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INFINITELY MANY HYPERBOLIC 3-MANIFOLDS WHICH
CONTAIN NO REEBLESS FOLIATION

R. ROBERTS, J. SHARESHIAN, AND M. STEIN

1. INTRODUCTION

It has long been realized that the presence of a Reebless foliation in a compact
3-manifold M reveals useful topological information about M. By Novikov [No65],
M is irreducible with infinite fundamental group. By Palmeira [Pa78|, M has uni-
versal cover R®. Building on work of Thurston and Gabai and Kazez [Ga98|[GK9S|,
Calegari |Ca| has shown that if M is also atoroidal, then 71 (M) is Gromov nega-
tively curved. Furthermore, Thurston has proposed an approach to demonstrating
geometrization for such M. Many 3-manifolds contain Reebless foliations, and it
has often been conjectured that all closed hyperbolic 3-manifolds do. (It is our
impression that for many years Hatcher provided the sole voice of dissent.) In this
paper, we give the first examples of closed hyperbolic 3-manifolds which contain no
Reebless foliation.

Theorem A. There exist infinitely many closed orientable hyperbolic 3-manifolds
which do not contain a Reebless foliation.

In particular, therefore, there exist infinitely many closed orientable hyperbolic
3-manifolds which do not contain an Anosov flow.

In 1989, Gabai and Oertel [GO89] introduced the notion of essential lamination.
Empirically, these objects seemed easier to find than Reebless foliations, but it was
not known whether or not essential laminations were in fact more prevalent. See
[Br93, [C191], [RS01] and [BNR] for related results. In this paper we give the first
examples (again, an infinite family) of closed hyperbolic 3-manifolds which do not
contain a Reebless foliation but which do contain essential laminations.

Theorem C. There exist infinitely many closed orientable hyperbolic 3-manifolds
which contain neither a Reebless foliation nor a transversely oriented essential lam-
ination but which do contain essential laminations.

In contrast, as discussed in Section Pl we expect that a subset of the set of
examples of Theorem A will lead also to examples of closed orientable hyperbolic
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3-manifolds which contain no essential lamination. Indeed, Fenley has recently
announced a proof of this claim.

We establish nonexistence of Reebless foliations and transversely oriented es-
sential laminations by proving the nonexistence of nontrivial fundamental group
actions on leaf spaces. Let A be any Reebless foliation in M. Denote its lift to the
universal cover M of M by A. Then the leaf space (see Section Bl of A, T, is a
second countable but not necessarily Hausdorff simply-connected 1-manifold, and
the action of 71(M) on M induces a nontrivial action of 7 (M) on T; by home-
omorphisms ([HR57, [Pa78|; see also [Ba98| [CC]). (An action of a group G on a
topological space X is called trivial if there is an x € X such that for all g € G,
x and zg are not separated in X.) We obtain Theorem A by describing an infi-
nite family of closed hyperbolic 3-manifolds whose fundamental groups do not act
nontrivially on simply-connected (second countable but not necessarily Hausdorff)
1-manifolds. More generally, we investigate group actions on R-order trees [GK97].
Let A be any essential lamination in M, and denote by A its lift to M. Then the
leaf space (as defined in Section [6) of A, T3, is an R-order tree, and the action
of m1(M) on M induces a nontrivial action of 71 (M) on T; by homeomorphisms
[GO8Y, [GKO7). Using the same set of examples, but instead ruling out nontriv-
ial orientation preserving actions by the fundamental groups on R-order trees, we
obtain Theorem C.

Here is a brief outline of the structure of the paper. In Section [2, we describe
the family of examples of Theorems A and C. They form a subset of a family
of examples proposed by Hatcher [Ha92]. In Section B, we begin by examining
the case that the simply-connected 1-manifold is R. In Section [, we build on a
paper of Barbot [Ba98| and also the well-known work on isometric actions on real
trees to investigate actions on non-Hausdorff 1-manifolds. In Section Bl we pass
from simply-connected 1-manifolds to the more general world of R-order trees. In
particular, we obtain the following results.

Corollary 5.7. G acts nontrivially on an R-order tree, then G acts nontrivially
on a Hausdorff R-order tree.

Proposition 5.10. If G acts nontrivially on an oriented R-order tree by orien-
tation preserving order tree automorphisms, then G acts nontrivially on a simply-
connected 1-manifold (by orientation preserving homeomorphisms).

In Section Bl we recall the definition of leaf space and relate the existence of
Reebless foliations (and essential laminations) to the existence of actions on simply-
connected 1-manifolds (R-order trees). In Sections [0 and B we prove the nonexis-
tence of group actions for the examples. Finally, in the appendix, we make precise
the notion of Denjoy blow-up for simply-connected 1-manifolds and order trees.

We note that recently Calegari and Dunfield [CD03| announced that they too
can generate examples of closed hyperbolic 3-manifolds containing no taut foliation.
Their approach is also via group actions but from a different viewpoint. They
obtain their examples by using their result that any atoroidal 3-manifold with a
taut foliation has a finite abelian cover whose fundamental group is left-orderable.

2. THE EXAMPLES

Once-punctured torus bundles over S*,
My = (F x 1)/
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HYPERBOLIC 3-MANIFOLDS WITH NO REEBLESS FOLIATION 641

(where F is a compact orientable surface of genus one with single boundary compo-
nent and ¢ € Homeo(F')), and manifolds M¢(p) obtained by p-surgery on M, have
been much studied. See, for example, [Ba89, [Ba90, BH96, BPZ| [ BMRI! [CJR], [FH82]
Ha92, HMW] [Jo77, Ma00, Mc87, NR92! [Pr83| Pr84, Re95| RW99| [Th88, We85]. In
particular, it is well known that M is uniquely determined (up to homeomorphism)
by ¢4 : Hi(F) — Hi(F) [Nil7], where by fixing a basis for F', we obtain a matrix
¢y € GLo(Z). By Thurston [Th88], M, is hyperbolic if and only if ¢ is pseudo-
Anosov, and an elementary eigenvalue argument reveals that ¢ is pseudo-Anosov
if and only if |trace(¢y)| > 2. By Thurston’s Orbifold Theorem, My(p) admits a
geometric decomposition (cf. [CHK]|). And when My is hyperbolic (namely, when
[trace(¢y)| > 2), Thurston’s Hyperbolic Dehn Surgery Theorem [Th79] reveals that
M¢(p) is hyperbolic for all but at most finitely many choices of p. In fact, since
M¢(p) admits a geometric decomposition, M¢(p) is hyperbolic for all but at most
12 values of p [Ag00, [La00]. (For improvements on this bound for these manifolds,
see also the comments following Theorem 13 of [BH96].)

We next summarize what is known about the existence of Reebless foliations and,
more generally, essential laminations in the closed manifolds M¢ (p). For simplicity
of exposition, we restrict attention to the case that M, is hyperbolic and orientable.
Recall that a slope is an isotopy class of unoriented simple closed curves in M.
Let |[{¢,n)| denote the absolute value of the homological intersection number of
representatives of slopes ( and 7. Note that this number is well defined even though
the homology classes of ¢ and 7 are defined only up to £1.

Essential surfaces in M, are classified in [FH82] and [CJR]. In particular, it
follows from these classifications that there are essential surfaces in My(p) for at
most finitely many p.

Fixing a Riemannian metric on F' and choosing the corresponding pseudo-Anosov
representative for ¢ [Th88|, let f° and f* denote, respectively, the stable and
unstable laminations fixed by ¢. Let v denote the isotopy class of a closed orbit of

the pseudo-Anosov flow of ¢ restricted to M. Choose transverse orientations for
f® and f*. Notice that

e ¢ : f° — f° preserves the transverse orientation iff trace(¢y) > 2 iff

|[yNoF| = 1.
e ¢ : f* — f° reverses the transverse orientation iff ¢trace(¢y) < —2 iff
|[yNOF| = 2.

Now let A* = (f* x I)/¢ and A* = (f* x I)/¢$ denote the suspension laminations.
Notice that A® and A" are transversely oriented if and only if trace(¢y) > 2. By
Theorem 5.3 of [GO8Y], A® and A* are essential in My(p) for all p not isotopic
to v when |y NOF| = 1, and for all p satisfying |(p,7)| > 2 when |y N OF| = 2.
Furthermore, as noted by Thurston, Fried and Ghys, these suspension laminations
extend to taut foliations exactly when they are transversely orientable (cf. [Ga97]).
Namely, when |y N OF| =1 and p is not isotopic to v, and when |y N IF| = 2 and
(p,7y) is a nonzero even integer, the suspension laminations extend to taut foliations
in My(p). Otherwise, they do not.

There exists a family of taut foliations discovered by Hatcher [Ha92]. If
|[yNOF| =1, then M¢(p) contains taut foliations transverse to the pseudo-Anosov
flow inherited from My for all slopes p not isotopic to v. If |y NOF| = 2, the situa-
tion is again a little more complicated to describe. When |y N OF| = 2, there exist
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exactly two slopes, p1, us say, determined by the intersection number conditions
[{pi, OF)| =1 and |{u;,)| = 2. Fixing a basis on dM yields a canonical identifica-
tion of the set of slopes with Q U {oo}, which in turn embeds as a dense subset of
S1 [RoT7]. We can therefore think of the boundary slopes {1, 2} as disconnect-
ing S! into two open subintervals; denote by (u1, u2) the interval which does not
contain . Then M¢(p) contains taut foliations transverse to the pseudo-Anosov
flow inherited from My for all slopes p in the interval (g, p2).

Up to minor modifications, we have just listed all essential laminations known
to exist in manifolds My(p).

Question (Hatcher [Ha92|). Is this list complete?

We are almost ready to describe the examples considered in this paper. First
however we must fix a coordinate system on OM. As is standard, we describe a
coordinate system on M by specifying two oriented simple closed curves, called
the longitude, A, and the meridian, yu, respectively, and satisfying (A, u) = 1. Given
any essential simple closed curve v in T', we define

slope v =

(See, for example, [Ro77], p. 259.) Note that the slope of X is therefore %; the
slope of p, %. We follow convention and set A = 9F, with the orientation inherited

from F. When |{y,0F)| = 1, we choose p = 7. Otherwise, |(y,0F)| = 2 and we

choose p so that + has slope % Let p have slope %. Note that if trace(¢s) > 2,

then [(p,7)| = 2[q|, and if trace(¢y) < —2, then [(p,7)| = |p — 2q|.
We can now summarize the existence results described above as follows.

1) M,(B) contains an essential surface for at most finitely many 2.
?\q q
(2) M¢(§) contains a taut foliation if one of the following is true:
o trace(¢y) > 2 and % # 3.
e trace(¢y) < —2 and £ € (—o0,1).
e trace(¢y) < —2 and p is even.

(3) M¢(§) contains a transversely oriented essential lamination if one of the
following is true:
o trace(¢y) > 2 and % + %.
o trace(¢y) < —2 and £ € (—o0,1).
(4) M(b(%) contains an essential lamination if one of the following is true:
o trace(¢y) > 2 and £ # 1.
o trace(¢y) < —2 and |p — 2q| > 2.

Next we fix a standard group presentation for m; (M¢(§)) Isotope v as necessary

so that (AN | =1 and set {zo} = ANpu. Let t = [u] € 71'1(M¢(§),x0), and choose
a basis a,b for m (F,zg). Let ¢, : m1(F,z9) — w1 (F, o) be the map induced by
¢ : F'— F. Then m(My(2)) has group presentation

(a,b,t|a’ = ag., b’ = by, 17 [a,b]? = 1),
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HYPERBOLIC 3-MANIFOLDS WITH NO REEBLESS FOLIATION 643

where we use the notation g" := h='gh and [g, h] := ghg~'h~!. In this paper, we
pass to the subset of these examples satisfying

m 1
%= [ -1 0 ] '

(To view these manifolds in an alternate context, namely, as surgeries on the White-
head link, see [HMW].) Now for integers p, g, m with ged(p, ¢) = 1, define G(p, g, m)
to be the group generated by t,a and b subject to the relations

(R1) a' = aba™ 1,

(R2) b' =a~!, and

(R3) tP[a,b]? = 1.
Note that relations (R1) and (R2) imply that

t[a,b] = [a,b]t.
Since by Nielsen [Nil7],
Autt(F) = {f € Aut(m,(F))|f fixes [a,b]} = SLo(7Z),

we conclude that »
7T1(M¢(a)) = G(p,q,m).

