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TOTALLY POSITIVE TOEPLITZ MATRICES AND QUANTUM
COHOMOLOGY OF PARTIAL FLAG VARIETIES

KONSTANZE RIETSCH

1. INTRODUCTION

A matrix is called totally nonnegative if all of its minors are nonnegative. Totally
nonnegative infinite Toeplitz matrices were studied first in the 1950’s. They are
characterized in the following theorem conjectured by Schoenberg and proved by

Edrei.

Theorem 1.1 ([I0]). The oo x oo Toeplitz matriz
1
aq 1

as a1 1

a2 ai

Ad+1 . .oooap 1

az a1

is totally nonnegative precisely if its generating function is of the form,

(1+Bit)
1+ ait + ast? + - - = exp (ta —_—
o 11 5=

where a € R>g and B 2 P2 > -+ 20, 1 272 = -+ 2 0 with 32 i + 3°vi < 0.

This beautiful result has been reproved many times; see [32] for an overview. It
may be thought of as giving a parameterization of the totally nonnegative Toeplitz
matrices by

(A 5 N N -
{0 (Bi)i, (4)i) € Roo x RE x RE( | D 7i(3; + %) < o0 },
iEN
where 3; = ;i — Bi+1 and 7 = vi — Vi41.
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364 KONSTANZE RIETSCH

Now let U~ denote the lower triangular unipotent n x n matrices. One aim of
this paper is to parameterize the set of totally nonnegative matrices in

a1 1
Ap—-1 ... as as aq 1

by n — 1 nonnegative parameters. Let A,,_;(z) be the lower left-hand corner i x i
minor of x € X. Explicitly, we will prove the following statement.

Proposition 1.2. Let X>o denote the set of totally nonnegative matrices in X.
Then the map
AZO = (Al, PN ,An_l) : XZO — RTZLBI

is a homeomorphism.

Note that A : X — C"~! is a ramified cover and the nonnegativity of the values
of the A; is by no means sufficient for an element u to be totally nonnegative.

The statement is rather that for prescribed nonnegative values of Aq,..., A, 1,
among all matrices with these fixed values there is precisely one which is totally
nonnegative.

The proof of this result involves relating total positivity for these n x n Toeplitz
matrices to properties of quantum cohomology rings of partial flag varieties, via Dale
Peterson’s realization of these as coordinate rings of certain remarkable subvarieties
of the flag variety. We show that the Schubert basis of the quantum cohomology
ring plays a similar role for these matrices with regard to positivity as does the
(classical limit of the) dual canonical basis for the whole of U~ in the work of
Lusztig [24]. This is the content of Theorem [, which is the main result of this
paper. The above parameterization of X>( comes as a corollary.

1.1. Overview of the paper. The first part of the paper is taken up with intro-
ducing the machinery we will need to prove our results. We set out by recalling
background on the quantum cohomology rings of full and partial flag varieties, espe-
cially work of Astashkevich, Sadov, Kim, and Ciocan-Fontanine, as well as Fomin,
Gelfand and Postnikov.

Their work is then used in Section H] to explain Peterson’s result identifying
these rings as coordinate rings of affine strata of a certain remarkable subvariety )
of the flag variety. The variety X of Toeplitz matrices enters the picture when the
Peterson variety ) is viewed from the opposite angle (U ~-orbits rather than U™-
orbits). We recall the Bruhat decomposition of the variety of Toeplitz matrices.
Each stratum Xp has in its coordinate ring the quantum cohomology ring of a
partial flag variety G/P with its Schubert basis and quantum parameters.

In Section[d we recall Kostant’s formula for the quantum parameters as functions
on Xp in terms of the minors A; and generalize it to the partial flag variety case.

After some motivation from total positivity the main results are stated in Sec-
tion [ Theorem has three parts. Firstly, the set of points in Xp where all
Schubert basis elements take positive values has a parameterization (q1,...,qx) :
Xp~o — RE, given by the quantum parameters. Secondly, this set lies in the
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smooth locus of Xp and the inverse of the map giving the parameterization is an-
alytic. Thirdly, this set of Schubert positive points agrees with the set of totally
nonnegative matrices in Xp. Proposition stated in the introduction is proved
immediately as a corollary.

In Section Rlwe make an excursion to recall what these results look like explicitly
in the Grassmannian case, which is studied in detail in an earlier paper. We then
use the Grassmannian components of the Peterson variety to prove that the top
Schubert class o, P is generically nonvanishing as function on Xp. Conjecturally,
the same should hold for the quantum Euler class, } , cyr 0w0pD(w), Which would
imply that ¢H*(G/P) is reduced.

The rest of the paper is devoted to the proof of Theorem [7-2. In the next two
sections, parts (1) and (2) of the main theorem are proved. The main ingredient
for constructing and parameterizing the Schubert positive points is the positivity
of the structure constants (Gromov-Witten invariants). Computing the fiber in X p
over a fixed positive value of the quantum parameters (¢1, ..., gx) is turned into an
eigenvalue problem for an irreducible nonnegative matrix, and the unique Schubert
positive solution we require is provided by a Perron-Frobenius eigenvector. The
smoothness property turns out to be related to the positivity of the quantum Euler
class, while bianalyticity comes as a consequence of the one-dimensionality of the
Perron-Frobenius eigenspace.

The final part of Theorem[.2, that the notion of positivity coming from Schubert
bases agrees with total positivity, is perhaps the most surprising. The problem is
that, except in the case of Grassmannian permutations, we know no useful way
to compute the Schubert classes as functions on the Xp. In Section [l we begin
to simplify this problem by proving another remarkable component of Peterson’s
theory. Namely, consider the functions on Xp given by the Schubert classes of
qH*(G/B). Then when extended as rational functions to all of X, these restrict
to give all the Schubert classes on the smaller strata Xp. We prove this explicitly
using quantum Schubert polynomials and Fomin, Gelfand and Postnikov’s quantum
straightening identity.

This last result enables us essentially to reduce the proof of the final part of
Theorem to the full flag variety case. The main problem there is to prove that
an arbitrary Schubert class takes positive values on the totally positive part. This
is done by topological arguments, using that the totally positive part of Xp is a
semigroup.

2. PRELIMINARIES

Let G = GL,(C), and I = {1,...,n — 1} an indexing set for the simple roots.
Denote by Ad the adjoint representation of G on its Lie algebra g. We fix the Borel
subgroups BT of upper-triangular matrices and B~ of lower-triangular matrices in
G. Their Lie algebras are denoted by b+ and b~, respectively. We will also consider
their unipotent radicals Ut and U~ with their Lie algebras ut™ and u~ and the
maximal torus 7= BT N B~. Let X*(T) be the character group of T" and X, (T)
the group of cocharacters with the usual perfect pairing <, >: X*(T)x X.(T) — Z
between them. Let A C X*(T) be the set of positive roots corresponding to b+,
and A_ the set of negative roots. The fundamental weights and coweights are
denoted by wy,...,wp—1 € X*(T) and wY,...,wy_; € X.(T), respectively. We

define II C X*(T') to be the set of positive simple roots. The elements of II are
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denoted a4, ..., a,—1 where the a,,-root space g,,, € g is spanned by
0
eam - (61 5_] )i,jzl - O
0

Let e := ZZ;11 €a,,- A special role will be played by the principal nilpotent element
f € u™ which is the transpose of e.

We identify the Weyl group W of G, the symmetric group, with the group of
all permutation matrices. W is generated by the usual simple reflections (adjacent
transpositions) s1,...,s,—1. The length function ¢ : W — N gives the length of a
reduced expression of w € W in the simple generators. There is a unique longest
element which is denoted wy.

2.1. Parabolics. Let P always denote a parabolic subgroup of G containing B~
and p the Lie algebra of P. Let Ip be the subset of I associated to P consisting of
all the 7 € I with s; € P and consider its complement I” := I\ Ip. We will denote
the elements of I” by {ni,...,n;} with

no:=0<n; <ng < - <ng < Ngg1 =N

Then the homogeneous space G/P may be identified with the partial flag variety
(of quotients)

G/P=Fop (€)= {C" > Vi > > Vi — 0| dimVj = ny}.

Next introduce Wp = (s; | ¢ € Ip), the parabolic subgroup of W corresponding to
P, and WP c W, the set of minimal coset representatives for W/Wp. An element
w lies in WT precisely if for all reduced expressions w = s;, ---s;, the last index
im always lies in I”. We write w’ or w{ for the longest element in W, while the
longest element in Wp is denoted wp. For example wg = wp and wp = 1. Finally
P gives rise to a decomposition

AL =Apy UAY,

where Apy = {a € A} | <a,wy >=0 for all i € I”} and AY is its complement.
So, for example, Ap 1 =0 and AZ = A .

