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FAMILIES OF RATIONALLY CONNECTED VARIETIES

TOM GRABER, JOE HARRIS, AND JASON STARR

1. INTRODUCTION

1.1. Statement of results. We will work throughout over the complex numbers,
so that the results here apply over any algebraically closed field of characteristic 0.

Recall that a proper variety X is said to be rationally connected if two general
points p,q € X are contained in the image of a map ¢ : P — X. This is clearly a
birationally invariant property. When X is smooth, this turns out to be equivalent
to the a priori weaker condition that two general points can be joined by a chain of
rational curves, and also to the a priori stronger condition that for any finite subset
I' C X there is a map g : P! — X whose image contains I and such that ¢*Tx is
an ample bundle.

Rationally connected varieties form an important class of varieties. In dimensions
1 and 2 rational connectivity coincides with rationality, but the two notions diverge
in higher dimensions and in virtually every respect the class of rationally connected
varieties is better behaved. For example, the condition of rational connectivity is
both open and closed in smooth proper families; there are geometric criteria for
rational connectivity (e.g., any smooth projective variety with negative canonical
bundle is rationally connected, so we know in particular that a smooth hypersurface
X C P™ of degree d will be rationally connected if and only if d < n), and there are,
at least conjecturally, numerical criteria for rational connectivity (see Conjecture [LGl
below). In this paper we will prove a conjecture of Kolldr, Miyaoka and Mori that
represents one more basic property of rational connectivity (also one not shared by
rationality): if X — Y is a morphism with rationally connected image and fibers,
then the domain X is rationally connected as well. This will be a corollary of our
main theorem:

Theorem 1.1. Let f : X — B be a proper morphism of complex varieties with B a
smooth curve. If the general fiber of f is rationally connected, then f has a section.

Since this is really a statement about the birational equivalence class of the
morphism f, we can restate it in the equivalent form

Theorem 1.2. If K is the function field of a curve over C, then any rationally
connected variety X defined over K has a K-rational point.
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In this form, the theorem directly generalizes Tsen’s theorem, which is exactly
this statement for X a smooth hypersurface of degree d < n in projective space P
(or more generally a smooth complete intersection in projective space with negative
canonical bundle; cf. [K| Theorem IV.6.5]). It would be interesting to know if in fact
rationally connected varieties over other C fields necessarily have rational points.

As we indicated, one basic corollary of our main theorem is

Corollary 1.3. Let f : X — Y be any dominant morphism of complex varieties. If
Y and the general fiber of [ are rationally connected, then X is rationally connected.

Proof. Since we work over C, we can assume that X and Y are smooth projective
varieties. Let p and ¢ be general points of X. We can find a map g : P! — Y
whose image contains f(p) and f(q); let X’ = P! xy X be the pullback of f’ by g.
By Theorem [I.1] there is a section D of X’ over P'. We can then connect p to g
by a chain of rational curves in X’ in three stages: connect p to the point D N X,
of intersection of D with the fiber X, of f through p by a rational curve; connect
DN X,toDNX, by D; and connect D N X, to g by a rational curve in X,. O

There is a further corollary of Theorem [[.1] based on a construction of Campana
and Kollar-Miyaoka—Mori: the mazimal rationally connected fibration associated
to a variety X (see [Ca], [K] or [KMM]). Briefly, the maximal rationally connected
fibration associates to a variety X a (birational isomorphism class of) variety Z
and a rational map ¢ : X — Z with the properties that

e the fibers X, of ¢ are rationally connected; and conversely
e almost all the rational curves in X lie in fibers of ¢: for a very general point
z € Z any rational curve in X meeting X, lies in X,.

The variety Z and morphism ¢ are unique up to birational isomorphism and are
called the mrc quotient and mrc fibration of X, respectively. They measure the
failure of X to be rationally connected: if X is rationally connected, Z is a point,
while if X is not uniruled, we have Z = X. As observed in [K] IV.5.6.3], we have
the following corollary:

Corollary 1.4. Let X be any variety and ¢ : X — Z its maximal rationally con-
nected fibration. Then Z is not uniruled.