Now let T be a simply-connected (second countable but not necessarily Haus-
dorff) 1-manifold. Since T is a simply-connected 1-manifold, it possesses exactly
two orientations. Orient T' and let Homeo™ (T) be the subgroup of Homeo(T)
consisting of the orientation preserving homeomorphisms of T'.

Convention. Throughout this paper, we assume that all group actions on all sets
are from the right. This includes the action of Homeo(X ) on X for any space X.

So we are interested in continuous (right) actions of G(p,q, m) on T, that is,
homomorphisms ® from G(p, g, m) to the group Homeo(T) of homeomorphisms of
T. As noted in the introduction, we say that a subgroup H of Homeo(T) has a
global fized point, or that H acts trivially on T, if there is some z € T such that
xh, x are nonseparated in T for all h € H. We will prove the following result.

Theorem 2.1. Suppose m,p,q are integers satisfying m < —2, p > q > 1, and
(p,q) = 1. Suppose further that both m and p are odd. Then the image of any
homomorphism

® : G(p,q,m) — Homeo™ (T)

has a global fized point.
Proof. This is proved in Sections[3] [[] and [8 O

Since the commutator quotient H1(G(p,q,m)) is isomorphic to Z;, & Zj,,_|, the
restriction to orientation preserving homeomorphisms is no restriction at all when
p and m are both odd, as in this case Zs is not a quotient of G. In fact, slightly
more is true.

Lemma 2.2. Let X be any oriented manifold and let
U : G(p,q,m) — Homeo(X)
be any homomorphism.
(1) If m is odd, then W(a), ¥(b) € Homeo™ (X).
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(2) If p is odd, then U (t) € Homeo™ (X).

Proof. Note we first that [Homeo(X): Homeot(X)] < 2. So in particular,
[Homeo(X), Homeo(X)] € Homeo" (X), and any even power of any homeomor-
phism is in Homeo™ (X). Now these two facts together with relation (R1) imply
that when m is odd, we have W(b) € Homeo' (X). But relation (R2) guarantees
that ¥(b) € Homeo™ (X) if and only if ¥(a) € Homeo™ (X), establishing the first
claim of the lemma. Now if p is odd, we have ¥(t) € Homeo™ (X) if and only
if U(t?) € Homeo'(X). So relation (R3) and the fact that [a,b] € Homeo' (X)
imply the second claim. O

Thus Theorem 2-1] gives the following result.

Corollary 2.3. Suppose m,p,q are integers satisfying m < —2, p > q > 1, and
(p,q) = 1. Suppose further that both m and p are odd. Then the image of any
homomorphism ® : G(p,q, m) — Homeo(T) has a global fized point.

Theorem A. There exist infinitely many closed hyperbolic 3-manifolds which do
not contain a Reebless foliation.

Proof. As noted in the introduction, if M contains a Reebless foliation, then w1 (M)
acts nontrivially on a simply-connected 1-manifold [HR57, [Pa78]. A simple proof
is as follows. Since M is hyperbolic, it is taut [Go75]. In particular, there is a
homotopically nontrivial simple closed curve transverse to every leaf. This implies
that the orbit of every leaf in the universal cover contains a pair of leaves which
are joined in T by an embedded interval; in particular, the orbit contains separated
leaves. So the action is nontrivial.

Theorem A therefore follows immediately from Corollary as soon as we show
that the set

M= {M¢(2)|m < —2is odd, pis odd, (p,q) =1, d > 1}
q q
contains infinitely many distinct hyperbolic 3-manifolds. As we noted above,

Thurston’s Hyperbolic Dehn Surgery Theorem [Th&2] guarantees that for any given
m, My(p) is hyperbolic for all except possibly finitely many %. Furthermore, since

Hi(My(p)) = Z/p& Z/(m — 2),
it follows that the set M is infinite. O

Theorem 5.10. Any nontrivial orientation preserving action on an oriented R-
order tree Ty canonically induces a nontrivial orientation preserving action on a
related oriented simply-connected 1-manifold X .

Proof. This is proved in Section [l O

From Corollary 2-3] we therefore also obtain

Theorem B. There exist infinitely many closed hyperbolic 3-manifolds which do
not contain a transversely oriented essential lamination.

Furthermore, infinitely many of the manifolds in M do contain essential lami-
nations: the essential laminations A® and A".
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Theorem C. There exist infinitely many closed hyperbolic 3-manifolds which con-
tain neither a Reebless foliation nor a transversely oriented essential lamination,
but which do contain essential laminations.

On the other hand, when |p —2¢| = 1 and m < —2, there are no known essential
laminations in M¢(§). In fact, restricting to these cases and adding the condi-
tion that m be odd, we conjecture that there exist no nontrivial actions of such
m (M¢(§)) on R-order trees, and hence that there are infinitely many hyperbolic
3-manifolds which contain no essential lamination. As noted in the introduction,
Fenley has announced a proof of this conjecture, without the condition that m be
odd, for m < —3.

We also turn our attention to R-covered foliations. When T = R, it is possible
to make slightly stronger statements.

Proposition 3.1. If m < 0 andp > q > 1, (p,q) = 1, then the image of any
homomorphism ® : G(p, q,m) — Homeo™ (R) is trivial.

Corollary 2.4. If m < 0 and p > q > 1, (p,q) = 1, then M¢(§) contains no
transversely oriented R-covered foliations.

Corollary 3.2. Ifm <0 andp > q > 1, (p,q) = 1, and m,p are both odd, then
the image of any homomorphism ® : G(p,q, m) — Homeo(R) is trivial.

Corollary 2.5. If m < 0 andp > q > 1, (p,q) = 1, and both p and m are odd,
then M(b(%) contains no R-covered foliations.

Finally, we note that in [RSS], we examine all ¢y € SL2(Z) with odd negative
trace. By working with a standard normal form for ¢4, we obtain the conclusions of
Proposition[3:1], Corollary[3:2], Corollary 2.4], and Corollary[2Z.5]for this larger family.
We suspect that the conclusion of Theorem [ZTlis also true. So our restriction to ¢

satisfying
m 1
% = { -1 0 ]

seems likely to be merely a convenience. On the other hand, we have yet really to
understand the condition that m be odd. Notice that in contrast with the condition
that p be odd, which is topologically necessary (since when p is even, M contains
a Reebless foliation), the role of m odd is still unclear. The condition that m be
odd does seem to be important in our proof of Theorem 211

Question. Is the condition that m be odd necessary to rule out nontrivial group
actions? If yes, is the condition that m be odd necessary to rule out existence of
Reebless foliations?

3. THE cASE T'=R

As a warm-up and for those readers primarily interested in actions on R, we first
prove

Proposition 3.1. If m < 0 and p > q > 1, (p,q) = 1, then the image of any
homomorphism ® : G(p,q,m) — Homeo™ (R) is trivial.

As noted in Section 2] the restriction to orientation preserving homeomorphisms
is no restriction at all when p and m are both odd. Thus Proposition 3] gives the
following result.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



646 R. ROBERTS, J. SHARESHIAN, AND M. STEIN

Corollary 3.2. If m <0 andp > q > 1, (p,q) = 1, and m,p are both odd, then
the image of any homomorphism ® : G(p,q, m) — Homeo(R) is trivial.

Our proof of Proposition Bl is by contradiction; so we assume that there is
some nontrivial homomorphism ® : G(p, g, m) — Homeo™ (R). Note that if every
representation describes an action with global fixed point, then necessarily every
representation is trivial, by the following argument. Fix a nontrivial homomor-
phism ¢ : G — Homeo™ (R) and observe that F := {x | x¢(y) = x for each v € G}
is a closed, proper subset of R. Each component of the nonempty set R \ F' is
homeomorphic to R and is invariant under the given action. Furthermore, by con-
struction the action on each component has no global fixed point and is orientation
preserving.

So we may equivalently assume that there is some representation describing an
action with no global fixed point.

Set
o 7:=®(1),
e a:=P(a),
o 5:=®(b), and
o v := ®([a,b)).
Note that v = afa~!37L. Using the relations which define G(p, g, m), we see that
we have

(A) 77tar = afa™ L,

(B) 77 18r =a7t,

(C) 7 =479, and

(D) 7y =~
Condition (B) guarantees that the image of ® is generated by both {7,a} and
{7, 8}, and the next lemma follows.

Lemma 3.3. There is no x € R which is fired by 7 and at least one of a, 3.

Lemma 3.4. Let g,h be elements of a group G such that gh = hg and such that
there exist relatively prime integers p,q with g = h™%. Then there is some k € G
such that g = k% and h = k~P.

Proof. Take integers r, s with rp+ sq = 1 and verify that k = g°h~" has the desired

properties. U
We conclude that there is some x € Image(®) such that:
(E1) 7 =&1,
(E2) v =k"P.

Another relation which will be used repeatedly and without reference is:
(F) 77tar = apa™ ! = yBa™.
And finally, we highlight the following elementary but key fact:
If g is orientation preserving and x <y, then xg < yg.

3.1. A general lemma for posets. Our proof of Proposition[31] involves exam-
ining the fixed point sets of k and «. The following general lemma about actions
of G(p,q,m) on partially ordered sets (posets) will be of use not only for certain
cases in this section, but also when proving Theorem Tl for general T. We say
that a group G acts on a poset P if we have a homomorphism from G to the group
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of order preserving bijections on P. Note that in this lemma, the existence of k is
guaranteed by Lemma[3.4]

Lemma 3.5. Let G = G(p,q,m) act on a partially ordered set P. Assume m < 0
andp>q>1, (p,q) =1. Let k € G satisfy k% =t and k=P = [a,b]. If some x € P
satisfies either of the conditions

(1) zk =z and z,za are related in P, or
(2) za = x and x,zk are related in P,

then x is fived by every g € G.

Proof. Say condition (1) holds, so zk = x. Then zt = z[a,b] = z. If za = z,
then z is fixed by every element of G, so assume (for contradiction) that za # x.
Replacing P with the poset PP (so y <p z if and only if z <per y) if necessary,
we may (and do) assume that xza > z. Then

xba™ = x [a,b] ba™ = 2t 'at = vat > xt = 2,
and since m < 0, we have
(3.1) xb>za™™ > x.

However, we have

bt = ot bt = xa" ' < x,
SO
(3.2) xb < at™! =,

and equations (BJ]) and ([B2) give the desired contradiction.
Now say condition (2) holds, so za = x. As above, we may assume (for contra-
diction) that zk > z. Note that

Vo =xa Nt =t L.

Since
zla,b] =ak P <ak 7=t
we have
wt~tat = x[a, b ba™ < xt"tba™ =t ra™ < xa™ =z,
S0
(3.3) wt~ta < wtt.

On the other hand, we have

zba™' = zaba™' =z [a,b]b < wtT'b = at ™,

0
(3.4) wt~ra > xb > xt b= at™L.
Now equations B3) and B4) give the desired contradiction. O
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3.2. Completing the proof of Proposition B.I. As noted above, a homomor-
phism from G(p,q,m) to Homeo™ (R) determines an action of G(p,q,m) on the
poset R (with the usual linear order). Since all pairs z,y of elements of R are
related in this order, the next result follows immediately from Lemma [3.5.