3. THE QUANTUM COHOMOLOGY RING OF G/P

3.1. The usual cohomology of G/P and its Schubert basis. For our purposes
it will suffice to take homology or cohomology with complex coefficients, so always
H*(G/P) = H*(G/P,C). By the well-known result of C. Ehresmann, the singular
homology of the partial flag variety G/P has a basis indexed by the elements
w € W made up of the fundamental classes of the Schubert varieties,

QF .= (BTwP/P) C G/P.

Here the bar stands for (Zariski) closure. Let o4 € H*(G/P) be the Poincaré dual
class to [QF]. Note that QF has complex codimension ¢(w) in G/P and hence o
lies in H?(")(G/P). The set {of | w € WP} forms a basis of H*(G/P) called
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the Schubert basis. The top degree cohomology of G/ P is spanned by 05 p» and we
0
have the Poincaré duality pairing

H*(G/P) x H*(G/P) — C, (o, ) — (o )
which may be interpreted as taking (o, ) to the coefficient of 05 p in the basis

0
expansion of the product o - u. For w € WF let PD(w) € WF be the minimal
length coset representative in wowWp. Then this pairing is characterized by

<Uw : U'u> = 6w,PD(v)'

3.2. Definition of the quantum cohomology ring ¢H*(G/P). The (small)
quantum cohomology ring ¢H*(G/P) may be defined by enumerating curves into
G/ P with certain properties. This description is responsible for its positivity prop-
erties and is the one we will give here. For more general background there are
already many books and survey articles on the subject of quantum cohomology; see
e.g. [9, 13} 29] B0] and references therein.

Let I” = {ny,...,n;}. Then as a vector space the quantum cohomology of the
partial flag variety G/P is given by

gH*(G/P) =Cla{,...,q;] ®c H*(G/P),

where ¢F . .. ,qk are called the quantum parameters Consider the Schubert classes
as elements of ¢H*(G/P) by identifying of with 1 ® of. We will sometimes drop
the superscript P from the notation for the Schubert Classes and the quantum
parameters when there is no possible ambiguity.

Now qH*(G/P) is a free ClgY, ..., ¢f ]-module with basis given by the Schubert

classes o', Tt remains to give the structure constants < P ool of > al
P_P _ Z P P P d_P
Oy O = <0uﬂ0v70 > qUPD()
ueWw?
den*

to define the ring structure on ¢H*(G/P). Here q¢ is multi-index notation for
k d;
[lim 4
Consider the set Mg of holomorphic maps ¢ : CP* — G /P such that
k

=34 [B smP/P]

i=1
Mg can be made into a quasi-projective variety of dimension equal to dim(G/P) +

> di(nit1 —ni—1). To define <05, ol o P>d first translate the Schubert varieties

QF QF and QF into general position, say to QP QP and QP Now consider the set
Ma(u,v,w) of all maps ¢ € Mg such that
#(0) € QF, ¢(1) €QP, and ¢(c0) € OF.
Then My (u,v,w) is finite if dim(G/P) + > di(niy1 —ni—1) = £(u) + £(v) + £(w)
and one may set
#Md(u, v, ’U}) if dlm(G/P) + E di(’l’LH_l - ni_l)
<0’P ok UP>d = =Ll(u) + L(v) + L(w),
0 otherwise.
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368 KONSTANZE RIETSCH

These quantities are 3-point, genus 0 Gromov-Witten invariants. By looking at d =
(0,...,0) one recovers the classical structure constants obtained from intersecting
Schubert varieties in general position. Therefore this multiplicative structure is a
deformation of the classical cup product. We note that the structure constants by
their definition are nonnegative integers.

The quantum cohomology analogue of the Poincaré duality pairing may be de-
fined as the symmetric ClgY’, ..., ¢]-bilinear pairing

qH*(G/P) x qH*(G/P) — Clai ,....ar),  (o.p) = (0~ p)g

which takes (o, i) to the coefficient of o” wl in the Schubert basis expansion of the

product o - p. In terms of the Schubert basm the quantum Poincaré duality pairing
on ¢H*(G/P) is given by

<05 ’ 05>q = 0w, PD(v);

where v,w € WP, and PD : WP — WP is the involution defined in Section Bl
(see e.g. [8], Lemma 6.1).

3.3. Borel’s presentation of the cohomology ring H*(G/P). Let G/P be
realized as a variety of flags of quotients as in Section 2:1]

Then for 1 < j < k+ 1, the successive quotients QQ; = ker(V; — V;_1) define rank
(nj —n;—1) vector bundles on G/P. Their Chern classes will be denoted

ci(Q)) = 0 = ol).

By the splitting principle it is natural to 1ntroduce independent variables z1, ..., %,

such that z,,_,y1,...,%y, are the Chern roots of Q;. So
(31) 0-§J) :ei(xn]71+1,xn]71+2,...,xnj),
the i-th elementary symmetric polynomial in the variables {zp,41,...,2n,,, }. Let
Wp act on the polynomial ring C[z1,...,z,] in the natural way by permuting the
variables. Then the ring of invariants is
w. 1 1) (2 k+1 k+1
Clx1,...,zn]"F =C 0’§),...,0'$L1), §), ...... ,05 ),...,a,(knk)

A. Borel [5] showed that the Chern classes afj ) generate H *(G/P) and the only
relations between these generators come from the triviality of the bundle Q1 ® Q2 &
-+ @ Qp, (which may be trivialized using a Hermitian inner product on C").
In other words, if J denotes the ideal in C[zy,...,z,]"V" generated by the ele-
mentary symmetric polynomials e;(z1, ..., 2, ), then

(3.2) H*(G/P) = Clay, ..., za)"" /J.

3.4. Schubert polynomials and elementary monomials for H*(G/P). For
1<i<k+1, define

(33) 65]) = 65,]1)3 = ei(xh s ?xnj))

the i-th elementary symmetric polynomial in n; variables. Then the e( g are
the generators of the ideal J. But for 1 < j < k, the element egj ) corresponds
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under (B:2)) to a nonzero element of H*(G/P), namely the special Schubert class
P

Usn c— i1 Sn "
J J

The polynomial defined by

n N —Nk—
= (egl)) 1...(6552)) e

represents the top class Tl -

These are examples of the Schubert polynomials of Lascoux and Schiitzenberger,
[23]. The Schubert polynomials {c,, | w € WF} C Clzy,...,2,]"" are, loosely
speaking, obtained from the top one by divided difference operators; see [23] or [27]
for details. If P = B then Schubert polynomials ¢,, are obtained for all w € W,
and the ones from above corresponding to G/P are just the subset consisting of
all those for which w € W*. The key property of a Schubert polynomial c,, is of
course that it is a representative for the corresponding Schubert class oy, .

A different description, following [I1], of the Schubert polynomials ¢, for w €
WP says precisely where these representatives must lie. They are those representa-
tives of the Schubert classes which may be written as linear combinations of certain
“elementary monomials” in Clz1,...,2,]"?.

Explicitly, let Lp be the set of sequences A = ()\(1), ceey )\(k)) of partitions, such

(3.4) c

that A() has at most (nj —n;_1) parts and )\gj) < n;. To any A € Lp associate a

polynomial,
(. N k) (k)
er = (%gw %s:g) (ew %sf,gn,c_l)'

Let us call these polynomials P-standard monomials. These ey are linearly inde-
pendent and span a complementary subspace to the ideal J. So

(C[J?l, A ,J)n]WP =J & <€A>Aegp .

Then the Schubert polynomial ¢, is the (unique) representative in (ex),c ., for
the Schubert class of.

3.5. Astashkevich, Sadov and Kim’s presentation of ¢H*(G/P). The pre-
sentation for the quantum cohomology ring ¢H*(G/P) analogous to Borel’s pre-
sentation of H*(G/P) was first discovered by Astashkevich and Sadov [2] and Kim
[18]. A complete proof may be found in Ciocan-Fontanine [8]. In special cases these
presentations were known earlier, e.g. for Grassmannians [4, [36], and in the full
flag variety case [16], [7].

