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ON THE GEOMETRIC LANGLANDS CONJECTURE

E. FRENKEL, D. GAITSGORY, AND K. VILONEN

INTRODUCTION

0.1. Background. Let X be a smooth, complete, geometrically connected curve
over the finite field F,. Denote by F' the field of rational functions on X and by A
the ring of adeles of F'. The Langlands conjecture, recently proved by L. Lafforgue
[Laf], establishes a correspondence between cuspidal automorphic forms on the
group GL,(A) and irreducible, almost everywhere unramified, n—dimensional ¢—
adic representations of the Galois group of F over F (more precisely, of the Weil
group).

An unramified automorphic form on the group GL,(A) can be viewed as a
function on the set Bun,, (F,) of isomorphism classes of rank n bundles on the curve
X. The set Bun, (F,) is the set of F,—points of Bun,,, the algebraic stack of rank n
bundles on X. According to Grothendieck’s “faisceaux—fonctions” correspondence,
one can attach to an ¢-adic perverse sheaf on Bun,, a function on Bun,(F,) by
taking the traces of the Frobenius on the stalks. V. Drinfeld’s geometric proof
IDr] of the Langlands conjecture for GLo (and earlier geometric interpretation of
the abelian class field theory by P. Deligne, see [Laul]) opened the possibility that
automorphic forms may be constructed as the functions associated to perverse
sheaves on Bun,,.

Thus, one is led to a geometric version of the Langlands conjecture proposed
by V. Drinfeld and G. Laumon: for each geometrically irreducible rank n local
system E on X there exists a perverse sheaf Autg on Bun,, (irreducible on each
component), which is a Hecke eigensheaf with respect to E, in an appropriate sense
(see [Laull] or Sect. 1 below for the precise formulation). Moreover, the geometric
Langlands conjecture can be made over an arbitrary field k.

Building on the ideas of Drinfeld’s work [Dr], G. Laumon gave a conjectural
construction of Autg in [Laull [Lau2]. More precisely, he attached to each rank n
local system E on X a complex of perverse sheaves Aut’; on the moduli stack Bun/,
of pairs {M, s}, where M € Bun,, is a rank n bundle on X and s is a regular non-
zero section of M. He conjectured that if E is geometrically irreducible, then this
sheaf descends to a perverse sheaf Autg on Bun, (irreducible on each component),
which is a Hecke eigensheaf with respect to E.

In our previous work [FGKYV], joint with D. Kazhdan, we have shown that the
function on Bun),(F,) associated to Aut’, agrees with the function constructed
previously by LI. Piatetskii-Shapiro [PST] and J.A. Shalika [Shal, as anticipated by
Laumon [Lan?]. This provided a consistency check for Laumon’s construction.
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368 E. FRENKEL, D. GAITSGORY, AND K. VILONEN

In this paper we formulate a certain vanishing conjecture, and prove that Lau-
mon’s construction indeed produces a perverse sheaf Auty on Bun, with desired
properties, when the vanishing conjecture holds. In other words, the vanishing con-
jecture implies the geometric Langlands conjecture, over any field k. For the sake
of definiteness, we work in this paper with a field k of characteristic p > 0, but our
results (with appropriate modifications, such as switching from perverse sheaves to
D-modules) remain valid if chark = 0.

Moreover, in the case when k is a finite field, we derive the vanishing conjecture
(and hence the geometric Langlands conjecture) from the results of L. Lafforgue
[Laf].

To give the reader a feel for the vanishing conjecture, we give here one of its
formulations (see Sect.[2 for more details). Let M and M’ be two vector bundles on
X of rank k, such that deg(M’) —deg(M) = d > 0. Consider the space Hom" (M, M)
of injective sheaf homomorphisms M «— M’. Let Gohg be the algebraic stack which
classifies torsion sheaves of length d, and let = : Hom®(M,M’) — Cohd be the
natural morphism sending M < M’ to M'/M.

G. Laumon [LanT] has defined a remarkable perverse sheaf £% on Cohg for any
local system E of rank n on X. The vanishing conjecture states that if E is
irreducible and n > k, then

H* (Hom" (M, M), 7*(L%)) =0,  Vd > kn(2g — 2).

0.2. Contents. The paper is organized as follows:

In Sect. 1 we define Hecke functors and state the geometric Langlands conjecture.
We want to draw the reader’s attention to the fact that our formulation is different
from that given in [Laul] in two respects. The Hecke property is defined here using
only the first Hecke functor; according to Proposition [[L5] this implies the Hecke
property with respect to the other Hecke functors. We also do not require the
cuspidality property in the statement of the conjecture, because we show in Sect.
that the cuspidality of a Hecke eigensheaf follows from the vanishing conjecture.

In Sect. 2 we recall the definition of Laumon’s sheaf and state our vanishing
conjecture.

In Sect. 3 we present two constructions of Autg following Laumon [Laull, Lau2]
(see also [FGKV]). A third construction, which uses the Whittaker sheaves is given
in Sect. 4. This construction is the exact geometric analogue of the construc-
tion of Piatetskii-Shapiro [PST] and Shalika [Sha] at the level of functions. The
reader is referred to Sect. for a summary of the relationship between the three
constructions and the strategy of our proof.

In Sects. 5-9 we derive the geometric Langlands conjecture assuming that the
vanishing conjecture is true. Sect. 5 is devoted to the proof of the cleanness
property in Laumon’s construction. In Sect. 6 we prove that the sheaf Aut’, on
Bun/, descends to a perverse sheaf Autg on Bun,. In Sects. 7 and 8 we give two
alternative proofs of the Hecke property of Autg. We then show in Sect. 9 that
the perverse sheaf Autg is cuspidal.

In Sect. 10 we derive the vanishing conjecture from results of L. Lafforgue [Laf]
when k is a finite field.

The Appendix contains proofs of some results concerning the Whittaker sheaves,
which are not necessary for our proof, but are conceptually important.
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THE GEOMETRIC LANGLANDS CONJECTURE 369

0.3. Notation and conventions. Throughout this paper, k will be a ground field
of characteristic p > 0 and X will be a smooth complete geometrically connected
curve over k of genus g > 1.

This paper deals with Q,adic perverse sheaves and complexes of perverse sheaves
on various schemes over k, where ¢ is a prime with (¢,p) = 1. In particular, by a
local system on X we will understand a smooth f/—adic sheaf over X. For brevity,
we will refer to a geometrically irreducible local system simply as an irreducible
local system.

When k = F, we work with Weil sheaves (see [D¢]), instead of sheaves defined
over F,. We choose a square root of ¢ in Qy, which defines a half-integral Tate twist
Qe(3)-

In addition to k—schemes, we will extensively use algebraic stacks in the smooth
topology (over k); see [LMB]. If G is an algebraic group, we define Bung as a stack
that classifies G-bundles on X. This means that Hom(S, Bung) is the groupoid
whose objects are H-bundles on X x S and morphisms are isomorphisms of these
bundles. The pull-back functor for a morphism S; — S5 is defined in a natural
way.

When G = GL,, Bung coincides with Bun,,, the moduli stack of rank n vector
bundles on X. We write Bunz for the connected component of Bun,, corresponding
to rank n vector bundles of degree d.

For an algebraic stack Y we will use the notation D(Y) for the derived category
of Q,—adic perverse sheaves on Y. We refer the reader to Sect. 1.4 of [EGV] for
our conventions regarding this category. When we discuss objects of the derived
category, the cohomological grading should always be understood in the perverse
sense. In addition, for a morphism f : Y1 — Ys, the functors fi, f, f* and f'
should be understood “in the derived sense”.

If Y is a stack over k = F, and Fy, is an extension of Fy, we denote by Y(Fg,)
the set of isomorphism classes of objects of the groupoid Hom(SpecF,,,Y). If § is a
perverse sheaf or a complex of perverse sheaves on Y, then Y(Fy, ) is endowed with
the function “alternating sum of traces of the Frobenius on stalks” (as in [De|). We
denote this function by £, (8).

For the general definitions related to the Langlands correspondence and the
formulation of the Langlands conjecture we refer the reader to [Laul], Sect. 1, and
[FGKV], Sect. 2. In particular, the notions of cuspidal automorphic function or
Hecke eigenfunction on GL,(A) may be found there.

1. HECKE EIGENSHEAVES
In this section we introduce the Hecke functors and state the geometric Langlands
conjecture.
1.1. Hecke functors. Consider the following correspondence:

supp Xxh™

(1.1) Bun,, < HE X x Bun,,

where the stack 3} classifies quadruples (z, M, M’,3 : M’ — M), with z € X,
M, M € Bun,, such that M/M’ is the simple skyscraper sheaf supported at z, i.e.,
M/M is (non-canonically) isomorphic to O x (z)/Ox. The morphisms A, h™—, and
supp are given by A~ (z, M, M') = M, b~ (2, M, M’) = M’, and supp(z, M, M') = z.
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370 E. FRENKEL, D. GAITSGORY, AND K. VILONEN
The Hecke functor H), : D(Bun,,) — D(X x Bun,) is defined by the formula
)n —1].

n—1
2

(1.2) H,,(X) = (supp xh™ )ih™* (%) @ Qo
Consider the i-th iteration of H}:
(HL)® : D(Bun,) — D(X x Bun,).

Let A denote the divisor in X* consisting of the pairwise diagonals. Note that for
any X € D(Bun,,) the restriction (H})®(X)|(x:-a)xBun, is naturally equivariant
with respect to the action of the symmetric group S; on X* — A.

Consider a rank n local system E on X. We say that X € D(Bun,,) is a Hecke
eigensheaf, or that it has a Hecke property with respect to E, if K # 0 and there
exists an isomorphism

(1.3) H (X))~ EXX,
such that the resulting map
(1.4) (HL)®2(X)| (x xx—A)xBuny, — EHERK|(xxx—A)xBun,

is So—equivariant. This i mplies that

(Hi)&i(jc”(xifA)XBunn - Exi X j<:|(Xi7A)><Bunn

is S;—equivariant for any .

1.2. Statement of the geometric Langlands conjecture. We are now ready
to formulate the unramified geometric Langlands conjecture for GL,,:

1.3. Conjecture. For each irreducible rank n local system E on X there exists
a perverse sheaf Autg on Bun,, irreducible on each connected component Bunf”
which is a Hecke eigensheaf with respect to E.

Conjecture [L3 has been proved by Drinfeld [Dr] in the case when n = 2 (see also
[Gal).

In this paper we reduce Conjecture to the Vanishing Conjecture 23 Then,
in Sect. [0 we will show that when k is a finite field [F;, the Vanishing Conjecture
follows from recent results of Lafforgue [Laf].

1.4. Other Hecke functors. In addition to the functor H., we also have Hecke

functors Hil : D(Bun,) — D(X x Bun,) for i = 2,...,n. To define them, consider
the stack H? which classifies quadruples

(2, M, M, 3 : M — M),
where z € X, M/, M € Bun,, such that M’ C M C M'(x), and length(M/M’) = i.
As in the case of 3!, we have a diagram

B ;
Bun, 3,

supp Xh™

X x Bun,,
and the functor H’, is defined by the formula

H, () = (supp =)= (%) & TS 2 — iy

The following result is borrowed from [Gal:

1.5. Proposition. Let X be a Hecke eigensheaf with respect to E. Then for i =
1,...,n we have isomorphisms H. (X) ~ A'E K X.
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THE GEOMETRIC LANGLANDS CONJECTURE 371

Proof. Consider the stack Mod,, ¢ of “lower modifications of length i”, which clas-
sifies the data of triples (M, M’, 3 : M’ — M), where M, M’ € Bun,, and 3 is an
embedding of coherent sheaves such that the quotient M/M’ is a torsion sheaf of
length 1.

Let X (*) be the i-th symmetric power of X. We have a natural morphism supp :
Mod,," — X® which associates to (M’, M, 3) as above the divisor of zeros of the
induced map det M’ — det M.

Denote by H:F the preimage in Mod;i of the main diagonal X ¢ X®. Note
that ¢ is naturally a closed substack in F4+.

Consider the stack 1\?071;1', which classifies the data (M’ = My C My C ... C
M; = M), where each M; is a rank n vector bundle, and M;/M;_; is a simple
skyscraper sheaf. There is a natural proper map p : 1\//1(\)8;1 — Mod*, which

“forgets” the middle terms of the filtration. "
There is also a natural map supp : 1\/4571;' — X' such that if sym : Xi — X
denotes the symmetrization map, we have sym o Supp = suppop : 1\//1\(;1;z — X,
The open substack s/lfﬁ)_l(Xi —A) of i/ﬁﬁ;i is isomorphic to the fiber product

Mod, " x (X' —A).
X ()
The map p is known to be small (see, e.g., [Laul]). This implies that the complex

sor = (@) litn — 1)

on Mod,* is perverse (up to the cohomological shift by n? - (g — 1) = dim(Bun,,))
and is a Goresky-MacPherson extension of its restriction to supp~*(X® — A). In
particular, Spr carries a canonical S;—action and (Spr)®i ~ @A@)[z(n —1)].

Let h™ (resp., h~) denote the morphism Mod,, ¢ — Bun,, which sends a triple
(M, M, 3) to M (resp., M'). By construction, for any X € D(Bun,,),

(supp x b~ )y (h™*(K) @ 8pr) ~ (sym x id) (H},)* (X).
Thus, if X is a Hecke eigensheaf with respect to E, we obtain an S;—equivariant
isomorphism

(1.5) (supp xh ™ ) (A" (K) @ Spr) ~ sym,(E¥) K K.

To conclude the proof, we pass to the isotypic components of the sign repre-
sentation of S; on both sides of formula (LB) and restrict the resulting isotypic
components to the main diagonal X ¢ X, By this process the RHS of ([CEH) tau-
tologically yields A’ XK. Thus, it remains to show that the LHS yields H’ (X). To
see this, it suffices to note that Homg, (sign, 8pr)|4i+ is isomorphic to the constant

sheaf on 3!, tensored by @g((ng—m)[(n — 1)i], by the Springer theory [BM| [Sp]. O

The isomorphisms constructed in the above proposition have an additional prop-
erty. To state it, let o be the transposition acting on X x X and let 4,5 € {1,...,n}.
Clearly, the functors

K= (H% X ld) © I—IzL(g(:)|(X><X—A)><Bunn
and

Kro*o (Hi x id) o Hiz(jc”(XfoA)xBunn
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372 E. FRENKEL, D. GAITSGORY, AND K. VILONEN

from D(Bun,,) to D((X x X — A) x Bun,,) are naturally isomorphic. Hence, for a
Hecke eigensheaf K, the following diagram is commutative:

(Hj, x id) o HJ(X)|xxx-a — 0™ o (H}, x id) o H}, (K)| x xx—A

(1.6) l l

NERNERK|xxx-a —— o*(MERAE) EX|xxx_a.

Finally, let us consider the Hecke functor H),. By definition, this is the pull-back
under the morphism mult : X x Bun,, — Bun,, given by (z, M) — M(z). Hence if
X is a Hecke eigensheaf with respect to F, then

mult*(X) ~ A"E X X.

2. THE VANISHING CONJECTURE

Denote by Coh,, the stack classifying coherent sheaves on X of generic rank n.
More precisely, for each k—scheme S, Hom(S, Coh,,) is the groupoid, whose objects
are coherent sheaves Mg on X x S, which are flat over S, and such that over every
geometric point s € S, M is generically of rank n. We write Gohi for the substack
corresponding to coherent sheaves of generic rank n and degree d.

2.1. Laumon’s sheaf. In [Lau2] Laumon associated to an arbitrary local system F
of rank n on X a perverse sheaf Lg on Cohg. Let us recall his construction. Denote
by Cohg® the open substack of Cohg corresponding to regular semisimple torsion
sheaves. Thus, a geometric point of Cohg belongs to Cohg™ if the corresponding
coherent sheaf on X is a direct sum of skyscraper sheaves of length one supported
at distinct points of X. Let Coh™? = CohS™ N Coh®. We have a natural smooth
map (X @ — A) — Cohg™"*.

Let E(Y be the d-th symmetric power of E, i.e., E(Y = sym,(E®?)S where
sym: X4 — X(@_ This is a perverse sheaf on X (49 and its restriction B |y _A

is a local system, which descends to a local system L% on Cohi™?. The perverse

[e]
sheaf L4 on Cohd is by definition the Goresky-MacPherson extension of L4, from
Gohgss’d to Cohd. We denote by Ly the perverse sheaf on Cohg, whose restriction
to Cohd equals La.