Corollary 3.6. Assume p > q > 1, (p,q) = 1, and m < 0. If the image of
® : G(p,q,m) — Homeo™ (R) has no global fized point, then Fix(k) = Fiz(a) = (.

We complete the proof of Proposition Bl by showing that necessarily Fiz(a) # 0.

Suppose, by way of contradiction, that Fiz(«) = . By the intermediate value
theorem, either zao < x for all z € R or za > z for all x € R. We may orient R so
that za > x for all x € R. So

(z7 Var > (z7 )T =2
for all z € R. On the other hand, 23 = 27a~'7~! < z, which implies zafBa~! < z
for all x € R, and hence
(zr Har = 2afa™ ! = z(afa )™ <z

for all z € R. Hence, Fiz(a) = () is impossible and, necessarily, the image of ® has
a global fixed point.

4. NON-HAUSDORFF 1-MANIFOLDS

Let T be a (path-connected and) simply-connected 1-manifold. We will assume
that T is second countable but not necessarily Hausdorff. Since T is path-connected,
there is a path between any two points. In general, however, unique minimal paths
do not exist. Given z,y € T, we often consider instead the geodesic spine

[[z,y]] = {z € Tz, y lie in distinct components of T'\ {z}} U {z, y}

from z to y (see p. 563, [Ba98]). Note that [[z,y]] is the intersection of all paths
from z to y (Theorem 3.6, [RS01]). Moreover, [[x,y]] is the union of a finite number
n > 1 of disjoint (possibly degenerate) closed intervals (Proposition 2.3, [Ba98])

[[l‘, y]] = [l‘, yl] U [$2,y2] U---u [J)n, y]a
where y; is not separated from x;y1. (To obtain finiteness, it suffices to note that

if p:[0,1] — T is any path from x to y, then p([0,1]) is compact and hence has a
finite open cover by sets homeomorphic to R.) Let ((z,¥)), [[z,y)), ((z,y]] denote

[z, y]] \ {=, u}, [[x,y]] \ {y} and [[x,y]] \ {«}, respectively. As in [Ba9§]|, set
d(z,y) =n—1.

Only in exceptional cases is d a metric. In general, it certainly might be true that
x # y but d(z,y) = 0. For example, if T = R, then d = 0. And, in general, only a
modified version of the triangle inequality holds. See, for example, Figure[ll (On
the other hand, replacing d by d+1 on T x T\ {(z,z) : « € T} does yield a metric
onT.)

Lemma 4.1. Let z,y,z € T. Then
o [Proposition 2.5,[Ba98|]|. If y € [[, 2]], then d(z,z) = d(x,y) + d(y, 2).
o d(z,z) <d(z,y) +d(y,z) + 1.
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X z

FIGURE 1. d(z,2z) = 1> 0=d(z,y) + d(y, 2).

Proof. If z,y and z lie on a common geodesic spine, then d(z, z) < d(z,y)+d(y, 2).
So we may assume that x,y and z satisfy one of the configurations of Figure [, as
described in Theorem 3.10, [RSOT]. It is easy to verify that in the first three cases,

X z X z
X z X z ® O PREPS

| |

d(z, z) < d(z,y) + d(y, z), whereas in the fourth case, d(z, z) < d(x,y) +d(y,z) + 1
is the best possible. ([

FIGURE 2.

We shall call a subset X of T' spine-connected if for all z,y € X, [[z,y]] C X.

Lemma 4.2. Suppose X C T is spine-connected and X C' Y C X. Then'Y is
spine-connected.

Proof. Consider distinct points y1,y2 € Y and let z € ((y1,y2)). Let Ui, Uz be
neighbourhoods of y1,y2, respectively, which are homeomorphic to R and which lie
in T\ {z}. Since U; and U, are separated by z with Uy N X # 0 and U, N X # 0,
necessarily z € X. Hence, [[y1,y2]] C Y. O

Since T is simply-connected, it is orientable. Orient T by choosing either one of
the two possible orientations.

Definition 4.3. (See Section 2.1, [Ba98].) For z € T, let I, be an open set in T
containing = which is homeomorphic (as an oriented manifold) to R (such an I,
exists since T is an oriented 1-manifold). Let I,” be the set of elements of I, \ {z}
which can be reached from x by walking in the positive direction according to the
orientation on T let I,; = (I, \ I}) \ {x}. Since T is simply-connected, T \ {z}
has at least two connected components, and since T is a 1-manifold, T\ {z} has
exactly two connected components. Let 1 be the component containing I;7 and
let £~ be the component containing I .

We now define a partial order < on T'.
Definition 4.4. For z,y € T', we say that
T <y <= xt D) y+.

Note that for distinct elements z,y € T, y* C =t if and only if both y € T and
x € y~. A straightforward induction on d(x,y) therefore yields the following:
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Lemma 4.5. For all z,y € T, we have:
o 2T Dyt ifand only if x— Cy~.
e,y are comparable with respect to < if and only if d(x,y) is even.

Define a relation ~ on T by
e z ~ y if and only if z and y are not separated in T'.
Set
[z] = {y € Tly ~ «}.
If z ~y, let Ty, .y denote the submanifold defined as follows:

o if x €y (equivalently, if y € z), set T, 3 =) 2T, and

z~a and z~y

o if x € y~ (equivalently, if y € x7), set Tyz 3 =), ., and sy %

The relation ~ is reflexive and symmetric, but not necessarily transitive. However,
since T has countable basis, there are at most countably many points b satisfying
a~band b~ cbut a = c. (Foran example of such a point b, see Figure [3 For
a precise description of this phenomenon, see the appendix or [Ba9§].) Hence, by

a
__)_.a —> 0
>—0 0,0 > — 0000 —>—
[ * >
c c

F1GURE 3. Denjoy blow-up at b.

blowing up these countably many points to closed nondegenerate intervals in the
spirit of Denjoy [De32l [Sc74] (see the appendix for details), we obtain a related
simply-connected 1-manifold 7" on which the relation ~ is transitive, and hence an
equivalence relation. Note that all trees 7”7 obtained in this way are homeomorphic.

Definition 4.6. Let T' be a simply-connected 1-manifold. Form the quotient space
TH = T,/ ~

where T” is a 1-manifold obtained from T as above. Since T” is uniquely determined
up to homeomorphism, so is Ty. Call Ty the Hausdorff tree associated to T. Let
p: T — Ty denote the corresponding quotient map.

When proving Theorem 1] we will often examine subsets of 7' whose images in
Ty are homeomorphic to subintervals of R. Working in T rather than 7" whenever
possible allows us to avoid tedious case analyses when examining such subsets of T'.
For example, notice that if [[x,y]] is a geodesic spine in T, then p([[z,y]]) C T is
homeomorphic to a closed interval in R. Other examples of such subsets are bridges,
which we now define. If X, Y are disjoint, nonempty, spine-connected subsets of T,
the bridge from X to Y is simply the intersection of all paths in 7" with one endpoint
in X and the other in Y. Similarly, if X, Y are disjoint, nonempty connected subsets
of Ty, then the bridge from X to Y in T is the intersection of all paths in Ty
with one endpoint in X and the other in Y. Such a bridge in T is always of the
form [z,y] for some x € X and y € Y. Some possible structures at [x] of a bridge
in T whose image in Ty is [z,y] are illustrated in Figure @ (The bridge near X is
represented schematically by the connected vertical segment and X is represented
schematically by the horizontal segments.)
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Xo X3 X, Xy X,
—e ——— — e O0—— — o
X, X1
y y y
FIGURE 4.

Now suppose that G is any group acting on 7. Let g € G. Note that if g is
orientation preserving (reversing), it preserves (reverses, respectively) the partial
order < on T. As usual, write

Fixz(g) = {x € T|xg = x}.

Write

Nonsep(g) = {z € T|xg ~ x},
for the set of points not separated by g. We shall say that z € T is a global fized
point for the action of G on T if xg ~ x for all g € G. If there exists a global fixed
point, we call the action trivial. By extending linearly over the blown-up intervals,
any action of G on T induces an action of G on T’. Moreover, the action of G on
T is trivial if and only if the induced action of G on T” is trivial.

Without loss of generality therefore, and with gain an increased simplicity of
exposition, we make the following assumption throughout the rest of the paper: ~
s transitive on T'.

Define the characteristic set associated to g by

Cy ={z € T|d(x,zg) is even}.

Note that in [Ba98|, Barbot calls this set the fundamental axis. We will reserve the
term axis for the case Nonsep(g) = 0.

Lemma 4.7 (See also [Ba98| Proposition 2.7(2)]). Let x € T. Then x € Cy if and
only if © and xg are comparable with respect to the partial order <.

Proof. This follows immediately from Lemma O

Proposition 4.8 (|[Ba98, Proposition 2.10]). Suppose Nonsep(g) = 0. Then C, #
0 and for any x € Cy,
C, = U[[mg”,xg""'l]].

neZ

For an alternate approach to the proof of Proposition [£8] beginning with the
characterization of Cj; given in Corollary EIT] see also Theorem 5.6 [RS01] or
Theorem 3.4 [Fe].

Corollary 4.9. If Nonsep(g) = 0, then Nonsep(g"™) = 0, for all nonzero integers
n.

Hence, when Nonsep(g) =0, Ay := Cy is an azis for ¢ in the spirit of Tits-Serre
(Proposition 24, Section 6.4, [Se7T]). We note in passing that any fact from the the-
ory of group actions on R-trees which depends only on the combinatorial properties
of existence of such axes still holds true in this setting. In fact, existence merely
of the characteristic set C, for arbitrary g is sometimes (although certainly not
always) sufficient for the generalization of well-known arguments. (Good surveys
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on isometric actions on real trees can be found in [Ch01l Mo92l Pa95| [Sh87, [Sh91].
See also [CM8T7, [CV96].)

From Proposition L8] it follows that in Tx, p(4y) ~ R, and in T', either A, =~ R
or Ay = U™ [wi,y), where [z;,y;] is homeomorphic to a closed interval in R,
[zi, yi] N[z, y;] = 0 when i # j, x; # y;, and y; ~ ;41 for all ¢, j. In each case, the
action of g on A, is conjugate to an action by translations, and there is a natural
linear order <, on A, satisfying <, xzg for all x € A;. (In general, <, agrees
with neither < nor the opposite partial order >.)

Suppose Y is a g-invariant embedded copy of R in T on which g acts freely.
Then we call Y a local azis for g. Note that if x lies in a local axis for g, then
d(z,zg) = 0.

Now suppose Nonsep(g) # (0 and let T;,i € Z, denote the path components of
T\ Nonsep(g). Notice that each T} is path-connected and open. So T; NT; = () for
all i # j and hence T;\T; C Nonsep(g) C C,, for all i. In particular, T;\T; = 0 only
if Nonsep(g) = (0. Notice also that T;g = T} for some j € Z. When T;g = T; # T;,
then since T is simply-connected, T; \ T; # ) can consist of at most one, and hence
exactly one, point € Nonsep(g), and Tj \ T; is the point zg, where zg ~ x and
xg # = (namely, the situation pictured in Figure [l must hold). In this case, we call

FIGURE 5.

x the root of T; in T (and xg the root of T; in T'). On the other hand, whenever
T;,g = T;, g acts freely on T;, and hence this local action has an axis Aé C T;.
Using distance to an element of T; N Nonsep(g), one can check that such an A;
is homeomorphic to R and hence is an example of a local axis for g; in fact, all
local axes for g arise in this way. We summarize some of these observations in the
following lemma.
Lemma 4.10. Suppose Nonsep(g) # (0. Then:

e Nonsep(g) C Nonsep(g™) and hence Cy C Cyn, for any n.

o Cy={zeT|d(x,xzg) =0}.

o Cy = Fizx(g)U{x € T|z lies on a local axis for g}.
Corollary 4.11. For any g € G, we have

Cy = {z € Tl € [[zg™", zg]l}.