The generators of ¢H*(G/P) will be the generators of the usual cohomology
ring agj ) (embedded as 1 ® Ugj )) along with the quantum parameters ¢f, ..., q,f .
Here ¢,7 runs through 1 < 7 < k+1and 1 < ¢ < n; —n;—1. Let us for
now treat the O’,Ej )

1 k+1
(C[0'§ )""70£—+n;3 5 ql,...,qk].

and ¢; as independent variables generating a polynomial ring

Definition 3.1 ((q, P)-elementary symmetric polynomials). Let ¢ € Z and [ €
{-1,0,...,k + 1}. Define elements Eéﬁll)y = Ei(l) € (C[a%l), e ,affjllg s Qs QK]
recursively as follows. The initial values are

Ei(_l) = Eéo) =0 forall 9, and Ei(l) =0 unless 0 < i < ny,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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andweseto(l)=0ifi>nl—m_1 anda(()l)zl. For1<i<k+land0<i<m

)

the polynomial Ei(l) is defined by

BO—(B') 4+ B0 1o B0, 4 o)

+ (_1)n1,7nl_1+1ql71El(l—2)

i—nitni—z°

If the ¢; are set to 0 and the az@ are as in ([3I), then this recursion defines the
O]

elementary symmetric polynomials e, .

Remark 3.2. This is a basic recursive definition of the quantum elementary sym-
metric polynomials. See [8] for a host of other descriptions. And here is also one
other curious one to add to this list. _ .

Order the variables O’,Ej ) lexicographically, so that (T,Ej ) < 0,(5 ) whenever i<y
or j = j' and ¢ < k. Now suppose just for the remainder of this remark that
the variables U§] ) are not necessarily commuting. More precisely, let UEJ ) and U,(f )
commute unless |j — j/| = 1 and both ¢ and k are maximal. In that case impose
the Heisenberg relation

M1 =g T -1 nj—NG—17 N1 =N

(+1) (4) )| (4+1) + (_1)nj+17nj+1qj.

The ¢; commute with everything. Now add a central variable z and define poly-
nomials p;(z) = ™ ~"i-1 4+ ay)xnﬂ"”ﬁl*l o4 agj)

—n,_,- Then expand the
product

pm(x) - pm—r(x) - - - pr(x)
and write the resulting coefficients in terms of increasing monomials in the az(j )
(monomials with factors ordered in increasing fashion) by using the commutation

relations. Then for d < n,, the coefficient of z"=~¢ gives the (q, P)-elementary
symmetric polynomial Ec(lm).
For example, in type As for the full flag variety case, the polynomials E£3), E§3)
(3) . .
and E3” turn up as coefficients in

(z + x3)(x + 2o0)(x + 21) = 23 + (z1 + 2o + 23)22
+ (2122 + 2223 + 2123 + @1 + g2)z + (12273 + 2192 + T301).

Theorem 3.3 ([8, 2] [18]). The assignment O'](-i) —1® (TJ(-i) and ¢; — q; @ 1 gives
rise to an isomorphism

(3.5) CloM,. oM a])T S5 gHH (G P),

where J is the ideal (EYCH)7 ceey Ey(bkﬂ)). This isomorphism takes the element Ei(l)
for 1 <1 <k to the special Schubert class 05”

—it1Sng "

An immediate question raised by this theorem is how to describe Schubert classes
in the picture on the left-hand side of this isomorphism. This is answered by a
quantum analogue of the Schubert polynomials.
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3.6. Quantum Schubert polynomials. In the case of G/B a full theory of quan-
tum Schubert polynomials was given by Fomin, Gelfand and Postnikov [I1]. This
was later generalized to partial flag varieties by Ciocan-Fontanine [8]. Note that
the quantum Schubert polynomials for partial flag varieties are not special cases of
the full flag variety ones, due to lack of functoriality of quantum cohomology (but
see Proposition .

There is also a different construction of (double) quantum Schubert polynomials
due to Kirillov and Maeno [20] which has been shown to give the same answer. We
give the definitions following [11] and [8].

Definition 3.4 ((q, P)-standard monomials). As in Section B4, let £Lp be the set
of sequences A = (A ..., A(®)) of partitions such that AU) has at most (n; —n;_1)
parts and )\gj) < n;. To each A € Lp associate an element

k k k
Ep = <E<1> g ) <Ei<}> W) ) e o, o® an il

AR Y
These elements are called the (q, P)-standard monomials.

Remark 3.5 (Example). The (q, B)-standard polynomials were introduced in [IT].
They are the monomials of the form

1) @ (n—1)
EpEry - Epy, .

where 0 < j; <l foralll=1,...,n—1.

Let V' denote the Clqq, ..., ¢;]-module spanned by the (q, P)-standard monomi-
als,

V =Claq1,.,qk] @c (Er) perp -
Then
(C[agl),...,Ur(l]i)nk,ql,...,qk] =J o V.

Definition 3.6 ((q, P)-Schubert polynomials). The quantum Schubert polynomial
Cck e (C[Uﬁl), ... ,a,(llcfrllg,ql, ..., qk] is defined to be the unique element of V' whose
coset modulo J maps to the Schubert class of under the isomorphism

CloM, .. a® D g i) /T = qH (G/P).

Remark 3.7 (Example). From (B4) it follows immediately that the (q, P)-Schubert
polynomial representing the top class o,,» € ¢l *(G/P) is given by

(3.6) che=(B0,)" (B0

3.7. Grassmannian permutations. A Grassmannian permutation of descent m
is an element w € W4 for the maximal parabolic P; with 174 = {d}. As permu-
tations on {1,...,n} these may be characterized by
weWhlt «— w(l)<- - <w(d) and wd+1) < - <wn).

They are in bijective correspondence with shapes (partitions) A = (A1,..., Ag) such
thatn —d > XA > > Xg >0, via \; = w(i) — i + 1.

Let w) 4 denote the Grassmannian permutation of descent d and shape A. There
is a closed formula for the quantum Schubert polynomials CBA. , given by A. N. Kiril-

w )
lov in [I9], which we will derive here from Fomin, Gelfand and Postnikov’s definition.
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The classical Schubert polynomial for wj 4 is just the Schur polynomial ¢y, , =
sa(®1,...,xq); see e.g. [27]. Therefore by the Jacobi-Trudi identity

(d) () ) (d)

€, Ex+1 T Oge—1
(d) (d) (d)
€xy—1 €x, EXye—2
Cw, 4, = det ,
(d) (d)
ENte—1 " Ex

where )\ is the conjugate partition to A and ¢ = n — d (see [28]). Repeatedly
applying the identity

o) _ (lm1) _

J J 16('m)

Tm+ j—1

of elementary symmetric polynomials to one column in the determinant at a time,
one obtains

(d) (d+1) (n—1)
€\, Exi+1 T Eage—1
(d) (d+1) (n—1)
e e DY e
-1 A Ay+c—2
Cuy 4 = det
(d) (n—1)
eA/C+671 DR DR eA/C

Expanding out this determinant gives an expression for ¢y, , as linear combination
of B-standard monomials. Therefore the quantization is simply given by

(d) (d+1) (n—1)
D Dy D
Bl pldth . gl
Cy , = det Ay—1 YA Ay+c—2
(d) (n—1)
E>\2+C*1 .. . E/\’c

3.8. Quantum Chevalley formula. The Pieri formula for H*(G/P) of Lascoux
and Schiitzenberger was generalized to the ¢H*(G/P) setting by Ciocan-Fontanine
in [8]. We will only need the following simpler case.

Theorem 3.8. For h <1 € {1,...,k} set Thy = Sn, = *** * Snypy—15m—1° "** °
Snp_1+1 0nd dp g = qn - Q1 - - q. Letnj € I” and w € WF. Then
P P _ v P P
anj Jw - Z < a,wnj > o-wsa + Z tho-wﬂ,,y;,'
acAt hle{l,...k}
wse€WF 1<h<j<I<k
Lwse)=L(w)+1 L(wTp,1)=£(w)—£(Th,1)

This is a reformulation of a special case of Theorem 3.1 in [§].

4. QUANTUM COHOMOLOGY RINGS AS COORDINATE RINGS

4.1. ASK-matrices. We define with some minor changes an n x n matrix A+
with entries in (C[ail), e ,agk_)nk s Q1 -, qx] introduced by Astashkevich, Sadov
and Kim in [2] and [I8]. Setting niy1 = n and ng = 0 define first (n; — nj_1) x
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(n; —n;—1) matrices DU) by

—U%l) —051) —0531) 0 -~ 0 — (j‘) .

