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ALMOST OPTIMAL LOCAL WELL-POSEDNESS
FOR THE (3+1)-DIMENSIONAL
MAXWELL-KLEIN-GORDON EQUATIONS

MATEI MACHEDON AND JACOB STERBENZ

1. INTRODUCTION

This paper contains a detailed study of the local-in-time regularity properties
of the Maxwell-Klein-Gordon (MKG) equations. The MKG equations represent a
physical model for the interaction of a spin 0 particle, sometimes referred to as a
Higgs or scalar field, with the classical equations of electrodynamics, i.e., Maxwell’s
equations. In terms of the calculus of variations, the MKG system consists of the
Euler-Lagrange equations associated to the density

1 1 -
L = — aﬁFo{ﬂ - _Da(bDO((b )
4 2
where
Fopg = 0o Ag — 08Aq

is the electro-magnetic field associated to the set {4, } of real-valued potentials on
the Minkowski space,

Do = 0, + V=14,

is the corresponding covariant derivative with respect to those potentials, and

¢:R** - C
is a complex scalar field. In terms of the field { F*}, the Euler-Lagrange equations
read
(1a) 0aF*? = =5 (#D79)
(1b) DD =0.

We note here that our Minkowski metric is 7,5 = diag(—1,1,1,1), and we are
observing the usual summation convention with respect to repeated upper and
lower indices (although repeated lower or upper indices will not be summed over).
Also, Greek indices run over the set {0,1,2,3}, while Latin indices have values
{1,2,3}.

Expanding out the contraction 0, F*” in terms of the field potentials and setting
O := 9,0%, we can write the system () as the following set of nonlinear second
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298 MATEI MACHEDON AND JACOB STERBENZ

order equations:
(2a) DA% — -3 (¢D5¢) + P9, A

(2b) 06 = —2V=T (Aad¢) + Aa A% — V=T1(9A")6 .

A key feature of the formulation (2)) of the Maxwell-Klein-Gordon equations is that
they exhibit an SU(1) gauge symmetry. This means that solutions to this system
are invariant (still solutions) if one performs the gauge transformations

Ay~ Ag + Oap
P~ %9,

where ¢ is some real-valued function on Minkowski space-time. This facet of the
equations will be central to our local analysis because it allows us to impose a choice
of gauge that causes several striking and deep cancellations in the nonlinear terms
on the right-hand side of (2H).

The main problem we will be concerned with here is the low-regularity local-
in-time Cauchy (or initial value) problem for the system (). That is, on the slice
{t = 0} x R3, one poses initial data at some given time, say t = 0,

(3a) {4a(0)} = {aa} , {0:Aa (0)} = {an}
(30) o) =1 . 26 (0) =g .
which satisfy the constraint equation

= To=13) + wlff + o', |
and then solves the system (2]) for these initial conditions. It is now of interest
to analyze these solutions to understand what properties can be read off from the
initial data. In particular, we will be interested here in discovering how much
smoothness and decay the initial data need to possess in order that there be a
unique (in an appropriate sense) solution to the system (2)). This follows a long line
of investigation initiated in a series of papers by S. Klainerman and M. Machedon;
see [T2], [14], and [15]. For an introduction to the general program for semilinearl
equations see [13], and see the next subsection for a brief history of the equations we
are considering here. The search for the optimal local well-posedness of equations
like @) begins with the following simple observation: Note that solutions to () are
invariant under the scale transformation

() {Aa()} ~ {Aa(A)},
(6) P() ~ Ap(h)

Also, note that at fixed time, the homogeneous Sobolev space H? is also invariant
with respect to the same scale transformations. Thus, a local existence theorem for
initial data with regularity H 2 would immediately imply global existence (at the
same regularity even!) simply by scaling the initial data. Therefore, as one reaches
the critical regularity, that is the scale invariant Sobolev space, the local regularity
properties of the equations (2) begin to blend with the global regularity properties
(at least for small data). At this point, the fine structure of the equations (2)) comes

(4) A apg =

IThere has also been a recent push toward understanding these questions for more general
quasilinear wave equations, in particular for the Einstein equations; see for example [20], [21] and
[36].
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into focus, and one begins to see striking differences between these equations and
more general nonlinear wave equations that have very different local and global
regularity properties.

The local and global existence theory for the nonlinear wave equations of math-
ematical physics has seen exciting and fast-paced progress recently for a particular
set of equations, those of the wave-maps from Minkowski space into a complete
Riemannian manifold. See for instance [32] and [34], [30]-[31], [19], [25], [10], [11],
and finally [35]. While the small data regularity problem for these equations is now
largely complete, the corresponding problem for gauge field equations seems to be
much more difficult and is still far from understoodE

In order to understand (one reason) why progress for the Maxwell-Klein-Gordon
equations has been much slower than for wave-maps, it is helpful to compare the
difference in the connection structure inherent in these two sets of equations.ﬁ Let
us suppose for the moment that we only need to control the equation

(7) Do,D% =0 .

Now, if the field potentials (connection) { A, } had vanishing curvature, the equation
(@) would be easy to estimate because one could make a gauge change so that it
would become O¢ = 0. However, in general the potentials will have a nontrivial
curvature, say F', and the most we can hope for is that we can get enough estimates
on F' to control (7). For wave-maps, this can be accomplished because the equations
take (roughly) the form (7)) where the curvature satisfies

(8) Fwu ~ (Vo).

Unfortunately, for the Maxwell-Klein—Gordon equations, a short calculation shows
that the curvature itself must be a solution to a nonlinear wave equation, i.e., one
has

(9) I:l-FMKG ~ Q(¢a¢) ’
where @) stands for a tensor whose components contain the “null forms” Qug(¢, )
= 0a00Y — 03p0a).

Although the “null forms” on the right-hand side of (@) do exhibit extra cancel-
lations with respect to the symbol of O, it is not hard to see that from the point
of view of space-time estimates, controlling an equation of the form (@) is much
more difficult than controlling the expression (B). In fact, the curvature for the
MKG equations is so ill behaved that there seems to be no space-time estimates
for it once one gets close to the scaling (that is at regularities H 37¢ for € small)
other than L°°(L?) with the appropriate number of derivatives. That is, as one
gets down to the scaling, one starts to lose dispersion for the field potentials { A, }.

2As a simple example, take a generic system of equations of the form OU! = &/ V¥!. It can
be shown that these will not be locally well posed for regularities at the level of H' or below
(see [24]), even though they have the same scale transformations as (B)—(G). Furthermore, smooth
solutions to these generic equations will blow up in finite time even for small initial data. This is
in stark contrast to the equations we consider here, which exhibit both improved local regularity,
and global stability; see [26].

3 After this paper had been submitted, there has been exciting progress by I. Rodnianski and
T. Tao for the MKG equations in higher dimensions at the critical regularity; see [27].

4This discussion is really relevant only for wave-maps at the scaling, but it is still useful to
keep in mind because the connection structure plays a major role for the MKG equations with
regularities at the level of H' and below.
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See Remark B.1] for a more detailed discussion. This is a huge blow to any usual
type of iteration procedure, because dispersive type space-time estimates of the
formfl L(L") play a central role in obtaining inductive estimates![ Nevertheless, it
turns out that the dangerous part of the curvature Fj; ¢ which does not exhibit
any extra space-time estimates miraculously cancels itself where it appears in the
equation (7)) for the scalar field ¢! This allows one to recover enough space-time
estimates for solutions to that equation so that one may prove local existence and
uniqueness (again, in the appropriate sense) for the system (2) with initial data
taken in the Sobolev spaces H?® for any % < s. This provides the first example of
an equation coming from (3 + 1)-dimensional gauge field theory where (part of) the
local well-posedness conjecture contained in [13] can be verified.

1.1. Use of the Coulomb gauge and progress based on the model equa-
tions. In order to exploit the extra cancellations occurring in the equation (J), as
well as the algebraic structure on the left-hand side of (2H]), we shall couple the
system (B) with the equation

(10) (div){A;} = 0.

An important property of the field potentials { A, } which satisfy the condition (I0)
is that they can be recovered easily from their curvature via the equations

1 , 1 .
(11) AO = —ZﬁiFZO s Aj = Z&F” .
This means that estimates for the curvature, { F,z}, translate in a straightforward
way into estimates for the {4,}.
The other important effect of the gauge condition (I is the cancellations which
it causes in the contraction A,0%¢. To see these, note that by a direct application
of (I0), the system (B) can be written as

12a) OA; = =S (¢D;) + 0:00A°
12b) Ady = -5 (6Dod) |
12c¢) O¢ = —2v—1(Aa0%¢) + AgA%¢ +V/—=1(9pA0)0 ,

(
(
(
(12d) DA =0.

We now use the fact that the spatial field potentials in ([I2)) are divergence free by

(curl)?

applying the projection P := —>=% to both sides of the equation (IZal). Using
the fact that (curl)V, = 0 and that the resulting equation for the {A4;} now forces
them to be divergence free (so we can drop ([I2d))), we can rewrite the above system

5These are mixed Lebesgue spaces to be defined in a moment.

6Even worse, this failure of dispersion for the gauge potentials raises serious questions as to
what happens in the case of nonabelian gauge fields. It would seem at first glance that this could
cause the Yang-Mills equations to be ill-posed close to the scale invariant Sobolev space (also
H% ). Perhaps incorporating the gauge structure into the iteration scheme in a more fundamental
way could fix this problem.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



WELL-POSEDNESS FOR MKG IN 341 DIMENSIONS 301

of equations as

(13a) OA; = =S P (¢D;d) ,

(13b) AAg = =S (¢Dyo) ,

(13c) O¢ = —2v—1(A,0%¢) + An A%p +/—1(0pAg) b
(13d) Ad Ay = —0'S (¢D;9) .

We remark that equations (I3a)—(13d) uniquely determine a smooth solution for
given smooth initial data satisfying the condition ([I2d)), and that (I3d) is automat-
ically satisfied for this solution.

A direct calculation of the quadratic nonlinearity in the equation ([I3al) shows
that it can be written as a sum of terms of the form (no summing over repeated
lower indices!)

(14) %Qm, ) -

Likewise, one can also write the quadratic part of (I3d) which contains the spatial
field potentials in terms of the @;;. To see this, we use ([I)) to write

(15) 4300 = 0,6 KO = = 3" Q6,5 Fy)
i<j
If we now pay attention to only those parts of the nonlinearity in (I3]) which
contain the null structures (I4)—(I3), i.e., we throw away the cubic terms as well as
any instances of the “elliptic” variable Ay (although it turns out that this term is not
easier to treat than the “hyperbolic” terms), we arrive at the following schematic:

(16a) oy’ = Dy | ' Q! ¥T)
(16b) Oy’ = Q(|D| !, ¥7) .

We will refer to the system (I0) as the MKG-CG model equations.

In recent years, the initial value problem for the system (13) has been extensively
studied in terms of the model equations (I6]). The first major break through, due
to Klainerman-Machedon [14], was to prove that the system (3] is locally well
posed in the energy space H!, and hence globally well posed due to the approxi-
mate H' conservation law for this system, improving the previous result of Eardley
and Moncrief, [4]-[5], thus removing the artificial restriction on the smoothness of
the initial data imposed in that earlier work. The approach of [14] was based on
estimating the oscillatory integral

t
(17) I /0 sin ((t = 5)[§]) G (s, ds ez S 211G llz2(o,xre) -

via a simple Cauchy—Schwarz, reducing the task of proving well-posedness to show
the space-time estimates of the form

t 2
D271 Qi (W7, ") 1 220,11 xme) S (Ill/JI(Uw) [t es) +/0 129 (s, ) ||L2(R3)d5> )
2

t
1Qi;(1D2| ™ 9", 7)1 22 0.1 xm2) (II’(/J o, ||Hl<1R3>+/O 1o (s, ) IILz(Rs)d8> :
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302 MATEI MACHEDON AND JACOB STERBENZ

for arbitrary test functions 1. While the above estimates are sharp (for solutions
of the homogeneous wave equation), their application via Picard iteration to the
system ([IG)) falls § a derivative short of the scaling because the bound (I7) destroys
the oscillations under the integral sign, loosing the extra decay for large &.

In order to push local regularity below the energy space H', it is necessary to take
advantage of the extra smoothing properties of O which come from the oscillations
in the integral (I7). To accomplish this, one first writes (I6) as a system of integral
equations (at least for a short time):

(182) AR ()]

(180) o =xe [+ 5 (@D 0h) | |

where yr is a compactly supported smooth bump function identically equal to one
on a fixed time interval containing ¢ = 0, and % is the standard wave parametrix
which inverts the wave equation with zero initial data. Here 3! © denotes propa-
gation of the initial data as free waves. This procedure allows one to replace the
symbol of O with inhomogeneous weights, so well-posedness can be recovered via an
iteration of the system (I8) in weighted spaces once one can prove bilinear estimates
of the form (away from the light cone, of course)

(19a) —— Qi (¥, ¢") 2oy S VO IDIFT 2 [Fagany

” \F |D|‘ :

S— 5 — s—1
(19b) || == - IDI~2Qu(IDI7" ", 9") |2 esy S I VO - DI 247 [Fagarn)

\/_

where s < 1 is the desired regularity. Using L? bilinear estimates for the wave
equation, Cuccagna [3] was able to show that (a slight variant of) the estimates
(M@ hold in the range where 3 <s<l

To push beyond the s = 2 regularlty becomes quite a bit more technical. To start
with, the estimate (I9al) by itself is not true for s in the range s < % , even if one
only considers functions 1! supported in an O(1) neighborhood of the light cone.
To see this, notice that if wl © are solutions to the homogeneous wave equation
that have been cut off smoothly in time, then one has the heuristic 1dent1ty|]

(0) (0) 1 7(0) 1 7(0)
Qi vl ~ vB (1D - (D)
Thus, (I9) is roughly equivalent to trying to estimate

1 1, 1(0) L 700 s,,1(0)
| == (P16l D) lpaoery S NDIYL [Faqgar -

D
In other words, trying to show that
1 7(0) 0)
0 g (P17 D) leaqoamy S 167(0) e

where 1! © are solutions to the homogeneous wave equation.
Using certain standard eccentric initial data sets (see the next subsection and
the work [6]), it is possible to show that (20) can only be true in the range % 2 s

7 See the null form bound (Z8).
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This failure is a serious setback to setting up an iteration procedure for the model
equations, because it means that the first iterate to the corresponding time cutoff
system is not in any subspace of the wave-Sobolev spaces X 3 for s close to the
scaling. It is important to notice that this failure is not just a problem for the

model; in fact, one sees immediately that the integral (20) would come up when

)

trying to put the first iterate Az(-1 of the true equations in the X*2 spaces.

Remark 1.1. We remark that in dimension n = 4, the analog of (20) is a true
estimate for s arbitrarily close to the scaling, which in this case is s, = 1. The
problem is that (I9h) is not true for functions other that the wi(o), i.e., ones that are
not localized in an O(1) neighborhood of the light cone in Fourier space. However,
one can salvage the estimate (I9h) for arbitrary test functions by placing some
extra norms on the right-hand side. The task is then to be able to recover these
additional norms via appropriate bilinear estimates, and thus prove well-posedness
of the model (@) for s arbitrarily close to the scaling s.. This has been carried out
in [I8] for the Maxwell-Klein-Gordon equations using the norms first introduced in
[16], and in [23] for the related Yang—Mills. Also, the corresponding critical Besov
space result for these equations can most likely be proved by using a combination
of the null structures we discuss in this paper and the setup used in [28] to treat
higher-dimensional generic equations. However, the problem of well-posedness for
the Yang—Mills or Maxwell-Klein—Gordon equations in the critical Sobolev space,
H'. would be much more difficult, and is sure to require the notion of covariant
X9 spaces as well as bilinear estimates for covariant wave equations.

1.2. Failure of the model and statement of the main result. In dimension
n = 3, the question still remains if one can somehow get around the problems
inherent to (1), and prove well-posedness for the model equations. It turns out
that this is not the case. In fact, one can show that any iteration procedure based
solely on the model equations will not work. More specifically, we will give a
heuristic proof of the following.

Theorem 1.2. For any % <s< %, there exists a sequence of initial data such that
10 I1(0
1A (0) = < 1, 10X (0) [l o < 1,

and such that the second iterate 1/)11\,(2) to the system (I8) has the property that

I(2
1N (@) [|are — 00

as N — oo, for any fized time t > 0.