Proof. Suppose z € T satisfies x € [[xg™1, zg]]. If d(zg~!,xg) = 0, then d(z,xg) =

0 and so Lemma [£10] guarantees that = € Cy. So suppose that d(zg~—!,zg) > 0.
By Lemma HT]

d(zg™", zg) = d(xzg™", ) + d(z, zg) = 2d(z, zg)

and so z € Cp. By Lemma {10, Nonsep(g?) = 0, and so Cp2 = Ag. But
Nonsep(g) C Nonsep(g?) = 0 and in particular, z € Cpz = Az = Ay = Cy.

The reverse inclusion follows immediately from Proposition f.8land Lemma 10l

Il
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Corollary 4.12. If there is some x € T such that d(z,zg) # 0 is even, then
Nonsep(g) = 0.

Corollary 4.13. Let g € G. Then both Cy and CyUNonsep(g) are spine-connected.

Proof. If Nonsep(g) = 0, then C, U Nonsep(g) = A, is spine-connected. So we
may assume Nonsep(g) # 0. By Lemma [£2] it suffices to prove that Cj is spine-
connected.

Consider first the special case that € Fiz(g) and y € C,. Since d(z,y) =
d(z,yg) and d(y,yg) = 0, necessarily x,y and yg are collinear in T' (i.e., lie on
a common geodesic spine). If g is orientation reversing, then [[z,y]] C [[y, yg]] =
[y, yg]. And if g is orientation preserving, then either yg € [[z,y]] or y € [[z, y]]g-
So either [[z,3]]g C [[z 3] or [z, 3l C [[z, ]}, and hence, for every 2 € [[z, ],
d(z,zg) = 0. In either case, [[z,y]] C Cy.

Consider next the special case that z,y € Cy \ Fiz(g). If z and y lie in a
common component of T\ Nonsep(g), then necessarily = and y lie on a common
local axis, and hence [[z,y]] = [z,y] is also contained in this common local axis
(and hence in C}). Otherwise, x and y are separated by some z € Nonsep(g). Now
z € Fiz(g) since otherwise d(z, zg) and d(y, yg) are odd. So [[z,y]] = [[z, z]]U[[z, ]]
is contained in Cy by the first special case. O

It will sometimes be useful to consider an object obtained by adding one point Z,
called an ideal point of T, to T for each ~-equivalence class [z] in T' which contains
more than one point. This object, denoted by T, is called the completion of T.
(Compare with Section 5 of [RS01].) We say that an ideal point & is a source if
whenever y, z are distinct elements of [z] we have y € z~, and we say that & is a
sink if whenever y, z are distinct elements of [x] we have y € 2. Note that every
ideal point Z is either a source or a sink. The action of any subgroup of Homeo(T)
extends to an action on T in the obvious way, that is, we set g = g if [ lg = [y].
We want to extend our partial order on 7" to T so that group actions on T obtained
from orientation preserving actions on 7T preserve this extended partial order. For
an ideal point Z, we define

4= { Uye (v Uy ™),
+

yel) ¥

>

a source,

>

a sink,

and set
& =T\ .

Note that £1,2~ C T. It is straightforward to show that if H is any group of
orientation preserving homeomorphisms of 7', then for x,y € T and h € H, we
have z™ C y* if and only if (zh)™ C (yh)*. So, we have the following result, which
will allow us to invoke Lemma more often in the proof of Theorem BRI than
would be possible without the introduction of T.

Proposition 4.14. Define the relation < on T by x <y ify"™ CaT. This relation
is a partial order which extends the order < on T defined in Definition [{.4. In
addition, if H < Homeo™ (T), then the induced action of H on T is order Preserving.
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5. R-ORDER TREES

Both simply-connected 1-manifolds and their associated Hausdorff trees are spe-
cial cases of a more general tree-like object, the R-order tree. An order tree T
[GO89] is a set T together with a collection S of linearly ordered subsets called
segments. If o is a segment, then —o denotes the same subset with reverse order.
The segments satisfy :

(1) Each segment o has distinct least and greatest elements, which we will
denote by i(c) and f(o), respectively. (We also write o = [i(0), f(0)].)

(2) If o is a segment, so is —o.

(3) A closed nondegenerate (i.e., containing more than one element) subinterval
of a segment is a segment.

(4) Given z,y € T, there exists a path from z to y; namely, a sequence
o1,...,0% of segments such that i(o1) =z, f(ox) =y, and f(0;) = i(0gj41)
for all j.

(5) Given a cyclic path ogoy ---or—1 (where cyclic means f(ox_1) = i(00)),
there is a subdivision of the path ogoy - - - ox—1 to a path pg - - - p,—1 so that
after cancelling all adjacent pairs of the form (p)(—p), we have the empty
sequence.

(6) If f(o1) = i(o2) = 01 No2, then o1 U oy is a segment.

An R-order tree [GK97|] is an order tree satisfying also:

(7) Each segment is order isomorphic to a closed interval in R.
(8) T is a countable union of segments.

T is topologized by giving segments the order topology and then declaring a set
U C T to be open in T if and only if UNe is open in o for every segment o. Note that
defining axiom (4) guarantees that T is path-connected and that defining axiom
(5) guarantees that T is simply-connected.
An orientation of an order tree is a choice of subset Sy C S such that

e S. N(=84) =0, where -S4 = {—o|o € S4}.

e A closed nondegenerate subinterval of a segment in Sy is in S;.

e Any two elements of T' can be joined by a sequence o7y, ..., 0 of segments

in S U (—84) such that f(o;) = i(oj41) for all j.

e If 01,00 € S4, and f(01) =i(02) = 01 N o2, then 01 Uos € Sy.
Since there are no nontrivial cyclic words, orientations always exist. In contrast to
the situation when T is a simply-connected 1-manifold and therefore has exactly
two orientations, there are generally many possible choices of orientation for an R-
order tree. Note that if Sy is a collection of linearly ordered subsets of T" such that
Sp U =&y satisfies conditions (1), (4) and (5) of the definition of order tree, then
there is a unique smallest set S containing Sy and also satisfying all six defining
conditions.

As we will discuss further in Section [Bl if A is an essential lamination in M with
no isolated leaves, then its lift to the universal cover of M has leaf space an R-order
tree [GOK9|. If A is a transversely oriented essential lamination with no isolated
leaves in M, then its lift to the universal cover of M has leaf space an oriented
R-order tree.

Now let T be any simply-connected 1-manifold for which ~ is transitive. Let T
denote the associated Hausdorft tree. It is easy to see that the (oriented) 1-manifold
structure on T induces canonical (oriented) R-order tree structures on T' and Tp,
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respectively. Choose either of the two orientations of T'. Let S; = {o C To is
homeomorphic to a nondegenerate closed interval in R, with linear order inherited
from the orientation of T'}, and let S be the smallest set containing S; and also
satisfying the axioms defining an order tree. Then T together with S is an R-order
tree, and Sy is an order tree orientation for T'. Next, let (Sg)4+ = {p(0)|o € Sy},
and let Sy be the smallest set containing (Sg)4+ and also satisfying the axioms
defining an order tree. Then Ty together with Sy is an R-order tree, and (Sg)4+
is an order tree orientation for 7. (The first two defining conditions of order tree
orientation are clearly satisfied. The third condition follows from the finiteness of
d(x,y) for every pair x,y € T’; namely, from Proposition 2.3 of [Ba98]. The fourth
condition follows from the fact that since T is an oriented 1-manifold, it is not
possible to find distinct 2,y € T and 01,02 € Sy, such that f(o1) =« ~ y =i(02).)
So any orientation of T projects to an orientation of Ty as an R-order tree. In
contrast, not all order tree orientations of Ty lift to orientations of T'.

Now let T" be any order tree. A function ¢ : T — T is called an (order tree)
automorphism if ¢ is a set bijection satisfying [z, y]¢ = [z, y¢] € S < [x,y] € S.
We say that ¢ is orientation preserving if ¢ € S <= o € S;. Set Aut(T) = {¢:
T — T|¢ is an order tree automorphism}, and set Autt(T) = {¢ € Aut(T)|¢ is
orientation preserving}. Let G be any group. A right action of G on T as an order
tree is a mapping

TxG—T:(x,g)— xzg=2D(g),
for some homomorphism

DG — Aut(T).

An orientation preserving action is an action satisfying ®(G) C Aut*(T). Now
consider the special case that T is a simply-connected 1-manifold with canonically
induced R-order tree structure. Then ¢ € Aut(T) <= ¢ € Homeo(T). So an
action of G on T as a l-manifold is also an action of G on T as an R-order tree,
and an action of G on T as an R-order tree (still with canonically induced R-order
tree structure) is also an action of G on T as a 1-manifold.

Many of the properties of simply-connected 1-manifolds hold true for or gener-
alize to R-order trees. (In particular, the notation used in this section for R-order
trees T is consistent with the notation used in Section [ in the special case that T'
is a simply-connected 1-manifold.)

Given z,y € T, we again consider the geodesic spine

[[z,y]] = {z € Tz, y lie in distinct components of T'\ {z}} U{z,y}

from z to y. Again, [[z,y]] is the intersection of all paths from x to y (Theorem 3.6,
[RSO1]). Moreover, [[x,y]] is the union of a finite number n > 1 of disjoint (possibly
degenerate) closed intervals (Axiom (4))

[[l‘, y]] = [J), yl] U [vayQ] U---u [l‘n, y]a
where y; is not separated from x;11. Let ((z,v)),[[z,v)), ((z,y]] denote [[z,y]] \
{z,y}, [z, ¥]] \ {y} and [[z,y]] \ {z}, respectively. Set
d(z,y) =n—1,
and note that only a modified version of the triangle inequality holds.

Lemma 5.1. Let z,y,z € T. Then
e [fyelle,2), then d(x,2) = d(z,y) +d(y, 2).
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o d(z,z) <d(xz,y)+d(y,z)+ 1.

Again, we call a subset X of T' spine-connected if for all z,y € X, [[z,y]] C X.
Define a relation ~ on T' by

e z ~ y if and only if z and y are not separated in T'.
Set
[z] = {y € Tly ~ «}.
If v ~ y, let Ty, ) denote the component of 7'\ [z] which has both = and y as limit
points. Note that alternatively, ~ can be defined in terms of segments as follows:

r~Yy

if and only if o1 Nog # () for every pair 01, 02 € St such that © € o1\ {i(01), f(01)}
and y € o3 \ {i(02), f(02)}. The relation ~ is reflexive and symmetric, but not
necessarily transitive. However, as described in the appendix, there is a naturally
associated R-order tree 7' on which ~ is transitive and hence an equivalence rela-
tion.

The notions of characteristic set, axis and local axis also generalize to the case
of order trees. Define the characteristic set of g to be

Cy={xeT|zellzg™", xg]]}.

Again we note that any fact from the theory of group actions on R-trees which
depends only on the combinatorial properties of existence of such characteristic
sets still holds true in this setting.

Proposition 5.2 ([RS01, Theorem 5.6]). Suppose Nonsep(g) = 0. Then Cy # 0,
with ‘ A
Cy = Jllxg" ", zg"]]
for any x € Cj.
Hence, when Nonsep(g) = (), it again makes sense (in the sense of Tits-Serre) to
call A, := Cy an axis for g.
And again, by local axis for g we mean either an axis for g or, when Nonsep(g) #
(), any subset of T" order isomorphic to R on which g acts freely.
Lemma 5.3. Suppose Nonsep(g) # 0. Then
e Nonsep(g) C Nonsep(g™) and hence Cy C Cyn, for any n.
o Cy = Fiz(g)U{x € T|z lies on a local axis for g}.
Corollary 5.4. Let g € G. Then both Cy and CyUNonsep(g) are spine-connected.
The proof of Theorem 5.6 of [RS01] also yields the following.

