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CURVE FLOWS
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1. INTRODUCTION

Some natural parabolic deformations of convex curves in the plane are those in
which each point moves in a direction normal to the curve with speed equal to a
power of the curvature: That is, given a convex curve v which is the image of an
embedding zo : S' — R2, the deformation is obtained by solving the equation

oz 1,
(1.1) i
with @ # 0, and initial condition z(p,0) = xo(p). This produces a family of
curves v, = x(S',t). Here  is the curvature, and n is the outward-pointing unit
normal vector. These equations are particularly natural in that they are isotropic
(equivariant under rotations in the plane) and homogeneous (equivariant under
dilation of space, if time is also scaled accordingly).

The main aim of this paper is to provide a complete description of the behaviour
of embedded convex curves moving by equations of the form (II). In certain cases
this description has already been provided: If a = 1 then Equation ([L1]) is the
curve-shortening flow, for which the following holds:

Theorem 1.1. Let a = 1 and let vy be a smooth convex embedded closed curve
given by an embedding xo : S' — R2. Then there exists a unique solution x : S' x
[0,T) — R? of the curve-shortening flow (L)) with initial data xq, and v; = (S, t)
converges to a point p € R? ast — T. The rescaled curves (v — p)/+/2(T —t)
converge to the unit circle about the origin ast — T.

This result was first proved by Gage and Hamilton ([I1], [12], [15]). The as-
sumption of smooth initial data can be relaxed to allow any curve 7y which is the
boundary of a bounded open convex region, in which case the curves 7, approach
vo in Hausdorff distance as ¢ — 0 [2] Theorem 112.8]. Furthermore, Grayson [14]
proved that the assumption of convexity of the initial curve can be removed, and
the result holds for arbitrary smooth embedded initial curves. More recent proofs of
Grayson’s theorem have been given by Hamilton [I6] and by Huisken [I7]. Similar
results for anisotropic analogues of this flow appear in Oaks [I8] and Chou and Zhu
[10].

Another case which is well understood is that with a« = 1/3. In this case the
results reflect a surprising affine invariance property of the equation:
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Theorem 1.2. Let o = % If vo = w0 (SY) is a smooth convez closed curve given by
an embedding xo : St — R?, then there exists a unique solution x : S* x [0,T) — R?
of (L) with initial data xo, and v, = x(S*,t) converges to a pointp € R? ast — T
while (¢ — p)/(4(T —t)/3)3/* converges to an ellipse of enclosed area  centred at
the origin.

The regularity assumptions on the initial curve can be relaxed to allow bound-
aries of open bounded convex regions. This result was first proved in [19] and [2]
(see also [0, §9]). Results for non-convex curves appear in [7].

If « > 1, then the results are similar to those in Theorem [[1] except for some
differences in the regularity of solutions (see [4, Corollary I13.2]):

Theorem 1.3. Let a > 1 and let vy be the boundary of an open bounded convex
set in R2. Then there exists a solution z : ST x [0,T) — R? of Equation (1) with
x(S1,t) converging to vy in Hausdorff distance as t — 0. This solution is unique
up to time-independent reparametrisation, C*t1/(=1) for positive times, and C™
for times close to T. The curves vy, = x(S',t) converge to a point p € R? ast — T
while (v¢ —p) /(14 a)(T — 1))+ converges smoothly to the unit circle about the
origin. If 7o is smooth and strictly convez, then the solution is smooth and strictly
convezx for all t.

For % < a < 1, complete results have not yet been given — the result available
for more general anisotropic flows implies the following;:

Theorem 1.4. Suppose o € (%, 1] and 7o is the boundary curve of an open bounded
convez set in R2. Then there exists a solution z : S*x (0,T) — R? of Equation (L)
such that v, = x(S1,t) converge to vy in Hausdorff distance ast — 0. This solution
is unique up to time-independent reparametrisation, and smooth and strictly convex
for t > 0. The curves v, converge to p € R? ast — T, and the rescaled curves
(v¢ — p) /(T — )"0+ converge smoothly to a limit curve yr which satisfies kK* =
Xz, n) for some A > 0.

This is proved in [4, Theorem I12.8], with the smooth convergence statement
provided by [3, Theorem 2]. Curves which satisty k* = A(z, n) are called homothetic
solutions for Equation (Il), because the solution of (III) with this initial data is
v = (1 = (14 a)At)/(+2)5y (up to reparametrisation). Theorem [l therefore
reduces the study of the asymptotic behaviour of these flows to a classification
of homothetic solutions. Some results for non-convex solutions are given in [9]
Chapter 8].