The question of well-posedness now shifts back to the original equations, ([3).
It is a remarkable fact, and the main result of this paper, that one still has well-
posedness of the true equations arbitrarily close to the scaling.

Theorem 1.3. If s is any number such that % < s, then there exists an €(s) > 0
with the property that if the initial data for the system ([3) are specified such that

160 [[rs 5 11 0:0(0) [l > [ {Ai(O)} [[mrs 5 [[{0:Ai(0)} [ror < e(s)

with the gauge condition

(div){A;(0)} =0, (div){0,A4;(0)} =0,
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satisfied, then there exists a sequence of smooth functions ¢, and {A,}, each of
which is a solution to the system ([I3) on the interval [—1,1], and such that

Pn(0) — ¢(0), {4n(0)} — {A(0)},
Ovpn (0) — Gi¢ (0) , {0:45 (0)} — {84 (0)},

in H®. Furthermore, the above sequence is a Cauchy sequence in the space

H . ||C[71,1](Hs) n H . ||C(1)[71,1](H5’1) R

and converges on the interval [—1,1] to a solution ¢ , {A} of (I3) on that interval
which depends continuously on the data in the sense that

6t ) et + 1@ llem1am—1) S 1 6(0) [[a= + 1] 9:p(0) | o1
1A e vagms + 1A oo S LA} - + 1{OAO)} s

Finally, this is the only solution to the system (I3) which can be obtained as a limit
of solutions with regqularized data.

In fact, we will prove more. We will show that there exists a Banach space B*
such that our solution to the system (I3)) on the interval [—1,1] can be extended to
a solution of an appropriate time cutoff problem, and that this extension is unique
in the space B®°. We leave this out of the statement of the main theorem because
B? is not a fixed time space, and we prefer the statement of the main theorem
to be purely local. Also, our philosophy here is that special function spaces play
a secondary role, and that the real focus is on expanding formulas for iterates
in terms of previous iterates and controlling the resulting expressions “by hand”.

The remainder of this paper is laid out in the following way. In the next subsec-
tion we will give a heuristic proof of Theorem [[.2] which relies on some simplifying
assumptions as well as some approximate identities. We will also show there why
the counterexample is well posed when plugged into the true equations. We encour-
age those readers who are familiar with the model equations (I6), and the structure
of these sort of problems in general, to read this next subsection, and then pro-
ceed directly to subsections and[3.5], as the major part of this paper is centered
around proving enough estimates (which are more or less standard) that things can
be reduced to a sum of “counterexamples”, which are essentially the same as the
one discussed in the next subsection.

In the second section, we discuss the two main technical tools we borrow from the
recent literature. These are the Fourier space decomposition of the symbol of the
wave equation due to Tataru (see [33]) and T. Tao’s dual scale machine for proving
multilinear estimates for the wave equation, [29] and [22]. We should emphasize here
that this paper contains no “new technology” with respect to multilinear estimates
for the wave equation. Rather, the main difficulty of this work is in understanding
the structure of the equations (I3).

In the third section, we set up a time cutoff system for the equations (I3)) which
takes advantage of the extra identity, (I3d), for the elliptic term Ag. We will then
break this time cutoff system down in a series of subsections organized around the
various terms involved and the interaction in those terms between the “elliptic”
and “hyperbolic” variables.
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1.3. Proof of Theorem To understand what can go wrong with the model
equations (I6]), we will work out the first two Picard iterates for that system with
certain eccentric initial data sets. Because the complete calculations would be
unduly tedious, we will make the following two simplifying assumptions. Firstly,
in a usual time-cutoff iteration procedure, the initial Picard iterate would be the
time-cutoff solution to the homogeneous wave equation with the given initial data,

say
XT(b(O) ) {XTA(O)} )
with
¢(0) = ¢(0) , {A©0)} = {4(0)} ,
0,0 (0) = 019(0) , {0:A(0)} = {0:A(0)}
0¢® =0, D{A(O)}:O i

In our example, we will take {A(®(0)} = {9;4(0(0)} = 0, and we will replace
x1$® with the following approximate initial iterate:

(21) 00 (7€) = / n(r — N (A, €)dA,

where 7 is a smooth, even, and positive function such that n =1 on [-1,1] and 7
vanishes outside of [—2,2]. It is apparent that (ZI)) is essentially a y7¢(®) cutoff in
an O(1) neighborhood of the light cone, and that we have not lost anything essential
due to the exponential decay of x7¢(®) away from the light cone in Fourier space.

Our second simplifying assumption will be to replace the time-cutoff parametrix
to the wave equation occurring in the integral formulation of the system ([I6l),
with the following operator which has a simpler behavior in a neighborhood of
the light cone, but still has the same smoothing properties as the time-cutoff wave
parametrix:

VF(O) = | gl - 1) + =g (1= 00l = 16D) ] Fre)

! n
T+

With these choices in mind, we see that finding two iterates of the system (I6)
is roughly equivalent to solving the following system of equations:

curl)?
(22) AD v [( A) (6o qu&(;),m)} ,
_ 1) ai
(23) ¢(2) ==V [Az 0 ¢((1(;2))prox} .

We now let N be a large parameter, which we will allow to go to infinity, and
let % < s < 1. We consider initial data such that

—_— 1
0
$pproa (T, €) = n(r = |€]) WXB(N)(Q :

where B(N) is the box of dimensions N x N x N oriented along the positive &
axis at distance N? from the origin, as shown in Figure 1.

We will now show that the H* norm of ¢(?) at fixed time is unbounded as a
function of N if s < %.
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&

&

FIGURE 1. Initial data for ¢(©).

Our first order of business will be to isolate that portion of A which contributes
the most to the right-hand side of (23). Because the order of 82(15((1%)1”” and
8341)((1%,,09,; is a factor of N1 smaller than that of 5‘1@(1%,,095, this is

¢§3c))rst term — -V |:A§1) 81¢¢(1(;7)Z7Toz:|

In what follows, we will ignore the lower order terms. The reader can easily see
that these are negligible.

—_~—

A quick calculation involving the supports of d)((z(,),)pmx and d)((z(,),)pmx shows that the

support of A(ll) is a null plane of thickness O(1), directed along the &; axis. It is then
apparent that the support of Agl) *(;S,(l(,),)pmx is nothing but a thickening of the original

support of ¢S},},m. With these support considerations in mind, a simple counting
of the weights involved shows that we have the approximate identity (ignoring signs
in Fourier space for the moment):

(2)
worst term

~ AW L O

approx *

We now focus our attention on isolating the highest order term of A§1). A short
calculation counting the weights involved shows that this is given by the expression

(24) A ot term ==V [% (6o aW)]

Again, all the other terms in Agl) are of the order N~! smoother. Using the fact

that Ai” is essentially a null plane directed along the positive &; axis, we have
V(03 +05)~1,

so we can write (again ignoring signs)

~ ¢ A

approx approx -

A(l)

1 worst term
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With these calculations in mind, we see that the highest order term of ¢(?) can
be written (approximately) as the following trilinear expression of the initial data:

0

(25) ¢hzghest term (bgg))pro:c '¢f(1;0):m“09€ : ¢((1(;2))prox'
Calculating the above expression in Fourier space reveals that

o o o 1 ; 1 1 1

¢(1p)proz (bapproz ¢approx ~ N°. N3+4s N3 m 77(1(7- - |§|))XB(N)(Z€) :

Testing the above expression for H® at a fixed time we see that
(2) ~ N3—4s
” d)highest term(t) HHb ~N ’

which is unbounded unless % < s. We arrive at the conclusion that it is not possible
to iterate a time-cutoff problem associated with the model equations ([I6]) without
dropping out of the space H® at fixed time.

If we plug the above counterexample into the true equations, we immediately
come upon the following realization: the expression

1 1 07
A= (e 0

is easily seen to be the same size (with the same sign!) as (24)) on account of the
relation
-1
8t¢app7"o;c = al¢approx (1 +O(N )) :
This means that for the true equations, the correct expression for the highest order
term in ¢ is

1(572"216 ==V |:A (I V(aQ + 83)) (¢ap;m“ox al¢appT0I) 81¢app7"0:c:|

The cancellations between the elliptic and hyperbolic terms now takes the form
of the following approximate identity:

(26) (I - V(8§ + a?%)) <¢approx alﬁﬁz(z(;))prox) ~ O( )¢approx al(ﬁz(z(;))prox .

Strictly speaking, (Z6]) is only true in the region of Fourier space where the

support of () x () is a distance ~ N from the light cone, but it turns out that
the symbol of (I - V(03 + 5‘%)) contributes enough at every distance to make things
work out, so we will just assume that (26) holds everywhere.

This shows that for the true equations, the initial data we have taken for our
counterexample yield a d)tme that is an order N~! smoother than the ¢®) previously
constructed. Testing this for H® at fixed time yields

2 —4s
| dione(®) I =~ N2~

true

which is bounded in the range % < s.

2. NOTATION AND PRELIMINARY ESTIMATES

For quantities A and B, we write A < B to mean that A < C - B for some
large constant C. The constant C' may change from line to line, but will always
remain fixed for any given instance where this notation appears. Likewise we use
the notation A ~ B to mean that % -B <A< C-B. We also use the notation
A < B to mean that A < % - B for some large constant C'. This is the notation
we will use throughout the paper to break down quantities into the standard cases:
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A~ B,or A B,or B« A; and A < B, or B <« A, without ever discussing
which constants we are using.

For any quantity A, we will employ the notation A+, (resp. A—) to denote the
expression A+ ¢ (resp. A—¢), for € > 0 and ¢ sufficiently small. It is crucial to keep
in mind that we do not assume any uniformity in the A+ notation. Specifically,
the implicit constant in any estimate in which this notation appears may depend
on the choice of e. We employ this notation to eliminate complicated formulas of
small numbers which depend on various fixed parameters in our proof.

For a given function of two variables (¢,7) € R x R3 we write the spatial and
space-time Fourier transform as

~

fit6) = / e ED (¢ 1) di

Fir€) = / ¢ 2HTHED) F(¢ 0 dida

respectively. At times, we will also write F[f] = f We also use the mixed Lebesgue

space notation
1
1wy = ([ 1w @)

At times, we will use the notation L? as a substitute for L?(L?). Because of this,
we will distinguish the spatial version of L? with the notation L2. Also, in certain
places in the sequel, it will be convenient for us to employ the same type of notation
in Fourier space. Since this will cause us to switch the roles of time and space, we
will use a subscript to emphasize the order of integration, for example we will use
Lg(Ll) with the obvious meaning. Also, we will often replace LE(LE) with the

shorter L2.
Throughout this paper, we will employ the standard differential multipliers
[Da|* = &,
(Da)* = (L+ €)%,

(Diw)® = (L+|(1,6))%
We will also make use of the standard homogeneous and inhomogeneous Sobolev
spaces of the spatial variable. These are defined via the formulas

Il = D= Fllzz
ey = 1{Da)* ez -

Let ¢ be a smooth bump function (i.e., supported on the set |s| < 2 such that
¢ = 1 for |s| < 1). For A € 2%, we denote its dyadic scaling by @\ (s) = ()
Following Tataru [33], we list the standard Littlewood—Paley type cutoff functions
used to decompose the symbol of the wave and Laplace equations in Table 1.

For each of the cutoff functions listed in Table 1, we will use the same uppercase
letter to denote the corresponding Fourier multiplier operator, e.g. ]S;\\f =D Af. We

also use a multiindex notation to denote certain compositions of these operators:
Py =PC Py g=P\Cq ,
Sx1=5\C1 , Sx,a = 9\Cy
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TABLE 1.

309

Cutoff

Description

p<1(§) = ¢(€])

Inhomogeneous spatial cutoff

PA(&) = @ ([€]) — 1 (I€])

Spatial cutoff at frequency A

s.<1(7:€) = ¢(|(1,€)])

Inhomogeneous space-time cutoff

sx(7,8) = p2x(I(T, ) — @1, (7))

Space-time cutoff for A > 1

c.<1(r,€) = w(I7] = [€])

Inhomogeneous cone cutoff

ca(1,8) = @aa(|| — 1§]) — ¢%d(|7'| —1&]) | Cutoff at distance d > 1 from the cone

At times we will also use the notation Sy, (resp. Sy ;) to denote that the multiplier
in question is supported in the upper (fesp. 1ower)/ half-space. We will also make
use of certain other multipliers whose meaning will be clear from subscripts; e.g.
we will write Sj¢|«|-| to denote cutoff in the space-time region [{| < |7]. Also, in
the sequel, we will write I — C.c1 = S. a>1.

We now describe a device which will be crucial for the decompositions which arise

in this paper. For each angle a of size |a| ~ \/g in the spatial variable in Fourier

space, we can restrict the multiplier S|;|<|¢Sx,a so that its spatial support lies in
this solid angle. We label the smooth, uniformly finitely overlapping partition of
unity corresponding to this by {S¢ ;}. One has the reconstruction formula

SiriglerSna = > SR
a€es?

Notice that each of the multipliers Si 4 has Fourier support in a parallelepiped
of size A X vV d X vV Ad x d oriented in the radial direction along and at distance
~ d from the light cone. These will be building blocks for some of the norms we
introduce in the sequel.

If X; and Y are Banach spaces, and L; are any linear maps on the X;, then for
any constant M, we write

[[Li(x) € MY

to mean that for any set of functions ¢* € X;, the following bound holds:

(27) I HLi(é")HY S MoHII ¢ |x. -
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For example, in this notation one can write the frequency-localized 3-dimensional
Sobolev embeddings as

P\(L2) C AP7PLE , 2<p.

If ¢ is a set of functions, and Y is a Banach space, then for linear operators L;,
we will employ the embedding notation

to mean the same as (27), where the spaces X; are defined by the context.

If F'is a function on space-time, we will denote by W F'(0) the solution to the
homogeneous wave equation with initial data F'(0) and 0;F(0).

Let E denote any fundamental solution to the homogeneous wave equation, i.e.,
one has the formula OF = §. We define the standard Cauchy parametrix for the
wave equation by the formula

1
=F = ExF-WExF(0).

Explicitly, one has the identity

1 o [sin 2|t - 5) o
SF (L€ 7_/0 B — F(s,€) ds .

For any test function F', we also define division by the symbol of the wave
equation away from the light cone by

(I—Cl)F = E*(I—Cl)F

1
Of course, the definition of % does not depend on F as long as we stay away from
the light cone, and for us this will always be the case. Also, one has the formula
v
Ar(72 — [¢)
We end this subsection with the following well-known bound on the symbol of

the projection P, adapted to the notation of this section (for a proof see e.g. [16]).
This will be used many times in the sequel:

F| 2= coF| o) - (1= e)F(r).

Lemma 2.1 (Null Form Bound). Given arbitrary test functions ¢', one has the
bound

(28) "(f ['PS)\7(1 (SH1751¢1 VSH2752¢2)] ‘

max{d, 6,05} 2
A2

2.1. Some multilinear estimates for the wave equation. One of the main

tools we will use in our proof of Theorem [[3lwill be the the standard device of foli-

ating certain multilinear estimates for the homogeneous wave equation. Throughout

this section, we employ the following convention: Given f, some function of space

only, we denote the forward and backward wave propagators by the formula

<

~

1 —~ 1 —~
S\,d (Ml2 Sp1,61 |¢1| * 13 Sy, 5 |¢2|> .

~

WHEf(7,6) = ot F [ENS(E) -
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By taking inverse Fourier transforms, we have the formulas:
(29) Blt) = WEF(t) = 227V Ey

All of the solutions to the wave equation we discuss in this section will be assumed
to be of the form (29)) above. This will streamline the discussion of some of the
estimates used here because we will not have to worry about time derivatives when
considering initial data. We now begin by stating the standard linear Strichartz
estimates on (3 4 1)-dimensional Minkowski space; see [7].

Lemma 2.2 (Strichartz Estimates). Let 2 < q and 2 < r < oo be such that
é + % < %; then if O¢ = 0, the following estimate holds:

(30) [éllzary S [1600) I
where the scaling relation % + % = % — s holds.

We now move on to multilinear estimates; these can be divided into two groups.
The first will be the standard set of bilinear Strichartz estimates; see [22] and [23].