0 0 . . ".7.—”;—1

pw — : : and DWW — : : :

: : . . _Uéj:)

0 0 0 ... 0 _Uy)
for 2 < j < k41, and let DU be the n; x n; block matrix made up of diagonal
blocks DM ..., DW . Furthermore define n; x n; matrices

0
f[l] _ 1 . and Q[z] — ((_1)n7n+1—n7nqmézl'rrL—1+16;l71L+1)nl .
. .. 1,j=1
1 0
Then set

Al = 4 pll 4 QU
The coefficients of the characteristic polynomials of the A satisfy precisely the
same recursion as the (P, q)-standard symmetric polynomials El(jl?i. Explicitly, we
have
det(A\Id —AU) = X 4 EP At 4 BY)
In particular the relations E§k+1) = ... = Er(lk'H)
ring are equivalent to

(4.1) det(AId — AR+ = \»,

Let us call the matrices in gl,, of the same form as A*+! (with the same pattern of
0 and 1 entries) ASK-matrices. They form an affine subspace Ap in gl,,. Let Np
be the (nonreduced) intersection,

Np=ApNN ,
of Ap with the nilpotent cone N in gl,,. Its coordinate ring is denoted O(Np).
Then (1) implies that the map O(Ap) — C[o@, .. ,a,(i)nk s Q1y -5 qr ] de-
fined by A1 induces an isomorphism

= 0 of the quantum cohomology

(4.2) OWNp) = Clot, o™ ar ]/
The statement of Theorem B3]l may therefore be interpreted as
(4.3) O(Np) — qH*(G/P).

4.2. Peterson’s theorem. All the affine varieties Spec(¢H*(G/P)) turn out to
be most naturally viewed as embedded in the flag variety (or in general in the
Langlands dual flag variety) where they patch together as strata of one remarkable
projective variety called the Peterson variety. This is the content of Dale Peterson’s
theorem which we will deduce here explicitly for the type A case.

Definition 4.1. Let b** := 37 1 \jy 8o and 7% : ¢ — b¥" be the projection

along weight spaces. Let f € gl,, be the principal nilpotent f (k1] from above.
Then the equations
T (Ad(g™h) - f) =0
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define a closed subvariety of G invariant under right multiplication by B~. Thus

they define a closed subvariety of G/B~. This subvariety ) is the Peterson variety
for type A. Loosely, ) can be described by

y= {gB € G/B~

Ad(g!)-feb @) Ce,, } .
iel
Let v1,...,v, be the standard basis of V' = C". Then {v;, A---Awv;; | 0 <
i1 < i < --- < ij < n} is the standard basis of the fundamental representation

V@i = A’V. Let ( | ) denote the inner product on V*i such that this basis is
orthonormal. We also refer to representations by their lowest weight, so V¥n—m =:
V_...- Denote the lowest weight vector by

V_w,, = Um4+1 N+ ANUp.

Define rational functions G}* = G,,_,,,...s,, on G/B™ in terms of matrix coeffi-
cients of the fundamental representations by

(9-v_w, | Sm—it1" " Sm* V-w,,)

44 " (gB7) = Gy, 1w, (gB7) =
(44)  G{"(9B7) = Gsppiiros,n(9B7) G oo Tv o)

Note that Spm—it1 - Sm " V—w,, = Um—it1 A Ums2 A -+ A vy and G7(gB~) may be
written down simply as a quotient of two (n — m) x (n —m) minors of g.

Theorem 4.2 (D. Peterson). (1) For any parabolic subgroup Wp C W with
longest element wp define Yp as (nonreduced) intersection by

Yp:=YN (B+wa_/B_) .
Then on points these give a decomposition

Y(C) = |¥r(©).

(2) For each parabolic P there is a unique isomorphism
(4.5) O(Yp) — qH*(G/P),

: P
which sends Gsnriﬂ...snj to Oy —itreeesm, °

Remark 4.3. If P is the parabolic subgroup, then G7' is a well-defined (regu-
lar) function on the Bruhat cell BtwpB~/B~ precisely in the case m € I P
{n1,...,nx}. In fact we have

BtwpB~ /B~ = C(Zizim),
9B~ = (Gy*(gB7),...,Gni(9B7), Gy*(gB™),...,Gui (9B ™)),
or in other words,
O(B*wpB~/B7) =C[G,...,Gp¥].
Let Jp C C[GY",...,G}*] denote the ideal defining Vp.

Proof. (1) is proved in [33]. See also Lemma 2.3 in [35]. We will deduce (2)
very explicitly from the ASK presentation. Begin by defining a particular section
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u: BtwpB~ /B~ — U™ of the map * — zwpB~ in the other direction. For

1=0,...,k we have n X (nj41 — n;) matrices U® defined by
G™
G Gy o G "
0o 1 am :
' G2 ay an
mn1 .
G11 G
1
U — 0 , U = 1
0o . GU' GY
' 1 G
. 1
0 0 ;
0 0

where 1 <[ < k. Then the matrix

u= | UO© UM R AL

defines a map u : BtwpB~ /B~ — U™. It follows using Remark EL3] that this map
is indeed a section. That is,

gB™ =u(¢gB )wpB~, for ¢gB~ € BtwpB~/B".
Consider the matrix
A=u"'fuegl,(C[GT,...,Gr¥]).

A direct computation shows that modulo the ideal Jp defining Vp the matrix A
is an ASK matrix (i.e. it is an ASK matrix over C[G}*,...,G}*]/Jp). Also it is
clear that the characteristic polynomial of A satisfies det(A\Id —A) = A", since A
is conjugate to f. Therefore the morphism BTwpB~ /B~ — gl, defined by A
restricts to a morphism

(4.6) A|yp : yp — Np
from Yp to the variety of nilpotent ASK-matrices.

For the inverse define a map ¢ : C[G}*, ..., G}*] — (C[ogl), e ,a,(lkfnlg Q15 QK]
by ¥(G7) = Ei(j). Applying 1 to the entries of u we obtain a matrix up with en-

. 1 k41
tries in (C[O’i ),..., g_t“j , 41, -

translates into the identity

(4.7) up' fup = AR 4

.,qx]. Then the recursive definition of the Ei(j )

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



376

of matrices over C [09, S0

(k+1)
yYn—ny qi, - -

KONSTANZE RIETSCH

. qk} , where APt is the matrix defined

in Section @Il and M the n X n matrix given by

0

0

0 B+
k1
B

Ly
0 Bk

This identity implies that 1) induces a map of quotient rings

b OVp) — C {a§1>,...,agﬁ+n13 1,

,qk} JEFED L pkD)y,

This map together with ({2) defines an inverse Np — Vp to ([@6). Thus 1& is an
isomorphism and everything follows from Theorem [3.3. ([l

Remark 4.4. Actually, Peterson’s results are more generally stated over the integers.
And here in particular the analogous theorem over Z holds, with the exact same
proof. We have stayed over C in our presentation since that is all we will require.

4.3. Toeplitz matrices. The stabilizer of f under conjugation by U~ is precisely
the (n — 1)-dimensional abelian subgroup of lower-triangular unipotent Toeplitz
matrices,

1
al 1
X :(U_)f: xr = a9 a1 ai,...,a,_1 € C
: 1
Ap—1 as a1 1

Let us take the matrix entries aq, ..., a,—1 as coordinates on X, thereby identifying

O(X) =Clay,...,an-1). For 1 <m <n—1let A, € O(X) be defined by
arm a’TVL71
B nem  |@mi1 - . :
(4.8) Apy = det(aj—itm) ;27 = | " ) . ’
. Gm—1
Ap—1 A1 Am

where ag = 1 and a¢; =0 if [ < 0. Let
Xp=Xn B+wprB+.
We recall the following explicit description of the Xp C X.

Lemma 4.5 ([35] Lemma 2.5). As a subset (not subvariety) of X, Xp is described
by
XPI{U€X |Az(u)7é0 <~ iE{nl,..

.,nk}}.
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Note that the map
A=(A,...,Ap1): X -C"!
has the property A='(0) = {0} (in fact over any field). And A* : O(C"~ 1) =

Clz1,. .+, 2n-1] — Clas,...,a,—1] is homogeneous, if the generators are taken with
suitable degrees. Therefore A is a finite morphism; see e.g. [17].

