

and §(m + h 4+ 2) = 6(m) for all m € Z, so the denominators yfl(m)y;b(m) are
periodic with the period h + 2. Moreover, Ymhi2/ym € P for m € Z.

Proof. Before giving a unified proof of Theorem 6], we notice that part (ii) can
be proved by a direct calculation. We will express all coefficients in terms of rq,
ro, and g, for m € Z (cf. Proposition B2)). With the help of Maple we find that
in each finite case, the elements y,, for 3 < m < h 4 4 are the following Laurent
polynomials in y; and ys.
Type A1 x A1: b=c=0.

Q27 Y= q3(q1 +71) ys = qay1 _ g5y

Y3 B 4 — B 5 5 6
hn T1Y2 ) q143
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Type Az: b=c=1.

g2 + 72 g3(re(@y1 +71) + r1G2Y2)
Yys = —— Ya = ;
Y1 "Y1Yy2
gy +71) Qg _ T1G5q6Y2
b=, Y=, Y=
T1Y2 T2 24193

Type By: b=1,c=2.

s = Qay5 + 72 i = g3(ra(q1yn + 1) +119293)
e ,
Y1 T1Y1Y2

_ B (ra(qyr +71)% + rigys) Vs = 439495 (q1y1 +71)

2 2
r1Y1Y5 T1Y2

Ys

Q4(I§(I6y1 T1459697Y2
Yyr=— — Yyg=—"".

T2 24143
Type Cy: b=2,c=1.

QY2+ e as(r3qyi + ri(qey2 +12)?)
Ys = —— Ya =

Y1 r1Y3yo ’
ys = q3q4(r2q1yt + 71(q2y2 + 12)) e = 439395 (qryi + 1)
T1Y1Y2 ’ T1Y2 ’
44459691 7“1Q5Q(2;Q7y2
Yyr = ——, 8= —35 —— -
) 734143
Type Go: b=1,c¢=3.
ys = Qays + 72 i = g3(r2(quyr +71) + r1gay3)
3=, Ya= ;
Y1 "Y1Yy2

 Baa(r3(qyr +r1)? + riqeys (rigeys + 3raquyy + 2r172))
- 3,,2,,3
19192

Ys

?

 Bags(ra(qy +11)2 +riqy3)  Baiddas(ra(qys + 1) + riqeys)
Ys = P} 2 y Y1 = 3 3
T1Y1Y3 T1Y1Ys

Y

g = BUBGa @y +1) GGGy 195050705909
T1Y2 ’ 2 ’ 24143

Type Gy: b=3,c= 1.

QY2 + 12 a3(r1(qay2 +12) + r3quy})
Y3 = ———, Y4 =

n 7"1y§y2 ’
ys = 4394(r1(q2y2 +27“2)2 + r%qu?) :
T1Y1Y2
Ba3gs(r7 (qay2 + 12)° + 131yl (raquy? + 3rigaye + 2r172))
o ryys ’
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gy = B0 (r2(avd + ) Frigeye) - 4504986847 (anvd + 1)

"Y1Yy2 r1Y2

_ (J4Q5Q§(J7QBZJ1 . 7’1Q5Q§’Q?nggy2
Yo=—"""", Yio=— 3. -

3
T2 24143

By inspection, the exponents of the y variables in the denominators above agree
with (6.6). Furthermore, we see that ym+nio/ym € P for m = 1,2, and therefore
for any m.

Now let us give a unified proof of both parts of Theorem [6Il For § = diay +
deay € @, let us denote

[0]+ = max(dy,0)aq + max(ds, 0)as.
It then follows from the relations ([ZIT) that
b[o(m)]+ if m is odd;
(6.7) dm+1)+d(m—-1) =
c[6(m)]+ if m is even.
Starting with 6(1) = —ayq and §(2) = —ag, we use (67) to see that
03) =1, 0(4)=bas+ as=s1a2,
and also
0(0) =z, d0(—=1)=a1 +cas = ss01 .

This proves (6.5) and (6.6]) for m =0 and m = 1.