Lemma 2.3 (Bilinear Strichartz Estimate). Let 2 < ¢ and 2 < r < oo be such that
% + % < %; then if O¢' = 0, the following estimate holds:

(31) D=7 (¢ ") Il 3 15y S H 16"(0) | =0 -

gy 1,3 __3 _4_6
whereso+2+q+r—2anda<3 s

We will also have an occasion to use certain bilinear estimates which are stronger
than (B3I but rely on the additional assumption that the waves involved have dis-
joint directions in Fourier space. Specifically, we call a + wave (resp. — wave)
a solution to the homogeneous wave equation which is supported on the forward
(resp. backward) light cone in Fourier space. We now state a precise L? bilinear
Strichartz estimate for waves whose initial data are separated by an angle ©. We
mention that this idea appeared in Bourgain’s appendix to [17].

Lemma 2.4 (Angular Strichartz Estimate). Let dy < da. Let ¢ppe, tps be waves
with data fpe and ggs, respectively. Assume fBa is supported in a parallelepiped
B® of size A x /Ady x vV dy and Ggs is supported in a parallelepiped BP of size
A X VAdy x /Ady. Also assume that ¢ppe is a + wave and ¥gs is a + wave, and
further that the angle between B® and £B” is bounded below by ©,in. Then

M Ady

1/2
oot ) o e lgms e

(32) | 650 050 lpazny < (

Proof of 82). A direct equation shows that we have the formula

(83)  bmetms(r6) = / 57 Inl — |& = nl) fae (€ — s (n) dn.
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Thus, using Plancherel and Cauchy—Schwarz with measures, it suffices to prove that

/5(T F Inl = 1€ = nl)xB=(§ = n)xps(n) dn

dSg(r.e)(n)
2(1& = nl £ )]

J o €

< AV Ady
~Y (_) ?

where R(7, &) is the ellipse or hyperboloid defined by the formula 7 = +|n|+ |€ — ),
and dSg(;.¢) is the corresponding Euclidean surface measure. The above inequality
now follows directly from the bounds

G)min 5 |v?7(|€ - 77| + |77|)| ’
BN R(r,€)] < A/Ads .

Notice that the orientation of the blocks B® and B” does not matter here. The
only things of relevance are the minimum angle between these two regions and the
fact that any sufficiently regular hypersurface can only intersect these blocks in a
cross section that contains the long direction A at most once. O

As a first application of ([32), we prove the following strengthening of (&I in the
L? case, based on the assumption that both waves in the product are supported on
the same cone:

Lemma 2.5 (Special Bilinear Strichartz Estimate). If O¢' = 0, and both ¢' and
®? are + waves (or both are — waves), then for any 0 < so < % the following
estimate holds:

(34) 1Da |71 250(616%) [l 2(22) S HIW ) a0 -

Proof of @&4). Our first step is to decompose everything into dyadic frequencies,
using the Plancherel theorem to trade derivatives and weights. Here and in the
sequel, we use the following standard subscript notation for truncation in Fourier
space:

% _ %
Wi ]Dlh(b .

We now compute that

| [Da] 714250 (¢ 6%) || 12(22) S Z)\ 120l Py (o), - 62,) llr2cee) -
A i

We now break into cases depending on the size of the various frequencies involved.

Case 1: pu; < p2 or s < pp. We will assume without loss of generality that
1 < g, the other case being the same by symmetry. In this case, we must
have A ~ y2, so by a direct application of Holder’s inequality and classical L*(L*)
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Strichartz, we can bound

Do AP (), - p) ez

Asphi
1<K 2
N Z py 0 @ - 8% e (e
1<K 2
1-s0
H1 s
<y ( ) (2™ | 61, (0) 1221 62, (0) [ 2
p1 <K p2 H2
1_, 3
p\?
<10 (Z (—) ||¢,<)|Hw>
i=1,2 \prps \H2
S 119" (0) | o0 11 6% (0) [l =0 -

Case 2: p1 ~ po. In this case we will assume without loss of generality that
11 = p2, and we begin by decomposing the Fourier support of each (;SL into a sum
of blocks of size A x A x A with (uniformly) bounded overlap. We enumerate this
collection of blocks by a and write
-y
(07

Then P (gzﬁb . d)i) becomes the essentially diagonal sum:
B
PORCAR A
|a+B]<8

Then, for a fixed A and p, using the estimate (B2) with d = A we can bound
I Px (¢, 912) N2
S DY A (% -0, ) 2222

|a+3]<8

SA ST 16470 122l 627(0) |12

|a+B]<8

2N | R EACIZY

1=1,2

Summing over A and p we obtain

Z)\AHSOH Py (8- ¢2) llr2c2

Ap
IR EAOTPA A
Ap
A 250
-y (;) 1 60) oo | 62(0) [ 50
Ap

S 16" 0) 1720 167 (0) Il o -

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



314 MATEI MACHEDON AND JACOB STERBENZ

The second group of estimates we will need is the trilinear analog of (3Il), which
we will only state for the line % + % = % Estimates of this type are originally due
to Terence Tao [29].

Lemma 2.6 (Trilinear Strichartz Estimate). Let (q,r) be given with 3 < q and

% + % = %; then if O¢' = 0, the following estimate holds:

(35) D2~ (0" 6*6") Il 5 15y S T 16°(0) lea;

o 1,3 _3 _ 3. 2 _1
whereso+§+a+;f2anda<1 T,henceso>3 o

Proof of (38) . We first run a frequency decomposition on the left-hand side of
B3) to obtain:

LHS. of @) = || Y |1Dal P (0, b1y 00,) 1315, -

Ay hi

Next, we break into cases depending on the relative sizes of the various frequencies
involved.

Case 1: X\ ~ max{y;}. Without loss of generality, we will assume that max{u;} =
ps. In this case, we may use Holder’s inequality and the linear Strichartz estimate

B0 to bound

—o 1 2 3
H Z |D$| Py (¢u1 '¢u2 ) Ms) HL%(L%)

Hi s A
1,42 U3
~H3

— 1 2 3
f, Z M3U|‘¢u1' ne " Pus ||L%(L§)

1,2 K ps

SO w3l e lpewn | 65, lpawn 1 65, Iz
P, p2 < ps
M1 3 M2 3 :
S X () () 10k O a1 0 | 6,0 e
< H3 H3
1,213
o o %
i\ ® e\ F
< sl O lao [T | 0 (—) (—) 164, (0) Iy,
K3 1=1,2 \ p1,p2<p3 Hs 1
<1 0) 10| 620) 11 | 6°O) 1 1 -
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Case 2: min{u;} < A, and A < max{y;}. Without loss of generality, we will
assume here that p; < A. It then follows that pus ~ 3, and we can bound

—0o 1 2 3
” Z |D9L’| Py (¢M1'¢u2' u3) ”L%(Lg)
i s A
p1<A
AL 2~ 3

’S Z )\_a” P)‘ (¢/111 PS)\((biz ’ i3)> ”L%(L%)
i A
€
AL 2~ 3

_2 1 — 20 2 3
S Z || A 3¢H1 ||L‘1(LT) : H AT s PS)\ (¢p,2 ! ;1,3) HL%(L%)
i s\
H1<A
AL 2~ s
1 —2e 2 3
5 H(b ||H50 ' Z ||)\ JPS/\ (¢,u,2. ,U«S) ||L%(L%) .
AL o~ 3
The condition %U < % — % guarantees we are in the correct range to apply (BI)).
However, we cannot simply do this directly because for fixed ps ~ ps we need
to sum over all of the A involved. To get around this, we rely on an “improved”
Strichartz estimate used in the proof of ([B1I); see [23]. This states that there is an
e > 0 (depending of course on the various exponents involved) such that

_20 A\ .
I P (@08 Tt s) S (o) 160 Lol 65,0 i

The desired inequality now follows by summing through using a Cauchy—Schwarz.

Case 3: A < min{y;} , and A < max{p;}. In this case we are dealing with sums
which are all of the form

— 1 2 3
(36) ” Z |DI| UP)\( i Ppa Hs) “L%(L%)
ASp1 Sp2~ps
— 1 2 3
S Z A U”P)\( 1 Ppe lls) HL%(L%) )
ASp1 Sp2~ps

In order to bound (B6]), we will show the following scale invariant estimate:
(37 N Paldp, O, - i) 5 15

< yl-8 3-1 2-1 2.1
SN Tpy Tpg T

i (0) 121l 032, 0) Il 22l 67, (0) I 2 -
This will be enough to add over the dyadic values of A < p1 < po ~ p3 in the sum
(B6) because o — (1 —2) > 0 and

2
1-2 3~ -
AT g

2
B T

1
-

3=
3=

W

o—(1—3) o—(1-2) o—(1—

AN A A\ e
() 2) @)
ey Mo g I 11 13

We will now assume without loss of generality that ps = pus = 1 in [B7). What
we are then trying to show is that

3
T

3 2_1
L3

(38) I PAh- 6 6Dl g05, S M Hu
for A< p <1,

$u(0) [l 2l #*(0) || 2l 6°(0) [ 2
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To prove (38)), we use the two—scale physical space method which appeared in
[29]. See also [22] for applications to bilinear Strichartz estimates. To implement
this, we begin by tiling R? with cubes Q%, of side length % Using a direct compu-
tation involving the convolution kernel of Py, one can easily show that

3
- _9 r r
I P63 6D g sy S AP (DD 6k 630t IEua,)) I g -
Q1 -2 !
Py

After several rounds of Holder’s inequality, the above estimate reduces the proof of
(BY) to showing that

l,
|| (Qzl lonllizcey))”
X

This last estimate can be found by interpolating between the plain Strichartz esti-

mate
(D lenl
Q1

and the “improved” Strichartz estimate of T. Tao (taken from [22]),

1
(X Neullizi,))
Q% o

2
r

_2 2.1
e S AT 4u(0) [lze

1

G _2
bay) Ny S #F

Gu(0) 22

L S AT ] 6u(0) || -

O

Finally, we state a rebalanced version of (3] that will be useful in applications:

1

Corollary 2.7. Given s > 5, then if g > 0 is sufficiently small, there exists a

q > 3 depending on both s and €y, such that the following estimate holds:
(39)  [{D2)* (8" ) 4 12y S N0 O)lzrr—e=eo ] 116°(0) I1r- -

i=2,3
Proof of (89). Notice that the multipliers and Sobolev spaces in (39) are all inho-
mogeneous. This allows us to reduce the problem to one on fixed dyadic frequencies.
Furthermore, when discussing low frequencies, we will assume that the P, multi-
plier in the ¢! notation is replaced by P.<;. We begin by choosing €y so small that
the r appearing in
1 .
1D @b, 02 62) g s, S T1 164,00l 5-a
i=1,2,3
is close enough to 6 (notice that r < 6) that one has
s—1/2

(D))"= L3 C L?.
That this is possible follows from the fact that o = sg = % ,q=3,and r =6 is
an end point of ([BH) (see the remark below), and if r is made smaller, the scaling
makes sg smaller. If py < max{ue, pus} in (@), then a straightforward rebalancing
of the weights and Sobolev’s inequality show that

(40) (1 (Dx) ™" Pr (b, * Dpas * Das) Nl % 1)

S A0, ) oo+ T (165,00) llze-2e0) -

i=2,3
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Furthermore, if max{pso, 3} < p1, then g ~ X in (@), so by a direct application
of Holder’s inequality and three rounds of Strichartz, this estimate is still true. The
extra room in all the dyadic variables now allows us to add this estimate directly
over all dyadic variables to achieve the desired result which is (89). (]

2.2. Foliations and some function spaces. We now discuss the the main norms
that will be used in this paper. These are Tataru’s Besov space version, X;’a, of
the “classical” H*? spaces, the “outer block” norms Y*¢ which first appeared in
[33], some modified mixed Lebesgue spaces, and various Sobolev type spaces based
on space and space-time weights.

The basic building blocks for the X norms are the following family of seminorms:

A
lulfey =D dlSrnaulfs, Ae2 .
P 1<d

Note that the summation in the first norm is taken over all (dyadic) values of 1 < d,
thus, these norms are inhomogeneous. The X and Y norms themselves are then
formed as follows:

2 2 2
JulZo = 3 Mluly .
g2zt
0
[ wllyse = A°d sup | S)ri<21e) SRav | L+ (o -
9 ,l
We note that the summation in the first norm above is taken over all dyadic values
of 1 < A. We also mention briefly that our Y norms here are not a single norm but
in fact a collection of norms. This means that some care needs to be taken when
interpreting the notation v < Y. We will always take this to mean that for any
0 < €, and e sufficiently small, there is a C, such that
0
A*d” sup || SY gu || prvepeey < Cellull
9 )a
We note here that the need for this notation is due to the failure of the L?(L*)
estimate for the (3 4+ 1)-dimensional wave equation. In principle, in a normal time
cutoff iteration procedure for a problem not at the scaling, one should be able to
work with an L?(L>) norm by adding a few derivatives where necessary. However,
this option will not be open to us here because the specific structure of our iteration
argument only cuts off in time around the light cone. Therefore, all our integrations
will be effectively global in time, so we will need a genuine substitute to L2(L%>).
The L'*¢(L>) notation above refers to the spaces

1 £ za@ry = mf{ll g llLaery | 1F] < 3} -

Notice that all Strichartz estimates and Sobolev embeddings carry through to the
L4(L") spaces with the obvious modification of the above notation for measures
supported on the cone. Also, any L2 multiplier is trivially bounded on these
spaces. In order to streamline our proof, we will always use these norms in this
paper, wherever it would be natural to use LY(L") even if it is not entirely neces-
sary. However, a little care needs to be taken in order for this to work, because for
instance, one does not have the inclusion L(L") C L¢(L"). Due to these consider-
ations, we point out that all of the norms used in this paper, with the exception, of
course, of the energy type estimates L>°(H?), depend only on the size of the Fourier
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transform; thus all Fourier transforms will be tacitly assumed to be positive, except
in those cases where we need to show L*°(H?®) bounds by hand.

We will also have occasion to use some multiweighted space-time Sobolev spaces
when dealing with certain “elliptic” variables. We define these as

lullpars = [|{Dte)"(Da)"|Da| | L2(22) -

We will also use the following notation to denote certain spatial energy type spaces
based on space-time weights:

lwllzaca; ) = I {Dea)’ullLare) -

The final “norm” we introduce here is not really a norm but a convenient notation
for testing embeddings via duality. We will write

lulle = /u

The advantage to the £! notation, as opposed to using the space L'(L'), is that
it allows us to trade weights via the Plancherel theorem while it also supports
Holder’s inequality for the L(L") spaces. For instance, it follows from the notations
introduced above that one may write

lut - 1Da " u? [l < Del ™70 | zaqzry D] =70 || zor 2 -

Finally, we briefly recall the standard mechanism for transferring multilinear
. . s,0
estimates for the wave equation to the spaces X7"".
If » is a function on space-time, then we denote by u7 the Fourier transform of
w restricted to the s translate of the positive light cone, i.e.,

—

(e = / 57 — s — [€D)(r.€) dr

Let u; denote the same integral with §(7 — s — |£|) replaced by d(7 + s + |£]). By
refoliating things, we get the reproducing formula:

W(r,€) = / 5s T+ € (€) ds |

This notation and the Fourier inversion formula allow us to write u as a sum over
forward or backward waves:

(41) u(t,z) = /ei%“s WHuE(t,z) ds .

Using the formula (I) along with the fact that [[u |z = | uf

the linear multilinear Strichartz estimates of the previous section as follows. If u?
are test functions whose Fourier transforms lie in the upper half-plane, and if we
are in the range stated in Lemma 2.3, then we can estimate

H |DI|7”(u1u2) HE%(E%)

SN v s W @20 [ g5 dsadss

Lz, we extend

AN

N

S 2 i dssds

Sl gl

1 .
Rk}
Xl

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



WELL-POSEDNESS FOR MKG IN 341 DIMENSIONS 319

By decomposing a given set of test functions into sums of pieces supported on the
upper and lower half-spaces in Fourier space, we have shown that:

Lemma 2.8 (Foliated Bilinear Strichartz Estimate). If u’ are arbitrary test func-
tions, then if 2 < q and % + % = %, one has the estimates

(42) o Y Y

for%—l—’y—l—%—i—%:% (mdo<3—%—g.
There are similar estimates for the X spaces based on the other Strichartz esti-

mates proven in the previous subsection. We omit the details.

