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KAZHDAN-LUSZTIG POLYNOMIALS AND CHARACTER
FORMULAE FOR THE LIE SUPERALGEBRA gl(m|n)

JONATHAN BRUNDAN

1. INTRODUCTION

The problem of computing the characters of the finite dimensional irreducible
representations of the Lie superalgebra gl(m|n) over C was raised originally by
V. Kac in 1977 [Ka2|, [Ka3|]. Kac proved that the finite dimensional universal high-
est weight modules, known nowadays as Kac modules, are irreducible for so-called
typical highest weights, and gave a formula for their characters. After that, there
were several conjectures and partial results dealing with atypical highest weights
[BLI, [BRI, [Sgl], [JHKTI], [THKT?2], [HKJ], [KaW], [PS2], before the complete so-
lution to the problem was given by V. Serganova [S2], [S3] in 1995 using a mixture
of algebraic and geometric techniques.

In this article, we present a different, purely algebraic solution of the problem.
One consequence is a proof of a conjecture made by van der Jeugt and Zhang [JZ],
which is apparently closely related to the conjectures made in [HKJ]. In particular
the composition multiplicities of the Kac modules are all either 0 or 1, a fact which
does not seem to follow easily from Serganova’s formula since that involves certain
alternating sums. We also formulate for the first time a conjecture for the characters
of the infinite dimensional irreducible representations in the analogue of category
O for the Lie superalgebra gl(m|n).

Inspired by ideas of Lascoux, Leclerc and Thibon [LLT], our approach is to
relate the finite dimensional representation theory of gl(m|n) to the structure of

the module
gmin = N"r o \'7,

where ¥ denotes the natural representation of the quantized enveloping algebra
U,(gly). By work of Lusztig [[J, Chapter 27], the module &™!" possesses a canoni-
cal basis {U,} and a dual canonical basis {Lx} (see Theorems B.6land B13), which
for the purpose of this introduction we parametrize via ([E4) by the set X (mn)
of dominant integral weights for gl(m|n). The entries of the transition matrices be-
tween these bases and the natural monomial basis { Ky} of & define polynomials
uuA(q) and 1,2 (q) for each pu, A € X (m|n):

Un= Y wn@K,  La= Y L@k

HEX+(m|n) REXH(m|n)
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The remarkable thing is that it is quite easy to compute these polynomials explic-
itly, because all the sl-strings in the crystal graph underlying the module &™" are
of length < 2; see Corollary for the explicit formulae. The main result of the
article shows that the polynomials u, x(q) evaluated at ¢ = 1 compute the composi-
tion multiplicities of the Kac modules; see Theorem [£.37and (4.39). Moreover, the
polynomials 1, x(—¢~!) coincide with the Kazhdan-Lusztig polynomials Ky ,(q)
defined originally by Serganova [S2], [S3], and so can be used to compute Ext’s
between Kac modules and irreducible modules; see Theorem [£51] and Corollary
4.52.
The module &™™ is a summand of the tensor space

g =R 0.

The latter also possesses a canonical basis {T)} and a dual canonical basis {Lx}
(see Theorems 17 and 2:23), which we parametrize via ([f4) by the set X (m|n)
of all integral weights for gl(m|n). For A € X+ (m|n) C X(m|n), the elements Ly
here coincide with the images of the elements with the same name in the previous
paragraph under the embedding &”" «— Z™"  The entries of the transition
matrices between these bases and the natural monomial basis {My} of ™" give
us polynomials ¢, x(¢) and I, x(q) for each u, A € X(m|n):

Ty = Z tux(q) M, Ly= Z Lia(@) M.

pEX (mln) pEX (mln)

These should be viewed as the true combinatorial analogues for gl(m|n) of the
Kazhdan-Lusztig polynomials of [KL], [Deo]. We explain an explicit algorithm to
compute t,,1(¢) in 2-], and conjecture, based on calculations with this algorithm,
that our polynomials share the positivity properties of the usual Kazhdan-Lusztig
polynomials; see Conjecture 2:28. We conjecture moreover that the polynomials
tu.a(q) evaluated at ¢ = 1 compute the composition multiplicities of the Verma
modules in category O; see Conjecture and ({34). This conjecture is true in
the case m = 0 by the original Kazhdan-Lusztig conjecture [KIJ for the Lie algebra
gl(n) proved in [BB], [BrK]; see Theorem E31|(i).

Returning to finite dimensional representations, let us now formulate the con-
jecture of van der Jeugt and Zhang proved here precisely, to give the flavor of the
combinatorics that arises. So let g denote the Lie superalgebra gl(m|n) over C,
labeling rows and columns of matrices in g by the ordered index set I(m|n) =
{-m,...,—1,1,...,n}. We work always with the standard choices h and b of Car-
tan and Borel subalgebras, consisting of diagonal and upper triangular matrices,
respectively. For ¢ € I(mn), let §; € h* denote the function picking out the ith
diagonal entry of a diagonal matrix. Put a symmetric bilinear form (.|.) on §* by
setting (6;]0;) =1ifi =35>0, —1ifi = j <0, and 0 otherwise. Let W = S,,, x S,
denote the Weyl group associated to gg, acting naturally on h*. We also need the
dot action of W on h*: w-A=w(A+ p) — p where p = =3, 1, 1,) ©0i-

Let X(m|n) C b* denote the set of all Z-linear combinations of the weights
{0i}icr(mn), and let XT(m|n) C X(m|n) denote the dominant integral weights,
namely, the weights A = Eie](mm) Ai0; € X(mln) with A_p,, > -+ > A1, >

- > M. Associated to A € Xt (m|n), we have the Kac module K()\) and its
unique irreducible quotient L()); see f4-a. We should note that there is no loss
of generality in restricting our attention to integral weights, since an arbitrary

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



KAZHDAN-LUSZTIG POLYNOMIALS 187

finite dimensional irreducible representation of gl(m|n) is either typical or can be
obtained from L(\) for some A € X (m|n) by tensoring with a one dimensional
representation.

Main Theorem. Let A € X T (m|n). Let r be mazimal such that there exist —m <
1< <ip<0<jp<---<j1 <nwith(Ap|d;, —0;,) =0 foreachs=1,...,r.
Let (k1,...,k,) be the lexicographically smallest tuple of strictly positive integers
such that for all 0 = (61,...,0,) € {0,1}", X+ >°"_, 0:ks(8;, — 8;,) is conjugate
under the dot action of W to a dominant weight, denoted Ro(\) € Xt (m|n). Then,
for each pn € X (m|n),

[K(u): L(N)] = { é Zt}l;ejwl;ee(?\) for some 6 = (04,...,0,) € {0,1}",

To prove the Main Theorem, we work with a different family of modules
{U(N) }aex+(m|n) called indecomposable tilting modules, following the general frame-
work developed by Soergel [So2] and extended to Lie superalgebras in [B2]. The
problem of computing the multiplicities of Kac modules in indecomposable tilting
modules is, roughly speaking, transpose to the problem of computing the com-
position multiplicities of Kac modules; see ([£16) for the precise relationship (a
twisted BGG reciprocity). The main step in the proof gives an explicit inductive
construction of the U(\)’s starting from the typical case, when U(A\) = K()), and
applying certain special translation functors that arise from tensoring with the nat-
ural module and its dual. Actually, we see eventually that the indecomposable
tilting modules in this finite dimensional setting coincide with the indecomposable
projectives (also injectives), but they are parametrized by highest weight rather
than by their irreducible quotients. Though one could just as well choose to work
with the latter more familiar labeling, the alternate parameterization seems to be
the one that emerges naturally when considering canonical bases. There are also in-
decomposable tilting modules denoted {T'(A)} xex (m|n) in category O, where again
they seem to correspond most directly to the canonical basis.

We now explain how the remainder of the article is organized. In sections 2 and 3,
we give the construction and properties of the canonical bases of the modules 7 ™™
and &™" from a purely combinatorial standpoint. Then in section 4 we describe
the representation theory of gl(m|n), working in two natural categories O,,},, and
Fm|n Whose Grothendieck groups are identified with the spaces 7 min and &mn,
respectively. In sections 2 and 3 we work exclusively in a p-shifted notation which
is more convenient for the combinatorics, replacing the set X (m|n) of weights with
the set Z™" of functions I(m|n) — Z. See ([@4) for the rule to translate between
the two notations.

2. TENSOR ALGEBRA

In this section, we define and study the canonical basis of the tensor space .Z ™.
We will work throughout over the field Q(g) of rational functions, where ¢ is an
indeterminate.

§2-a. Combinatorial notation. For m,n > 0, let S,,,, denote the symmetric
group Sy, X S, acting on the set I(m|n) = {—m,...,—1,1,...,n} so that S,
permutes {—m,...,—1} and S, permutes {1,...,n}. Thus S, is generated by
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the basic transpositions
Semg1 = (—m —m+1),...,501=(=2 =1),81=(12),...,8,-1 = (n—1 n).

Let Z™" be the set of all functions I(m|n) — Z. We call f € Z™" antidominant if
f(=m)>---> f(=1), f(1) <--- < f(n). Note that S,,,, acts on the right on zZmir
by composition of functions, and every f € Z™" is conjugate under this action to
a unique antidominant function. We also have the ‘flip’ w : Z™" — 7™ where
w(f) is the function I(n|m) — Z,i — f(—i).

Let P denote the free abelian group on basis {¢, | a € Z} endowed with a
symmetric bilinear form (.,.) for which the ¢, form an orthonormal basis. We view
P as the integral weight lattice associated to the Lie algebra gl . The simple roots
are the elements €, — g,41 € P for a € Z. The dominance ordering on P is defined
by u < v if (v — u) is an N-linear combination of simple roots (here and later
N =1{0,1,2,...}). Equivalently, u < v if

(2.1) D (wen) <D (vre)
b<a b<a

for all a € Z with equality for a > 0.
For f € Z"™"™ and j € I(m|n), define

(2.2) wt(f) = Y osgn(iepay,  wt(f) = Y sgn(i)es),

i€l(mln) j<i€l(m|n)

where sgn(i) € {£1} denotes the sign of i. The degree of atypicality of f € Z™" is
defined to be

(2.3) Hf.= % <m+n—z |(wt(f),ea)|> :

a€Z
If #f =0, then f is called typical. So f is typical if and only if

{f=m), s FEDFN{SA), - f(0)) = 2.

§2-b. Bruhat ordering. Introduce a partial ordering on Z™" by declaring that
g = fif wt(g) = wt(f) and wt;(g) < wt;(f) for all j € I(m|n). It is immediate
that if g < f then #g = #f. Using (2]), we see that g < f if and only if

(2.4) Z sgn(i) < Z sgn(i)
j<ieI(m|n) j<ieI(m|n)
g(i)<a f)<a
for all @ € Z and j € I(m|n), with equality if either a > 0 or j = —m. From this,
one gets in particular that g < f if and only if w(g) < w(f). In proofs, it will be
convenient to have a shorthand for the sums appearing in the inequality (24]), so
for f € Z™" a € Z and j € I(m|n) we abbreviate

#(f,a,7) = Z sgn(i).
J<i€I(mln)
f(H)<a

Thus, g < f if and only if #(g,a,j) < #(f,a,j) for all a € Z and j € I(m|n), with
equality for a > 0 or j = —m.
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Here is another description of the partial order. Let d; € Z™™ be the function
J ¥ sgn(i)d; ;, for each i € I(m|n). Write f | ¢ if one of the following holds:
(1) g = f —di+d; for some —m < i < —1,1 < j <n such that f(i) = f(j);
(2) g=f-(i 7) for some 1 < i < j < n such that f(i) > f(5);
(3) g=f- (i j) for some —m < i < j < —1 such that f(i) < f(j).
Then:

Lemma 2.5. f > g if and only if there is a sequence hi,. .., h, € Z™™ such that
f=hilLh =g,

Proof. (<) Obvious.

(=) We show by induction on (m+n) that if f = g are neighbors in the ordering,
then f | g. The case m+n = 0 is vacuous, so suppose m—+n > 0. Replacing f, g by
w(f),w(g) if necessary, we may assume in fact that n > 0. If f(n) = g(n), then we
are done by induction, so we may assume that a = f(n) < g(n) = b. We consider
two cases.
Case one: there exists 0 < @ < n with a < f(i) < b. Pick the greatest such i, so
each f(j) for j =i+ 1,...,n is either < a or > b, and set ¢ = f(i). We claim
that f = f- (i n) = g, whence f | g as required since f and g are neighbors.
For i < j and a < d < ¢, we have that #(f - (i n),d,j) = #(f,d,j) — 1, while
#(f-(in),d,j)=H#(f,d,j) for all other j,d. Therefore to prove the claim, we just
need to show that #(f,d,j) > #(g,d, ) for each i < j and each a < d < ¢. But by
the choice of i, we have that #(f,d,j) = #(f,b,7) > #(g,b,7) > #(g,d, j) since
g(n) =b.
Case two: each f(j) for j = 1,...,n is either < a or > b. From (wt(g),ep) =
(wt(f),ep) < 0, we deduce that there must exist —m < i < 0 with g(i) = b. Take
the greatest such i. Now we claim that f = g+ d; —d,, > ¢, so again f | g as they
are neighbors. To prove the claim, note that #(g + d; — d,,, d, j) = #(g, d, j) unless
j>idiand d=>b—1, while #(g +d; — dn,b—1,5) = #(g,0—1,j) + 1 for j > i.
Therefore we need to show that #(f,b —1,75) > #(g,b — 1, ) for each j > i. Now
observe that #(fvb - Lj) > #(fa bv]) > #(gabvj) > #(gvb - Lj)' U

For example, writing elements of Z22 as tuples,

(1,212,1) | (1,2[1,2) | (1,3[1,3) | (3,1[1,3).

It is worth pointing out that f € Z™!" is minimal with respect to the ordering just
defined if and only if f is typical and antidominant.
§2-c. The quantum group. Recall that the quantum integer associated to n > 0
is [n] := (¢™ — ¢ ") /(¢ — ¢~ ') and the quantum factorial is [n]! := [n][n—1]...[2][1].
Let — : Q(¢) — Q(q) be the field automorphism induced by ¢ +— ¢~. We will call
an additive map f : V — W between Q(q)-vector spaces antilinear if f(cv) =<f(v)
for all c € Q(q),v € V.

Let % denote the quantum group U, (gl ). By definition, this is the Q(g)-algebra
on generators E,, F,, K,, K, (a € Z) subject to relations

KK '=K,'K,=1,
KoKy = KpK,,
K By K1 = gCosmo) By,
K R K, = gCom =) R,
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Ka,a+1 - Ka—i—l,a

Ean - FbEa = 5a,b

q—qt
E.E, = E,E, if @ —b| > 1,
EiBEy+ EyE; = (q+q ) EJEyE, if o — ] = 1,
F,F, = Ry F, if @ —b| > 1,
F2F, + F,F2 = (¢+q Y F,F,F, if la —b| = 1.

Here, for any a,b € Z, K, denotes K(LKI:I. Also introduce the divided powers
B = E7/[r]! and E = E;/[r]!. We have the bar involution on %, namely, the
unique antilinear automorphism such that E, = Eq, F, = Fo, Ko = K L
We regard % as a Hopf algebra with comultiplication A : % — % ® % defined

on generators by

A(Ea) =1® Ea + Ea ® Ka+1,a;

A(Fa) :Ka,a+1®Fa+Fa®1a

A(K,) = K, ® K,.
This is the comultiplication from Kashiwara [K2], and is different from the one in
Lusztig’s book [I]. The counit ¢ is defined by e(E,) = e(F,) = 0, e(K,) = 1, the
antipode S by S(E,) = —EoKaat1,5(Fa) = —Kat1.aFa, S(Ka) = K 1.
§2-d. The space .7™"™. Let ¥ be the natural %/-module, with basis {v4 }ecz and
action defined by

Kqvp = qéa’bvb; Eyvp = 5a+1,bva7 Foop = 5a,b'Ua+1-
Let # = ¥* be the dual % -module, with basis {w, }.ez related to the basis of ¥
by (we,vs) = (—q) " *dqp. The action of % on # satisfies

1

Kawb - q_ a’bwb; anb - 6a,bwa+1; Fawb - 6a+1,bwa~

Let Z™n .= w®m @ ¥®" viewed as a % -module in the natural way. Recall that
Z™™ denotes the set of all functions I(m|n) — Z. For f € Z™" we let

My =wp(—m) @ QWp(—1) V1) @+ @ V().