2.2. The averaging functor. Using the perverse sheaf L% we define the averaging
functor H(,iE : D(Bung) — D(Bung). We stress that the positive integer k is
independent of n, the rank of the local system F.

For d > 0, introduce the stack Modg, which classifies the data of triples (M, M’,
B : M — M), where M\, M’ € Bun; and § is an embedding of coherent sheaves
such that the quotient M'/M is a torsion sheaf of length d, and the diagram

h= h™
Bung — Modz — Bung,

where b~ (resp., h ) denotes the morphism sending a triple (M, M’, 8) to M (resp.,
M'). In addition, we have a natural smooth morphism 7 : Mod{ — Cohg, which
sends a triple (M, M, 8) to the torsion sheaf M’/M.

Note that Mod? is isomorphic to the stack Mod,, which was used in the proof
of Proposition [[3. Under this isomorphism the maps A~ and h™ are reversed.
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THE GEOMETRIC LANGLANDS CONJECTURE 373

The averaging functor HZE : D(Bung) — D(Bunyg) is defined by the formula

— d-k
Koo B (T (X) @ 7 (88) 0 Tu(S5-

2.3. Vanishing Conjecture. Assume that E is an irreducible local system of rank
n. Then for all k =1,... ,n—1 and all d satisfying d > kn(2g — 2), the functor
H?E is identically equal to 0.

The statement of the Vanishing Conjecture is known to be true for k = 1 (see
below).

The goal of this paper is to show that if Conjecture holds for any given
irreducible rank n local system E, then the geometric Langlands Conjecture
holds for E. In addition, in Sect. [I0] we will prove Conjecture [2:3] in the case when
k is a finite field I, if the following statements are true (see [BBD] for the definition
of a pure local system):

)d - k]

(a) FE is pure (up to a twist by a one-dimensional representation of the Weil group
Of IFQ)?

and either

(b) there exists a cuspidal Hecke eigenfunction associated to the pull-back of E

to X I;< F,, for any finite extension F,, of Fy; or
q
(b") the space of unramified cuspidal automorphic functions on the group GLy

over the adeles is spanned by the Hecke eigenfunctions associated to rank k

local systems on X X [Fg,, for all £ < n.
]F’I

The statements (a),(b),(b’) follow from the recent work of Lafforgue [Laf] (note
that (b) and (b’) are specified by the Langlands conjecture at the level of functions).
Therefore, Lafforgue’s results together with the results of the present paper imply
Conjecture and hence Conjecture over a finite field k.

2.4. A reformulation of the Vanishing Conjecture. Let M and M’ be two
rank k vector bundles on X and let us write Hom®(M,M’) for the open subset
of injective maps in the vector space Hom(M,M’). There is a natural morphism
7 : Hom"(M’, M) — Coh, where d = deg(M’) — deg(M), which maps (M — M)
to M’ /M.

2.5. Conjecture. Under the assumptions on E and d given in Conjecture[2.3)
H*(Hom" (M, M), 7*(L%)) = 0.
Conjectures 2.3] and are equivalent. Indeed, consider the complex
(R~ x h™ )" (L%) € D(Buny x Buny).

Conjecture is equivalent to the statement that this complex equals 0. But its
stalk at (M, M’) € Buny x Bung is precisely the cohomology

H* (Hom® (M, M), (L))
2.6. Proof of the statement of Conjecture[2Z3] in the case k = 1. Recall the
Deligne vanishing theorem (see the Appendix of [Dr]):

Let AJ : X@ — Pic*(X) be the Abel-Jacobi map, and let E be an irreducible
local system of rank n > 1. Then for d > n(2g — 2)

(A (E@) = 0.
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This theorem implies the case k = 1 of Conjecture 23] Indeed, consider the mor-
phism X (@ — @ohd that associates to a divisor D the torsion sheaf Ox(D)/Ox.
This morphism is smooth and its image is the open substack Gohé’d of Gohg cor-
responding to those torsion sheaves T on X for which dimy(End(T)) = length(7T)
(such torsion sheaves are called regular). Clearly, Coh™>" C Cohf®. Since the Lau-
mon sheaf LdE is an irreducible perverse sheaf on Gohg, and E(® is an irreducible
perverse sheaf on X (9, we obtain that the pull-back of L4 under the morphism
xX@ Gohg is isomorphic to E(¥). Observe now that the diagram of stacks

Bun; « Mod(li — Bun,
may be identified with
Pic(X) « Pic(X) x X4 — Pic(X),

where the left arrow is the projection on the first factor and the right arrow is the
composition

Pic(X) x X@ XX, pio(x) x Pic?(X) 22 Pie(X).
Therefore, for X € D(Pic(X)) we have:
hy” (R (K) @ 7 (L)) ~ multy (K B (AJ)(EW)) =0,
by Deligne’s theorem.

3. THE CONSTRUCTION OF Autg

Let Coh,, denote the stack classifying pairs (M, s), where M € Coh,, and s is an
injective map Q"1 — M. Here © stands for the canonical bundle of X and we
write QF for Q®*. We denote by Bun!/, the preimage in Coh., of the open substack
Bun, C Coh,. Let o, : Coh,, — Coh, be the forgetful map; we use the same
notation for the forgetful map Bun/, — Bun,,.

In this section, starting with a local system E on X of an arbitrary rank, we will
construct a complex 8 on Coh,,. Later we will show that if E is an irreducible
local system of rank n which satisfies Conjecture23] then 8’; descends to a perverse
sheaf 8g on Coh,,. The restriction of Sg to Bun,, will then be the Hecke eigensheaf
Autg. We present below three constructions of 8% (two of them in this section,
and one more in the next section).

3.1. The first construction. The following is a version of the construction pre-
sented in [Lau2| FGKV].

Define an algebraic stack Q as follows. For a k-scheme S, Hom(S, 5) is the
groupoid whose objects are quadruples (Ms7ﬁs7(3\/[?,s)7(§i,s)), where Mg is a
coherent sheaf on X x S of generic rank n, M% is a rank n bundle on X x S,
Bs : M% — Mg is an embedding of the corresponding O x xs—modules, such that
the quotient is S—flat, (M? g) is a full flag of subbundles

(3.1) 0=MigCM{gC...CM)_; g CM, , =MQ,

and 3; g is an isomorphism Q" (X0 g ~ M?,S/Mg_l_s,i =1,...,n. The morphisms
are the isomorphisms of the corresponding O x xs—modules making all diagrams
commutative (we remark that in [FGKV] we used the notation .J instead of M?).
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THE GEOMETRIC LANGLANDS CONJECTURE 375

There is a representable morphism of stacks v : Q — Coh,,, which for each k-
scheme S maps (Mg, (s, (M%S), (5i,s)) to the pair (Mg, s o 31,5), where s1,5 is
viewed as an embedding of Q"1 X Og into MY,

We also define the morphism « : Q — Cohg sending (Mg, Bs, (M} 5), (31,5)) to
the sheaf Mg/ Im g, and the morphism ev : Q — G, defined as follows.

Given two coherent sheaves £ and L' on X, consider the stack Ext! (L', L). The
objects of the groupoid Hom(S, Ext!(L/,L)) are coherent sheaves L” on X x S
together with a short exact sequence

0 - LXOg—=L" =L KOs —0,

and morphisms are maps between such exact sequences inducing the identity iso-
morphisms at the ends. There is a canonical morphism from the stack Ext!(L’,L)
to the scheme Ext'(L’,L). We have for each i = 1,... ,n — 1 a natural morphism
evi : Q — Extl (Q4, Q1) which sends the data of (Mg, Bs, (M?’S), (5i,5)) to

0— Mg,S/M?—l,S - M?—i—l,S/M?—l,S - M?+1,S/Mg,5 — 0.
Now ev is the composition
n—1 n—1
(3.2) ev:Q— H Extr(QL, Q) — H Ext'(Q), Q) - G ™ G,,.
i=1 i=1
We fix a non-trivial character 1 : F, — Q,, which gives rise to the Artin-Shreier
sheaf J,, on the additive group G,. Define the complex Wg on Q by the formula

We = 0" (Ls) ® ev*(0y) © Tl o) dim],

where dim is the dimension of the corresponding connected component of Q.
Since the morphism « is smooth, Wg is a perverse sheaf. Finally, we define the
complex 8% on Coh!, by

8% == n(Wp).

3.2. The second construction, via Fourier transforms. This construction is
due to Laumon [Lau2]. It amounts to expressing the first construction as a series of
Fourier transforms. Thus, we obtain an alternative construction of the restriction
of 8 to the preimage in Coh,, of a certain open substack G, of Coh,,. For technical
reasons, which will become clear in the course of the proof, we choose a slightly
smaller open subset of Bun,, than in [LCan?2].

We will need the following result:

We call a vector bundle M very unstable if M can be decomposed into a direct
sum M ~ My @ My, such that M; # 0 and Extl(Ml, Ms) = 0. It is clear that very
unstable vector bundles form a constructible subset Bun;""* of Bun,,.

Let £ be any fixed line bundle.

3.3. Lemma. There exists an inleger cq . with the following property: if d > cg.n
and M € Bun? (k) is such that Hom(M, L) # 0, then M is very unstable.

Proof. We will prove a slightly stronger statement. Namely, for each n we will
find an integer ¢4, such that for M € Bun‘fb, d > ¢gn, with Hom(M, L) # 0
there exists a decomposition M ~ My & Ms with M; # 0, Extl(Ml, Ms) =0, and

deg(Mo2) > deg (M)
rank(Msz) — no
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Set ¢g,1 = deg(L"). By induction, we can assume that ¢y ;, ¢ < n— 1, satisfying
the above properties have been found. Let us show that any integer ¢, such that

(3.3) (cgm—deSt—(n—l)(Zg—Z))-ﬁ>cg,i, Vi=1,...,n—1,

will do.
Indeed, let ¢4, be such an integer. Suppose that for some M € Bun , d > cgn,
we have Hom(M L°5%) £ 0. Then there exists a short exact sequence

0—-M —=M-—- L' -0,

where L' is a line bundle such that Hom (L', L) # 0. By (3.3) we have: degM)

n—1 -
degT(M). Hence, if Ext*(L’, M’) vanishes, the decomposition M ~ M’ & L' sat-

isfies our requirements and we are done. Thus, it remains to consider the case
Ext' (L', M’) # 0. Then, by Serre duality, we obtain that Hom(M’ @ Q= L) # 0
and hence Hom(M’ ® Q1 L) # 0. From the definition of M’ and (3.3)) we con-
clude that degM' ® Q') > ¢;,,—1. We first observe that this forces n > 2. For
n =2 we get deg(M’' ® Q1) > deg(Le), forcing Hom(M' ® Q~1, L) to vanish,
a contradiction.

Using our induction hypothesis we can find a direct sum decomposition M’ ®
Q! ~ M, @ M), with Ext' (M}, M5) = 0 and deg(M ) > deg(M Lua . where i =
rank(M5). Moreover, without loss of generality we can assume that M, admlts no
further decomposition satisfying the above condition (indeed, if it does, we simply
split MY further). Since deg(M}) > deg(M' ® Q1) - —= > ¢, Hom(M’Q,LESt)
must vanish by the induction hypothesis.

By Serre duality, it follows that Ext* (£, M,®Q) = 0, and hence My := M,H@Q
is a direct summand in M. More precisely, M ~ My & My, where M fits into a
short exact sequence

O—>M/1®Q—>M1—>L'—>O.

Therefore, Extl(Ml, Ms) =0 and

deg(My) _ deg(W) _ deg(M)
rankMz) = n—-1 = n
This completes the proof. [l

Notational convention. For notational convenience, by degree of a coherent sheaf
of generic rank k we will understand its usual degree —k(k — 1)(g — 1), so that the
bundle O @ Q& ... D QF 1 is of degree zero.

To define €,,, we choose the line bundle L' of a sufficiently large degree such
that for any bundle M on X of rank k¥ < n, Hom(M, £) = 0 implies that

(a) deg(M) > nk(2g —2),

(b) Ext'(QF1, M) = 0.

For example, any line bundle £ of degree > (2n + 2)(g — 1) will do.

Thus, let ¢4, be an integer satisfying the requirements of Lemma B3 For
d > cgn, let C¢ be the open substack of Coh{ consisting of M € Coh{ such that
Hom(M, £°%) = 0. Finally, we set Cr = Uz, ed.

Note that by construction any M € (Bun? —€%¢ N Bun?)(k), for d > ¢,.n, is very
unstable. This property of €,, will be crucial in Sect. [G]
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3.4. The fundamental diagram. Let
&, = the stack classifying pairs (My, sg), Mx € Cg, s € Hom(Qk_l,Mk),
&) = the stack classifying extensions 0 — 0F — Mp+1 — My — 0, with My, € Gy .

We have natural projections py, : € — Cj and p) : €/ — €, which form dual
vector bundles over Ci, due to the above conditions on L. We have: pr = ole, -
Next, we set:

(3.4) &l — (Mg, sk) € €k | sk is injective} C &y,
(3.5) EZO ={(0— oF — Miy1 — Mk — 0) € 8}6/ | Mg+1 € Cry1} C 8}6/

Clearly, €9 ~ £Y0,. Denote by ji the embedding ) — €. Note also that &7 is
an open substack in Coh/,.
Consider the following diagram:

Jn

g, &g~ ey, o ey, Enrt
Pn pX—l Pn—1
e v

en en—l
ey e L el ~ ey o gy
Pi/ P1 pg
N e N
(G31 Co

We set T 1 to be a complex on €Y equal to the pull-back of Laumon’s sheaf L
under

&0~ ey0 gy 2o @ ~ Cohy.

Since py is a smooth morphism and €9 — €y is an open embedding, the restric-
tion of Fg 1[d] to the connected component of €Y corresponding to coherent sheaves
of degree d is a perverse sheaf.

Next, we define the complexes Fg j, on £} by the formula:

F g k1 = Four (jr(Fe k) leg.,

where Four is the Fourier transform functor.
Unraveling the second construction we obtain (see [Lau2|):

3.5. Lemma. The complex Fg ,, coincides (up to a cohomological shift and Tate’s
twist) with the restriction of 8/, to ) C Cohl,.

3.6. The cleanness property of Jg ;. Let us now assume that £ is an irreducible
rank n local system and that Conjecture 2.3 holds for E.

In Sect. [f] we prove the following theorem, which was conjectured by Laumon in
[Lau2], Exposé I, Conjecture 3.2.

3.7. Theorem. For k =1,... ,n— 1, the canonical maps jp(Fe.x) — jis(FE k)
are isomorphisms.
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Recall that a complex X on Y is called clean with respect to an embedding

Y LY if J1(K) — 7+(X) is an isomorphism, i.e., j«(X)|y_y = 0. When X is a
perverse sheaf, cleanness implies that ji(X) ~ ji.(X) ~ j.(X). In this language
Theorem[3.7] states that the sheaf Fg , on 82 is clean with respect to ji : Eg — &.

By construction, Laumon’s sheaf £% is perverse and irreducible. As was men-
tioned earlier, the restriction of Fg 1 to each connected component of &9 is, there-
fore, also an irreducible perverse sheaf, up to a cohomological shift. Since the
Fourier transform functor preserves perversity and irreducibility, we obtain by in-
duction:

3.8. Corollary. The restriction of Fg.., to each connected component of €2 is an
irreducible perverse sheaf, up to a cohomological shift.

In Sect. [l we will derive from Corollary the following theorem, which was
conjectured by Laumon in [Lau2], Exposé I, Conjecture 3.1. Denote by p¥ the
morphism €% — €,, obtained by restriction from p,,.

3.9. Theorem. The complex Fg, descends to C,, i.e., there exists a perverse
sheaf 8% on €, such that

o) (9= D] = p"(S)-

9:E,n ® QZ
Moreover, the restriction of 8% to each connected component of Cp is a non-zero
irreducible perverse sheaf.

3.10. A summary. Above we have described two constructions of a Hecke eigen-
sheaf associated to a local system E. In the next section we will describe the third
construction. Before doing that, we wish to summarize the relations between the
three constructions and to indicate the strategy of the proof of the main result of
this paper that the Vanishing Conjecture for F implies the geometric Langlands
Conjecture

In the first construction given in Sect. Bl we constructed a sheaf 8; on the
moduli stack Coh!, of pairs (M, Q"' < M), where M is a coherent sheaf on X of
generic rank n.

In the second construction given in Sect.[3.2] we defined a sheaf g ,, on an open
substack € of Coh,, (recall that this open substack is the preimage of €,, C Coh,,
under g, : Coh], — Coh,,).