Theorem 4.6 (D. Peterson). (1) Define
X:=YN (B wB /B”) and Xp:=XNY".
Then the isomorphism U~ — B~ woB~ /B~ defined by u — uwoB~ iden-
tifies X with X and also Xp with Xp for each parabolic P.
(2) The map &R) induces an isomorphism of O(Xp) with ¢H*(G/P)[q; ",
. qgl] giving
(4.9) O(Xp) «— O(Xp) = qH*(G/P)la; ' ... q; .
In particular, each Xp is open dense in Vp.

For a proof of this when P = B see Theorems 8 and 9 in [2I]. The general case
is analogous, and for (2) see also the proof of Lemma 51l below.

5. THE QUANTUM PARAMETERS AS FUNCTIONS ON Xp

After applying (29), the quantum parameters qf may be expressed (up to taking
some roots) in terms of the functions A; from (@8). In the full flag variety case,
that is on Xp where all A; are nonvanishing, Kostant [21] has given the following
formula:

Aj 1A
5.1 @ = ==
&) N

This generalizes as follows to the partial flag variety case.

Lemma 5.1. Let the quantum parameters qf be regarded as functions on Xp via
the isomorphism O(Xp) = qH*(G/P)q; ", ..., q; "] from @E3). Then

( P)(nj*nj—l)(nﬁrnj) _ (A, )7 (A, )70
J (A, )11
J

The proof of this lemma which we give below is an adaptation of Kostant’s proof
of the formula (ETI).

Proof. Let y € Xp. Then ywgB~ € Xp and we have
ywoB~ = uwpB~ for some u € U™.

Without loss of generality u may be chosen such that Ad(u=1)- f is an ASK-matrix
A € Np. Since vwpB~ = ywoB~, we can find @ € UT and ¢t € T such that

I S P |
Yy =uwp wy tu .

We have
(5.2) Ad(a ™) - f = Ad(twowp'u™y) - f = Ad(twowp') - A.
The right-hand side may be expanded to give
n—1
Ad(t rwowp) - A = Z m; f; + higher weight space terms,
i=1
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where explicitly

_JEnrnriai(t)e) (y) i i =n—ny,

T as(®) ifn—i¢{ni,... ,n}.
This follows from the isomorphisms in Section @ On the other hand since u € U™,
the left-hand side of (5:2)) implies that all the m; must be equal to 1. Therefore we
have the identities

oy (1) = (1) g0 (y) ™ =1k,

a;(t) =1 n—1i¢{ny,...,ng}.
Thus ¢ is determined up to a scalar factor A\ by the ¢;(y)’s. Let Txi1 be the
(n —ng) X (n —ng) identity matrix and T the (n; —n;_1) x (n; —n;j_1) matrix

1
Ty =(-1)"""q;(y)gj+1(y) - ax(y) )
1
for 1 < j < k. Then t may explicitly be described by
Tyt1
t=2A\ T

Ty
Now
An,(y) =W -v1 A AUnpj1 | Unye1 Ave- Avg)
= (uw;lwo_ltﬂfl VLA ANVUpny | Unje1 A Avg)
= Wn-n; (t)(uw;lwo_l VLA ANVpp; | Vnye1 A Aug)
=N g(y)" T g1 ()T gy ()T
and the identity follows. O

6. TOTAL POSITIVITY

A matrix A in GL,(R) is called totally positive (or totally nonnegative) if all
the minors of A are positive (respectively nonnegative). In other words A acts
by positive or nonnegative matrices in all the fundamental representations /\k R"™
(with respect to their standard bases). These matrices clearly form a semigroup.
The concept of totally positive matrices is in this sense more fundamental than
the naive concept simply of matrices with positive entries, which overemphasizes
the standard representation. Total positivity for GL,, was mainly studied in and
around the 1950’s by Schoenberg, Gantmacher-Krein, Karlin and others, and has
relationships with diverse applications such as oscillating mechanical systems and
planar Markov processes.

More recently, G. Lusztig [24] extended the theory of total positivity to all re-
ductive algebraic groups. His extension rests around a beautiful connection with
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canonical bases (for ADE type). This point of view on total positivity was part of
the motivation for the main result of this paper, stated in the next section. It goes
as follows.

Let us consider the lower uni-triangular matrices U~ (staying with G = GL,,
to avoid making further definitions). Let UJ, be the set of totally nonnegative
matrices in U~. And define the “totally positive” part of U~ by

S0 =USyN B woB*.

Now the canonical basis of the quantized universal enveloping algebra U, defined
by Lusztig and Kashiwara gives rise, after dualizing and taking the classical limit,
to a basis B of the coordinate ring O(U ™). Lusztig proved that the canonical basis
has positive structure constants for multiplication and comultiplication, using his
geometric construction of . This is the main ingredient for the following theorem.

Theorem 6.1 ([25]; see also Section 3.13 in [26]). Suppose uw € U~ (R). Then
uwe Uy = b(u) >0 forallbe B.

The functions b € B are matrix coefficients of U~ in irreducible representations
of GL,, with respect to canonical bases of these representations (obtained from the
canonical basis of ¢, ). This theorem is a reformulation of a result from [25], which
holds for any simply laced reductive algebraic group.

Philosophically, U~ is a variety with a special basis on its coordinate ring (even a
Z-basis if we were to define U~ over the integers) which moreover has nonnegative
integer structure constants. And by Lusztig’s theorem, the question regarding
which w € U™ have the property that all b € B are positive on u has a very nice
answer, namely the totally positive part of U~.

We ask the same question for the components Vp of the Peterson variety (or
equivalently for the Xp C U™), whose coordinate rings are naturally endowed with
Schubert bases also with positive structure constants (as enumerative Gromov-
Witten invariants). And remarkably we discover total positivity again in the answer.

The corollary, the parameterization result for totally nonnegative finite Toeplitz
matrices stated in the introduction, also illustrates a common feature in total posi-
tivity. For example there are natural parameterizations of U, (introduced in [24])
which are related to combinatorics of the canonical basis and have been studied
extensively. See e.g. [12] for a survey.

7. STATEMENT OF THE MAIN THEOREM

The varieties we are studying lie either inside GL,, or G/B~. By their real points
we mean coming from their split real form, GL,(R) and the real flag variety. We
consider the real points always to be endowed with the usual Hausdorff topology
coming from R. The positive parts will be semi-algebraic subsets of the real points.

Following [24], the totally positive part (G/B~)so of G/B~ is defined as the
image of U;O under the quotient map G — G/B~. By a result in [24] this agrees
with the image of U_jwoB~. So

(G/B )20 = UtyB~ /B~ = UsywoB~ /B~

The totally nonnegative part (G/B~)>¢ is the closure of (G/B~ ) inside the real
flag variety.
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Using Peterson’s isomorphisms (fH) and (@9) we may evaluate elements of
gH*(G/P) as functions on the points of Yp and Xp, or Xp.

Definition 7.1. Let the totally positive part of Vp be defined as
yp,>0 = yp(R) n (G/B_)ZO n B_'LUOB_/B_.

This automatically lies in X'p, so we also set Xp~¢ := Vp 0. Finally, compatibly
with this definition, set Xp >0 := Xp(R)NUZ,.

We define the Schubert-positive parts of Yp, Xp and Xp, also compatibly with
the various morphisms between them, by

ViUt .= {z € Yp(R) | ok () > 0 allw e WF},

Xt = {w € Xp(R) | ol (x) > 0 allw e W},

Xput = {z € Xp(R) | of(z) >0 allwe W},
These are all semi-algebraic subsets of the real points of Yp, Xp and Xp, respec-
tively.

Theorem 7.2. (1) The ramified cover m = ¥ = (¢F,...,q¢f) : Yp(C) — C*
restricts to a bijection
P ., y)Schub k
T YES — R,
(2) ygffgb lies in the smooth locus of Yp, and the inverse of the map 7r§0 :
ygffgb — RE is analytic.
(3) The two notions of positivity agree. That is,

Schub __
yP,>0 - yP,>0a
and also ygglgb = gf{)‘b =Xp~o and ngfgb =Xp>o.

Remark 7.3. We conjecture that all the analogous results to those stated in Theo-
rem [7.2 should hold true in general type. The stabilizer of the principal nilpotent f
in that case should have a totally nonnegative part with a cell decomposition com-
ing from the Bruhat decomposition. And there should be an analogous relationship
with Schubert bases for quantum cohomology rings ¢H*(GY /PV) of partial flag
varieties of the Langlands dual group, via the Peterson variety for general type.

