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FOLIATIONS IN MODULI SPACES OF ABELIAN VARIETIES

FRANS OORT

Introduction

In this paper we study abelian varieties and p-divisible groups in characteristic
p.

Even though a non-trivial deformation of an abelian variety can produce a non-
trivial Galois-representation, say on the Tate-`-group of the generic fiber (in any
characteristic), the geometric generic fiber has a “constant” Tate-`-group. We en-
counter the same phenomenon for the p-structure in positive characteristic: any
two ordinary abelian varieties of the same dimension over an algebraically closed
field have isomorphic p-divisible groups.

However, for non-ordinary abelian varieties this seems to break down. The fas-
cinating structure which comes out of this is that the maximal locus where a given
geometric isomorphism class of a p-divisible group is realized (e.g., in a family of
abelian varieties) is a locally closed set. The locus defined by the geometric iso-
morphism type of a p-divisible group will be called a “central leaf”; see 2.1 and 3.4.
This gives rise to a “foliation” of the open stratum attached to a Newton polygon
ξ; the dimension of any “leaf” in the same Newton polygon stratum solely depends
on ξ. In extreme cases

either the leaf is the whole stratum, as in the ordinary case,
or in the “almost ordinary case” (the p-rank equals g − 1),
or a leaf is zero-dimensional as in the supersingular case;

in intermediate cases a leaf can be a proper subset and still be positive dimensional:
we have worked out the example of g = 4 in 8.1.

Between two central leaves in the same Newton polygon stratum there is a corre-
spondence by iterated αp-isogenies. This leads naturally to the study of “Hecke
orbits” by such isogenies. In the case of moduli spaces of abelian varieties we ob-
tain “isogeny leaves”; see 4.2. The beauty of these two structures is that they are
almost transversal, that both feel like a foliation, and that they give, up to a finite
morphism, a natural product structure on every irreducible component W of an
open Newton polygon stratum.

We prove the following theorems:
1.3: a finite level of a geometrically fiberwise constant family of p-divisible

groups becomes constant over an appropriate finite cover of the base;
2.2, 3.3: a central leaf is closed in its open Newton polygon stratum;
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3.13: central leaves are smooth over the base field, and the dimension of a
central leaf depends only on the Newton polygon;

4.2: for polarized abelian varieties, the union of all irreducible iterated αp-
Hecke orbits through one point is a closed subset;

5.3: every component of a Newton polygon stratum is up to a finite morphism
isomorphic with the product of any of the isogeny leaves with a finite cover
of any of the central leaves.

Motivation/explanation. In the moduli space of abelian varieties in character-
istic p we consider Hecke orbits related to isogenies of degree prime to p and Hecke
orbits related to iterated αp-isogenies. The first “moves” points in a central leaf:
under such isogenies the geometric p-divisible group does not change; the second
moves points in an isogeny leaf. We can expect that these two natural foliations
describe these two “transversal” actions: see 6.1 and 6.2.

EO-strata and central leaves. In [18] we described the stratification of the mod-
uli space of abelian varieties given by p-kernels: (A, λ) and (B,µ) are in the same
EO-stratum if (A, λ)[p] ∼= (B,µ)[p], the isomorphism over an algebraically closed
field. It is natural to consider more generally the relation given by the isomorphism
type of (A, λ)[pi] for some i ∈ Z≥1; for every i this defines naturally subsets of the
moduli space, but we should not expect only finitely many of such subspaces. The
central leaves studied in this paper are the ones obtained by choosing i large enough
(depending on g), which is the same (see 1.7) as considering the isomorphism type
of (A, λ)[p∞].

Isogeny correspondences. Such correspondences are finite-to-finite in character-
istic zero or, more generally, if only isogenies of degree prime to the characteristic
are considered. In positive characteristic such correspondences in general blow up
and down. However it turns out that restricted to central leaves all correspondences
are finite-to-finite; see 3.16.

Some terminology and notations used in this paper are brought together in Section
7 and Section 8. In particular a field denoted by k will be supposed algebraically
closed, k = k ⊃ Fp.