Proceeding by induction on m, let us now assume that m > 2, and that both
vectors d(m + 1) and §(m + 2) are positive roots given by (G.0]); in the finite case,
we also assume that m < h. If m is odd, it follows from (6.7) that

d(m+3)=bd(m+2)—5(m+1) =bwi(m—1)ag —wi(m — 2)ag
=wi(m —1)(s102 — az) — wi(m — 2)ay
= w1 (m)agz — wi(m — 2)(s202 + az) = wi(m)as .
Thus, §(m + 3) is also given by (B.8). The same argument works with m even, and,
in the infinite case, with m negative. This completes the proof of (6.5 and (G.G)).
We conclude by a unified proof of the periodicity §(m+h+2) = d(m) in the finite

case. Without loss of generality, we assume that m = 1. By the above inductive
argument, we know that d(h + 3) is given by (6.6). Thus, we have d(h + 3) =

wi(h)opi1y = woap41y. It is known—and easy to check—that wg = [_01 _01}

_01 _OJ in the other three
finite cases. Hence woa(j 41y = —aq in all cases, and we are done. O

if b =c =1 (the only case when h is odd), and wy =

In the rest of the section, we discuss the normalized case (see Definition [(.3)).
In this context, the periodicity property in Theorem (ii) can be sharpened
considerably.

Proposition 6.2. In the normalized finite case of a cluster algebra of rank 2, we
have Gmiyn+2 = Gm, Tmahy2 = Tm, 0nd Ymihiy2 = Ym for all m € Z.
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Proof. We set wy, = ¢ /Tm for m € Z. Then gq,, and 7, are recovered from u,, by
U, 1

= y 7"m =

(cf. &3)). To establish the periodicity of ¢, and r.,, it suffices to show that
Um+h+2 = Um. Furthermore, it is enough to check that ujy3 = vy and upq = uo
in each of the following four cases: (b,¢) = (0,0) (type A1 x A1), (1,1) (type A2),
(1,2) (type Bz), and (1,3) (type G2). This is done by direct calculation using the
relation

(6.8) dm

(1®wuy)¢ if mis odd;
(69) Um+1Um—1 =
(1@ up)®  if m is even,

which, in view of (6.), is a consequence of (5.4)) and (B.5)). Below are the interme-
diate steps of this calculation, which in each case expresses u,, for 3 <m < h + 2
as a rational function in u; and ug, and then confirms up43 = uy and up 44 = us.
Type A1 X A1: b=c=0,h=2.

1 1
uz = —, Ug = — .
Ul us
Type As: b=c=1,h = 3.
1@ us 1@ us ©ug 1@ uy
us = s Uyp = ——, Uy = .
Ul Ui1U u
Type Ba: b=1,c=2,h =4.
1@ us (1@ u;  ug)? (1@ u)? @ usg (1@ uy)?
us = ,  Uq = 2 y  Us = ,  Ue = :
U1 uTU2 U1 U2 U2
Type Go: b=1,¢c=3,h =6.
1@ us (1®u ®uz)? (1@ u1)® ® ua(3ur D us & 2)
U3 =———, UWy=—"73—"—, Us= 5 )
U1 Uuju2 uju2
(1@ u1)? @ ug)? (1D up)® @ uy (1@ up)?
UG fr 3 5 s U7 = _, U‘S = .
UTUS ULU2 U2

To complete the proof of Proposition[6.2] it remains to show that yp3 = y1 and
Yn+4 = Y2 in each of the four cases. By Theorem [6.] (ii), both ratios yx3/y1 and
Yn+4/y2 belong to P, and we only need to show that these two elements of P are
equal to 1 in the normalized case. The ratios in question were explicitly computed
in the course of the proof of Theorem We see that it all boils down to the
following identities:

(6.10) Type A1 x A1z 71 = gs.

(6.11) Type A2t 1 = q3qa.

(6.12) Type By: 11 = q3qags, T2 = qaq3ds-

(6.13) Type G2: 11 = 43¢4434607, T2 = Gaq5 05 430s-

All these identities can be proved by a direct calculation (preferably, with a
computer): first express both sides in terms of the w,, using (6.8]), and then replace
each u,, by the above expression in terms of u; and us. O
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Remark 6.3. Periodicity of the recurrence (6.9) is a very special case of the peri-
odicity phenomenon for Y-system recurrences in the theory of the thermodynamic
Bethe ansatz [19]. We plan to address the case of arbitrary rank in a forthcoming

paper.