The first main result of this paper is a classification of the homothetically shrink-
ing embedded solutions of the flows (ILI)):

Theorem 1.5. If a > % then the only embedded homothetically contracting so-
lutions of (LIl are circles with centre at the origin. If a = % then every ellipse
centred at the origin is a homothetically contracting solution, and there are no
others. If a € [%, %) then the only embedded homothetically contracting solutions
are circles centred at the origin. If 0 < a < % then the embedded homothetically
contracting solutions are circles centred at the origin, as well as unique (up to ro-

tation and scaling) curves Ty o with k-fold symmetry, for each integer k > 3 with
k< ,/O‘T'H. The curves I'y o depend smoothly on o < ﬁ and converge to reqular
k-sided polygons as a "\, 0 and to circles as o / ﬁ
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The first statement is also proved in [9]. With Theorem [[4 we deduce:

Corollary 1.6. If1/3 < a <1 and 7y is any embedded convex closed curve, there
exists a unique smooth solution of (1) with initial condition ~yy, and this contracts
to a point in finite time while becoming circular in shape.

The remaining case is a € (0, 4). It is shown in [6] that the isoperimetric ratio
becomes unbounded near the final time for generic symmetric initial data. Some
implications of Theorem for a < % are given in Section [1

In the case a < 0, a complete description of the behaviour of embedded convex
solutions of (1)) is known: This has been provided by Gerhardt [13] for o = —1
and by Urbas [21], [22] for —1 < a < 0, and by Chow and Tsai [§], Tsai [20] and
the author [l Theorem I12.1] for v < —1. In these cases all convex solutions expand
to infinite size while becoming circular in shape. Similar results hold for more
general nonhomogeneous expansion flows of curves, including some cases allowing
non-convexity.

The methods of this paper also allow a classification of homothetic solutions
without the assumption of embeddedness. Homothetic solutions which are C'*°
immersed closed curves are always strictly locally convex, and are periodic, with the
arcs between any two consecutive vertices being congruent. The result shows that
homothetic solutions are determined by the total curvature between consecutive
vertices, which must lie in a certain range:

Theorem 1.7. Let m and n be mutually prime. There exists a smooth, strictly lo-
cally convez, non-circular immersed homothetic solution I'y, p, o with total curvature
2nn and m mazima of curvature if and only if

\/“;Ia<%<%, 0<a<i;

3 <2</, i<a<i

l%a<%<\/%, a>1;
Al < 2 < el a< 1.

In each of the above cases there is exactly one such curve up to rotation and scaling.
If a = % then all homothetically contracting solutions are ellipses. If a € [—1,0)
there are no compact homothetic solutions other than circles.

The case o« = 1 of the above theorem was previously proved in [1] by a computer-
assisted argument, considerably more complicated than that given here. The case
a = % was proved in [2 Lemma 6.1]. The existence parts of the theorem, but
not the uniqueness or the nonexistence for other m and n, are also proved in [23]
Theorem 1 and §4]. The statement in the case —1 < « < 0 is implicit in the
argument of [21].

If « > 1 or @ < —1 then there are also compact homothetic solutions which are
not C* and are not strictly locally convex. These have been discussed in [23], and

will not appear again in this paper.

2. THE PERIOD FUNCTIONS

In this section the main theorems are reduced to estimates on certain functions
defined by integrals.
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A homothetically shrinking solution of (II) with a > 0, or a homothetically
expanding one with a < 0, satisfies the equation

(2.1) K = Az, n)

for some A > 0. If @ # —1 then one can choose A = 1 by scaling the curve. On any
portion of the curve where the curvature does not change sign, the Gauss map is a
local diffeomorphism, so one can parametrise the curve to get n(z) = z everywhere,
z € S*. Let u be the support function, defined by u(z) = (z(z),2). Then the
curvature is given by

0%u

-1 _

(2.2) K =om + u,

where 6 is the arc-length parameter on S!. The identity (2.1 becomes
82“’ -1/

This is a second-order ordinary differential equation for u, which can be solved to
determine the shapes of all possible homothetic solutions. A first integral of (Z3)
is given by

2 2 2a ,1-1 — .
’U,9+U —ﬁu Jo = E, 047517

2.4
(2.4) ug—i—uQ—logu = F, a=1

for some constant F. Note that if u reaches zero, then the curvature of the curve
reaches zero (if o > 0) or infinity (if @ < 0). Otherwise the solution of Equation
(3) is a periodic positive function of 8, with maximum and minimum values of
u determined by F and «. In the latter case it is convenient to parametrise the
solutions not by E but by the ratio r of the maximum and minimum values uy of
u: Equation (2.4) gives:

(2.5) 0 = B—ul+2qu"  a#l
0 = E—ui+2loguyg, a=1
and therefore
2a r Ta 71 o a-t
(2.) pe wer) (2) e
B = 2oy Llog 2y, a=1.