The bianalyticity of 72, is equivalent to the nonvanishing on Xp ~¢ of the quan-
tum Vandermonde function introduced by Kostant [21], Section 9, and [22]. This
function on X is expressed as the determinant of a matrix whose entries are alter-
nating sums of minors. There is no obvious reason why it should be nonvanishing
on Xp so. But Theorem [2(2), which is proved by completely different means,
implies that the quantum Vandermonde must take either solely positive or nega-
tive values on Xp ~o. We expect that the values will always be positive, but have
checked this so far only in very low rank cases.

We now deduce the corollary stated as Proposition [[.2]in the introduction.

Corollary 7.4. Let X>¢ denote the semi-algebraic subset of X (R) of totally non-
negative unipotent lower-triangular Toeplitz matrices. Then the restriction

. n—1
Aso: X3o — RYg

of A:=(A1,...,A,_1) is a homeomorphism.
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Proof of the corollary. By Theorem we have homeomorphisms
(qfa EEEE) QII;) : XP,>0 - RliOv

one for each parabolic P. By Lemma B the qf’s are related to the A,;’s by a

transformation which is continuously invertible over R’io. By this observation, and
since X>o = || Xp >0, we have that

. n—1
Aso: X39 — RYy

is bijective. So A>( is continuous, bijective, and a homeomorphism onto its image

when restricted to any X p,~¢. Since A is finite it follows that AZ] is also continuous.
B O

8. GRASSMANNIANS ETC.

The quantum cohomology rings of Grassmannians have been studied much more
extensively than those of partial flag varieties; see for example [4] [15] [36] [37]. The
Grassmannian case can be regarded as a kind of toy model for this paper. The
main results stated in the previous section generalize properties from the Grass-
mannian case, which were studied by elementary means, basically playing with
Schur polynomials, in [35]. We will briefly recall what happens in that case.

(1) Let V4, be the transpose of Xp, (upper-triangular rather than lower-
triangular Toeplitz matrices), notation as in [35]. And let Oreq(Va,n) be the
reduced coordinate ring of V; ,,. Then an incarnation of Peterson’s theorem
says Ored(Van) = ¢H*(G/Py).

(2) The points of Vg, are those

1 a; - ay 0
1
u = aq
ai :
1 o
1
for which
d .
P(x):xd+a1xd71+...+ad:H<x+ze(mj%))
j=1

for some z € C and integers 0 < m; < --+- < mg < n. In other words either
u is the identity matrix or otherwise the roots of the generating polynomial

p(x) are distinct complex numbers z1,...,zq with o7 = - = ;. Write
u=u(1,...,Td).
(3) Let u =u(x1,...,2q) as above, and wy the Grassmannian permutation in

WP4 corresponding to a Young diagram . The image of the Schubert class
0-5;1\ € Ored(Vd,n) is given by

Py

oyt (u) = sx(z1,. .., 24),

where sy is the Schur polynomial associated to A.
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il

(4) Let ¢ = e, and set usq(t) = u(t{’%,tgf%“, ... ,t(%). Then

u>0 : Rx>q = (Vd n) Dt uZo(t)

is a homeomorphism, where (Vg,n)-, denotes the totally nonnegative ma-
trices in Vg p,. B

(5) The values of the Schubert classes on the u(t) are given by a closed (hook-
length) formula, which explicitly shows them to be positive for ¢ > 0.

(6) The quantum parameter g is given by q(u(x1,...,2,)) = (=1)¥ 1z, In
particular, q(u>o(t)) = t™.

From the proof of Theorem 2] in particular from inspection of the matrix u
introduced in (&2), we see directly that Vg, = Vp, via u — uwp, B~. Notice also
that (4) and (6) give the parameterization by quantum parameters of Theorem
in this special case.

Peterson has announced in [33] that all the quantum cohomology rings ¢H*(G/ P)
are reduced. To prove this amounts to showing that the element ) 1 r 0wOpD(w)
is a nonzerodivisor in ¢H*(G/P) (see also [I]). This is because, for example, if o €
gH*(G/P) is nilpotent, then so are all uo for p € ¢H*(G/P), and the corresponding
multiplication operators M,, on ¢H*(G/P) have vanishing trace. But computing
these traces by Poincaré duality gives tr(M,,) = <;w Y wewr Ow UPD(w)>q =0
and therefore o - (Zwewp O'wO'pD(w)) = 0. It is in fact sufficient to show that

wew P TwIpD(w) 18 generically nonvanishing on Yp (see Lemma [ITLT]).

Apart from the Grassmannian case where everything is very explicit, and the
full flag variety case treated in [21], where the Peterson variety Vg is irreducible, I
do not know a proof that » i -r 0wOpp(w) is generically nonvanishing. But with
the help of the explicit results above we can prove at least the following lemma
which will come in handy later.

Lemma 8.1. The element of O(Yp) defined by 055 takes nonzero values on an
open dense subset of Yp(C).

Proof. Since Xp is open dense in Vp, it suffices to show that o” e is nonzero on an

open dense subset of Xp(C). By Theorem- we may furthermore replace Xp by
Xp. So let us identify the Schubert classes o with rational functions on Xp and
prove that the top one is generically nonvanishing.

Let P, denote the maximal parabolic with I*» = {m} and let C' be an irre-
ducible component of the closure Xp = | |p/5p Xpr. If I¥ = {iy,... i)}, then

(Apyse ey Ay) s Xp(C) — C*

is finite, as pullback of the finite map (A1,...,A,_1) : X(C) — C"~1. There-
fore the restriction of (Ay,,...,Ap,) to C is surjective and C' intersects all of the
subvarieties Xp  of Xp.

Now in qH*(G/P) we have

P P P
0— P = . O' . DRI . 0’ .
w 81°8ny U S1:Sny 81°+8Sny

Let © € Xp. Then tracing through Peterson’s isomorphisms gives
P y —
Usl~~~an (l‘) = GZ; (waB )7

where G?L; is as in ([£4). This function extends to X P, C Xp and is seen to be
nonvanishing there using the explicit description of Xp, (see (2) above). Since
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is generically
O

any irreducible component of Xp meets X p, , we have that 05 s
y nj

nonzero on X p. The same holds therefore for aip as the product of the ai sy
J

9. PROOF OF THEOREM [T.2[(1)

We must first check that 7¥ actually takes values in R% . This follows from the
following observation.

Lemma 9.1. Let P,; be the maximal parabolic defined by I = {n;}, and set

Pn.
v =w,” € Wi to be the longest element. Then v € WP and we have the

following relation in ¢H*(G/P):

P P_ P P
Usnj "0y, = qj UvTj,j’

where Tj; = Sn; *** Snjy1—15n;—1° " Sny_14+1-

Proof. Let a be a positive root such that < «, w,\{j >#£0. Soa=ap+ -+ o for
some h < n; < [. By the Chevalley formula, 0,5, appears in the expansion of the
product only if £(vse) = £(v)+1. If h < nj; < lthen £(vsy) = £(v)+L(sa) > £(v)+3.
So assume h = n; or | = n;. In either of those two cases ¢(vsy) = ¢(v) — 1. Thus,

the classical contribution to of - of is indeed zero.

Sn v

Suppose now {(vTy,;) = €(v) — £(7h,), where 7 is as in Section 38 This is
equivalent to assuming 7, ll e Whni . Since

71 _
Thy = Snn_a+1" " Sn—18n,4,—-1"" " 5n,,

sends both oy, and o, = sp, - 8n;,,—1(m,—1) to negative roots we must have

h =1=j. So by quantum Chevalley’s rule the only possible quantum contribution

to the product 05 o olb is qf af;jj. It follows by a direct check that this term
; ,

does indeed appear (as of course it must, since the product cannot be zero by the

same arguments as in Lemma RT)). O

Now we would like to show that 7r§0 is actually surjective. For this fix a point
Q € (R>0)* and consider its fiber under 7 = 7. We may regard

Rq :=qH"(G/P)/(af = Qu.---.qi — Q&)
as the (possibly nonreduced) coordinate ring of 771(Q). Note that R is a finite-
dimensional algebra with basis given by the (image of the) Schubert basis. We will
use the same notation o for the restriction of a Schubert basis element to Rg.

Lemma 9.2. Suppose i1 € Rg is a nonzero simultaneous eigenvector for all linear
operators Rg — Rg which are defined by multiplication by elements in Rg. Then
there exists a point p € 7~ 1(Q) such that (up to a scalar factor)

H= Z 05(10) UII;D(w)'
weW?FP
Proof. Consider the algebra homomorphism
Rg —C
which takes o € Rg to its eigenvalue on the eigenvector p. This defines the C-valued
point p in 771(Q). Now let us write  in the Schubert basis,

w= Z mePD(“’), my, € C.
weWF
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For ¢ € Rg, let <0’>Q € C denote the coefficient of 05 » in the Schubert basis
0
expansion of g. Then by quantum Poincaré duality we have

my = (0" pu)g=(0"(p) n)g=0"(p) (k)g=0"(p) mi.