Finally, in the third construction given in the next section we produce a sheaf
Aut’y on the stack Bun/, of pairs (M, Q"1 — M), where M is a rank n vector
bundle on X (obviously, Bun/, is the preimage o, !(Bun,) C Coh.,).

The relations between these sheaves are as follows:

/
8E|8(’)L >~ §E7n
and
/ -~ /
8E|Bunﬁl ~ AutE,

up to cohomological shifts and Tate’s twists. These isomorphisms are established
in Lemma and Lemma 4] respectively. In particular,

/
97E,n|g_1(Bunn Nney.) ~ AutE |g—1(Bunn Nney)-
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Thus, the primary role of the first construction is to establish a link between the
second and the third ones.

Our first goal is to prove Corollary B8] that if E is irreducible, then Fg , (ob-
tained as the result of the second construction) is irreducible and perverse when
restricted to each connected component (up to a cohomological shift and a twist).
This complex is obtained by iterating the operations of Fourier transform, which
are known to preserve irreducibility and perversity, and of !-extensions with respect
to the open embeddings jr. Hence we need to show that the !-extensions of the
intermediate sheaves g i coincide with their Goresky-MacPherson extensions, i.e.,
that Fg i, are clean with respect to ji. This is the content of Theorem [37] which
is derived in Sect. Bl from the Vanishing Conjecture [2:3

Next, we will prove that Fg , descends to a perverse sheaf on the open subset
€,NBun,, C €, under a natural smooth morphism p? : €2 — €, (see Theorem 3.9).
This will be done using the perversity and irreducibility of g, and some infor-
mation about the Euler characteristics of the stalks of the sheaf Aut’;. In order to
compute these Euler characteristics, we use the third construction (and its relation
to the second construction) in an essential way.

Having obtained the perverse sheaf 8% on €, N Bun,, we take its Goresky-
MacPherson extension to the union of those connected components of Bun,, which
have a non-empty intersection with C,, i.e., to Ud>cg B Bun?. This gives us a
perverse sheaf Autz on this stack, irreducible on each connected component.

Then we prove that Autgy may be extended to the entire stack Bun, in such a
way that it is a Hecke eigensheaf. We give two independent proofs of this statement,
in Sect. [ and Sect. Bl using the third and the second constructions, respectively.
Finally, in Sect. [0l we prove that the Hecke property of Autg and Conjecture
imply that Autg is automatically cuspidal.

This summarizes the main steps in our proof of Conjecture [L3l In addition,
we will prove the following result. Let us denote by Sg the Goresky-MacPherson
extension of Autg from Bun,, to Coh,. In Sect.[§ we will show that the sheaves
0 (8g) and 8 on Coh!, are isomorphic, up to a cohomological shift and Tate’s
twist. The same is true for the sheaves ¢ (Autg) and Autz on Bun),.

Note, however, that neither 8% nor Auty =~ 8% |Bun, is perverse on the entire
stack Coh], and Bun'g, respectively. This does not contradict the above assertions:
although the morphism p,, is smooth over C,,, it is not smooth over the entire Coh,,.

4. THE CONSTRUCTION VIA THE WHITTAKER SHEAF

In this section we will present another construction of the sheaf 8; (more pre-
cisely, of its restriction to Bun;)ﬁ Conceptually, this construction should be viewed
as a geometric counterpart of the construction of automorphic functions for GL,,
from the Whittaker functions due to Piatetskii-Shapiro [PSI] and Shalika [Sha] (see
[FGKV] and Sect. below for more details).

4.1. Drinfeld’s compactification. We introduce the stack Q, which classifies the
data (M, (s;)), where M is a rank n bundle and s;, ¢ = 1,...,n, are injective

IThis construction was independently found by I. Mirkovié.
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homomorphisms of coherent sheaves

anl S1 M,
Q(n—1)+(n—2) S2 AQM
(4.1)
L{U Sn—1 Anilj\/[,
71(71,2—1) S AM

satisfying the requirement that at the generic point of X the collection (s;) defines
a complete flag of subbundles in M (see [FGV]).

In concrete terms, this requirement may be phrased as follows: the transposed
maps s : AIM* — Q~(=D—.=(n=1) ghould satisfy the Pliicker relations

(4.2) (sé@sé)(@?&:& 1<k<p<g<n-1.
Here @’;7(1 is the subsheaf of APM @ AYM spanned by elements of the form

(4.3) (iAo A @ (w1 A... Awyg)

- Z (V1 ..cwp . WE V) @ (Vg - Vi A Wht1 - - - Wy)
i1 <...<ig

(i.e., we exchange k—tuples of elements of the set {v;} with the first k elements of
the set {w;} preserving the order).

To motivate this definition, denote by F1(V') the variety of full flags in an n—
dimensional vector space V' over k. We have a natural embedding

n—1
(s1,--- sn1) : FI(V) — [ PA'V.
i=1

According to the results of [T] and [Ful, Sect. 9.1, the ideal of the image of F1(V)
under this map is generated by the elements of the form ()E
Thus, if all of the above homomorphisms

s; 0 QDA =) ATy i=1,...,n—1,

are maximal embeddings (i.e., bundle maps), then the data of (ML(si)) determine
a full flag of subbundles of M. We denote the open substack of Q classifying the
data (M, (s;)) satisfying this condition by Q and the open embedding Q < Q by j.

We will denote by [k (resp., Q% Qd) the connected component of Q (resp., Q,
Q) corresponding to vector bundles M of degree d (recall our notational convention

from Sect. B.2)). Note that dim(@d) =dn+ dim(go).
There is a morphism

(4.4) 70— x@

n(n—1)

sending (M, (s;)) to D, the divisor of zeros of the last map s, : @~ 2 — A"M
in (@I). Denote by a” (resp., Q) the preimage of D under 7 in R (resp., QP).

21f chark = 0, then the generators with k = 1 suffice, but not always so if chark > 0; see [T].
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4.2. Remark. The stack Q" is the stack BuniT defined in [FGV], Sect. 2.2.2,
where Fr is the T-bundle on X, which corresponds to the n—tuple of line bundles
Q=1 ...,Q, O(D)). The stack QP is the stack Bun%T from [FGV], Sect. 2.2.1.

We recall from [FGV][BG] that the Drinfeld compactification BuniT classifies the
data (M, (k*)), where A runs over the set of dominant weights of GLy. Further,

k* is a homomorphism of coherent sheaves L?}T — Vg\rT, where L?}T is the line

bundle Fr x A, and VéT is the vector bundle corresponding to M and the Weyl
T

representation of GL,, of highest weight A. In addition, the homomorphisms x*

have to satisfy a set of Pliicker type relations described in Sect. 2.2.2 of [EGV].
These relations determine all k*’s from s; := k%,i = 1,... ,n — 1. Equivalently,
these relations may be described in the form (Z2)).

4.3. The Whittaker sheaf. Observe that the substack Q% of gd embeds as an
open substack into Q¢ which classifies those quadruples (M, 3, (M?), (s;)), for which
M is torsion-free and M9 < M are maximal embeddings (i.e., bundle maps) for

i =1,...,n — 1. Recall the morphism ev : Q — G,. Denote its restriction to
2 ) —0
Q% ¢ Q¢ also by ev. First, we define the complex ¥° on Q as
— dim(QY%)

V0 = jev'(1,) @ Tyl )[dim(Q")]

We have a natural morphism ¢ : Q — Bun,, taking (M, (s;)) to M. Recall the
stack Mod? from Sect. and consider the Cartesian product

Z4 ::50 X Modi.

Bun,,

Let ‘A~ : Z% — 0" be the morphism that sends (M, (s;),M',3 : M — M') to
(M, (s5)), where s} is the composition

Q=D ni) oo, ping B gy,

It is clear that 'h™ is a proper morphism of stacks, which makes the following
diagram commutative:

-0 1y — ’y — —d
QM ze M, Q

B TR I

Bun,, LA Modz LN Bun,,
The Whittaker sheaf W% on 3% is defined by the formulaf]
— d-
(16)  Wh =k (b () @ (o q)” (£h) © T ld -l

In other words, W%, ~ ¥ and in general WY, is obtained from WY, via a Q-version
of the averaging functor HZ’ g+ Namely, define the functor ’ HZ’ B D(QO) — D(gd)

31n the case of GLs this sheaf was studied in [Lyl].
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by the formula
(4.7) Ko "hy” (R (K) @ (w0 'q)* (L)) @ Qu(
Then W¢ ="H 5(¥°).

Let Wg be the complex on Q, whose restriction to gd equals W}{; Denote by
v : Q — Bun], the morphism which sends (M, (s;)) to (M, s1 : Q"1 — M). Set

Autly := 1 (Wg).

d-n

4.4. Lemma. The complex Autly is canonically isomorphic to the restriction of
8’ from Coh,, to Bun),.

Proof. Let fo be the locus in Q¢ corresponding to those data (M, 3, (M?), (5;))

for which M is torsion-free. Observe that Z¢ := ('h=)~1(Q% c Z? is canonically

. . . ~ . . =0 L.
identified with fo. Since W0 is extended by zero from Q° to Q, the proposition
follows from the commutativity of the diagram

gd .~ g

tf

ol

gd — Bun!,
which is verified directly from the definitions. O

4.5. The structure of W4. In the rest of this section we describe the structure
of the Whittaker sheaf using the results of our previous work [FGV]. Strictly
speaking, these results are not necessary in our proof of the geometric Langlands
Conjecture [L3. They are used only in the proof of the Hecke eigensheaf property
presented in Sects. [[L2H7.6] for which we give an alternative proof in Sect.[8, which
does not use the Whittaker sheaf.

To state our results, we recall first that the substack Q¢ of gd embeds as an open
substack into O and the composition Q¢ — g’ e Cohd takes values in Coh™? (see
Sect. for this notation). Hence,

dim(Q4)

(48)  Whlae = Whloa = 7°(EW)|0s @ ev*(Jy) ® Qy( )[dim(Q%)],

where 7 is the morphism in (£4).
We will prove the following statement:

—d
4.6. Proposition. The complex W, on Q is an irreducible perverse sheaf which
is the Goresky-MacPherson extension of its restriction to Q%.

The first step in the proof of Proposition is provided by the following result
of [FGV]:

4.7. Lemma. The canonical map ¥° — ji.5*(¥°) is an isomorphism.

In other words, the perverse sheaf ¥° on Q° is clean with respect to j : Q0 — ol
Therefore, since W¢, ~ ’HfL7E(j!*j*(\IIO)) (cf. formula (7)), we obtain that

D(W%) ~ W,
where D is the Verdier duality functor, and E* is the dual local system to F.
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Thus, W%, is Verdier self-dual up to replacing E by E* and to prove Propo-

sition it suffices to introduce a stratification of Q° and to show that the %
restriction of W% to each stratum in Q" — Q% appears in strictly negative coho-
mological degrees (with respect to the perverse ¢—structure). This stratification
{9QF} is introduced in Sect. L9l The description of the restriction of WY to each
stratum given in Proposition will imply that it appears in strictly negative
cohomological degrees (except for the open stratum).

4.8. Substacks of Q defined by orders of zeros of sections. The Langlands
dual group to GL, is GL,(Q,). In what follows we represent each weight of
GL,(Q,) as a string of integers (di,...,d,), so that dominant weights satisfy
di > dy > ... > d,. We denote the set of dominant weights by P,‘f . The irre-
ducible finite-dimensional representation of G'L,,(Q,) with highest weight u € P
will be denoted by V#. We denote by wg the longest element of the Weyl group
of GL,,, which acts on the weights by the formula wg - (d1,...,d,) = (dp,... ,d1).
For an anti-dominant weight u, we denote by V), the irreducible finite-dimensional
representation of GL,, with lowest weight p, i.e., V,, >~ YV —wow),

Let 1 = {u!,... , ™} be a collection of weights of GL,,(Q,), where some of the
17’s may coincide. We will denote by X7 the corresponding partially symmetrized
power of X with all the diagonals removed. In other words, if m = mj + ...+ my
is such that a given weight p" appears in the collection exactly m, times, then

XF = x(m) o x Xms) _ AL

We will think of a point T of X* as a collection of pairwise distinct points 2t
j=1,...,m, to each of which there is an assigned weight p/ = (d},... ,d%).

We associate to i a stack Q') which classifies the data (M, (8:),T), where M is
a vector bundle of rank n, T is a point of X* represented by a collection of distinct

points 27 € X, and
s; 1 QU DF =D (2 (& +...+d)- :cj> — A'M
J
are injective homomorphisms of coherent sheaves satisfying the Pliicker relations
from [FGV], BQ).
The locus where all the maps s; are maximal embeddings (i.e., are bundle

maps) is an open substack QF of 9", Tn other words, QF classifies the data
(M, (M), (5i),T), where M is a rank n bundle, 0 = Mg C My C ... C M, =M is
a full flag of subbundles of M, and s;,i = 1,... ,n, is an isomorphism

AM,; ~ Q=D+t (n—i) (Z (dJl’ o+ d{) .xj> )
J
For a fixed point T € X#, we will denote by 9" and QF7 the corresponding

closed substacks of Q" and QF, respectively.
For the reader’s convenience, we identify the above stacks with those studied in

[FGV]: Q77 ~ Bun}” and Q" ~ BuniT, where Frp is the T-bundle on X, which
corresponds to the n—tuple of line bundles

(m-l <z_d{' ~xj) U Y) (zd,’ll ~xj) ,0 (z_d;,xj».
J J J
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4.9. Stratification of gd. If the collection i satisfies the conditions

(4.9) d+.. +d >0, Vij D dl=d
i

then we have a natural closed embedding Q" gd, and so QF is a locally closed

substack of gd. In particular, for a divisor D = Z;nzl & -2 € X we have
AT

isomorphisms 0” ~ 0" and QP ~ QR where p/ = (0,...,d%).
The following statement follows from [FGV], Corollary 2.2.9.

4.10. Lemma. The locally closed substacks QF with T satisfying the condition
EQ) form a stratification of o

4.11. Restrictions of Wg to the strata. The collection 7z is called anti-dominant
if all the weights p/ are anti-dominant. For an anti-dominant 7z, we have a map
evl' : QF — G, defined as in [FGV]. Namely,

n—1
ev:QF — H Ext! (M, /M1, Mi—1 /M)

i=1

Hrﬁﬂl (X,Q @(d{ —d{+1)-xﬂ')>

i=1

— H'(X,Q)% ! > G 2 G,

(compare with formula (B:2)). We then set

dim(QF)

(4.10) U = ev*(7,) © Q) ) [dim(2)).

Denote by j# the embedding QF — [ According to Theorem 2 of [FGV], the
sheaf U7 is clean, i.e., U7 := jI(UF) is an irreducible perverse sheaf isomorphic to
G (UF). In a similar way we define the perverse sheaves U77 and W77 on Q7 and
Q"% respectively.

Next, to a local system E on X and an anti-dominant collection [z we associate
a local system Ez on QF as follows. Recall that we denote by V), the irreducible
representation of GL,, with lowest weight u € —P,F. Let E,, be the local system on
X associated to E and V.

For 7 corresponding to the partition m = my + ... + ms consider the sheaf
(E,)™) R K(E,,)™) on X(M) x ... x X(™). Denote by Ej its restriction
to the compliment of all diagonals, i.e., to X*. Let us denote by 75 the natural
morphism from Q¥ to X* and set 'Er := 75(Ex).

I
Thus, 'E depends only on the positions of the points b, ..., 2™, and its fiber
at (M, (5;), (x1,... ,a™)) is ®;n:1 E,; 4, where E,; ,; denotes the fiber of E,,; at

xt.

— _—=d
4.12. Proposition. The x—restriction of W& to QF C Q is zero unless all weights
W are anti-dominant. When they are, this restriction is canonically identified with

VP @'y @ Qy(452)[d — m).
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As was explained earlier, this proposition implies Proposition Indeed, we

had to show that x-restriction of W}{; to each stratum in QF C gd — Q% appears
in negative cohomological degrees. According to Proposition EET2] this restriction
lives in the cohomological degree —(d — m). However, since each p? = (d9, ... ,dJ,)
satisfies & < ... < dJ and d] 4+ ...+ dJ > 0, we obtain that d — m > 0 and the
equality takes place only when every p’ is of the form (0,...,0,1). However, the
stratum corresponding to this &z is contained in Q.

The proof of Proposition[£12lis given in the Appendix. A similar result is proved
in [Ly2].

4.13. The Whittaker function. In this subsection we will assume that k is the
finite field F,. We will show that the function associated with the Whittaker sheaf
may be identified with the restriction of the Whittaker function.