Proposition 5.5. Let T be any R-order tree. Let x € T, g € Homeo(T) with
xg # x. Suppose further that [[xg~!,z]] N [[z,zg]] = {z}. Forn € Z set I, =
29", 2g™*)). Then

(1) If j,k € Z with j < k, then

k .
[ {xd" ) k=41,
LN, = { 0, otherwise.

(2) Upez In is a local axis for g.
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Now let T be any oriented R-order tree and let Ty denote its associated (oriented)
Hausdorff tree (Definition 0.3).

Lemma 5.6. Any nontrivial action of G on T canonically induces a nontrivial
action of G on Ty .

Proof. If x ~ y, then g ~ yg for any g € G. So [z]g = [zg] defines a homeomor-
phism of Tg. This induced action is trivial if and only if the action of G on T is
trivial. 0

Note that with respect to this induced action, Fizy, (g) = p(Nonsep(g)).

Corollary 5.7. If G acts nontrivially on an R-order tree, then G acts nontrivially
on a Hausdorff R-order tree.

Lemma 5.8. Suppose Ty has orientation inherited from T. Then any orientation
preserving action on Ty canonically induces an orientation preserving action on T .
This induced action on T is nontrivial if and only if the given action of G on Ty
is montrivial.

Proof. Let C = {z € T||[z]| > 1}. Since p : T — Ty restricted to T\ C is injective
(and C is G-invariant), we may set

zg =p~'([z]g)
for all z € T'\ C. Now consider any z € C. Since C is countable, z € o for some
segment o = [z,y] with z,y € T'\ C, and so we may set

zg =p~ '([2lg) N [zg,yg].
O

Next we introduce a notion of incidence for order trees. Fix an orientation
on T and let x € T. Define an equivalence relation ~; on the set S(z, f) = {o €
Si|f(o) =z} by o1 =¢ o2 if and only if both f(01) = f(02) = z and {2} C o1 No2.
For each o € S(z, f), let 7, = {7 € S(z, f)|T = o} and call r, an incoming ray
at . Let R(z, f) = {ro|lo € S(z, f)}. Call ng(z) = |R(z, f)| the in-degree at x.
Similarly, define an equivalence relation /2, on the set S(z,0) = {0 € S;]i(0) = z}
by 01 &, o2 if and only if both i(o1) = i(02) = z and {z} C o1 Nog. For each
o€ S(z,0), let ro = {7 € S(z,0)|7 =, o} and call 7, an outgoing ray at x. Let
R(x,0) ={rs|loc € S(z,0)}. Call n,(x) = |R(x,0)| the out-degree at z. We say that
a segment o is incident to = if o € S(x,0) U S(z, f), and we say that a ray r, is
incident to z if ro € R(z,0)UR(x, f). Call x € T regularif n,(x) = ny(x) = 1. Call
x € T a branch point if it is not regular, and let B denote the set of branch points of
T. Note that if B =), then T can also be given the structure of a simply-connected
1-manifold.

Now consider any = € B. If the out-degree n,(z) = 0 (in-degree ns(x) = 0), call
x a sink (respectively, source). If n,(x) = 1 and ny(z) > 1, call the single element
re € R(x,0) the distinguished ray at x. Symmetrically, if ny(z) = 1 and no(z) > 1,
call the single element r, € R(z, f) the distinguished ray at x.

Lemma 5.9. Let Ty be an oriented R-order tree such that at every x € B, there
is a distinguished ray. Then any montrivial orientation preserving action on Ty
canonically induces a nontrivial orientation preserving action on a related oriented
simply-connected 1-manifold X .
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Proof. Tt suffices to describe X as an R-order tree with no branch points.

By assumption, every branch point = € B has a distinguished ray 7,. Construct
X from Ty \ B by adding in place of each x € B a family of points {x,_}, where r,
ranges over all rays in R(z, f) if 7, is outgoing and ranges over all rays in R(z, 0) if
7, is ingoing. We describe an R-order tree structure on X as follows. Let o be any
segment in the orientation (Sop)+ of Tp. Let x € o N B. Either x € {i(0), f(0)} or
x € o\ {i(0), f(o)}. Ifz € {i(0), f(0)}, and o does not represent the distinguished
ray at z, then set 2’ = z, . If © € o\ {i(0), f(0)}, let 7 be a nondegenerate
subinterval of o representing a ray incident to x such that . # 7., and set 2’ = z,._.
Now let X/ denote the set of points &’ thus defined. Set

o =(c\B)UX.,
with linear order induced in the natural way from the linear order on o. Let
Sy ={0'|o € (So)+}

and let S be the smallest set containing Sy and also satisfying the axioms defining
an order tree. Then (X, S) is an R-order tree, and S, is an orientation of X.
Extend the action of G on T'\ B to an action on X by setting x,,9 = z,,,. 0O

Proposition 5.10. Any nontrivial orientation preserving action on an oriented
R-order tree Ty canonically induces a nontrivial orientation preserving action on a
related oriented simply-connected 1-manifold X .

Proof. We show that any nontrivial orientation preserving action on an oriented
R-order tree Ty canonically induces a nontrivial orientation preserving action on
an oriented R-order tree T such that at every x € B, there is a distinguished ray.
Lemma [5.9] then applies.

First, let D denote the set of branch points x € Ty with both in-degree and
out-degree greater than one. Let T" denote the linear Denjoy blow-up of Ty along D
with respect to the orientation on Tj and extend the action of G to T' as described
in Section[0:3] Let B now denote the branch points of T'. Note that if x € B, then
either x has a distinguished ray or else it is either a sink or a source.

Finally, we introduce distinguished rays at all sinks and sources in B. At every
sink z € B, attach a set o, order isomorphic to [0, o) (so that precisely the endpoint
of o, is identified with ). Symmetrically, at every source = € B, attach a set
o, order isomorphic to (—oo,0] (so that precisely the endpoint of o, is identified
with z). Let the set of segments associated to this new tree be the smallest set
satisfying the defining axioms and containing S, the segments of T', together with
all nondegenerate subintervals of the o,. Extend the action of G linearly over the

sets 0.
O

6. SPACES OF LEAVES

Let M be any closed 3-manifold containing an essential lamination A [GO89).
By Theorem 6.1 of [GO8Y), the universal cover M of M is homeomorphic to R®.
Lift A to a lamination A of M. Now define an equivalence relation = on M by

T=y
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if and only if either «,y lie on a common leaf of A or z,y both lie in the union of
some complementary region with its boundary leaves.

TA:M/E

is called the leaf space of A. Remark that when A is not a foliation and therefore has
complementary regions, 15 is not really the “space of leaves” but rather a natural
quotient of this space.

When A is a Reebless foliation, T is a second countable but not necessarily
Hausdorff simply-connected 1-manifold, and the action of (M) on M induces

a nontrivial action of w1 (M) on T; by homeomorphisms ([HR57, [Pa78]; see also
[Ba9g, ICC]).

Proposition 6.1 ([HR57, [PaT8]). If M contains a Reebless foliation, then mi (M)
acts nontrivially on a simply-connected 1-manifold.

Corollary 6.2. If M contains a Reebless foliation A and w1 (M) contains no index
two subgroup, then A is necessarily transversely orientable, and w (M) acts nontriv-
ially on a simply-connected 1-manifold by orientation preserving homeomorphisms.

More generally, when A is an essential lamination with no isolated leaves, T is
an R-order tree [GO89]. Roughly speaking, segments in the R-order tree arise from
a family of well-chosen transversals 7 to A: if A (equivalently, A) has no isolated
leaves, then each A N7 is a closed perfect set, and hence, by a devil’s staircase-like
argument (cf. [Be99]), 7/ = is order isomorphic to R. As remarked in [GK97], if
M contains an essential lamination, then M contains an essential lamination with
no isolated leaves (isolated leaves can simply be replaced by products as described
in [Ga92]). On the leaf space level, this replacement of isolated leaves by products
results in the Denjoy blow-up operation as defined in the appendix.

Now consider the action of (M) on Ty induced by the action of 71 (M) on M
by deck transformations. This action has no global fixed point. (See, for example,
Proposition 8.1 of [RS01].) Furthermore, if A is transversely oriented, then the
transverse orientation on A lifts to a transverse orientation on A, and hence induces
an orientation on T which is preserved by the action of 7 (M). (Note that if A is
an essential surface, then by passing to a double cover of A as necessary, we may
assume that A is transversely oriented.)

Proposition 6.3. If M contains an oriented essential lamination A, then m (M)
acts nontrivially by orientation preserving order tree automorphisms on an oriented
R-order tree.

7. CASE I: Nonsep(k) =10

This section is devoted to the proof of the following special case of Theorem 211

Lemma 7.1. Letm < =2 andp > q > 1, (p,q) = 1, with m and p both odd. Let ® :
G(p,q,m) — Homeo™ (T) be a homomorphism with the property that Nonsep(x) =
(). Then the image of ® has a global fized point.

Proof. As noted in Section @] we may assume that ~ is an equivalence relation on
T. In much of the following argument, we work in Ty. When doing so, we often
abuse notation and write x for [z]. However, we are careful to remind the reader
of this whenever we think confusion might otherwise arise.
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Suppose Nonsep(x) = 0. Consider the action of G(p, g, m) on the Hausdorff tree
Ty. In Ty, A, = R and there are exactly three possibilities for A, N A,a:
(a) AxNAza=A,.
(b) A, N A, is a nonempty proper closed connected subset I of A,.
(¢) Ax N A =0.
Recall that Ao = Ay-1,., and A" = Ay q-1.

7.1. Case (a). If A,NA,a = A, then A, = R is invariant under Im ® and hence
there is a fixed point in Ty by Corollary[3:21 Thus, there is a global fixed point in
T by Lemma 5.0l

Although unnecessary for this proof, we observe here that an element which is
orientation preserving as a homeomorphism of T' can induce an orientation reversing
homeomorphism on a copy of R properly embedded in Ty.

7.2. Case (b). Let < denote the total order on A, specified by = < xx for all
x € Ag. (When d(z,zk) # 0, this total order bears no resemblance to the partial
order < on T.) With respect to this total order, let r (respectively, s) denote the
lower bound (respectively, upper bound), if it exists, of A,; N A,,a. Otherwise, set

Axo Ago Ak Al
r ) S r
AL Ax Ax Ax
FIGURE 6.
r = —oo (respectively, s = 00). Note that at least one of r and s is finite since we

are in Case (b). For ease of exposition (namely, to avoid breaking into the three
cases shown in Figure [@]), we set +00g = 00 or +oog = Foo, as necessary, for
elements g € G(p,q, m).

Let <, denote a total order on A, such that < and <, agree on A, NA,«, and
let <,-1 denote a total order on A,a ! such that < and <,-1 agreeon A,NA.a~ "
When r = s, choose <, so that a~'ka is increasing with respect to <, on A.q,
and choose <,-1 so that axa ™! is increasing with respect to <,-: on A.a~!. Note
that <, and <,-1 are uniquely determined.

Lemma 7.2. The following are equivalent:
o ra~ ! <sa"! on A,.
o o 'ra is increasing with respect to <, on A.a.
o aka~! is increasing with respect to <,-1 on Aot
Proof. Assume r # s. The map
a:(Ag, <) — (Aga, <a)

must be either order preserving or order reversing. Since (ra !)a =1 <, s =
(sa™1)a, we see that a is order preserving if ra~! < sa~! and order reversing if
sa~! <ra~!. Since ra™!,sa"! € A, N A.a™!, we have

ra~ ! <a-1 sa = rat <sa”!
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(by definition of <,-1). Therefore

a71 : (AI‘L’ .<) - (Aﬁa717'<a_l)

is order preserving if ra~! < sa~! and order reversing if sa~! < ra~!.