Proof. Suppose that Z were uniruled, so that for a general point z € Z we could
find a map g : P! — Z whose image contains z. By Corollary [[.3] the pullback
X' =P! xz X of ¢ by g will be rationally connected, which means that every point
of the fiber X, will lie on a rational curve not contained in X, contradicting the
second defining property of mrc fibrations. O

There are conjectured numerical criteria for a variety X to be either uniruled or
rationally connected. They are

Conjecture 1.5. Let X be a smooth projective variety. Then X is uniruled if and
only if HO(X, K%)= 0 for all m > 0.

Conjecture 1.6. Let X be a smooth projective variety. Then X is rationally con-
nected if and only if H*(X, (2%)®™) =0 for all m > 0.

For each of these conjectures, the “only if” part is known and straightforward
to prove; the “if” part represents a very difficult open problem (see for example
K| IV.1.12 and IV.3.8.1]). As another consequence of our main theorem, we have
an implication:
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FAMILIES OF RATIONALLY CONNECTED VARIETIES 59

Corollary 1.7. Conjecture implies Conjecture

Proof. This is proved in [K| IV.5.7], assuming Theorem [[.I}; for completeness we
remind the reader of the proof. Let X be any smooth projective variety that is not
rationally connected; assuming the statement of Conjecture[[H, we want to show
that HO(X, (Q24)®™) # 0 for some m > 0. Let ¢ : X — Z be the mrc fibration of
X. By hypothesis Z has dimension n > 0, and by Corollary[.4l Z is not uniruled. If
we assume Conjecture [L5, then we must have a nonzero section o € H(Z, K') for
some m > 0. But the line bundle K%' is a summand of the tensor power (Q%,)®"™,
so we can view o as a global section of that sheaf; pulling it back via ¢, we get a
nonzero global section of (% )®"™. O

2. PRELIMINARY DEFINITIONS AND CONSTRUCTIONS

We will be dealing with morphisms 7 : X — B satisfying a number of hypotheses,
which we collect here for future reference. First of all, in proving Theorem [I.1] we
are free to assume that B is projective and that X is smooth and projective by
applying resolution of singularities and Chow’s Lemma to X. For the bulk of this
paper we will deal with the case B = P!; we will show in section below both
that the statement for B = P! implies the full Theorem 1l and, as well, how to
modify the argument that follows to apply to general B.

Hypothesis 2.1. 7 : X — B is a nonconstant morphism of smooth connected
projective varieties over C, with B = PL. For general b € B, the fiber X, = 7~ 1(b)
is rationally connected.

It is necessary to work with a class of maps of curves g : C' — X more general
than embeddings. We choose to work with Kontsevich’s stable maps.

Definition 2.2. A pair (f : C — X, (p1,...,pn)) of a morphism from a connected,
complete, at-worst-nodal curve C' to X, and an ordered set of closed points, called
marked points, of C' is a stable map if
(1) the marked points p; are all distinct,
(2) the marked points p; are contained in the smooth locus of C, and
(3) for every irreducible component C; of C' with arithmetic genus 0 on which f
is constant, there are at least three special points (nodes or marked points),
and for every irreducible component C; of C with arithmetic genus 1 on
which f is constant, there is at least one special point.

Given a numerical equivalence class [D] € N!(X), the intersection number
f«[C).[D] is defined in the usual way. Thus f.[C] defines a class in N1(X). For a
fixed nonnegative integer g, a fixed nonnegative integer n, and a class § € N1(X),
the Kontsevich moduli stack Mg, (X, 3) is defined to be the Deligne-Mumford
stack which parametrizes flat families of stable maps (f : C — X, (p1,...,Pn))
such that C has arithmetic genus ¢ and the class f.[C] equals 8. We denote by
M, (X, ) the coarse moduli space of M, ,(X,3). For definitions and results
about Kontsevich stable maps, the reader is referred to [EP], [BM].