Here m; must be a nonzero scalar factor (since p # 0), and the lemma is proved. O

We continue the proof of Theorem [[.2[1) our immediate aim being to find a
Schubert positive point pg in the fiber 771(Q). Set

o= Z ol € Rq.
wew?r

Suppose the multiplication operator on Rqg defined by multiplication by o is given
by the matrix My = (M w )y wewr With respect to the Schubert basis. That is,

P P
c-0, = E My, w0y -

weWFr

Then since Q € R’;O and by positivity of the structure constants it follows that
M, is a nonnegative matrix. Furthermore let us assume the following lemma (to
be proved later).

Lemma 9.3. M, is an indecomposable matriz.

Given the indecomposable nonnegative matrix M, by Perron-Frobenius theory
(see e.g. [31], Section 1.4) we know the following.

The matrix M, has a positive eigenvector p which is unique up to a scalar
(positive meaning it has positive coefficients with respect to the standard basis).
Its eigenvalue, called the Perron-Frobenius eigenvalue, is positive, has maximum
absolute value among all eigenvalues of M,, and has algebraic multiplicity 1. The
eigenvector p is unique even in the stronger sense that any nonnegative eigenvector
of M, is a multiple of p.

Suppose p is this eigenvector chosen normalized such that (u) o = 1. Then since
the eigenspace containing p is 1-dimensional, it follows that p is a joint eigenvector
for all multiplication operators of Rg. Therefore by Lemma there exists a
po € 7 1(Q) such that

B= Z 05(170) JgD(w)'
weW?FP

Positivity of p implies that ol (pg) € Rso for all w € WF. Hence py € ygfggb.

Also the point pg in the fiber with this property is unique.
Therefore we have shown modulo Lemma [9.3] that

(9-1) Ve’ — RE,
is a bijection. Finally we complete the proof of Theorem [L2(1) by proving the
lemma.

Proof of LemmalZ3 Recall that ¢ = 37, r 0w. Suppose indirectly that the
matrix M, is reducible. Then there exists a nonempty, proper subset V.C W7
such that the span of {0, | v € V} in Rg is invariant under M,. We will derive a
contradiction to this statement.

First take any element v € V. Then the top class o, occurs in o - o, with
coefficient 1 by quantum Poincaré duality. Therefore we have wl € V.
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Next we deduce that 1 € V. Suppose not. Then the coefficient of o1 in oy, Oup
must be zero for all w € WF, or equivalently

<Jw'0w5~0w5>Q:0

for all w € WF. But this also implies <aw COWP  OyP > = 0, since the latter
0 0 q

is a nonnegative polynomial in the ¢/’s which evaluated at @ € RY, equals 0.
Therefore o,,r - 0,,p = 0 in ¢H*(G/P) by quantum Poincaré duality. This leads to
a contradiction with Lemma Bl that the element O 18 generically nonzero as a

function on Yp. E
So V must contain 1. Since V is a proper subset of W we can find some w ¢ V.
In particular, w # 1. It is a straightforward exercise that given 1 # w € W’ there
exist a € Ai and v € W7 such that
W =v8q, and {L(w)=~L(v)+1.

Now a € Af means there exists n; € I” such that < a,wxj > 0. And hence by
the (classical) Chevalley formula we have that Tsn, " Ov has 0, as a summand. But
if w ¢ V this implies that also v ¢ V| since o - o, would have summand Os,, " Ov
which has summand o,,. Note that there are no cancellations with other terms by
positivity of the structure constants.

By this process we can find ever smaller elements of W which do not lie in V'
until we end up with the identity element, so a contradiction. (I

10. PROOF OF THEOREM [T.2)(2)
We need to show that Vp ¢ lies in the smooth locus of Vp. Consider the map
E: (E£k+1)""7E'§Lk+1))i| : (Cn _)(C[qlﬂ"'7Qk3:|n’
and its evaluation at Q = (Q1,...,Qy) € CF,
Eg =evgoE: C" — C™.

M) —i e, 4 Let

8E(k+1)
Jg = det (li E(C[U§1),...,O',§l]i+n1k)7 qu...,qk]a
4,

Here the coordinates €1, ..., €, of the source C" are the o

an

which at q = @ evaluates to Jg, = det (8(57?)”) € C[a@,... a(kﬂ)], the

. »Yn—ny
Jacobian of Eg. Let us also denote by Jg and JEC; the classes these functions
define via (31) in ¢H*(G/P) and in Ry = ¢H*(G/P)/(q1 — Q1,---,qk — Qr),
respectively.
Note that the zero-fiber of Eq equals (77)71(Q), and a point p € (77)71(Q) is a
smooth point of Vp if the Jg, (p) # 0. The smoothness assertion of Theorem [Z.2]2)
follows from the following lemma.

1W. Fulton and C. Woodward [14] have in fact recently proved that no two Schubert classes in
qH*(G/P) ever multiply to zero. This result can also be recovered as a corollary of Theorem [Z2}
since the product of two Schubert classes must take positive values on Yp ~o and hence cannot
be zero.
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Lemma 10.1. The element Jg € gH*(G/P) is expressed in terms of the Schubert
basis by

(10.1) Jg = Y 0wopp(u)-
wew?r

Proof. The main ingredient for this lemma is a result from [6] or [36]. But we begin

by checking the normalization. Following [I8] we have (Jg), = <JEQ>Q = [W?.
In fact, in terms of the Chern roots Jg, is expressed explicitly by

Jg, = 11 (i — ;) € Clzy, ..., zn]"P 2 ClolV, ..., 61D,

Y n—ng
(4,5), i<nm<j
some 1 <m < k

and hence represents the Euler class in H*(G/P). Therefore, (Jg,), = fG/P Xa/p =
[WP]. But by its degree (Jp), = <JEQ>Q is a constant, independent of Q).

Now given the normalization as above, [36, Proposition 4.1] says that Resg, (7) =
(M q: where 77 € O(C") and n € Rg = O(C")/((EQ)1,---,(EQ)n) is the class
represented by 7. Putting this identity together with [36], Lemma 4.3] we obtain
the identity

tr(M,) = </<;JEQ>Q , K € Rg,

where M, is the multiplication operator by x on Rg.
On the other hand this trace may be computed from Poincaré duality by

tI‘(MK)_<I€ Z UwUPD(w)> .
weWr Q

Comparing the two expressions for all @ and all x it follows that

(10.2) Jg = Y OwOpDw)
weWwr
as required. O

It remains to prove that the inverse to 71'1;0 is analytic. This follows from the
following lemma.

Lemma 10.2. Choose local coordinates y1, . ..,y in a neighborhood of po € Xp >o.
P

The Jacobian J = det (%qyi ) is nonzero at the point pg.
J

Proof. Let Q = w¥(pg). Let R = qH*(G/P) and let I C R be the ideal (¢; — Q1,

.+, @k — Qr). The Artinian ring Rg = R/I is isomorphic to the sum of local rings
RQ = @, c(rry-1(q) Ra/IRy. And for x = py the local ring Ry, /IRy, corresponds
in Rg to the Perron-Frobenius eigenspace of the multiplication operator M, from
the above proof. Since this is a one-dimensional eigenspace (with algebraic mul-
tiplicity one), we have that dim(R,,/IR,,) = 1. Therefore any nonzero element
r € Ry, /IR,, has the property r(po) # 0. But the Jacobian J gives a nontrivial
element in R,,/IR,,, since its residue at py with respect to I is nonzero (see e.g.
Chapter 5 in [17]). g
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11. THE SCHUBERT CLASSES AS RATIONAL FUNCTIONS ON

To compare Schubert-positivity with total positivity we need to make a closer
study of the functions defined by the Schubert classes. The following proposition
is one of the most striking features of the Peterson variety picture of quantum
cohomology. As far as [ understand, it can be extracted from Peterson’s statements
in [33] or [34] on the connection between each of the ¢H*(G/P)’s and the homology
of the loop group Q2K of the compact real form of G. We will give a direct proof
here for type A.