First we briefly recall the definition of the Whittaker function (see [FGKV],
Sect. 2, for more details). Consider the group GL,(A) over the ring of adeles of
F =F,(X), and let N(A) be its upper unipotent subgroup. Denote by u; ;11 the
i-th component of the image of v € N(A) in N(A)/[N(A), N(A)] corresponding to
the (i,7 + 1) entry of u. Recall that we have fixed a non-trivial additive character

v :Fy— @ZX . We define the character ¥ of N(A) by the formula

n—1
U ((ua)reix)) = [T TI ¢(Tre, /e, (Ress ueiita)).
=1 z€|X]|
It follows from the residue theorem that ¥(u) =1 if u € N(F).

Now let E be a rank n local system on X. Then there exists a unique (up
to a non-zero scalar multiple) function Wg on GL,(A), which is right GL,(0)-
invariant, left (N(A), U)-equivariant, and is a Hecke eigenfunction associated to
E. This function is called the Whittaker function corresponding to F. Casselman—
Shalika [CS] and Shintani [Shi] have given an explicit formula for Wg (see, e.g.,
Theorem 2.1 of [FGKV]). The left (N(A), U)—-equivariance of Wy implies that it
is left N(F)-invariant, where F' = F,(X). Therefore we obtain a function on the
double quotient Q@ = N(F)\GL,(A)/GL,(0). We denote this function also by Wg.

In the same way as in the the proof of Lemma 2.1 from [EGKV], we identify the
set of F,—points of Q%7 where p = (d?,... ,d}),j =1,... ,m, with the projection
onto @ of the subset

N(A) - (diag(wg"(”), . ’”gl(x)))xem - GLn(0) C GLn(A),

where d;(z) = dg, if # = z;, and d;(z) = 0, otherwise. Thus, we may embed the set

gd(Fq) of isomorphism classes of F,—points of gd into @ for all d > 0. Comparing
Proposition [£.12] with the Casselman-Shalika-Shintani formula, we obtain:

4.14. Proposition. The function £,(W%) on gd(lﬁ‘q) corresponding to the sheaf
W equals the restriction of the Whittaker function Wg to gd(Fq) CQ.

Furthermore, the geometric construction of the sheaf Aut, described in this sec-
tion translates at the level of functions into the construction due to Shalika [Sha)

4For this formula to be well-defined, we should consider a twisted version GL: (A) of GL, (A)
introduced in [FGKV], Sect. 2; then w; ;41 is naturally a differential.
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and Piatetskii-Shapiro [PSI] (see Sect. 2 of [FGKYV] for a review of this construc-
tion).

5. CLEANNESS IN LAUMON’S CONSTRUCTION

Let E be an irreducible rank n local system for which Conjecture holds. In
this section we derive Theorem 37 for E, i.e., we prove that the complex Fg ; on
&Y is clean with respect to ji : ) — &j.

We will begin by stating a well-known lemma, which will serve as one of the
key ingredients in the proof. Consider the following situation: let € be a vector
bundle over a scheme (or stack) Y. Let us denote by p: € — Y the projection, by

i:Y — €& the zero section, and by &° <, € the complement of the zero section.
Assume that K is a complex on £°, equivariant with respect to the G,,—action.

5.1. Lemma. The complex X is clean with respect to j if and only if (poj)i(K) = 0.

To prove the lemma, it suffices to note that cleanness of X is equivalent to the
statement that 4'j,(X) = 0. But for any G,,equivariant complex X’ on €, we have:
i'(K') ~ pr(K).

Our proof of Theorem [B77] will proceed by induction on the length of torsion in
Ck. Let us first consider the case where there is no torsion at all, i.e., we will show
that ji(Fe k) — Jr«(Fe k) is an isomorphism on the open set pgl(ekﬁBunk) C Cp.

Recall that pj, (resp., p?) denotes the projection &, — Cj (resp., €2 — Cy).
On p,;l(ek N Bung), &Y is the complement of the zero section in &, and Fpy is
G—equivariant. Thus, by Lemma [5.1] we are reduced to showing that

P (FE k)| ernBun, = 0.

By Lemma B4, with n replaced by k, we obtain that up to a cohomological shift
and Tate’s twist

pg! (?Eyk”@kﬂBunk - Hz,E (q' (\IIO))|€kﬂBun‘,§ .

The definition of € in Sect. B4l implies that if €, NBuny # 0, then d > nk(2g — 2).
Thus, the Vanishing Conjecture B3 implies p01(F g k)| e, nBun, = 0.

5.2. Induction on the length of torsion. To set up the induction, we fix some
notation. For an integer ¢, let us write C,<¢ for the open substack of €; consisting
of coherent sheaves whose torsion is of length < £. Set C; «¢ = C,<¢—1 to be the
open substack in Cj <¢ that corresponds to the locus where the torsion is of length
< {. Finally, let Ci ¢ be the closed substack of Cj <¢ corresponding to coherent
sheaves whose torsion is precisely of length #.

Set Skég = p;l(ekég), 8k7<g = p;1(6k7<4), and 81“@ = p;1(6k74). Furthermore,
let us write

Elce = ERNEr<t, &) =&)L NEr <,
82 =&, — 82, 82,[ = 82 N 81@47 etc.
We assume, by induction, that g j, is clean with respect to the inclusion 82’ <
E,<¢. To show cleanness of Fg ; with respect to the inclusion 827“ — E,<g, it
suffices to prove cleanness of Fg  with respect to (Ex,<¢ — SZ’Z) — Ep<e. We

would like to argue in the same manner as we did above in the case when ¢ was
zero and using Lemma [5.11 Unfortunately, we cannot apply this lemma directly,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE GEOMETRIC LANGLANDS CONJECTURE 387

because €y, </ is not a vector bundle over &} ,. However, it will become a vector
bundle after a smooth base change.

Consider the stack Cohy, <, which classifies coherent sheaves of generic rank k
with torsion of length < ¢, and the stack é(\)ﬁk,g, which classifies the following
data: My € Bunyg, T € Gohé, and a short exact sequence

0—-My—-M—->T—0.

There is a canonical morphism 7 : é—(\)f%g — Cohy,<¢ which associates to a triple
as above the coherent sheaf M € Cohy.

5.3. Lemma. The morphism r is smooth.

Proof. First, the stack Cohy, is known to be smooth. One proves this simultaneously
with the fact that Cohy is indeed an algebraic stack in the smooth topology by
covering it by a Hilbert scheme. -

Therefore both stacks Cohy,<¢ and Cohy, <, are smooth, the former being an open
substack in Cohy, and the latter being a vector bundle over Bung.

Hence in order to show that r is smooth, it suffices to show that the fiber of
r is smooth over any field-valued point M € Cohy <,. By definition, the tangent
space to the fiber of r at the point 0 — My — M — T — 0 is Hom(My, T). The
dimension of Hom(My, T) is k - £ because My is torsion—free. As r is separable and
the dimensions of the tangent spaces to the fibers are constant, we conclude that r
is smooth. O

Since r is smooth by Lemma .9, it is sufficient to prove cleanness after this base

change r : é\oﬁk,q — Cohy,<¢. Consider the stack Cohy <¢ % Ej <¢. It classifies
- - ~ Co k,<t -

the following data:

51) Me Cr, T € Cohf, M;; € Buny,
0—=Miyp =M —7T =0, Q1 2 m.
Its substack

ot 7 t
Ek,7€ == eohk’gg X Ek,é
eohk,ge

consists of the data (5.1]) such that the extension is split and the image of s belongs

to the torsion part of M. In other words, 8};4 classifies the data
(5.2) M;s € Bung, Te€ Gohg (such that My & T € Cy), Q1 5T

Denote by £ < the open substack of éﬁzkég et E,<¢ defined by the con-
dition o
Hom (M, L) = 0;
here £ is the line bundle of Sect. The above condition guarantees that
My @ T € Cp. Set

ég,gé = ékég n (eohkég X 82,<Z> .

Gohk,g

Obviously, ! , is contained in & <.
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There is a natural morphism py, ¢ : & k<t — E",Z , Which maps the quadruple in the
definition of Ek <e to the data (Myy, T, k), where & is the composition Q1A M-
T. In this way Ek <¢ becomes a vector bundle over &t k05 the fiber over (Mg, T, k)
can be canonically identified with the vector space

Ext'(Cone(QF~1 5 ), Myy).

Let pj. ¢ denote the composition Sk <= <t o ék ‘-

Let ?E,k denote the pull-back of Fg j to 8k,<z~ One readily verifies that g’"E,k is
equivariant with respect to the G,,—action alon7g the fibers of py. ¢ : ék,g — éi,e.

The assertion of the theorem reduces to the fact that F B,k is clean with respect
to the open embedding ég <0 = ékég and we already know this assertion on the
open substack ékég — é};ﬁg._

By applying Lemma [5.1] to g'“E,k extended by 0 from ég,ge to ékég — éfc,é’ we
reduce our assertion to showing that

(5.3) Pe(Fer) =0,

5.4. Proof of formula (5.3). Recall the stack Q of Sect. Bl and let us denote by
ék (resp., Qx, QF, gk) its version with n replaced by k. In particular, QF classifies
points of the form (M°, 3, (MY?), (5;)), where the map 3 : M® — M° = MY is the
identity. We will denote such a point simply by (M?,(3;)). Denote by VVEJg the
perverse sheaf on ék defined as in Sect. 311
Consider the Cartesian product Qy, e><h €9 _,. This is the stack that classifies
ohj, =

the data of
M, € Buny, with Hom(M;s, L) =0, T € Coh,
(5.4) 0—=Myp—M—T—0 M —M,
(M°,51,...,3,) € Q.

By Lemma [3.5] F B,k is the direct image (Wlth compact supports) under the map

Qk X €k<e_>€k<e ofthepullbackofWEkfroka toQk X 8k<e Hence, in
Cohl;

order to prove B3), it suffices to show that the compactly supported cohomology of
the fiber of Qk X c",k <= c",k <= c",k ¢, with coeflicients in the pull-back of WE k
oh/,

vanishes. To thls end, let us fix a point (M;; € Bung, T € C’oho7 k:QFT — T)in
é};g and analyze the fiber over this point. Let us write Y for the closed substack
of the the fiber which lies over a fixed point (MY, 31,...,38;) € Qg and where the
composition ¢ : M? — M — T is also fixed.

From the discussion above we conclude that (@3] follows if we show that for all

(M;; € Bung, T e Cohf, (M°, 31,...,3:)€Q), ¢: M —T)
as above, we have
(5.5) H2 (Y, Wgkly) = 0.

To prove this, we will first reduce to the case when ¢ : M® — T is surjective.
Let us denote by T’ the image of ¢ and by J” the cokernel of ; write ¢’ (resp., £")
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for the length of I’ (resp., J7”). Let Y’ be the scheme defined in the same way as
Y, but for

(Mtf, ‘.T/, (Mo,gl, . 7§k) (S Qg, ¢I : MO — ‘.T/).

We have a natural map v: Y — Y’, which associates to a point

(5.6) (0— My —M—T —0, M>— M)
the point
(5.7) (0—=Myy =M =T —0, ¢: M — M),

where M’ is the preimage of 7/ under M — 7.

5.5. Lemma. The complexes V!(WE’Hy) and \/NVE,;C|Y/ ® (Lg/)qll are isomorphic
up to a cohomological shift and Tate’s twist; here (Lg/)j// is the stalk of Laumon’s
sheaf at T" € Cohf .

Proof. Let us recall the following basic property of Laumon’s sheaf L (cf. [Lau2]):
Consider the stack Flg " that classifies short exact sequences

0T -T—T" =0, Te Gohg,, T" € C’ohg”.

Let p denote the natural projection Flg’w — Cohg (here d = d’+d") that associates
to a short exact sequence as above its middle term, and let q : Flg a4, Gohg X

Gohgu denote the other natural projection.
In [Lau2] Laumon proved that

(5.8) qop (L) ~Ld el
We have a natural map Y’ — Gohg/ X Gohg” that sends the data of

0= My =M -7 -0, M*—M)
to (M//MP, T") with d’ = deg(M’) — deg(M®),d” = ¢” and a map Y — FI&*?" that
sends

(00— My =M —T—0, M*— M)
to
0— M/M° —M/M° - T — 0.

Note that since MP is fixed, WE,HY is isomorphic to the pull-back of p*(£%) under
this map. Similarly, Wg 1|y+ ® (L% )g is isomorphic to the pull-back of L% X L%’

under V' — Gohgl X Gohg”.
We have the following diagram:

4 1’
Y’ — Y X Flg 4 —— v
C‘ohgl X C‘ohg”

l |

Cohd x Cond”" —1 Fd?
in which the composed upper horizontal map is v. Moreover, it is easy to see that
the map Y’ X Flg 4" Y is a fibration with fibers being affine spaces

Cohd’ x Cohd"”
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of the same dimension. Therefore, up to Tate’s twist and a cohomological shift,
vi(Wg ]y ) is isomorphic to the pull-back under Y — Cohg x Cohd of qrop*(L%).
Hence, the assertion of the lemma follows from (ES). O

5.6. End of the proof of formula (5.3]). The above considerations show that
it suffices to treat the case when ¢ : M® — T is surjective. Let M' denote the
kernel of ¢. Let us observe that the scheme Y can be identified with the scheme
Hom®(M', M;;) of injective maps M' — M.

Indeed, to

0—=My—M—-T—0 M —M

we associate M — M? — M, which maps into M¢y by assumption. And vice
versa: to an embedding M — M, s we associate M = My & M.
Ml

Moreover, the sheaf \/~\7Ek|y becomes isomorphic to 7*(L£%), where d = deg(M;y)
— deg(M?'). Therefore, the cohomology H.(Y, VVE7k|y) equals the cohomology ap-
pearing in Conjecture 223

By assumption, the vector bundle My satisfies: Hom(M; s, L) = 0. Hence, by
the condition on L (cf. Sect. B.2), deg(Mys) > nk(2g—2), and so d = deg(Ms) +
> nk(2g —2).

The required vanishing statement now follows from Conjecture 2.5]applied to E.
This completes the proof of formula (5.3]) and Theorem [3.7.

6. DESCENT OF THE SHEAF Jg

As in the previous section, we keep the assumption that the local system F
is irreducible and that Conjecture 2.3] holds for E. Our goal here is to prove
Theorem B.9.

Having established Theorem [3.7 for all k = 1,... ,n — 1 we know, according to
Corollary B8, that over ¢ the complex Fg,,, ® Qy(%)[d] is an irreducible perverse
sheaf.

6.1. Euler characteristics. The morphism p? : €2 — €,, is smooth of relative
dimension d — n?(g — 1), and the sheaf Fg, ® QE(%)[d”g%m(p%)—l(e%) is perverse
and irreducible. Hence in order to prove Theorem B.9]it suffices to show that when
d > cg,n, the restriction Fg,uf(0)-1(e,nBund) 15 nON-zero and that it descends to a
perverse sheaf on C, N Bun?.

Recall from Lemma A4 that

~ A
FEnl(po)-1(e,nBund) = AUt [(,0)-1 (e, NBund);

up to a cohomological shift.
The proof will be based on the following proposition:

6.2. Proposition. The Euler characteristics of the stalks of Aut’y |Bun/ are com-
stant along the fibers of the projection o, : Bun,, — Bun,,. Moreover, they are not
identically equal to zero over (0n)~ (Cp NBun?) (for d > cy.n).
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6.3. Derivation of descent from Proposition[6.2l Suppose d > ¢4 . Then the
perverse sheaf T n[gon(,0)-1(ca) @ Q¢(£)[d] is the Goresky-MacPherson extension
of a local system on a locally closed substack U’ of &Y,
substack (p?)~(€, NBun?) c 9.

There exists a smooth locally closed substack U; C G, N Bun‘fb, such that if
we set U] = (p9)~1(U1), the intersection U] N U’ is open and dense in U’ and
P8 : U NU’" — Uy is surjective. Since p? is smooth, in order to prove Theorem B9
it suffices to show that g, ® Qu(£)[d]|u; is a pull-back of a local system on U.

We have the following general result:

contained inside the open

6.4. Lemma. Let Y be a smooth scheme (or stack) and let K be an irreducible
perverse sheaf on Y. If the Euler characteristics of the stalks of X are the same at
all k—points of Y, then X is a local system. If these Euler characteristics are not
identically equal to 0, then X # 0.