2.3. Some frequency interactions and a fundamental decomposition. We
begin here by recording the following notation which will be used for the rest of the
paper: For any product, or more generally, any quadratic form u - v, we define

los
(43) < u-v >§{O><;IC:0:26 = Z S>\7d [5017711 (u) ’ 502,?72 (U)] )
1<K o1 ~o2
max{n1,n2}<Kd
medium cone
(44) (u-v >H><H:>L = Z Sxd [Sffl;’fh(u) '5027772(1))] )
1<K o1 ~o2
dSmax{ns ma SN
close cone
(45) < u-v >H><L=>H = Z 50’2,’02 [S)\,d(u) ’ SUI:"]I (’U)] )
1AL o1 ~o2
max{n1,n2}<Kd
di 7
(46) (w-v)piioy = > Soams [Sx,a(w) - Soy i, (v)] -

1<K o1 ~vo2
d<Smax{ni,n2} S\

It is helpful to notice that a High x High = Low interaction is dual to High x
Low = High interaction. Also, the interactions ([43]) and (44)) only happen when
Seym and Sy, p, are in a + — interaction (that is, they correspond to a product of
a + and a — wave), while ([45) and (#6) only happen when Sy, ,, and S,, ,, are in a
+ + or — — interaction. Also, the decompositions ( - )ciose cone a0d { * )medium cone
are disjoint with respect to the Fourier supports of the S,,, 5,. This guarantees there
is no overlapping in a sum of these decompositions.

We mention here that a quick calculation shows, because of the condition
max{d1,d2} < d, that one has the identity

S < . >close cone __ < . >close cone
1< <2(¢] HxH=L — HxH=L *

This will be useful in situations where the Y norms appear.

The frequency interactions (43))—(@6l) encapsulate the main difficulties we will
encounter in this paper. Roughly speaking, the High x High = Low interaction
will be the worst part of the potentials {A}, while the High x Low = High
interactions will be the most difficult part of ¢ to control.
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In order to save space in the last section of the paper, we will also employ the

notation
(u-v >H><H=>L = Z Sx.d [So'lvnl(u)'SUzy"h(v)] )
ALo1~o2
max{n1,m2} <A
(V) gpmn = D, Sosm [Sna(w) Sorm ()] -

ALo1~o2
max{n1,n2 } <A

Apparently, one has the identities

(w0 ) = (w0 Valw Sy + (o v Sty
o close cone medium cone
(u-v)pgpmm =(u v)g g +(u-v)g—p

Because of its importance in later sections, we will now give a precise decom-
position of the terms in the sum ( - )5%°" The idea will be to restrict the
angular regions where the product in these terms may interact in Fourier space.
This method has been used in various forms for some time now (see e.g. [33] and
Bourgain’s appendix of [I7]), and it is precisely the tool we need in order to prove
the multilinear estimates which appear in the sequel.

In what follows, we will restrict our attention to a single term in the right-hand
side of (@3)). In later sections we will also need this decomposition in the range
(4); this will involve a straightforward modification of the procedure below. We
will also, without loss of generality, assume that we are in the (+—) case. Our task
is now to decompose the convolution

+ —
(47) S\,d (S,Uflyél * 5#2752) ’

where we are in the range A < p1 ~ po and max{dy,d2} < A.
As mentioned above, this will be accomplished by isolating the angles where the
+ —

S5 and s s can interact. For (1,6) € supp(sjhél) and (7/,¢&') € supp(s;z’éz)
we compute that

d~ i+ =g +€|
| 1€l = 11+ 061) + 02| — Ig+¢l |
| 1161 = 11+ 061) + 0| — |16l = €'l] = le+¢€+ |Iel - 1€/l |

2
206 +0w) + Low o) |

Because of the restriction max{d;,d2} < d, an immediate consequence of the
above calculation in the following restriction on the angle between the spatial pro-
jections of the supports of 87;1 5, and s

p2,62°
VAd
(48) Ot S —— .
I
To take advantage of [{F]), we decompose the spatial supports of s;rl 5 and 5112 52

into (essentially) disjoint blocks of dimension A x V/Ad x v/Ad which are oriented in
the radial direction.

Next, label these blocks by B* and B? and denote the cutoff of the multipliers
Su1,0, and sy, 5, along these labeled blocks by s ., ;5 and 552;)\’(1,52, respectively.
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Notice that the multipliers S Adiby and 552;)\@,52 are supported on sets of size

roughly A x vAd x vAd x 6;. We emphasize the fact that the supports here are
not parallelepipeds, because d; < d. Therefore, some care needs to be taken to dis-
tinguish these multipliers from the Sf’ 4 multipliers introduced earlier. We mention
here that the usefulness of the Spiind,s; Comes from the fact that their supports have
a specific size, which will always turn out to be small enough to get the estimates
we need through fairly elementary means.

Using this angular decomposition, we can discard the sy 4 on the left-hand side
of (@7) and write the convolution as an essentially diagonal sum. We record this
fact as

Lemma 2.9. Let ggl be positive test functions; then if

(1) A<y ~ o , and
(2) max{d,02} < d ,

one can bound:

+ ks B2 PR e
(49)  sna (%m‘bl * 5u2,52¢2) S Y Sada® s
|®B<¥ ,—BB |S@
Due to the fact that the above sum is essentially diagonal, we often abusively
write

a 1, B o _ a 1, o o
> Sads ® F S 458 = D Shiads® * Spas® -
[0

‘@Ba’_Bﬁ‘s%

3. THE ITERATION PROBLEM

Our solution to the system (I3) will be obtained through Picard iteration on
an auxiliary system whose solutions agree with those of (I3)) on the time interval
[—1,1]. However, the usual time-cutoff procedure based on the operator XT% will
be too crude for our purposes. The reason for this is that we will be forced to
expand our iterates at the k' level in terms of the previous three iterates. In this
type of procedure, taking commutators with the time cutoff function xr becomes
too much trouble because keeping track of the various Fourier supports is difficult.
The type of operator we would like to use is %S \,d, which does not change Fourier
supports, as opposed to XT%S \,d Which does. To realize this, for the part of the
nonlinearity N which are supported away from the light cone in Fourier space, we
shall replace the expression

1
(50) XTES)"dN
by the formula
1 1
ES)\,dN — XTW ES)\,dN(O) .

However, we will still use (B0) in an O(1) neighborhood of the light cone.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



322 MATEI MACHEDON AND JACOB STERBENZ

To save space, we write the nonlinear terms of (I3)) as:

Ni({A},6) = - PS (d)““*l)W _ \/__1A(k71)|¢(k—1)}2) 7
NQ({A}7 (b) =-9 ((b(k_l)W _ \/__1A(()k*1)‘¢(k—l) |2> ,
Ns({A},¢) = = 'S (qs(’“*l)W — \/__1A§k—1)|¢(k71)‘2) 7

Ni({A},0) = —2v -1 (—Aék_l) 8oV L A V¢(k—1))
_ |Aék—1)‘2¢(k71) + |A(k71)|2¢(k71) + J—_lﬁék_l) ¢(k71) .

The system we will iterate is then
1
Agk) = xr (AEO) + 55.71N1({A(k—1)}7¢(k—1)>

(51a) W éS~,d>1N1 ({A(k—l)}, ¢(k—1)) (0))

1
+ES~,d>1/\/1({A(kﬂ)}afﬁ(k*l)) ;
1
(516) AP = TN ({A%D}, 00D

B0 A= Aae(ae o).

(51d) ¢® = xr <¢<°> + éN4({A<“>},¢<“>)> .

Notice that we have replaced the field 0;Ag in the nonlinearity Ny with the field
Bp. Since we will be approximating our H 37¢ solution by a sequence of smooth
solutions, we need to know that for any sufficiently smooth solution to the system
(BI), i.e., a solution to those equations with k = oo, one has that 9, Ag = By. This
can be seen as follows: Suppose {{A}7 Bo, ¢} is a smooth, say at the level of H? or
better, solution to the above iteration problem. Then on the time interval [—1, 1],
a direct calculation shows that

20, Ao+ 'S (63,0 — V=TAig[)
0;

= dolo|” + S (606 — v=1Aife[*) J9]”
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so on this time interval, the function
i (A= 2
F o= o4 + 39 (086 — V=146
solves the following equation at fixed time:

~AF+Flg]* = 0.

An integration by parts argument then shows that one must have F' = 0 on the
interval [—1, 1], thus

0tAo = Bo

on this time interval. This shows that {{A}, ¢} is in fact a solution to (I3) on this
time interval.
The iteration procedure begins by setting

DAY = 0@ = A = =0

with the initial conditions

A (0) = A,(0) € H, A (0) = 0,A; (0) € H* 1,
¢©(0) = ¢(0) € H* , 8,69 (0) = 8,6 (0) € H* |
div A;(0) =0, div 9;A; (0) =0 .

All of the above H® and H* ! norms are assumed to be less than some small
€(s) which will be implicitly determined in the proof. Specifically, due to the qua-
dratic and higher nature of the nonlinearity, we choose €(s) so small that all of the
embeddings listed below hold with the same uniform constants.

Now, for any N, we have the inclusions:

(52) xro® , xr AQ — xPN

which follow from the fact that both x7¢(®) and y7 A(®) have exponential decay
away from the light cone in Fourier space.

The bootstrapping assumption we will use in our iteration is the following: for
1 =1,2,3, we will assume that there are splittings

(k=) _ 4(k-D) (k1)
(53) Ay = Ay peetaes T A0 (Lenreyz )

(54) 'B(()kil) = 3(()kil) loo T B(()kil)

H (Dy) ™"~ % (LoonL2)(L1)
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and that the following uniform inclusions hold:

(55a) A0 (L0 L) (Hf,)
(55b) gkD < X7F

(55¢) L A
(55d) AFTD oy, = (E®NLP)(H,)
(55¢) BY T e o HTROO

(55f) Bl — (Dya) T3 (L® N LA)(LY) .

(Di.) ™2 (LoenL2)(L1)

The main focus of this paper will be to show that if this inductive hypothesis is
satisfied, then the above inclusions hold with the same uniform constants for [ = 0.
We mention briefly here that there is a similar splitting for the spatial components

1

of the vector {A*~D} which involves the space X f "2 The reason we do not list
the corresponding embeddings here is that their assumption is not needed in order
to prove those same estimates at the level of the next iterate. Also, making the
bootstrapping assumption (BH), we will show that the following embeddings hold,
with the same uniform constants as those mentioned above:

(56a) AW L) AW — Lo(HSYY

(56b) o™ — L>(H), O™ — L=(H:Y) .

Finally, we note here that even though we will not spell things out explicitly, the
reader will see that our method of proof can be altered in a straightforward way to
accommodate differences. Therefore, to prove Theorem [[[3, it will suffice to prove
the inductive estimates that we have listed above.

3.1. Estimates for the spatial potentials Az(-k). We begin this section by de-
composing the Agk), collectively referred to as A*¥) for the remainder of this section,
into a sum of pieces, each of which will be estimated separately.

In order to show our induction, all that is required of us is that we prove the
inclusion (B5al). This, however, is much too weak for our purposes. What we will
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1
need to know is, roughly speaking, that A®) is in the space Xf’Q. Of course, as
we know from the range of the estimate (20)), this cannot hold even at the level of
the first iterate if s < % As a substitute, what we can show is that most of A®) is

in the space Xf’%. Furthermore, we will show that the piece of A®*) not in Xls’% is
given by a very specific formula, (G8]) below. This means that we are in a position
to apply Lemma [2.9 to it. This will be our main tool used to control terms that
show up later in the paper containing (58)), as well as to show that this piece of
A" is in the space (L N L?)(H},).

Our first step is to isolate those terms of A®) which do not possess exponential
decay away from the light cone in Fourier space:

(57) A, = L5 asr PRV
68 AL e = 25051 P [3 (6008 )

(59) A®) = 184517 [3 (6 V56FD)] — AY

good quadratic bad quadratic *

8]

For the remainder of A®) we write:

60) A _ A 4 (k) _4®

remainder good quadratic bad quadratic cubic *

Our main task is now, assuming the inductive hypothesis (55a)—(E5H), to prove the
following more specific estimates which easily imply (E3a) with [ = 0, and whose
specific form will be used in the later sections:

(61) Ag’]zznainder - Xf,N’ N>0 ’
k s,
(62) Agu)bzc - Xl i
(k) S,
(63) Agood quadratic - Xl ’ )
(64)
(k) (k) medium cone s—1.1
Agood quadratic < good quadratic / [ =], = Y I

(65) AW

bad quadratic

= (L*NL*NL*)(H;,),

(66) AR s Lo(HSTY .
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Proof of ([©1]). Using the same notation as in (5Ial) we write

k 0 1 _ _
Af"e?mainder - XT<A§ ) + ES~,1N1 ({A(k 1)}a¢(k 1))

W %S.,de\G ({A(kfl)}, ¢(k71)) (0)) .

The inclusions
XTAEO) — XN
and

xT(W%S.,MM({M*I)}’¢<k71>)(0)) XN

follow from the same reasoning used to prove the inclusion (52), keeping in mind
that the embeddings (62)—(66) will imply that

R (e [O I

1
028 a1 N ({A* V)00 70) (0) — HIT
It remains to deal with the term
1
- (k=1)y 4(k—1)
XTDS~,1N1({A },(b ) .

Due to the well-known embedding

1 ~1,N—1 &N
XTE : Xig / — Xlg’ )

it suffices to show that for any N the following uniform embeddings hold:
(67) S.P {Xf’% -VX‘f’%} o XULN-T
(68) S.aP[E=nra)- ] - xN

Notice that, because the above terms are an O(1) distance from the light cone, all

we are really requiring here is that they belong to the space X; 0 This corresponds
to the case d =1 of the embeddings (62)—(65]), which we will also show below. O

Proof of (62). This is an immediate consequence of the following:

(69) (L= NI H) - (X4 C Xy h

To show (BY), we proceed by duality. What we are trying to prove is that
(LN L2)(H®) - XM ™2 - (X]2)2 C L',

Due to the weight trading properties of the £! “space”, we see that in order to
prove the above estimate, it is enough to show the following inclusion:

(70) (L® N LA)(L2) - (Dy.)~" (Xio_s’% . (X‘f’%)Q) cct.
Via interpolation, one sees that
(L*NL*(L*) C L™ (L?) .

Therefore, after using Holder’s inequality for the £! “space”, ([Z0) will follow once
we can show that

(D)~ (X57F XX € L)
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This follows immediately from the foliated version of (39) and the inclusion
Xiofs’% c Xl(lfs)f,% .
U

Notice that an immediate consequence of (G9) is that we have the embedding

(6).

Our next task here will be to show the inclusions (E3)—(GH). We will start by
trying to estimate as much of the term

OAL, e = Sz P [ (64 00,60-D)]

11
as possible in the space Xf Y72 What we will see is that this works for all
frequency interactions except for the piece DAgi)d quadratic
High x High = Low interaction. For this last piece, we prove the inclusion (G5]).

In what follows, we will estimate the expression
k p—
DA;U)U quadratic P |:% (Qb(k 1)81(;5(]“ 1))} .

Having done this, the embedding (B8] will follow from the estimates below. Also,
we will prove the inclusions (63)—(G4]) together as the case breakdown is similar for
both.

Proof of (63)-([64). We begin with a Littlewood-Paley type decomposition with
respect to the space-time variable and the distance from the cone:

(71) DA;IZ)H quadratic — Z 'PS)\,d |:% (Su1,51 ((ﬁ(kil))aisp,z,&z (m))]
A,d

Hi,Oi

which contains the bad

Because all the norms we are considering here depend only on the size of the
Fourier transform, we can, after using Lemma replace the sum (Z1)) by the
following expression:

max{d, 81,65} 2 1 _ 1 E—
(72) Z%Sm (1 11,52 (9% ) - 13 Sy (951 )
\,d

)
We remark briefly that all of the dyadic variables in the above sum can be taken
to be > 1 or = 1. In the latter case we use the inhomogeneous cutoff S.¢;.
We now break down into cases depending on the various sizes of the frequencies
involved.

