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O-MINIMALITY
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INTRODUCTION

The work in this paper has been motivated by two questions from the theory of
o-minimality (see for instance [6]): (1) Does every o-minimal expansion of the real
field admit analytic cell decomposition? (2) Does there exist a “largest” o-minimal
expansion M of the real field, in the sense that any other o-minimal expansion of
the real field is a reduct of M7 We describe here a new method of constructing
o-minimal structures, based on a normalization algorithm inspired by Bierstone
and Milman [4]. We then apply this construction to certain quasianalytic Denjoy-
Carleman classes (already suggested by Van den Dries in [6]) and thereby answer
both questions negatively.

Let M = (Mo, M,...) with 1 < My < M; <--- be a sequence of real numbers
and B = [a1,b1] X -+ X [an, by] with a; < b; for i =1,...,n. We let C%(M) be the
collection of all functions f : B — R for which there exist an open neighborhood
U of B, a C* function g : U — R and a constant A > 0 (all depending on f)
such that f = g|B and

(DC) ‘g(a)(x)‘ < Al g, forallz € U and o € N7,

where |a| :== a3 + -+ + a,,. We call C%(M) the Denjoy-Carleman class on B
associated to M. (If M; = i! for alli > 0, then C% (M) is the class of all real-valued
functions on B that extend analytically to an open neighborhood of B.) Without
loss of generality (see [I11[19]), we shall assume that M is logarithmically convex
(or log-convex for short), that is, M? < M; 1M, 1 for all i > 0.

The class C%(M) is called quasianalytic if for any f € C%(M) and any x € B,
the Taylor series fx of f at x uniquely determines f among all functions in C%(M).
It is well known [I1}, 19] that C% (M) is quasianalytic if and only if

oo M,
@A) >
i—0 i+1

In general, the classes C% (M) will not be closed under differentiation. However,
the classes Cp(M) = U;‘io C%(MW), where MU := (M;, Mj41,...), obviously
are. Moreover, we would like the system of all Cg(M), where M is fixed and
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B =[a1,b1] X -+ X [an, by with a; < b; for i = 1,...,n and n € N, to be closed
under compositions, taking implicit functions and division by monomial terms. We
show in the appendix, based on the existing literature, that this is the case if the
sequence M is strongly log-convex, which means by definition that the sequence
(M;/i!) is log-convex.

For each n € N and f € C_y,11» (M), we define f:R" — R by f(m) = f(x)

if z € [-1,1]" and f(x) := 0 otherwise. We let Rc(5s) be the expansion of the

real field by all f for f € Cj_11» and n € N. Building on the closure properties
mentioned above, we establish

Theorem 1. If M is strongly log-convex and satisfies (QA)), then the structure
Reary is model complete, o-minimal, polynomially bounded and admits C° cell
decomposition.

The model-completeness of Re(pr) can be rephrased as follows: a set S C R"
is C(M)-semianalytic if for each point p € R™ there is a box B as above con-
taining p in its interior such that S N B is a finite union of sets of the form
{reB: f(x)=0,¢91(x) >0,...,9x(x) >0} with f,g1,...,9x € Ca(M). A set
X C R™ is C(M)-subanalytic if each point in R™ has a neighborhood U such
that X NU is the image of a bounded C(M)-semianalytic set in R™ for some n > m
under the projection map (z1,...,2n) — (1,...,Zm) : R — R™. Then Theo-
rem 1 says that the complement of a C(M)-subanalytic set is C(M)-subanalytic.
Furthermore, the o-minimality and polynomial boundedness have numerous conse-
quences, such as Lojasiewicz inequalities; see [15] and see [7] for a survey of such
consequences.

Our proof of Theorem 1 actually shows (see Theorem [.2) that the elimina-
tion down to only existential quantifiers is “explicit” in the sense of [I0] (where a
corresponding theorem is proved for real analytic functions).

Furthermore, quasianalytic Denjoy-Carleman classes arising from strongly log-
convex sequences are ubiquitous in the following sense (inspired by a theorem of
Mandelbrojt [14]):

Theorem 2. (1) Given any C* function f : U — R, where U is an open
neighborhood of [—1,1]™ and n € N, there exist strongly log-convex sequences
M and N, each satisfying (QA)), and functions fi € C[(LM]H (M) and fy €
CF*LI]" (N) such that f(x) = fi(z) + fo(z) for all x € [-1,1]™.
(2) There exists a strongly log-convexr sequence M satisfying and a func-
tion f € CF—LH (M) such that f is nowhere analytic.

Combining Theorem 1 with Theorem 2, we answer the two questions from the
theory of o-minimal structures posed at the beginning of this introduction:

Corollary. (1) There are strongly log-convexr sequences M and N, each sat-
isfying (QA)), such that Renpy and Re(ny are not both reducts of any one
o-minimal expansion of the real field. Hence, there is no largest o-minimal
expansion of the real field.

(2) There is a strongly log-convex sequence M satisfying such that Re(ar)
does mot admit analytic cell decomposition.

Indeed, using Theorem 2(1), we can construct o-minimal expansions Ry and Rs
of the real field whose amalgamation defines the set Z of all integers.
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The idea for the proof of Theorem 1 is as follows. We try to follow the construc-
tions of the o-minimal structures in [8,[9]. The main ingredients there are a Weier-
strass Preparation Theorem due to Tougeron and an adaptation of Gabrielov’s fiber
cutting argument to the non-Noetherian case. The main problem about transfer-
ring these ideas to the situation in this paper is that quasianalytic Denjoy-Carleman
classes are not known to satisfy any kind of Weierstrass Preparation Theorem suit-
able to our purposes (see [5]).

However, Bierstone and Milman’s theorem on resolution of singularities [4] ap-
plies to our situation and can indeed be used in place of Weierstrass Preparation.
In fact, [4] is more general than what is needed here; we only make use of normal-
ization for hypersurfaces. Thus, instead of directly appealing to [4], we use some
of the ideas in [3], Section 4] to produce a normalization algorithm for our situation
(see Theorem 225)).

The contents of this paper are organized as follows. To simplify notations (and
for easy reference), most of the paper is written under axiomatic assumptions, which
are motivated by the closure properties of the Denjoy-Carleman classes discussed
above. We briefly present some key points of the Newton algorithm in Section[], in
such a way that our normalization algorithm, developed in Section [, can readily
be seen as a generalization of the two-variable case. In Sections[ and Blwe combine
this algorithm with the fiber cutting arguments of [§]. Finally, we prove Theorem 1
in Section Al In the appendix, we indicate how the closure properties for the system
of all Cg(M) are obtained, and we prove Theorem 2.

1. NEWTON ALGORITHM IN TWO VARIABLES

We recall here some of the ideas of the Newton algorithm for arbitrary real power
series of two variables X and Y. These ideas will be adapted in Section [2] to the
setting described in the introduction.

Let f(X,Y) € R[X,Y] be nonzero; we want to use (formal) blowings-up with
center the origin to transform f into a normal series, that is, a series of the form
X°YPg(X,Y), where o, 8 € N and g € R[X, Y] is a unit. To do so, we use blow-up
substitutions representing the (formal) charts of such a blowing-up: for A € R we let
by : R[X,Y] — R[X, Y] be the R-algebra homomorphism defined by by (X) := X
and by (Y) := X(A+7Y), and we let by : R[X,Y] — R[X,Y] be the R-algebra
homomorphism defined by boo (X) := XY and boo(Y) :=Y.

By factoring out a power of X, we may assume that f is regular of order d in Y,
that is, ordy f(0,Y) = d. Of course, a single application of a blow-up substitution
does not in general transform f into a normal series. Instead, we hope that such
an application lowers ordy f(0,Y); however, in order for such a substitution to
represent a meaningful geometric operation (as needed in Section B), we will need
that ordy by f(0,Y) < ordy f(0,Y) for all A € RU {oco}. This is not always the
case, and other kinds of substitutions are needed to handle certain f.

For example, assume that the term of f of degree d—1 in Y is not zero. Then by
the implicit function theorem, there is a(X) € R[X] such that 9f/0Y (X, (X)) =
0. Substituting Y — a(X) for Y (a translation substitution) changes f into a series
g such that ordy ¢g(0,Y) = d and the term of g of degree d — 1 in Y is zero. Thus,
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we may assume that

FXY)=YUXY)+ ) ap(X)Y*
(1.1) keK
=YU(X,Y)+ Y X" UR(X)YF,
keK

where K C {0,...,d—2} and U(X,Y) € R[X,Y] and all Uy(X) € R[X] are units.
Since f(X,Y) is normal if K = (), we assume also that K # (. As Section [2 will
show, the way we removed the Y9~ 1-term preserves ordy f(0,Y) = d, so 7 # 0 for
all k € K. Further replacing X by X% (a power substitution), we may also assume
that 7 is divisible by d — k for each k € K. We now let [ = [(f) € K be maximal
such that
T < Tk

d—1—"d-k
In this situation, we claim that the pair (d,r;) is lowered lexicographically by the
application of by for any A € R U {oco} (after possibly factoring out some power of
X).

First, we consider the case A = co. Then

for all k € K.

boo f(X,Y) =YW (XY,Y) + > X"HUR(XY)YFH7x,
keK

and since k + r; > d for all k € K, it follows that by f is normal.
Second, let A € R be nonzero. Then

by f(X,Y) = X¢ ((A YU, XA+ Y) + Y X @R (X)(A+ Y>’f>
keK
= X%(X,Y), say.