We have shown that in a finite normalized case, any coefficient r,,, can be written
as a monomial in ¢4, ..., ¢m+n- There is a nice uniform way to write down these
monomials using the dual root system of the system ® considered above. Recall
that the dual root system ®V is associated with the transposed Cartan matrix. The
simple roots of ®V are called simple coroots and denoted o and oy . They generate
the coroot lattice QY. The Weyl groups of ® and ®V are naturally isomorphic to
each other, and it is common to identify them. The same Weyl group W acts on
QV so that the action of simple reflections s; and s, in the basis of simple coroots
is given by the matrices

-1 ¢ {1 0
T 1 2T -1

(cf. (©4)). By inspection (cf. (6-I0)-[6:13)), one obtains the following unified ex-

pression for r,.

Proposition 6.4. For i € {1,2} and m > 0, let c(i,m) denote the coefficient of

Vo v : :
o in the root wi(m)a<i+m>, Then, in every finite case, we have

h—2
k+1),
(6.14) T | A
m=0
for all k € Z.

Remark 6.5. The relations (GI4) together with the periodicity relation gm4+n4+2 =
¢m imply that in each finite normalized case the subgroup of the coefficient group
P generated by all g, and r,, is in fact generated by qi,...,qnt2. Thus, this
group is dramatically different from the universal coefficient group. One might
ask if the normalization condition imposes some relations among ¢, ..., qn+2. The
answer to this question is negative: it is possible to take P = Trop(qi, ..., qnh+2)
(cf. Example [5.6)), so that multiplicatively, P is a free abelian group generated by
Q1 - qnio. With the help of (6.14) and the periodicity relation g 4ni2 = ¢m, we
can view all r,,, and ¢, for m € Z as elements of P. By the definition of auxiliary
addition (see (5.6)), we have 7, & ¢, = 1 for all m. Hence these coefficients give
rise to a normalized exchange pattern (which is in fact of geometric type according
to Definition [5.7).

In the infinite case, the situation is very different: there exists a normalized
exchange pattern such that the coefficients r,, and ¢,, generate the universal coef-
ficient group (see Proposition [5.2]). To see this, take P to be the group of formal
infinite products [],,.4 gr, where the exponents c,, can be arbitrary integers.
Make P into a semifield by setting

1 @@ I g = IT ane

meZ mEZ mEZ
Taking (614 as an inspiration, let us define the elements r € P for all k € Z by
)0(<k+1>7m) ,

Tk = H (Qk+m+QQk—m—2
m>0
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with the same exponents as in (EI4). Also, view each g as an element of P via
G = [l mez @m. A direct check then shows that these coefficients give rise to a
normalized exchange pattern (that is, satisfy (212)), and also that in P there are
no relations among the elements r1, o, and gy , for k € Z.

7. THE EXCHANGE GRAPH

In this section, we restrict our attention to normalized exchange patterns M =
(M;(t):jel,teTy,). Let (x;(t): j € I,t € Ty,) be the family of cluster variables
associated to M. As in Section 2, we view them as elements of the ambient field F.

A normalized exchange pattern gives rise to a natural equivalence relation on
the set of vertices of T,. Informally speaking, two vertices are equivalent with
respect to M if they have the same clusters and the same exchange relations, up
to relabeling of cluster variables. Here is a precise definition.

Definition 7.1. We say that two vertices ¢t and ¢’ in T,, are M-equivalent if there
exists a permutation o of the index set I such that:
(1) 2;(t') = w5y (t) for all i € I;

(2) it t 29 ¢; and ¢ —L— ¢} for some j € I, then M;(t)(x(t")) = My (t)(x(2))
and M;(t7)(x(t')) = Mo ;) (t1) (x(t))-

Remark 7.2. We believe that condition (2) in Definition[71lis in fact a consequence
of (1). Thus, once a cluster has been fixed as a set (forgetting the labels and the
cluster’s location in the tree T,,), the exchange relations involving its elements are
uniquely determined.

In view of Proposition[5.4] a normalized exchange pattern can be defined in terms
of a family of integer matrices B(t) together with a family of elements u;(t) € P
satisfying relations (B:4)—(B5). In these terms, property (2) above can be rephrased
as saying that by;(t') = by (i),0(;)(t) and u;(t') = ue(;)(t) for all 4,5 € I.

The following property is an immediate consequence of Proposition 5.4

Proposition 7.3. Supposet and t' are M-equivalent. For every vertex t1 adjacent
to t, there is a unique vertez t) adjacent to t' and equivalent to t1. In the notation

of Definition [T, if t 9L ¢, for some j € I, then ' —— t].