This is an increasing function of r for r > 1, with £ — if—g asr — 1lfora#1
and FE - 1lasr —1fora=1,while F > casr > for0<a<land E—0
as r — oo for &« > 1 or @ < —1. This range therefore covers all of the solutions of
Equation Z4) if 0 < o < 1, but excludes those with £ > 0 if & > 1. The latter
have zero minimum value of w, at which |ug| > 0, so it is natural to reparametrise

by setting v to be the ratio of the value of |ug| when v = 0 to the maximum value

of w.
Definition 2.1. For r € ( ) and o € (0,00)\{1} U (—o0,—1), define
/ dx
\/7’27" o _ 7,2;11 xa;l
1-r « 1-r «
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If & =1 then define for r € (1, c0)

T

@(u):/ dr .
1 \/1—x2+T_110gx

logr

If o € (1,00) U (—00,—1) and v € (0,00)\{1}, define

1
- dx

E(a,v) :/ — .
0 \/(1—1}2)33T + 02— 22

If « =1 and A > 0, define

w(1 )\)—/1 do
7 0o V1—a2—2Xlogz’

and if 0 < a <1 and A > 0, define

dx

1
\Il(oz,)\)Z/O \/1_5524_@(”_17&_1).

l1—a

O (o, r) gives the total curvature of the unique (up to rotation) smooth, strictly
locally convex homothetic curve segment with monotone curvature and endpoints
tangent to the circles of radius 1 and r about the origin.

If 0 < v <1, E(a,v) gives the total curvature of the unique (up to rotation)
homothetic locally convex curve segment with monotone curvature with one end
tangent to the circle of radius one, and the other pointing towards the origin at
a distance v. If @ > 1 then the curvature approaches zero at the latter endpoint,
while if « < —1 then the curvature instead approaches infinity.

If v > 1 then Z(«,v) gives the total curvature of the homothetically expanding
(for & > 1) or contracting (for a < —1) curve with monotone curvature, with one
end tangent to the unit circle and the other pointing radially outward from the
origin at distance v. The curvature at the latter end approaches zero for a > 1 and
infinity for @ < —1.

U(a, \) gives the total curvature of the homothetically expanding curve with
monotone curvature with one end tangent to the unit circle and the other ap-
proaching infinity asymptotic to a radial line from the origin. A\ gives the radius of
curvature at the former endpoint.

The results stated in the introduction all follow from information about the
values of © as r — 1 and r — o0, together with statements on monotonicity of ©
in a and r. The next section will investigate the values of the period functions at
all of the extreme arguments, and the following two sections will prove the required
results on monotonicity.

3. DUALITY AND SPECIAL VALUES

In this section a surprising symmetry is established in the values of the function
O, and values are computed for special choices of the arguments. The following
proposition summarises the results:
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Theorem 3.1. O is continuous on (0,00) x (1,00) and on (—oo,—1) x (1,00), and
has the following limiting values:

. «
}Lni@(a,r)fw T a € (—o0,—1) U (0,00);
lim O(a,r) = E, a € (0,1];
r—00 2

a

lim ©(a,r) =7 , a € (—oo,—1) U (1, 00);

r—00 1 —|— (6%
li = 1/r);
Jimy O(a,r) = arccos(1/7);
lim O(a,r) =m;

lim O(a,r) =m;

a——00

lim O(a,r) = cc.
a,/—1

Furthermore the following symmetry holds:

1 140 1
(3.1) © (30;_‘; 1,7“;_0) = +a®(a,r)

for any a € R with a #1/3 and o ¢ [-1,0] and r > 1.

Proof. The continuity is standard, and the limiting values can be deduced without
difficulty. The symmetry (3]) is proved as follows: Assume a # 1, since the
symmetry is trivial for &« = 1. Let ©® = O(a, ), and suppose u : [0,0] — R is
the monotone solution of 23) with «/(0) = «/(0) = 0 and u(0) = ru(0). Let

1+a

w : [0,5£20] — R be defined by w(f) = u (ﬁ—(’a9> ** . Then w satisfies the

identity

1+a\? 0w 14+a 120%u 1—0a2 13 [Ou)>
JE— U 2 —— + [ 2a _—
20 002 2a 002 402 00

1 1 1—a? —3a 2
_ +Oéw+ +Oéw_1+ o <w11+3aE—w+—a1w_1)