Since d—1 ¢ K, g(0,Y) has a nonzero coefficient for Y4~1, so ordy g(0,Y) < d—1.
Finally, for A = 0 we have

bo f(X,Y) = X <YdU(X, XY)+ Y X”(d’“)Uk(X)Y’“> .
keK

Now note that r;,—(d—k) is divisible by d—k for each k € K. Hence by f = X%g with
either ordy ¢(0,Y) < ordy f(0,Y), or ordy g(0,Y) = ordy f(0,Y") and ;) < ry(s).

In the situation where X = (Xi,...,X,,) is a tuple of variables rather than a
single variable, the property of having no term of degree d — 1 in Y is not sufficient
to write f as in (IIJ). Instead, if

FXY)=YUXY)+ ) ap(X)Y*
keK
with K C {0,...,d—2}, U € R[X,Y] a unit and ax(X) € R[X] nonunits different
from 0, we first need to work inductively on the az(X)’s to reduce them to the form
ar(X) = X™U(X), such that r, € N* and Uy (X) € R[X] is a unit for each k € K

and, in addition, the monomials X" are linearly ordered by divisibility (Step 2 of
Section ).
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2. A NORMALIZATION ALGORITHM
Let X = (X1,...,Xn), and write X’ := (X1,...,Xp—1) if n > 0.

Definition 2.1. A series f € R[X] is called normal if f(X) = X" - U(X) with
r € N*and U € R[X] a unit. (This terminology has its origin in “normal crossings”,
as used for instance in [4].)

A set {f1,...,fi} € R[X] of series is normal if fi(X) = X" Uy(X), with
rry € N® and Uy a unit for each k, and the set of monomials {X™,... X"} is
linearly ordered by divisibility. (The divisibility relation for monomials X< with
a € R™ is given by the product ordering on their exponents «.)

The following observations are elementary (see for instance [3, Lemma 4.7].)

Lemma 2.2. (1) Let f1,...,fi € R[X]. Then f1---fi is normal if and only
if each fi is normal.
(2) Let f1,...,f1 € R[X], and assume that all fi, for k = 1,...,1, and all
e — frr, for 0 <k < k' <1, are normal. Then {f1,...,fi} is normal.

For 1 < i < n and an integer ¢ > 0 we let p:q,pzq : R[X] — R[X] be the
R-algebra homomorphisms defined by

X9 ifj=i
T (X)) = ¢ ’
Pig(X;) {Xj otherwise,

and

X1 ifj=i
- X = g ’
pz,q( J) {Xj otherwise.

Also, for 1 < i < n and a € R[Xy,...,X;_1] such that a(0) = 0, we let ¢, :
R[X] — R[X] be the R-algebra homomorphism given by

fa(X;) = Xi+a(Xy,...,Xi—1) ifj=i,
T Xj otherwise.

Next, for i > 1 and ¢ = (c1,...,¢i—1) € R we let I; . : R[X] — R[X] be the
R-algebra homomorphism given by

li’C(X]‘) — Xj-FCin if 1 S]<’L,
X; otherwise.
Finally, for 1 <7 < j <nand A € R, we let bi’j : R[X] — R[X] be the R-algebra
homomorphism given by
XiA+X;) ifk=yj,
X otherwise,

by (X) = {

and we let b : R[X] — R[X] be the R-algebra homomorphism defined by
XX, if k=i,

X otherwise.

b (Xx) = {

For the remainder of this section, we fix an arbitrary family D = (D, )nen, where
each D,, is an R-subalgebra of R[X] containing R[X] as a subalgebra.
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Definition 2.3. A D-admissible substitution is any one of the following collec-
tions of R-algebra homomorphisms R[X] — R[X]:

(1) 7= {lic} for some 1 < i <n and ¢ € R""! (a linear substitution);

(2) 7 = {ta} for some 1 < i <n and o € D;,_; with (0) = 0 (a translation

substitution);

(3) 7= {p:q,p;q} for some 1 < i < n and integer ¢ > 0 (a power substitu-
tion);

(4) 7 = b = {bg\’j: )\ERU{OO}} for some 1 < i < j < n (a blow-up
substitution).

If D is clear from context, we shall simply refer to D-admissible substitutions as
admissible.

Remark. The choice of the collections of homomorphisms above is due to the fact
that when the corresponding substitutions are interpreted as geometric operations
in Section Bl the members of such a collection will represent charts of the same
geometric operation.

We assume from now on that

(Q1) D,, C Dyyq for all m;

(Q2) if f € Dy, and g1,...,9m € D, such that ¢1(0) = --- = ¢,,,(0) = 0, then
f(glv~'~vgm) € Dn;

(Q3) each D,, is closed under taking partial derivatives;

(Q4) if f € D, and g € R[X] are such that f(X) = X; - g(X) for some i < n,
then g € D,;

(Q5) if » > 0 and f € D,, are such that f(0) =0 and (9f/0X,)(0) # 0, there is
an « € D,,_1 with a(0) = 0 such that f(X',a(X")) = 0.

Remarks 2.4. (1) Let 7 be an admissible substitution. Then f € R[X] is a unit
if and only if every member of 7f is a unit. Moreover, if f € R[X] is normal and
T is a power substitution or a blow-up substitution, then every member of 7f is
normal.

(2) Tt follows from assumptions (Q2) and (Q4) that if f € D,, and

fX) = (Xi —a(Xy,..., Xi1))g(X)
with g e R[X] and 1 <i<n, a € D;_; and a(0) =0, then g € D,,.
(3) The following observation will be used in Section B} In the situation of (Q5),
there is for each nonzero u € N*~! a positive integer k such that o € u=FR,
where R :=Z [f")(X',a(X")) : v €N"] C D,y and u == (0f/0X,)(X', a(X")),

a unit of D,,_.
(4) It follows from (Q5) that if f € D,, and f(0) # 0, then f is a unit in D,.

We will define a map h,, : D,, \ {0} — (NU {oo})”" for n > 1, where v,, only
depends on n, such that h, (f) = (0,...,0) implies that f is normal. (To simplify
notation, we usually write 0 in place of (0,...,0).) Equipping (NU{oco})"" with the
lexicographic ordering, we could say that h,(f) measures “how far from normal” f
is. More precisely, we prove the following.

Theorem 2.5. Letn > 1 and f € D,, be nonzero.
(1) If hy,(f) =0, then f is normal.
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(2) If hn(f) > 0, then there is an admissible substitution T such that h,(g) <
h,(f) for all g € Tf.

We prove the theorem by induction on n > 1; since every nonzero f € D; is
normal, we can take v; := 1 and hy(f) := 0 for all nonzero f € D;. So we assume
for the remainder of this section that n > 1 and that hy,...,h,_1 are defined and
have the desired properties.

For nonzero f € D,, we let

./Tf = {(h;g) : he anlv g S Dn and f(X) = h(XI) ’ g(X)}7
and we define
ord, (f) := min {ordx, ¢(0,X,) : (h,g) € Fy for some h € D,,_1};

so ordy(f) € NU{oo}. By Remark Z4(4), any nonzero f € D,, with ord,(f) =0 is
of the form h-U with h € D,,_1 and U € D,, a unit. Thus, the main idea is to lower
ord, (f) until it reaches 0. To do so, we proceed in several steps (Steps 1 through
4 below); for m = 1,2,3,4, we define in Step m a property P, of f and a tuple
im(f) € (NU{oo})#m (where py, only depends on m and n and each (NU{oo})#™ is
considered with the corresponding lexicographic ordering) to measure “how far f is

from having property P,,”. In turn, properties Py, ..., Py express (with increasing
accuracy) how far f is from the situation where we can lower ord,, (f) with a blow-up
substitution.

First, our definition of i,,(f) will imply that for any nonzero f € D,,,

21 odn(f) =0 = L(f) =i3(f) =1(f) =0 and iz(f) = hn-1(h),

where h,,_1(h) is minimal among all h € D,,_; for which there is a unit U(X) € D,
such that (h,U) € Fy.
Second, we prove

Proposition 2.6. Let f € D,, be nonzero such that 0 < ord,(f) < oo and m €

{1,2,3}.
(1) If is(f) = -+ - =im(f) =0, then f has property Pp,.
(2) If 1u(f) = -+ = im-1(f) = 0 and in(f) > 0, there is an admissible
substitution T such that for all ¢ € 7f, we have ord,(¢) < ord,(f),
(@) =+ =im-1(¢) = 0 and i, (¢) <im(f)-

Third, similar to the arguments presented in Section[, we prove

Proposition 2.7. Let f € D, be nonzero such that f is not normal and 0 <
ord,(f) < oco. If 1(f) =1i2(f) = i3(f) = 0, there is a blow-up substitution T such
that for every ¢ € Tf,

(1) either ord,(¢) < ord,(f)

(2) orii(¢) =ia(¢) = is(¢) = 0, ordn(¢) = ord,(f) and is(¢) <is(f).