Suppose ra~! < sa~!. Since xz < xx for all x € A,, we have za™! <,1
rha~l = zaH(aka™l) and ra <, Tra = za(alka) for all x € A,.
Symmetrically, if sa=! = ra~!, we have ra™! =, 1 xka~! = za~ (arka™t) and
T = vha = oo ka).
O

Now note that by substituting 8 = 7o~ '7~! into afa~ '3~ = kP, we obtain
(7.1) (ara V)t = k7P (a7 a).

Let w denote the element represented by the two words in (Z.1I)). Using the axes A,
and Ay-1,.,, we will derive information about the translate

Apw = AP (a 17 a) = A (a7 ).

Then, using instead the axes A, and A, ,.,—1, we will derive information about the
translate
Apw = Ag(ara™Hr L
Happily, contradictions are plentiful.
We order A, w by setting, for x,y € A, zw <, yw if and only if x < y.
Suppose first that ra~! < sa~!'. By Lemma [Z ra 't 'a <, r along A,.a.
We compare sa~'77'a and r with respect to <. It is straightforward to show

Aga Ao Aga

roctlal

AK AK
Aga Ao Ao

FIGURE 7.

that
o if r <, sa” 771, then A, N A,w = [r,sa” 77 !a] and the orders < and
<w agree on A, N Axw,
o if sa”l77la <, 7, then A, N A.w = 0, with [r,sa"'771a] the bridge
connecting A, and A,w, and
e ifr = sa~ 177 lq, then both r, s are finite, A,NAw = [x,7] = [z, 50" 77 1q]
for some x, and either = r or the orders < and <, disagree on A, N A.w.
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These three possibilities are illustrated in Figure [[1 Also by Lemma [T.2] we have
sa”l <,1 sta”t = sa " (ara™t) along Axa~!, and we compare rTa~! and sa !

with respect to <,-1. After noting that A, N A.w = (A, N Agara™t)771, it is

-1
Aot

FIGURE 8.

straightforward to show that

o ifrra! <,-1 sa™ !, then A, NAw = [rra= 77! sa~177!] and the orders
< and =<, agree on A, N A,w,

o if sa™! <,-1 rTa”!, then A, N A,w = 0, with [sa~ 177!
bridge connecting A, and A.w, and

e if r7a™! = sa~!, then both r,s are finite, A, N A,w = [sa~
[rra~1771 y] for some y, and either y = sa~*
disagree on A, N Axw.

,rra” 71 the

frhyl =

771 or the orders < and <,

These three possibilities are illustrated in Figure[§] Hence, one of the following
cases holds.

(1) [r,sa=tr7ta] = [rra=tr7L sa~ 771
(2) [r,sa"tr7la] = [sa vt rra e
(3) [x,r] = [sa 771, y], ra lra = s = r7, and r, s are both finite.

In case (1), at least one of 77 and sa~'77! (is finite and) lies in Nonsep(a) N
Ay, and hence the following lemma yields the desired contradiction. (Considering
Nonsep(a) in T rather than Fiz(a) in Ty allows us to take advantage of the partial
order < defined on T.)

Lemma 7.3. Suppose that in T we have Nonsep(a) N A, # 0.
o Ifa: (As, <) — (Awa, <,) is orientation preserving, then necessarily the
action s trivial.
o If a : (As, <) — (Axa,<q) is orientation reversing and p # 4q, then
necessarily the action is trivial.

Proof. If x € Fiz(a) N A, # 0, then d(z,zr) is necessarily even, and hence = and
rk are comparable with respect to the partial order < on T'. Lemma B.5] therefore
applies.
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So we may assume that Fiz(a)NA, = 0, and choose x € (Nonsep(a)\ Fiz(a))N
A,. Consider first the possibility that xa € A, or za=! € A, (and therefore
a : (Ag, <) — (Akq,<4) is orientation reversing). By replacing z with za ™!
as necessary, we may assume that x,za € A,. We consider separately the cases

\.xoc B

XB
\' 8
yB
X0 X Xa ot X
- oo - o X s 4 e
y~XT
FIGURE 9.

x < za and za < z. Note that since za ~ x, we have z77 '3 ~ 7~ !. Therefore,
as illustrated in Figures[@ and [0, respectively, straightforward computations reveal
that

d(z, zafa~671) = d(zfe, zaf) = 4(2ng),
where d(y,yk) = 2n for all y € A.. So 2np = d(z, zy) = 4(2nq), and hence p = 4q,

which is impossible.
\.XB
p

XU

\ B
yB 2
X oL XOU Bou X
— e e e S by &
y=XT
FIGURE 10.

Now assume that if z € Nonsep(a)N A, then za~!, za ¢ A,. Consider [x] N A,.
Either [x]N A, = {«} or [z]N A, = {z,y} for some y # x. In the first case, Lemma
B applied to the ideal point determined by [x] shows that the action of G on
T is trivial. In the second case, note that ya ~ za ~ z ~ gy, but ya ¢ {z,y} by
assumption. We therefore have the situation modelled in Figure[[1l For the details,
proceed as follows, working now in Tg. We have

AcNAga={z}=A.NA.a "

Hence,
A NAB=ANAra 'r P =A, N Ao 77 = (AN A Dt = {ar 1L
Furthermore,

A, NAga={z} = AN Acaf = {z(}.
Note that 3 # x7~!, since otherwise za = 27 € A,. Therefore, by simple
connectivity,

AcaBNAca =0,
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A<B AKQ
AcoB ¢  AxoB
.XB
s yTip oV N
Ax XT? ‘yt'l X. Cy K
[ ] .xon
xc'p
[ J
AgBo——e o—Afo
sl
AP Axa
FIGURE 11.
whereas
A.NALB= {{E’T_l} — A.anNA.PBa= {:cT_la}.
Since
AK7 = An - Amaﬂ = Anﬁav
this is impossible and the lemma is proved. O

1 1

In case (3), we have sa 177! = ra™!, so A, N A.w = [ra~!,r]. In particular,
ra~' < r. If ra”! = r in Ty, then Lemma [[33 applies. So, we may assume that
ra~! < r. If s < sa~!, then o determines a homeomorphism from the subinterval
[r,s] to [ra~1,sa~1]. Therefore, o fixes some element of [r,s] and Lemma
applies again. So we may assume that sa~! < s. Recall that since ra™' < sa !,
the map « : (4., <) — (Axa, <) is order preserving. Thus s <, sa. Now, since
ra~'ra = s = rr, relation (B) gives

rBa=rra 't la =7
Therefore,

s=rr<rP =ry P =rfaf la t =rf ta t = rrarta” = sarta

1 1

So sat™! = rkPa € A, with s <, sa <, saT™'.
(sar™ )7 ¢ A, a, a contradiction.
In case (2), we obtain

But this in turn gives sa =

r=sa 't = s=rra

(so both r and s are finite) and

1 1 1 1,_—-1

sa v la=rra v = ra=rra”r

Hence,

1 1

(ra Y (ara™HYrt =rra” it = ra
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Axa Ao
1 -1
soto rea
ro;’!
FIGURE 12.

Next apply (Z)) to the element ra~!:

ra = (ra Y (kP (a 77 1a)
= rra = (ra=1)(k7Pt9)
= s = (ra=l)(k=PT),
Therefore,
(7.2) skP9 = ra?

Since p > ¢q, s < ra~! on A,. So
r=<s-< ra”? = sa”t

on A,. Since a: (A, <) — (Aga, <o) and a™ ! @ (A, <) — (Adga™t, <4-1) are
order preserving, we see that

ra SRg S <40 T =g S

on A,a and

ro~ 1 =a-1 sa~t ~<a-1 ro 2 =a-1 sa 2
on A,a~!. In particular, [r,ra=t] = [r,s]U[s,ra™ 1], with [r,ra=!]a™ C A,a™ and
[r, sla™ N [r, sla™*! = 0, for all n € Z. This is illustrated in Figure [2 Therefore,
oo
Ay = U [r,ra”a"
—0o0

is a local axis or axis for a.

Next we investigate the orientation that A, inherits from Ty . For any vertices
2,7y both of which lie on one of the (simplicial) trees A, A.a, A.a~! in Tq, let
fa,y be the first edge in the simplicial path from z to y in the given tree.

After reversing the orientation of T if necessary, we may assume that f, . is
positively oriented. Since sa~! = r7 and T preserves orientation, we see that frorr
and fsa-1 sq-1r have the same orientation, as do f, -1 and fsq-1 54-1,-1. Since
a~! preserves orientation, we see that f, ., and fra=1,r = fra—1,ra-17—1 have the
same orientation, as do both edges from each pair f, ,.o-1 = frrr and fro-1,q-—2 =
fra*l,rafl‘r; fr,r‘r*l and fra*l,r‘rflafl; fS,soz = fs,s‘r*l and fsa*l,s = fsa*l,safl‘r*l;
fs,sa_l = fs,s‘r and fsa_l,sa_2; and fs,sa_l‘ra and fsa_l,sa_l‘r' NOW) using m)v
we see that f, . and f,,-1,.,-1, have the same orientation, as do f; s ,-1 and
fra-1,ra-17-1. Finally, after applying 7o to the interval on the right side of the
equality

1

[r,ra] = [sa '™ rra” e,
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I’2 32 r1(X Sa
O <0 0> <0 <0 O —
ryr S S o' ro S S0

FIGURE 13.

we see that fr .o and fs,r = fs sr have the same orientation. It follows that all of
the edges under consideration have the same orientation, which we have assumed to
be positive. We now see that each of the points r, s, 7o~ !, sa~! in T} corresponds to
a pair of (distinct) nonseparated points along A, in T, and that the corresponding
branching at A.a and A.a~! is as shown in Figure[T3l.

So we change viewpoint and consider instead the non-Hausdorff 1-manifold T
Let n € N such that d(z,zx) = 2n for all z € A,.. Then

2ng = d(r,rT)
= d(r,s) +d(s,ssP~9) +d(ra=t, sa™t)
= 2d(r,s) +2n(p—q)
= d(r,s) = n(2¢—0p).

(In particular, 2¢g > p.) Also,
d(r, 7"04_1) =d(r,s) +d(s,sk?" ) =n(2q — p) + 2n(p — q) = np.

(Therefore, np is necessarily even.) Finally, we use relation (A) from Section [3 in
the form

r(arta ) Hara™t) = ™2,
by applying each of the given words to the element r.

Let v = rr(ar™la™!) = (rra)T7la™! = sy77la~!. Note that since s; <
sia”! =77, we have s;77! < 11 along A, and hence s;7 'a~! <,-1 ria~! along
Aga~t. Therefore, since v ~ s17 ta 1, we see that [v,71a 1] is the bridge from v
to Ay. So [vr71, r1a” 771 is the bridge from v7~! to A, and hence [vr ™!, r2a ™!
is the bridge from v7—! to A.a~!. So

[ra™ 2 roa” Hara™)] = o ara™), rpra ]

is the bridge from ra™ 2 to A.a~!. Since ry7a™! ~ sa~? and ra™ 2 € A,,

necessarily roTa ! = sa~2. (See Figure[I4)
By computing the length of the path [vr~ (ara™1t),ra™!] = [ra
obtain

m=2 ra~1], we
dira™ 2 ra™t) = d(ra™ 2, sa”?) +d(sa"%,ra"t)
= dvt™ ! rea™t) +d(sa™t, )
= [dr ™t ra v +d(ratr T s1a7 e
+d(ry, roa” D] + d(rT,7)
= 4ng+ np.
On the other hand,
d(ra™ 2, ra™t) = |m — 1|d(r,ra” ") = |m — 1|np = (|m| + 1)np.
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-1 1
. Axo Axa
AKalfl ® K roLrn—z
1
l VT aTto
1 2 50:2 [ ]
Vig Ao Axa ve 1 C0es <o
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FIGURre 14.

So

dng + np = (|m| + 1)np = 4q = |m|p,
which is impossible since both p and m are odd, and hence we have reached our
contradiction.