The vectors { My} sezmin give a basis for g™ A vector v in a %-module M is

said to be of weight v € P if K,v = ¢“*=)v for all a € Z. The weight of the vector
My is wt(f), as defined in (2.2).

We will often work with a completion .Z7™" of 7" To define this formally,
let Zg(‘in denote the set of all f € Z™™ with f(i) < d for all i € I(m|n). Let 9;;'"
denote the subspace of 7" spanned by {Mf}fez’fl,”’ and let m<g : 7M™ — ﬂggll"

denote projection along the basis. The filtration (ker m<4)qez induces a topology
on the abelian group 7™"; see [Boul, Chapter 11, §2.5]. Let

oY T m|n

Fmin = lim 7,
denote the corresponding completion, and identify .7 with its image in Fmin,
The projections m<4 extend by continuity to give maps m<q : Fmin 9!;‘”. As

usual, we will view elements of FmIn as infinite Q(g)-linear combinations of the
basis elements {Mj} sczmi» Whose projections onto each ﬂg‘n are finite sums. A
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homomorphism 6 : .F™" — FmIn of abelian groups satisfying the compatibility
condition

m<q(u) = 0 implies T<q(0(u)) = 0 for all u € T™" and all d > 0

is automatically continuous, hence extends uniquely to a continuous endomorphism
of ™" In particular, the action of % lifts uniquely to a continuous action on
ﬂm‘”, since E,, F, and K, commute with 7<4 for all d > a.
§2-e. The Iwahori-Hecke algebra. Associated to the symmetric group S,
we have the Iwahori-Hecke algebra .77,|,,. This is defined as the Q(g)-algebra on
generators H_,,41,...,H_1,H1,..., H,_1 subject to relations

H}=1-(q—q "H,

HHiy1Hi = Hiv1HiHitq,

Hij:HJHz if |Z—j|>1
For x € S,,,, we have the corresponding element H, € J7,,, where H, =

H; ---H; ifx=s;--s; is a reduced expression for . The bar involution on
Hnn is the unique antilinear automorphism such that H, = H;}l, in particular

Hi=H;+(qg—q ")
We define a linear right action of J#,,, on 7 mIn by the formulae
MyH; = q "My if f=f-si,
My, —(q—q )My if f = f s
Since the action of 7, ,, commutes with all m<g, it lifts by continuity to Fmin, As
is well known (see e.g. [D2]), the actions of % and 7,,,, on ™" commute with
one another, hence the actions on the completion .7™!™ also commute.

§2-f. Some (anti)automorphisms. Let 0,7 : Z — % be the antiautomorphisms
and w : % — % be the automorphism defined by

U(Ea) = E*lfaa U(Fa) = Fflfa; U(Ka) = Kfav
T(Ea) = qilKa—i-l,aFm T(Fa) = anKa,a-i-h T(Ka) = Ko,
w(E,) =F,, w(F,)=FE,, w(K,) =K, *.

Let 7 : A, — ), be the antiautomorphism and w : 34, — ), be the
isomorphism defined by 7(H;) = H; and w(H;) = H_; for i € I(m — 1|n — 1).
Introduce the linear map

(2.6) w: gmn . gnim, My — M,

where w(f) is as in Note that w extends by continuity to a linear map
gmin — g7m Next let (.,.), be the symmetric bilinear form on 7" defined

by

(2.7) (My, M), =y

for f,g € Z™". Finally, define an antilinear map

(2.8) o gmn s gmins M M.

The form (.,.),, and the map o do not extend to the completion.
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Lemma 2.9. (i) wXuH) = w(X)w(uw)w(H) for ol X € %,H € A, and
uwe Fmin,
(ii) (XuH,v), = (u,7(X)vT(H)), for al X € % ,H € H},, andu,v € T™I".
(ili) o(XuH) = 7(0(X))o(w)H for all X € % H € H;,), and u € T™.
Proof. These are all checked directly for J77,,. To prove them for %, one first

checks that 7 and — o o are coalgebra automorphisms and w is a coalgebra antiau-
tomorphism of % . Hence it suffices to check (i)—(iii) when m +n = 1. O

§2-g. Generation. We proceed to prove that Fmin i generated as a topological
% -module by the vectors My for typical f € zmin,

Lemma 2.10. Suppose that f € Z™" and 1 < iy < --- < i, < n are such that
fG) == f(@ir) =a+1and f(j) # a,a+ 1 for all j € {i1,i1+1,...,n} —
{i1,...,ir}. Let f' be the function with f'(i1) =+ = f'(ir) = a and f'(j) = f(j)
forall j #1i1,...,4.. Then, for any g < f,

E((zr)Mg € 05 gMy + Z Z[q,q_l]Mg/.

g/_<f/
Proof. Take g < f. Recall the definition of d; € Z™™ from [§2-a] Note that E,(lr)Mg
is a linear combination of My’s where ¢’ = g —dj, —---—d,, for j1 <--- < j, €

I(mn) such that
. a if j, <0,
90) = { a+1 if j, > 0.
Let us show that for such a ¢’, we have that ¢’ < f’. By (Z4), we need to show
that #(g’,b,7) < #(f',b,7) for all b € Z and j € I(m|n). Since g <X f, we know
that #(g,b,7) < #(f,b,7). So we are done except possibly for b = a. Suppose
then that #(¢’,a,j) > #(f’,a,j) for some j. Say i1,...,is < j < isy1,...,% and

]17~'~7jt <] Sjt+17~'~7jr~ Then,
#(f,7a7j) < #(g/aavj) = #(gaavj) + (7“ _t) < #(fva,j) + (T_t)
= #(f,7a7j) - (T—S) + (T—t) = #(f’,a,j)—i—s—t.

Hence, we must have that s > ¢. This implies in particular that 7 > 0, and using
this we get that

#(g,a+1,7) 2 #(9', a,5) > #(f', a,5) = #(f,a + 1, ),
which is a contradiction. So indeed we must have that ¢’ < f’. Finally suppose that
g’ = f’. The assumption that f(j) # a,a+1for j € {i1,i1+1,...,n}—{i1,...,ir}
means that we must have j; <iy,...,j, <i,.. Hence, f < g. Since we started with
the assumption that g < f, we therefore have g = f which completes the proof. [

Twisting with w using Lemma Z9(i), we also have the analogous statement for

Fy):

Lemma 2.11. Suppose that f € Z™" and —m < i, < --- < iy < —1 are such that
f)=-=f(Giy) =a+1and f(j) #a,a+1 forall j € {-m,1—m,... i1} —
{i1,...,ir}. Let f' be the function with f'(i1) =+ = f'(ir) = a and f'(j) = f(j)

forall j #1,...,9.. Then, for any g < f,
Fy)Mg € 05 gMy + Z Z[q,q_l]Mg/.

g'=<f’
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Theorem 2.12. We can write each My as a (possibly infinite) Z[q,q *]-linear
combination of terms of the form Féfl) - -Fé:'g)Mg foray,...,as € Zyr1,...,r5s>1
and typical g € Z™™,

Proof. To prove the theorem, it suffices to show for each d € Z and f € Z™!™ that
we can write M as a finite linear combination of terms of the form Féfl) . Féfs)Mg
for typical g € Z™" modulo ker T<q. Sofixd € Z and f € Z™". There are only
finitely many g < f with m<qM, # 0. So proceeding by induction on the dominance
ordering, we may assume that every M, with g < f can be expressed as a finite
linear combination of terms of the form Féfl) . ~F¢£:S)Mg for typical g € Z™I"
modulo ker m<g4.

Let {a1 < a2 < -+ < as} = {f(—=m),..., f(—=1)} and let r = #{i € I(m]|0) |
f(@) = a;} for each t = 1,...,s. Choose k > 0 so that every element of the set
{f(=m) + k,..., f(=1) + k} exceeds every element of the set {f(1),...,f(n)}.

Define g € Z™" by
N0 if i >0,
9(0) = { fl) +k ifi<o.
Note that g is typical by the choice of k. Now consider

s (rs) -1 (rs—1) 1 (r1)
Fér Voo Fas+k—1F¢£:71 ). .Fas—lbrk—l e Féf Voo Falii-k—lMg'

One checks using Lemma [ZTT] that this equals My plus a Z[q, ¢~ ']-linear combina-
tion of M}’s with h < f. So we are done by the induction hypothesis. O

Corollary 2.13. Suppose 0 : Fmin . Fmin s o continuous U , Hy|n-bimodule

endomorphism fixing My for all typical antidominant f € 7™ Then 6 is the
identity map.

Proof. If f is antidominant, then MyH, = M., for all x € S,,,. So for typical
antidominant f we have that 6(My..) = 0(MsH,) = 0(Ms)H, = MyH, = My.o.
This shows that 6 fixes M, for all typical g € Z™" . Now using the continuity of 6
and Theorem [ZT2], we get that 6 fixes all M;. Hence by continuity again, 6 is the
identity map. O

§2-h. Canonical bases. We now follow ideas of Lusztig [Il Chapter 27] to define
a canonical topological basis of Zmn We should note that in loc. cit., Lusztig
only considers finite dimensional quantum groups, but the techniques generalize to
our situation on passing to the completion. The first step in the construction is
to introduce a bar involution on the space ™M that is compatible with the bar
involutions on % and on J,,,. The definition of this in Lusztig’s work involves
the quasi-R-matrix associated to %. One gets from [Ll §27.3] a bar involution
— . gmin _, Zmin that satisfies property (iv), hence (i), in the theorem below,
and that is compatible with the bar involution on %/. One then checks easily using
Lusztig’s definition that it is also compatible with the bar involution on J7,,,
giving the existence half of the prooﬁ\ of the theorem. We will sketch a direct
construction of the bar involution on 7™ below, independent of Lusztig’s work.

Theorem 2.14. There exists a unique continuous, antilinear map — : Fmin
T such that

(1) My = My for all typical antidominant f € zmln.
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(ii) XuH = XuH forall X € %,uc 9\’”‘”, H e A,,.
Moreover,
(iii) bar s an involution;
(iv) My = M+ (*) where (x) is a (possibly infinite) Z[q, ¢~ ]-linear combination
of My’s for g < f;
(v) w(u) =w(@) for allu € Fmin,

Proof. Let us first explain how to prove the uniqueness, and also the fact that bar
is necessarily an involution. Suppose that we are given two continuous antilinear
maps —, ~: Fmin _, gmin satisfying properties (i) and (ii). Then we can consider
the Comp051te map

o: g L gmin oy T

This is a continuous % %ﬂm‘n—bimodule endomorphism of Fmin fixing My for all
typical, antidominant f Hence, ¢ is the identity map_ by Corollary 213l In par-
ticular, this gives that u = u and @ = u for each u € Z™In, Finally, applying ~ to
both sides of the equation T = u gives that @ = @ for all u, whence uniqueness.

To get existence without appealing directly to Lusztig’s work, we need a little
more notation. For a partition A = (A > Ay > ---), let |A\| denote the sum of its
parts, 7(\) denote the total number of non-zero parts, and r,(\) denote the total
number of parts equal to s. Also let

p(\) =(1-— q2)r(k)(_q)—\kl H qrs(k)(rs(k)—l)ﬂ[rs()\)]!.
s>1

Finally, for ¢ € Z and a partition A, let amln Z™" denote the function i —
a+ A Let D;n‘n denote the set of minimal length stabg, (a;n‘n)\Smm—coset

representatives. For example, if A = (2,1, 1), then

Mog\z = w1 @ w1 Q@ ws X vy Q vy,
A

3|2
D)\ = {1, $-1,85-15-2,51,5-151, 5_15_251}.

Now define — : ™" — F™MIn to be the unique antilinear map satisfying the
following properties:

®m n _ l(x)
(B1) For a € Z, wg™ ® vg Z p(A) [ Z q Makm}

A with D?ﬂ\n
r(A)<m,n ve

(B2) If x € Sy, is the unique element of minimal length such that f -z is
antidominant, then My = My, H,

(B3) If all elements of {f(—m),...,f(=k —1),f(l+1),..., f(n)} are strictly
greater than all elements of {f( k),....,f(=1), f(1 ), .y f(D)} for some 1 <
k<m,1<I[<n,then

My= Y Ggbntgm) ®  ®wo—1) @ Ma ®Ug1) ® & Uy(ni),
geI(m—k|n—I)
heI(k|l)
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where
Wi(—m) @ QWp(——1) @ Vf(141) @ O Vf(n) = Z agMy,

gel(m—k|n—1)

W) @ @ W) B0y @ B = Y, buMy.
hel(k|l)

The following property is a consequence of (B1), and is useful in inductive argu-
ments. We omit the proof.

(B1)" For m,n >0 and a € Z,

—Sm o en 1
WwE™ @ 8" = w, @ wE™ Y @ @

" Mg - a ) D0 wan @ wd T @ 07TV @ v X,
1>1
where X =1+ qu:1 4.+ q"_lH;EI .- -Hfl.
For example:

wgbm ®@m vg@n —

=w™, v?”,
(_

We @ Vg = Wq Vg + (g —q 1) Q) T Watt ® Vo

>1

Now one checks easily that the map — : 7™ — Fmin just defined satisfies (iv),
hence (i), and (v). In particular, (iv) implies that bar is continuous, so it extends

uniquely to a continuous antilinear map — : Fmin _ Zmln Ope finally needs to
show that it satisfies (ii). This is done by a lengthy—but elementary—verification,
using (B1), (B1), (B2) and (B3) directly. We omit the details. O

Now we appeal to the following general lemma originating in [KL], also used
implicitly in [L} §27.3]. See [DIl, 1.2] for a short proof.

Lemma 2.15. Let (I,=) be a partially ordered set with the property that {j €1 |
j = i} is finite for all i € I. Suppose that M is a Q(q)-vector space with basis
{uitier equipped with an antilinear involution — : M — M such that T; = u; + (%)
for each i € I, where (%) is a Zlq,q"*]-linear combination of u;’s for j <i. Then
there exist unique bases {x;}ier, {yitier for M such that

(i) Ti = 2; and 77 = yi;

(i) @i € wi + 3 ;c7aZlgluj and y; € wi+ 3 ;c; q~'Zlg uy,
for each i € I. Moreover, the coefficient of w; in z; (resp. y;) is zero unless j =< i.

Applying this to the space 92:;'" for fixed d € Z, the basis {Mf}fezm\n and the
< <d
antilinear involution m<4 o0 — : 92;'" — 9!;‘”, we deduce:

. . d d
Lemma 2.16. There exist unique bases {T]E )}fez’g”L"’ {L; )}fezgjg” for yggl'" such

that
(1) ng(T;d)) = T]Ed) and ng(Lgcd)) = Lgcd);
.. d d — —
(i) Tf" € My + 3 pmnaZlg)My and L € My + 5 pming ™ Zla™"|M,.

Moreover, the coefficient of Mg in T;d) (resp. Lgcd)) is zero unless g < f.
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Passing to the completion gives us bases for Fmin,

Theorem 2.17. There exist unique topological bases {Tt} pezmin, {Lys}regmin for
FmIn such that
(i) Ty =Ty and Ly = Ly;

(il) Tf € My + 3 jcpmndZlalMy and Ly € My + 3 cpming™ Zlg 1My
Moreover,

(i) Ty = My + (%) and Ly = My + (xx), where (x) and (*x) are (possibly

infinite) linear combinations of My’s for g < f;

(iv) w(Ty) = Ty and w(Ly) = Lyp)-
Proof. Take e > d and f € Zgli". Consider the elements T;e) € 9;‘” and T;d) €
yg‘n given by Lemma Z-T600 We know that if m<q(u) = 0 then m<4(@) = 0. Hence
we have that T<a(m<g(u) —u) =0 for all u € FmIn - Applying this to u = TJSE) we
deduce that ng(ﬂgd(T;e))) = ng(TJSe)). Hence by the uniqueness in Lemma 2.T6]
we have that ng(T;e)) = T}d). Similarly, ng(Lgce)) = L;d). Hence, for all f € Z™I"
there exist unique elements T, Ly € Z™mIn such that

m<a(Ty) =T}, mca(Ly) = LY

for all d € Z and all f € Zz‘in. Using the lemma for each d € Z, one now easily

checks that these satisfy (i)—(iii), while (iv) follows from Theorem ZT4{v). O

We call the basis {Tf} rezmin the canonical basis of FmIn and {Ls}pegmin is
the dual canonical basis. Let us introduce notation for the coefficients: let

(2.18) Tr= > tor@My, L= Y lgslqM,
gezmin gezmin

for polynomials t,(q) € Zlg] and lyf(q) € Z[g~']. We know that t4 r(q) =

lgr(g) =0 unless g < f, and that t¢ ¢(q) =l r(q) = 1
Example 2.19. If m =n = 1, the bases {Tf} jezmin and {Ly} tezmin are
{wa @ vp | a,b € Z,a# b} U{w, ® vy + qWat1 @ vay1 | a € Z},
{wa @ vp | a,b € Z,a # b} U{w, ® v, — ¢ Wag1 @ Vag1
+ ¢ *Way2 ® Vag2 — - |a € L},
respectively.