Now suppose we have a class § € N;(X) having intersection number d with a
fiber of the map 7. By [BM], Theorem 3.6] we have then a natural morphism

P Mg,O(Xv ﬂ) - Mg,O(Bad)

defined by composing a map f : C — X with 7 and collapsing components of C' as
necessary to make the composition 7 f stable.
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60 T. GRABER, J. HARRIS, AND J. STARR

Definition 2.3. Let 7 : X — B be a morphism satisfying Hypothesis 1] and
let f: C — X be a stable map from an irreducible nodal curve C' of genus g
to X with class f.[C] = 8. We say that f is flexible relative to = if the map
¢ 1 Myo(X,8) — M,o(B,d) is dominant at the point [f] € M, (X, 3); that
is, if any neighborhood of [f] in M, (X, 3) dominates a neighborhood of [rf] in
Mg,O (Ba d)

Now, it is a classical fact that the variety M, o(B,d) has a unique irreducible
component whose general member corresponds to the map f : C — B with C

3

a smooth curve (see for example [C] and [H], and [E] Prop 1.5] for a modern
treatment). Since the map ¢ : M, o(X,8) — M,o(B,d) is proper, it follows
that if 7 : X — B admits a flexible curve, then ¢ will be surjective onto this
component. Moreover, this component contains points [f] corresponding to maps
f : C — B with the property that every irreducible component of C' on which f is
nonconstant maps isomorphically via f to B. (For example, we could simply start
with d disjoint copies C1,...,Cq of B (with f mapping each isomorphically to B)
and identify d+ g — 1 pairs of points on the C;, each pair lying over the same point
of B. It is easy to check that such a morphism can be smoothed.)

Proposition 2.4. If 7 : X — B is a morphism satisfying Hypothesis [2.1] and
f:C — X, a flexible stable map, then ™ has a section.

Our goal in what follows, accordingly, will be to construct a flexible curve f :
C — X for an arbitrary 7 : X — B satisfying Hypothesis 211

2.1. The first construction. To manufacture our flexible curve, we apply two
basic constructions, which we describe here. (These constructions, especially the
first, are pretty standard; see for example section I1.7 of [K].) We start with a basic
lemma:

Lemma 2.5. Let C be a smooth curve and E any vector bundle on C; let n be any
positive integer. Let p1,...,pn € C be general points and & C E,, a general one-
dimensional subspace of the fiber of E at p;; let E' be the sheaf of rational sections
of E having at most a simple pole at p; in the direction & and reqular elsewhere.
For N sufficiently large we will have

Hl(CaEl(_Q1 - Qn)) =0
for any n points q1,...,q, € C.

Proof. To start with, we will prove simply that H'(C, E') = 0. Since this is an open
condition, it will suffice to exhibit a particular choice of points p; and subspaces
&; that works. Denoting the rank of E by r, we take N = mr divisible by r and

choose m points t1,...,t, € C. We then specialize to the case
p1=---=pr =ty €1, -, & spanning Ey,,
DPr41 = " = P2r = t2; £T+15 e 7527” Spanning Et2;

and so on. In this case we have E' = E(t; +- - - +t,,), which we know has vanishing
higher cohomology for sufficiently large m.

Given this, the statement of the lemma follows: to begin with, choose any
g + n points r1,...,rg1n € C. Applying the argument thus far to the bundle
E(—ry — -+ —rg4n), we find that for N sufficiently large we will have

HYC,E'(=r1 — - —7Tg4n)) = 0.
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But now for any points ¢1,...,q, € C we have
G+t gn=r1+--+rgpn—D

for some effective divisor D on C. It follows then that

BUCE (= =+ = ) = B (G, (=1 = - = 1) (D))
<BUCE (=1 == rgn)
=0.