Finally, we define for nonzero f € D,,

hn(f) = (ordn(f),i1(f), .-, 1a(f))-
Assuming (Z1) and Propositions and [Z7] we finish the proof of Theorem 2.3
as follows. Note that if f € D,, \ {0} is such that ord,,(f) = oo, there is a c € R"~!
such that ord, (I, .f) < 0o; so we assume that ord, (f) < co. By Propositions 2
and 27, we may then even assume that ord, (f) = 0, that is, f(X) = h(X")U(X)
with h € D,,_1, U € D,, a unit and h,,_;(h) minimal. Then by (ZI)), we have
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h,(f) = (0,h,—1(h),0,0); thus, if h,(f) = 0, then h,_1(h) = 0 and f is normal
by the inductive hypothesis, so we assume that h,(f) # 0. Again by the inductive
hypothesis, there is an admissible substitution 7 (in the variables X’) such that
hy,—1(9) < hp—1(h) for all g € Th. On the other hand, since every ¢ € 7f is of the
form gW for some g € 7h and W € U, it follows from Remark 2.4(1) and (]ﬂ
that hy,(¢) < h,,(f) for all ¢ € 7f. This then finishes the proof of Theorem
Therefore, it remains to prove Propositions[2.6] and and verify (2.1).

Step 1. A nonzero f € D, has property P; if d := ord,,(f) < oo and there are
(h,9) € Fy and K C {0,...,d — 2} such that
(x) g(X) = XU (X) + EkeK gr(X)XE, with each gi(X') € D,_1 \ {0} a
nonunit and U(X) € D,, a unit.
(Note that there is no term of degree d — 1 in X,,.) For nonzero g € D,, we put

i%(g) := 0 if g is of the form () for some d € N and i{(g) := 1 otherwise. Then for
nonzero f € D,, we put

() = min {1(9) ¢ (h,g) € F for some h € Dy
and ordx, g(0,X,) = ordn(f)}.

Note that i1(f) = 0 if ord,,(f) = 0, as required for (21).

Proof of Proposition[Z8 for m = 1. Let f € D,, be such that ord,(f) = d < oo,
and let (h,g) € Fy be such that ordx, ¢(0,X,) = d. If d = 0, there is nothing to
prove, so we assume that d > 0. Considering g(X) as a series in D, 11, we see by
a formal Taylor expansion in powers of X,, — X, 11 around X,,;1 that there is a
series U (X, X,,41) € Dp+1 such that

&

(Xn - XnJrl)k

9(X) = (Xy — XnJrl) (X, Xpt1) + Xn+1) %l

k=0

Since ordx, ¢(0, X,,) = d, it follows that (0%g/0XF)(0) = 0 for all k < d, while
(049/0X3)(0) # 0; in particular, U is a unit. By assumption (Q5) there exists
a = a(g) € D,_1 such that a(0) = 0 and (9% 1g/0XI~1)(X',a(X’)) = 0. Eval-
uating ¢g(X) at X,,4+1 = a(X’) (a procedure corresponding to the Tschirnhausen
transformation (see [1),[2])) gives

d—2 o X
9(X) = (X, — a(X)U(X,a(X)) + 3 gXi (X/’“(X'))W'
k=0 = :
By Remark 2:4(3), we have U(X,a(X')) € Dy, while ord,(tof) = ord,(f) and
il(taf) =0. 0

Step 2. A nonzero f € D,, has property P, if d := ord,,(f) < oo and there are
(h,g) € Fy and K C {0, ...,d — 2} such that

(%) g satisfies (%), and h and the set {gz!/(dfk) ke K} are normal.

Let f € D, be nonzero. If d := ord,(f) = oo, we put Fs(Py) := 0, and if
d < 00, we let Fp(Py) be the set of all (h,g) € Fy for which (x) holds. Also, if f
has property Py and (h,g) € Fy(P1), we let g € D,,—1 be the product of h with all
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gz!/(dfk), k € K, and all nonzero gz!/(dfk) — gld!/(dfl) with k,l € K such that k <
(where K and the gj, are associated to g as in (x)). In this situation we define

io(f) :=min{h,_1(g9) : (h,g9) € Fs(P1)}.

(If f € D, \ {0} does not have property Pj, we set iz(f) := oo.) Note that if
ord,(f) = 0, there is an h(X') € D,_1 such that (h,U) € Fy for some unit U(X) €
D,, and h,,_1(h) is minimal. Thus g = h in this situation, so ia(f) = h,—1(h), as
required for (2:I).

Proof of Proposition[Z8 for m = 2. Part (1) is immediate, so let f € D,, be nonzero
such that i1 (f) = 0 and iz (f) > 0. Let (h, g) € F;(P1) be such that ia(f) = h,—1(g).
By the inductive hypothesis, there is an admissible substitution 7 (in the variables
X") such that h,_1(8) < h,_1(g) for all § € 7g. Arguing as in the proof of Theo-
rem 2.5 above, we see that ord, (¢) < ord,(f), i1(¢) = 0 and iz2(¢) < iz(f) for all
oerTf. O

Remark 2.8. If f € D,, has property P, there are unique o = ay € N*"~! and
g = g5 € Dy such that d := ord,(f) = ordx, g(0,X,) < oo and ((X’)*,g) belongs
to Fy and satisfies (xx). If, in addition, the corresponding K = Ky C {0,...,d—2}
is empty, then f is normal. On the other hand, if K # (), then for each k¥ € K,
there are 7, = (rk1,...,7km—1) € N*1 and a unit Uy € D,_; such that g, =
(X)) U(X"). Moreover, for every integer p > 0 and every ¢ € {1,...,n — 1},
the set {(X’)"+/(@=*) : k € K} of monomials (with possibly rational exponents)
is totally ordered by divisibility, where r} = (72,17 e ,r};7n_1), 7"}” == pri,; and
Ti,j =1y, for j #1.

Step 3. Let f € D,, have property P», and let d, a, K and g, etc., be as in Remark
PR In this situation, we say that f has property Ps if 74 ; is divisible by d — k
for all £ and i. Thus we put

B(f):={i <n: rg,; is not divisible by d — k for some k € K}

and define is(f) = |B(f)|. (If f € D, \ {0} does not have property P, we set
i3(f) := o0.) Note that if K = () (and hence in particular if ord,(f) = 0), then
B(f) =0, so i3(f) = 0 as well, as required for 21).

Proof of Proposition[Z.8 for m = 3. Let f € D,, be such that i;(f) = i2(f) = 0 and
is(f) > 0, and let B(f) be as above. Choose any i € B(f) and put 7 := {p;"’d!,p;d!}.
Then for all ¢ € 7f we have ord,(¢) = ord,(f), i1(f) = i2(¢) = 0 (by Remarks
2:4(1) and 28 with p = d!) and i3(¢) < i3(f). O

Remark 2.9. Let ¢ > 0 be an integer. In the situation of the previous proof, note
that 7(X7f) = Xf'dlrf. Hence for all ¢ € 7(X/f) we have ord, (¢) = ord,(f),
i1(¢) = i2(¢) = 0 and i3(¢) <is(f).

Step 4. Let f € D,, have property Ps; we continue using the corresponding notation
of Step 3. If K # 0 (i.e., f is not already normal), we now want to use a blow-up
substitution to lower ord,(f). However, this only works if for some k € K, we
have ry; = d — k for some i < n and r;; = 0 for all j # 7. Thus, we say that f
has property P, if either K = () or there is such a k € K, and we define iy(f) as
follows: if K # 0, we let [ =(f) € K be maximal such that r;/(d—1) < ry/(d—k)
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for all k € K, and let j = j(f) < n be maximal such that r; ; # 0. Then we define

. L (jarl,j) 1fK7£®7
u(f) = )
(0,0)  otherwise.
(We put i4(¢p) := (00,00) if f € D, \ {0} does not have property Ps.) Note that
ig(f) #0if K # 0, while iy(f) = 0 if ord,(f) = 0.

The proof of Proposition Z7lis given by the following three lemmas (generalizing
the observations in Section [[). We fix a nonzero f € D,, such that f has property
P3 and K # (; in particular, ord, (f) > 0 and is(f) > (0,0). Below we continue
using the notation associated to f in Remark E-8land Step 3. We let 7 := b”" with
j = j(f); the three lemmas below actually show that Proposition 2.7 follows for
this 7.

Lemma 2.10. Let A € R\ {0}. Then ord, (bj)\" f) <ordn(f); in fact, for every
integer ¢ > 0 we have ord,, (by"(X]f)) < ord,(f).
Proof. Since

b g(X) = XT A+ X)) By U(X) + Y (X)) Up(X)XF(A+ X,)F,

keK
and since ry;/(d — k) > r;;/(d — 1) > 0 for each k € K, we can factor out X]d.
Thus for every integer ¢ > 0, we have b}" (X{f(X)) = (X’)O‘X‘-”dh(X) with
h(X) = A+ X,) D" UX) + Y (X)) FU(X ) (A + Xn)F,
keK

where 1 ;=) — (d — k) and r} ; 1= ry; if i # j, for all k € K. Since the only

term of /2 that contributes to the coefficient of X~ is bj)\" (X)(\ + X,,)%, and
since bY" U(0,...,0, X,) = U(0), it follows that ord, (by"(X]f)) <d—-1. O

Remark. A careful examination of the previous proof actually shows the following
(which we do not need here): for all but finitely many A € R the series b}" f is
normal.

Lemma 2.11. The series bjoo”f is normal. In fact, for every integer ¢ > 0 the
series b2 (X4 f) is normal.