Casel: min{ui,p2} < A, and max{d,d1,02} # d. Because of the restriction
min{p1, po} S A, we see that we are also in the region where max{pu1, p2} ~ A. To
show (G3) in this range, after some weight trading and using duality, it suffices to
show that ) ) )
D SEND SR eor ANl

This is an immediate consequence of Holder’s inequality and the following two
inclusions:

X.ls—%,o c L2t (E2+) (Sobolev),

N

me
N

L*(L*) (Strichartz interpolated with L2(L?)).
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We now show (64) in this range. Again, after some weight trading, we see that
we are trying to show that

1
dz \

for any given SY ;. This follows from the inclusions

1
*.x17)

N

Se(X]TT L (L®),

)(187%’0 C L*(L*") (Sobolev),
Xllé C L*(L>7) (Strichartz),

1 _ _ _
—— 5% (LH(LQ)) C L'YM(L>) (Local Sobolev).

dz \

Case2: min{uy,u2} < A, and max{d,d;,d2} = d. To show (G3)) in this case, we
again use the observation that max{u1, po} ~ A to trade some weights and see that
by duality it is enough to show that

XUTELXPETLXEY C oLt
This in turn follows from the embeddings

11
(X7 %)

N

L*(L?) (Strichartz),
27 C X% C (1)

The proof of (64]) in this range follows from some weight trading and the em-

beddings
X1%+%’% XEJF%’% C f,“(f,“’) (Strichartz & Sobolev),
SRa (LHH(IL™) © LM(L™)

Case3a: (63) with A < py ~ pg, and d < max{dq,d2}. A short computation of
the weights involved shows that by duality, it is enough to prove the inclusion

L3 500 %533 1
’2 ) 272
X2 X0 X3 c L.

The above can in turn be found by multiplying together the following embeddings:

<3 C X, 7 C L*T(IL™) (Strichartz),
Xffé’% C L (L") (Energy interp. w/ L? & Sobolev),
X2 c L¥(1? .

Case3b: ([(4) with A < pu1 ~ p2, and d < min{dy,d2}. We note here that
this case is more than enough to take care of the remaining terms in the estimate
(64) because the frequency restrictions for this estimate are in the range where
A < min{dy, d2} ~ max{d;,do}. After some redistribution of the weights, we are
trying to show that

1 5,110 — —
S XDY) © LML)
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This follows from multiplying together the inclusions

Xls_%,o . X?’O c LMY (L? & Sobolev),
1

>\2de\‘7(1 (L'H(LY)) < L' (L™) (Local Sobolev).

O

We are finally left with the sum (72) in the region where A < p; ~ ug and
max{dy,d2} < d, in the presence of either a (+—) or a (—+) interaction.

This exhausts what can be done with the sum (7)) in the context of the X7 ,6
spaces. The problem is that there is no hope of proving the inclusion

1
d\ 2 1 _ 1 S REEY s—1,—%

> (5) S (ud 500 w5 G o X

AL 1~ a2

max{d1,02 }<d

We emphasize that this is not merely because we assume only that ¢*—1) —

X f ’%. The failure of the above embedding is complete in the sense that it is not
even true for functions supported in an O(1) neighborhood of the light cone in the
range s < 3. This corresponds to the fact that the estimate [@0) is false in this
range. The most one can do is to prove (GH).

Proof of (68). To prove this it suffices to show the (+—) case. What we are trying
to show is that the following inclusion holds:

1 3 _ S —
(73) Z WSA,CJ (Mf S:1761 (¢*VY) . 3 b (d)(k,l)))
AL 1~ 2 2A2
max{d1,d2}<d

— LOH)NXPO
We will prove first the (L> N L>)(L?) type estimate. To proceed, we will estimate
everything in Fourier space using the dual bound
lellzonr=yze)y < [1@llrzs) -

With this reduction, and after some weight trading, we see that it suffices to show
the following convolution inequality in Fourier space:

1 . L o~
(74) Z m&\,d <#15:1,51 (pk=1) x K25, 5, (¢(k1))> - L?(Li) :
AL 1~ p2

max{d1,02 }<Kd

The extra factor of A2 % allows us to sum over the various dyadic values of A and
d, while the fact that p; ~ pe allows us to sum out these dyadic values by using
a Cauchy—Schwarz. With this in mind, it suffices to look at a single dyadic piece
and prove the estimate

Sxd (s;hél (L%) * s 5. (LQ)) C A8y -85 - d)FLA(LY) .

We are now in a position to use the decomposition of Lemma 291 This allows
us to write:

(75) Sx,d (3:21,61 (LQ) * 5;2,52 (Lz)) ~ Z Sﬁ;x,d,al (LQ) * s;;i,ch% (LQ) .
[e3
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Because this is an (essentially) diagonal, it suffices to bound a single term of the
expression on the left-hand side of (7H).
We are now trying to show that

(76) s (L2) % 8,8 4.5,(L%) C X(81-02-d)F LE(Ly) -

To prove ([G), we foliate the spaces s%., ;5 (L?) and S i d.ba (L?) by forward and
backward facing light cones, respectively. This leaves us with trying to show that

0 as WH(LE) 5.5 45,W—(L3) C MFLI(LL) .
The proof of this last estimate follows from a direct integration in 7 variable, fol-
lowed by a Cauchy—Schwarz based on the fact that the size of the spatial projection
of the set sum of the supports of the Spoad,s, and s;;oj\,d’é2 multipliers is a box of

size ~ A X vV Ad x v Ad. This completes the proof of (7).
It remains to prove the X3 -0 embedding. In this case we are trying to show that

1 s — s Q— “(k—1)
> T TN (“1531,51@(16 1))%25@,52@(“1))) = LX)
A d2)\5T2

12

max{d1,02 }<d
As mentioned above, there is enough extra room in the A variable to sum over all
the dyadic values of A and d, so it suffices to look at a single dyadic piece and prove
that
S (S5 (L22) - Sy (E20)) € A(min{8y, 82} - ) LA(L?) .

1,01 H2,02
This will in turn be a consequence of the angular decomposition of Lemma 29]
followed by a Cauchy—Schwarz on the corresponding diagonal sum, and the following
two embeddings:

SS4(L?) C AdELA(L™) (Local Sobolev),
a — . 1 H
Su;k,d,él (L2) ’ p,&,d,éz (L2) - (mln{51; 52})2 L2(L1) (Energy ' LQ))
where s% ; denotes the block of size ~ Ax vV Adx v/ Adxd, which contains the support
of the convolution sf; .\ ;5 *5,% ;5 . This completes the proof of (G5). O

Remark 3.1. There are a few things to point out here. The first is that the failure
of A,()];zi quadratic 10 be in the Xf’% space is really a failure of it to disperse. One
can see see this by trying to prove any other Strichartz estimate other than that of
L*°(H*®) without a loss of derivatives for the expression (24)) of the counterexample
we introduced in Section [[3.

We also point out here what seems to be one of the most obvious difficulties
that would arise from an attempt to extend our result to the scale invariant Besov
space B2'!. This comes from considering the embedding (Z3)) at this regularity, for
the two large frequencies p; essentially equal and fixed. With the decomposition
of Lemma [Z9] in mind, this is morally no easier than trying to show the elliptic
embedding

(77) D272 (PulL3) - Pu(L})) € B™.
Of course ([(7) is false because there is no extra (dimensionless) savings in the higher
frequencies which would allow one to sum over all of the lower frequencies in the

product P,(L2)- P,(L2). It is important to note that this problem would come up
when trying to estimate the curvature (@) itself at the scaling, so choosing another
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gauge seems unlikely to eliminate this problem. The only hope we can think of
is that when one takes into account the angular separation in the product (73,
there is enough savings to make the sum over the lower frequencies. Unfortunately,
angular separation does not seem to play a role for L°°(L!) type estimates for
products. In fact, using Duhamel’s principle, it would probably be easy to write
down a counterexample to the Bz:! energy estimate for a solution to the equation

O

oaw — V8 (60 6®) |
| De|

with ¢(©) in L2 at fixed frequency.

Proof of (66). Due to the estimates (GI)—(G3) and (63), our task is reduced to

showing that

9 - - oo s—
EtS‘E‘<<\T\N1({A(k 1)},¢(k 1)) < I (Hx 1) .

After a calculation of the weights involved, a foliation, and restriction to a single
dyadic frequency, this is further reduced to showing that

(78) (DL A S ali (1A D, 00D o L2

We first establish (Z8) for the cubic term in Nj. In this case we are reduced to
the estimate

(D)0 (L) - (X79)?) © L2(12) .
This in turn follows from the embeddings

(Xls’%)Q C L*(L*") (Strichartz & Sobolev),
(D)6 (L(H) - T2(E2)) € A1) (Soboley).

To establish (7)) for the quadratic term in A7, it is enough to show that
1 11 11
D {D2)* A2 S S (Sm(X'f TS, (X7 "”"’)) C L*(L%) .
i

Splitting into cases depending on the relative values of the p; and trading some
weights, we are reduced to the inclusions

<Dac>s_1 (X1(87i)7’% 'X1(57%)7’%> - LQ(LQ) (Bi-Strichartz),
and
1412 —11 s—11
> (D) TN F S epmSaa (S (X1 5,,(X17F)) < LAY,
K12

where in the last embedding we have A < ;. We may assume that pu; = ps = p is
fixed here, and we further decompose the resulting estimate as follows:

(79)  (Da)* A" Sje i Sna (S (X1 772) - S (X7 57%)) € L(L?) |

To show () in the case where A\ < max{di,d2}, after some weight trading, we
are reduced to the embedding

<DI>(7571)+ (vaé 'X?’O) C LQ(LQ) ’
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which in turn follows from the estimates
X% x00 ¢ 21 (Energy & L?),
(D) T+ L2(LY © LA(L?) (Sobolev).

It remains to show (79) when max{d1,d2} < A. In this case, the presence of
the S¢|«|a multiplier assures us that we are in either a (++) or (——) interaction.
The desired estimate then follows from

(D)= D+ (si 5 (X7 5% (Xf*%’%)) C L*(L?)  (Special Strichartz).
O
3.2. Estimates for the elliptic potentials A(()k) and Eék). The goal of this
section is parallel to that of Section Bl and is, assuming the inductive hypothesis

(BH), to isolate the term

close cone

A?wdwmmm:: <%%<&MD&¢MU)>

as well as prove certain inclusions which are stronger than those of (55). To state

HxH=L

these, we write the other terms in A(()k) as

1

(k) _ (k=1)| (k—
AO cubic T ZAO ‘¢( Y

(k) _ 1 k)3 7hoT) (k)
AO good quadratic ZS (¢( )atd)(k 1)) - AO bad quadratic *

We will prove the following inclusions:

[

k s—11—s,s

(80) A(() )cubic — H": ! ’
k s—1,1—s,:

(81) A(() )good quadratic — H"72 ! i )

(82)
(k) (k) medium cone s—1.0
AO good quadratic < AO good quadratic >H><H=>L — Yz ’
k T o0 s
(83) A(() )bad quadratic - (L N L2)(Ht796) ’
(84)
i close cone
B(()k) _ < (’9_% (d)(k—l)ai(ﬁ(kq)) < Hs—%,o,o’
A HxH=L
9 close cone L B
(85) ( T3 (" Va001) ) o (Dia) T HI® N L)LY
HxH=L
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Proof of B0). In our induction, we will assume that the splitting (53)) takes the
form

A(()kq)
A(()kq) _ A(()kq)

— L*(H;,)

bad quadratic

1
s—35,1—s,8
bad quadratic — H .

Note that this is consistent with the estimates (BI) and (83). We are now reduced
to showing that

(6) (D DD, R (D) - (X))

N

L*(L?%)
(87) <Dt,x>s_§<Dx>1_s|Dz|s_2 (Hs—i,l—s,s . (vaE)Q) g LQ(LQ) )

To prove (B8)—(&T) for an O(1) neighborhood of the spatial origin in Fourier
space, it is enough to show that

s—1 T 00 s 5%
(Do) "3 Py (L=(H7,) - (X79)?)

(De)™™ 2Py (75170 (x]9)?) € (L)

N

LA(LY)

These in turn follow from the Leibniz rule used to distribute the (D ,)*~* weights,
and the embeddings

L*(H?,) € L®(L%),

(X%’%)Q C LQ(LQ) (Strichartz),
and
HO=s5 C [2(L9) (Sobolev),
XFProxPE C I=(LY) (Energy & Sobolev),
respectively.

To prove (B6) for Py~1, after some weight trading with respect to the spatial
variable and using the Leibniz rule used to distribute (Dt,x>3_%, it is enough to
show that

(D)t (L=(HL,) - X0 X)) € 1212
which follows from the two estimates
Xlé’% -Xf’% C LA(L*") (Strichartz & Sobolev),
(D,)~! (EOO(HEI) CLA(LP)) C LA(L?) (Sobolev).

To prove (BT) for Px>1, after using Leibniz, we are reduced to showing that
11 1
<D;c>_1 (HO,l—s,s -X12’2 .Xi972) C LQ(LQ) ,
which follows from Sobolev’s inequality and the estimates

HO=s5 C [2(L9) (Sobolev),

XFP.XPE C I®(L

Dlw

) (Energy & Sobolev).
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Proof of (81]). Here we decompose
Ak — A®

0 quadratic 0 good quadratic

+ A

0 bad quadratic

into a sum of its various dyadic frequencies, replacing derivatives by their numerical
dyadic values as follows:

1 _
89 Y kPt (800" 2850 D)

iy

1 B -
+ D FERE (5“1!61¢(k b ',L"QSM2752¢(]€71)> '

1<A
i y05

We now follow the strategy of Section Bl and put as much of the sum (B8) into
the space Hs— 21755 a9 possible by trying to prove the estimates

(89) Z max{,ul, /JQ}S_%P'<1 (Slthél ¢(k_1) ) H25H2752¢(k_1)) — LQ(I’l) )
i 504
(90) Z At maX{Mh MQ}S_%PX (Sltlﬁl ¢(k_1) ) H25H2752¢(k_1)) — LQ(LQ) :

1<A
M0

We will see that, as in Section Bl this will work for most regions of Fourier

space, and that what remains will be precisely A(()k) bad quadratic’ We now break

down into cases depending on the relative sizes of the various frequencies involved:

Case 1: up < p2 or pg < pi. We will assume without loss of generality here that
1 << g, as the other case follows by symmetry.

If we also have that A < us, then we see that we are also in the region where
d2 ~ p2, so ([89) follows from the inclusion

X5 x%0 CopIh (Energy - L?),
while (@0) follows from the embedding
(D,)~! (Xf’% -vao) C L3(1?) (Energy - L? & Sobolev).

If we are in the region where pus < A, then after some weight trading, we see that
(B9I)—@0) follow from the embeddings

X5 XP? C LA LA(L?) - LA(L?

X C L) (LA(L?) - LH(LA),

(91) XPE.XPT COL2(LY) (Strichartz).

Case 2a: pu; ~ po with either a (++) or (——) interaction. In this case, the

embedding (89) follows from the inclusion

0

5=3.5  v0.3 271 )
(92) X, X2 C L*(LY) (Energy - L?).

< A, @) follows from the inclusion ([@I). Thus we may assume that we
are trying to prove (@) with A\ < pq ~ po.
The desired result follows from

(D)™ (Si(X1%7%7%) : Si(Xﬁiéé)) C LA(L? (Spec. Strichartz),

while if p; <
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which is a direct consequence of the foliated version of the special Strichartz es-
timate (B4). Here, the multiplier S* denotes a cutoff in the upper (resp. lower)
half-plane in Fourier space.

Case 2b: y; ~ us with either a (+—) or (—+) interaction. In this case (89)
follows again from the inclusion (@2), while (00) in the case p; < A follows again
from ([@1). Thus, we will assume that we are trying to prove ([00) with A < p1 ~ po.

Our first step will be to decompose ([Q0) further, taking into account the distance

from the cone. What we would like to do is to be able to show that

93) >0 AP (iSh 0%V uiSE 00D — LA
A, d,pis 65
AL 1~z

If we further restrict the above sum to the region where A < max{d1,d2}, then by
weight trading, we see that (@) follows from the estimate

<Dx>_% (Xlgiié 'X?’O) C L*(L% (Energy & Sobolev).

Likewise, in the region d < max{d1, d2}, weight trading and duality show that (@0)
follows from the estimate

(D)~ X3 0. xprR L x00 C gt
which in turn follows from multiplying through the embeddings
(D) XETTE C (D) x%E C L (L) (Strichartz),
Xléfé’% C L™ (L*h) (Energy interp. w/ L? & Sobolev),
X0 c rA(r?.