Proof. Let Yy C Y be the maximal open subset over which X is a local system. By
the irreducibility assumption, X is the Goresky-MacPherson extension of a local
system on Yj. Since Y is smooth, it is enough to show that Y —Yj is of codimension
> 2.

Suppose this is not so. Then Y — Y contains a divisor. Let A denote the strict
Henselization of the local ring at the generic point of this divisor and let n (resp.,
s) be the generic (resp., closed) point of Spec(A).

By our assumptions, X|gpec(a) is the Goresky-MacPherson extension of a local
system on 7. The stalk X,, is a representation of the Galois group I' of the field of
fractions of A, and we have Ky ~ (K,).

By the assumption on the Euler characteristics, dim(X,) = dim(X,), i.e., the
representation of I' on X, is trivial. But this means that X extends as a local
system to the entire Spec(A), which is a contradiction. O

Let us show that this lemma is applicable for Y = U{ and X = F g, @Q,(2)[d]| ;.-
Indeed, the Euler characteristics of stalks of F E7n|U{ are constant along the fibers
of U] — Uz, by Proposition 6.2 Moreover, they are constant on U; NU’, since Fg
is a local system there. Hence, the Euler characteristics are constant on all of Uj,
since U{ N U’ — Uy is surjective.

Thus, we obtain that Fg,, ® Qy(£)[d]|y; is a non-zero local system.

By definition, U; is a complement to the zero section in the vector bundle &, |y, .
By construction, Jg,, is equivariant with respect to the natural G,,—action along
the fibers of the projection p : Uj — U;. Therefore, the assertion of Theorem B9
follows from the next lemma applied to € := &, |, K :=Fp, ® @A%)[dHU{.

6.5. Lemma. Let & — Y be a vector bundle and let us denote by E° the comple-
ment to the zero section. Let K be a local system on E°, equivariant with respect to
the G, —action along the fibers. Then X descends to a local system on Y .

Proof. This follows from the fact that any local system on a projective space is
isomorphic to the trivial local system. O

Now we prove Proposition[6.2. The first step is the following statement.

6.6. Lemma. Let E' be another rank n local system, not necessarily irreducible.
Then the Euler characteristics of Auty and Aut'y, are equal at any given k—point
of Buny,.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



392 E. FRENKEL, D. GAITSGORY, AND K. VILONEN

In order to prove the lemma, we will use the following corollary of a theorem of
Deligne from [II], Corollary 2.10:

6.7. Theorem. Let f : Y1 — Ys be a proper morphism of schemes (or a proper
representable map of stacks). Let KX and X' be two complexes on Y1, which are
locally isomorphic, by which we mean that they can be represented as inverse limits
of étale-locally isomorphic complexes with torsion coefficients. Then fi(X) and
[1(KX") have equal Buler characteristics at every k—point of Ya.

Recall the stack Q and note that the group (G,,)™ acts on it by the rule
(c1yeevyen) - M8ty .., 8n) = (M1 81, .. yCn - Sn)-

Consider the quotient Q, := Q/(G,,)"~ !, where (G,,)"' C (Gi)™ corresponds to
the omission of the first copy of G,,. Then the morphism v : Q — Bun/, factors as

9 —Q, 5 Bun, .
The following is proved in [BG], Proposition 1.2.2:
6.8. Lemma. The morphism g, : 9/(G,,)" — Bun, is representable and proper.

We obtain from this lemma that v, : Q,, — Bun/, is also proper.
Now let us take the quotient of the diagram (EEH) by (G,,)"

—0 "hi "h,” —d
Q'I" Zg‘ QT‘

qu /qu qu
Bun?L AL Modz LN Bun‘fb
Denote by W0 the !-direct image of ¥° under S, QS. It is clear that Aut
can be written as
/ 1y — (17 % 0 ! %k d = d-n
61)  Auth = v by (R (99 @ g (84) © TS ld <),
and similarly for E’.
This formula and Theorem [6.7 readily imply the equality of the Euler character-
istics of Aut; and Aut’y. Indeed, the morphism v, o 'h;” : Z¢ — Bunl, is proper
and the complexes

() @ gt (Lg),  hy (W) @ gl (L)

are locally isomorphic, since so are the corresponding Laumon’s sheaves L% and
L%, This completes the proof of Lemma [6.6]

We remark that formula (G.I)) is the generalization of the Radon transform con-
struction (as opposed to the Fourier transform construction from Sect. [3:2) in Drin-
feld’s original proof [Dr] of the Langlands conjecture in the case of GLs.

6.9. Conclusion of the proof of Proposition According to Lemma [6.0], in
order to prove Proposition [6.21it suffices to show that there exists at least one local
system F, for which the statement of Proposition is true. Hence it suffices to
prove it for the trivial local system. Using the reduction technique of [BBD], Sect.
6.1.7, we obtain:
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6.10. Lemma. Suppose that Proposition[6.2 holds when E is the trivial local sys-
tem in the case when the ground field k is a finite field of characteristic p. Then
Proposition holds when E is the trivial local system in the case of an arbitrary
field k of the same characteristic.

Proof. Let s, and sy be two k-points of Bun/,, which project to the same point of
Bun,,. First, we can assume that all our data are defined over an algebra A finitely
generated over a finite field; A C k. In other words, we have the stacks (Bun,)a
and (Bun},)4 and sections s; : Spec A — (Bun!,) 4
Consider s} (Aut’, ),i = 1,2, where Ey is the trivial local system (so that it is
defined over A), as f~adic complexes on Spec A. By localizing A we may assume that
it is smooth over a finite field, and that the above complexes are locally constant.
Let 17 : Speck — Spec A be the canonical generic geometric point of Spec A, and
let a : SpecF; — Spec A be some closed geometric point of Spec A. We need to
compare the Euler characteristics of the stacks (s} (Aut’, ), for i = 1,2. Since our
complexes are locally constant, we may instead compare the stalks (s} (Aut)
other words, we can make the comparison over the finite field, as requlredﬁ

Thus, it suffices to prove Proposition for the trivial local system in the case
when k is a finite field.

Let us apply Lemma[6.6] again and obtain that it suffices to find just one local
system E° in the case when k is a finite field, for which Proposition[6.2]is true. We
will take as E® any irreducible local system, which satisfies the following conditions:

(a) E* is pure, and
(b) there exists a cuspidal Hecke eigenfunction associated to the pull-back of E*

to X x Iy, for any finite extension Fy, of F,,.
]Fq

For example, such a local system can be constructed as follows: pick a cyclic
n—sheeted étale cover X — X, and let E* be the direct image of a generic rank one
local system on X of finite order. Then E* is pure, so condition (a) is satisfied.
Moreover, according to Theorem 6.2 of [AC] (see also [K]), this local system also
satisfies condition (b)EI

Thus, we have at our disposal at least one irreducible rank n local system E*,
for which the above conditions (a), (b), as well as Conjecture 23] are true. We now
prove that then Proposition also holds for this E*. To prove the first assertion
of Proposition [6.2] it suffices to show that the function £, (Autz.) (obtained by
taking the traces of Frobenius on the stalks of Aut’y.; see Sect. [13) on Bun,, (F,,)
is constant along the fibers of the projection

Bun;, (Fg,) — Buny, (Fy, )

for all finite extensions F,, of IF,.

But Theorem 3.1 of [FGKV] states that if a cuspidal Hecke eigenfunction asso-
ciated to any given rank n local system E exists on Bun, (F,, ), then its pull-back
to Bun/,(F,, ) equals f,, (Aut’E) up to a non-zero scalar.

5Note that if the ground field k is of characteristic 0, we can use a similar argument by choosing
A to be a finitely generated algebra over Z.

6 Actually, Lafforgue’s results [Laf] imply that any irreducible local system E satisfies conditions
(a) and (b), up to a twist with a rank one local system.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



394 E. FRENKEL, D. GAITSGORY, AND K. VILONEN

Applying these results to our local system E*, we obtain that the function
f,, (Autz.) is constant along the fibers of g, : Bun,(F,,) — Bun,(F,). This
proves the first assertion of Proposition for E°.

It remains to prove the non-vanishing assertion of Proposition for E*. Ac-
cording to Proposition [[0.]], if F is an irreducible local system on a curve X over
a finite field, which satisfies the above conditions (a) and (b), then Conjecture
holds for E. Hence by our assumptions on E*, Conjecture 23 holds for E*. There-
fore by Theorem 3.7 the restriction of Aut’. to the preimage of €, NBun? in Bun/,
is a perverse sheaf, up to a cohomological shift. Hence it suffices to show that
this restriction is non-zero (for if a perverse sheaf has zero Euler characteristics
everywhere, then this sheaf is zero).

For that, it is enough to show that the corresponding function does not vanish
identically on (€, NBun®)(F,), if d > ¢, (note that in this case €, N Bun? # ().
However, by assumption,

Bun? —(€, N Bun) C Bun’"", d>cgn

n

(see Sect. for the definition of Bun}""®). The definition of cuspidal function
implies the following

6.11. Lemma. Let f be a cuspidal function on Bun, (F,). Then its restriction to
Bun, "™ (F,) is identically zero.

Proof. Let M € Bun,,(F,) be a very unstable bundle, and let M ~ M; & M3 be the
corresponding decomposition, with rk(M;) = n,.
Let : Funct(Bun,, (F;)) — Funct(Bun,, (F,) x Bun,, (F;)) be the corre-

n2,ni
sponding constant term operator. Since f is cuspidal, we have r;, . (f) = 0.
However, by applying the definition of 7, , and evaluating r;;, ,, (f) at the point

Mz x My € Bun,, (F,) x Bun,, (Fy), we obtain that it is equal to the integral

f),
0—Ms—M’'—M1—0
over the finite set Ext' (M, M2)(F,) (the measure on this set is a non-zero multiple

of the tautological measure).
However, by our assumption, Ext* (M, My) = 0, therefore v . (f)(Mgz,M;) =

n2,ni
f(M), up to a non-zero constant. O

Thus, we obtain the second assertion of Proposition[6.2] for our local system E°.
This completes the proof of Theorem

7. THE HECKE PROPERTY OF Autg

In the previous section we constructed a perverse sheaf 8%, on C,,, whose pull-back
— 2, _
t0 &) is T © Qo(*=4=2)[n? - (g — 1)).
Let 8g be the Goresky-MacPherson extension of 8% to |J d>cym Coh. Finally,
set Autp = 8E|Ud>09  Bund-
Our goal is to prove the following

7.1. Theorem. The perverse sheaf Autg can be uniquely extended to the entire
stack Bun,,, so that it becomes a Hecke eigensheaf with respect to E.
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Theorem [Z1] will follow from Proposition [[7, as will be explained in Sect. [C.8]
We will give two independent proofs of Proposition[7.7. The first one, presented in
Sects. [[ZHT.6] uses the Whittaker sheaf Wg. The second proof, given in Sect. 8]
uses the Hecke-Laumon property of the Laumon sheaf L.

7.2. The Hecke property on the stack Bun),. Consider the Cartesian product

Bun/, x 3., where the map K. — Bun, is h~. We have a commutative diagram,
Bun,,

in which the right square is Cartesian:

//h% Suppx/lh‘)
Bun/, «—— Bun,, x H! —>—— X x Bun/,
Bun,,
(7.1) l l l
h™ supp Xxh ™
Bun, «—— HL ———— X x Bun,,

where the morphisms “h~ and "h™ are given by

"R (MM B M s ML s QP = M) s M s =Bos QP M),
" (2, MM B M = M s Qv - M) (M 8.

7.3. Proposition. For any local system E of rank n,

n—2

(7.2) (supp x""h )" A" (Aut’s) © Q(

)n—2] ~ EX Aut’; .

First, we will reformulate this proposition in terms of the stack gd, introduced
in Sect. E.1I
7.4. A reformulation. We need to introduce two more stacks gi and gi . closely
related to Q. The stack §i+ classifies the data of (z,M, (s;)) as in the definition
of gd, but with
s;: QU DFA =) (A'M)(z), i1=1,...,n.

The stack gi classifies the same data with the additional condition that the image of
s1 is contained in M (and not just M(x)). We have tautological closed embeddings

Xxgd%gi%gir.

—d
Recall that we have a forgetful morphism Q i Bun/,, and the morphism
"h= :Bun,, x 3! — Bun/. Denote by QH?*! the corresponding fiber product.

Bun,,
Consider the following commutative diagram:

—d+1 AT —=d+1 h —d
Q — Q SO o — Q
n ++
Bun,,
—d+1 — —d
(7.3) ottt Qg+t - Q'
VJ( l id XVJ(
11y — 11"y —
/ h ’ 1 supp x”h ’
Bun,, «—— Bun,, x H, ———— X x Bun,,

Bun,,

The bottom left and the top right squares in this diagram are Cartesian.
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By definition, Auty = »1(Wg), where v : Q — Bun/, is the forgetful morphism

—d —d
defined in Sect. ©3. Note that v : Q@ — Bun], extends to a morphism Q9 —
Bun/,, which we also denote by v. Using the diagram (I.3)), we obtain that the

LHS of formula (7.2), restricted to the degree d connected component of Bun),, is
isomorphic to the complex (id xv);(W% ), where

T — T — n—2
(74) Wi g o= h” A (W5 ge @ Qu(——)n — 2.
Therefore Proposition follows from Proposition which is proved in the
Appendix.

7.5. Proposition. The complex \/\7%7_|r is supported on X X gd C gi, and its

.. —=d . . .
restriction to X x Q is isomorphic to EX WdE.

7.6. The Hecke property on Bun,. Observe that in the diagram (L)) defining
the Hecke functor H} we have:

(supp xh ™) (X x (€, NBun,)) C (h™) (€, N Bun,).

Therefore we can define a functor D(C,, NBun,,) — D(X x (€, NBun,)) by formula
(CZ). We denote this functor also by Hib and consider its iterations (Hi)gi and
the corresponding functors H; The notion of Hecke eigensheaf also makes sense in
this context.

We now derive from Proposition [.3] the following

7.7. Proposition. The perverse sheaf Autg
respect to F.

€, NBun, 1S a Hecke eigensheaf with

Proof. Recall from Sect. and Lemma 24 that over €2 N (0,)~!(Bun?) we have
an isomorphism

—d+c
2

where c¢ is a constant depending only on g and n.

The isomorphism of Hib(Aut g) and E X Autg over €, N Bun, now follows
from Proposition via diagram (ZI), using the fact that the morphism o0 :
(Bun/, N€Y) — (Bun, NC,) is smooth, representable and has connected fibers.

Moreover, it follows from the construction of the isomorphism of Proposition
that this isomorphism satisfies condition (L.4)). O

Fp.n =~ Autly @Q,( )[—d + ¢,

Now we derive Theorem [7.1] from the above proposition.

7.8. Proof of Theorem Recall the morphism mult : X x Bun,, — Bun,
given by (z, M) — M(x). In the same way as in the proof of Proposition [[.5, we
obtain from Proposition [7.7] that there is an isomorphism

(7.5) mult” (Autg)|x x (e, nBun,) ~ A"E X Autg | x (e, Bun,)-

Since the morphism mult : X x Bun, — Bun, is smooth, the isomorphism of
formula (Z.5)) holds over the entire component Bunz for d > ¢4, (and not only over
€, N Bun?).

Now we extend Autg to all other connected components of Bun,, as follows: for
every open substack U C Bunf; of finite type, there exists an integer d” such that
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for any = € X, the morphism multg:., : Bun, — Bun, sending M to M(d" - z)
maps U into €, N Bun,,. We set Autg |y to be

mult’y, , (Autp) ® (A"E,)2~"

According to formula ([ZH), this gives a well-defined sheaf Autg on the entire Bun,,,
together with an isomorphism mult*(Autg) ~ A"E X Autg.

Proposition[.7 then implies that Autg is a Hecke eigensheaf. Indeed, the exis-
tence and uniqueness of the isomorphism (L3)) satisfying (4] over the entire Bun,,
follow from the construction, using the fact that formula (L)) holds over €, NBun,.

This completes the proof of Theorem [T11

7.9. Lifting of Autg to Bun/,. We have the sheaves Autx on Bun,, and Aut’; on
Bun/,. Consider the commutative diagram:

Bun), N€Y —— Bun),

o l on l

Bun, N¢, —— Bun,,

By construction, for d > ¢4, the sheaves g, (Autg) and Auty ®(=%4t)[—d + ¢
are isomorphic over €% N (g,) ' (Bun?), where c is a constant independent of d. In
this subsection we will address the following question, posed by V. Drinfeld:

Are the sheaves 0,*(Autg) and Auty ®(=%t)[—d + c] isomorphic on the entire
Bun/, ?