2av 20 402 —
1+ « 2 1—a? 1-30
T ( 2c ) v 402 Ewe,

where F is given by (Z8]), so that

8211) + 1-— aE 11—+3a
—_ w=——Fw a |
062 1+a

Scaling w by a constant factor gives a solution of (Z3) with « replaced by 3‘3;*_11,

and satisfying w (1420) = raaw(0), w'(0) = w’ (4£20) = 0. Therefore 20 =
o ( a+1 rl;—j) . [l

3a—1"

Similar results hold for the other period functions defined in Section [2, with
essentially the same proof:
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Theorem 3.2. = is continuous on (—oo,—1) x (0,00) U (1,00) x (0,00), and ¥ is
continuous on (0,1] x (0,00), and the following limits hold:

lim = =— ;
al\ml (a,v) 5" v > 0;
lim Z(« v)—1 v > 0;
as—1 0 T 2] '
lim Z(a,v) =7 — 2arctanwv, v > 0;
a—+oo
E(avl)_gv o€ (—OO,—].)U(].,OO);
. e o .
}){%“(avv)*l_f_aa aG( 00, 1)U(1,00),
lim Z(a,v) =0, a € (—oo,—1) U (1, 00);
v,/co
. 7r
)1\1{%‘1’(&,)\)—5, a € (Ovl)a
lim ¥ = 1);
/\1/1{.10 (a, A) =0, a € (0,1);
lim ¥(a, A) =0, A> 0.
a0
Furthermore the following symmetry holds:
200 at+l a-1 4
3.2 = = v
(3:2) (c,v) 1+« <3a—1’a+1v)

for jal > 1 and v > 0.

The symmetry ([B.1) allows values of © for @ < —1 to be deduced from those
with o € (0,1/3), and those for a > 1 from those with o € (1/3,1). Underlying this
is the surprising fact that the support function of a homothetic solution for some
«, when transformed by taking a suitable power and scaling the argument, gives
the support function of a homothetic solution for another value of a. The symme-
try (B:2) reflects the fact that the support function of a degenerate homothetically
contracting solution for o > 1, taken to an appropriate power and with a suitable
rescaling of its argument, gives the support function of a homothetically expand-
ing solution for some « € (1/3,1). Similarly, singular homothetically expanding
solutions for @ < —1 can be obtained from homothetically expanding solutions for
a€(0,1/3).

4. MONOTONICITY IN «

In this section it is proved that © is monotone increasing in «. This is immediate
for the functions = and ¥, since the corresponding integrands are clearly monotone
increasing in « for fixed v.

To show that O(«,r) is monotone in «, denote

a—1
r?—r-a 9 2 —1 aa
I(a77a7 .1?) = a1 T~ a1kt © )

1—ra 1—r=

and observe that if eithera >a >1orl>a>a >0or —1 > a > & then
2 a1 2 a_l 2 2
_ r°—1r o rée—r r“—1 a1 r“—1 a1
Ia,r,x)—I(a,r,x)= — — —— =T * +t——= T .
l1—r—= l1—-r—=a l—r= 1—r =&

p“
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This is zero for x = 1 and for z = r. A direct computation gives
+19 ’

a—1 -1 a—«

Q=

_1 1
a a

T (I(CY,?“, LE) - I(@,T, LC)) =

9 >0
oz~ Oz a %51 oa ’

from which it follows that I(a,r,x) — I(@,r,x) can have only minima as critical
points in z, and therefore that I(«,r,z) < I(@,r,z) for all x € (1,r). It follows

that
@(ar)—@(dr):/r ! - L dx >0
) ) 1 \/I(Oé,ﬁ x) \/I(d,r, l‘) '

The monotonicity statement follows. This implies that there are no non-circular
embedded homothetically contracting solutions for o > 1/3: First, ©(1/3,7) = 7/2
for every r. Therefore by monotonicity, O(a,r) > 7/2 for every r. By the four-
vertex theorem, an embedded closed curve must have at least four vertices, and so (if
non-circular) must be constructed from at least four copies of the elementary curve
segments. But then the total curvature is at least 4©(«, r), but this is impossible
since the total curvature must be 27. This proves the first statement of Theorem
[CH, and Corollary 6

5. MONOTONICITY IN 7

The classification of embedded homothetic solutions for a < % requires a more
difficult monotonicity result: The function O(«,r) is monotone increasing in r for
0<ac< % The proof also yields the fact that ©(«,r) is monotone decreasing in
r for % < a <1, and this implies by the symmetry (3.0I)) that ©(a,r) is monotone
decreasing in r for a > 1 and monotone increasing in r for a < —1.