O

It is well known that given an embedded curve D C X which is at-worst-nodal
and given an irreducible component C' C D which intersects D — C' in the nodes
P1,-- -, Ps, the restriction Np/x|c (as a sheaf) consists of rational sections of N¢/x
with at worst simple poles at each p; whose normal direction is determined by
the other branch of D through p;. We will need a version of this result when the
embedded curves are replaced by stable maps to X.

For an embedded LCI curve C C X, the space of first-order deformations and
the obstruction group are given by H°(C, N¢x) and H'(C, N/ x), respectively.
Suppose given an unmarked stable map f : C' — X. By [BEF] and [B], the space of
first-order deformations of the stable map and the obstruction group are given by
the hypercohomology groups

Def(f) = H'(C,RHomo,. (0, Oc)),

ObS(f) = HQ(Cv RHOWLOC (va OC));
where Qf is the complex

-1 0
(1) dft
[ Ox —— Qc¢.

We will only need to use the deformation theory of stable maps when the stable
map satisfies the additional hypothesis that the unramified locus U C C' contains
all nodes of C (in particular there are no irreducible components on which f is
constant). In this case RHomo, (€2}, Oc) is quasi-isomorphic to a complex Ny[—1]
where Ny is a coherent sheaf, the normal sheaf of f, whose restriction to U is
isomorphic to the dual of the kernel of f*Qx — Q¢.

Suppose (f : C — X, (p1,...,ps5)) and (f' : C" — X, (p},...,p})) are stable
maps such that

(1) the unramified locus of f (resp. f’) contains all nodes of f as well as all
marked points,

(2) for every i =1,....,6, f(p;) = f'(p}), and

(3) for every i = 1,...,d, the tangent lines df (Tcp, ), df' (Tcr p;) C Tx p(p,) are
distinct.

By [BM| Theorem 3.6], there is a unique stable map F' : D — X where D is
the connected sum of C' and C” with p; identified to p}, and such that F|c = f,
F|c = f'. Condition (3) above ensures that the points p; are in the unramified
locus of F'.
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Lemma 2.6. Let X be a smooth projective variety and let (f : C — X,
(p1,...,ps)) and let (f' : C — X, (p},...,p5)) be as above. Let (F : D — X)
be the stable map obtained by gluing each p; to p}. The normal sheaf of the map Np
is locally free near each of the nodes p; of D and we have an inclusion of sheaves

0—>Nf —>NF|C

identifying Nr|c with the sheaf of rational sections of Ny having at most a simple
pole at each p; in the normal direction determined by df'(T, C"). Moreover, if
(F : D — X) is a first-order deformation of F corresponding to a global section
o € HY(D,NF), then D smooths the node of D at p; if and only if the restriction
olu of o to a neighborhood U of p; in C is not in the image of N.

As this lemma concerns only the local behavior near the nodes, it follows imme-
diately from the analogous statement for embedded curves.

Hypothesis 2.7. Suppose w : X — B is a morphism satisfying our basic Hypoth-
esis[2. An unmarked stable map f : C — X satisfies our second hypotheses if C
is smooth and p = o f is surjective.

Suppose f : C — X satisfies our second hypotheses and C has genus g. For a
general point p € C, let X, = 7 1 (n(f(p))) be the fiber of 7 through f(p). By
hypothesis, X, is a smooth, rationally connected variety, so that we can find a
stable map (f’ : C' C X,) from a smooth rational curve and a point p’ — C’ (at
which f’ is unramified) such that f(p) = f/(p’), such that the image of df'(T},,C")
in Ty, X/df (T,C) = (Nev/x)p is arbitrary, and such that (f')*T'X, is an ample
bundle on C’.