The answer is affirmative. Indeed, consider the diagram

11—

h . supp x"'h™
Bun'n — Bun'n x H ——— X x Bun'n
Bun,,
h™— i supp Xh™
Bun,, +—— H R Bun,,

defined in the same way as diagram (Z.1). From Proposition [T.3 we derive, in the
same way as in Proposition[LH that

iln—1—1)
2
In addition, from the Hecke property of Autg it follows that

(supp x”"h™ ) hT* (Auty) @ Qy( Vi(n —i—1)] ~ AE'X Aut, .

i(n—1)
2

As before, for i = n, the functor X — (supp x"h~ )" h=*(p2*(X)) amounts to
the pull-back under the map

(supp x"h~)"h ™" (0" (Autp)) ® Qi Jfi(n — i)] = AER 62 (Autp).

mult’ : X x Bun/, — Bun/,
given by
(z,M,5: Q"1 = M) = M(z),s : Q"1 = M — M(x)).

Any open substack U of finite type in (gn)_l(Bunle) can be mapped into €% N
0, (Bun?) with d > ¢,, by means of mult), , : Bun/, — Bun). Hence, over
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(on)"Y(U) we have:

.

Tt

—d —n-d" +c
2

~ mult’y,, *(p0* (Autg)) ~ 0, (Autg) ® (A"E,)®%".

Auty ®(A"E,)®" @ Q(

~ mult), , *(Auty) @ Q,( )=d —n-d’+

The fact that the constructed isomorphism does not depend on the choice of x

and d’ follows in the same way as the corresponding assertion for Autg in the proof
of Theorem [T

8. THE HECKE-LAUMON PROPERTY OF Sg

In this section we give an alternative proof of Proposition [7.7] and hence of
Theorem [Z.]].
Consider the diagram

(8.1) Cohn < HLd " Cond x Coh,,

where the stack HL? classifies short exact sequences 0 — M’ — M — T — 0 with
M € Coh,, T € Gohg. The projections h;~ and h;” send such data to M and
(M, T), respectively. (Recall that in Sect. we encountered this stack for n =0
and called it FIZ/’d”.)

The Hecke-Laumon functor HLY : D(Coh,,) — D(Cohd x Cohy,) is defined by the
formula

52) HL (K) = b i *(K) @ Qu(L5H ) [d - (n+ 1)), n > 1,
' HL§(X) = bk (X)

(see [Lau2]).
Note that for d = dy + ds there is a natural isomorphism of functors

(id x HL%2) o HLY' ~ (HLE' x id) o HLY .
Finally, let us note that (5.8)) stated in Sect. 5.4 reads as
HLI (L4) ~ LD ),
8.1. Definition. We say that a complex X € D(Coh,,) has a Hecke-Laumon prop-

erty (or is a Hecke-Laumon eigensheaf) with respect to F if for each d we are given
an isomorphism

(8.3) HLY(K) ~ L4 KK
such that for d = d; + do the diagram

(id x HL%2) o HLY (K) —— LY K L2 KK
(8.4) Nl Nl

(HL&' x id) o HLE(X) —~— HLE' (L4) KK

is commutative.
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8.2. Restriction to C,,. Note that the definition of the Hecke-Laumon property
makes sense not only on Coh,, but also on C,. Consider the stack (3L2)’

HLd X Cohd x €% and note that it fits into the diagram:
Cohg X Cohy,

17— 13—
hl hl

—t (HLdy Cohg x &9

on l l id X on l

Cohy < ged . ont x Cohy,
It is shown in [Lau2] (by induction on k) that

i (F ) 9 QI 1)~ £ m T
Therefore, since p2 : €2 — €, is smooth, representable and with connected fibers,

we obtain:

8.3. Corollary. The perverse sheaf 8% on C,, is a Hecke-Laumon eigensheaf with
respect to F.

We will now prove the following result:

8.4. Proposition. Let 8 be a perverse sheaf on Coh,,, and let D(8) be its Verdier
dual sheaf. Suppose that 8 and D(8) satisfy the Hecke-Laumon property with respect
to local systems E and E*, respectively. Then X := 8|pun, is a Hecke eigensheaf
with respect to E.

Proof. We start with the following general observation. Let p: &€ — Y be a vector
bundle, let i : Y — & be the zero section, and let j : €Y — & be its complement.
Let us denote by p: PE — Y the corresponding projectivized bundle.

Suppose that J is a G,,,—equivariant perverse sheaf on &, and set F° := F|go. We

will denote by F the perverse sheaf on P& corresponding to F°, i.e., the pull-back
of F to €% is FY @ Qu(5)[—1]. We have the following assertion (see [Gal).

8.5. Lemma. Assume that p.(F)[—1] and pi(F)[1] are perverse sheaves. Then
51(F) is a perverse sheaf as well, and p\( )®@e(%)[l] ~ 5i(F) ~ pa( F)@Q(F)[-1].

Proof. Since J is G,,—equivariant, p;(F) ~ i'(F) and p.(F) ~ i*(F). By applying i’
to the triangle

HF0 = F = 0% (F),

we obtain that piji(F°) ~ i'51(F9) has perverse cohomology only in cohomological
degrees 0 and 1.

Using the Leray spectral sequence of the composition 0 - PE€ — Y, we obtain
that 7;(F) must be perverse. In addition, we obtain that pi(F) ~ ho(pgj!(?o)) ®
Q(5h), which identifies p1(F) with i*(F) ® Qu(5 51)[—1].  Similarly, we obtain:

p(TF) ~i'(F) @ Qu($)[1). O

We will reduce the assertion of Proposition 4] to the above lemma. Set Y =
Cohg x Bun,, C Coh{ x Coh,, and take € to be

(h;”)~*(Cohg x Bun,) C HLL.
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(Note that in general the preimage (h;")~'(Cohd x Bun,,) C HL? is the same as
the stack @Lnéd introduced in Sect. [5.2] and the map @Lnéd — HL u, Cohy,
becomes the map r : éﬁzn,gd — Cohy,<q C Cohy,.)

Set F = h; *(8) ® Qy(%)[n]. Then F is G,,,~equivariant and perverse, according
to Lemma 5.3 In addition, the image of € under h;~ lies in Bun,, C Coh,,.

By the assumption of Proposition B4, § is a Hecke-Laumon eigensheaf. This
implies that pi(F)@Q,($)[1] = LLKX, and so pi(F)[1] is a perverse sheaf. Applying
Verdier duality and using the assumptions of Proposition R4 regarding D(§), we
obtain that p.(F)[—1] is a perverse sheaf too. Hence, we can apply Lemma [R5

Let us perform a base change with respect to X — Goh(l). Then X x P&
Coh}

identifies naturally with the Hecke correspondence H} in such a way that

p: X x PE&— X x Bun,
Coh}

becomes the projection h~. Therefore, Lemma B implies that H! (K) ~ F K X.
The fact that this isomorphism indeed satisfies condition (4 follows from prop-
erty (84) in the case d = 2. This completes the proof of Proposition B4l [l

8.6. Remark. V. Drinfeld has asked the following question about the possibility of
proving a theorem converse to Proposition [R4t

Let X be a perverse sheaf on Bun,, which is a Hecke eigensheaf with respect
to E. Is it true that the Goresky-MacPherson extension of X to Coh, has the
Hecke-Laumon property with respect to E?

We conjecture that the answer to this question is affirmative.

8.7. Second proof of Proposition [Z.7] It is clear from the above proof that
Proposition is still valid if we replace the stacks Coh,, and Bun,, by their sub-
stacks C,, and €, N Bun,, respectively. Now we apply this modification of Propo-
sition B4 in the situation when § = S%, and X = Autg |e,nBun,. 1t follows from
the definitions that all conditions of Proposition[84] are satisfied (in particular, we
have: D(8%) ~ 8%.). The statement of Proposition [[.7] (and hence Theorem [Z.1])
now follows directly from Proposition 84l

8.8. Lifting of Sp to Goh;. We have the diagram:

€0 — . Cok,

P
€, —— Coh,

Recall the definition of the perverse sheaf S on Udzcn . Gohfb given in the begin-
ning of Sect.[7l By Theorem 9 and Lemma B3] over (0,) (€, N (Uase, . Coh))

the complexes 0}, (Sg) and 8% © Qy(=%¢)[—d + ¢] are isomorphic, where ¢ is a
constant independent of d.

Consider the Goresky-MacPherson extension of Autg (which by now is defined
on the whole of Bun,,) to Coh,,. By abuse of notation we still denote this extension
by Sg. Now we prove the following assertion:

The sheaf Sg has the Hecke-Laumon property with respect to E, and 0,*(8g) ~
8, ® Oy (Z55)[~d + .
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Let us denote by (X x Coh,)? the open substack of X x Coh,, corresponding to
those pairs (z, M) for which M has no torsion supported at z. In a similar way we
define the substack (X? x Coh,,)° of X* x Coh,,. We define the functors

(8.5) H’ : D(Coh,) — D((X x Coh,)°)

in the same way as before. Since we already know Autg is a Hecke eigensheaf, we
obtain that

(8.6) Hy(8p) ~ A™(E) K Spl(xixeoh,)o-

By arguing as in Sect. [[.8, we deduce the Hecke-Laumon property of 8 on the
entire Coh,, from (8.0]) and the fact that Sg|e, is a Hecke-Laumon sheaf.
Similarly, the isomorphism ¢,,*(8x) = 8% ® Qy(=%¢)[—d+¢] follows in the same

way as in Sect. [0l

9. CUSPIDALITY

9.1. Constant term functors. Let P C GL,, be the standard (upper) parabolic
subgroup corresponding to a partition (ni,...,nk) of n, with the Levi quotient
M ~GLp, x...xGLy,. The embedding of P in GL,, and the projection P — M
induce morphisms p and ¢ in the diagram

(9.1) Bun,, L Bunp —— Bunyy .

The constant term functor RS, : D(Bun,,) — D(Bunyy) is defined by the formula
R$(K) = qp*(KX). We say that X € D(Buny,) is cuspidal if R$;(F) = 0 for all
proper parabolic subgroups P of G.

For a partition n = ny+ng let P(ni, na) be the corresponding parabolic subgroup
in GL,, with the Levi factor GL,,, X GL,,. In this case diagram (@I) is

p q
Bun,, < Bunp(y, n,) — Bung, x Bun,, .

We denote the corresponding constant term functor D(Bun,,) — D(Bun,, x Bun,,)
by Ry .. (X).

n1,Mn2
It is easy to see that a complex X is cuspidal if and only if R, . (X) = 0 for all
partitions n = n1 + ng, with ny,ne > 0.

In this section we prove the following

9.2. Theorem. Let Autg be a Hecke eigensheaf on Bun, with respect to an ir-
reducible rank n local system E, which satisfies Conjecture [2.3. Then Autp is
cuspidal.

As a corollary we obtain the following statement:

9.3. Corollary. The perverse sheaf Autg is the extension by zero from an open
substack of finite type on every connected component of Bun,,.

Proof. The proof of the corollary will rely on the following well-known assertion:

9.4. Lemma. For a fized line bundle L and an integer d, consider the open sub-
stack U of Bun? which classifies vector bundles M with Hom(M, L) = 0. Then U
is of finite type.

To prove the corollary, let us consider a connected component Bunfl. Without

loss of generality we may assume that d > ¢g,,. Take L = L% and let U be as in

vuns

the lemma. By definition, Buni —U is contained in Bun;"™.
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However, by arguing as in Lemma [E.TTlwe obtain that if a complex X is cuspidal,
then it has zero stalks at all very unstable bundles.

Therefore, X|g,,qa is extended by zero from U. This completes the proof of
Corollary @3 ' O

The proof of Theorem as well as other results of this section relies on the
following computation:

9.5. Proposition. Let X be a Hecke eigensheaf with respect to some rank n local
system E', and let E be another local system, of an arbitrary rank. Then

HY p(00) ~ X @ H* (XY, (B@ B™)) o Qy(3)ld)
Proof. Consider the diagram

h™ supp Xxh™
Bun,, —— Modz PR L x (@ x Bun,, .

We need to prove that

(92) (supp <) (b () 77 (L) @ @) = (B B B,

Consider the stack K/I\oﬁfb, which classifies the data (M = My C My C ... C
M; = M'), where each M; is a rank n vector bundle, and M;/M,_; is a simple
skyscraper sheaf. (Note that there is a canonical isomorphism between 1\//1\(;1‘% and
the stack 1\/45?1; 4 introduced in the proof of Theorem .5, under which the roles of
the projections h~ and h™ get reversed.)

Let p : 1\//[\071;11 — Mod? be the forgetful map. We also have a natural morphism
supp : h//I\(S(/ifL — X?. Consider the corresponding diagram:

h— — %X}F
Bun,, «— Mod‘fL 7" , X9x Bun,

idl pl sym X idl

h™ supp Xh™
Bun,, «— Modfl s el ¢ CORV Bun,,

Since p is small, the complex py supp (E®9) is a perverse sheaf (up to a coho-
mological shift), which is the Goresky-MacPherson extension of its own restriction
to supp~ (X (¥ — A). In particular, it carries a canonical action of the symmetric
group Sy and

(pr Supp” (B%4))% = 7* (L),

As was noted before, the stack Mod:l is isomorphic to the stack 3}, but under
this isomorphism the maps A~ and h™ become interchanged. By iterating the
definition of the Hecke property, we obtain that the fact that X is a Hecke eigensheaf
with respect to E’ then implies that

~— T T — n—1
(5upp x A= )1h =" (X) @ Qy( 5

n—1]~ (E™)¥ R K.
Hence we obtain:

(S5 ™) (R () © 0D (E7) @ (@)W = (B o 2™ B,
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By taking the direct image of the last isomorphism under sym : X% — X (@ we
obtain

(supp ™) (0 (K) @ pr S0pp” (E54) @ (e () 1)
~ sym,((E ® E™)¥) R K.

Moreover, this isomorphism is compatible with the Sg—action on both sides.
By passing to the Sg—invariants we obtain formula ([@2)) and hence the statement
of the proposition. O

9.6. Remark. Let us see what the isomorphism of formula ([@.2) looks like at the
level of fibers over a given point D € X@ in terms of the general Hecke functors
Hf‘l introduced in Sect.[AJl. To simplify notation we take D = d-z, for some x € X.

By formula (A4) below, the stalk of the LHS of formula (@2)) at D can be
identified with

D . HV(K) o B
XeP},
Since X is a Hecke eigensheaf with respect to E’, this is isomorphic to
P Ko (E") e B ~KoSymi(E, © B},
XePt,
which is the stalk of the RHS of formula (@.2) at d x x.

9.7. Remark. Recall the stack Mod;d introduced in the proof of Theorem
Denote by H;% the functor

K o b () © 7 (84) 0 TS d )

(where h™ and h™ are taken according to the definition of Mod;d). It follows from
the definition that the functor H,;% is both left and right adjoint to Hz -
In the same way as in the proof of Proposition[0.5 we obtain:

_ . — d
(9:3) H %K) ~ X @ HY (X, (B @ E)D) @ Qu(3)[d).
Now we are ready to prove Theorem

9.8. Lemma. For each d, n = ny + na, a local system E and X € D(Bun,),
the object R}, OHiE(ﬂC) € D(Bun,, x Buny,,) has a canonical filtration by the

ni,mn2

objects (HZIIE X HZQQE) oR! . (K)®@ Q=249 [—ny -do] for all possible partitions

ni,n2

d=dy + do with dy,ds > 0.

9.9. Proof of Theorem[9.2] Theorem [9.2 follows from Lemma[0.8 Indeed, take
d > 2n%(2g — 2). On the one hand, according to Proposition [1.5]

HY p(Autp) ~ Autp @H®* (XY (B ® E*)W),

hence

Ry ., oHY p(Autp) ~ R} (AutE)®H’(X(d),(E®E*)(d))®@g(g)[d].

ni,n2 ni,n2

ni,n2

On the other hand, Conjecture[2-3]implies that all (HnglE X HZ;E)OR" (Autg)
must vanish, because either d; or do must be greater than n2(29 —2).
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However, since F ® E* contains the trivial rank one local system,
H* (XD (E@ E*)4) 0 for any d.
Hence, R . (Autg) = 0. This completes the proof of Theorem [0.2]

mn1,n2
9.10. Proof of Lemma[@.8] Let Mod? x Bunp(,, n,) be the Cartesian product
Bun,,
defined using the projection h™ : Modz — Bun,,. Our task is to calculate the direct
image under

d h™ xid q
Mod;, x Bunp,, n,) — Bunp(,, n,) — Bung,, x Buny,,

Bun,,
of the pull-back under Mod? X Bunp(,, n,) id xp Mod,, of the complex h~*(X) ®
un,,
™ (LE).
By definition, the above Cartesian product classifies the data of

M € Bun,, M’ € Bun,, 5: M — M,

94
(9-4) M; € Bun,,, My € Bun,,,, 0 - M; - M — My — 0.