§2-i. Duality. We wish next to explain the relationship between the bases
{Tt}pezmim and {Ls} pezmin. Recall the definitions 27) and ([2.8). Define a new

» on Fmin by

(2.20) (u,v), = (u,0(v)),

bilinear form (., .)

for u,v € FmIn_ Note that this makes sense, even though the expression ¢(7) may
not make sense in its own right. Indeed, it is clear that on expanding w and v in
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terms of the basis {M}, there are only finitely many f such that M} is involved
in w and M_y is involved in T. So we can interpret (u,o (7)), as

Z (u, Mf)9 (M*fvﬁ)ya
fezmin

all but finitely many terms in the sum being zero.

Lemma 2.21. (XuH,v), = (u,0(X)vr(H)), for all X € %,H € ), and
U,V € Fmin,

Proof. According to Lemma we have that
(XuH,v), = (XuH,o()), = (u,7(X)o(V)7(H)),

Lemma 2.22. The bilinear form (.,.), is symmetric.

Proof. Let us first show that (u, M), = (My,u), for all u € Fmn and typical
antidominant f € Z™/™. We need to show that (v, M_;), = (@, M_j),,, for which it
suffices to consider the special case uw = M. Then, (Mg, M_y), = 64, —f. Consider
(Mg, M_y),,. By Theorem R.I4(iv), it is zero unless wt(g) = wt(—f). So since —f
is typical, g must be too. By Theorem 2:14(iv),

M, = M, + (a linear combination of M}’s with h < g).

Since f is antidominant, we deduce that (My, M_y), = (Mg, M_y), = 6, —¢.

Now we show that (u, My), = (My,u), for all u € Z™" and all typical f €
7™ Let z € Spn|n be of minimal length such that f-x is antidominant. Then, by
the previous paragraph and Lemma [Z2T] we have that

<’LL, Mf>9 - <’LL, Mf'xTx*1>f7 = <’LLT$, Mf'9€>9
= <Mf-EvUTE>9 = <Mf-ETz—1au>9 = <Mfau>577
as required.

Now let us consider the general case. In view of Theorem Z12] we may assume
that v = XM, for typical g and X = F Fy) € 7% . Then, by the previous
paragraph and Lemma [2.21] we have that

(w,v), = (u, XMy), = (o(X)u, My),
= <M970(X)u>9 = <XMgau>9 = <Uvu>9'

This completes the proof. O

The following theorem characterizes {Ly} fczmi» uniquely as the dual basis to

{T_4}yezmin under the bilinear form (., .),, .

Theorem 2.23. For f,g € Z™", (L; T ), =d;,.
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Proof. Consider (Ly,T_4), = (Ly,0(T—y)),. We observe that Ly is equal to My
plus a ¢~ 'Z[g™!]-linear combination of Mj}’s with h < f. Also o(T-,) equals M,
plus a ¢~ 'Z[g~!]-linear combination of Mj,’s with h > g. Hence, (Ly,T_,), is zero
unless f = g, it is 1 if f = g and it is in ¢ 'Z[¢~ '] if f = g.

On the other hand, by Lemma2.22] (Ly,T_,), = (6(Lys),T—,),. Hence, arguing
as in the previous paragraph, (Ly,T_,), is zero unless f = g, it is 1 if f = g and
it is in ¢Z[q] if f = g. Since qZ[q] N ¢~ 'Z[g~'] = {0}, this completes the proof. [

Corollary 2.24. For f € Z™I",
My = Z t*fﬁg(qil)Lg = Z Lfﬁg(qil)Tg'

gezZmIn gezZmIn

Proof. By the theorem, we can write My = > 7. (Mg, T_g), Ly Now a com-
putation from the definition ([220) of the form (.,.), gives that (M;, T ,), =
t_t—g(q71). The second equality is proved similarly. O

§2-j. An algorithm. The goal in this subsection is to explain an algorithm to
compute T}d) (cf. Lemma [2T6) for each d € Z and f € Z@in. Assuming a

certain positivity conjecture which ensures that the T;d) converge to T in finitely
many steps, the algorithm can be modified to actually compute the canonical basis
elements Ty themselves.

The algorithm proceeds by induction on the degree of atypicality #f of f. To
begin with, we describe the base of the induction by explaining how to compute T’
(hence all T;d)) for typical f. If f is typical and antidominant, then we have that
Ty = My and we are done. Otherwise, we can find ¢ € I(m — 1|n — 1) such that
f-s; < f. We may assume by induction that T.,, is already known, and consider
the bar invariant element T, (H; + ¢), which we view as a first approximation to
Ty. It equals My plus a sum of terms p, r(¢)M, for polynomials p, ¢(q) € Z[q]
and g with g < f (there being only finitely many such ¢’s since f is typical). For
each such g with p, ¢(0) # 0, we make a correction by subtracting p,, ¢(0)T, from
our first approximation. The result is a bar invariant expression that equals My
plus a gZ[g]-linear combination of M,’s. This must be Ty by the uniqueness in
Theorem 217

We have just described the usual algorithm to compute the parabolic Kazhdan-
Lusztig polynomials associated to the Hecke algebra 7,),, [KL], [Deo]. To make
this precise, let us recall the definition of the latter, following [Sol]. Let f € Z™I"
be antidominant. Then, Sy := stabg,, (f) is a parabolic subgroup of S,,,. Let
J; be the corresponding parabolic subalgebra of J77,,,. Let 1, denote the one
dimensional right .%}-module on basis 1 with action 1H; = ¢~'1 for each H; € 7.
We consider the induced module 17, ®.z, H7,,- This has a basis given by the

elements MY := 1 ® H, as = runs over the set Dy of minimal length Sy\S,,|,-
coset representatives. The bar involution on 1,7, ®., 7, is the antilinear map
defined by 1 ® H, := 1® H,. The Kazhdan-Lusztig basis of 1,z ® ., 7, is the
unique bar invariant basis {C’g(gf )}xE p, such that
C e M) + 3 qzlgM{P).
yEDy
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The corresponding parabolic Kazhdan-Lusztig polynomials are defined from

o = ¥ milah,
yEDy

The relationship to our situation is as follows:

Lemma 2.25. Suppose that f is typical and antidominant. Then, for x € Dy and
gezm,

(f) .
i ‘ =/ € Dy,
tg.r2(q) { my.2(q) if g=f-y for somey € Dy

I ) otherwise.

Proof. Note that MyH; = ¢ 'Mjy for all H; € #;. So we get from Frobenius
reciprocity a unique J,|,-module homomorphism ¢ : 1,z Q@ Hnn — 7 min
under which M maps to My.,. By (B2) from the proof of Theorem 214, M., =
MH,. So 0(u) = 0(u) for each u € 10, @, Hnn- Therefore, H(C’if)) is bar
invariant, and it equals M., plus a gZ[g]-linear combination of other M,’s. Hence,
G(Cg(cf )) = T., by the uniqueness. This shows that for each x € Dy,

Tre= Y m{f)q) My,
yEDy

The lemma follows. (]

Remark 2.26. In the case m = 0, this lemma shows that in type A the parabolic
Kazhdan-Lusztig polynomials coincide with the coefficients of the canonical basis
of ¥®m". This is a well-known observation; see for example [FKK].

Now we describe the algorithm to compute T;d) for atypical f. We assume
therefore that we are given d € Z and f € Z;n(‘in with #f > 0, and that we

have already constructed an algorithm to compute Tg(e) for each e € Z and g with
g < #f. Let us wiite f- = (f(=m),..., f(=1)) and f1 = (f(1),..., f(n)).
Define a; to be the greatest integer that appears in both the tuples f_ and f;.
Now we iterate a certain bumping procedure:

Let ny,; be the number of entries equal to a; appearing in the tuple f,, and
label all such entries. If there are no entries equal to (a; + 1) appearing to the right
of labeled a;’s, move on to the next paragraph. Otherwise, let n; o be the number
of entries equal to (a; + 1) appearing to the right of labeled a;’s, and label all such
(a1 +1)’s. Next, if there are no (a1 +2)’s to the right of labeled (a1 +1)’s, move on
to the next paragraph. Otherwise let n; 3 be the number of (a1 + 2)’s to the right
of labeled (a; 4+ 1)’s, and label all such (a; + 2)’s. Continue in this way.

When the process just described terminates, we are left with a sequence nq i,

n1,2,...,N1 k for some k; > 1, where there are n; ; labeled (a1 +¢—1)’s in the tuple
f+. We define X; := Ei?irzll),l e E((L?ﬁ)E((L?l’l) and ag := aj + k1. If there are no

entries equal to as in the tuple f_, the bumping procedure is finished. Otherwise,
we need to repeat the bumping procedure but applied to f_ instead, as follows.
Let ng 1 be the number of entries equal to as appearing in the tuple f_, and label
all such entries. If there are no entries equal to (as + 1) appearing to the left of
labeled as’s, move on to the next paragraph. Otherwise, let ny 2 be the number
of entries equal to (ag + 1) appearing to the left of labeled as’s, and label all such
(a2 + 1)’s. Continue in this way until the process terminates.
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We are left with a sequence 121,122, ...,n2, for some ka > 1, where there are

ng; labeled (az +¢—1)’s in the tuple f_. Let X5 := Fé:i;;il . -Fé:j_’f)Fégz’l) and
as := ag + ko. This time if there are no entries equal to as in the tuple fy, the
bumping procedure is finished. Otherwise, we repeat the whole process once more
from the beginning, but using ag in place of a1, to construct X3, a4, X4,... and so
on.

When the bumping procedure finally ends, we are left with a sequence of mono-
mials X7,..., Xy and integers a; < ag < --- < ay+1. Increase all labeled entries in

the tuples f_, f4 by 1 and let h € Z™" be the corresponding function. Note that
#h < #f. So by induction, we can compute Tf(Le), where e = max(d,an+1). Now
consider the bar invariant element m<q(Xy - - 'Xle(Le)) € yg(;l", which is our first

approximation to T;d). By Lemmas [Z10] and [ZTT} it equals My plus a finite linear

m|n

combination of terms py, r(q)M, for polynomials py r(q) € Zlg,q7'] and g € Z7,
with ¢ < f. Now we make corrections to the first approximation. Let g < f be
maximal such that py r(q) ¢ ¢Z[g]. Let pj ;(g) be the unique bar invariant ele-
ment of Z[q, ¢~ '] such that plg,f(q) = pg,7(q) (mod gZ[q]). Proceeding by induction

on the ordering on ZZL(L", we may assume that Téd) is already known. Subtract

p; f(q)Téd) from the first approximation, to obtain a second approximation to T}d).

Repeating the correction procedure, we reduce in finitely many steps to a bar in-
variant expression that equals M plus a ¢Z[g]-linear combination of M,’s. This

must be T}d) by the uniqueness. We are done.

Example 2.27. We explain how to compute T(((;l,)4@|0,2,3) using the algorithm. The
bumping procedure proceeds as follows:

(0,4,10,2,3) “=(0,4,10,2,3) 2= (0,4,1]0,2,3)
).
Now, (0,5,2]1,3,4) is typical, so we can compute 7T§4(F4E3E2F1EoT((§7)572|17374)))

using the Kazhdan-Lusztig algorithm. It turns out that this equals Mg 4.1j0,2,3) +
M(1,4,111,2,3) Plus a gZ[g]-linear combination of lower terms. Now one computes

(1)
Thaanes

is rather lengthy). Finally one obtains

az=2

72 (0,4,10,2,3) “= (0.4, 10,

2,

oo

needed for the correction procedure by repeating the algorithm (which

4
T((o,)4,1\0,2,3) = M0,4,110,2,3) T 4M(1,4,0/0,2,3) + ¥M(4,0,1/0,2,3)

+ * M1 a111,23) + CMu0j0,23) + M2,

Note that there is no reason why we chose to start the bumping procedure with
f+ in describing the algorithm. One could also start the bumping procedure with
f—, increasing all entries in f_ equal to a; by 1, and so on. In practice, one should
always choose to start with the side for which the resulting word Xy --- X; € %
is as short as possible. In the present example, it is better to start the bumping
procedure with f_, since then there is only one step:

al =0

(0,4,1[0,2,3) “=(0,4,1]0,2,3).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



KAZHDAN-LUSZTIG POLYNOMIALS 201

Thus, we need to compute 7T§4(F0T((14_ )4 1‘023)) instead, which is much quicker
as only one generator of % needs to be applied. It turns out that this equals
T(((i)471|17273) directly (indeed it already equals T(g4,1]1,2,3)), With no corrections
needed.

Computer calculations using the above algorithm support the following positivity
conjecture:

Conjecture 2.28. Let f € Z™I".

(i) The coefficients ty r(q) of Ty when expanded in the basis { Mgy} ezmin belong
to NJq].

(ii) The coefficients ly ¢(q) of Ly when expanded in the basis { Mg} jezmin belong
to N[—¢~1].

(iii) For each a € Z, f € Z™™ and r > 1, the coefficients of E((zr)Tf and FéT)Tf
when expanded in the basis {1y} czmim belong to Nlg, 1.

(iv) For each a € Z, f € Z™"™ and r > 1, the coefficients of E((LT)Lf and FéT)Lf
when expanded in the basis {Lg} jezmin belong to Ng, q~].

If this positivity conjecture is true, it follows in particular that each Ty belongs to
Z™I" rather than the completion é\m‘”, i.e. each Ty is a finite linear combination
of My’s. To see this, we modify the above algorithm to obtain an algorithm that
computes T itself (not just the T}d)’s) in finitely many steps, as follows. To start
with, one follows the bumping procedure to obtain i and the elements X1,..., Xy €
% exactly as above. Since #h < #f, we may assume that T}, is known inductively
and is a finite sum of M,’s. Consider Xy --- X1T}, € F™" and choose e to be
minimal so that Xy --- X1 T}, € ﬂféln. In view of Conjecture2Z28(iii), Xn --- X1T}
equals Ty plus a N[g, ¢~ !]-linear combination of Ty’s. So by Conjecture 228(i), we
must have that T € 9!;‘”, hence Ty = T;e). Now follow the above algorithm to

compute T}e) .

§2-k. Crystal structures. Finally in this section, we review some results of
Kashiwara; see e.g. [K2] for the basic language used here. Let <7 be the subring of
Q(q) consisting of rational functions having no pole at ¢ = 0. Evaluation at ¢ = 0
induces an isomorphism &/ /qo/ — Q.

Let ¥ be the o/-lattice in ¥ spanned by the v,’s, and let #,, be the o/ -lattice
in # spanned by the w,’s. Then, ¥, together with the basis of the Q-vector
space Y /qVw given by the images of the v,’s is a lower crystal basis for ¥ at
g = 0 in the sense of [K2| 4.1]. Similarly, #,, together with the basis for #.,/q# s
given by the images of the w,’s is a lower crystal basis for # at ¢ = 0. Let
y;‘n = ng Qo ”//gn be the «7-lattice in 7™ spanned by the My’s. Then,
by [K2, Theorem 4.1], ﬁ;‘n together with the basis for 9;|n/qy;\n given by
the images of the My for f € Z™" is a lower crystal basis for 7™" at ¢ = 0.
Moreover, we can easily describe the associated crystal graph using Kashiwara’s
tensor product rule.