Choose a large number of general points pi,...,ps € C, and for each i let
f1:Cl c X,, be a stable map as in the last paragraph. Let F': D — X denote the
stable map obtained by gluing each C{ to C by identifying p; and p,. Combining
the preceding two lemmas, we see that for § sufficiently large, the normal sheaf Mg
will be generated by its global sections; in particular, by Lemma [2:6 there will be a
smooth deformation f :C— Xof F (i.e., a general stable map which is a member
of a 1-parameter family of stable maps specializing to F'). Moreover, for any given
n we can choose the number § large enough to ensure that

HYC,Nrle(=r =+ =rg4n)) =0
for some g+n points 1, . .., rg4n € C; it follows that Hl(é,./\/'f(—m — i —Tg4n)) =
0 for some r1,...,7g4pn € C and hence that
Hl(éaNf(_QI - Qn)) =0

for any n points on C.
The process of taking a stable map f : C' — X which satisfies our second
hypotheses, attaching rational curves in fibers and smoothing as above to get a

new stable map f : C — X with smooth domain, is our first construction. It has
the properties that:
(1) f:C — X also satisfies our second hypotheses,
(2) the genus g of the new curve C is the same as the genus of the curve C' we
started with,
(3) the degree d of ji = 7o f: C' — B is the same as the degree of = mo f :
C — B,
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(4) the branch divisor of [ is a small deformation of the branch divisor of p, and
again, R R
(5) for any n points qi,...,q, € C we have Hl(C',./\/'f(—ql — i —qn)) =0.

Here is one application of this construction. Suppose we have a stable map
f: C C X satisfying our second hypotheses such that the projection u is simply
branched — that is, the branch divisor of u consists of 2d + 2¢g — 2 distinct points
in B — and such that each ramification point p € C' of y maps to a smooth point
of the fiber X,,. Applying our first construction with n = 2d + 2g — 2, we arrive
at another stable map f : C' — X satisfying our hypotheses which is again simply
branched over B, with all ramification points mapping to smooth points of fibers
of m. But now the condition that Hl(C',J\/J;(—ql — -+ —¢n)) = 0 applied to the

n = 2d+2g—2 ramification points of the map fi = wo f says that if we pick a normal
vector v; € (N f)pi at each ramification point p; of fi, we can find a global section
of the normal sheaf N 7 with value v; at p;. Moreover, since ramification occurs at
smooth points of fibers of 7, for any tangent vectors w; to B at the image points
fi(p;) we can find tangent vectors v; € (Ny)p, with dr(v;) = w;. It follows that as

we deform the stable map~f : C' — X, the branch points of i move independently.
A general deformation of f thus yields a general deformation of fi — in other words,
the stable map f is flexible. We thus make the

Definition 2.8. Let 7 : X — B be as in Hypothesis BT] and let f : C C X be
a stable map as in Hypothesis [Z7] such that the projection y = 7 o f is simply
branched. If each ramification point p € C of u maps to a smooth point of the fiber
X, containing it, we will say the stable map f : C' — X is pre-flexible.

In these terms, we have established the

Lemma 2.9. Let 7 : X — B be as in Hypothesis 2l If X admits a pre-flexible
stable map, the map m has a section.

2.2. The second construction. Our second construction is a very minor modi-
fication of the first. Given a family 7 : X — B as in Hypothesis 21Tl and a stable
map f: C — X satisfying Hypothesis[Z7, we pick a general fiber X3 of 7 and two
points p,q € C such that f(p), f(¢) € Xp. We then pick a stable map f} : C) — X,
with smooth, rational domain and two points p’, ¢’ € C} such that fi(p’) = f(p)
and f3(¢") = f(q) such that (f})*TX, is an ample bundle.

We also pick a large number N of other general points p; € C' and stable maps
fl+ C! — X,, in the corresponding fibers and points p; € C/ such that f/(p}) =
f(pi), such that (f])*TX,, are ample and such that df{(T,, C}) is a general line in
Tf(p)Xp, (just as in the first construction). Finally, we let F: D — X be the
stable map obtained by gluing C and C{,C1,...,C% by identifying p with p’, ¢
with ¢’ and for each ¢ identifying p; with pj. As in the first construction, for N
large enough, there will be deformations of F' : D — X with smooth domain, and
we choose f : C'— X a general smooth deformation of D (i.e., a general stable map
which is a member of a 1-parameter family of stable maps specializing to F'). This
process, starting with the stable map f : C — X and arriving at the new stable
map f :C' — X, is our second construction. It has the properties that