Since we have been working under the assumption that ra=! < sa™!, we con-
clude therefore that sa™ < ra~! (and hence r # s). Consider first the possibility
that [r,s] N [sa=t,ra~t] # (. In this case, the Intermediate Value Theorem guar-
antees the existence of an element = € Fix(a) N A,, C Ty. Since p # 4q, Lemma
[T.3 therefore applies. So restrict attention to the case that [r, s]N[sa™ !, ra=1] = 0.
By appealing to symmetry, we may assume that r < s < sa~! < ra~!. It follows
that

[s,sa N [s, sa] = {s},
and hence that

[e )

A, = U [s,sa" ™

n=-—00
1

)

is a local axis or axis for . Since Ag = A7~
AgN A, =[st 1 sa 771

Suppose first that sa~'7~! # s and apply each of the words from the relation
7 lar = afa™"! to s. Referring to the axes Ay, A, and Ag, a straightforward
computation reveals that the bridge from s7~'ar to A, has endpoint s at A,,
whereas the bridge from safBa™~! to A, has endpoint sa~! at A,. We conclude
that sa~! = s7.

Without loss of generality, we may assume that fs . = f,sq-1 is positively
oriented. Applying 7 and a~! to fs .-, we see that fou-1sa-1r and foa—1 502
are also positively oriented. Now applying o to fio-1 sa-17 = fsa-1,rq-1 Shows
that f, ;-1 = fs, is positively oriented, and applying 7 to f, ;,—1 shows that
fsa-1,sa-17—1 is positively oriented. Finally, applying o to fsq-1 gq-1,-1 shows
that fs o is positively oriented. Hence, in 7" we have the situation shown in Figure
[ with

d(s,sa™ ') = d(s,sT) = 2ng > 2.
Let u,v,w € [s] be as given in Figure[IH Notice that

-1

sat = (s7)(r tar) = (s7)afa™ !
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FIGURE 15.

Now d(sart, sT) = d(sa, s) = 2ng, together with Lemma [I] guarantees that
sat € (sa™?)”

On the other hand, u # sTa ~ v, and since v € Ag, d(v,v8) = 2ng. And d(v,v8) =
2nq, together with Lemmal[d1] reveals that v € (ua)™. So (s7a)8 € (ua)~U{ua},
and hence

sat = (staB)a™ ! € (ua™)” U {ua™}.

Since m < —3, we have reached a contradiction.

7.3. Case (c). Suppose that A, N A,a = ), and let p = [r, s] be the bridge from
Ay to Again Ty. Once again we consider

Aw= A, -k PT(a 771a) = A (a7 77 ta).

Since [r, s] is the bridge from A, to A.«, we see that [r(a~ 177 a), s(a"tr71a)] is

the bridge from A,w to A.a. Since sa~'7 1o # s, we see that

[rla 7 ), r] = [rla 17 ), s(a 77 ) U [s(atrta), 7]
is the bridge from A,w to A.. Next consider A,w = A,(ara!)77!. Since
[sa~1 ra~!] is the bridge from A, to A,a~!, we know that

[soz_1 (04704_1), ra~! (on-a_l)]

1

is the bridge from A, (ara™1) to A,a™t. Hence, [sTa™!, sa™1] is the bridge from
1 1

Ag(ara™) to Ag. So [sta~ 7! sa~tr7 1 is the bridge from A,w to A,. Hence,

1 1

[r(a 77 a),r] = [sTa™? 1 ! *1].

T “,80 T

(See Figure[I6l) In particular, r(a=*77'a) = sta~'r~! and s = rra. Now apply

1 -1 -1-1 -1
st Ao sa’t SO A
Ao
rotlo " sttt
Ao 1 1
AKo{]’i _ ST Agata
roctt
Ag AKﬂrl
r ro reat
FIGURE 16.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HYPERBOLIC 3-MANIFOLDS WITH NO REEBLESS FOLIATION 669

both sides of (Tl) to the element rxP~4.

reP~9. (aTa_l)T_l = rgPT9.gTPTI. (04_17'_104)
= rla 'v7ta) =sra" 77!
= (rra)(ra”tr7h).

So

reP™1 = rr = r € Fiz(kP~29).
However, r € A, means that no nontrivial power of k fixes r. Since p is odd, we
have kP~2¢ £ 1, giving the final contradiction. O

We conclude this section by recording, for future reference, a lemma which follows
easily from the above arguments restricted to the special case that A, =~ R. Note
that the only way in which we have used the fact that Nonsep(x) = ) in this section
is to guarantee the existence of the axis A,. The fact that A, is an axis is then
used to control the structure of the intersections of A, with some of its translates
and that of the bridges from A, to such translates in the case of empty intersection.
The arguments in this section can be easily adjusted to obtain the following result,
which will be used repeatedly in the next section, where we examine the case where

Nonsep(k) # 0.

Lemma 7.4. Suppose Y is a k-invariant embedded copy of R in T on which k acts

freely. If
e 0 £Y NYaC|rs| for somer,s €Y, or
e YNYa = 0, and the bridge from Y to Yo has the form [[r,s]] for some
r~r'eY,s~s €Ya,
then the action of G on T has a global fixed point.

8. CasE II: Nonsep(k) # 0.

In this section we prove that if Nonsep(k) # ), then necessarily the action of G
on T is trivial. First we give some preliminary lemmas, whose primary import is
the fact that in most cases, the argument reduces to the case that T = R.

Lemma 8.1. There is no x € T which is nonseparated by T and at least one of
a, .

Lemma 8.2. If u ~ v < w, then v € w™, with u < w < u,w are comparable
S w € Tpypy. Similarly, if u ~ v > w, then u € wh, with u > w & u,w are
comparable < w € Ty v} -

Lemma 8.3. If Fiz(t)N Nonsep(k)NCq # 0, then the action of G on T is trivial.

Proof. Let © € Fix(r) N Nonsep(k) N C,. We modify slightly the arguments of
Section Bl Once again, we may assume that x < za. Since x € Nonsep(k), we
have xy ~ x. Therefore,

rfa™ ~ ryfa™ = 7 rar = (va)T > 2T =2

and hence, by Lemma B2 z8a™ € x*. Since za™™ >z, 28 € vTa ™ C ™.
On the other hand, 281 = a7 'fr=za ' <z => a2 <azr ' =z = 20 €
x. O

Lemma 8.4. If Nonsep(k) N Cy # 0, then the action of G on T is trivial.
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Proof. Let x € Nonsep(k) N Cy,. By Lemma B3, we may assume that x ~ z7 but
x # x7. Set Ty = T, 27y Again, we may assume that z < za.

If za=! € Ty or za € Ty, then the ideal point & € T is fixed by x and related to
Za, and Lemma B3] applies.

So we may assume that xa,za~! ¢ Ty. Since 2 < wa, either Ty C z~ and
xa~l € yt for some y ~ x, y # x, or Ty C x* and za € y~ for some y ~ z,
y # z. In each case, by Lemma [8:3] we may assume that yr # y. In fact, by
reversing the orientation on T and exchanging the roles of x and y as necessary,
we may assume that the first possibility holds; namely, Ty C z~ and za™' € y+
for some y ~ x, y # x. These possibilities are illustrated in Figure [7] Notice that

vi -1 -1 1 -1
Xou yo Xy Xd'® yol Xou yo Xy Xai+ Yol

FI1GURE 17.
{z,y} C [[xa™!,2a]] and so d(x,za) = 2n > 0 for some n € N. In particular, by
Proposition 8 and Corollary EET2, we have Nonsep(a) = @) and C, = A,.
Consider first the case that y # x7. Since

zr ot ~ zar > xT,

we have

(8.1) rr rtar €t Cy.

Also, zyra~'r7! ~ za~17r7!, and since za~! € yt, we have
ryra”trte (yrHt Cam.

This gives

(8.2) e lar = zyfa™ = xyra it a™ € (za™)” C (za”t)”

However, since z € (xa™!)T, we have
y~ N(za™ )" =10,
and (81) and (B2) now give a contradiction.
So we may assume that y = z7. In this case,
d(zrar,27) = d(zTo,z) = 2n — 1 < d(zra” ', 27) = 2707 € (2T

1

Therefore, since z7~ ar ~ xTar, we have

(8.3) zrtar € (zra™ )" U{zra™t).

1 1

On the other hand, since d(za='771,2) = 2n — 1, we have za~ 177! € (za)~ and

hence (zy7)a" 177! € (wa)~ U{za}. So, since m < —3, we have

(84) zrlar =zyra Tt o™ € (za™ )T U {za™ M} C (za”?)” U {za 2}
Since y € (za™!)*, we have z7a~! = ya~! € (za~2)*, and it follows that
(8.5) (zra )" U{zra™'H N ((za™?)" U{za2}) = 0.

Now &3), B4l) and [BE) together give a contradiction. O
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Lemma 8.5. If Nonsep(r) # 0 and Nonsep(a) NCy, # 0, then the action of G on
T is trivial.

Proof. Let x € Nonsep(a) N Cy,. By Lemma [Z10, either « € Fix(k) or z lies on
some local axis A% ~ R (in T) for k. By Lemma 8] we may assume that z lies
on some local axis A% (in T). Then either € Fiz() or the ideal point & € 1" is
fixed by « and related to Zk. In either case, Lemma applies. O

Let {T;}icz denote the path components of T'\ Nonsep(k); so T \ Nonsep(k) =
LlieI T;. Notice that for each i € Z we have T;x = T; for some j € Z. More-
over, whenever T;x = T;, k acts freely on T; with local axis AL C T; (and since
Nonsep(r) # 0, AL ~R).

Similarly, if Nonsep(a) # 0, let {X;};cs denote the set of path components of
T\ Nonsep(c). Again, either X;a = X, and « acts freely on X; with local axis
Al or Xjoao = Xj, # X;. When Nonsep(a) = (0, we write T = X; and let A},
denote the axis for a.

Lemma 8.6. If G acts nontrivially on T, then

e C,UNonsep(k) C Xj, for some jo € J, and
o Co U Nonsep(a) C T;, for some ig € T.

Proof. By Lemma B3l (C,, U Nonsep(x)) N Nonsep(a) = 0. By Corollary
therefore, C\,. U Nonsep(r) C X, for some jo € J. A symmetric argument proves
the second statement. 0

Proposition 8.7. Suppose Nonsep(k) # 0. Then the action of G on T is trivial.

Proof. Let ig, jo be as guaranteed in Lemma [8.6l

[Case 1] Suppose first that T;,x = T;,. As remarked above, A% ~ R. By
Lemma B8] Nonsep(k) U A C Xj,. 4

Consider first the possibility that X;,a = Xj,, and hence A2 C T;,. In fact,
Ti, N X}, is a subtree of T' containing both A% and A%. Therefore, if Al N Al = (),
the bridge from A% to A% lies in T;,NX,. If either of the two potential endpoints of
Al (respectively, A%0) exist in T, they are in Nonsep(k) (respectively, Nonsep(«))
and hence are not elements of Tj, (respectively, X;,), and therefore cannot be on
the bridge. Hence this bridge has the form [[u, v]] or [[u, v)), where u and v are not
separated from points in A% and A0, respectively. (See Figure [8) Computing

« )

v
w Lo
W

io
Ag

AKOC

FIGURE 18.

A% in this case, we see that A% N A%q = (), with the bridge from A% to A%« of
the form [[u, w]] for some w ~ w" € A «. So Lemma [[ 4] reveals that the action of
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G on T is necessarily trivial. On the other hand, if A% N A% = (), then Lemma
guarantees that A% N A% C [u,v] for some u,v € A%. (See Figure [9) Computing

jO i jo f
Aa Al?<a Ao /—\I?dx
A A

FIGURE 19.

A% in this case, we see that one of the two conditions of Lemma [[4] is satisfied,
and so once again, the action of G on T must be trivial.