To do this, let us identify the set {My + qﬂgln}fezmm underlying the crystal
basis with the set Z™" in the obvious way. Then, Kashiwara’s crystal operators
induce maps E/, F! : Z™" — 7™ {@}. (We are using E!, F! because E,, F,
are used for something else later on.) Fix a € Z and f € Z™". The a-signature
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(0—ms---y0-1,01,...,0,) of f is defined by

+ ifi>0and f(i) =a,orifi <0and f(i) =a+1,
(2.29) o;=4 — ifi>0and f(i) =a+1,orifi <0 and f(i) = a,

0 otherwise.
From this, we form the reduced a-signature by successively replacing subsequences
of the form +— (possibly separated by 0’s) in the signature with 00 until no —
appears to the right of a +. Recall the definition of d; € Z™" from[§2-al We define

I () = [ if there are no —’s in the reduced a-signature,
et/ | f—d; if the rightmost — is in position j € I(m|n),
and
F(f) = %) if there are no +’s in the reduced a-signature,
a¥ /| f+d; if the leftmost + is in position j € I(m|n).
Also let

ea(f) = max{r > 0] (E,)"(f) # 0}
= the total number of —’s in the reduced a-signature,

wa(f) = max{r > 0| (F)"(f) # 0}

= the total number of +’s in the reduced a-signature.

Then, the datum (Z™" E’ F! ¢ ¢! wt) is the crystal associated to the module
gmin,
Example 2.30. Consider the function f = (3,6,2,0,2,1|3,2,1) € Z53. The 2-
signature is (4,0, —,0, —,0|—, +,0). Cancelling off +— pairs, we deduce that the
reduced 2-signature is (0,0,0,0,—,0|—, +,0). Hence, the 2-string through f in the
crystal graph is

(3,6,2,0,3,1/2,2,1) 22 (3,6,2,0,2,1]2,2,1) =2 (3,6,2,0,2,1|3,2, 1)

F:
—(3,6,2,0,2,13,3,1).

Theorem 2.31. Let f € Z™" and a € Z.
(i) BETf = [ap;(f) + 1]TE;(f) + X gezminty ;Tg, where the coefficient ug , be-
longs to ¢~ %<9 Z[q] and is zero unless €,(g) > €} (f) for all b € Z.
(i) F,Ty = [5;(f)+1]TI;ﬂé(f)—l—zgezm‘nv;’ng, where the coefficient vy ; belongs
to g2 Z[q] and is zero unless @, (g) > ¢, (f) for all b € Z.

(In (i), resp. (ii), the first term on the right-hand side should be omitted if E(f),
resp. F.(f), equals &.)

Proof. Fix d € 7Z, and consider .7 = 9;;'", which is an integrable module in the

sense of [K1|, 1.3] with respect to the subalgebra of % generated by all E,, F,, Kfl
for a < d, b < d. Let 9 (resp. Jp) be the &7~ (resp. Qlg,q ]-)lattice in T

spanned by the basis elements {My} fezmin- Let Jo = m<a(J), an /-lattice in

7. The canonical map Jp N % N Joo — /9% is an isomorphism; this follows
at once from Lemma [2T6] since that shows that all three lattices are generated by

the elements {T}d)} fezmin: The preimage of the crystal basis element M + ¢.%
<d
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is T} ) for each f € Zm‘n. In the language of Kashiwara [KI], this shows that
(T, %, Too) is a balanced triple, and that {T;d)} Fezmin is a lower global crystal
<d

basis for 7 at ¢ = 0.
Now we get from [KI Proposition 5.3.1] (which is about upper global crystal
bases) and an argument involving duality [KT, §3.2], that

d d
E T( = [@a(f) é/)(f + Z ug fT
gezm\n

where the coefficient uj , belongs to ¢>%97q] and is zero unless &)(g) > &} (f)
for all b < d. Taking the limit as d — oo, we get (i). The proof of (ii) is similar. O

We will also meet certain dual crystal operators on Z™™. Define
(2.32) Ey(f)==FL_o(=f),  Fi(f)=—ELi_o(=)),
(2.33) ealf) =1 o(=f),  ea(f) =eli_o(=1)
These can be described explicitly in a similar way to the above: for fixed a € Z and
f ez let (0_pm,...,0-1,01,...,0,) be the a-signature as defined in ([229).

Form the dual reduced a-signature by successively replacing sequences of the form
—+ (possibly separated by 0’s) with 00 until no — appears to the left of a +. Then:

I “(f) = 0 if there are no —’s in the dual reduced a-signature,
f —d; if the leftmost — is in position j € I(m|n),
and
Fr(f) = 0 if there are no +’s in the dual reduced a-signature,
e/ f+4d; if the rightmost + is in position j € I(m|n).
Also
e (f) = the total number of —’s in the dual reduced a-signature,

©x(f) = the total number of +’s in the dual reduced a-signature.

In this way, we obtain the dual crystal structure (Zm‘”, E;, Fa*, gk, 0%, wt) on the
underlying set Z™I",

Theorem 2.34. Let f € Z"™"™ and a € Z.
(i) EoLy = [eX(f)]L - () +/igezm\n wg Ly, where the coefficient wg ; belongs
to ¢*==a(N7Z[q] and is zero unless p;(g) < i (f) for all b € Z.
(i) FoLys=[ei(f)]Lp w(n dezm‘ﬂ 9.7 Lg: where the coefficient z{ ; belongs
to ¢?>=%a(N7[q] and is zero unless eb(g) <e;(f) for all b e Z.

Proof. Dualize Theorem 2.31] using Theorem [2:23] and Lemma [2:21] O

3. EXTERIOR ALGEBRA

Now we descend from the tensor space ™" to &™I". We continue with the
same notation as in section 2.

§3-a. The space &™I™. Let wy denote the longest element of Span- Let

(3.1) Hy:= > (=q) @ IH, € #,,.
IESm‘n
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The first lemma summarizes some elementary properties.

Lemma 3.2. The following properties hold:

(i) H;Hy = —qHo = HoH, for anyi € I(m — 1jn —1);
(11) H() = Ho,
(i) Hy = —[m]![n]'Ho;
(iv) HO = T(HO)
(v) the map w: ), — 0 maps Ho € ), to Ho € Ky,

Proof. Part (i) is an easy exercise. For (ii), use [Soll Proposition 2.9] and apply
the map dia there. For (iii), one gets at once using (i) that

Hy = Y (=g H,Hy= Y~ (—q)* @ o) f,
xesm\n :CES.,”‘.,L

Now use the well-known formula for the Poincaré polynomial of S,,),, to rewrite the
sum. Finally, (iv) and (v) are obvious. O

Let &™n .= gmnH, a % -submodule of .Z™". Note that &™" is the ¢
analogue of the exterior power A" # @ \" ¥ . Form the completion Emin = ?”””Ho
as in By Lemmas Z9(i) and B2(v), the restriction of the map w : Fmin _,
9”‘“” is an isomorphism w : Fmin _, gnim

We will call f € Z™"™ dominant if f(—m) < --- < f(=1), f(1) > --- > f(n).
We warn the reader that the inequality signs here are strict, unlike in the earlier
definition of antidominant! Let ZT'" denote the set of all dominant f € Z™". For

Fez™ let

(3.3) K= My, Hy € &™.

The following lemma implies that the {K} fegmin form a basis for & min,
+

Lemma 3.4. Suppose f € Z™" and let z € Simln e the unique element of minimal
length such that f - x is antidominant. Then,

()" Kjpy  if frawy is dominant,
MyHo = { 0 otherwise.

Proof. We have that My = My.,H,-:. So applying Lemma B2(i), MsHy, =
My.H,—+Hy = (—q)Z(I)Mf.IHO. Finally, note that if f - zwg is not dominant,
then My.,Ho = 0. O

§3-b. Canonical bases. Since Hy = Hy by Lemma [3.2(ii), the bar involution on
FmIn Jeaves &™I" invariant. Moreover, for dominant f, Kf = Mj.,,, Ho. So using
Lemma [3.4] and the explicit description of My.,, given by (B1) and (B3) in the
proof of Theorem 214, we see that K; = K+ (x), where (x) is a (possibly infinite)
™ with g < f. Moreover, for typical
dominant f, we have that K_f = K. As in Theorem 2.14, these properties uniquely

Z[q, ¢~ *]-linear combination of K,’s for g € Z

characterize the bar involution on &™I™:

Theorem 3.5. There exists a unique continuous, antilinear map — : gEmin _, gmin
such that

(i) Ky = Ky for all typical f € ZT‘”

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



KAZHDAN-LUSZTIG POLYNOMIALS 205

(i) Xu= X for all X € % and u € &Emin.
Moreover,
(iii) bar is an involution;
(iv) K = K+ () where (x) is a (possibly infinite) Z[q, ¢~ *]-linear combination
of K4’s for dominant g < f;
(v) w(u) = w@) for allu € E™".

Proof. We have already proved the existence above. For uniqueness, note on apply-
ing Hy to the conclusion of Theorem .12 that we can write each Ky as a possibly
infinite linear combination of X,K,’s for X, € % and typical g € ZT'
in Corollary [2:13] the only continuous % -endomorphism of &mIn that fixes K ¢ for

m|n

n
. Hence, as

all typical f € Z," is the identity map. Now using this one gets uniqueness by
exactly the same argument as in the proof of Theorem O

Now applying the general principles used in the proof of Theorem 217 we de-
duce:

Theorem 3.6. There exist unique topological bases {Uf}erf""’ {Lf}erf"" for
Emln such that
(i) Uy =Uy and Ly = Ly;
(i) Uy € Kj+ 3 cpmindZlgKy and Ly € Ky + 3, pming ' Zlg K,
Moreover,
(i) Uy = Ky + (%) and Ly = Ky + (xx), where (%) and (xx) are (possibly

infinite) linear combinations of K,’s for dominant g < f;
(iv) w(Uy) = Uypy and w(Ly) = Ly (5)-

We use the following notation for the coefficients:

(3.7) Ly= Z lg,f(a) Ky, Uy = Z ug, 1 (q) Ky,

gEZT‘" gEZZ“”

for polynomials Iy £(q) € Z[g™],ug,¢(q) € Z]q]. We know that Iy ¢(q) = ug,(q) =0
unless g < f, and l5 t(q) = uy,s(q) = 1.

Note that Ky = My + (), where (x) is a ¢~ 'Z[¢™']-linear combination of M,’s.
So the element Ly defined in Theorem is bar invariant and equals My plus
a ¢~ 'Z[g~')-linear combination of M,’s. So by the uniqueness in Theorem Z17]
the elements Ly and the polynomials I, ;(g) defined here are the same as the ones
defined in for dominant g, f. Thus our notation is consistent with the earlier
notation. The relationship between the elements Uy here and the T’s from before
is given by:

Lemma 3.8. For f € ZT'", Up = Tp.p,Hop.

Proof. Note that T't..,,Ho is a bar invariant element of &™In Recall that Tt wo
equals My.,,, plus a gZ[g]-linear combination of Mg’s. So applying Lemma B4]
T.woHo equals Ky plus a gZ[g]-linear combination of K,’s. Hence Ty..,,Ho = Uy
by the uniqueness in Theorem B.6l. O
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§3-c. Duality. Recall the antilinear involution o : 7™/ — F™" defined in (Z.8).
In view of Lemmas ELO(iii) and B.2(ii), this leaves the subspace &™I" invariant.
Indeed, by Lemma[34 we have that

(3.9) o(Ky) = (=) K fou,
for each f € ZT'". Let (.,.), be the bilinear form on &™" defined so that the
elements {Ky} ,_,mi are orthonormal. Note by Lemmas E(ii) and [B2(iii) that
+
(Kf7 Kg)g = (Mf'on07 Mg'onO)ﬂ = _[m]![n]!(Mf'on()? Mg~w0)9
= —(=¢) " [m]\[n]!d,q-

Hence,

(3.10) (u,v), = —W(u,v)g

for all u,v € &™I". Finally, define a bilinear form (.,.), on gmin by setting

(3.11) (u,0), = (—q)~"") (u, 0 (D)),

for all u,v € &™". Comparing with the definition of the form (., ), from (Z20)
and using BI0), one sees immediately that

1
(3.12) (u,v), = —W<U,U>9

for all u,v € &™In . Hence in particular we get from Lemma [2:22] that the form
(.,.), is symmetric.

Theorem 3.13. For f,g € ZT'", (Ly,U_gowe)e = Of,g-

Proof. Since Ly € &m™I" | we have by Lemma [3.2/(iii) that LyHy = —[m]![n]'Ly. So
applying Theorem [2.23] and Lemmas [3.8] and 2:21], we have that

<Lf7 U—g~w0 >é”

Lf’T—9H0>37 = - <LfH0aT—g>9

1 1
[m]![n]! [m]![n]!

= <Lf7T*g>9 = 6fvg'

By the theorem and the argument used to prove Corollary 2224] we get:
\
Corollary 3.14. For f € ZT "

Kp= 3 tfuwo—guo(@ Vg = D I-fup—guo(a )y
m|n

gez" g€z

§3-d. Crystal structures. Next we describe the crystal structure on & min - fol-
lowing the same language as in [§2-K. Recalling (B3), let

(3.15) Eo(f) = (EL(f - wo)) -wo,  Fulf) := (Fy(f - wo)) - wo,
(3.16) ea(f) =cea(f-wo),  @alf) = @u(f - wo)

for f ¢ ZT‘”. Then, (ZT‘”,EG,Fa,ea,wa,wt) is the crystal associated to the %-
module &™". Actually, the crystal structure is so simple in this case, that we can
list all the possibilities explicitly. There are ten possible configurations for edges of
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color @ in the crystal graph, listed below. Here, ... denotes entries different from
a,a+ 1.
(1) (...,a,a+1,...|...;a+1,a,...);
@) (.oaa+1,... ). a2 (L aa+ 1, at 1)
3) (.oya+1,...|...,a+1la,...) 25 (.a...|...,a+1,a,...);
@) (oa+1,. a2 (. e
Lo ay ] a1,
B) (..,a+1,.0 ] a4+ 1,000,
6) (...,a,a+1,...]...);
(7) (..]...,a+1,a,...);
F‘a
@®) (..|-.vya, )—>(;..|...,a—|—1, );
Fa
9 (..,a+1,...]...) (cooyay.o|o);

We also have the dual crystal (ZT'", E*, F* &% ¢ wt), where E*, F* ¢* and ¢} are
the restrictions of the functions from [§2-K to ZT‘”. Combining (2:32) and [B15),
we have that

(3.17)  Ei(—f wo) = —F_1_a(f) - wo, Fr(—fwo) = —E_1_(f) - wo.

Again, there are ten possible configurations for the edges in the corresponding dual
crystal graph, all of which are exactly the same as (1)—(10) above (replacing F,
with F¥) with the exception of (4) and (5) which change to

P
4*) (..,a+ 1, | a,.00) =2 (oa+ 1,00 ccat 1,000
Lo ay ] a1,

Remark 3.18. In (331 and Lemma B32(v) below we will define mutually inverse
bijections L,R : ZT'" — ZT'". By considering all the above cases (1)—(10) one by
one, it is not hard to check that L satisfies, indeed is characterized uniquely by, the
following properties

(1) if f e ZT‘” is typical then L(f) = f;

(2) for every a € Z and f € ZT'", EXL(f) =L(E.f) and FYL(f) = L(Fof);

(3) for every f € ZT'", wt(L(f)) = wt(f).
Hence, L : (ZT‘”,E‘G,Fa,aa,wa,wt) — (ZT'",E;,F;,ag,wg,wt) is an isomorphism
of crystals with inverse R.

The crucial observation to be made from the above description of the crystal
graph is that all a-strings are of length at most 2. The following lemma is a
consequence of this particularly simple structure.

Lemma 3.19. Let f € ZT'" and a € Z.

(i) Ifeq(f) >0, then E,Us = [po(f) + 1]UEa(f)'
(11) If @a(f) > 0, then Fan = [a;(f) + 1]Uﬁ'a(f)-
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Proof. We prove (i), (ii) being similar. Dualizing Theorem [234(i) using Theo-
rem and Lemma [2:27] (or by considering the effect of the Kashiwara opera-
tors directly and arguing as in the proof of Theorem [Z31)) gives us that E,Uy =

lpa(f)+1Ug, )+ dezrm yg Ug, where y5  belongs to q>~%+(97][q] and is zero
unless e,(g) > ep(f) for all b € Z. Suppose that Yg r 7 0for some g. By assumption,

ea(g9) > €a(f) > 1, so pa(g) < 1 since all a-strings are of length < 2. Therefore,
0#ygs€ qZ[q]. But Yg. ¢ is bar invariant, so this is a contradiction. (]

§3-e. Two algorithms. In this subsection, we describe algorithms to compute
the canonical basis {Uy} and the coefficients {l, ¢(¢)} of the dual canonical basis of
&™™ explicitly. The first algorithm computes U t, and is similar to the algorithm for
computing the Tf’s explained in[§2-] — but it is much simpler since no corrections
are needed thanks to Lemma [3.T9.