Proof. We have
L g(X) = b UX)XE+ 3 (X)) b U (X)X ™.
keK

Since ry,;/(d — k) > r1,;/(d — 1) > 0 for each k, we can factor out X4, Thus for
every integer ¢ > 0, we have b]’"(qu(X)) = (X")*X3atdp(X) with

W(X) = bl U(X) + 3 (X)) b U (X)) X077
keK
Since 7 > (0,...,0) for each k € K, it follows that A is a unit. O

Lemma 2.12. Let ¢ > 0 be an integer and write ¢4 = bé’”(quf). Then either
ord,(¢q) < ord,(f), or ord,(¢q) = ord,(f) and i4(pq) < ia(f).
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Proof. Note that

by g(X) = by U(X) XX+ (X)) Up (X)X FXE.
kEK

As in the proof of Lemma [2ZI0, for any positive integer ¢ > 0 we obtain that
b (XIf(X)) = (X)X TTh(X), where

h(X) =by" UX) X+ > (X)) kU(X
keK

and T;“J = rg,; — (d—k) and Thi = Tka if © # j, for all k € K; in particular,
ord, (by™(X] f(X))) = ord,(by™ f(X)) < ord,(f). Since ry ; is divisible by d — k,
we see that {(X’)"%/(4=F) . [k e K} is again linearly ordered by divisibility and
that r]/(d —1) <r},/(d—k) for all k € K.

Assume now that ord,(h) = ord,(f); then r; > (0,...,0). If r;; # 0, then
j(h) = j(f), and since r;; < 71, it follows that i4(b6’”(X}1f(X))) < ig(f) in
this case. On the other hand, if rj ; = 0, then j(h) < j(f), and again we obtain

i4(b" (X (X)) < 1a(f). 0

Finally, for later use we record the following consequences of the algorithm. Let
f € Dy, be nonzero such that h,(f) > 0, and let 7 be an admissible substitution as
obtained from the algorithm such that h,,(¢) < h,(f) for all ¢ € 7f.

Lemma 2.13. (1) Assume there are i € {1,...,n} and k € N such that T =
{p;fk,p;k}. Then i < n, and for any integer ¢ > 0 and ¢ € T(X[! - f) we
have hy,(¢) < hy,(f).

(2) Assume there are 1 <i < j < n such that T = b . Then for every integer
q > 0 we have h, (b57 (X?- £)) < hy,(f) for all A\ € R, and hn(bég(X]qf)) <
o (7).

Proof. (1) By induction on n; if n = 1, then h,(g) = 0 for all nonzero g € D,,, so
there is nothing to prove. We therefore assume that n > 1 and that the lemma
holds for lower values of n. Let ¢ > 0 be an integer; we now distinguish several
cases (depending on the stages of the algorithm). Since no power substitution is
used to reduce to the case ord,(f) < oo or to lower i;(f), we may assume that
ord,(f) < oo and i1(f) = 0.

Next we assume that ip(f) > 0. We let (h,g) € F¢(P1) be such that h,_1(g) =
ia(f), where g is associated to f as in Step 2. Assume also that 7 is obtained
from Step 2 such that ia(¢) < ia(f) for all ¢ € 7f. Then 7 is a substitution in
the variables X’ such that h,_1(¢) < h,—1(g) for all € 7(g). By the inductive
hypothesis i < n—1and hy,_1(¢) < h,,_1(g) for all ¢ € 7(X-g). On the other hand,
the pair (X{'h, g) belongs to Fya.y, so that h,(¢) < h,(f) for all ¢ € 7(X] - f).

So we may also assume that i(f) = 0. If i3(f) > 0, then 4 < n and hy,(¢) < hy,(f)
for every ¢ € 7(X/f) by Step 4 and Remark 29 We therefore may assume that
is(f) = 0 as well. Since in this case we use a blow-up substitution to lower h, (f),
part (1) is proved.

The proof of part (2) is similar, using the corresponding observations stated in

Lemmas [Z.T0] Z.T1] and [l
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3. C-SETS

All manifolds, maps, etc., are from now on assumed to be of class C*°, unless oth-
erwise indicated; in addition, submanifolds of Euclidean space are always assumed
to be embedded. If n > 0 and = = (z1,...,z,), we write 2’ = (z1,...,Zp_1).

Throughout the rest of this paper we fix, for every compact box B = [a1,b1] X

- X [ap, by) with a; < b; for i =1,...,n and n € N, an R-algebra Cp of functions
f+ B — R such that the following hold:

(C1) Cp contains the functions (z1,...,z,) — x; : B — R, and for every
f € Cp, the restriction of f to int(B) is C°°;

(C2) if B" C R™ is a compact box and ¢1,...,g, € Cps are such that g(B’) C
B, where ¢ = (g1,...,9n), then for every f € Cp the function y +—
flg1(y),...,gn(y)) : B® — R belongs to Cp';

(C3) for every compact box B’ C B we have f|B’ € Cps for all f € Cp, and
for every f € Cp there is a compact box B’ C R™ and g € Cps such that
B Cint(B’) and g|B = f.

Note that (C1) and (C3) imply in particular that every f € Cp extends to a
C* function f : U — R for some open neighborhood U of B (depending on f).
Therefore, for each i = 1,...,n we denote the restriction of 3 f/dx; to B by 0f /0x;.
With this notation, we also assume for every compact box B C R"™ that

(C4) 0f /0x; € Cp for every f € Cp and each i =1,...,n.
Let r = (r1,...,7m) € (0,00)™ be a polyradius, and put

I,’,, = (—’[‘1,’[“1) X+ X (—Tn,Tn) and I_v" = CI(IT)

(If € > 0, we simply write € for the polyradius (e, ...,€).) From now on, we write
Cnr = C3-. We denote by C, the collection of all germs at the origin of the
functions in Ure(o,oo)" Cn.r. Note that each C,, is an R-algebra with respect to the
usual addition and multiplication of germs at 0. Finally, we let ~: C,, — R[X] be
the map that sends each f € C,, to its Taylor series fat the origin, and we denote
the image of ~ in R[X] by Ch.

In addition to (C1)-(C4) above, we make the following assumptions: for all
n > 1, we have

(C5) ~:Cp — E; is an R-algebra isomorphism (quasianalyticity);
(C6) if n > 1 and f € C, is such that f(0) =0 and (0f/dx,)(0) # 0, there is an
a € Cp—1 with «(0) = 0 such that f(a/, a(z’)) = 0;

(C7) if f € C,, and i < n are such that f(X) = X;G(X) for some G € R[X],
then f = x;g for some g € C,, such that G = 7.

It follows from these assumptions that the collection C:= (E;)neN satisfies (Q1)—
(Q5).

Examples 3.1. (1) Let M = (Mo, Ms,...) be a strongly log-convex sequence
satisfying (QA). Then, as discussed in the introduction and the appendix, the
classes Cp(M), with B C R™ a compact box and n € N, satisfy (C1)—(CT7).

(2) Let R be a polynomially bounded o-minimal expansion of the real field. For
every compact box B C R", let Cg be the collection of all functions on B that are
the restriction to B of some definable C'*° function defined on an open neighborhood
of B. Then by [16], the classes Cp satisfy (C1)—(CT).
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Definition 3.2. A set A C R" is called a basic C-set if there are r € (0, 00)™ and
fy91,...,9x € Cp such that

A={z el : f(x)=0,g1(x) >0,...,gx(x) > 0}.

A finite union of basic C-sets is called a C-set. We call M C R™ a C-manifold if
there is an r € (0,00)™ such that

(1) M is a basic C-set contained in I, and

(2) there are fi,...,fr € Cn, such that M is a submanifold of I, of di-
mension n — k on which fi,..., fr vanish identically, and the gradients
Vfi(z),...,Vfr(z) are linearly independent at each z € M.

As in [8], we say that a set S C R has dimension if S is a countable union of
manifolds of class C'!, and in that case we put

{max{dim(M) : M C S is a C! manifold} if S # 0,

dim(S) := .
—00 otherwise.

Remarks 3.3. (1) If S = (J,cn Si and each S; has dimension, then S has dimension
and dim(S) = max{dim(S;) : ¢« € N}. (This follows by an elementary Baire category
argument.)

(2) If M is a manifold, then dim (M) in the sense of the previous definition agrees
with the usual manifold dimension.

Given m < n, we let II" : R® — R™ be the projection map given by
e (x1,...,2n) = (€1,...,%m). More generally, given an injective A : {1,...,m} —
{1,...,n}, we let II} : R" — R™ be the projection II}(z) := (zx1),. -, Tam))-
We will simply write IL,, for I}, and II, for II} if n is clear from context.

For r € (0,00)", f = (f1,..., fu) € (Cnr)*, S C I, and a sign condition o €
{-1,0,1}* we put

Bs(f.0) = {w € S+ sgnfu(w) = 01,580 ful2) = o, ).
Definition 3.4. Let r € (0,00)". A set M C I, is C-trivial if one of the following
holds:

(1) M = By, ((z1,...,2n),0) for some sign condition o € {—1,0,1}", or
(2) there are a permutation A of {1,...,n}, a C-trivial N C I, and a g €
Cn—1,s, where s = (rx(1), ..., x(n—1)), such that g(Is) C (=7, Tan)) and
I\ (M) = gr(g|N).
Remarks 3.5. Let r € (0,00)" and M C I, be C-trivial. Using (C1)—(C4), the

following observations are obtained by induction on n:

(1) M is a bounded and connected C-manifold, and fr M := cl(M) \ M is a
C-set, has dimension, and dim(fr M) < dim(M).

(2) For every z € fr M, there are 6 > 0 and v = (71,...,7) € (C1,6)" such
that y(t) € M for every t € (0,4) and v(0) = z.