First, we decompose Modi X Bunp(y, n,) into locally closed substacks, which
Bun,,

we will denote by

d di,d
(MOdn X Bunp(nhnz)) 1,62
Bun,

By definition, a point of Modi X Bunp(y, n,) as in formula (@4) belongs to
Bun,,
(Mod? x Bunp(n, 5,))* % if we have deg(M’' N M1) = deg(M1) — dy. From each

Bun,,

(Mod? x Bunp(,, n,))* % there is a natural map to 1\/10de11 X Modfé, which
Bun,

sends a point as above to (M} := M’ N My — My, M) := M'/M] — My).
To prove the proposition it suffices to show that the direct image under this map
of the complex that we obtain on (Mod‘i X Bunp(nhnz))dl’d2 by restriction from
B

n

Mod? x Bunp(,, n,) can be canonically identified with (b~ x h=)*(R, ,, (X)) ®

Bun, ni,n2
(m x m)* (L% K L) ® Qy(=%%)[—ny - do] in the diagram
Bun,,, x Bun,, "< Mod® x Mod® ™3 Cohd x Cohg2.
For that purpose, we decompose the map

(Mod? X Bunp, ) )4d2 — Mod?t x Mod??

as a composition of several ones. First, we introduce the stack Y;, which classifies
the data of

0— M’l —-M; — T — 0, My € Bun,,, J1 € Gohgl,

0— M’Q — My — T2 — 0, My € Bun,,, 71 € Gohgz,

02T —>T—>T2—0, 0—>M'1—>M'—>M'2—>0.

di,

It is easy to see that the natural map (ModZBx Bunp, n,)) d2 Y, is a

n

fibration into affine spaces, with each fiber being a principal homogeneous space
for Extl(‘JQ,J\/[’l). Therefore, by the projection formula, the direct image of our
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complex to Y; is the pull-back under the map Y; — Bun, x@ohg (which sends a
point as above to (M/, 7)) of K K L% ®@ Q(=24L2)[—n; - da).
Now, let Y5 be the stack classifying the data of

0—>M'1—>M1—>‘J'1—>0, M; € Bun,,, 71 eeohgl,
0—>M'2—>M2—>72—>0, Mz € Bun,,, T2 eeohgz,
0—M; —-M — M, —0.

The projection Y1 — Yo corresponds to forgetting the class of the extension 0 —
TJ1 — T — T3 — 0. Moreover, we have a Cartesian square:

Yy, — Hod'

l !

Yy —— Cohd x Cohd>

Using the projection formula and the fact that HLI' (L4) ~ L% K L2, we obtain

that direct image under Y; — Yo of the pull-back of X X L‘}J is the tensor product

of the pull-back of X under the map Y5 — Bun,, which sends a point as above to

M’ and the pull-back of LdEl @L% under the natural map from Y to Cohd! x Cohdz.
Finally, note that we have a Cartesian square:

Bunp(nhnz) — 92

| I
Bun,,, x Bun,, Lxh Modfll1 X Modff2
where the upper horizontal arrow sends a point of Y3 as above to 0 — M} — M’ —
M4, — 0. The assertion follows now by the projection formula.

10. PROOF OF THE VANISHING CONJECTURE OVER [Fy

In this section we prove Conjecture in the case when the ground field k is
a finite field Fy, i.e., that the functor H%’E : D(Buny) — D(Bunyg) introduced in
Sect. is identically zero if E is an irreducible local system of rank n, and k and
d satisfy the inequalities k < n and d > kn(2g — 2).

Namely, we will prove the following proposition:

10.1. Proposition. Let E be a rank n local system on X over the finite field Iy,
which is

(a) pure up to a twist by a one-dimensional representation of the Weil group of
F

and satisfies one of the following conditions:

qs

(b) there exists a cuspidal Hecke eigenfunction associated to the pull-back of E to

X x Fg, for any finite extension Fy, of Fy; or
Fq
(b") the space of unramified cuspidal automorphic functions on the group GLy

over the adéles is spanned by the Hecke eigenfunctions corresponding to rank
k local systems on X x g, , for all k < n.
F

q

Then the Vanishing Conjecture [Z.3 holds for E.
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According to [Laf], Theorem VIIL.6, any irreducible local system E, such that
det E is of finite order, is pure. Therefore condition (a) of Proposition MUl is
satisfied for any irreducible rank n local system E. Moreover, both statements (b)
and (b’) hold for such E, according to the main theorem of Lafforgue’s work. Hence
we obtain that the Vanishing Conjecture[2.3]is true for all irreducible local systems
if the ground field k is finite.

Our proof of Proposition [[0.1] proceeds as follows. We first show vanishing of
Hz g at the level of functions. Using the purity property conjectured by Deligne
and proved by Lafforgue [Laf], we will then deduce that HZ’ g(X) = 0 for any
X e DBung),k=1,... ,n—1,d> kn(2g — 2).

10.2. L—functions. Let T(M) = ('yg(gl))xax‘ and T® = ('yg(baz))xe‘m be two collec-
tions of semi-simple conjugacy classes in GLx(Q,) and GL,(Q,), respectively. We
attach to it the L—function
Lr®.r® 1) = [T det(lde, (oY @42) tdese)
z€|X|
viewed as a formal power series in t.

To an unramified irreducible representation m = ®;E + Tz of GL(A), where A
is the ring of adeles of F' = F;(X), we attach the collection I'x = (s4).¢|x|, Where
sz is the Satake parameter of 7.

If 7 and 7’ are unramified irreducible representations w of GLi(A) and GL,,(A),
respectively, we write

L(m x 7' t) := L(Tr,Tp, ).

If 7 and 7’ are in addition cuspidal automorphic representations, then L(w x 7', t)
is the Rankin—Selberg L—function of the pair 7, 7’. The following statement follows
from results of [PS2],[CPS] (see [Laf], Appendice B, for a review)m

10.3. Theorem. If m, 7' are cuspidal automorphic representations and k < n,
then L(m x ' t) is a polynomial of degree kn(2g — 2).

Next, we attach to a rank n local system E on X the collection of conjugacy
classes I'p = (Fry |B, )ze|x|-
If £ and E’ are two local systems on X, of ranks n and k, respectively, we write:

L(El X E,t) = L(FE/,PE,t).
10.4. Lemma. If both E and E' are irreducible and k < n, then L(E’ x E,t) is a
polynomial of degree kn(2g — 2).

Proof. Using the definition of L(E’ x E, t) and the Grothendieck-Lefschetz formula,
we obtain:

L(E'x E,t) =Y Te(Fr, HY( X" (E' @ E)Y))t.
d>0

Since £’ ® E is irreducible by our assumptions, H*(E' ® E) = H*(E' ® E) = 0.
Therefore,

HYXD (E'® E)D) ~ AYHY(X,E' ® E)) =0
for all d > dim H' (X4, E' @ E) = kn(2g — 2). O

"We are grateful to V. Drinfeld for pointing this out to us.
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If E' is a rank n local system on X, and = is an irreducible unramified represen-
tation of GL(A), we will write

L(r x E,t) := L(T'x,Tg,t).

10.5. Computation of Hg,E at the level of functions. The functor HZE gives
rise to a linear map on the space of functions on the set Bung(F,) of F,—points
of Buny. We denote this operator by H? - In this subsection we will prove that
H%}EEOfor allk=1,...,n—1and d > kn(2g — 2).

Recall that Bung(F,) is naturally identified with the double quotient

(see, e.g., [FGKV], Sect. 2). Let 7 be a cuspidal unramified automorphic represen-
tation of GLg(A). Attached to it is a cuspidal automorphic function on Bung(F,),
unique up to a non-zero scalar multiple. We normalize it in some way and denote
the result by fr.

In Remark we defined the functor H,;%, which is left and right adjoint to
HZ’ g+- Denote by H;% the corresponding linear map on the space of functions on
Bung (F,). We have the following analogue of formula (03), which is proved using
a calculation similar to the one presented in the proof of Proposition (L5t

(10.1) > H, G (fr) - t! =Lz x E,t) - fr.
d>0

It is clear from the definition that

where the inner product of two automorphic functions f1, fo on GL(A) is defined
by the formula

(s fo) = / F19) f2(g)dg.
GL(F)\GLk(A)

Formula ([0.]) then implies:
(10.3) (H p(f), f=) = L(m x B t)(f. fx).

10.6. Lemma. Let E be a rank n local system such that L(w x E | t) is a polynomial
of degree kn(2g — 2) for all irreducible cuspidal automorphic representations © of
GLi(A),k=1,... ,n—1. Then HgE(f) =0 for any function f on Bung(F,).

Proof. By induction, we may assume that the assertion is known for k¥’ < k. In the
same way as in the proof Theorem we then obtain that Hg7 g(f) is a cuspidal
function for any function f on Bung(Fy). By formula (I0.3), if L(m x E*,t) is a
polynomial of degree kn(2g — 2), then <HgE(f), f"y = 0 for any function f, any
cuspidal automorphic function f’ and all d > kn(2g — 2). Therefore H(,i s(f) =
0.

Thus, in order to prove vanishing of Hz’E fork=1,... ,n—1landd > kn(2g—2),
we need to show that L(m x E,t) is a polynomial of degree kn(2g — 2) for all
irreducible cuspidal automorphic representations 7 of GL(A) for k=1,... ,n—1.
This can be done in two ways: by identifying L(m x E,t) with L(m x 7', t) or with
L(E’ x E,t). As the result, we obtain that H%E =0,k=1,...,n—1, if either of
the statements (b) or (b’) listed in Proposition [[0lis true.
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Indeed, if the statement (b) is true, then there exists an unramified cuspidal
automorphic representation 7’ of GL,(A), such that L(w x E,t) = L(w x 7', t).
Vanishing of H%E for k < n and d > kn(2g — 2) then follows from Theorem [IT.3]

If the statement (b’) is true, then vanishing follows from Lemma [[0.4]

10.7. Conclusion of the proof of Proposition [I0.1l. To complete the proof
of Proposition [I0.1] we need to show that vanishing of the operator Hz’ p at the

level of functions implies the vanishing of the operator Hz p at the level of sheaves,
provided that F is pure. In order to do that, we proceed as follows: for each
x : SpecF, — Buny, denote by d, the direct image with compact support of the
constant sheaf on SpecF,. Proving that the functor Hz  vanishes is equivalent to

showing that HZ’E((SQC) =0, for all z.

Since Buny, is a stack (and not a scheme), §, is not necessarily an irreducible
perverse sheaf, but it is a mixed complex. Therefore, it suffices to show that
HzE(J{) = 0, for any mixed complex K. Decomposing HZE(K) in the derived
category, we obtain that it is enough to show that H(,ﬁE(fK) = 0, when X is a pure
perverse sheaf.

Now let E be a pure irreducible rank n local system on X. Then Laumon’s sheaf
L g is also pure. The pull-back with respect to a smooth morphism preserves purity,
and so does the push-forward with respect to a proper representable morphism (see
[BBD]). But the morphism (A~ x 7) : Mod? — Bun,, xCoh{ is smooth, and the
morphism A~ : Mod‘i — Bun,, is proper and representable. Hence H(,i g (X) is pure,
if K is pure.

The function £, (H%E(JC)) associated to the sheaf H(,éE(JC) equals H%E(fq1 (X))
for any for qg; = ¢",r € Z~o (here we use the notation introduced in Sect. [@3). But
according to the computation of Sect. [0.5, H{ p(f4, (X)) = 0forallk =1,... ,n—1
and d > kn(2g — 2) if either of the conditions (b) or (b’) of Proposition LT holds
for E. In addition, we have:

10.8. Lemma. A pure complex F vanishes if and only if the corresponding func-
tion £4, (F) is zero, for all 1 = ¢", 7 € Zsyp.

Proof. Since F is non-zero, there exists a locally closed subset U such that F|y is
locally constant and non-zero. Since F is pure, F|y is pointwise pure. But for a
pointwise pure non-zero locally constant complex, all functions £, (¥|y) cannot be
identically equal to zero for all ¢y = ¢",r € Z~¢, by the condition on the absolute
values of the Frobenius eigenvalues. O

Therefore the statement of Conjecture 223 holds for E. This completes the proof
of Proposition MOl

10.9. Remark. Formula (I0:2) has a geometric counterpart:
(HE, (50, K) 2 (3, H o (X)), %, K7 € D(Bung),

where (K, X') := RHom(X, X'). Note that a priori RHom(X, X’) makes sense if X
is the —extension from a substack of Buny, of finite type, or X’ is the *—extension
from a substack of Buny, whose intersection with every connected component is of
finite type.

Let E and E’ be two irreducible local systems on X, of ranks n and k, respec-
tively, where k < n. Let us assume that the Vanishing Conjecture holds for E’.
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In particular, Autg exists and is cuspidal, according to Theorem @2 Therefore,

for every d, Autg: |Bun;§ is extended by zero from an open substack of finite type of

d
Bun,,.

From formula ([@.3) we obtain the following analogue of formula (10.3):
— d
(10.4)  (H p(X), Autp) =~ HY(XD (E* @ E')D) @ (X, Autpr) ® Q(3)1d].

Since HY( X (E* @ E')(D) = 0 for d > kn(2g — 2) (see the proof of Lemma [1.4),
we find that

<Hi,E(9<), Autg) =0,

for all X € D(Buny), if d > kn(2g — 2). Thus we obtain a geometric analogue of
Proposition LTk

10.10. Proposition. Suppose that for k = 1,... ,n — 1 the Vanishing Conjec-
ture[2.3 is true for rank k local systems on X and in addition the following state-
ment holds:

(b") If ¥ € D(Bunyg) is cuspidal and satisfies (F, Autg/) = 0 for all irreducible
rank k local system E' on X, then F = 0.

Then the Vanishing Conjecture is true for any irreducible local system on X
of rank n.

The above statement (b”) is known to be true for ¥ = 1 in the case when
chark = 0, by the Fourier-Mukai transform [Lau3 [R].

APPENDIX A. HECKE FUNCTORS AND WHITTAKER SHEAVES

A.l. General Hecke functors. We recall some results from Sect. 5 of [FGV].
Let ,H, be the full Hecke correspondence stack at = € |X|. In other words,
+Jp, classifies triples (M, M, 3), where M and M’ are rank n bundles on X and
B is an isomorphism M|x_, — M'|x_,. To a dominant weight A of GL,(Q,)
we associate a closed finite-dimensional substack xﬁj\l of ¥, , which classifies the
triples (M, M’, 3), such that for an algebraic representation V' of GL,(k), whose
weights are < ©, we have the following embeddings induced by 3 on the entire X:

Vae ((wo(A), ) - ) © Vae © Vaver (A, ) - ),

where V¢ is the vector bundle on X associated with V' and the principal GL,,—
bundle on X corresponding to M (recall that wy stands for the permutation
(dla d2a s 7dn) = (dnv v 7d27 dl))

Using this stack, we define the Hecke functor , H) : D(Bun,) — D(Bun,) by
the formula

K o b (5 (5) 91C,) T D)

where h™ (resp., h™) sends (M, M, 8) to M (resp., M), and IC} is the intersection
cohomology sheaf on xﬁj\l
In particular, if A is the i-th fundamental weight w;, then the stack xf]-(:" is

nothing but the preimage of z € X in Hi under supp : H? — X. Hence , HY is
the composition of H;, followed by the restriction to z x Bun,, ~ Bun,, C X x Bun,,.