Procedure 3.20. Suppose we are given f € ZT'" with #f > 0. Compute h € ZT‘”
and operators X,,Y, € {Eq, F, }aez by following the instructions below starting at
step (0).
(0) Choose the largest i € {—m,...,—1} such that f(i) = f(j) for some j €
{1,...,n}. Go to step (1).
(1) fi< —1and f(i+1)= f(i)+ 1, replace i by (i + 1) and repeat step (1).
Otherwise, go to step (2).
(2) If f(i) +1 = f(j) for some (necessarily unique) j € {1,...,n} go to step
(1)". Otherwise, set X, = Fy(;),Ys = Ef(;) and h = f —d;. Stop.
(1)) fj>1and f(j —1) = f(j) + 1, replace j by (j — 1) and repeat step (1)’.
Otherwise, go to step (2)'.
(2)" If f(j)+1 = f(i) for some (necessarily unique) ¢ € {—m,...,—1} go to
step (1). Otherwise, set X, = Ey(;), Yy = Fy(;) and h = f + d;. Stop.

The following lemma follows immediately from the nature of the above procedure
and Lemma BT

Lemma 3.21. Take f € ZT‘” with #f > 0. Define h and operators Xg,Y, €
{FEa, Fu}acz according to Procedure[3.200 Then, one of the following holds:

(i) #h = #f. In this case, the a-string through f is h KXo, f, of length 1.
Moreover, X Uy = Uy, YUy = Uy and X, K = Ky.

(ii) #h = #f — 1. In this case, the a-string through f is h X, f Xa, g, of
length 2. Moreover X Up = Uy, Y Uy = [2]U, and X Kp = Kf—i-qK;(*(h),

Case (ii) (when the atypicality gets strictly smaller) must occur after at most
(m + n — 1) repetitions of the procedure. Hence after finitely many recursions,
the procedure reduces f to a typical weight.

Lemma [3.ZT] implies the following algorithm for computing Uy. If f € ZT‘”
is typical then Uy = Ky, since such f’s are minimal in the ordering < in ZT'".
Otherwise, apply Procedure B.20] to get h € ZT‘” and X, € {E,, Fa}acz. Since
the procedure always reduces f to a typical weight in finitely many steps, we may
assume Uy, is known recursively. Then Uy = X U,
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Example 3.22. Applying the algorithm repeatedly, we get that
U0,1,3,412,1,0) = Fal3 Es FA Fs Fy Es Fo By Fo K (1,3 5, 6)4,2,0)
= K0,1.3412,1,0) T 0K 3.40606.2,1) + 0K (03,4,55,2.0) T €K (3,45,606.,5,2)-

In the next subsection, we will apply the above algorithm to derive a closed
formula for Uy. We turn now to describing the second algorithm, which computes
the polynomials I, ¢(g). It will not be needed until [§4-1] below. First we state a
variation on Procedure

m|n

Procedure 3.23. Suppose we are given g € Z+| with #¢g > 0. Compute h € Z
and operators X,, Y, € {Eq, Fu}aez by following the instructions below startmg at
step (0).
(0) Choose the smallest i € {—m,...,—1} such that g(i) = g(j) for some
je{l1,...,n}. Go tostep (1).
(1) Ifi>—-mand g(i —1) = g(i) — 1, replace i by (i — 1) and repeat step (1).
Otherwise, go to step (2).
(2) If g(i) — 1 = g(j) for some (necessarily unique) j € {1,...,n} go to step
(1). Otherwise, set h = g+ d;, X, = Eh(z) and Yy = F,(;). Stop.
(1) If j <nand g(j +1) = g(j) — 1, replace j by (j + 1) and repeat step (1)’
Otherwise, go to step (2)'.
(2)" It g(j)—1 = g(i) for some (necessarily unique) i € {—m,...,—1} go to step
(1). Otherwise, set h = g —d;j, Xq = Fj(;) and Y, = Eh(]) Stop.

Lemma 3.24. Suppose g, f € ZT'" with #g > 0. Define h and operators X,,Y, €
{E4, Fa}acz according to Procedure[T23 Then,

lyf(—q1) = by (=) if #h = #g,
ot lff;( (¢ ") +dlg, gy (—a") if#h=H#g-1,

interpreting lhy*(f)(—q_l) as 0 if Y (f) = @.

Proof. Let f,g € Zm‘n with #f > 0. Apply Procedure to construct h and op-
erators X,,Y, € {Ea, F,}acz. Apply the operator X, to both sides of the equation

Z I howo,—kwo (@~ 1)Uk

m|n
kezy

from Corollary BT4l In the case that #h = #f, we know by Lemma B21 that h,
hence also all k € ZT'" with the same weight as h, is at one end of an a-string of
length 1. So by Lemma 319, X, Uy = U}"(a(k) for all k with [_p.pg, ke (g71) # 0.
Hence,
Ky =X.Kp, = Z I hewo, —k-wo (q_l)UXu(k)'
kez"
On the other hand, if #h = #f — 1, then h, hence also all k of the same weight as

h, lies at one end of an a-string of length 2, so X, Uy = U)"(a(k)' We also know from
Lemma [32T] that X, K, = Ky + qKX*(h). So in this case,

Z l h-wo,— k’u}o(q X (k) —q Z l h) wo,— g~w0(q71)Ug'

mn
kez? hez
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Now compute the coefficient of U, in the above expressions for Ky using Corol-
lary B.14] again, to get

l,h.wo,ff/a(g)wo ((I*i) ?f Hh = #T,
L pwo,—gwo(@1) = § Tohowo,~Va(g)wo () if#h=#f -1,
_Qij(;(h).wO’,g_wo(q_ )

interpreting lfh-wo,fYa(g)wo (q) as 0 if f/a(g) = @. The lemma follows from this,
replacing f by —g - wg and g by —f - wy and using [3.I7)), since Procedure B.23 is
just Procedure B20l twisted by the involution f +— —f - wy. d

Now to compute Iy r(—g~ '), we have that I, ;(—g~') = d, ¢ if g is typical, and
it is 0 if ¢ A f. Otherwise, if #g > 0 and g =X f, apply Procedure B.23] and
Lemma to write Iy r(—¢~') in terms of Zhy;(f)(—q_l) and (in case #h =
#g—1) lXa(h)’f(—q_l), and repeat. This process terminates in finitely many steps,

because h is closer to being typical than ¢ in the sense of Procedure[3.23] and f(a(h)
is closer than g to failing the condition g < f. Note that this algorithm shows in
particular that I, ;(—¢~') € N[q], as also follows from the explicit description given
in Corollary B39(ii) below.

§3-f. Combinatorial description of canonical bases. We now introduce some
combinatorics to enable us to write down closed formulae for the canonical basis
and dual canonical basis elements. The material in this subsection was inspired
originally by [JZ]. Suppose f € Z™™ is conjugate under the action of Smin to
an element of Zm‘n. We will denote this “dominant conjugate” of f by f*. For
—-m<i<0<j § n with f(i) = f(j), let

(3.25) Lij(f) = f —aldi — dj),

where a is the smallest positive integer such that f — a(d; — d;) and all Ly ;(f) —

a(d; —d;) for i <k <0 <1< jwith f(k) = f(I) are conjugate to elements of Zmln
Similarly, let

(3.26) R;j(f) = f +b(di — d;),

where b is the smallest positive integer such that f + b(d; — d;) and all Ry ;(f) +
b(d; — dj) for —m < k <i,j <l <n with f(k) = f(I) are conjugate to elements of
AR

Now take f € Z"". Let r = #f and —m < iy < -+ < ip <0 < jp < -+ <
j1 < n be the unique integers with f(is) = f(js) for each s =1,...,r. For a tuple
0= (01,...,0,) € N, |0] denotes 01 + - -+ + 0,.. Let

0, 0r 1 9 +
(3.27) Lo(f) = (Ll oLl 0oLl ()
(3.28) = (Lel oL oLy (f))+
11,J1 12 j2 UryJr )
0. +
(3.29) - ( i1 © zz g2 07770 Rivywj"'(f)) ’
61 +
(3'30) = ( iy Jr % 1 jy 190000 R‘ihh (f)) :
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Note that Ly(f),Le(f) = f < Ra(f),Ry(f). The operators Ly and Ry will only ever

be used for 6 belonging to the set {0,1}". In the special case that 61 = --- =6, = 1,
we let
(3.31) L(f) :=Le(f),  R(f):=Re(f).

The following combinatorial lemma lists some elementary properties of the lowering
and raising operators, which follow immediately from the definition.

Lemma 3.32. Let f € ZT'" andr = F#f.
(i) Suppose § € N" and let ¢ = (0,,...,61). Then, Ro(—f - wo) = —Ly(f) - wo
and Ry(—f - wo) = —pr(f) - wp.
(ii) The sets {Lo(f)}oeqo,1y» and {Rg(f)}oeqo,1yr contain 2" distinct elements.
(ili) Suppose 6 € {0,1}" and let o = (1—6,,...,1—61). Then, Lo(R(f)) = Ry (f)
and Rg(L(f)) = L, (f). In particular, taking 61 = --- = 6, = 1, the maps
L,R: ZT'" — ZT'" are mutually inverse bijections.
Example 3.33. Take f = (0,1, 3,4]2,1,0) as in Example B:22, so #f = 2. Then
we have that L(O,O) (f) = (07 1,3, 4|27 1, 0)7 L(I,O) (f) = (17 3,4, 6|67 2, 1)7 L(O,l)(f) -
(0,3,4,5[5,2,0) and L,1)(f) = (3,4,5,6[6,5,2). Observe that these are exactly
the K,’s appearing in the expression for Uy computed in Example[3:22]
The main theorem of the subsection is the following.
Theorem 3.34. For f € ZT‘” and r =#f,
O U= >, K,
0c{0,1}7
(i) Ky = Z(_Q)‘G‘UL’BU)'
6eN"

Proof. (i) If f is typical, then Uy = Ky and there is nothing to prove. So suppose
that #f > 0 and define h and X,,Y, € {E., F,}acz according to Procedure
We may assume by induction that the result has already been established for h.
Recalling Lemma B.2T] we need to consider two cases. In the first case #h = #f,
we know that U, = 206{0,1}T q|9|KL9(h). Applying X, to both sides, noting that
XoUn = Uy and that X Ky, ) = Ky, (s for each 0, gives the desired conclusion. In
the second case #h = #f—1. This time, we know that U, = 296{0,1}7'*1 q|9|KL9(h)-
For each 0, Lg(h) here has the form (...,a+1,...|...,a,...), so

XaKryny = K( apfoar) T A av1, a1, = Brguo(r) + 48Leuy (1)
where 6 U x denotes (01,...,0,_1,2) € {0,1}". So again we see on applying X, to
both sides that Uy = XoUp = 3 _gei0.13- g1 Ky, (5.

(ii) To deduce this from (i), we will work in the free Z[q, q’l]—mod/u\le M™I™ on
basis {[f]}fezr"”sm\n’ completed to a topological Z[q, ¢~ ']-module M™!" exactly

as in[§2-d so that expressions of the form [f]+(a possibly infinite linear combination
of [g]'s with g < f) make sense. We define continuous linear maps U, K : Mmin
&EmIn by letting U([f]) = Up+, K([f]) = Kf+. These maps have the right inverses
UL, K=t &min — MmIn with U=Y(Uy) = [f], K~X(K) = [f] for each f e ZT'".

Finally, define continuous linear operators A; ; : M MM for each —m <
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1 <0< j<nby

oy = 4 (D] AEfGE) = f
s =1 ¢ 210

for each f € ZT‘” * Sp|n- Now consider the maps

P:=Ko I[I G+aerng) |outigmn—gmn,
—m<i<0<j<n

Q:=Uo ﬁ _ OK71:gm|n_)(§m\n’
—m<i<0<j<n L+ qhi;

-
where [] is taken in some ordering with ’s decreasing and j’s increasing from left

to right and [] is taken in the opposite ordering, and ﬁ denotes (1 — g ; +
¢*Xij —-++). By (i) and the definition of the operator L; ;, the map P sends Uy to
U¢, so P =1id. On the other hand the result we are trying to prove is equivalent to

the statement that ) sends Ky to K. Therefore we will be done if we can show
that P o @ =id, i.e. that for every f € ZT‘”,

— B — 1
Ko H (1+qhij) | o(U 1 ol)o H Tr o (Lf]) = K.
—m<i<0<j<n —m<i<0<j<n q7ij

This is obvious if we can show that the inside map (U~ oU) : [g] — [gF] on the
left-hand side can be omitted. For this, we check that

(3.35)
Ko I[I a+oup|leh=Ko T a+aong | (o)
—m<i<0<j<n —m<i<0<j<n

for every g € Z™™ such that [g] is involved in (H ﬁ) ([f]) with non-zero
coefficient. Suppose we have such a g. The crucial observation is that whenever
there exist —m </ <i <0< j<j <nwith g(j) = g(i) < g(i') = g(j7), one can
find ¢ with g(i) < ¢ < g(i’) that does not arise in the tuple g. Given this it is not
hard to see that (8:39) holds. O

Corollary 3.36. For f € ZT‘”,

(i) Ky = Zg q"eg‘Lg where the sum is over all g € ZT‘” such that Re,(g) = f
for some (unique) 0, € {0,1}#9;

(ii) Ly = Eg,a(—q)"e‘Kg where the sum is over all g € ZT‘” and § € N#9
such that Ry(g) = f.

Proof. (i) Recall from Corollary 314 that the coefficient of L, in Ky is equal to
U fopg,—gwo (¢~ ). By Theorem B34(i) and Lemma BBAiL), U fapg,—gwo (¢ 1) =
g 11 if —f - wo = Lg(—g - wo) for some (necessarily unique) 6 € {0,1}#9, and is
zero otherwise. Equivalently, invoking Lemma B32(i), t_ f.g,—g-wo(¢71) = q 11 if
f =Rea(g) for some 0, and is zero otherwise.
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(ii) By Corollary B4l again, I, r(g7') is equal to the coefficient of U_y.,, in
K_guw,- By Theorem B34(ii), this equals Y ,(—q)!°! where the sum is over all

0 € N#9 with Lj(—g - wo) = —f - wo, equivalently, Rj(g) = f. O
Example 3.37. Suppose f = (—m,...,—2,—1| = 1,—-2,...,—n), sor = #f =
min(m,n). We observe that any g < f can be represented as Lj(f) for a unique
element § € N” with ; < --- < 6,.. Moreover, this 6 is also the unique element of
N" with the property that f = Rj(g). We deduce from Corollary B306[ii) that
(3.38) Ly= > o Ry,

0=(01<---<0,)ENT"

Recalling the definitions from (@), we can restate Theorem B34(i) and Corol-
lary B36(ii) as follows:

m|n
Corollary 3.39. Forg,f € Z, ",

(i) ug.r(q) = ¢°V if g =Lo(f) for some 0 € {0,1}#/, u, ¢(q) = 0 otherwise;
(ii) lg,r(—q7) =2y ¢! summing over all & € N#9 with Rj(g) = f.

Example 3.40. Using Corollary [339(ii) and arguing by induction on n, one gets

that I, ;(—¢ ') = ¢*(1 + ¢>)"7!, for f = (0,2,...,2n — 2|2n — 2,...,2,0) and
g=1(2,4,...,2n2n,...,4,2).

Corollary 3.41. For f,g € ZT'", U—gowg,— fwo (§) = q#fugj(f)(q*l).

Proof. Let r = #f. By Corollary B39(i) and Lemma B32(i), we know that
U—gowy,— fwo (@) = ¢ if g = Rg(f) for some § € {0,1}" and is zero otherwise.

Similarly, by Lemma B32[iii), ugr(s)(q) is ¢ = ¢ 19l if g = Ly(R(f)) = R, (f) for
some 0 € {0,1}" and ¢ = (1 — 60,,...,1 —0;) and is zero otherwise. O

§3-g. Length function. We now consider some further properties of the polyno-
mials Iy ¢(q).

Lemma 3.42. Let g, f € ZT‘” with g <X f and set r = #g = #f. There ezists a
unique 0§ = 0(g, f) € N" such that

(i) f =Ry(9);
(ii) if f =R, (g) for some 6 # p € N" then |p| < 0] and [p| = || (mod 2).