Definition 3.6. Let r € (0,00)" and f = (f1,..., fu) € C}; .. We denote by R(f)
the expansion of the real field generated by the functions

- (?;TJ:(J?) if v € 1,
0 otherwise,
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where v =1,...,pand a € N". Also let [,m € N, s € (0,00)™ and A; C I a basic
C-set fori=1,...,l, say

Ai={yels: hi(y)=0,9i1(y) >0,...,9 14 (y) >0}
with h,gi; € Cms for ¢ = 1,...,l and j = 1,...,k(i). We say that the C-set
A= Ui=1 A; is A-definable from f if for every 3 € N, the functions 9%h; /0y
and 0%g; ;/0yP, for all i € {1,...,1} and all j € {1,...,k(i)}, are quantifier-free
definable in R{f).

Example 3.7. The previous definition will be relevant in situations similar to the
following. Let r € (0,00)" and f € Cp» be such that f(0) =0 and 9f/0x,(0) # 0.
Then there is an s € (0,00)" and an « € Cp_1,5, where 8 = (s1,...,8,-1), such
that «(0) = 0 and for all x € I,

f(z) =0 ifand only if =z, = a(z’).

It follows from Remark Z4Y(3) that for any € > 0, after suitably shrinking s, the set
{(z,t) € I5,0) 1 t =y + a(a’)} is A-definable from f. If, in addition, B C I, is a
C-set that is A-definable from f, then the set

{(z,t) € I(5,0): € Bandt=uxz,+a(a)}
is also A-definable from f.

Proposition 3.8. Let r € (0,00)" and f € (Cn,r)*. Then there is a neighborhood
W C I. of 0 with the following property:
(x) for every sign condition o € {—1,0,1}* there is anl € N, and for each k =
1,...,1 there are ny > n, ri € (0,00)™ and C-trivial manifolds Ny C I,
that are A-definable from f, such that

Bw (f,0) =1,(N1) U--- UTL, (V)

and for each k, the set IL,,(Ny) is a manifold and Hn‘Nk : N — 11, (NVg)
is a diffeomorphism.

Proof. We may clearly assume that f, # 0 foreach v =1,..., . Let g:= f1--- fu;
then g # 0, so by the quasianalyticity of C,, we have g # 0.

We proceed by induction on the pair (n,h,(g)), where h,, is the function mea-
suring nonnormality of power series as introduced in Section 2 If h,,(g) = 0, the
proposition follows from (C7), so we assume that n > 1, h,(g) > 0 and the propo-
sition holds for lower values of (n,h,(g)). By Theorem [2.5] there is an admissible
substitution 7 such that h, (¢) < h,(g) for all ¢ € 7g.

Note by (C5) that each { € T corresponds to a unique germ he € (C,)", and that
@ =¢ hforall h e Cn. Thus to simplify notation below, we do not distinguish
any longer between h € C,, and he CAn, or between £ and he.

Below C,, , is viewed as a subset of C,, by identifying each g € C,, , with its germ
in C,. Correspondingly, given g = (g1,...,gx) € (C,)*, we say that r € (0,00)" is
g-smallif g; €C, . fori=1,... k.

Case 1. 7 = {t,} for some a € C;_; with 1 <4 <mn and a(0) = 0. Let s € (0,00)"
be both (¢, f)-small and t,-small and such that t,(I;) C I.. By the inductive
hypothesis, there is a neighborhood V' C I of 0 such that () holds with ¢, f, s and
V in place of f, r and W. Then W = ¢,(V) is a neighborhood of 0, and we claim
that (*) holds with this W.
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To see this, we let 0 € {—1,0,1}*. Let M C R™* for k = 1,...,p be the C-
trivial manifolds obtained for this o from the inductive hypothesis applied to t, f;
in particular, each My is A-definable from ¢, f. By Remark [24)3), it follows that
each My, is A-definable from f. For each k we put

N ={(z<i,t,x5i,2;) 1 * € My and t = z; + a(z<;)},

where z<; = (x1,...,2,—1) and T>; := (Tiy1,. .., Tm, ). Then by ExampleB7, each
Ny, is a C-trivial manifold that is A-definable from f, and By (f, o) = Jh_; IL,(Ng).
Moreover, since t(y‘ls : Iy — to (1) is a diffeomorphism, it follows that IL, (Ng) =
to (I, (My)) is a manifold and Hn‘Nk : N, — I1,,(Ng) a diffeomorphism, as re-
quired.

Case 2. 7 = {l; .} for some 1 < i < n and ¢ € R"!. In this case, the proof is
similar to the proof of Case 1. Here and in Cases 3 and 4 below, the A-definability
of the manifolds in question follows from the inductive hypothesis because 7 is
semialgebraic.

Case 3. There are i € {1,...,n} and d > 1 such that 7 = {p;pr;,d}% below we
write pt and p~ in place of p:d and p; ;. Then by Lemma 2T13(1), i < n and
h, (p™(X; - 9)) < hp(g) and hy,(p~ (Xi - g)) < hy(g). On the other hand, since for
any set S C R™ and any o € {—1,0,1}#

Bs(f,d): U BS((fh"'?f/J«ﬂXi)aO-AX)v

x€{-1,0,1}

where 07 x(i) = o(i) if i < pand 0" x(u+1) = x for each x, we may as well assume
that f,(X) = X;. Below we write R}, = {z € R" : z; 0} for * € {<,0,>,#}.

Let s € (0,00)™ be both (p* f)-small and (p~ f)-small such that p*(I5) C I, and
p~(Is) C I,.. By the inductive hypothesis, there are neighborhoods V*,V~ C I, of
0 such that (%) holds with p* f, s and V* in place of f, r and W (where x € {+, —}).
Also by the inductive hypothesis, (x) holds with f ‘RZO, s and a neighborhood V0 C
R}, of 0 in place of f, r and W. Then Wy := pt (VT NR})UVOUp~ (V™ NR}.)
and Wy := p* (VT \R}_,) UVp are neighborhoods of 0, and we claim that () holds
with W1 (resp. Wa) in place of W if d is even (resp. odd).

To see this, we let 0 € {—1,0,1}*; if o(u) = 0, then By (f,0) = Byo(f,0) and
the claim follows. Assume now that o() = 1 and d is even; the proof for o(p) = —1
or d odd is similar. Then By+(p* f,o) C R? , so because C-trivial manifolds are
connected and Ry 2 has two connected components, () also holds with p* f, s and
VT NR}, and with p~ f, s and V- NR}_ in place of f, r and W. Since p* € C,
and p+‘RZ> is a diffeomorphism of R}’ onto itself and, similarly, p~ € C,, and
p“RZ < is a diffeomorphism of R’ _ onto itself, we finish with a similar argument
as in the proof of Case 1.

Case 4. 7 = b for some 1 < i < j < n; below we write b instead of b and put
Z = {x; = x; = 0}. (Note that Z is the center of the blowing-up whose charts are
represented by b.)

First, we fix an arbitrary A € R and let sy € (0,00)™ be (by f)-small such that
ba(Is,) € I,. Then by Lemma ZI31(2), h,(bx(X; - ¢)) < h,(g). Thus by the
inductive hypothesis, there is a neighborhood V) C Is, of 0 such that (x) holds
with (b f,ba(X;)), sx and V) in place of f, r and W. Since by (X;) = X;, by is
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continuous and by ‘R?  is a diffeomorphism of R’ , onto itself, it follows by a similar
argument as in Case 3 that () holds with f, sx and Wy := by (VA)\R7 = ba(Va)\Z
in place of f, r and W. (Of course, W) is not a neighborhood of 0.)

Next, let soo € (0,00)" be (bso f)-small such that b (s, ) € I,. Again by
Lemma [ZT3)(2), h,(beo(X; - g)) < h,(g). Hence, just as for A € R, there is a
neighborhood Vo, C I of 0 such that () holds with f, soo and Wes := boo (Voo )\ Z
in place of f, r and W.

Finally, by the inductive hypothesis there is a neighborhood W’ C Z of 0 such
that (%) holds with f‘Z and W’ in place of f and W. Now note that there is a
finite set S C Z such that W := W’ U Wy, UW)_ UJ,cg Wi, is a neighourhood
of 0.

O

4. C-SEMIANALYTIC SETS

Definition 4.1. Let A C R™. The set A is called C-semianalytic at a € R" if
there is an r € (0,00)™ such that (A —a) N1, is a C-set. A is C-semianalytic if A
is C-semianalytic at every point a € R™. If moreover A is a manifold, then we call
A a C-semianalytic manifold.

Remarks. (1) If A, B C R"™ are C-semianalytic at a, then so are AU B, AN B and
A\ B.
(2) If A C R™ is C-semianalytic, then by (C2) the set E)(A) is C-semianalytic for
each A € (R\ {0})", where E) : R™ — R"™ is given by Ey(z) = (MZ1,..., Ann).
(3) By (C1) and (C2), every C-set is C-semianalytic.

To obtain the strengthening of Theorem 1 mentioned in the introduction, we
need the following.

Definition 4.2. Let A C R" be bounded and C-semianalytic. Then there are
ai,...,a; € R" and rqy,...,7 € (0,00)" such that A C (I, +a1)U---U (I, + a;)
and (A —a;) N1, is a C-set for each ¢ = 1,...,l. Also let s; € (0,00)™ and
fi € Chi s, for j =1,...,k. We say that A is A-definable from {f1,..., fi} if
foreachi € {1,...,1}, thereisa j € {1,...,k} such that (A—a;)NI,, is A-definable
from f;.

Assume in addition that for ¢ € {1,...,1},

p(4)
(A — ai) N Im = U {J) S Im : h@j(l‘) = O,gi7j71(a:) >0,... 2 9i,5,k(i,5) > 0}

j=1
with hi j, gi 1,5 9ik(i,j) € Cnriy and let B C RP be C-semianalytic. Then B is
called A-definable from A if B is A-definable from the collection

{(hi1s 9i1,1s -5 Gip(iy k() = B =1,...,1}.