)[dim(Bun,, )],
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The results of [Lul [Gil, MV] imply the following formula:
(A1) Hy o, Hi ~ (P, H) @ Homey, (VYV} @ VH),

veP;

where the notation V> is as in Sect. @8 0 \
Consider the fiber product Z»* = Q@ x K

n*
0
Bun),

Prop. 5.3.4, that there exists a commutative diagram

It was proved in [FGV],

9 Zre Mg

'] o a

R =X b
Bun,, «+—— ,H,, —— Bun,

—0 'h— "R
—

——, ——\7 .~ _ . .
where we write @ " for @ " when the collection (resp., T) consists of just one
element A (resp., x), in the notation of Sect. According to Theorems 3 and 4
of [FGV], adapted to our present notation, we have:

— dim(Bun . _

(A2)  he (R ) ©'g(103)) © B DB iy (Bun, )] ~ 0

More generally, let z',..., 2™ be a set of distinct points, different from z, and
let @ = (u°, put, ..., u™) be a collection of dominant weights. Set

PR _T
Bun,
where T = (z,z',...,2™). Denote A = (\,0,...,0). We have a commutative
diagram:
giﬂ’j h ZABT h g*ﬂ*xyf
1| o 1|

Denote by “H) the functor D(giﬂ’j) — D(gﬂk)ﬁ),

_ dim(Bun,) ., .
K o i (D (K) 9" (103)) © T P22 iy (Bu, ).
Then Corollary 5.4.3 of [EGV] gives:
(A.3) THN W) o @@ w0 1T @ Homgy, (VY VA @ V).

vEPT

A.2. Proof of Proposition To simplify the notation, we consider the case
when m =1, i.e., T = ppand T = x. For m > 1 the proof is essentially the same.
By construction, Q" and 0"" are substacks of gd'm C gd.

Observe that the preimage of d -z € X(® under supp : Modfl — X @ can be
identified with the closed substack of ,3,, which classifies those triples (M, M’ §),
for which 3 : M|x_, = M'|x_, extends to an embedding M < M’ over the entire
X, and deg(M') — deg(M) = d.

Recall the morphism 7 : Mod? — Cohd. Let us denote the pull-back 7*(£%) ®
@e(d'Tn)[d'n] by PE.
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It follows from the results of [Laull], Sect. 3, and [FGKV], Sect. 4.2, that the
s-restriction of P% to supp~!(d - z) € Mod? can be canonically identified with

— d
(A4) P 1Cwun) @ Homor, (V2 Sym (V @ E,)) © Qu(5)d)
XePt,

Here

n
(A5) Pnd = {(dl, o ,dn)|d1 >dy>...>d, > O’Zdz = d}7

i=1
and V = V{1.0:-.0) gtands for the defining representation of GL,. Further, we
have:
(A.6) Ssymi(Ve E)~ @ Ve E).

XeP},

By comparing the definition of W% with formulas (A.2), (A.4)) and ([A.6), we
obtain that the restriction of W¢, to 9% can be identified with

w T = d
(A7) @ golh), ®EwO()\),x®QZ(§)[d]’

XePt,
which is what we had to prove.

A.3. Proof of Proposition [T.5: Local computation. Consider the morphism
T §i+ — X x XU+ sending (x,M, (s;)) to (z, D), where D is the divisor of
zeroes of the map s,, : Q*"~1/2 — (det M)(z). We start by describing explicitly
the restriction of the complex W%& to gi N7~z x D).

Let us write D =d° -z +d' - 2" + ... +d™ - 2™, where 2’ are pairwise distinct
and different from z, and d® +d' + ... +d™ =d+ 1.

It follows from the definitions given in Sect. E.8 that the stack gi LNt Yz x D)

is identified with Q" ’E, whereZ = (z,2%,... ,2™)and 7’ = (" v!, ... ,v™), with
. . —d

V9 = (-1,0,...,0,d°) and 7 = (0,...,0,d’),j = 1,...,m. Furthermore, Q, N

77 (2 x D) is identified with the substack Q""" of 07", where v/ = W vt ™),

with % = (0,-1,0,...,0,d°) and v7,j = 1,... ,m, as above.
We also have a morphlsm 7:Q it — X @+ and we identify 771(D) with Q"
where 7 = (W0, vt ..., v™), with 19 = (0,...,0,d°) and v/, j = 1,... ,m, as above.
We have a commutative diagram:

=V, T

o 'h” WL e grE

—d+1 B~ =d+1 h —d

Q RPN Q o HL A, Q..
Bun,,

Moreover, it follows from the definitions that both squares of this diagram are
Cartesian. Therefore we obtain the following formula for the restriction of the

-
v\ T

sheaf W% . = b B (WE )| ge ® Qp(252)[n — 2] to 9 N7 (2 x D) =0
’ : +

(A.8) W%,H@”’E ~ JH (Wi [gve) v
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By Proposition E12]

(A9) W%+1|§v,i ~ @\Ifﬁ’f X Ep,o,x ® Eul,ml ®...Q Eumxm,

7
where the summation is over all T = (u°,...,u™) with p € wo(PS,).j =
0,...,m.

Applying formula (A.3)), we obtain

(A10) JHE (WEHges) ~ €D ¥ ® Homer, (Vyor, Sym” (V @ E,) ® V*)

!

"
— d
® Byt a1 @ ... © By om 0 Q(5)1d),
where 7@’ = (u%, u', ..., ™) with p% running over the set wo(P,), and 7 running
over the set wo(P ;) for j =1,... ,m. Here V* is the representation of GL,(Q,)

dual to V. L

We have a stratification of the stack Q analogous to the stratification de-
scribed in Lemma [£10] We list only the strata that can possibly support a sheaf
of the form W7'T  Those are QF ® where ' = (u,...,u™) are such that

po >0t > 95 =1,...,m. (We recall that the inequality A > )’ means
that A\ belongs to the set A’ + R, where R, is the set of all linear combinations of
simple roots «;,i =1,... ,n — 1, of GL,, with non-negative integer coeflicients.)

The stratum QF ® belongs to the substack Q""" if and only if in addition p >
Z/O' — VOH +ay.

Recall that each sheaf W7 is the extension by zero of its restriction to the
stratum QF T, The stratum v/vith 7' appearing in the summation of the RHS of

formula (A.10) belongs to 9”7 if and only if d® > 1, wo(u’) € Pl ,, and

n

wo(p?) € PT . for all j = 1,...,m. All of these strata belong to X x 9’ gi.

n,dJ
—d _ —d
Therefore W, 4 is supported on X x Q" C Q.. This proves the first assertion of
Proposition
Furthermore, we have for d° > 1 and any p° € wo(P, ;0 ,):

Homgy, (Vor, Sym™ (V ® B,) @ V*) = B, ® By,

Combining this with formulas (A.8), (A.10) and (A.9), we obtain the desired iso-

morphism W%7+|Xxgd ~ EX WY, over the preimage of each z x D C X x X (d+1)

in gi.
A.4. Proof of Proposition Global computation. To complete the proof
of Proposition [(.5] we need to show that the isomorphism W%’+|Xxgd, ~ FKX WdE
holds globally, and not only on each fiber 771 (2 x D).

In order to show that, we introduce one more stack, gi; This is a closed
substack of gi o which is the preimage of the incidence divisor X x X @ c X x

X (@+1) ynder the morphism 7 : §i+ — X x X+ Equivalently, the stack gi_
may be defined by the condition that the image of s, is contained in det M C
(det M) ().

Let us consider the stack Modz,++ which classifies the data (x, Mg, M, My —
M(z)), where z € X, deg(M) — deg(Mp) = d, and the map My — M(z) is such
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that the image of det M is contained in (det M)(z) (and not just in (det M)(n-z)).
Let Mod‘fb7+_ be the closed substack of Mod‘f%_H_7 where the image of det My is
contained in det M.

Consider the Cartesian product Mod™ x H1 which classifies the data

Bun,,
(A.11) (2, Mo, M, M/, Mg — M/, M — M),
where deg(M') — deg(Mp) = d+ 1 and M’/M is the simple skyscraper sheaf sup-

ported at x. We have a natural proper morphism

c: Modt x %} — Mod! .,

Bun,,

which corresponds to “forgetting” M’, and a natural projection b : Modfﬁr1 x 3L
Bun,,

— Modffl, which corresponds to “forgetting” M. We define the complex T%ﬁ "

on Mod‘leHr as
. — n
P = e (PE)) @ Qz(g)[n]

(recall that PE = 7*(L%) @ Qu(%L2)[d - n]). Let T%J,ZL be the restriction of P41

o B+
to Mod‘i#f tensored with Q,(5H)[—1].
Now form a commutative diagram, in which the left square is Cartesian:

—0 /h<—_ /h—>_ —d
Q Zjirf —*, Q,

1| gl 1|
Bun, LN Mod‘fw__ ML xx Bun,

Consider the complex
— — * — —1
W, = B (R () g (PH) @ T[]

=d ,=d _=d
Since we already know that W%, , vanishes on Q, —(Q, NQ, _), it suffices to show

.. —d —d . —d ..
that the restriction of WdE’Jrf to 9, NQ, is supported on X x Q°, where it is
isomorphic to E X W4,.

Observe that X x Mod? is naturally a closed substack in Mod‘i’ 4 _. The following
result completes the proof of Proposition [Z.5:

A.5. Lemma. (1) The complex ?%Ti_ s a perverse sheaf, and there is a natural
surjection

(A12) PEL — (Be T3 BPE.

(2) Let K be the kernel of the map (AI2)). The *-restriction of the complex
"W (Ch_*(90) @ 'q* (KEg)) from 6(41-— to gi N 6(41-— vanishes identically.

A.6. An informal explanation. Before giving a formal proof of Lemma [A5] we
explain the main idea behind it. In this discussion we will assume that our ground
field k is algebraically closed.

Recall the full Hecke correspondence stack ,J,. Observe that the fiber
(h=)=1 (M) of 3, over M’ € Bun,, under the map h~ is isomorphic to the affine
Grassmannian Gr,, (see, e.g., [FGKV] [FGV]). Let O, be the complete local ring at
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z. The group GL,(0,) acts naturally on Gr, and we say that a perverse sheaf on
Gr,, is spherical if it is GL,,(0,)—equivariant. (In particular, every spherical per-
verse sheaf is smooth along the stratification of Gr, by Gr) := Gr, N,H), A € P;.)
The category of spherical perverse sheaves is known to be semi-simple and equiva-
lent as a tensor category to the category of representations of G L, (Q,), with the
fiber functor being the functor of (total) global cohomology (see [Lul [Gil MV] [BD]).

It is possible to generalize this equivalence to the case when x and M’ are allowed
to “move” along X X Bun,. Namely, let H,, be the stack classifying quadruples
(M, M, 3, x), where M and M’ are rank n bundles on X, and ( is an isomorphism
M|x—z >~ M'|x_z. Then there is an equivalence between the category of perverse
sheaves on X equipped with GL,(Q,)-action and a certain subcategory of the
category of perverse sheaves on H,,. For each = € X this equivalence “restricts” to
the equivalence of the previous paragraph.

Moreover, one can generalize this construction to the case of several points. For

any partition d = (d',...,d") of d, consider the open subset X9 of X@ % x
X (@) consisting of k—tuples of divisors (D1, ... , D), such that supp D;Nsupp D, =

(), if ¢ # j. Denote the map )o(d — X by pq. We introduce an abelian category
A% as follows. The objects of A¢ are perverse sheaves F on X (%) equipped with a
GL,(Q,)-action, together with the following extra structure: for each partition d,
the sheaf p;(F) should carry an action of k copies of G L, (Q,), compatible with the
original GL,,(Q,)-action on F with respect to the diagonal embedding G L, (Q,) —
(GL,(Qy))**. For different partitions, these actions should be compatible in the
obvious sense. In addition, it is required that whenever d* = d’,i # j, the action
of the i-th and j-th copies of GL,(Q,) on pjj(F) commutes with the corresponding

natural Zs—action on X9. The definition of morphisms in .Ag is clear.

Let now HBP:4 be the symmetrized version of the Beilinson-Drinfeld affine Grass-
mannian (see [BD]). By definition, HBP+4 is the ind-stack classifying quadruples
(M, M, D, ), where M, M are as above, D € X(¥) and 3 is an isomorphism be-
tween M and M’ away from the support of the divisor D. In particular, Mod‘fl
is naturally a closed substack of HEP-4 corresponding to the condition that the
meromorphic map M’ — M defined by 3 is regular.

One can introduce the notion of a spherical perverse sheaf on HEP-4 and con-
struct an equivalence between the above category A< and the category of spherical
perverse sheaves on HBP-4. For example, the perverse sheaf Sym® (V@ E )@Q,(£)[d],
which is naturally on object of A, goes to the sheaf P4 (considered as a sheaf on
HEP4 supported on Mod?).

One can also define categories analogous to A% over partially symmetrized powers
of X. From this point of view, the sheaves on Modi} 4 that we are interested in
correspond to perverse sheaves on X x X (4 equipped with GL,, (Qy)-action and an
additional structure as above.

In particular, the sheaf T%"_’j__ corresponds to the restriction to X x X4

X x X @+ of the sheaf

d+1

(V*®@Q,) X Symd+1(V ® E) @ Qy( 5

)d+1]

on X x X(d+1)
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The first assertion of Lemma [A5] then translates into the statement that this
restriction is perverse, and that there is a map

(A.13) (V*@ Q) RSym* ™ (V ® E)|xy x@ — (Q, ® E) X Sym*(V ® E),

which becomes after a cohomological shift by d+ 1 a surjection of perverse sheaves.
The required map is induced by the obvious map

QRSym™ (V@ E)|xxxw — (V® E) R Sym*(V @ E).

(In fact, for any local system E on X, the map Sym*™(E)|x  x@ — EXSym?(E),
which is an injection of sheaves, becomes after a cohomological shift a surjection of
perverse sheaves such that E X Sym®(E)[d+ 1] is the cosocle of Sym®™ (E)| x x @
[d + 1]; see [Dx]).

Moreover, the kernel of the map (AI3) is supported on the incidence divisor
X x X@ X x X(@+D and there it satisfies the following property. Its stalk at a
point (z, D1, ..., D) of X x X(@ (assuming that supp D;Nsupp D; =0, deg(D;) =
d") is a GL,(Qy)**—module which decomposes into irreducible components of the
form VN ®...® V)‘k, where at least one A’ does not belong to P:d,;. This proves
the second assertion of Lemma, [A-5] ’

In the proof of Lemma [AF given below we simply perform the same manipula-
tions as above directly in the category of sheaves on Modi L

A.7. Proof of Lemma [A 5l First observe that ﬂ’%"’j_ 4 is a perverse sheaf on

Modz, 1, by a standard smallness result in the theory of the affine Grassmannian.

The assertion about T%"_’j__ follows because TdEﬂr + has no subquotients supported

over the incidence divisor X x X(@ — X x X(i“).
To construct the surjection T%J,ZL — (E @ Qu(5)[-1]) ® PE we introduce the

stack ' Mod®™! = Mod?*tt  x (X x X(@).

X (d+1)
We consider two perverse sheaves on it. The first one, denoted by 71, is the pull-
back of PL™ under ' Mod®™ — Mod®™'. To construct the other sheaf, consider

the morphism a : Mod? x H! —’Mod?*! defined by sending (Mg, M, M’, My C

Bun,,
M, M C M) to (Mo C M') x (z, D), where D = 7(My C M). The second perverse
sheaf F5 is by definition

ay (id x supp)"(Ph K B) 2 Q, (5) ],

where (id x supp) : Mod? x 3. — Mod% x X. (Thus, F; corresponds to the

Bun,, Bun,,

sheaf @, XSym?™ (V& E)| x x x(@ ®Q(42)[d+1] and F, corresponds to the sheaf
(Vo E)RSym" (Ve E) @ Qy(&L)[d+1] on X x X))

There is a natural surjective map F; — JF2. Now the desired map ?%J,i—
(E ® Qu(3)[1]) ® P}, is obtained from the map 1 — 3 by adjunction. It is
surjective, because (E ® Q,($)[1]) ® P% has no subquotients supported on proper
closed substacks. This completes the proof of part (1) of the lemma.

To prove part (2), we choose x x D € X x X @ and calculate the restriction
of Xg to its preimage in Modz, 4. To simplify notation, assume that D is of the
form d - x.

—
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The preimage of z x d-z € X x X4 under ModZ’Jrf P2 X x X is naturally

a closed substack of ,H,. Using formula (A, we obtain that the restriction to
771(x x d- z) of the surjection T%Ti_ — (E®Qy(3)[1]) X P can be identified with
the map

d+1

P 1C_uy @Homey, (VA Sym™ (V@ E,) @ V*) @ Q( )d +1]

NEP;

- P 1C 0 @ Homer, (V2 B, © Sym?(V ® E,)) © Qy(
XEPT

d+1
2

)d + 1].

The kernel of this map is nothing but the restriction of Xg to the preimage of
rxd-zeXxXDin Modfwﬁ. It is clear that if the summand corresponding to

the sheaf IC_,, (1) appears in Xg, then A ¢ P,': 4 Therefore, the required vanishing
follows from formula (A.2)) and Lemma ET0.
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