Given in addition h € ZT'" with h < g =< f, 0(h, f) =0(h,g) +0(g, ).

Proof. We just explain how to construct 6, and leave the rest of the proof to the
reader. Define —m <i; < -+ <4, <0< j, <+ < j1 < nsuch that g(is) = g(js)
foreach s =1,...,r,and —m <} < --- <i <0< j. <--- <ji <nsuch that
f@) = f(js) foreach s=1,...,7. For 0 < s <r, let

gs =g+ Z(Q(Zs) - f(Z,s))(dlb - djs)?

so go = g and (g,)* = f. Now for each s = 1,...,r, let 65 be the unique non-
negative integer such that Rf:,js (gs—1) = gs, recalling (B28), and take 0 = (g, f)
to be the tuple (04,...,6,). O
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Using Lemma [3:42] we can introduce a length function on ZT‘”. Suppose to
start with that g < f. Let £(g, f) = |0(g, f)|, where 6(g, f) is the tuple defined in
the lemma. Notice that if h < g < f, then

(3.43) (h,g) + (g, [) = L(h, f),
as follows from the stronger fact that 6(h,g) + (g, f) = 0(h, f) established by

m|n

Lemma[3.42] This allows us to extend the notion of length to arbitrary g, f € Z
with wt(g) = wt(f): pick h € ZT'" with h < g and h < f and set £(g, f) =
L(h, f) —4(h,g). To check that this is well defined, suppose h' € ZT‘” also satisfies
h' < g and i/ < f. Choose another k € ZT‘” with & < h and k < h/. Then using

B.43),
U(h, f) = L(h, g) = (L(k, h) + L(h, [)) = (L(k, h) + £(h, g))
= Uk, f) =Lk, g) =L, f) — L(I, g),

as required. So we have now defined ¢(g, f), the length of f relative to g, for
arbitrary g, f € ZT‘” with wt(g) = wt(f). It is immediate from the definition that
(B43) holds for all h, g, f € Z7"™ with wt(h) = wt(g) = wt(f).

Finally we can somewhat arbitrarily introduce an absolute notion of length. For
each weight v of &™™ we fix a choice of “origin” 0y € ZT‘” with wt(oy) = . Then
for any f € ZT‘”, we define

(3.44) ((f) = Loy, f)

where v = wt(f). The important thing is that if wt(g) = wt(f), then £(g, f) =
£(f)—£(g), so we can recover the length of f relative to g from the absolute lengths
of f and g. In this notation, Lemma [3.42(ii) and Corollary [3.39(ii) combine to
show:

Corollary 3.45. Forg, f € ZT'" with g < f, the polynomial 1, s(—q~') belongs to
q"V)=49IN[q™2], and the coefficient of ¢"/)=49) s 1.

4. REPRESENTATIONS OF gl(m|n)

We now relate the combinatorics developed in sections 2 and 3 to two natural
categories O,,|,, and F,,, of representations of gl(m|n). For basic notions regarding
Lie superalgebras, we follow [Kal]. We denote the parity of a vector v in a vector
superspace by v € Z,. For a Lie superalgebra g = g5 @ g7 and g-supermodules
M, N, the space Homg(M, N) has a canonical Zs-grading, and the category of all
g-supermodules is a superadditive category in the sense of [M| Chapter 3, §2.7].
We will use the notation M ~ N as opposed to the usual M = N to indicate that
there is an even isomorphism between M and N. Also II denotes the parity change
functor.

§4-a. Two categories. From now on, we let g denote the Lie superalgebra gl(m|n).
So g consists of (m-+n) x (m+n) matrices over C, where we label rows and columns
of such matrices by the ordered index set I(m|n) = {—m,...,—1,1,...,n} as in
the introduction. For i € I(m|n), let i =0 if i > 0 and 1 if i < 0. Then, the parity
of the ij-matrix unit e; ; € g is ¢ + j, and the superbracket satisfies

(4.1) [ei,j, ekJ] = 5j,kei,l — (—1)({+3)(E+l)(5i,16k7j.
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Note that the subalgebra gg of g is isomorphic to gl(m) @ gl(n). We will need
some other important subalgebras: let h denote the standard Cartan subalgebra of
g consisting of all diagonal matrices, let b be the standard Borel subalgebra of all
upper triangular matrices, and let p = g5 + b.

For A € h* and a g-supermodule M, we define the A-weight space M) of M
with respect to h as usual: My = {m € M | hm = A(h)m for all h € h}. Given
a g-supermodule M such that M = Aeb* M), we can consider the graded dual
M* = 69)\6'7* Homgc (M, C) with the usual Zs-grading and g-action. Twisting
the g-action on M* with the automorphism X — —X*' where st : g — g is the
supertranspose e; j — (—1)"*7)e; ;. we obtain a new g-supermodule denoted M.
If all the weight spaces are finite dimensional, then there are natural isomorphisms
(M*)* ~ M and (M) ~ M.

Let {0i}ic1(m|n) be the basis for h* dual to the basis {€;i}icr(m|n) for h. Define
a symmetric bilinear form (.|.) on h* by declaring that (8;|6;) = (—1)'6; ;. The
Weyl group W associated to the reductive Lie algebra gg can be identified with
the symmetric group S, from It acts linearly on h* so that xd; = &,; for
x € W,i € I(m|n). As before, we write wp for the longest element of W. We will
also need the dot action of W on X (m|n) defined by x - A := (A + p) — p, where

(4.2) p=— Y b
i€l(mln)

The root system of g is the set R = {0; — 6; | 4,5 € I(m|n),i # j}. We write
R = Ry U Ry, where Ry consists of all even roots ; —; with i = j, and R consists
of the remaining odd roots. Corresponding to the Borel subalgebra b, we have the
standard choice of positive roots R = RTURT = {6;—6;|i,j € I(m|n),i < j}. The
dominance ordering on h* is defined by A < p if (u— \) is an N-linear combination
of positive roots.

From now on, we will restrict our attention to the integral weights, i.e. the
weights belonging to the subset X (m|n) of h* consisting of all Z-linear combinations
of {0i}ier(min)- For A =3 "icr(mn) Aidi € X(m|n), we define its parity

(43) A= Amt+ -+ Ao+ € Zs.
Let X (m|n) be the set of all dominant integral weights, namely, the A\ =

Zie](mm) Xi0; € X(m|n) such that A_,,, > -+ > Ay and Ay > -+ > A,. De-
fine a bijection

(4.4) X(mln) — 2™ X fi,

where f) € Z™™ is the function defined by fy(i) = (\+p|d;) for i € I(m|n). Under
this bijection, X (m|n) maps onto ZT‘”; see[§3-al Also fi.n = fr-x ! for each
v € W = Sy, i.e. the dot action of W on X (m|n) corresponds to the action
of Sp,j, on Z™™ introduced in f2-a. Now we lift all the remaining combinatorial
definitions involving Z™™ directly to X (m|n). For instance, recalling (Z3), we
define the degree of atypicality #A of A € X (m|n) by #A := #f; this is the same
notion as in [S3l (1.1)]. Similarly, let wt(X\) := wt(fy), an element of the weight
lattice P (see (Z2)), and write A < p if fy < f,; see[§2-b] This ordering on X (m|n)
plays the role of the Bruhat ordering; see e.g. Theorem E3TI(ii) below. It should
not be confused with the dominance ordering <: we have that A < u = A < u but
not conversely.
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We are ready to introduce two categories of representations of g. All the results
summarized in the remainder of this subsection are taken from [B2, section 7],
where they are deduced from a general framework for representations of graded Lie
superalgebras similar to that of Soergel [So2].

The first category is denoted O,,|,, and is the (integral weight) analogue of the
IBGG] category O for a semisimple Lie algebra. By definition, O,,,, is the category
of all finitely generated g-supermodules M that are locally finite dimensional over
b and satisfy

(4.5) M = @ M.

AEX (m|n)

An object P € Oy, is projective if every (not necessarily even) morphism from
P to a quotient of an object M € O,,, lifts to a morphism from P to M. By
[B2, Lemma 7.3], the category O,,, has enough projectives, i.e. every object is a
quotient of a projective object. Moreover, O,,, is finite, i.e. every object has a
composition series. For each A € X (m|n), we have the Verma module

(4.6) M) :==U(g) @u(e) Ca,

where C, is the one dimensional b-module of weight A concentrated in degree .
The significance of the choice of parity here will be explained in [§4-d below. As
usual, M(A) has a unique irreducible quotient denoted L(\), and {L(\)}xex (m|n)
is a complete set of pairwise non-isomorphic irreducibles in Oy,

We say that an object M € O,,|,, has a Verma flag if it has a filtration 0 = My <
-+« < M, = M such that each M;/M;_1 is = M()\;) for some X\; € X (mn). If M
has a Verma flag and p € X (m|n), we let

(4.7) (M : M(u)) = dim Homo,, (M, M (1)").

By [B2] (6.1)], this computes the number of subquotients of a Verma flag of M that
are = M (u). There is an obvious refinement of these multiplicities: for p € Zo,

(4.8) (M : M(p))p :=dimHome, (M, M(u)"),

m|n

counts the number of subquotients of a Verma flag of M that are ~ ITPM (u).
By [BZ, Theorem 6.3], there is for each A € X (m|n) a unique (up to even isomor-
phism) indecomposable module T'(\) € O,,),, satisfying the following properties:

(T1) T()\) has a Verma flag starting with M () at the bottom;
(T2) Ext%om‘” (M(p), T(N) =0 for all p € X(mn).

Moreover, by [B2l (7.4)], the multiplicity of M (u) in a Verma flag of T'()) is equal
to the composition multiplicity of L(—\ — 2p) in M(—pu — 2p), i.e.
(4.9) (T(A) : M(p)) = [M(=p—2p) : L(=A = 2p)],

for A, € X(m|n). In particular, (T'(A) : M(X)) =1 and (T'(\) : M(p)) = 0 unless
1 < A. Consequently, we call T'(\) the infinite dimensional tilting module of highest
weight A. Finally, note that for every A € X (m|n),

(410) f*)\72p = _f)\a

so the involution A — —A—2p on X (m|n) appearing in the formula (@3] corresponds
to the involution f — —f on Z"" in p-shifted notation.
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The second category we shall consider is the category F,,,, of all finite dimen-
sional g-supermodules satisfying (E5). Again, this is finite and has enough pro-
jectives. As is well known, the irreducible finite dimensional gg-supermodules with
integral highest weights are parametrized by the set X (m|n). For A € Xt (m|n),
let us write L’(\) for the corresponding irreducible highest weight representation of
g concentrated in degree A. Then, for each A € X (m|n), we have the Kac module

(4.11) K(\) :==U(g) @upy L'(N),

where we are viewing L’()) here as a p-supermodule with elements of p5 = gg act-
ing as given and elements of py acting trivially. For A\ € X (m|n), the irreducible
module L(\) defined earlier can also be realized as the unique irreducible quo-
tient of K'()), and {L(\)}xex+(mn) is a complete set of pairwise non-isomorphic
irreducibles in F,,.

When working in F,,|,,, we will talk about Kac flags in place of Verma flags. If
M has a Kac flag, the number of subquotients of a Kac flag of M that are = K (u)
is denoted (M : K(u)), and can be computed by

(4.12) (M : K(p)) = dimHomg, (M, K(u)").

Like in (E8), there is a refinement denoted (M : K(u)), for p € Zg, counting the
number of subquotients of a Kac flag of M that are ~ IIP K (). By [B2Z, (7.6)] or
[Z, Proposition 2.5], the projective cover P(A) of L(A) in the category F,,, has a
Kac flag with K(\) appearing at the top, satisfying the BGG reciprocity

(4.13) (P(N) + K (1)) = [K (1) : LV,
There are also indecomposable tilting modules in category F,,,,, denoted U()) for
A € Xt (m|n). Here, by [B2] Theorem 6.3], U()\) € Fyy,p, is the unique (up to even
isomorphism) indecomposable object such that

(Ul) U(N) has a Kac flag starting with K(\) at the bottom;

(U2) Exty (K (u),U(N) =0 for all u € X+ (mn).

m|n

Let B =n(0_m+---+06_1) —m(d + -+ ) be the sum of the positive odd roots.
Then, by [B2], (7.7)—(7.8)] and parity considerations, we have that

(4.14) K(\)* ~ K( — woA),

(4.15) U(N)* =~ P(8 — wo)).

Note that (@I3), EI4) and [@I5) together imply

(1.16) (U : K () = (B — won) : LB — woN)],

for \,u € X (m|n). In particular, (U(\) : K(A)) = 1 and (U(\) : K(u)) =0
unless p < A\. Accordingly, we will call U(\) the finite dimensional tilting module
of highest weight A\. We remark finally that

(4.17) JB—wor = —fx-wo — (m+n+1)1,

where 1 € Z™™ is the constant function i — 1. Thus, up to a constant shift which
can usually be ignored, the involution A — 3 — woA on X ™ (m|n) appearing in the
formula (&I6]) corresponds to the involution f +— —f - wy on ZT'".

§4-b. Translation functors. We need some basic facts about central characters.
Let Z be the (even) center of U(g). The fixed choices of h C b determine a Harish-
Chandra homomorphism ¢ : Z — U(h); see [Dix, 7.4.3]. Each A € h* yields
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a central character y defined by xx(z) = A(¢(2)). To parametrize the integral
central characters, i.e. the x» for A € X (m|n), we use the following consequence of
results of Sergeev [Sg2], [Sg3|; see [S3| Corollary 1.9]:

Lemma 4.18. Given \, i € X(m|n), we have that xx = x, if and only if wt(\) =
wt(u) (where wt(A) = wt(fr); see (22)).

For each central character x, let Oy denote the full subcategory of O,,|,, consist-
ing of the modules all of whose composition factors have central character y. We
have the block decomposition

Omin = EP Oy
X

as x runs over all integral central characters. Lemma shows that we can
parametrize the integral characters y instead by the weights v € P arising non-
trivially in the tensor space .7™" of [§2-d Let us introduce some notation to do
this formally. Suppose that v € P. Let O, = {0} if « is not a weight of T else
let O, = O,,, where A € X(m|n) is such that wt(A\) = 7. Then, we can rewrite
the above block decomposition as

(419) Om\n = @ O“/v

yeEP

where O, is non-zero if and only if v is a weight of T We let pr, : Oppn — O,
be the natural projection functor. In an entirely similar way, we have the block
decomposition of F,,,

(420) Fun = D F,

YEP

where this time F,,|,, is non-zero if and only if ~y is a weight of EmI: see 3-4.

Let V be the natural g-supermodule. So, V is the vector superspace on basis
{viticr(min), where v; := i, and the action of the matrix unit e; ; € g is given by
€;,;Uk = 0;5,v;. For 7 > 0, let S"V be the rth supersymmetric power of V, a finite
dimensional irreducible representation of g. Let S"V* = S"(V*) ~ (S"V)*. For

a € Z and r > 0, we define additive functors Fér), E((zr) : Omjn = Omn as follows.
It suffices by additivity to define them on objects belonging to O, for each v € P.
So if M € O,, we let

(4-21) Fy)M = pr’y—r(ea—sa+1)(M ® STV))

(4-22) Ez(zr)M = pr’y+r(sa—€a,+1)(M ® STV*)'

On a morphism 6 : M — N, FCET)Q and E,(IT)H are defined simply to be the restric-
tions of the natural maps 6 ® id. Clearly, the restrictions of Fér) and E((zr) to Fonin
give functors Fér), E((zr) : Fonjn = Fm|n too. The first well-known lemma gives the

elementary properties.

Lemma 4.23. On either category O, o1 Fpjn, Fér) and Et(f) are ezxact functors,
they commute with the T-duality, and are both left and right adjoint to each other.

The next lemma is also quite standard, though we have included a proof since
we wish to keep track of parity information.
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Lemma 4.24. Let vy,...,vy be the set of weights of S™V ordered so that v; >
vi =1i<j. Let A\ € X(m|n).

(i)
(i)

M(A) ® S™V has a multiplicity-free Verma flag with subquotients ~
MM\ +1v1),...,M(A+vn) in order from bottom to top.
M) ® S"V* has a multiplicity-free Verma flag with subquotients =~
M\ =1v1),...,M(\—wvn) in order from top to bottom.