A complication in this case compared to the argument in Section[4 is that the
integrals defining ©(«, r) for different values of r are taken over different domains.
The first step is to transform to the same domain. There are many ways to do this,
including the following natural family of transformations from (1,7) to (—1,1): Let
B € R\{0}, and set z° = v, where

p_1 B 41
r ot rP 4+ .
2 2

Then the change of variables formula implies that

_ ! dz
S A e

where the integrand is given for o # 1 by

- 432 2 “(:1 (5-1) 2 _ 4 .
(53) I(a,ﬂ,r,z): ﬁ <r " 1)2 /51 —02—7«71}2_%[31 ,

(7 12\ 1o I

(5.1) v =

(5.2)

and if o = 1 then

- 432 28-1) 5 T2 —1 201
(5.4) I(l,ﬂ,r,z)m<v B —v +510grv 7 logw | .

The aim is to show that _f(a, By, z) is monotone in r for each z. In order to choose
0, consider the behaviour of I when r is close to 1:

(5.5) I(a,B,r,2) = (1 Z O‘) 1- 22)<1+§<6 - (1 ;j“)) (r — 1)>+ O((r —1)?).
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143
3a

Thus the only possibility allowing monotonicity in r for every z is § =
Theorem 5.1. Define J(a,r,z) = I(a, 1':'3’2(’,7', z). If a € (0, %), then %J(a,r, 2)
<0 for eachr > 1 and z € (-1,1). If a € (%,1] then %J(a,r,z) > 0 for each
r>1andz€(-1,1).

As a first step in the proof, observe that J(«,r,2) is zero when z = £1 for any
7, SO g—i is zero when z = 1. Therefore it suffices to show that g—i is concave in z
for a € (%,1] and convex for 0 < o < 3, for each r > 1 and |2| < 1.

3
% has the following surprisingly simple expression:
2(1-3 2_pl-1l/a _ _6a 2_ _3(1+a)
(5 6) 1 0%J -2+ (£+3o§2) <T17TT171/,, v TH3a — 177;177}/&1) 1F3a )7 o 75 1,
! 32 = . a2 .
POE | —2 g (v B logo) a=1.

The required convexity and concavity properties for g—i therefore amount to
monotonicity in r of the quantity @ defined by

a—1

2 4=t _ _G6a 2 _ 3(14a)

Lo S g e — ol T umse | a #£1,
(5.7) Q= Lo e soto1) l1-r a

VT2 + YIO;T)U_E log v, a=1.

Lemma 5.2. Q =1 when z = 1.

Proof. Whenzz—l,vzlanszwzl. Whenz:l,v:r%,

1—pl-1/c
7_—2(7_2_7‘1—1/a)_7ﬂ—(1+1/(y)(7_2_1) .

so Q = = 1. O

Lemma 5.3. For a € (0,1/3),
5 (vt 2 (2 52 <o
whenever |z| <1 and r > 1, while for o € (1/3,1]

0 (20 (s 0Q
a(va(v+ 87")><0

whenever |z| <1 and r > 1.

Proof. First assume that o # 1. Equation (7) yields the following expression for

P 1
99 'gince Qu = Lfa _ria ().
“3a

Br or 3a
T —1
a—1

aQ 14+3c 1-?_% a 7“2 — T «a _ _6a

— = r 3a — 1] — 5o v I3«

87‘ 87‘ a—1 14+3c 1+3a

1—7r« r3sa —1
3(1+a)
(5.8) 1-§3a 1 1+3Z 0 7“2 -1 ,31(3:;1)
- rose — 3(1+a) v «

or - :
(1-ro2) (e 1) ™

1 a—1
7r3a r2 —ra _1i9a 14a 2 —1 _at6a
+ Ta ] 2 v 1430 — R 1+3a | .

4

a—1 a—1

1—ra & 1—ra
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Multiplication by v 13« and differentiation with respect to z yields

(5.9)
2 0 o O
2 O0(me o9
rosas — 10z or
3(1—a) 143 % 0 r2 — TQT_l 2(1—3a)
= T )T

Assume 0 < o < % Multiplication by v T#3« and differentiation with respect to
z kills the first term and yields

(5.10)
4r=3& 9 [ 206a-n O [ 3040 OQ 41=3a) (2 —r 5\ _,
a5 | v e | vTFEe — = — — |v
raes — 10z 0z or 1+ 3« 1—r%%

4(1+Oé) < r?—1 )v5+3a

_ T+3a ,
a(l+3a)\1 — 1%

The right-hand side of (510) is manifestly negative for r > 1 and |z| < 1 (i.e.
1 <wv <), so the first statement of Lemma [5.3]is proved.