If we consider the sum (@3)) in the region where max{di,d2} < min{\,d}, then
by inspecting the Fourier support of the product, we see that we may replace the
multiplier Py by Sy. The sum then becomes

: 1
D LW (uf Spr 510" - 13 Sy 5,0 ”) :
A,d, i, 8i
AL p1~ 2
max{d1,02 }<Kd
which is exactly the frequency interaction corresponding to AO bad quadratic’ This
completes the proof of (&I). O

Proof of (82). This follows directly from the proof of the embedding (G4)). The
important thing to note here is that the Y norms only see the region of Fourier
space where 1 < |7] < 2[¢|, so one may replace the symbol of + ~ Wwith (Dfl 7z

This, of course, is better than the symbol of L =, 50 one may use the proof of (64)
verbatim. 0

Proof of [83). Again, because the Fourier support of the interaction ( - )ﬁ‘fzcgze

is contained in the region where 1 < |7| < 2|¢|, we may replace the symbol of %
with that of 5 )2 and follow the proof of (65) above. O
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Proof of ([84)). We will first concentrate on the cubic term and prove the inclusion

%g (Agk—1>|¢(k—1>‘2) < [5E00

Using the energy estimate for Agkfl), this follows from the embedding

1 T 00 S 511 s—L
|D | (L (Ht,;c) ’ (Xl 2)2) c H 2:00 )
T

which may be proved in exactly the same manner as (86) above.

(k)
0

It remains to deal with the quadratic term in By ’. It is enough to show that

D21 (D2) 'S (64D B,60 D)

close cone

_ <|Dx|—1<Dx>—1% (¢(k—1)W> >HXH:>L oy H5-310

This follows from the exact same procedure used in the proof of [&I)) above. This
completes the proof of (&4). O
Proof of (85). Expanding out the ( - >z,‘;s;(jze notation and trading all derivatives

for their dyadic values, it is enough to show that

a% X?v% g (Eoo ﬂLQ)(El) ,

[

X

which follows directly from the energy and L? estimates for the X f ‘2 gpaces. [

3.3. Estimates for ¢*) that do not involve the “elliptic cancellations”,
part I: Terms involving Agkil). The goal of this and the final two subsections
of the paper is to prove the inclusion (G50 for I = 0. To accomplish this we assume
(Bh), as well as the more specific embeddings (61)—(65), proved in the previous
sections. We will only be concerned here with estimating those terms in ¢(*) which
can be placed in the space X 15 s based solely on the analysis of the spatial potentials
Agk_l). These will turn out to be all terms in ¢*) involving the Agk_l) except for
certain exceptional High X Low = High interactions.

In order to list the embeddings proved in this section, we first use the following

notation to isolate the part of 0¢(¥) involving Agk_l) which can be analyzed

quadratic

without adding in terms involving A(()k_l). Recalling the notation

R S.a31P 3 (40-2550°7)] |

quadratic -
as well as the decomposition

A(kfl) _ (k—1) + A(kfl)

quadratic good quadratic bad quadratic
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we write
(k) _ g (k=1) i (k—1)
¢good quadratic A; — A'L’ quadratic 9 ¢
: close cone
B < A(,k_l) >medzumcone ' aiqﬁ(k*l)

i good quadratic / [y =], HxL=H

B < A(k_l) o alqg(k*l) >closecone

i bad quadratic HxL—H

medium cone

(k—1) i h(k—1
- < Az bad quadratic 87’¢( ) >H><L¢H

Then we will show that

(94) |AED P o xrhTE
(95) A iner - 000 o xR
(96) AR dig Xy
(97) ¢§;2)d quadratic A; Xfil’ié

Proof of ([@4). Using the results of subsection 31l we can write

(k—1) close cone

(k—=1) _  4(k—1)
A; = A + (4 quadratic | Fyx H=1, '

N

8,
Xl
where )

61
— X7

Agk—1)

3,

N

1
Substituting this into the left-hand side of (@), and expanding out the square, we
(k=1)

first estimate the terms which do not involve (A; quadmm)2 with the embeddings
_sd 5.1 )
X0t (x7°)? c ! (Strichartz),
_ 1 —s,1
L®(H ) - (X7%)? - Xos ™% C £} (Tri-Strichartz).

The embedding labeled (Tri-Strichartz) has been previously shown and is estimate

0.

We now deal with the term involving (Agk_l)quadTatiC)Q. What we are trying to
do is to show that
2
1 —_—

(98) Y. 5P [Su1,51¢(k_2) -VSH2,52¢(1¢—2)} D)

T<ALp1~vpe

max{d1,02 } Kd

AN Xsfl,fé
1
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Replacing all derivatives by their numerical dyadic values, using the null form
estimate (28)), and using the fact that there is enough room in the A variable to
add over the various dyadic values of A and d, we can reduce the above embedding
to showing that

(99)
0,3 0,3 0,3 0,3 5%
S>\1,d1 (SH1:61 (Xl )'Suzﬁz (Xl )) 'SA27d2 (50'17771 (Xl )'Saz,nz(Xl )) 'Xl
3.3 11 g 1
C max{A, A}t AZNZdZdZ X
where we are in the range
(1) A < p1 ~ po;
(2) max{él, 52} < dl;
(3) Ao L 01 ~ 09;
(4) max{ne,n2} < di.
For the remainder of this section we will assume, without loss of generality, that
p1 = po = p and 017 = 09 = 0. We now employ the angular decomposition of
Lemma to the first two terms in the product on the left-hand side of (@3).

Focusing on a single term in the resulting sum, we see that it is enough to prove
the following weighted block type embedding;:

o 2 — 2 15 2 -0 2
(100) Sl"§)\l7dl761 (L ) ’ Sﬂ;itl,dhéQ (L ) ) SU;>\2,d27m (L ) ’ SU;/\Q,dQJD (L )
53 yl=s3 04133 11
. X1 - KXoo - max{)\l,)\g} )\1 )\2 (d1d25152ﬂ1ﬂ2)2 L R
for the range stated above.
We will now assume that A\; < A2. With this in mind, we see that we may

1 a1
replace the product X2 X appearing in the left-hand side of (I00) with the
expression

s 1 sl
(101) S <x, [Xl’z XL ’2} .

We first estimate the term (I0I) by using the foliated bilinear Strichartz estimate
(#2), followed by a Sobolev embedding:

1 sl =
(102) S o X7 XoTH| A LML)
Thus, to complete the proof of ([I0U), we need to be able to show the inclusion

(L*)- 5,5 (L?)

o3 A2,d2,m2

(103) S/?j;)\hdhél (L2) ’ S;;?\t1,d1,62 (LQ) ) Sﬁ

o3 A2,d2,m1
3 1 L - _
- /\12 )\22 (d1d25152771’l72)5 LOO_(Ll).
We now break down into two cases depending on the relative sizes of v/A1d; and

VAads.

Case 1: v \1dy < VAads. This case follows directly from multiplying the following
embeddings and then trading v/ A1d; for v/ Aads:

S avdrsn (L) 808 416, (L3) C Mdi(0162)% L°(L>)  (Local Sobolev),

Sf;kg,dg,nl (Lz) ! Siﬁ (Lz) g (7717’2)% Eoo*(f’l) (Energy : L2)

o3 A2,d2,m2
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Case 2: /Aods < v/A1dy. Here we will need to regroup the terms in the product
(I03) and compute the convolutions in Fourier space with a bit more care. What
we will do is to multiply and interpolate the following embeddings:

(104) asdno (L) - 55;,\2,(12,7,1 (L?) © (Mdadadim)?® L°(L?) NLA(L?)
(105) 8.2 a5s (LD S5 5 0 (L) C© (Mdadadomn)? L(L2) N LA (L?) .

The estimates (I04)—(I05) will follow from a direct calculation in Fourier space
using the Lg (L2) and Lg(Ll) dual bounds. Thus, for a given set of positive test

functions ¢, we need to decompose the convolution

a 1. B o
(106) SM;A1,d1751¢ *50';)\27d27771¢ :

We begin by tiling the spatial domain with boxes, W7, of size ~ A1 with the
property that the sides of the W7 are parallel to the sides of the spatial projection
of the multiplier sg;/\%d%m and such that the spatial projection of Spiny.di o 1S
completely contained in one of these boxes.

Next, we cut the box, say W7°, containing s}, , 5 into disjoint rectangles of
size A1 x v/ Aady x v/ Aads with sides parallel to W . We will call these B*. We also
cut the spatial support of sf; No.day into rectangles of the same size and orientation,
which we denote by C'. We label the (spatial) cutoff functions associated with the
B* and C! by b* and ¢!, respectively.

The key fact about the geometry of these blocks which we will use is that if we fix
(ko,lo), then supp{b¥o x clo} intersects only a fixed number of the sets supp{b* c'}
for varying indices (k, 1), independently of the various length parameters appearing
in the decomposition described above. What this means is that as far as norms are
concerned, we can write the convolution (I0G) as a sum of functions that behave
essentially as if their supports were disjoint. For instance, in the case of the Lg (L)

embedding in (I04)-({05) we can write:

k 1, B 912
|| Z b 55;A1,d1,51¢1 *C 50'§)\27d27771¢2 ||L2(L71—)
k,l

k 1, AP 2912
S Z |6 Sg;)\l,dl,él Pl xc SoXa,d2,m ¢? HLE(LD ’
k,l

After a foliation, this reduces the proof of (I04)-(I05) in the Lg(Li) case to
showing that

—_~—

bF 50y ar.s WE(LE) # c's) WH(L2) C (MAada)? LE(LYL) .

A1, o3 2,d2,m1

This last estimate follows from a direct integration in the 7 variable, followed by a
Cauchy-Schwarz in the spatial variable based on the fact that the L? norm of the
spatial support of the above multipliers is (A )\ng)%.

To obtain the pure L? estimate, a direct Cauchy-Schwarz reveals that

Vst ar.on (D) % ey, gy 0 (B2 € (Mdads - min{dy,m})? LE(L2)
and the desired result follows. This concludes the proof of (94). O

Proof of (OF). Recall the embedding

Ak — XN, N>0.

remainder
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We will first prove the following more general estimate, which will be useful in
the remainder of this section:

s 1 s 1 s 1 s 1 close cone s—1.—1
(107) P(X,?) VX2 — <73(X1’2)-VX1’2 > c X, 2.
HxL=H
By duality and the adjointness of P, to prove ({7 it suffices to show the estimate
s. L s—1.+ s. 1 s 1 s—1.1 s 1 close cone 1
X2 pxs VD) - X -<7?(Xoo 2 -VX1’2)> c .
HxH=L
But this is essentially identical to the estimates used to prove the inclusion (G3).

1 sl
The only difference is the switch between a pair of the Xf’Q and Xéo ®2  Some
care needs to be taken to leave room for the sum away from the light cone in the

_sd
spaces X;o 2 We leave this as a (straightforward) exercise for the reader.
To prove ([@H), it remains for us to show that
(k=1) (1 close cone s—1,—1
< Ai remainder azqﬁ( ) >H><L:>H - Xl z.
By duality, the above estimate will follow from the estimate
41 1 close cone
xpN. < PXSE VXD?) > ccl.
HxH=1L

By the properties of the £' notation, we may replace all derivatives in the above
expression by their numerical dyadic value. Thus, we are reduced to showing that

1
0,35

s+3,N-3 0,3 1
xita N2 x0e x%r oot

which follows from the weight trading properties of the “space” £! and the inclu-
sions

X, C L*(L>7) (Strichartz),
(Dt,xﬁ_s(Xg(’,% -X?’%) C L*(L*")  (L?- Energy interp. w/ L? & Sobolev).
O

Proof of ([@6). Using the embedding

5,4
SN Xl ,

(108) Ak

cubic
and the inclusion ([07), we are reduced to showing that

close cone s—1._1
o XThTT

(109) < Az('kil)cubic ) 8i¢(k_1) >

This will require more than just the embedding (I0X).
To prove ([[09), we expand Agk_l)

HxL=H

cubic 1 terms of its previous iterates as follows:

_ 17 e
(110) A%H o~ PS.,d>1;[A§’“ 2

cubic

o1 PR
X1Y2

(k—2) close cone k—2) 12
+ <Az quadratic >H><H:>L ’ |¢( )| } :
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To deal with the first term in (IT0) inserted into (I09), we prove the following
embedding:

4\ closecone

1 8% $i3
(111) (P=Sa (X - V]

> c xibe
HxL=H
By duality, this is equivalent to trying to show that
s 1 1 1—s 1 sl close cone
(X2F) < P=S. as1(Xao ™7 VXI?) > c .
flt HxH=L

An argument similar to the one used to prove (E&) can be used to show that

1 close cone

1 _ 1_
< ,P?S~,d>1(Xoo c (LOO mL2)(Ht2,;c ) ’

Sl Sl

2 2
vxrh))
HxH=L

where the (s — %)—i— loss is due to the weights involved and the X, Besov structure.
Thus, in order to prove ({I1dl), it is enough to show that

(D) DR C Loz?)
for some 1 < ¢ < 2. This follows from the foliated version of the trilinear Strichartz

estimate (33) after a little weight trading.
To deal with the second term in (II0) inserted into (IUY]), we need to show the

following:
1 1 o1 o1 close cone o1 o1 close cone
(P8 ((PESamlxyt vxlh)) CrhR) v
= = HxH=1L HxL=H
s—1,—1
c Xy 2.
By duality this is equivalent to showing the embedding
sl o 1 o 1 o 1 close cone
X7 (PzSra(X)F - VXTT) )
( 1 ) = /\,d>1( 1 1 ) HxHo L
1 it 1—s.1 close cone
' <P:5A,d>1(X1’2 VX 77 > c L
= HxH=L

The proof of this last estimate is essentially identical to the proof of the embedding
[@]), following from a slight variant of the estimates which appeared there. This
concludes the proof of ({36). O
Proof of ([@7). We begin by observing that the inclusion
(k—1) 5,3
A’i good quadratic - Xl : )

together with the embedding (I07) shows that one has the following estimate:

(k—1) i (k—1
Ai good quadratic 9 QS( )

l
o <A(k71) 4 ({)i(b(k_l) >c osecone<_> Xf_l’_% .
7 good quadratic HxL—H

Therefore, our first order of business will be to prove the inclusion
close cone

(k=1) i o (k=1
(112) < Ai good quadratic 87’¢( ) >H><L:>H
close cone

B < <A(.k71) , >mediumcone 8i¢(k_1) > o Xs_l’_%
% good quadratic ! [Fx[,—H HxL—H 1
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To show (II2), we will use the fact that

medium cone 1.1
— Y2,

Agk—l) — Agk—l)

good quadratic good quadratic >H><L=>H

Then by duality, it is enough to show the following embedding holds:
close cone

yotd (p (XM eyt ) c .

HxL=H

Expanding the notation out in the above product, we see that we are trying to
show that

Y ST P (VS (K1) Sus (X))

AL p1 ~pi2
max{d1,02 }<Kd

L.

N

We note that because of the range of the various dyadic variables in the above
expression, it is enough to prove it for a single dyadic piece at a loss of A°*. Thus,
trading derivatives for their numerical dyadic values, and using the decomposition of
Lemma 2.9 on the high frequency product, after a Cauchy—Schwarz we are reduced
to showing that
d% o s—1,% 1 ca 5% 3 a—a s—1,5 1
FSA,d(Y 2) : Ml Syl;)\,d,él (Xl ) : MQ SHQ;A7d,52 (XOO ) g E ’

where supp{s$ ;} contains supp{sf .\ 45 * S\ 4s,}- This last estimate follows
from the fact that d3 < A\ and the following set of embeddings:

dz L
)\TQSf\yd(Ys_l’%) C L' (L™) (Definition of YS_L%);
TN
X?’% C L™ (L?) (Energy interp. w/ L?),
1 1 _
0" 1aihd,6 252) < X?’Q C L>(L?% (Energy).