Remark 4.3. Let A, B and C be C-semianalytic, such that B is A-definable from
A and C is A-definable from B. Then C is A-definable from A.

A C-semianalytic manifold M C R" is called trivial if M = N + a for some
C-trivial manifold N C R™ and some ¢ € R". (Thus any trivial C-semianalytic
manifold is bounded and connected.)
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Corollary 4.4. Let A CR" be bounded and C-semianalytic. Then there are n; > n
and trivial C-semianalytic manifolds N; C R™ for i = 1,...,k, each A-definable
from A, such that

A= Hn(Nl) U---u Hn(Nk),
and for each i, the set I1,(N;) is a manifold and Hn|Ni : Ny — TI,(V;) is a
diffeomorphism. In particular, A has dimension.

Proof. By the definition of “C-semianalytic” and Proposition[3.8], the corollary holds
locally at each point of R™, and hence the boundedness of A implies that it holds
globally. O

Let M C R™ be a C-manifold of dimension m < n with associated r € (0, 00)"
and f1,..., fn—m € Cn, as in Definition B:2] (with n — m in place of k). Given a
strictly increasing ¢ : {1,...,m} — {1,...,n}, we put

M, .= {:c e M : HL|TIM has rank m} .

Then M, is an open subset of M and is in fact a C-manifold (with same associated
rand fi,..., fn—m). Moreover, the assumption on fi,..., fn—m implies that

M = U {M,: ¢:{1,...,m} — {1,...,n} is strictly increasing } .

Let kK < m and ¢ : {1,...,m} — {1,...,n} be strictly increasing. We let
m(k) € {0,...,m} be maximal such that «(m(k)) < k and put ¢ := ¢|{1,...,m(k)}
and & .= |{m(k) + 1,...,m}.

Assume now that M = M, and that II;|M has constant rank m(k). Then by
the rank theorem, each fiber M, := H,;l(a) N M over a € RF is either empty or a
C-manifold of dimension m —m(k), and II,x | M, is an immersion. (To see the latter,
note that for x € M, the tangent space T, M, is a subspace of T, M of dimension
e :=m —m(k) such that IT; (T, M,) = {0}. Let v1,...,v. be a basis of T, M,; then
II,(v1), ..., II,(ve) are linearly independent in R™ and I1,, (v1) = - -- = II,, (ve) = 0.
Hence I1,x(vy),...,II,x(ve) are linearly independent in R€.) It follows that if C' is
a connected component of M,, then II,x(C) is open in R¢, which implies (since C'
is bounded) that fr C' # 0 if e > 1.

Lemma 4.5 (Fiber Cutting Lemma). Letn > m > k > 0. Let M C R"™ be a C-
manifold of dimension m. Assume that M = M, for some fized strictly increasing
v {1,...,m} — {1,...,n}, and that 11| M has constant rank m(k). Then there is
aC-set A C M, A-definable from M, such that dim(A) < m and I (M) = II;(A).

Proof. Note that k < m implies m(k) < m. Let r € (0,00)" be associated to M
as in Definition (with n — m in place of k there), and let f,g1,..., 9% € Cpr be
such that
M={xzel : f(x)=0,¢91(x) >0,...,95(z) > 0}.

Let g be the product of all g;, j = 1,...,k, and all (z; — ;)| and (r; — x;)| I,
i =1,...,n. Then g € C,, and g is strictly positive on all of M and identically
zero on fr M.

Next, by the paragraph preceding this lemma, for each a € II; (M) the fiber M, is
a manifold of dimension m —m(k) > 0, and fr C' # 0 for each connected component
C of M,. Therefore, g|Ma has critical points on each connected component of M,,
since g is positive on M, and vanishes identically on fr M,. Moreover, since M, is a
C-manifold, it follows from (C5) and (C6) (by similar arguments as in the situation
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where ¢ is analytic) that the set of critical points of g}Ma has empty interior in
M,. Let

A= {:C € M : x is a critical point ofg|Ma,a = Hk(a:)} .
Then II;(A) = i (M) and A is a C-set, so A has dimension by Corollary B4l
Moreover, it follows from the definition of g that A is A-definable from M. Since
A has empty interior in M, we have dim(A) < dim(M). O

For any manifold M C R™ of dimension m and k < m, we define
r(M) := max {rk(Ilx|r,p) : v € M} < m.
(We do not explicitly indicate the dependence of r(M) on k, m and n.)

Lemma 4.6. Let M C R™ be a C-manifold of dimension m and k < m. Then
(x) there are trivial C-semianalytic manifolds N; C R™ | A-definable from M
and satisfying dim(N;) < k and n; > n for i = 1,..., K, and there are
bounded C-semianalytic sets A; C RP7, A-definable from M and satisfying
dim(A;) <m and p; > n for j=1,...,L, such that

Hk(M) = Hk(Nl) U---u Hk(NK) @] Hk(Al) y---u Hk(AL),

and for each i there is a strictly increasing ¢ : {1,...,dim(N;)} — {1,...,k}
such that HL|Ni . N; — RAIMNV:) s an immersion.

Proof. We prove this lemma by induction on r(M) simultaneously for all k, m and
n. The initial case (M) = 0 is trivial (since then IIj is constant on each component
of M), so we assume (M) > 0 and that the lemma holds for lower values of r(M).
First, we claim that it suffices to prove (x) with M:=M \ UM in place of M,
where

M:={M,: ¢:{1,...,m} — {1,...,n} strictly increasing and m(k) = r(M)} .
To see this, we let M, € M be such that M, # (), and we show that the lemma

holds with M, in place of M. If k = m, this is trivial. On the other hand, since M,
is open in M, we have for every x € M, that

r(M) =m(k) < rk (Ily|T,M,) < r(M).

Hence if k& < m, the lemma with M, in place of M follows from the fiber cutting
lemma, which together with Remark [.3| proves the claim.

Next, note that for every x € M the rank of I, |TxM is less than r(M). Since M
is clearly a bounded C-set, we may apply Corollary =4 with M in place of A. Denote
by M, C R™ the manifolds obtained from this corollary for M. Since for each v
the projection Hn|Ml, : M, — 1I,(M,) C M is a diffeomorphism, it follows that
for each w € M, and z = II,,(w), we have rk(IT}* | T, M, ) < rk(I;| T, M) < r(M),
that is, r(M,) < r(M). Therefore, by the inductive hypothesis, (*) holds with
each M, in place of M, which together with Remark B3] finishes the proof of the
lemma. (]

Proposition 4.7. Let A CR" be a bounded C-semianalytic set and k < n. Then
there are trivial C-semianalytic manifolds N; C R™ with n; > n fori=1,...,J,
each A-definable from A, such that

Hk(A) = Hk(Nl) U--- UHk»(NJ)
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and for each i we have d := dim(N;) < k, and there is a strictly increasing v :
{1,...,d} — {1,...,k} such that IL,|N; : N; — R? is an immersion.

Proof. By induction on e := dim(A): if e = 0, then A is finite by Corollary B4, so
the theorem is trivial in this case. So we assume e > 0 and that the theorem holds
for lower values of e.

Note first that if there is a bounded C-semianalytic set E C R™ for some 71 > n
such that F is A-definable from A, A = II,,(F) and the proposition holds with FE
and 7 in place of A and n, then by Remark F3lthe proposition also holds for A and
n. Similarly, if A is a finite union of C-semianalytic sets each A-definable from A
and satisfying the proposition in place of A, then again the proposition also holds
for A. By Corollary [£4] and the inductive hypothesis, reasoning as at the end of
the previous proof and increasing n if necessary, we may therefore reduce to the
case that A is a C-manifold M of dimension e.

Applying Lemma to M (with corresponding n and k as above), we let
Ni,...,Ng and A;,..., A be as in (%) for M. Since for each j = 1,..., L we have
dim(A,) < e, the inductive hypothesis and Remark i3 together with the above
imply that we may even reduce to the case where M = N; for some i € {1,..., K}
(again increasing n if necessary), that is, we may assume that there is a strictly
increasing ¢ : {1,...,dim(M)} — {1,...,k} such that HL|M is an immersion.

Now we apply Corollary B4 again with M in place of A, and we let N (with
corresponding n’ > n) be one of the N;’s thus obtained. Since Hn}N : N —
I, (N) is a diffeomorphism, II,,(N) € M and II,|M is an immersion, we sce that
dim(N) = dim(M) < k and II™' ‘N is an immersion. O

5. O-MINIMALITY
For n € N we put, with I =[-1,1],
Ay :={X CI": X is C-semianalytic} .

Then the system A := (A, )nen satisfies axioms (I)—(III) of [8, Section 2].

Let A C I™. In accordance with [§], we call A a A-set if A € A,; if in addition
A is a manifold, we call A a A-manifold. Similarly, A is a sub-A-set if there are
m > n and B € A, such that A = II,,(B); if in addition A is a manifold, then A
is a sub-A-manifold.

We recall that A C I"™ has the A-Gabrielov property if for each m < n there
are connected sub-A-manifolds B; C I""%, with i = 1,...,k and q1,...,q, > 0,
such that

I,,(A) =11, (B1) U - - - UIL,,(Byg)
and for each i € {1,...,k} we have
(G1) fr B; is contained in a closed sub-A-set D; C I""4 such that D; has dimen-
sion and dim(D;) < dim(B;);
(G2) d := dim(B;) < m, and there is a strictly increasing A : {1,...,d} —
{1,...,m} such that H,\‘Bi : B; — R™ is an immersion.