Now consider the case o € (%, 1): Multiplication of Equation (5.9) by v? and
differentiation with respect to z yields:

(5.11)
1 2 a
(1_:;304) 2 ’022 ’[)3ﬁ-ta> @
r sa —1 0z 0z or
2 _ —a
=31+a)(1- 3a)rsfu<%> i
—7r o

i e
1—r""a 2

_a 1+3
v a,
6a
or _l-a _143a \ I+3a
1—7r a 1—7r 3o

The first term on the right-hand side of (&ITl) is negative. The bracket in the
second term is the product of the two positive decreasing functions

_lta 6
1—r "« _ 1430\ ~ 1+3a
_ and 1—7r" 5 ,

l1—o

1—r—"=

and so is positive and decreasing. Therefore the second term in Equation (BIT) is
negative for |z| < 1and r > 1 for a € (3,1).
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The case o = 1 is similar to that for a € (%, 1): The analogous computations in
this case lead to the following:

0 (20 (21522 0@\ _ _3
el )=

3 a 7 0 1—r—2
+ (s = 1) | — ] -
16 or logr(l — 7“73)5

As in the previous case, the first term is manifestly negative, and the bracket
1—r—2

2
re—1 _
o1

ol

(ri —1)
(5.12) logr

in the second is the product of the two positive decreasing functions o7 and
(1- 7“7%)’%, hence decreasing, so the left-hand side is negative whenever r > 1
and |z| < 1. O

Lemma 5.4. %—C;) >0 for any o € (0,1], |z| <1 and r > 1.

Proof. Consider ﬁfst t)he case 0 < a < % By Lemma[5.2] ‘?9—(3 = 0 whenever z = +1,
314+« 8Q

and hence also v 1+5= Z= = 0 when z = +1. If there exists 7 > 1 and z € (—1,1)

such that %—? < 0, then there exists z such that v 1+3« ‘?d—f? has a negative minimum
(for the same value of ). But then at this point

0z r
and
2
O (99
0z2 or ) —
so that
2 vzgsr;)g 1)39:3? aQ >0,
0z 0z or -
in contradiction to Lemma B3 The cases % < a <1 are similar. O

Lemma 5.5. If[2| <1 andr > 1 and a € (0, %), then % > 0. If |z] <1 and
r>1and o€ (1,1], then% < 0.

Proof. This is immediate by Equation (5.6) and Lemma [5.4] O

Since g—i = 0 whenever z = +1, Lemma [5.5] implies the theorem.

1

3, and strictly increasing

Corollary 5.6. O(a,r) is strictly decreasing in r for o >
inr for a€ (0, %) or a < —1, for every r > 1.

Proof. Tt follows from Theorem BEIland Equation (5.2) that © is strictly monotone
decreasing in r for « € ( %, 1], and strictly monotone increasing in r for « € (0, %),
for any r > 1. The remaining cases follow from the symmetry &I)). O

Corresponding results for the functions = and ¥ also hold, and are rather easy
to prove (see [23]).
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6. PROOFS OF THEOREMS [I.5 AND [T.7]

The main theorems can be deduced from the monotonicity statement of Corollary
B£.6. First the embedded case: An embedded homothetic solution has total curvature
27, so the period ©(a,r) must equal 7 for some integer k. For fixed a, the values

of 9(a r) lie between 7, /15— + and 3. This never equals 7, and equals 5 only for

a= 3. If k > 3 it equals 7 for some r > 1if and only if 0 < a < k2 7. Furthermore
the monotomclty result 1mphes that for « in this range there is precisely one value
of r for which ©(a,r) has the correct value.
The proof of Theorem [ is similar: In order to have a homothetic solution with
total curvature 2nm and m maxima of curvature, the total curvature of the portion
™

between consecutive critical points must be 7%, and this must equal ©(a,r) for
some r > 1. The argument proceeds as above.

7. APPLICATIONS

The results of the paper have some implications for the behaviour of the flows

when 0 < a < #. The first is an improvement of the main result of [6] for the
isotropic case. Denote by K) the space of C7 convex regions in the plane, with

the topology of C? convergence of support functions.

Theorem 7.1. Let o € (0, %) Then for any j > 0 there exists an open dense
subset S in K9 such that solutions with initial data in S have isoperimetric ratio

approaching infinity as t — T.

This is an improvement of the result in [6] in two senses: First, the set S is open
and dense rather than generic. Second, there is no requirement of symmetry on the
solutions. The proof is identical to that in [6] except for two observations: The first
improvement follows immediately from the fact that there are only finitely many
homothetic solutions (up to rotation) for each . The second improvement comes
from the observation that for 0 < a < % all homothetic solutions are unstable, not
only the symmetric ones as was proved in [6].