It remains to prove the inclusion

close cone

(k—1) i (k=1 (k—1) L p(F—=1
Ai bad quadratic 81¢( ) - < Ai bad quadratic 81¢( : >H><L=>H

B A(k_l) 5” (k—1) medium cone o Xsfl»*%
i bad quadratic ¢ 1 '
HxL=H

By duality, this is equivalent to showing that
(113)
k—1 i (k— k—1 k—
A'E )bad quadratic w 87’¢( R Ag )bad quadratic < w v¢( Y >

medium cone

_ gD , < <’H>> !
Az bad quadratic wV(b HxH=1L - E ’

close cone

HxH=L

175,%

where ¢ € X
The proof of ([II3) is of roughly the same form as (I12). To see this, we begin

by expanding out Agk_l) in terms of the previous iterates. Then under

bad quadratic

the integral sign, using duality and the fact that P2 = P, we may write the first
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term on the left-hand side of (II3)) as

/A'Ekil)bad quadratic w8i¢(k_l)

= [ 2P (vt D) (PeD VR )

close cone

= HxH=L

and similarly for the second and third terms. Next, we note that a similar procedure
as the one used in subsection B1] can be used to show that

close cone

Lo (o) - (L (oest) )

HxH=L
medium cone

(o) Y e,

where the loss of the extra 2s — 1 factor is due to the X,, Besov structure. This
reduces the proof of (IT3)) to showing the following embedding:

1 Pt s 1 close cone 1
youd (P V) ) c .
HxH=1L
The proof of this last embedding follows from essentially the same procedure and
estimates used in the proof of ({12)) above. Notice that the extra 2s — 1 loss in the
Y space can be made up for by the extra room in the product of the two X; spaces
due to the range of the indices involved. This completes the proof of ([@7)). O

3.4. Estimates for ¢(*) that do not involve the “elliptic cancellations”,
part II: Terms containing A(()kfl). In this section, we will work much as we did
in the previous one. We first isolate the main terms we will be dealing with by
writing

¢(k) _ A(()kfl) 8t¢(k_1)

good quadratic Ag quadratic

medium cone close cone

_ (k—1) (k—1) >
< < AO good quadratic >H><H¢L t HxL—H
(k—1) k-1
- < AO bad quadratic at¢( ) >H><L¢H

(k—1) k—1
- < AO bad quadratic 8t¢( ) >

close cone

medium cone

HXxL=H

where
(k—1) _ 1 k—2) A (i =2)
AO quadratic Z% (¢( )8t¢(k 2)> )

and the decomposition

A(()kq) _ A(()kq) n A(()kq)

quadratic good quadratic bad quadratic

is the same as in subsection
Using duality and the structure of the proofs in subsection B2, we will show the
following embeddings:
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2
(114) (AlD) o xR
(115) Aék_l)cubicat¢(k71) - Xf_L_% ’
(k) s—1,—1
(116) (bgood quadratic Ag - Xl : ’
(117) B pk-1) o, xIThTE
Proof of (I14). Using (B5)), we may write
(k—1) _ (k—1) (k—1)
AO - AO bad quadratic + AO HS*%J*S& ’

where
AN Hs—%,l—s,s

A(()kq)

Expanding the square on the left-hand side of ([II4) and using duality, our first
order of business is to show that

Hs—%,l—s,s

(118) (HS—%J—&S)Q XDPLXNY C ot
(119) (L2NL®)(Hp,) - HS=31=s . x73 . x5 c ot
The estimate (II8) follows immediately from the two embeddings
H~ 21755 C [3(L%) (Sobolev),
Xf’% -X;JS’% C EOO(E%_) (Energy & Sobolev),
while the estimate (I19) follows from the estimates
(L>*NL*®)(H},) € L™ (L*) (Interpolation & Sobolev),
Hs—31-ss C L3(LY) (Sobolev),
Xls’% ~X;78’% C L*(L*) (Strichartz).

It now remains to prove the embedding
s—1,—%

2
k-1 B L,
(A(() : bad quadratic) ¢(k b — X1 2.

Since Aék_l)bad quadratic 1S Toughly of the same form as Agk_l)bad quadratic (but

smoother!), the above inclusion follows from the same reasoning used to show (083).
This completes the proof of (I14). O

Proof of (I15). The first thing we will show is the embedding

close cone 1
(k—1) k— (k—1) k—1 s—1,—3
AO cubic 8t¢( bo— < AO cubic 8t¢( ) >H><L=>H - Xl e
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By duality, this follows from the more general estimate
s—11-ss Sv% 1*\9’%
(120) H* 275 0, X% - Xoo

Lt

N

1 1 1 1 close cone
_ Hs—§,1—s,s . < 8tXi9,§ 'Xoo_s,i >
HxH=L

To prove ([I20), it suffices to show that

s 1 1—s.1 s 1 1_g.1 close cone 1401
0, X7 Xoo 77 — <8t)(1’2 cXoo > C H2"%%77 .
HxH=L
The proof of this last estimate is virtually identical to the proof of the embedding

(BI), except that one must be careful when evaluating the X, Besov structure: If

the (space-time) frequency of Xéofs’% is much larger than that of X} E in the above
product, the extra <Dt,x)% weight takes care of the summation away from the
cone, and this is why we had to carry this extra weight around. If we are in a region
where the above product has small frequency, the extra weights will not allow us
to add away from the cone in the X, space. However, in this case, the X, - X3
product breaks down into a diagonal sum, so the addition in the cone variable is
absorbed by the L>® — L duality.
It now remains to show that

—S

(k—1) k1 close cone s—1,—1
(121) (AF e 0000 >>HxL:$H N

Just like in the previous section, this requires us to write out the expansion

_ 17 e
(122) A%Y —[Ag’“ 2

cubic A (b(k_Q) ‘2

Hsfé,lfs,s

(k—2) k—2)|2
+ AO bad quadratic|¢( )‘ :| :

Expanding the first term in (I22)) into the left-hand side of (IZ1)), and proceeding
by duality, we are trying to show that

c ch.

1 s 1 9 9 0.1 0.1 close cone
bt (xR D)t X2 )
HxH=L
Due to the inclusion
1 1\ closecone _ _
(Dea) O~ ( X% X7 ) c LY,
HxXH=L

it is enough to show that
(D) 2+ ((Xf’%)Q ) Hsf%,lfs,s) c LNI™),
which is an immediate consequence of Sobolev’s inequality and the estimates
Hs= 3175 C [2(L5) (Sobolev),
(XD2)2 C L2(L*) (Strichartz).

Expanding the second term in ({I22)) into the left-hand side of (I21]), we see that
we are trying to show that

close cone 1 close cone 1

1, 612 5,1 1, 1-s1 5,1 5,512 1
— (X7 Xy { < LX) S(X7?) C oLt
(gert-xyh) (X ) & C
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Again, this is of roughly the same form as the estimate (@8). This completes the

proof of ([IH). O
Proof of (I16). We begin here by noting that the inclusion

1
s Hsfi,lfs,s

Aék—l)

good quadratic ’

together with the embedding ([20), shows that one has the following inclusion:

(k—1)
AO good quadratic at¢

(k—1) k—1
B < AO good quadratic 8t¢( ) >

Therefore, we will first show that

(k—=1)

close cone s—1.—1
— X; 7.
HxL=H

close cone

(k—1) (k—1)
(123) < AO good quadratic 8t¢ >H><L¢H

medium cone close cone

(k—1) k—1 7
- <<A0 good quadratic ) gy o, DY >H><L=>H e

1
-1,-1

Using the fact that

medium cone 1
st—,O
(SN 2 ,

Aék—l) _ < A(()k—l)

the proof of (I23) follows by duality and the embedding

good quadratic good quadratic >

HxH=L

1 1_g.1 s 1 close cone
sta»0.<xoo X0 > c .
HxH=L

This last estimate follows from exactly the same procedure and estimates as in the

proof of ([12).

It remains to prove the inclusion

close cone
A%D i <Aék_1) . 3t¢(k71)>
bad quadratic bad quadratic HxL—H
- A(k_l) P ¢(k71) medium cone o Xs_l’_%
0 bad quadratic Yt HxL—H 1 ’

which, by duality, is equivalent to

(124)

close cone
(k—1) k-1 (k—1) k-1
AO bad quadratic G 8t¢( ) - AO bad quadratic < wat¢( : >H><H=>L
(k-1 b1 medium cone 1
- 4 bad quadratic ' < watd)( ) >H><H:>L = L,
1—37%
where ¢ € X

The proof of ([Z4) follows essentially the same pattern as the proof of (I23).
)

bad quadratic 11 terms of the previous iterates and

We begin by expanding out A(()kf1
noting that we can prove

close cone medium cone 3

_ <¢3t¢(k71) > c y—sio0

HxH=L

poo D — (paet )

HxH=L
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using essentially the same procedure as in subsection B2 This reduces the proof
of (I24) to showing the following embedding;:

1 61 61 close cone 3
< (X02 9,X7?) > ys30 ¢ oot
HxH=L

g

This last estimate follows from the same procedure and estimates as those used in
the proof of ([[12) above. O

Proof of [I). Using the fact that we may write

k—1)

(k—1) _ p(k=1) (
By = By 0o + Bg <Dt’w>—s—%(iacm[/2)(il) ’

1
H®™ 2

where each term in the above sum satisfies the appropriate estimate, to prove (I171)
by duality, it is enough to show the following two embeddings:

N

=100, yob | ylos ]
H*=300. X2 . X ct,

(Dyo)~*"3(L® N L)LY - X3F . X% C £b )

These in turn follow from the weight trading properties of the £! spaces and the
inclusions

N

<Dt’m>sféH57%,0,0 L2(L2) 7

1 sl
(Dt,w)%_s(Xf’2 - Xoo ®2) C L*(L*)  (Strichartz interp. w/ L? & Sobolev),
and

(L*NL*)(L") C

N
wll
3

|
=

(Interpolation),

(Dyo) > H(XD7 . XX"%) € L™(L®)  (Bi-Strichartz & Sobolev).

respectively. [l

3.5. Estimates for the quadratic part of ¢*) involving the “elliptic” can-
cellation. We now focus our attention on estimating those portions of the term

A1)

e} quadratic

8a¢(k71)
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11
which have not been previously shown to be in the space X f bos Expanding out

the formula for A(()kfl) in terms of the previous iterates, these are

quadratic
1 - close cone close cone
< (=S (¢<k—2> at¢<kf2>) ) 0,61
A HxH=L HxL=H
1 - medium cone close cone
+ {( (53 (6% 2967 D)) 061 )
A HXxH=L HxL=H

close cone medium cone

1 -
— (k=2 9, p(k—2) 9, 6k—1
* < < A\y((b t(b ) >H><H:>L t¢ >H><L:>H
1 close cone
= — & (kR =2) 9, p(k—2) 9,61
< < A\y(¢ t¢ ) >H><H¢L t(b >H><L:>H
1 close cone
— & (kR —2) 9, p(k—2) 9, 6k—1)
* <<A\y(¢ t¢ ) >H><H¢L ¢ >H><L=>H

close cone close cone

~ ({53 (64230 D) )

A=D)

8, (k—1) > 7
HxH=L HxL=H

with a similar formula for the terms involving the quadratic: Because we only
care about the size of the Fourier transform, by the triangle inequality, it is enough
to find estimates for the terms

1 (k—2) close cone (k1)
125 —$ —2) 9,p(k—2) 9,0k~
( ) <<A\y(¢ t¢ ) >H><H¢L t(b >H><L=>H
1 B close cone B
= (( Pz (6*2TeF)) VD)
= HxH=L HxL=H
and
1 _ close cone
126 — (kR =2) 9, p(k—2) 9,61
(126) < < A\y(¢ ¢ ) >H><H:>L ¢ >HxL¢H
1 B B close cone
_ < (P= (¢(k 2)v¢(k—2)> ) Lk >
= HxH=L HxL=H
and
1 (k—2) AT close cone ) close cone
127 -3 —-2) 9,(k—2) 9,0k
(2 ((F9(D0a0T)) et )
1 - close cone close cone
— ((P= (o DVpk-2) ok
< < = <¢ ’ ) >HXH=>L ¢ >H><L:>H
separately.

Notice that by duality and due to the range of the frequencies involved, the
terms (I25) and (I26]) are essentially dual to each other. Also, note that the range
of frequencies in the term (IZ7) is essentially a subset of the range of frequencies
occurring in the first two expressions (IZ0) and (I26). Therefore, for the remainder
of this section, we will focus our attention on the term (IZ5).
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Before we continue, let us mention again why one cannot treat each piece of
(I23) separately. For example, if one were to try and prove the embedding

({PE (o 2VeF D) )

= HxH=L

close cone 1
. v¢(k—1) > N Xf*v*i
HxL=H
by duality and a quick computation of the weights involved, we see that one would
be trying to show that

(128) (D) HHXTHE XY L (X)) © ot

If we are in the range s > %, then ([I28) follows from the embeddings

(D) CDT(XITEE L XITEY) C L3(1?), 3/4<s (Bi-Strichartz),
(Dyo) D= (x%2 . x%%) ¢ r2(1?) (Energy - L? & Sobolev).

If we are in the range s < 2, then (I28) is in fact false even if all the test functions
in the product are supported in an O(1) neighborhood of the light cone in Fourier
space. This is because ([[28) is false at the level of solutions to the homogeneous
wave equation. In fact, this is exactly what our counterexample in subsection [.3|
showed.

We now resume the matter at hand. In order to take advantage of the cancel-
lations between the two terms in (I2H]), we add and subtract from it the following:

close cone

< { %g (¢(k*2) v¢(k—2)) )

11
By duality then, we see that in order to show that (IZH) is in the space Xf b 2
it is enough to show the following two inclusions:

V(b(k*l) >

HxH=L HxL=H

(129)
1 [ 2 s 1 s 1 close cone s 1 _s 1
L (o) (gt et
= X H=L HxH=1L
s 1 s 1 close cone s 1 1_g.1 1
(130) <X1’2 0 ok > : <X1’2 X > c .
HxH=L HxH=1L

These are the main null form estimates which are at the heart of this work.

Proof of (129). Due to the range of the various dyadic frequencies involved, it
suffices to prove (I29) at fixed dyadic values at the scaling, and at a loss of Ao,
i.e., in order to show ([I29)), it is enough to prove the following:

11 11 11 11
(131) M S,\,d (SH1,51 (X12,2) ) Slt2,52 (X12,2)) . (3‘717711 (X1272) : SU2JI2 (X12’2 )>
C )\0+ ﬁl ,
where we are in the range
(1) A< p1 ~ po;
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(2) A< 01 ~ 09
(3) max{d1,d2} < d;
(4) max{ny,n2} <A
Here, M denotes the multilinear operator

1 (curl)?

M(o-o)-(s-0) = Z(H — )(.v.).(.v.).

—

For the rest of the proof, we will assume without loss of generality that we are also
in the range where p; = po = p, 01 = 09 = 0, and 63 < 91 < 1.

We now use Lemma 9] to decompose the first term in the product on the left-
hand side of ([I3I). Due to the (essential) diagonality in this sum, we can reduce
the proof of ([I31)), to the following weighted L? multilinear estimate:

(132) M (a5 (1) - St asa (D) + S5 (S (E2) - Soa (L))
C Ao (810 - mm2) 2 LY
where supp{sﬁ;)\,d’dl * s;f)’\’d,éz} C supp{sf\"d}, and where supp{sz;)\’d,él} and

supp{s;_‘f\ 4.5,) are separated by at most an O(\/g) angle.

Due to the invariance of M, we can, after a spatial rotation if necessary, assume
that we are trying to prove (I32) where the spatial projections of supp{s(, 45 }
and supp{s;;o)‘\’ d 52} are o#iented along the & axis in Fourier space, while their set
sum (i.e., the set suppe{s} 4}) lies along the positive §; axis. Of course, this is well

defined up to an O( \/g) angle, due to the restriction mentioned above, which is a
consequence of Lemma 2.9

With these reductions, we now proceed to give a precise bound on the symbol
of M. A direct calculation shows that

1 [~%+0F 010, 0103
Mo -o)-(0-0) = A= 0201 —02 + 02 0203 (eVe)-(eVe) .
- 0301 0304 —0% + 02

Thus, under the angular restrictions mentioned above, we see that in Fourier space
we may replace the symbol of M appearing in (I32) by the following weighted
multilinear expression:

L [FladE 2N AW AVA) [ (9) % (ne) () # (o)
vl WAL avad ] (e (VAde) |- [ (0) 5 (Bae)
WA WA A2 ) \(e)*(VAde)/  \(e) % (3s0)

We now proceed to prove ([I32)), using the above bound on the symbol of M, treating
each term in the matrix separately.