(1) f:C — X satisfies Hypothesis 27
(2) the degree d of i := 7o f is the same as the degree of p:= 7o f,
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(3) the genus of the new curve C is one greater than the genus of the curve C'
we started with,

(4) for any n points qi,...,¢, € C we have Hl(é',./\/'f(—ql —--—qp)) =0, and

(5) the branch divisor of p has two new points: it consists of a small deformation
of the branch divisor of p, together with a pair of simple branch points
b',b" € B near b, each having as monodromy the transposition exchanging
the sheets of C near p and gq.

In effect, we have simply introduced two new simple branch points to the cover
C' — B, with assigned (though necessarily equal) monodromy. Note that we can
apply this construction repeatedly, to introduce any number of (pairs of) additional
branch points with assigned (simple) monodromy; or we could carry out a more
general construction with a number of curves Cj.

3. PROOF OF THE MAIN THEOREM

3.1. The proof in case B = P!. We are now more than amply equipped to prove
the theorem. We start with a morphism 7 : X — B as in Hypothesis Z1 To
begin with, by hypothesis X is projective; embed in a projective space and take
the intersection with dim(X) — 1 general hyperplanes to arrive at a smooth curve
C C X. The inclusion f : C — X satisfies Hypothesis [Z7] and is the stable map
we start with.

What do C and the associated map p : C — X — B look like? To answer
this, start with the simplest case: suppose that the fibers X, of @ do not have
multiple components, or in other words that the singular locus 7ging of the map 7
has codimension 2 in X. In this case we are done: C' misses Tsng altogether, so
that all ramification of p : C' — B occurs at smooth points of fibers; and simple
dimension counts show we can choose C' so that the branching of u is simple. In
other words, f : C'— X is pre-flexible already.

The problems start if 7 has multiple components of fibers. If Z C X, is such
a component, then each point p € C' N Z will be a ramification point of u, and
no deformation of C' will move the corresponding branch point w(p) € B. The
curve C' cannot be flexible. And of course it is worse if 7 has a multiple (that
is, everywhere-nonreduced) fiber: in that case m cannot possibly have a section (a
posteriori we will see this cannot occur).

To keep track of such points, let M C B be the locus of points such that the
fiber X, has a multiple component. Outside of M, the map u : C' — B is simply
branched, and all ramification occurs at smooth points of fibers of 7.

Now here is what we are going to do. First, pick a base point pg € B, and
draw a cut system: that is, a collection of real arcs joining py to the branch points
M UN of p, disjoint except at pg. The inverse image in C' of the complement U of
these arcs is simply d disjoint copies of U; call the set of sheets T (or, if you prefer,
label them with the integers 1 through d). Now, for each point b € M, denote
the monodromy around the point b by oy, and express this permutation of I" as a
product of transpositions:

Ob = Tb,1Tb,2 " " " Tb,k,
so that in other words
Toky " Tb,2Th,10b = 1

is the identity. For future reference, let k = > k. We will proceed in three stages.
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Sb,ky @ ~
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FIGURE 1. Specializing branch points

Stage 1: We use our second construction to produce a new stable map f : ¢ — X
such that f is unramified at f ~1(M) and such that in a neighborhood of each point
b € M we have kj new pairs of simple branch points of i = 7o f, say Sp.i,tpi € B,
with the monodromy around s, ; and ¢ ; equal to 7 ;. Note that C will have genus
g(C) + k and that the branch divisor of the projection fi will be the union of M, of
a small deformation N of N, and of all the points sp,; and tp, ;. In particular we can
find disjoint discs Ay C B, with A, containing the points b and ¢4 1,82, ..., ty iy,
so that the monodromy around the boundary 0A; of Ay is trivial.