Definition 7.4. The exchange graph I pq associated with a normalized exchange
pattern M has the M-equivalence classes as vertices, joined by an edge if they have
adjacent representatives in T,,.

As an immediate corollary of Proposition[Z3] we obtain the following.

Corollary 7.5. The exchange graph is n-reqular, i.e., every vertex has precisely n
edges emanating from it.

Note that passing from T, to I'xq may result in losing the coloring of edges by
elements of the index set I. This will happen if a permutation ¢ in Definition [Tl
is nontrivial. (This permutation can be thought of as “discrete monodromy” of our
graph.)

Example 7.6. The results in Section B (more specifically, Theorem 6.1l and Propo-
sition[6.2) show that, in the rank 2 case, the M-equivalence and the exchange graph
can be described as follows. In the infinite case, no two distinct vertices of Ty are
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Me-equivalent to each other, so the exchange graph is Ty itself. In the finite case,
tm and t,,,, are M-equivalent if and ounly if m = m/ mod (h + 2), so the exchange
graph is a cycle of length h 4 2. For example, in the type Ay case, we have h = 3,
and the graph is a pentagon. Figure Bl shows the corresponding exchange graph,
together with its clusters and exchange relations, written with the help of (2.1
and (6.11]). The discrete monodromy is present in this special case, as the variables
y1 and yo get switched after a full 5-cycle of exchanges:

()= )= ()= (o) = () = ()

The corresponding cluster algebra can be realized as the homogeneous coordinate
ring of the Grassmannian Gry 5; see Example

Y2,Y3

Y1Y3 = q2Y2 + qaqs Y2Ys = q3Y3 + q5q1

Y1,Y2 Y3, Ya

YsY2 = q1Y1 + G244 YsYs = qay4 + 1G2

Ys, Y1 &
YaY1 = q5Y5 + q2q3

® Y4,Ys5

F1GURE 3. The exchange graph for a cluster algebra of type Ao

We see that, in the rank 2 case, the following conditions on a normalized exchange
pattern M are equivalent:

(1) The exchange graph I'y is finite.

(2) A cluster algebra associated to M has finitely many distinct cluster variables.

(3) There exists a vertex t € Ty such that the Cartan counterpart A(B(t)) of
the matrix B(t) is a Cartan matrix of finite type, i.e., we have |b12(¢)ba1(¢)| < 3.

In the sequel to this paper, we shall extend this result to arbitrary rank.

Returning to the general case, we shall now provide some important instances
of M-equivalence.

Theorem 7.7. Suppose |b;;(t)b;;(t)] < 3 for some vertex t € T,, and two distinct
indices i and j. Let h be the Coxeter number of the corresponding rank 2 root
system, and let t' € T, be a vertex joined with t by a path of length h + 2 whose
edge labels alternate between i and j. Then t' is M-equivalent to t, so that the path
becomes a cycle of length h + 2 in the exchange graph.

Proof. For the sake of convenience, assume that ¢ = 1, j = 2; thus, the path joining
t and t’' has the form

t=t] 1ty 2ty L .. <ﬂ>th+3:t’
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(cf. (ZI0)), where (m) as before stands for the element of {1,2} congruent to m
modulo 2. We abbreviate by = —b12(t1) and ba = ba1 (1), and assume (without loss
of generality) that by and by are either both positive or both equal to 0. This agrees
with the convention (@) (also used in Section [B]), where b; was denoted by b, and
by by c. Recall that the value of h is given by Table [[lin Section [6]; in particular,
h is even unless by = by = 1 (the type Az). We claim that the conditions (1) and
(2) in Definition [[.1] hold with the permutation o equal to identity for h even, and
equal to the transposition of indices 1 and 2 in the only case when A is odd. Using
the restriction operation on exchange patterns (cf. Proposition [2.6]), it suffices to
treat the case n = 3, so we can take I = {1, 2, 3}.