The key ingredient in the proof from [6] is the linear instability of homothetic
solutions. This is determined by a stability eigenvalue A, which has the following
variational characterisation (modified from [6] to factor out the direction of neu-
tral stability corresponding to rotations, as well as the directions corresponding to
dilations and translations):

(7.1)

Ai&&%&fﬁwﬁ/)a / uwf/iafmw @_%

A homothetic solution is linearly unstable if A < A is continuous and is equal
to 3 on S!, hence, it is less than é for 0 < o < 5. It suffices to show that A is
never equal to 1 along the curves of solutions I'y o as a decreases below 1/(k? —1).

wl—Q |~

If X equals é at some point, then there exists a function f (the minimizer of the
Rayleigh quotient) which satisfies

1 i
(7.2) Mg + 1+ —u” 2 =0

on S, linearly independent of the function wug.
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Lemma 7.2. Let k > 3 and 0 < a < 1/(k® —1). If u is the support function of

'k, so that
ugp +u=u"",
ug(0) =0,
ug(m/k) = 0,

ug(d) <0, 0<6<n/k,
and n satisfies

14+a

1 _
Nog +n+—u > n=
(6%

then ng(2m) > 0.
Proof. Consider the function U(a,r,0) defined by
Upg+U =U"=,
Up(a,7,0) =0,
Ug(a,r,O(a, 7)) =0,

Ug(a,r,0) <0, 0<6<0O(a,r),

U(a,r,0) =rU(a,r,O(a,r)).
Let n(0) = LU(«,r,0), so (Z.2) holds with 1(0) > 0 and ny(0) = 0. The derivative

T

with respect to r of the identity Uy («, r, 2kO(c, 7)) = 0 gives
d
1o (2kO(a, 1)) + 2kUgo(c, 7, 2kO (e, r))%@(a, r)=0.

By Corollary 16, d—i@(a,r) > 0. Also, U(a,r,.) has a local maximum at 6 =

2kO(a, 1), so Upg < 0. Therefore 19 (27) = n9(2kO(ax, 7)) > 0. O

Lemma 7.3. If u is the support function of Ty, then the only functions n on S*
satisfying Equation (L2) have the form n = cug.

Proof. The solutions of Equation (Z2)) are f = Aug + Bn, where 7 is defined in
Lemma[TZ But then fp(27) = Augg(27) + Bng(27) # Augg(0) = fo(0) if B # 0,
by the result of Lemma [.2l Therefore the only solution with periodic boundary
conditions on [0, 27] is that with B = 0. O

Lemma 7.4. All homothetic solutions are linearly unstable for 0 < a < %

Proof. For the circle solution A = 3 < é and, by continuity, A < é also for I'y,
with o sufficiently close to 1/(k* — 1). Lemma [73] implies that A # 1 along
{Tha: 0<a<1/(k*—1)}. It follows that A < I along this curve, and therefore
Iy, is always linearly unstable. O

The proof from [6] applies to give Theorem [Tl
The next application is to the behaviour of k-fold symmetric solutions. In this
case some immersed cases can also be handled. Denote

IC;ZZ}),C = {u ceC'R): u (9—!—277%) = u(h), ugp +u > O}.
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K;Z’)k therefore consists of the support functions of C* locally convex curves with
total curvature 2nm and a k-fold rotation symmetry.

Theorem 7.5. Let n and k be integers such that k > 2n. If a <0 or a > 5%
then all solutions with initial data in ICn}k converge to circles after rescaling. If

O0<ac< kznfzz then there is an open dense set S in ICff)k such that solutions with

initial data in S converge after rescaling to the homothetic solution I'y, k.o defined
in Theorem [1.7}

The case of embedded k-fold symmetric solutions has n =1, k > 3.

Proof. The proof has several steps: First, uniform bounds on the curvature and
higher derivatives of the rescaled solutions are established. Then it is shown that the
rescaled solutions approach a homothetic solution as the final time is approached.
The results for a < 0 and a > n?/(k* — n?) follow since the circle is the only
homothetic solution in ICg)k for this range of o, by Theorem [ The results for
smaller o will follow from an argument similar to that given for Theorem [Z.11

The key to the regularity estimates is a simple isoperimetric bound which is a
consequence of the k-fold rotation symmetry. It is here that the condition k& > 2n
is crucial:

Lemma 7.6. There exists a constant C' depending only on n and k such that every
u € IC;ZZ}),C satisfies supu < C'inf u.