Now, for any fixed integer n this construction can be carried out so that the
stable map f has the property that Hl(é,./\ff(—(h —+-+—qyp)) = 0 for any n points

qi € C. Here we want to choose
n=+#N + 2k

so that there are global sections of the normal sheaf N 7 with arbitrarily assigned

values on the ramification points of C over N and the points s, ; and tp;. This
means in particular that we can deform the stable map f : C' — X 50 as to deform
the branch points of i outside of M independently. What we will do, then, is

Stage 2: We will vary f : C — X so as to keep all the branch points b € N and
all the points sy ; fized; and for each b € M specialize all the branch points ty; to b
within the disc Ay.

This is illustrated in Figure[Il To say this more precisely, let 3 € N;(X) be the
class of the stable map f : C'— X, and consider the maps

Mg/,O(X7 5) - Mg’,o(Bwl) — Bagyag—2

with the second map assigning to a stable map C — B its branch divisor (we only
need the branch morphism as a set map, but in fact it is a regular morphism [FaP]).
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What we are saying is, starting at the branch divisor
Di=N+> spi+t Y tyit » kb
beM
of the map fi, draw an analytic arc v = {D,} in the subvariety

d =N+ Zsb,i + Z ky - b+ Z(Ab)kb C Bogt2g'—2
beM

D0:N+Zsb,i+22kb-b.

beM

tending to the point

Since the image of the composition

My 0(X,8) — Badtag—2
contains ®, we can find an arc § = {f,} in My (X, ) that maps onto v, with f;
the inclusion €' — X.

Stage 3: Let fo : Co — X be the limit, in My (X, 3), of the family of curves
constructed in Stage 2; that is, the point of the arc 0 over Dy € ® C Bagyag—2.
Let A — Cj be the normalization of any irreducible component of Cjy on which the
composition 7 fy is nonconstant (that is, whose image is not contained in a fiber),
and let fa4 : A — X be the stable map where f4 is the restriction of fy to A. In
particular, f4 : A — X is a stable map satisfying Hypothesis 2.7

By construction, the composition j14 := mo f4 is unramified over a neighborhood
of M: the monodromy around the boundary dA; of each disc Ay is trivial, and
it can be branched over at most one point b inside Ay, so it cannot be branched
at all over Ay. Indeed, it is (at most) simply branched over each point of N and
each point sp;, and unramified elsewhere. Moreover, since we can carry out the
specialization of f : C — X above with the entire fiber of i1 over the points of N
and the sp; fixed, the ramification of ps over these points will occur at smooth
points of the corresponding fibers of 7. In other words, the map fa : A — X s
pre-flexible, and we are done. O

3.2. The proof for arbitrary curves B. As we indicated at the outset, there
are two straightforward ways of extending this result to the case of arbitrary curves
B.

For one thing, virtually all of the argument we have made goes over without
change to the case of base curves B of any genus h. The one exception to this is
the statement that the space M, (B, d) of stable maps f : C' — B of degree d from
curves C of genus g to B has a unique irreducible component whose general member
corresponds to a flat map f : C' — B. This is false in general—consider for example
the case ¢ = d(h — 1) + 1 of unramified covers. It is true, however, if we restrict
ourselves to the case g > h,d (that is, we have a large number of branch points)
and look only at covers whose monodromy is the full symmetric group Sy [GHS|
Theorem 1]. Given this fact and observing that our second construction allows
us to increase the number of branch points of our covers C — B arbitrarily, the
theorem can be proved for general B just as it is proved above for B = P!,

Alternatively, Johan de Jong showed us a simple way to deduce the theorem
for general B from the case B = P! alone. We argue as follows: given a map
7 : X — B with rationally connected general fiber, we choose any map ¢ : B — P!
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expressing B as a branched cover of P!. We can then form the “norm” of X: this
is the (birational isomorphism class of) variety ¥ — P! whose fiber over a general

point p € P! is the product
v,= J[ X.

q€g~'(p)
Since the product of rationally connected varieties is again rationally connected, it
follows from the P! case of the theorem that ¥ — P! has a rational section, and
hence so does 7.
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