From the previous section, we obtain

Corollary 5.1. FEvery A-set A C I™ has the A-Gabrielov property. Moreover, the
corresponding B; can be chosen to be A-definable from A.
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Proof. Note first that if A C I"™ in Corollary E4lor in Proposition[d1, then each N;

can be taken to be a subset of I (simply multiply the coordinates @y y1, ..., Tn,
by some small enough § > 0). The corollary therefore follows from Proposition B
and Remark B.5(1). O

We now fix, for each n > 1, an arbitrary R-subalgebra D,, of C, 1 that is closed
with respect to partial differentiation and contains the maps x +— x; : ["" — I for
i=1,...,n. Welet F =J,cyDn and put Rp := R(F).

In the case of Example B.l(1), R¢ coincides with Re(ar); thus Theorem 1 follows
from the corresponding theorems below.

Theorem 5.2. The structure Rp is model complete and o-minimal.

Proof. By well-known arguments (see [8, Corollary 2.8]), Corollary ETlimplies that
the structure (I7 {ACI™": AeA,andne N}) is o-minimal. On the other hand,
note that every A-set is quantifier-free definable in R¢, and for every quantifier-
free definable set A C R", the set 7,(A) is a A-set, where 7,(z1,...,2,) =
(xl/\/l +a2 /1 x%) Thus by [8, Corollary 2.9], R¢ is model complete
and o-minimal. Finally, it follows from the proof of [8, Corollary 2.8] and the second
statement of Corollary [5.1] that Rp is also model complete. O

Next, we show that Rp is polynomially bounded. (Recall that an expansion R of
the real field is polynomially bounded if for every definable function f: R — R
there is a p € N such that |f(¢)| < ¢ for all sufficiently large t.)

Lemma 5.3 (Curve Selection). Let B C R™ be definable in Re, and let 0 € bd(B).
Then there exists a g = (g1,...,9n) € (C1)™ such that g(0) = 0 and g(t) € B for
all sufficiently small t > 0.

Proof. We may clearly assume that B is bounded. By Theorem [5.2] and because
R¢ is an expansion of the real field, we may even assume that B = II,, (D) for some
bounded C-semianalytic set D C R™ with m > n. Thus the curve selection lemma
follows from Corollary €4 and Remark [3.52). O

Theorem 5.4. Rp is polynomially bounded, and the function z* : (0,1) — R is
definable in Rp if and only if A € Q.

Proof. Tt clearly suffices to prove the theorem for Re. Let € > 0 and let f : (0,¢) —
R be definable in R¢; we show that for some nonzero ¢ € R and r € Q we have
lim,_,o+ f(x)/2" = c.

Replacing f by 1/f if necessary, we may clearly assume that lim, .o f(¢) = 0.
Then (0,0) € fr(T'(f)), so by Lemma [5.3] there are § > 0 and g1,92 € C; such
that (g1(t),g2(t)) € I'(f) for all ¢ € (0,6) and ¢1(0) = ¢2(0) = 0. Let p,q €
N\ {0}, a,b € R\ {0} and hy,hy € C; be such that ¢1(T) = T?(a + h1(T)) and
g2(T) = T1b + ho(T)) and hy1(0) = he(0) = 0. Since for all sufficiently small
x > 0 there is a t € (0,9) such that (z, f(x)) = (g1(¢),g2(t)), it follows that
lim, o+ f(z)/z9P =b/a?/?. O

Remark. Let Ci; be the system associated to R = R¢ as in Example BI(2). Then
for each n, we have C,, C C/,, but we do not know if C,, = C},. The latter equality
is related to the open question whether Ry admits quantifier elimination or even a
preparation theorem in the spirit of [17] or [13].

Finally, we show that Rp admits C*° cell decomposition.
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Lemma 5.5. Let A C R" be definable in Rp. Then A is a finite union of C*
manifolds that are definable in Rp.

Proof. By induction on d := dim(A); the case d = 0 is trivial, so we assume
that d > 0 and the lemma holds for lower values of d. By model completeness,
there is a C-semianalytic set ¢ C R with n’ > n such that A = IT,,(C) and C
is definable in Rp. Using an analytic, semialgebraic diffeomorphism mapping R™
onto (—1,1)", we may assume that A and C are bounded. Thus by Proposition
K17, we may even assume that there is a C-semianalytic manifold B C R™ with
n < m, definable in Rp, such that A = II,,(B) and Hn|B is an immersion. Using
cell decomposition, we now partition B into cells By, ..., By definable in Rp. By
the inductive hypothesis, it suffices to show that if ¢ € {1,...,k} is such that
dim(I1,, B;) = d, then I, (B;) is a C°*° manifold. Fix such an i; since Hn‘B is an
immersion, we have dim(B) = d, so that dim(B;) = dim(II,, B;). Since B; is a cell,
it follows that Hn|Bi is a homeomorphism onto II,,(B;). Also, B; must be open in
B, and hence is itself a C'°° manifold. Thus the image II,,(B;) of the C*° immersion
Hn‘Bi is a C'°° manifold. O

Theorem 5.6. Rp admits C*° cell decomposition.

Proof. We show by induction on n that if A is a finite collection of subsets of R"
definable in Rp, then there is a decomposition of R™ into C*° cells definable in
Rp that is compatible with each member of A. The cases n = 0,1 are trivial, so
we assume that n > 1. Let f : A — R be a C' function definable in Rp with
A CR™! aC! cell. Tt suffices to partition A into C™ cells A4, ..., Ax definable
in Rp such that f |Aj is C*° for each j. This follows from the inductive hypothesis
by applying Lemma to T'(f). O

6. APPENDIX: DENJOY-CARLEMAN CLASSES AND THE SUM THEOREM

Let M = (Mo, My, ...) with 1 < My < M; < --- be a sequence of real numbers.
We assume that M is strongly log-convex, that is,

M\ _ My My
) S (k+1)! (E—1)

Recall that M) = (M, ;); for each j € N. The following elementary observations
were pointed out to us by V. Thilliez:

Lemma 6.1. (1) Let mo := My and m; := (M;/i)'/C=1 for i > 1. Then the

(SLC) vk > 1, (

sequence m = (mg, m1,...) is almost increasing, that is, there is a constant
C > 1 such that m; < C -my for all j >4 > 2.
(2) Let Ni(J) = (ij_—!j)!MiJrj for each i,j € N. Then NU) := (Ni(J)) is strongly

log-convex and C{(M D)) = C%(NW) for each j and every compact box B.

Proof. (1) Note first that m is almost increasing if and only if the sequence m =
(mg, m1,...) is almost increasing, where mgo := 1 and m; := (%)1/(1_1) for
i > 1. We may therefore assume that my = My = 1.

We put I; := log(M; /i) for i > 1. A straightforward induction on i now proves

1-l;—1 < (i —1)l; for all i« > 1. Applying this repeatedly, we get for j > i > 2:

) ) 1 . v _
G-DL<(- 1)H—1li+1 << (- 1)3%‘ < 2(i — 1)i;.
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(2) Tt is straightforward to see that N satisfies (SLO) for each j. Moreover,
CUHMD)) = C%L(NG) follows from the fact that jli! < (i + j)! < (27)%5!! for all
i,7 € N. O

The following is a noteworthy consequence of the previous lemma:

Corollary 6.2. For every compact box B C R", n € N, the class C%(M) contains
all functions that are analytic on a neighborhood of B.

Proof. The proof of Lemma [BT(1) shows in particular that the sequence of all
, 1/i ,
M is nondecreasing. It follows (by induction on %) that % > 1 for all

i, that iS7 Mi > M()Z' U
Together with [12] and [18], Lemma [6.1] also implies

Proposition 6.3. (1) Let dye > 1, f € 071,1]0'( ) and g; € C, 1y.(M)
fori =1,...,d. Suppose that gz([ ,1]9) C [=1,1] for each i and put
g:=1(91,---,94d) ThenfogEC[ 1L1)e (M)

1]

(2) Let f € CP—1_1}d+1(M)f and let g : [-1,1]¢ [ 1,1] be a C* function
such that f(x1,...,24,9(x1,...,24)) = 0 and aa: - (1, Tagy1) # 0 for
all z1,...,xq411 € [-1,1]. Then g belongs toC[ 1) J(M).

We now obtain the following from Proposition and Lemma [6.1)2):

Corollary 6.4. If M is strongly log-convez, then the system of all Cg(M), with
B C R™ a compact box and n € N, is closed under composition and extracting
implicit functions.

Using the previous corollary, an elementary argument shows that if B C R™ is
a compact box and 0 € B, and if f € Cg(M) and ¢ € {1,...,n} are such that
flx1,...,2i21,0,2i41, ..., x,) = 0 for all sufficiently small x1,...,2,-1, Tit1,...,
x, € R, there exist a compact box B’ C B containing 0 and g € Cp/(M) such that
f(z) =z; - g(z) for all z € B’. Hence

Corollary 6.5. If M is residually log-convex, then the system of all Cg(M), with
B CR"™ a compact box and n € N, satisfies (C1)-(CT7).

Finally, we aim to prove Theorem 2; it will follow, via elementary facts on Fourier
series, from the following result.