In view of the exchange property (2:1), the cluster variable z5(¢;,) does not
depend on m. Therefore, verifying condition (1) amounts to checking that x;(t') =
Ty (t) for i € {1,2}. Again using restriction, we can assume for the purpose of
this checking only that n = 2 and I = {1,2}, in which case the required property
was established in Proposition

The same argument shows that the only part of condition (2) that does not
follow from Proposition 6.2 is the equalities uz(t') = u3(t) and bi3(t') = by;,3(1)
for i € {1,2}. Let us abbreviate dy, = b(m),3(tm) and w1 = Ugmy (tm); the latter
notation is chosen to be consistent with the notation in the proof of Proposition .21
Iterating (B0) (with ¢ = 3), we obtain

h+2
(71) = uxfl(dm’o)(l &b Um+1)_dm .

m=1

Thus, we need to show that the product on the right-hand side of (1) is equal
to 1. To do this, we need some preparation.

Recall that the coefficients wu,, satisfy the relation (6.9)), which in our present
notation can be rewritten as

(7.2) Utz = (1@ Upp1)™ .

On the other hand, the matrix mutation rules (@3)) (with j = 3, applied along

the edges t,, {m) tm+1 (m+1) tm+2) readily imply the following recurrence for the

exponents d,:
(7.3) dm + dimy2 = by max(dp,11,0) .

The sequence (u,) is periodic with period h + 2, by virtue of Proposition
Furthermore, the relation (Z3) can be seen, somewhat surprisingly, as a special
case of (IC2), for the following version of the tropical semifield: take Z with the
multiplication given by ordinary addition, and the auxiliary addition given by a &
b = max(a,b). This implies in particular that the sequence (d,,) is also periodic
with period h + 2. We also note that the same periodicity holds for the sequence
(bmy): when h is even, this is clear from the definition of (m); and in the only case
when h is odd, we have by = by = 1.

To show that the right-hand side of () is equal to 1, we first treat the case
by = by = 0. Then h+2 = 4, and we have u,, 12 = u,,} and dp, 12 = —d,, for all m.
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It follows that

h+2
max(dm,,0) —dm

Uy " (1D Upng1)
m=1
_ max(d'nno) —dm 7max(7dm:0) -1 dm
= U1 (1@ 1) Upp 41 (1 )

m=1
2

(L@ umin) (L@ gl y)™ =1,

I
—

m=1

as desired.
In the remaining case when b; and by are both positive, we use (.2) and (7.3)
as well as the above-mentioned periodicity, to obtain:

’ b1ba h+2
(W@)> _ R R e
- m—+1 m
U3(t) m=1
h+2
b1b2 max(dy,,0) —bim d,
= H unlurl M (U U gp) T D O
m=1

— b1 (b dq1,0)—d
u] b2d1u21( 2 max(dy,0)—dz2)

h
—b(m1) (dm+dmi2—b(m) max(dm+1,0))
X I s

m=1

biny2y(b(na1y max(dp42,0)—dpt1) —binyszydnt2
h+3 Uhya

_ —badi, bido, Yin+aydnts —bnys)dnte
Uy Uy " Upyg Upyq

_ u§b<h+4)—b2)dluéb1—b(h+3))d0 -1
To conclude that us(t') = us(t), just recall that the coefficient group P is assumed
to be torsion-free.

To complete the proof of the theorem, it remains to show that bi3(t') = by (;,3(t)
for i € {1,2}. But this is equivalent to saying that the sequence (d,,) is periodic
with period h + 2, which is already proven. O

We conjecture that the M-equivalence relation is generated by its instances
described in Theorem [7.

Example 7.8. Let M(B) be an exchange pattern of geometric type associated
with the skew-symmetric matrix

) 0 1 1
(7.4) B=B=|-1 0 1|,
-1 -1 0

as prescribed by Corollary[2.9l Thus, the corresponding cluster algebra is of rank 3,
and all the coefficients p;(t) are equal to 1. The exchange graph for this pattern
is a “two-layer brick wall” shown in Figure Bl In this figure, distinct cluster vari-
ables are associated with regions: there are variables y,, (m € Z) associated with
bounded regions (“bricks”), and two more variables w and z associated with the
two unbounded regions. The cluster at any vertex ¢ consists of the three cluster
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variables associated to the three regions adjacent to t. The binomial exchange
relations are as follows: for m € Z, we have

WY2m = Y2m—1 + Y2m+1 5
Yom—1Y2m+3 = y§m+1 +w ,
(7.5) YmYm+3 = Ym+1Ym+2 + 1,
Yom—2Y2mt2 = Yo + 2 »
Yom—1%2 = Y2m—2 T Y2m -