Proposition 11.1 (D. Peterson). Let w € W and let a2 be the corresponding
Schubert class regarded as a function on Yp. Let 7y, be the rational function on the
Peterson variety Y = Yp defined by G|y, = 05, Then 7, is reqular on Yp C Y
ifw e WP, And in that case we have
Twlyr = 05 € O(p).
Our proof of this proposition uses the following lemma.

Lemma 11.2. Suppose that j € I¥ and j+ 1 ¢ I¥. Then the rational function
qf (Gg_ngill — G{:QIG{) vanishes on Yp.

Proof. Let gB~ € Yp. Then (g-v_,,, | v_,,, ) # 0 precisely if m € I”, and in this
case

_ (g *V—w, Sm—i+l" " Sm *V—w )
Gm gB — m m
Ho) (00 1700

is well defined. Also (5.I) implies that ¢Z is well defined on Yp whenever m € IF,
and is given by

(g " V—wpm 1 | v*wmfl)(g " V—wpmga | v*wm+1)

B —
B =

Therefore we have

. . ) . SV V_w.
o (G161 - arde]) = e L)

(g " V—w; | U—wj)3
(g v—w, | Sjmiv2 85 V) (g Vmwyy s Sjmigl S i—1 Uiy )
— (g 0w, | Sjit2 81 Ve )G Vs | Sty S Uw)).

Now (j 4+ 1) ¢ I” and j € I” imply that (g -v_w,, | v—u,,,) = 0 while
(9-v—w, | v—u;) # 0 on Yp. Hence the above expression vanishes on Vp. O
Proof of Proposition TT1. If w = sp_;41 -+ Sp—15h, then we have

~ h

JSh,—H—l"'Sh = Gsh—i+1"'5h, = Gz

and the Proposition holds in this case by Theorem B3 Let w € W and consider
the quantum Schubert polynomial CZ written as a linear combination of (q, P)-
standard monomials as in Section So

Cpuw = Z maEpa, myp € C.
AeLlp
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In Epa replace each factor Egz with the corresponding rational function G} to
define G5. Then as a function on Vp,

P
Oy = E mAGA|yP'
Aelp

We now use the “quantum straightening identity”, [11], Lemma 3.5,

. . i . . i . . . 1 1 .
Ei(])El(j) — Ei(] )El(j) _ Ev,(i)lEl(il ) +Ez(j—)1El(i)1 +Qj (Ev,(i)lEl(il ) _ E(jQ )El(j)) ,

71—

to rewrite of. Note that a factor Ei(j )El(j ) may occur in a (q, P)-standard monomial
Ep only if j € I” and j + 1 ¢ I”. If we replace the Ei(j)’s by G:-Lj in the above
identity and apply Lemma [11.2| then we get

(GG e = (GIFGI = GILGI + GIAGIL) b

But the function o2 on Yp (or equivalently the rational function &, € K()))

may be obtained from the expression ), . maGa we had for ol by repeated
substitutions of the kind

(1) GUIGT — GG — LG + GG,

until the resulting expression has no more summands with factors of type G?j Glnj .
(These transformations correspond to the classical straightening identities which
are used to turn the P-standard monomial expansion of ¢, into the B-standard

monomial one.) But the substitutions (I do not affect the restriction to Yp. So
we are done. 0

Proposition 11.3. For the Grassmannian permutation w € WFn define the ra-
tional function G, on G/B~ by

_ g - V—w, | W Ve,
Gw(gB )::((g.vw | o w))

Then
Gw|y = 5w S K(y)

Proof. By Proposition [Tl it suffices to show that G|y, coincides with ¢Z. But
this follows from A. N. Kirillov’s explicit formula for the corresponding quantum
Schubert polynomials (see Section B.7) together with Peterson’s Theorem [4.2], and

inspection of the matrix u from ([4.2]) in the case where P = B. (]
Corollary 11.4. (1) If y € VB >0, then for any i € I and w € WF we have
oB(y) > 0.

(2) If y € Xp~o then ¢F(y) >0 foralli=1... k.
Proof. (1) is an immediate corollary of Proposition I3 since for any g € U™,

Gw(gB™) is a quotient of nonzero minors of g. Part (2) follows from Proposi-
tion [[T:3] along with Theorem E.6 and Lemma [9.1] O
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12. PROOF OF THEOREM [7.2(3)
We begin with a partial converse to Corollary [[T.Z(1) in the full flag variety case.

Lemma 12.1. Lety € Vg be such that aB(y) > 0 for allw € W. Theny € X5 >o.
In other words, ygc%b = ngggb C XB,>0. And therefore also Xg?ﬁ“éb C XB,>0-

Proof. By Lemma [0.1] we have that ¢”(y) > 0 for all i = 1,...,k. Therefore
y € Xp. Now we may write y = zwoB~ for some z € Xp. It remains to prove that
x € UZ,. The positivity of all the quantum parameters ¢° implies by that
Aj(z) >0 for all j =1,...,n — 1. Now by Proposition the positivity of the
oB for the Grassmannian permutations w of descent d in W implies the positivity
of all the d x d minors with column set {1,...,d} and arbitrary row sets. But this
suffices to determine that z is totally positive; see e.g. [3]. (]

Proposition 12.2. ngﬁgb = XB.>0.

Proof. By Lemma [T21] we have the following commutative diagram:
Xpetwt —  Xpso
N v
RY,!
where the top row is clearly an open inclusion and the maps going down are restric-
tions of 78. By (1) of Theorem [T, which is already proved, the left-hand map to
Rzal is a homeomorphism. It follows from this and elementary point set topology
that ng%b must be closed inside Xp . So it suffices to show that Xp ¢ is

connected.
For an arbitrary element u € X and t € R, let
1
ta1 1
(12.1) wp = t2as ta;
: |
t"la,_1 - t?as tag 1

So ugp =1Id and uy = u, and if u € Xp 5, then so is u; for all positive ¢.
Let u,u’ € Xp ¢ be two arbitrary points. Consider the paths

v 0,1l = Xpso,  (t) = uyg

v 0,1] = Xgso, Y (t) = we.
Note that these paths lie entirely in Xp ~¢ since Xp >o is a semigroup (as the
intersection of the group X with the semigroup UZ). Since v and 4" connect u and
u/, respectively, to uu’, it follows that v and u’ lie in the same connected component
of Xp >0, and we are done. O
Corollary 12.3. Vp~o = Ap>o = Xﬁiﬁ‘b = yﬁghg)‘b and in particular also
Xp>o= ng%‘b-
Proof. The identity X FS,’C;L(“)“’ = ygffgb follows from Lemma @1 It remains only to
show that Xp - = ngggb. We begin with the inclusion C. Let X>o = X NUZ,,.
Then clearly
(12.2) XpB>0 S X>o0
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is an inclusion of closed subsemigroups of U~. We show that this is actually an
equality. Suppose © € X>¢; then for any u € Xp ~¢ and u; defined as in (IZI)), the
curve t — x(t) = zus starts at 2(0) = = and lies in Xp 5o for all ¢ > 0. Therefore
x € Xp ¢ as desired. As a consequence, using Proposition[12.2] we have

(12.3) Xpso=XpNXp>o=XpN XL

Now consider the Schubert classes of € ¢H*(G/P) as functions on Xp. By Propo-
sition [Tl of = 6u|x,, and &, takes positive values on X gfﬁgb. Let us choose
x € Xp~o. Then by (IZ3) we have also of (z) > 0 for all w € WF. On the other
hand Q = 7F(z) = (¢F(2),...,qf (z)) € R, by Corollary [T 4 But we have
seen in Section @l that there is only one Schubert nonnegative point in the fiber
(7F)71(Q), and that that one is strictly positive. Thus in fact ol (x) > 0 for all
weWF and Xp~o C ngfgb.

It remains to show that Xp~o — X gfﬁgb is surjective. Consider again the proper
map

A= (Al,...,Anfl) : X —>(Cn71

defined in Section EE3] Its restriction Asg = (A1,...,Ap—1): X50 — (R>0)" ! is
surjective, since the image must be closed and contain A>¢(Xp >0) = Rigl.
From Theorem [[2(1) along with Lemma Bl we know that the further “restric-
tion” of A,
ALG = (Any, o ARt XPDE — (Rao)F,

is bijective. So we have the following diagram:

Xpso = XpLy
N S

k
IR>O

where the downward arrows are given by Aio and its restriction. By the surjectivity
of A>g we also have that the left-hand map is surjective. This implies the desired
equality, Xp~o = X gffgb. O
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