Lemma 6.6. Suppose that Z?:o Y 1S a series of nonnegative real numbers with
the property that, for each k > 0, the series ZZOZO n*y, converges. Then there
exist strongly log-convex sequences M = (Mo, My, ...) and N = (No, N1,...), both
satisfying (QA), and a subset S C N, such that, for all k > 0,

Z nk'yn < M and Z nkfyn < Ng.
nes neN\S

Proof. (Following [I1 p. 117]) We introduce constants ¢y := max{1,> o ¥}
and ¢ = max{cg, Y o on7Vn} and define My = Ny := ¢y and M; = Ny := c1.
Let Ay := 1 and suppose, for an inductive construction, that we have defined
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integers Ao < p11 < A1 < pg < -+ < p; < Aj (for some j > 0) and real numbers
Mo < My <--- < My,, No < Niy <--- < Ny, satisfying the following conditions:

Mit1 M
(1) Z M1 >1, for each even i with 0 < i < Js
k=1tA; K

it N
(25) Z "1 >1, foreach odd i with 0 < i < Js
k=1tA; P

and for all 7 with 0 <@ < A

(%) (K') < (@) () =

(4)) (lv) < (i) (eomm)

We extend these sequences as follows:

Case 1. j is even. Choose pjy1 > A; large enough so that
Hi+1
Z Z > max { M), co(1 + )\j)H')‘J'} .
k=14X;
Now choose Aj11 > 141 large enough so that ZZO:HAHI ntitiy, < 1. Now set

2
_ max{(,:%%, Co(l—f—)\j)k} for A <k < pjga,

Mk = leg—l o0 k
max{m, Yoo ’yn} for pjt1 <k <At
and
kN2
N, == Inax{( ~ 1kN1k - Zn 'yn} for A\j <k < Ajqr.
n=0

(Notice that k—1 > 0 for the values of k, j considered above.) It follows immediately
by induction that the M}’s and Ni’s are increasing and > 1.

We claim that My/My_1 < k6, for all k with \; < k& < pjp1, where 0 :=
max {M)\J,co(l + )\j)”)v‘ } For this is clear if £ = 1 + \; by definition of M ;.
Also, if 1+ X; < k < pjy1, then either

My, — k Mg
Mk71 N k-1 MlcfQ
k
< 1 (k—1)0 (by inductive hypothesis)
= k6
or
Nk Nk
M;, _ Co(l—l-/\j) < 60(14‘/\]]37 < 1+)\j <0< k.
M}c,1 M}c,1 Co(1+>\j) 1
This completes the proof of the claim, from which it follows that
Hit1 My Hj+1
Z AL > Z w0 >1 (by definition of fj41).
k=1+)\j k=1+kj
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This and condition (1); imply condition (1),;41. Clearly condition (2); implies
condition (2),41, since j is even. Conditions (3);4+1 and (4);41 follow directly from
the definitions of M}y and Ny, for A\j < k < A\j4q.

Case 2. j is odd. The construction here is the same as in the even case, except
that the roles of the M}’s and N’s are interchanged.

This completes the construction of the sequences M = (Mo, M7,...) and N =
(No, N1, ...). They both satisfy (SLC) by conditions (3);, (4); and (QA) by con-
ditions (1);, (2); (for j =0,1,...).

Now set S := {k € N: \; < k < X\jj1 for some odd j € N}. To complete
the proof of the lemma, let £ > 0 be given. If £ = 0 or k& = 1, then certainly
Y ones nky, < Yool n*y, < M, (by definition of My, M;) and ZnEN\S nky, <
ZZOZO n*v, < Ny (by definition of Ny, N1). So we assume k > 1 and let j be the
unique ¢ > 0 such that A\; < k < A\jyg.

If j is even, then 37 g nky, <3 nFy, < Ni (by definition of Ni). Sim-
ilarly, if p1j41 < k < Ajg1, then >, cgnFy, < 307 nFy, < My (by definition of
My). Finally, if A; < k < p;41, then

(o]
D nfm< Y} nfmt > nm
nes n<Aj n=14+Xj11
(by definition of S, since j is even). Thus
St S 5w,
nes n=0 TL=1+)\J‘+1
< co)\é? +1 (by definition of A;j41 and of ¢g)
< o1+ X))k (as cp > 1)
< M, (by the definition of My, for A\; < k < pjt1).

If 7 is odd, the proof is similar with the roles of M} and Ny interchanged. This
completes the proof of the lemma.

O

Now suppose that f: [~1,1]¢ — R is a C*° function (for some d > 1). Extend
f to a C™ function f* : R? — R. Define g : RY — R by g(01,...,04) =
f*(3cosby,...,3co804). Then g is a C*° function which is 2m-periodic and even
(in each variable). The Fourier series of g may be therefore written in the form

(6.1) g(b1,...,604) = Z ( Z Qo - COS 107 - - - cOS ade),

n=0 *a=(ay,...,aq)eN?
la|=n

where the Fourier coefficients a, are given by

1 s s
(6.2) Ao = W/ . / g(b1,...,04) - cosaiy - -cosagly - dby---dby.
Now, for each k£ > 0, let

Ak = Sup{|g(ﬁ)(91a79d)| : 5 € Nda |ﬂ| = ka 91;"'79d GR} .
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Suppose that 4 is such that 1 <7 < d and «; # 0 in (6:2)). Then repeated integration
by parts of (6:2) (with respect to the variable 6;) yields, for any k > 0, |an| <
A3 A -a;F Now if n > 1 and @ € N? satisfies || = n, then we may choose
i such that a; > n/d, and hence it follows that |a| < AZ™' - Ay - d* - n=F for all
k > 0. Thus

Z|aa|§(n+1)d-Ag-Ak-dk-n7k for all k£ > 0.
a d
fa=n

In particular, it follows that for n > max{2, Ao},
(6.3) > laal < Aggsarz-nF72 forall k> 0.

acN?
|al=n

So, if we set v, := > ena [aa| (for n > 0), then (E.3) implies that Y 7 nFy,
la|=n

converges for all £ > 0, and we may apply the lemma to obtain strongly log-convex

sequences M and N, both satisfying (QAJ]), and a subset S C N satisfying the

conclusion of the lemma. Define

(6.4) gi(b1,...,04) = Z < Z Qe - COS 101 ~~Cosad0d>,
neS: ~a=(a,...,aq)EN?
loe|]=n
for i = 1,2, where S; := S and Sy :=N\ S.
Clearly g1, go are C* functions and g = g1 + g2. Furthermore, (E3) readily
implies that the series in (64]) may be differentiated term by term any number of
times (to yield the corresponding derivatives of g1, g2), so we obtain, for any k > 0

and 3 = (B1,..-,04) € N? with |3 = k,

|g£ﬂ><91,...,od>|<z( > |aa|~a?1~-a§d>

nesS; a:(al,...,ad)ENd

|al=n
ST laad= 3
nes; acN? nes;
la|=n
M, ifi=1,
< o
N, ifi=2.

Now choose an inverse of the function 3 - cosf, cos™! 3 say, which is analytic on

the interval (—2,2). By Corollary 6.2, the restriction of cos™ £ to [—1,1] belongs
to C[(Ll,u (M) and to C[(Ll,u (N). Thus, by setting

filze, ..o 2q) == gi (cos_1 %, ...,cos ! %)
for i =1,2 and = € [—1,1]¢, we have established part (1) of Theorem 2.

Now let f : [-1,1] — R be a C* function whose Taylor series at every x €
[—1, 1] is divergent, and apply part (1) of Theorem 2 to f. By quasianalyticity and
Corollary[6.2] one of the two summands f;, fo thus obtained must have a divergent
Taylor series at every x belonging to some open interval I C [—1,1]. Therefore,
part (2) of Theorem 2 follows from part (1).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



776 J.-P. ROLIN, P. SPEISSEGGER, AND A. J. WILKIE

In fact, Lemma implies rather more, for an easy diagonalization shows that
any countable sequence of series satisfying the hypotheses of the lemma can be
majorized by a series that also satisfies these hypotheses. Hence

Theorem 6.7. Let S be a countable collection of C* real valued functions, each
defined on an open neighourhood of [—1,1]% for some d > 1. Then there exist
strongly log-convexr sequences M and N, both satisfying (QA), such that for each
f € S with [-1,1]¢ contained in the domain of f, there are f; € C° (M) and

[_171]d
fa € C[(Ll,l]d(N) such that f = f1 + fa.

ADDED AFTER POSTING

Dan Miller pointed out an error concerning Theorem [5.2: the assumptions on
the systems D, as stated before Theorem (2] are too weak. Indeed, they do not
guarantee the following property needed for our arguments: if A C R" is quantifier-
free definable in Rp, then for every a € R™ there is an r € (0,00)™ such that
(A —a) N1, is a finite union of sets of the form

{zel,: flz/r)=0,g1(x/r) > 0,...,gk(x/r) > 0},
where f,g1,...,9x € Dy and z/r := (x1/r1,...,2Zn/rm). (More specifically, we need
this property in Corollary B4l to guarantee A-definability as stated there.)
Therefore, Theorem B.2] only applies to systems D = (D,,) such that for each
n > 1, D, is an R-subalgebra of C,, ; satisfying

(D1) D, is closed with respect to partial differentiation and contains the maps
r—ux;: " — Tfori=1,...,n, and

(D2) for every f € D, there are an ¢ > 1 and a g € C, . such that the function
x +— g(ex) : I — R belongs to D,,.

Of course, if D = C, then D satisfies (D1) and (D2) by hypothesis. On the other
hand, the extra assumption (D2) makes our proof less “explicit” than that in [I0].
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