Proof. We prove (i), (ii) being entirely similar. By the tensor identity,
M) @SV = (U(g) ®up) Cr) ® 8"V = U(g) ®u(p) (Cr @ V).

So it suffices by exactness of the functor U(g)®y(p)? to show that M := C\ @ S™V
has a filtration 0 = My < M7 < -+ < My = M as a b-module with M;/M; 1 ~
Catr,;- Let x1,...,2n be a basis for S"V, yvhere z; is of weight v;. Then 1 ® x; €
Cy ® S™V is of weight A + v; and degree A+ Z; = A+ 7; = A+ v; (recall (£3)).
So taking M; to be the subspace spanned by 1 ® x1,...,1 ® x; gives the required
filtration. O

Corollary 4.25. Let A € X(m|n) and a € Z. Let (0_m,y...,0-1,01,...,04,) be
the a-signature of fx; see (Z29).
(1) Fy)M()\) has a multiplicity-free Verma flag with subquotients ~ M (A+§;, +

o4 0;,.) for all distinct iy,...,i, € I(m|n) such that oy, = --- =0y, = +.
(i) EC(LT)M()\) has a multiplicity-free Verma flag with subquotients ~ M (A—0d;, —
-+ —=4;,) for all distinct ji,...,j» € I(m|n) such that o, = --- = 0j, = —.

In both (i) and (i), the Verma flag can be chosen so that subquotients appear in
order refining dominance, most dominant at the bottom.

Proof. The Verma module M ()) has central character x and so belongs to Oy (x)
by Lemma B.I8 Applying the exact functor pry,) —e,,) to the filtration

—r(€a

in Lemma F24(i), we deduce that FéT)M()\) has a Verma flag with subquotients

being the M (A + v;) such that wt(A+v;) = wt(A) —r(eq — €q41). This implies that

v; = 0; + -+ +9;, for distinct iq,...,is € I(m|n) such that o;, = -+ = 0y, = +,

giving (i). Part (ii) is similar. O
There is an analogous statement in the finite dimensional setting.

Corollary 4.26. Let A € X (m|n) and a € Z. Let (6_pm,...,0-1,01,...,04) be

the a-signature of fx; see (2.29).
(i) Fér)K(/\) has a multiplicity-free Kac flag with subquotients ~ K (X + &;, +
o+ 8;,) for all distinct iq, ..., i € I(m|n) such that X+ 6;; +---+ ;. €

X*T(m|n) and oy, =+ =0y, = +.

(i) EC(LT)K()\) has a multiplicity-free Kac flag with subquotients ~ K(\ — 6;, —
-+ —0;,) for all distinct j1, ..., Jr € I(m|n) such that A\—0;, —---— 9, €
X*t(mln) and 0j, =--- =0, = —.

In both (i) and (ii), the Kac flag can be chosen so that subgquotients appear in order
refining dominance, most dominant at the bottom.

Proof. We prove (i). By universal properties, K () is the largest finite dimensional
quotient of M(X). So since F{" is exact, FCET)K()\) is a quotient of FCET)M(/\) and
Corollary 25 implies that F." K (M) has a filtration with subquotients being finite
dimensional quotients of M (A + &;, + -+ + §;,) for all distinct iy,...,4, € I(m|n)
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such that o;, =--- = 0;, = +. But such a quotient is zero unless A\+§;, +---+6;, €

X*(m|n). Hence, MK (M) has a filtration with subquotients being quotients of
the Kac modules K (A +d;, + - - -+ ;) for all distinct 41,...,%, € I(m|n) such that
A+0;, +-+ 06, € XT(m|n) and 0y, = -+- = 05, = +. Finally the fact that
each factor is actually isomorphic to the corresponding Kac module, rather than a
proper quotient, follows by a character calculation using the Kac character formula
for K(u), the Pieri formulae [Mad, (5.16), (5.17)] and Lemma B8 O

Corollary 4.27. Leta € Z and r > 1.

(i) For each A € X(m|n), each indecomposable summand of FCET)T()\) or of
EXT(N) is ~ T(p) for p e X (m|n).

(i) For each A\ € Xt (m|n), each indecomposable summand of FéT)U(/\) or of
EVPUN) is ~ U(p) for i€ X+(mln).

Proof. We prove (i) for E((f), the other cases being similar. Let T" be an indecom-
posable summand of EC(LT)T()\). We need to show that it has a Verma flag with
subquotients ~ M (v) for various v € X (m|n), and that Ex‘u}gm‘n (M(p), T) =0 for

all p € X (m|n). The first statement is immediate since E((IT)T(/\) has such a Verma
flag by Corollary [4.25] and summands of modules with a Verma flag also have a
Verma flag; see [B2] Corollary 4.3]. For the second statement, Lemma [4.23 and

a standard argument (see e.g. [J2] 1.4.4]) show that Ext}gm‘n (M(u),Et(f)T()\)) o~
EXtém\n (FCET)M(M),T()\)). To see that the right-hand side is zero, note that
F\ M (1) has a Verma flag by Corollary 28 By induction on length using the

long exact sequence and the defining property (T2) of T'(A), Extém‘” (M, T(\)=0
for every M € O,,, with a Verma flag. O

Let Oﬁl ,, be the full subcategory of O, consisting of all modules possessing
a Verma flag. Let K (Oﬁ‘n) denote the Grothendieck group of the superadditive
category Oﬁln in the sense of [BK] §2-c]. Note that K((’)ﬁ‘n) is a free Z-module on
basis {[M (A)]}xex (m|n)- Similarly, let fr)A@\n be the full subcategory of F,,,,, consist-
ing of all modules possessing a Kac flag, and let K (.7-'”%‘ ,,) denote its Grothendieck

group. Thus, K(]—'ﬁ‘n) is a free Z-module on basis {[K(A)][}xex+(m|n)- In view of

Corollaries and 226, the functors F" and E map objects in Oﬁln (resp.
fﬁ‘n) to objects in (’)ﬁ‘n (resp. ‘7:$|n)' Moreover, they preserve short exact se-
A A )

quences in Omln min

and on K(}'ﬁln).
Now we make the connection to the modules .Z™" and &™I" from sections 2
and 3 of the article. Actually we need to specialize these modules at ¢ = 1. So let

%"[;‘72,1] be the Z[q, ¢~ ']-lattice in .7 ™" spanned by {My} sezmin, in the notation
of [2-d] Let 5’2&'2_1] be the Z[q, ¢~ ']-lattice in &™I™ spanned by {Kf}fEZT‘”’ in
the notation of [§3-a] Viewing Z as a Z[g, ¢~ !]-module so that g acts as 1, we define

mln  _ mln
‘?Z =7 ®Z[(1,(1_1] %[q,q*l]’

éaZ =7 ®Z[q,q*1] gZ[q,q—l]'

(resp. .7-'7%‘ ,,)- Hence they induce Z-linear operators on K (O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



KAZHDAN-LUSZTIG POLYNOMIALS 221

We write My (1) (resp. K¢(1)) for the basis element 1 ® My of ﬂzmln (resp. 1Q Ky
of éazm‘n). Similarly, we define T(1) = 1 ® Ty and Us(1) = 1 ® Uy (in the case of
T (1), recall that as a consequence of Conjecture we expect it is a finite sum
of K4(1)’s and so belongs to gzmln, but without this we mean here to work in the
completion @m‘n constructed as in §2-d).

Note that the generators ES) and F of = Uq(gl) specialize at ¢ = 1
to the usual divided powers E7 /r!l and FJ/r! in the Chevalley generators of the

Lie algebra gl_, so we can view yzmln (resp. &," ‘n) as modules over the Kostant
Z-form %y for the universal enveloping algebra U (gl ).

Theorem 4.28. Identify K(O2, ) with %m‘n via the Z-module isomorphism

m|n

i K(O%,) — Z"" MV - My, (1).

m|n

)

Then, the representation theoretically defined operators Fér),Et(f act in the same

way as the Chevalley generators Fér), Et(f) of Uy,

Proof. Corollary [£25] shows that the operators induced by the functors Fy), Et(f)
act on [M(A\)] € K(O2, ) in exactly the same way as Far), ") € %, act on

m|n

My, (1) e g™ O

An entirely similar argument, using Corollary [£.26] instead, gives the analogous
theorem for category fﬁ‘n:

Theorem 4.29. Identify K(}'ﬁ‘n) with é’Zmln via the Z-module isomorphism

JK(FN) — & KW = Ky, (1),

m

)

Then, the representation theoretically defined operators Fér),Et(f act in the same

way as the Chevalley generators Fér), Et(f) of Uy,

§4-c. Tilting modules in category O,,|n. We proceed to prove some results
and formulate some conjectures about the infinite dimensional tilting modules T'()\).
For A € X (m|n), write
M'(X) = U(go) ®p, Cx

for the purely even Verma module for g concentrated in degree A, and L’'()\) for
its unique irreducible quotient. We will need the following result of Kac [Ka3|
Proposition 2.9]. Actually in loc. cit., Kac is only concerned with finite dimensional
representations, but the same argument works for the general case stated here.

Lemma 4.30. If A € X (m|n) is typical, then L(X) ~ U(g) @upy L'(A).

Recall the definition of the polynomials ¢4 f(q) and I, ¢(¢) from (2IR). We
use the bijection (4] to shift notation, letting £, x(q) := ts, 1, (¢) and I, x(q) :=
lf,.7,(q). The first part of the following theorem is a reformulation of the Kazhdan-
Lusztig conjecture [KIJ for gl(m) @ gl(n), proved in [BB], [BrK].

Theorem 4.31. Let A € X (m|n).
(1) If X is typical then (T(X) : M(u)) =t A (1) for each p € X(mn).
(ii) For arbitrary A, each subquotient of a Verma flag of T(\) is ~ M (u) for
A
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Proof. (i) For the proof, we will assume instead that A € X (m|n) is typical with
A+ p € XT(m|n). Let Wy be the stabilizer in W = S,,,, of A under the dot
action, and let D* be the set of all maximal length W/Wj-coset representatives.
Let wy be the longest element of W,. By the Kazhdan-Lusztig conjecture for the
Lie algebra gg proved in [BBJ, [BrK], combined with the translation principle [J1]
(see also [BGS| Theorem 3.11.4]), we have that

(M (- A) : L'(y - A)] = Pay (1)

for arbitrary z,y € D*. Here, P, ,(1) denotes the usual Kazhdan-Lusztig polyno-
mial associated to z,y € W evaluated at 1; see [KIL].

We claim that Py (1) = t_z.a—2p,—y-2—2,(1) for all z,y € D*. To see this, let
f = —f\, which is antidominant in the sense of [§2-al Define Sy, Dy as in
We will use the fact that the map D — Dy, z — wyz ™! is a bijection. Observe
using ([{I0) that f_ya—2, = f - wxay~*. So by Lemma228] t_,.x_2, _ya—2,(1) =
trasa—1, frayy-1(1) = mgjm_l’ww_l(l). Noting that mffjx_lyww_l(l) is the same
as the element with the same name in [Sol], [Soll Remark 2.6] and [Soll Proposition

3.4], show that mi}fjm,l wyy—1 (1) = Py=1y=1(1) = Py y(1). This proves the claim.
Now M(z - \) ~ U(g) ®upy M'(x - A) by associativity of tensor product, while
LemmalZ 30 shows that L(y-A) ~ U(g)®y ) L' (y-A). So, as the functor U(g)®yp)?

is exact, we deduce from the previous two paragraphs that
[M(z - A) s L(y - A)] = t—z.a—2p,—y-a—2p(1).

Note moreover that this argument shows that every subquotient of M (x - A) that
is 2 L(y - A) is actually ~ L(y - \). Finally applying (£16) gives that

(T(=y-A=2p) : M(=2- X = 2p)) = t_g.a—2p,—y-r—2o(1).

Part (i) of the theorem follows easily from this and central character considerations.
Moreover, by an obvious refinement of ([f16) keeping track of parity information
too, we see that every subquotient of a Verma flag of T(—y - A — 2p) that is =
M(—x- X —2p) is actually ~ M (—z - A — 2p).

(ii) We proceed by induction on #A. The case that A is typical follows from (i).
So suppose that #\ > 0 and the theorem has been proved for all p with #p < #A.
Let i : K(Oﬁln) — %mln be the map defined in Theorem[Z.28 Apply the algorithm
explained in[§2-] to f = fx to construct h = f, for v € X (m|n) with #v < #X and
a sequence X1,..., Xy of monomials in E" and F". Let M := Xy - - XaT (v).
Note by Corollary EE25lthat M has a Verma flag, and each subquotient of a Verma
flag of M is ~ M (p) for some p € X (m|n). By the induction hypothesis, i([T'(v)])
equals M, (1) plus a linear combination of M,(1)’s with g < h. By LemmasZI0and
211, we deduce that Xy --- X1i([T'(v)]) equals My (1) plus a linear combination of
M,(1)’s with g < f. So by Theorem .23,

[M] = [M(N)] + (a linear combination of [M (u)]’s with p < A).
By Corollary [£27(i), T'(\) is a summand of M, and the result follows. O
Motivated by the theorem, we formulate the following conjecture.

Conjecture 4.32. Let i : K((’)ﬁln) — %mln be the map defined in Theorem [{.28,

Then, i([T(N)]) = Ty, (1) for each A € X (m|n).
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In view of ([@9) this conjecture is equivalent to either of the statements
(4.33) (TA) : M(n)) = tun(1),
(4.34) M) L)) = ropy2p(1)

for all A\, € X(m|n). By Corollary 224 and (1), the unitriangular matrices
(Lua(1) aex tmjny and (t-x—2p,—u—2p(1)) i xex+ (m[n) are inverse to each other, so
inverting (£34) also gives that

(4.35) chL(A) = Y lLua(1)ch M(p).

AEX (m|n)

Although the summation is infinite here, it involves only finitely many non-zero
contributions to the dimensions of each fixed weight space of L(\); thus it can be
viewed as a conjectural character formula for irreducibles in O,

Further evidence for Conjecture [4:32] is given by the main theorem in the next
subsection. We finally mention one other result which is in keeping with the con-
jecture; compare in particular with Theorem 2341 Recall the definition of the dual
crystal operators E;,F;,sz and ¢} from fZK Again, we lift these directly to
X (m|n) via the bijection (4.4]).

Theorem 4.36 (Kujawa). Let A € X(mn) and a € Z.
(1) FoL(X) # 0 if and only if ¢%(N\) # 0, in which case it is a T-self-dual in-
decomposable module with irreducible socle and cosocle ~ L(EF*(\)). More-
over, FoL(\) is irreducible if and only if p5(N) = 1.
(if) EoL(A\) # 0 if and only if €5(\) # 0, in which case it is a T-self-dual in-
decomposable module with irreducible socle and cosocle ~ L(E*()\)). More-
over, EqL(\) is irreducible if and only if €5(X) = 1.

Theorem is a result of Jon Kujawa that will form part of his PhD thesis
[Ku]. The proof, which will hopefully appear elsewhere, is similar to the proof given
in [B1] of Kleshchev’s modular branching rules from [Kv|. It involves some explicit
calculations with certain lowering operators in U(g).

§4-d. Tilting modules in category F,,|». Now we study the finite dimensional
tilting modules U (\). Lift the crystal operators E,, Fy, €4, 0o from[§3-dlto X+ (m|n)
through the bijection [4), as well as the mutually inverse bijections L and R from

B30

Theorem 4.37. Let j : K(}'ﬁ‘n) — <§’Zm‘n be the map defined in Theorem [{.29.
Then, j([UN)]) = Uy, (1) for each A € X T (m|n). Moreover:
(i) Each subquotient of a Kac flag of U(X) is >~ K (u) for L(A) < g = A;
(i) U(A) = P(L(N));
(i) UN) =UN)".

Proof. If #A = 0 then Lemma implies that U(A) = P(\) = K(\) = L(\)
and the theorem follows in this case. Now suppose that #A > 0. Let f = f\
and define h = f, for v € X+ (m|n) and operators X, € {F,, F, }aez according to
Procedure B:220. We may assume by induction that the theorem has been proved
for v.