Proof. Let u € IC( w» and rotate so that u(0) = supu. Then uyp(0) = 0, and
u(2mn/n) = u(0), ue(27m/k) =0. Let

f(6) = u(0) cos(0 — mn/k) — up(0) sin(@ — mn/k).
Then f(0) = f(27n/k) = u(0) cos(mn/k). Compute the derivative:
fo(0) = —(ugo +u)sin(6 — mn/k).
Since ugg + u > 0, it follows that f is increasing on [0,7n/k) and decreasing on

(mn/k,2mn/k]. This implies that f(0) > f(0) for 6 € [0,27n/k]. At a point in
(0,27n/k) where u attains its minimum, ug = 0, and therefore

u(0) cos(0 — mn/k) = f(0) > u(0) cos(mn/k).

This implies that inf u = u(f) > u(0) cos(mn/k) = sup u cos(nn/k). Note that since
k>2n,0<mn/k < n/2and cos(mn/k) > 0. O

Bounds on the speed now follow from results in [4]: For a < 0, bounds on the
radius of curvature is provided by [4] Lemma I1.7 and Lemma I1.8], while for o > 0
bounds on curvature are obtained by following the proof of [4, Proposition II1.6].
Estimates on the support function in C* for —1 < a < 0, or C*t/1l for o < —1,
are provided by [4, Lemma I1.11], and estimates in C* for 0 < o < 1 or in o2tam
for & > 1 are given by [4, Theorem I11.9].

The convergence of rescaled solutions to homothetic solutions is a consequence
of the following monotonicity result:
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Lemma 7.7. For any immersed compact solution of Equation ([[TI),

d [ uZ —u?do
L L AR Y
dt | T

(f u%dﬁ) o

d [ uZ —u?do <0
dt \ exp (& [logudf) | ~

for a = 1. Equality holds if and only if Equation [ZI) holds.

for a # 1, while

Proof. Under the evolution equation (L)), the support function u evolves according
to the equation

ou 1

(7.3) ==~ (ugg +u)""

ot
From this, the evolution equation for the integral quantities in the lemma can be
computed:
d
— </u§ — u2d0> = 2/uaut9 — uuy df
dt
= -2 /(u.g.g + u)ug df
2 11—
= — (’LLaa + u) de,
@
while

d a—1 a—1 _ 1 —a
E(/uad@)z— = /ua(uag—l—u) de.

These two equations give the following:

2,2 -1 w1
% fue u dfa _ 2ce _ (/’U, = de/(u90+u)l—(y do
(fu”%de) o (fu“%lde) o
+/u§ - u2d9/u*i (ugo + u)%w) .

o df. Then the quantity in brackets can be

Let f = (ugs + w)us and dp = u

written as
[ [ redu= [ ran [ 5o an

By the Holder inequality, this is non-negative if & < 0, and non-positive if o > 0,
with equality holding if and only if f is constant. O

The regularity results together with LemmalZ7imply that there is a subsequence
of times approaching the final time for which the rescaled solutions converge to
a homothetic solution. In view of the bounds above and below on the support
function from Lemma [Z.6] homothetic solutions are smooth and strictly convex,
and therefore the methods of [3] apply to show that the rescaled solutions converge
smoothly to the homothetic solution as ¢ approaches the final time.
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In the cases a < 0 and o > n?/(k? — n?) this completes the proof, since the
n-fold circle is the only homothetic solution. The final ingredient needed to deal
with the remaining values of « is the following:

Lemma 7.8. If 0 < a < n?/(k* —n?) then all homothetic solutions in ICgf)k other

than scaled translates of I'y, 1. o are linearly unstable in ng’)k.

Proof. This is proved in exactly the same manner as Lemmall &t The linear stability
is determined by the stability eigenvalue

A= inf ﬁ‘/u_éf—/u_lzauef—()

fec=®/@nm/Mn)| [u= " f2

If o < n?/(k?>—n?) then the n-fold circle solution is linearly unstable. The remaining
homothetic solutions are scaled translates of I'y, ;i o for j > 2, and these occur for
0 < a < n?/(j%k* — n?) < n?/(k* — n?). By continuity, A < 1/a on T, jko for
sufficiently close to n?/(j2k? — n?), and the argument of Lemma and Lemma
implies that A never equals 1/a on I'y, ji,o. Therefore these are all linearly
unstable. O

The proof from [6] now adapts to this situation readily: The increasing entropy
used there is replaced by the scaling-invariant integral from Lemma [7.7, and Lemma
ensures that small perturbations can be made to any solution to avoid converging
to homothetic solutions other than I'y, 1 «. O
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