Next consider the possibility that X; a = X;, # Xj,. Let y and ya denote the
roots of X, and X, a, respectively. Let [[y,7]] denote the bridge from y to A% in
T. By Lemma &I} we may assume that r ~ 7/ for some 7' € A%. So AN Ao = ()
with bridge [[r, ra]]. Again, by Lemmal[74] the action of G on T has a global fixed
point.

[Case 2] Finally, we assume that T; k = T3, # T;,. Let x and xzx denote the
roots of Tj, and Tj,, respectively. Set To = T, »}. Without loss of generality, we
may assume that Ty C z7.

If Xj,a = Xj,, then A% C T;,. Therefore, since x € Nonsep(k) C Xj,, the
bridge from z to A% is of the form [[z,7]] or [[x,7)). Deleting z from this bridge,
we obtain ((x,7]] (or ((z,r)), respectively), which lies in T;, N X;,. In particular,
r(» z) is nonseparated from a point in A%. If X; a = X;, # Xj,, let y and ya
denote the roots of X, and X, , respectively. Note that since z € X, y € [z, za].
These two possibilities are illustrated in Figure Note that in either case, d(z, za)

T, To
T T
'I'iO Til i i
—>0 o<«———@
X XK Xa yo y X XK
X. X
o
Aa
Ficure 20.

is odd; so d(z,za) = 2n — 1 for some n € N.
Consider first the case that x # x7. This is illustrated in Figure 211 Note that
since d(z7a, zat) = 4n and (z7a, zat] C (z7a)t, we have

-1,_-1

(zre, zat))a 771 = (2, zara™

1 cat.
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T T Tor
2n-1 0 2n-1 o0
XTOo XOu X XT XotT
FIGURE 21.

Therefore, since zaw € x~, we have x € [z, zaTa™'771] and hence,

d(za,zata™'t7Y) = d(za,z) +d(z,zaratt7)
= (2n-1)+d(zTa,zar)
= 6n-1
On the other hand,
d(za,zata™t77Y) = d(za,zs P a7 a)

= d(z,zx PTa 7Y <d(z,za 771 +1

= d(zTa,z)+1

= 2n+1.

Since n > 1, this is impossible.
Therefore, we may assume that @ = 7. So zar € x~. Notice that d(z,za) =
d(z,zar), and either
e za € (zar)”, or
e raT separates xa and z.
Consider first the case that xa € (xar)”. Note that since z7 = x,2k # = and
(p,q) = 1, we have xy # x. (See Figure22) Now za € (zat)™ implies that
= (ra)a vt € (zatat YT = (ak TP )
which implies in turn that
za~t € (xr P9 e )T
This gives
ra~t € (za tr )T,

But za € 7 implies that

11
TOOL To T0 Toot T
-1 1-1
XoT o T xou'otlc
‘\ [
o Ko
-1-1 ., 9-P-1-1
Xou X Xy X XOUT™ XK o
XYyt
FIGUure 22.
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Therefore,

1,_-1

{wa 77 ok PT9a 771} C [za?

),
and hence
d(z,za™) > d(z,za v = d(z,za™t),

which is impossible.

Hence, necessarily, xar separates za and z. In particular, [z, za|r C [z, za] and
d(z,xa) = d(z, zaT) together imply that d(za,zar) = 0. If Xjja = X;, # X,
then {y,ya} C [z,za] gives y7 = y. So y € Fiz(7) N Nonsep(a), and by Lemma
B, the action of G on T is trivial.

Therefore, we may assume that X; o = Xj,. Since d(za, zat) = 0, we have

d(za 1,2y ") = d((za)(a v a7 7), (zar) (@t e ) = 0.

Therefore,
za 1 € (zya )T UToea .

But we also have d(ra~17,2) = d(za~!,z), and hence za~ 17 € Toa~!. But this
means va~ ! € [z, va~17], which gives za 177! € [z, za~!]. Therefore,

rar = xT ‘ar

= ayfa™
xyTaT Lr=1gm

1, -1 _m

~ za't7la™ € [wa™, wa™ .

Since zat € [z, zal, this is impossible.

9. APPENDIX: DENJOY BLOW-UPS

9.1. Denjoy blow-up of a 1-manifold. We describe a well-known operation from
[De32] in which countably many points in a closed subinterval of R are “blown up”
into nondegenerate closed subintervals so as to obtain a new closed subinterval
of R. Topologically, it is straightforward to check that this operation is well de-
fined and that it extends to arbitrary (not necessarily Hausdorff) 1-manifolds. For
completeness, we do so here.

Let X be any oriented 1-manifold. Let C C X be countable. For every ¢ € C,
let [c1,c2] denote an associated closed interval in R, with standard orientation
satisfying ¢; < co. We assume that the intervals [c1, co], ¢ € C, are pairwise disjoint
and disjoint from X. Let Y be the set obtained from X by replacing each ¢ € C
with the corresponding interval [c1, ¢2], and define a topology on Y as follows.

Let {I;|x € X} be any oriented basis for X satisfying I, ~ R for every z € X.
For each x € X, set

L= \epu( U lael),
ceCnli,
with linear ordering determined uniquely by the following conditions:

o If y < z for some y,z € I, \ C or y, z € [c1, ¢a], for some ¢ € C, then y < z.
e If ¢ < z for some z € I, \ C and for some ¢ € C N I, then ¢3 < 2.
e If ¢ > z for some z € I, \ C and for some ¢ € CN I, then ¢; > 2.
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Then, for every ¢ € C, let J, = {z € J.|Jz < ¢} and let J} = {z € J.|c < z}, and
for every r € QN [c1, ca], set

Jr_—=J. Ule,r)

and set
Ir4 = (r,co] U Jt.

Let B be any countable basis for UCEC (c1, c2) consisting of sets homeomorphic to
R. Finally, let 7 be the topology on Y with basis

BU{Jzlz € X}U{Jr—|r € QNe1,co],3c € CYU{J, 4|r € QNJc1,co],Tc € C}.

Note that if X has countable basis consisting of sets homeomorphic to R, then
so does Y. So the space (Y, 7) is again an oriented l-manifold. Moreover, if X is
simply-connected, so is Y. Notice that if we remove the requirement that manifolds
be second countable, then we may remove the condition that C be countable in this
construction.

Definition 9.1. (Y, 7) is called the Denjoy blow-up of X along C. If we begin with
an action of G on X and extend this action linearly over the intervals [c1, co], ¢ € C,
we call the resulting action of G on Y the (canonically) induced action.

Now let
C ={z € X|3y, z € [x] such that y % z}.

Since X has countable basis, C is necessarily countable. Note that C is the set of
points at which ~ fails to be transitive. Since for each point ¢ € C, [¢] splits up into
two subsets on which ~ is transitive, we will blow the point ¢ up into a segment
[c1, co] which then splits the set [c] \ C into two sets, [c1] and [e3], and ~ will be
transitive on each of these sets. More precisely, choose an orientation for X, and
let X’ denote the Denjoy blow-up of X along C.

Lemma 9.2. The relation ~ is transitive on X'.

Proof. Let C' = {x € X'|Ty, z € [z] with y # z}. We wish to show that C' = ().

Let ¢ € C. Consider y, z € [c] with y ¢ z. Then Jy’, 2’ such that [[y',y)) = [[¢/, ¢))
and [[2/,2)) = [[#/,¢)) but [[¢/, ¢))N[[z’,¢)) = 0. Hence, since X is a 1-manifold, any
other set of the form [[r,c)) must intersect either [[y’,c)) or [[z’,¢)) (but of course
not both) in some set [[r/, ¢)). In addition, since X is an oriented 1-manifold, exactly
one of 3" and 2’ is in ¢T. Hence if w € [¢|, w distinct from ¥, z, ¢, then necessarily
Jw’ such that [[w’,¢)) = [[w’,w)), which implies that w ~ y or w ~ z, but not
both. Moreover, if v € [¢], v distinct from y, z, ¢, w, and either w ~ y and v ~ y, or
w ~ z and v ~ z, then w ~ v.

Hence [c] \ C splits into two subsets: [c], = {b € [c]|b ~ y} and [c]. = {b € [¢]|
b ~ z}. Moreover, notice that in X', either [¢1] = [c], and [eo] = [c], if ' € T,
or vice versa if ¢y € ¢~. See Figure[Z3. In particular, C’' N {c1, calc € C} = 0. But
since |[z]| = 1 for all z € (c1, ¢2), for all ¢ € C, we know that C' C {c1, c2|c € C}. So
C'=0.

U
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— e ——e
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o> — > 72
FIGURE 23.

9.2. Star Denjoy blow-up of an order tree. We now describe a similar blow-up
construction for an R-order tree T which will result in an order tree 7’ on which
the relation ~ is transitive. As in the 1-manifold case, we need to replace the set

C ={z € T|3y, z € [z] such that y £ z}.

However, since T' may not be a l-manifold, it is no longer the case that for each
x € C, [x] splits up into just two sets on which ~ is transitive. Instead [z] splits
into at most countably many such subsets, one for each T, ,y where y ~ x,y # .
So we replace the point z by a union of segments, one for each such tree Ty, .y, all
identified at exactly one common endpoint into a star shape. Then if we denote
the center of the star by z, and the segment [z, ] corresponds to the tree T, .3,
we define a set of segments S’ for 77 in the obvious way so that both z, and y are
limit points of the distinguished ray of the tree TY, ,}.

If T is oriented, the orientation extends naturally to 7”. If we begin with an
action of G on T, we may extend to an action on 7" in the natural way. This
blow-up insures that the relation ~ is transitive on 1".

Definition 9.3. Hence, given an R-order tree T' we may define the Hausdorff tree
associated to T as follows. Set

Ty = {|z]|lz € T'},

and set

Su =A{[li(o)], [f(0)]]lo € &'}
Then (Tw, Si) is a Hausdorff R-order tree, which we call the Hausdorff tree associ-
ated to the oriented R-order tree T. Given an orientation (S’)4 for T, we say that
the orientation

(Su)+ = A{lli(0)], [f(o)]llo € (5")+}

is the orientation on Ty induced by, or inherited from, the orientation on 7'. Define
p:T—Ty:xzw— [x]

9.3. Linear Denjoy blow-up of an oriented order tree. Now let T be any
oriented R-order tree, with set S of segments and orientation S;.. Occasionally it
is useful to allow the Denjoy blow-up of points to intervals in a way more closely
following the construction of Section [IIl In this construction, the orientation of
T plays a crucial role. We proceed as follows. Let C C T be countable. Let
< denote the partial order on T induced by the orientation Sy. Again, for every
¢ € C, let [¢1, 2] denote an associated closed interval in R, with standard orientation
satisfying ¢; < co. We assume that the intervals [c1, co], ¢ € C, are pairwise disjoint
and disjoint from 7. Let Y be the set obtained from T by replacing each ¢ € C
with the corresponding interval [c1, ¢2], and put an R-order tree structure on Y as
follows.
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For each 0 € S, set

o' =(nm\eHU( U lene),

ceCNo
with linear ordering determined uniquely by the following conditions:

o If x <y for some z,y € 0\ C or x,y € [c1, ca], for some ¢ € C, then = < y.
e If ¢ < y for some y € o\ C and for some ¢ € C N o, then ¢y < y.
e If ¢ > y for some y € o\ C and for some ¢ € C N o, then ¢; > y.

Let (8')4+ be the smallest orientation on Y containing {¢’|c € S;}. Let S’ be the
smallest set satisfying the defining axioms of R-order tree and also containing (S”) .

Then (77,8’) with orientation (8') is an oriented R-order tree. Notice that if
we remove the requirement that 7' be second countable, then we may remove the
condition that C be countable in this construction.

Definition 9.4. (77,5’) is called the linear Denjoy blow-up of T along C with
respect to the orientation S;. If we begin with an action of G on T and extend this
action linearly over the intervals [c1, ¢2], ¢ € C, we call the resulting action of G on
Y the (canonically) induced action.
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