Consider X,U(v). Theorem[Z29, Lemma BZT and the induction hypothesis show
that j([X,U(v)]) = XUy, (1) = Uy, (1). So we get from the explicit description of
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Uy, (1) in Theorem B3411) that [X,U(v)] = [K(N)] + (%) + [K(L()))], where () is
a sum of [K(u)]’s for L(A\) < u < A. Using Corollary B.28, we deduce from this and
the induction hypothesis that X,U(v) has a Kac flag with subquotients ~ K(\),
K(L(A\)) and all other subquotients ~ K (u) for L(A) < p < A. So X,U(v) must
have a summand that is ~ U()), recalling Lemma [£.27(ii). Also U(v) ~ U(v)T is
projective by the induction hypothesis, hence X,U(v) ~ (X,U(v))” is projective by
Lemma[23 Thus, X,U(v) must have a summand that is ~ P(L()\)). To complete
the proof, it just remains to show that X,U(v) is indecomposable. For this, we
give two different arguments, the first based on Theorem[£36 and the second using
instead a fundamental fact proved by Serganova in [S3].

Method one. Suppose the space

Homsg,, (X,U(v), L(n) ~ Homz,, (U(v), YaL(n))

m|n

is non-zero for some u € Xt (m|n). By the choice of a in Procedure [320, \ is
not at the end of an a-string of length 2 in the crystal graph. Since we must have
that wt(u) = wt(A) by Lemma EI8§, it follows that u is also not at the end of
an a-string of length 2. Theorem now implies immediately that Y,L(u) ~
L(Y;(1)). By the induction hypothesis, U(v) is the projective cover of L(L(v)), so
we deduce from the non-vanishing of the right-hand hom space above that Ya* () =
L(v). Hence, u = X*(L(v)) = L(X,(r)) = L(\), using Remark BI8(2) for the
penultimate equality. We have now shown that cosocy(X,U(v)) ~ L(L(N)), so it is
indecomposable.

Method two. Suppose X,U(v) is decomposable. Then, by what we have shown
already, we can write X,U(v) = Ty @ Ty, where T7 ~ U(\) and Ty # 0 is a direct
sum of indecomposable tilting modules. Note that Y,T; # 0 for each i; indeed we
have by adjointness that

Hom}-mm(U(l/), Y. T;) ~ Hompg, (X UW), T;) #0.

Recalling Lemma [3.2T] we now consider two cases. First, suppose that v is at
the end of an a-string of length 1. Then, we have that Y, Us, (1) = Uy, (1), i.e.
Yo X, U(v)] = [U(v)]. Since Y, X,U(v) is a direct sum of indecomposable tilting
modules, we deduce that U(v) 2 Y, X, U(v) = Y, T1 ® Y, T, a contradiction since
U(v) is indecomposable. Otherwise, we have that v is at the end of an a-string of
length 2, and [Y,X,U(v)] = 2[U(v)]. Hence this time we must have that Y, T} =
Y,T> =2 U(v). In particular, we get that [Yo,U(\) : L(v)] = 1. We now show that
[YoU(N) : L(v)] > 2, to get the desired contradiction.

Let p = X*(v), so u = A — a for some a € R with (A 4 pla) = 0. By [S3]
Theorem 5.5] and ([ZI6), we have that [K'(X) : L(p)] > 1 and that (U(N) : K(p)) =
[K(8 —wop) : L(B —woA)] > 1. Hence, [U(N) : L(p)] > 2, since it has a Kac flag
involving both K (A) and K (u), each of which have L(u) as a composition factor.
Now X,K(v) has a two-step filtration with K (\) at the bottom and K (u) at the
top, hence

Hom £

m|n

(K(v),YoL(p)) ~ Homg,, , (XoK(v), L(p)) # 0.

This shows that [Y,L(x) : L(v)] > 1. Finally applying the exact functor Y, to U())
and combining our two facts [U(A) : L(p)] > 2 and [YoL(u) : L(v)] > 1 gives that
[YoU(N) : L(v)] > 2 as required. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



KAZHDAN-LUSZTIG POLYNOMIALS 225

Now recall the definition of the polynomials ug f(¢) and I, ¢(q) from BT). As
usual we shift notation, writing u, x(q) := uy, 1, (¢) and l,2(q) := Iy, 1, (q). Com-
bining the theorem with (EI6]), we get that
(4.38) (U K(p) = upa(1),

(4.39) [K(A) : L(p)] = up—wor,p—wopu(1)-

The Main Theorem stated in the introduction follows immediately from the second
of these formulae and Corollary B36(i), since in view of (LIT) and Corollary B.14
that gives an explicit formula for ug_uyx B—wou(1). In particular, [K(A) : L(u)] <1
for all \,u € X*(m|n), as was conjectured in [HKJ, Conjecture 7.2], and L(u)
appears as a composition factor in exactly 2## different Kac modules K (), as was
conjectured in [HKJ, Corollary 7.3].

By Corollary 3.14] and (417), the unitriangular matrix (I, (1)), xex+(m[n) 1
the inverse of (ug—wox,s—won(1))urex+(mln)- S0 on inverting [@39), we also get
that
(4.40) chLA) = > lua(l)ch K(w).

pEXT(mIn)
This can be viewed as a character formula for the finite dimensional irreducible
gl(m|n)-supermodules with integral highest weight. The explicit description of the
coefficients [, »(1) given by Corollary B:39(ii) seems to be quite different from the
explicit description given by Serganova [S3, Theorem 2.3], and I have been unable
to prove combinatorially that they are equivalent.

To conclude the subsection, let us record one more consequence of Theorem 371

Corollary 4.41. For A € X" (mn), L(\)* ~ L(8 — woR(N)).

Proof. By ([@I3) and Theorem [£37 P(5 — woR()\)) =~ U(R(A\))* =~ P(A\)* and it
is self-dual under the duality 7. Hence L(8 — woR(\)) =~ socgP(8 — woR(N)) ~
socg P(A)* =~ (cosocg P(A))* =~ L(A)*. O

Remark 4.42. A different description of the highest weight of L(\)* can be derived
using Serganova’s odd reflections; see [S1], [PSI, Lemma 0.3] and [BKul, Theorem
4.5]. In view of ([{39) and (£14), Corollary[Z4T]implies (indeed is equivalent to) the
equality ug_wou,s—wor (1) = u,r(x)(1); see Corollary B.4T]for a stronger statement.

84-e. Highest weight categories. Let fgl‘n (resp. frin‘n) be the full subcategory
of Fpj, consisting of the modules all of whose composition factors are ~ L(\)
(resp. ~IIL(X)) for A € X" (m|n). Obviously, the parity change functor II defines
an isomorphism between F° mjn and .7-" . Since each Endg,, , (L())) is concentrated
in degree 0, each Homg,, (M, N) for M, N e }"Sl‘n is also concentrated in degree

0, hence ]:0 min is an abelian category.

Lemma 4.43. For A € X (m|n), each of the objects U(N), P(\), K(\) and L(\)
belongs to f&‘n. Moreover, the dualities x and 7 and the functors Fy) and E((f)
map objects in ffnln to objects in ]:SL\n

Proof. By Theorem [37i), each subquotient of a Kac flag of U()\) is ~ K (u) for

some g € X1 (m|n). We deduce using (EI4)-(@I5H) that each subquotient of a
Kac flag of P()\) is ~ K(u) for some p € Xt (m|n). By the obvious refinement
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of [AI3) keeping track of parities, it follows that each composition factor of K (u)
is ~ L(\) for some A € Xt (m|n). Combining these statements shows that all
of U(XN), P(A), K(A) and L(X) belong to FSL‘n. For the remaining statement, we
obviously have that L(A)™ ~ L()), hence 7 leaves ]'—Sl\n invariant. The same thing
for x follows from Corollary 47l Finally, Corollary shows that the exact
functors Fy) and E((f) send K () to an object in fgln,
K (X) so they must also send L(A) to an object in ‘7:21|n' O

and L(\) is a quotient of

Corollary 4.44. For any M,N € ]:SL\n and i > 0, the space Exti}-m‘n (M,N) is
concentrated in degree 0.

Proof. We have already noted this is the case if i = 0. To get the general case from
this, note by the lemma that every composition factor of every term of the obvious
minimal projective resolution of M belongs to .7-'2” o O

It follows easily from the corollary that every object M € F,,,, decomposes
uniquely as M = M° @ M! with MP € fsﬂn for each p € Zs. We deduce that

there is a decomposition F,,, = ]:SL\n @ H]-'Sl‘n allowing us to reconstruct the

superadditive category F,,,, from the additive category *7:21|n' For example, for
M,N € Fp,n and i > 0, we have that

(4.45) Exty, (M, N)o = Extyy (M N°) @ Extyy (IM'IINY),
(4.46) Extl, (M, N); = Extyy (MIIN') © Extiy, (LMY, N°).

At this point, we refer the reader to [CPS1], [CPS2] for the definition of a highest
weight category with duality.

Theorem 4.47. The category ‘7:21|n is a highest weight category with weight poset
(Xt (m|n), =) and duality 7. For A € X (mn), U(X), P(\), K(\) and L()\) are the
indecomposable tilting, projective, standard and irreducible modules parametrized by
A, respectively.

Proof. We have seen in Theorem E3T that (P(\) : K(u)) # 0 = A = p. Given
this and ({I3)) it is a routine matter to check that .7-'3” ,, satisfies the axioms for a
highest weight category with duality. (I

Remark 4.48. In an entirely similar fashion, we define O?n|n to be the full subcate-
gory of O, consisting of the objects M all of whose composition factors are ~ L(\)
for A € X(m|n). Using Theorem [A31(ii) and the refined versions of (@9) and BGG
reciprocity [B2] (6.6)] keeping track of parity, one can prove analogues of all the re-
sults in this subsection for O?n‘n: there is a decomposition O,,,|,, = O?nln (S3) H(anln,

and O?n‘n is a highest weight category with weight poset (X (m|n), <) and duality 7.

84-f. Kazhdan-Lusztig polynomials. In this subsection, we explain the true
significance of the polynomials 1, x(q) = Iy, 7, (q) for p, A € X (m|n).
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Lemma 4.49. Let p € Xt (m|n). Then, K(u) has a projective resolution --- —
Pi(p) — Po(p) — K () — 0 in ffnln such that for every A € X+ (m|n),

Z dim Hom}-m\n (Pl (,LL), L(>‘))qz = lu,)\(_q_l)'
i>0

Proof. We first explain how to construct for fixed d > 0 an exact sequence Py(u) —

- — Py(u) — K(p) — 0 with each P;(u) projective. In case #p = 0, K(p) is
already projective, so we can simply take Py(p) = K(p) and P;(pu) = 0 for ¢ > 0.
Now suppose #u > 0. Let g = f, and apply Procedure B23] to construct h = f,
and operators X,,Y, € {Eq4, Fy}acz. Since Procedure reduces u to a typical
weight in finitely many steps, we may assume inductively that we have already
constructed an exact sequence

(4.50) Piv) — -+ — Py(v) — K(v) — 0.

Now we consider two cases. Suppose first that #v = #pu. Then X, K (v) ~ K(u),
so applying X, to XE0) gives us the desired sequence with P;(p) = X,Pi(v).
In the second case, #v = #p — 1, and X,K(v) has a two step filtration with
K () at the top and K (X,(v)) at the bottom. Applying X, to (Z50) gives us an
exact sequence X,Py(v) — -+ — X,FPo(v) — XK (v) — 0. By induction on d,
we may assume in addition that we have already constructed an exact sequence

Py 1 (Xa(v)) — -+ — Py(Xa(v)) — K(Xa(zi)) — 0. Applying the comparison

theorem [W]| 2.2.6] to the embedding ¢ : K(X,(v)) — X.K(v), we get vertical
maps making the diagram commute:

D Pi(Xu(r) —— P(Xur) —— K(Xu(v) —— 0

! l 5

—— X Pi(v) —— X Py(v) —— X, K(v) —— 0
The total complex of this double complex is exact by the acyclic assembly lemma

[W] 2.7.3]. Factoring out K (X, (¢)) yields the required exact sequence

c— X P (v) @ Poy(Xa(v) — XoPo(v) — K (1) — 0.

This time, P;(p) = X Pi(v) ® Pi—1(X.(v)).

Replacing d by (d+1), the same procedure constructs an exact sequence Pyi1(pt)
— Py(pu) — -+ — Py(p) — K(p) — 0, where we can always ensure that the first
d terms are the same as the ones constructed before. Now letting d — oo we get a
projective resolution of K (u). We note moreover by the construction that whenever
P(}) is a summand of P;(u) for some i > 0, i.e. Homg,  (Pi(p),L(N)) # 0, we
must have that p < A.

Finally let p,a(q) = > ;5o dim Homg,

min

(P;(1), L(\))q*. To complete the proof,
we need to show that p, \(¢) = lu(—q ') for each u, A € X+ (m|n). For this,
we show that the polynomials p,, »(q) satisfy the same relations as the polynomials
Lia(—¢71) in Lemma Once this is established, the algorithm explained at
the end of to compute I, \(—g~') also computes p, x(q), hence p,(q) =
Lua(—g™1). So take A\, u € XT(m|n) with #p > 0, where we may assume that
wt(A) = wt(u), since otherwise p, x(¢) = 0 and the conclusion holds trivially.
Apply Procedure3.23/to g = f,, to get h = f,, and operators X,,Y,, and consider
the two cases #v = #u or #v = #u — 1, just like above. Let us just explain the
argument in the second case, the first case being easier. Since wt(\) = wt(u) and p
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is not at the end of an a-string of length 2 in the dual crystal graph, Theorem
shows that Y, L(\) equals L(Y;*()\)), interpreted as 0 if Y,*(\) = @. So we get that

> dimHomys,,  (XaP;(v),L(A)¢' = dimHomz,,  (Pi(v),YaL()))¢'
i>0 i>0

= S dimHomyg, |, (P(v), LV (\)g' =y () (@):
i>0

interpreted as 0 in case Y*(\) = @. We noted above that P;(u) = X Pi(v) @

Pi_1(Xa(v)), hence we get that p.x(q) = p, y-(»)(2) + P, ()2 (¢), which is what
we wanted in this case; c¢f. Lemma O

Now choose a length function on ZT'" as explained in[§3-g] and lift it to X+ (m|n)
by setting £(A) := £(f)).

Theorem 4.51. For u, A € X (m|n), the superspace Extif

m|n

(K (1), L(V) is con-
centrated in degree 0, and
S dimBxtl,, (K (1), LG = lu(—a 7).
i>0
Hence, Ext}m‘” (K (u), L(N) # 0 if and only if p = A, in which case
() Bt (K (), LOV) £ 0 = i < 60) — £(u),i = £(N) — £(s1) (mod 2);
(i) Extl;_gi)‘:g(”)(l((u), L(\)) is exactly one dimensional;
(i) Ext}y (

m|n

= =

(K (u), L(N)) is at most one dimensional.

Proof. Apply the functor Homg, (7, L())) to the projective resolution constructed
in Lemma and use Corollaries[3:45] [3:39(ii) and [-44] O

By [Z, Theorem 7.6], Theorem E51] shows that the polynomials I, x(—¢~!) de-
fined here agree with the Kazhdan-Lusztig polynomials K ,(g) defined by Serga-
nova in [S2], [S3]. (It also proves [IZ, Conjecture 4.4], and answers a question raised
at the end of [Z].) Thus we have a cohomological interpretation of the polynomial
lua(—g™'), analogous to Vogan’s interpretation [V Conjecture 3.4] of Kazhdan-
Lusztig polynomials in category O for a semisimple Lie algebra. The even-odd
vanishing established in Theorem [51](i) is especially important: in the language
of [CPS3], it shows that the highest weight category .7-"3” ,, has a “Kazhdan-Lusztig
theory”. Applying [CPS4, Corollary 3.9] (and Corollary E44 again), we obtain:

Corollary 4.52. For u,\ € X+ (m|n), the superspace Exti}-m‘n (L(p), L(X)) is con-
centrated in degree 0, and

M dimExty (L), LONE = Y. Lu(—¢ Dla(—g).

120 veX+t(m|n)
In particular, Exti}-m‘n (L(p), LX) # 0 =i=£(\) — £(p) (mod 2).

Example 4.53. Take y = A = 0 and let » = min(m,n). In this case, the poly-
nomials [, ,(—g~!) are computed explicitly in Example 3371 Combining this with
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Corollary[2.52] one deduces that dim Ext%n‘n (C, C) equals the number of partitions
of 7 with at most r non-zero parts. Hence:

] ) 1
4.54 dim Ext}, C,C)¢' = .
( ) ; fm\n( ) (1 _ q2)(1 _ q4) .. (1 _ qQT)
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