~— —

The M;j; term. In this case, to prove (I32)), we can after a Plancherel, assume
that we are working in Fourier space. Using the weight bounds for My;, we see
that it is enough to show that

(133)  (—[00| + |01]) (sﬁ;x,d,al (L) * 5,5 4.6, (LQ)) (S (L?) * 50,5, (L))
C A2HA(6105 - mme)2 L
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To prove this, we will make a careful calculation of the symbol of |9y| — |01]
applied to the convolution sj\ ;5 * 5;;(;\@,52' For £ € suppg(si;)\’d’él) and £ €

suppe(s, a4.5,) We compute

0] = 01| = [Ig] = [§'] + O(1) + O(82)| — [&1 +&i

|lel = 1€']] = |&r +& | + O(max{dy, 82}) .

2

We will now assume that |¢/| < |¢], and using the notation £/ = é:—‘ as well as the
observation that 0 < (£ +¢’)1 we write

gl = 11| = 1&x + &
= (gl =€+ (€E+€)-€) = (€+En+(E+E)-¢)
Su-0 o + A 9(21,0,0),—5/
<A
I
Thus, after a Plancherel, we see that in order to prove ([33) it is enough to show

the following estimates:

max{él, 52} - —a
T (S0 (L) 57506 (L) - (o (L2) # S (L)

C (6162 - 771772)%51 )

(134)

and

1 (6% —
(135) )\1+M (Su;)\,d,(h (LQ) ’ SM)\,d,éz (LQ)) : (‘8177771 (LQ) : 5017]2 (LQ))
C (6102 - 771772)%51 .

To prove the embedding (I34]), we recall that we are using the assumption
max{dy,02} = 61 < m;. Thus, we may reduce to proving this estimate with
max{dy,d2} replaced by ;. It then follows from multiplying the following em-
beddings:

S% a5 (L) C AdZL*(L®) (Local Sobolev),

w

S as (B2 C Ad26ZL(L) (Local Sobolev),
‘907?71 (LQ) : 50,772 (L2) - 772§L2([_’1) (Energy : L2)'

To prove (I34)), noting the range of the various multipliers and the value of the
dyadic weights, we see that the estimate follows from multiplying the following local
embeddings:

Siina.s (L7) - S8 a5, (L)

Som (L2) - Sons (LQ) C nl%ngffx’*(Ll) (Energy interp. w/ L? - Energy).

)\H',uél% (52%f/1+(]i°°) (Bi-Strichartz & Sobolev),

N

The Mj> and M3 terms. Counting up the weights involved, we see that this
boils down to an estimate which is exactly of the same form as (I35) above.
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The Ms; and Mgz terms. We will only deal with the Ms; term here, as the
M3y can be treated in exactly the same manner. What we are trying to show,
then, is that

(136)  (stnas (E2) 5 550050 (E9)) - (50 (E2) * Balsos (12))
C ASTdZ0(8:05 - mupp)* L1

In order to show this, we will break down into two cases depending on the relative
size of max{m,n2} and d. However, both of these cases follow essentially the same
pattern, and the split is more for notational purposes as opposed to being really
essential.

Case 1: max{ni,n2} < d. In this case, we can run a similar decomposition as the
one given in Lemma Z3 on the product S, (L?) - Sy, (L?) to obtain

507771 (Lz) Yo 772 L2 Z Sa A d,?71 Sa A,d,m2 (LQ)

where the spatial supports of the multipliers sfi dn; Are still parallelepipeds of size

~ A X VAd X VAd, but may be larger than the spatial supports of the Si(/l\,d,éi'
This is because the condition max{n;, 72} < d still implies that the angle between

the spatial support of s5,, and s,,, in the convolution cannot be too much larger
than @.

We are now trying to show that

2 - 2 2
(137> (Sg;/\d,él (L )* Su&,d,ﬁz (L )) ’ <5§;>\,d,m( ) |82|50)\dn2 (L ))
C At d20(6,65 - mump) 2 L1
To proceed further, we need to consider the minimum angle between the set
SUPPE{SE;A,d,m} U suppg{s;fidm} and the set suppe{sj., 45,1 U suppf{s;;o)‘\’dﬁzl.

We will call this angle ©,,;,. Then, in terms of this angle, we can bound the 0
appearing in the above estimate by

~ NGVERRVSY
02] S 0(Omin + —— + —)
o
Upon substituting d; with the sum U(‘ﬁ r) (I37), we see that we are

left with estimates of the form (I35), so it is enough to try to prove ([I37) with d;
replaced by ¢ - ©,,in. We will, of course, also assume now that 0 < ©,,;,. After
regrouping the product, we see that (I37) follows from the embeddings

SSnas (L) S5 4 (LD € (WAd)20 “3 (61ms)PL2(L?)  (Spec. Strichartz),
Shnass (L) o5 40 (L7) € (WAD)76 ©,.2,(5m) ¥ L2(L?)  (Spec. Strichartz).

Case 2: d < max{ny,n2}. In order to prove (I36) in this case, we will use an
angular decomposition of the product Sy, (L?)- S5, (L?), based on a calculation of
the maximum angle between the spatial supports of the corresponding convolution
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factors in Fourier space. Using the exact same calculation as that used to prove
Lemma [Z9] we see that this angle satisfies the bounds

1
o < (A -max{n,72})2
~ o
Thus, just as we did for Lemma [Z9] we may write

2 2\ I¢] 2 -B 2
S"vm (L )'5‘7"72 (L ) ~ ZSU;A,maX{mm}ml (L )'Sa;/\,maX{m,nz},ng (L ) ’
B

where the above multipliers have the appropriate dimensions.

We can now, without loss of generality, assume that we are in the case where
max{n,n2} = 11, the other case following from the same method. What we are
trying to prove, then, is that

(138) (Sg%/\vdﬁl (LQ) * 5/:;§,d,52 (Lz)) ’ (Sg;k,m,m (Lz) * |82|5;;§,m,n2 (L2)>
C At d20(6,65 - mump) 2 L1
We now mimic the proof of Case 1 above and denote the minimum angle between

the sets suppg{sg A, m} U suppg{sg S 772} and suppg{su Ndsy s U suppg{su N 52}
by ©Omin. Again, using this angle, we can bound the derivative appearing in the

above inclusion by
~ VA \/
DA L

~

)

The proof of (I38) now follows from the same set of estimates as used in Case 1

above, except for the v/An; term. To deal with this value substituted for |52| in
(I38), it is enough to note the following embeddings:

Sg§)\»d761(L2) ,u\daz(LQ) < /\1+d%51%52%L°° (L**) (Energy & Local Sobolev),
Sf;k,n1,n1(L2) < L2(L2)7
SR (L?) € oni LFH(I>") (Strichartz).

The Mgy, Moz, M3s, and Msz terms. In this case, we can reduce to studying
the Moy term, as the Ms3 term is similar by symmetry, and the Maz and Mo
terms are of a lower order. What we are trying to show, then, is that

(139) (5 (1) 55800 (E2)) * (5oua (B2 ] (12))
C ATTdZ po (8102 - mn2)? L1

But we just proved (I36), which is the above estimate with u replaced by A. There-
fore, there is nothing new to show here. This completes the proof of (129). O

Proof of ([I30). We begin by noting that, as in the previous case, it suffices to prove
this estimate at the scaling, and at a loss of A\°F. After an application of Lemma
29, we see that this amounts to showing that

1
(140) Z (SE;)\,d,él( )8 o )\ d 62( 2)) ' Sg,d (Smm (LQ) 875’07172 (LQ))
C A uo (8102 - mm2) 2 LY
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where we are in the range

(1) A< p1 ~ po;
(2) A< 01 ~ 09;
(3) max{d1,d2} < d;
(4) max{n,m2} S A

The proof now retraces the steps of the previous one, using the same decompositions
and notation. The first thing we will do is to break down into cases depending on
the relative sizes of max{n,n2} and d.

Case 1: max{ni,n2} < d. After an angular decomposition in the second factor of
(I40), we see that we are trying to prove that

1
(141) Z ( 3;)x,d,(51( ) a 1 k d 52( )) (Sa A, d,m (L2) o7 SU A,d,n2 (L2))
C A uo(8102 - mm2) F L

We now compute the symbol of 0,07 in terms of ©,4,, the maximum angle
}, as follows. For (1,¢) €

supp{s, . as,} and (7'.¢') € supp{sm)\’dm} we can assume without loss of gener-
ality that 0 < 7 and 7 < 0. Then we compute that

[ €€ = |(r— e + Il +1e) — lelle] — €€
S (1t 0)d + jp0©%,,, -

between the sets suppg{su N, 5,5 and —suppg{sg N

We note that this bound can be made on the symbol of 0,07, while at the same
time replacing % by its dyadic bound )\—12

As in the previous section, we can bound the maximum angle ©,,,, by some
dyadic expressions plus the minimum angle between the sets suppf{sf; A d,m} U

SUPPE{S;g\,d,nz} and suppg{sg;/\d,él} U suppg{s;&’d’éz}, as follows:
Vv ad N vV ad
o wo

The estimate (IZI)) now follows from the same sort of embeddings used in the proof

of (IZ9) above.

Case 2: d < max{ni,n2}. We can assume without loss of generality that in fact
max{n1,n2} = m. In this case, we make the same angular decomposition we made
in the second case of the previous proof to reduce to showing that

emax ~ (_)min

1
(142) < (205 () 955052 - (ST i B 078,51, 1 (13))

- /\O+MU(5152 771772)%;6

Also, if we denote the minimum angle between the sets suppg{sfg)\’d,m} U

suppf{s;;§7d7n2} and suppf{sfj;)\,dﬁl} U suppg{s;&,d@} by ©.min, we get the symbol

bound
VNI, V3
o

16,87 S pd+ ony +op(© .

—)-
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Substituting this last expression into the estimate ([42), while replacing % by
%, we are left with proving embeddings which are similar to those shown in the
proof of ([29); we leave the details to the reader. O

3.6. Proof of the inclusion (56b). This is the final section of the paper. Keeping
in mind the bootstrapping estimate (G5b) for [ = 0 (which we now know to be true),
after a foliation, we are reduced to proving the estimate

(D) NG 1 SaaNa({AFDY gDy oy 12

We shall treat each term in N} in the above embedding separately as they require
slightly different arguments. For the remainder of this section we will refer to spatial
field potentials {A;} collectively as A.

Proof of IZ3) for the cubic terms in Ny. In this case, it suffices to drop multipli-
ers and show the inclusions

(143) (D)9 (JAFD R0 ) o L2
(144) (Da)™ (Do) D (4S5 V) = L2

We first prove (I43) by decomposing it into two estimates based on a Littlewood—
Paley decomposition with respect to the spatial variable as follows:

(145) > DI (B, (JAIP) - By (0 7)) = LA(LY),
1< p2

(146) > (D) (P (ARTIR) - Bu(6®D)) — 1212
MzSM

After some weight trading, the estimate ([45) follows from the embeddings

(147) (Dx>(s_1)_(Xls’%) C L*T(L™) (Strichartz & Sobolev),
(EWOLQ)(HiI) C L™ (H;,) (Interpolation),
(D,) 8+ ((EOO’(H;;E))Q : E2+(i°°)) C L1 (Sobolev).

To show ([[44d), after some weight trading and an application of the estimate (I47)),
we can reduce things to the following estimate, which can be proved with several
rounds of the Sobolev embedding theorem:

(D)% (L7 (ay,) - D27 (H D7) - LHH(L%)) © LAY
To prove ([44), we rely on the decomposition

(148) AT = gD )+ AFY

EOO(HEL Hs—%,l—s,s ’

to reduce things to proving estimates identical to the ones used to show (I43]) and
the following:

2
e (S P TR R A
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which in turn follows from the embeddings

1 2 - =«
(Hs*i,lfs,s) C L1+(L3) (Sobolev),
(D)t (E1+(73) : X1S7%> C L' (L? (Energy & Sobolev),
(Do) "2 (L(L2) C LA(L?) (Sobolev).

O

Proof of (IZ3J) for the quadratic terms in Ny containing Vt,xcﬁ(k_l). Here we need
to show the estimates

(149) (D) " ACH* S 1S (A(k—l) .v¢(k—1)> — L%,
(150) <Dx>s_1A(_%H_S\E\(\T‘S)‘vd (A(()kfl)atqs(k—l)) s L2 .
We first prove ([4d). We begin with proving the embedding

(151) 3 (D) AT S S (S (L¥(HL) - VS, (X179)) € L2
pr<Lp2

The multiplier S)¢|«|,| and the condition p1 < p2 together imply that one may
replace S,,,(X*2) in the above sum by S, ,,,(X*?), i.e., one has that

- .1
SielciriSna (S (L2 (H,)) - VS, (X17))
~ 7 00 s s—%,0
~ SjeiairiSna (S (L¥H ) - S, (X1739)
Thus, to show (&), it suffices to note the estimate

(152) (D)= (L=(H;,) - L%H“é)) c L (Sobolev).

t,x

Next, we need to prove the estimate ([5I) where the sum is taken over the
region where ps < pi. Here we use the fact that A is divergence free to write
A - V¢ = (div)(pA). With this reduction and after some weight manipulation, we
see that we are trying to show that

(LN I3 - X7 ¢ 17
which in turn follows from the embeddings
(L® N LY (L?) C L™ (L% (Interpolation),
X1(8+%)7’% C L*T(L™) (Strichartz & Sobolev).

We now prove (Ib0). Following the remarks at the end of (I2I)), we may split
this into the following two embeddings:

(153) D (D) AT S Saa (Sm(Ac()kil))3t5u2,6(¢(k_1))> — L7,
Hi
O~

(154) D2 (D) A S S (S (A6 S 56 7Y)) L7

p2Sp1
O 12
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To deal with the first of the above embeddings, we note that the condition ¢ ~ s
1 3
allows us to replace 9;.5,,, 5(¢* 1) with 13 625,, s(¢*~1)), and we use the splitting
(I48) to reduce ([I53) to the estimate (I52), and the following:
(Dy)* U (D) DT (e btmes . xo730) € g2,
which in turn follows from the embeddings

(D)1 (HS_%J—S’S -XS_%’()) C L'T(L*)  (Several Sobolev’s in space),

(Dy.4) e (I/H(LZ)) C L3(L? (Sobolev in time).

To deal with the embedding ({I54)), we first note that the condition § < us
assures us that we may replace the term 0;S,, s(¢* 1)) with (D,)S,,, s(¢*~1).
We now use the splitting

A = A A

=3 (Dy) ™ 2% (LoenL2)(L1)

and some weight trading to reduce ([I54) to proving the following set of estimates:

(155) (D) (L2 - X7%) C 12(1%)
(156) He =215 . X373 C L*(L?),
(157) (DD (C=ndEh - x" ) c 2

The estimates (IEH)—(IhRA) follow easily from a combination of energy estimates for
the X, spaces and spatial Sobolev embeddings. The last estimate, (IZd), follows
from the embeddings

X11+’% C L**(L™) (Strichartz & Sobolev),
(L*N LA (LY) € L™ (LY (Interpolation),
<Dx>(_%)_ (LQ(El)) C LA(L% (Sobolev).

Proof of (IZ3) for the term Bék71)¢(k_1). We are trying to show that
(158) (DY~ ACHF S 1S (ggkﬂ)qb(k—l)) — LA(L?).
Using the splitting

BE-D g L g

H*3 (Dya) "2 (LoenL2)(L1)

and getting rid of multipliers, (I58]) reduces to proving the following two embed-

dings:
(159) (D2)*H(Dye) “HF (H300. X7#) € 12(17)
(160)  (Da)*™H(Dya) THF ((Dra) *H(E= N LY - X7F) € LAY

The first of the above embeddings, (I59), follows directly from the estimates
X;%C LX(H;,)  (Energy),
(D,)* =1 Dy) D (L2(H, %) L(H;,)) © L*(L*)  (Sobolev).
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To prove (I60), after a case splitting with respect to relative frequency sizes, it
suffices to prove the following embeddings:

(D) o0+ (L(LY) - X, %)

N

L*(L?),

N

(D)8 (Do) ALY - X)€%

both of which follow from the estimate
X11+’% C L*(L™) (Strichartz),
and several rounds of the Sobolev embedding theorem. (]

This completes the proof of the inclusion (56b).
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