To see all this, we first show that the graph in Figure Hlis a cover of the exchange
graph I'y(. Pick an initial vertex to € T'pq with the matrix B(tg) = B given by (Z4)
(abusing notation, we will use the same symbol for a vertex in T3 and its image
in T'pq). Denote the cluster variables at tg by y1, y2, and ys, so that their order
agrees with that of rows and columns of B. Since every principal 2 x 2 submatrix
of B is of type Ay, Theorem [.7] provides that ty is a common vertex of three
5-cycles in I'yq. These cycles are depicted in Figure [ as perimeters of the three
bricks surrounding ty. The variable y; inside each brick indicates that this brick
corresponds to the rank 2 exchange pattern obtained from M via restriction from
I = [3] to [3] \ {i}; equivalently, this means that y; appears in every cluster on the
perimeter of the brick. Now we move from ¢y to an adjacent vertex ¢; with the
cluster {y2,vs,ya}. According to Proposition 3]

0 -1 -1
1 -1 0

This matrix differs from B by a simultaneous cyclic permutation of rows and
columns. Therefore, we can apply the same construction to ¢;, obtaining the three
bricks surrounding this vertex. Continuing in the same way, we produce the entire
graph in Figure @l Since this graph is 3-regular, we have covered all the vertices
and edges of the exchange graph.

w
Y1 Y3 Ys
to t1
Yo Y2 Ya Yo
V4

FIGURE 4. The two-layer brick wall

For every vertex t on the median of the wall, the matrix B(t) is obtained from
B by a simultaneous permutation of rows and columns. Now take a vertex on the
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outer boundary, say the vertex o in Figure[@ Then

0 -2 1
Blts) =us(B(h)= | 2 0 -1
-1 1 0

Again, for every other vertex on the outer boundary, the corresponding matrix is
obtained from B(t2) by a simultaneous permutation of rows and columns. Sub-
stituting the matrices B(t) into [@2)), we generate all the exchange relations (H)
(cf. Figure H).

Y1 Yys
to
ty Yoys=y1y2+1 i Y1ya=y2ys+1 t
Yo Y12 =yYo+Y2 Y2 Y3z =Y2+Ya Ya
t3 Yoya=y5+2 ta
z

F1cURE 5. Close-up of a brick

To prove that our brick wall is indeed the exchange graph, it remains to show
that all the cluster variables y,,, w, and z are distinct; recall that we view them
as elements of the ambient field F. Following the methodology of Theorem B.1]
it suffices to show that all of them have different denominators in the Laurent
expansion in terms of the initial cluster {y1,y2,y3}. We write the denominator

of a cluster variable y as yfl(y)ygz(y)yéh(y) (cf. (62)), and encode it by a vector
5(y) = (d1(y), d2(y),ds(y)) € Z3. In particular, we have

(7'6) 5(y1) = (—1,0,0), 5(y2) = (Oa —1,0), 5(1]3) = (0,0, _1) :

A moment’s reflection shows that the vectors §(y.,), d(w), and §(z) satisfy the
“tropical version” of each of the exchange relations (Z.5)) (with multiplication re-
placed by vector addition, and addition replaced by component-wise maximum), as
long as the two vectors on the right-hand side are different. For example, the first
equation in ([Z5) will take the form

§(w) + 6(yam) = max(d(y2m—1), 0(Y2m+1)) ,

provided 0(y2m—1) # 0(y2m+1); here max stands for component-wise maximum.
All 6(y)’s are uniquely determined from (ZB) by recursive application of these
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conditions. As a result, we obtain, for every m > 0:

d(w) = (0,1,0),
6(y1-2m) = (m —1,m,m), 6(Y2m+3) = (m,m,m —1),
5(y—2m) = (m,m,m+1), 5(y2m+4) =(m+ 17m7m) )
6(z) = (1,0,1)
(cf. Figure B, where each vector é(y) is shown within the corresponding region).
w
(0,1,0)
Y-3 Y- Y Y3 Ys Y7
(172a2) (07]-;1) (_1a070) (0,0,—1) (L]-vo) (2ﬂ27]‘)
Y-a Y—2 Yo Y2 Ya Yo Ys
223 | 1,12 | 001 | 0,-1,0 | (1,0,0) | @11 | (322
z
(1,0,1)

FIGURE 6. The brick wall denominators
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