1. Preliminaries on p-divisible groups and on finite group schemes

1.1. Definition. Let S be a scheme, and let X → S be a p-divisible group. We say
that X/S is geometrically fiberwise constant if there exist a field K, a p-divisible
group X0 over K, a morphism S → Spec(K), and for every s ∈ S an algebraically
closed field k ⊃ κ(s) ⊃ K containing the residue class field of s and an isomorphism
X0 ⊗ k ∼=k Xs ⊗ k.

The analogous terminology will be used for (polarized) abelian schemes.

1.2. Definition. Let T be a scheme and let G → T be a group scheme. We say
that G is constant over T if there exist a field L, a group scheme G0 over L, a
morphism T → Spec(L) and an isomorphism

G0 ×Spec(L) T ∼=T G.

In this section we show
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1.3. Theorem. Let S be a scheme which satisfies condition (N) (see 7.2); let X → S
be a p-divisible group; let n ∈ Z≥0. Suppose that X → S is geometrically fiberwise
constant. Then there exists a finite surjective morphism Tn = T → S, such that
X [pn]×S T is constant over T .

Remark. The choice of T → S can be made in such a way that this equals a
composition of finite morphisms T → T ′ → S′ → S, where S′ → S factors the
normalization, S̃ → S′ → S, and T ′ → S′ is purely inseparable and T → T ′ is
étale.

For the proof of 1.3 we need some preliminaries. We say that the condition
∗(Z/S, n) is satisfied, where Z → S is a p-divisible group, and n ∈ Z≥0, if there
exists a finite surjective morphism T → S such that Z[pn]×S T is constant.

1.4. Lemma. For any completely slope divisible Y → S, where S is noetherian and
integral, the property ∗(Z/S,N) is satisfied for every N ∈ Z≥0.

Proof. At first we claim that there exist a purely inseparable, finite, surjective mor-
phism T1 = T → S such that Y [pN ]T = ⊕i((Yi/Yi−1)[pN ])T , in the notation of
7.6.

In fact, for large r ∈ Z, over T ′ = S(p−rs) the homomorphism(
ψ :=

F s

ps−ti

)r
: ((Yi/Yi−1)[pN ])(p−rs)

T ′ −→ Yi[pN ]T ′

splits off this subquotient, because ψ is an isomorphism on Yi/Yi−1 and nilpotent
on Yi−1[pN ]. Note that S is integral and noetherian, and Yi[pN ]→ S is finite; hence
there exists a factorization T ′ = S(p−rs) → T1 → S, where T1 → S is finite and for
which the claim holds.

By [22, 1.1.0] we see that all Gi = (Yi/Yi−1)[pN ] become constant, for 1 ≤ i ≤ m,
under a (separable) finite, surjective morphism T2 → S. Any T → S dominating
T1 → S and T2 → S has the desired property. This proves the lemma. �

For p-divisible groups X,Y over a field and for N ≥ n ≥ 0 we denote by

Φn : Hom(X,Y )→ Hom(X [n], Y [n])

and
ΦNn : Hom(X [N ], Y [N ])→ Hom(X [n], Y [n])

the natural restriction maps.

1.5. Lemma. For p-divisible groups X and Y over k, there exists for every n ∈ Z≥0

an integer N(X,Y, n) such that for every N ≥ N(X,Y, n) we have

Im(Φn) = Im(ΦNn ).

Proof. For every m ∈ Z≥0 consider the functor T 7→ Hom(X [pm]T , Y [pm]T ) on
k-schemes. As is easily seen, this functor is representable by a group scheme of
finite type over k; notation: Gm = Hom(X [pm], Y [pm]). For m ≥ n the natural
restriction map yields a homomorphism of algebraic groups ρmn : Gm → Gn. We
write G′m = (Gm)red. Note that the image of a homomorphism between algebraic
groups is a (closed) subgroup; consider the finite set Φn(Hom(X,Y )) ⊂ G′n(k) as
an algebraic subgroup of G′n. We obtain a descending chain of algebraic groups

G′n ⊃ ρn+1
n (G′n+1) ⊃ · · · ⊃ ρn+i

n (G′n+i) ⊃ · · · ⊃ Φn(Hom(X,Y )).
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The sequence of subgroup schemes {ρn+i
n (G′n+i) | i ∈ Z≥0} stabilizes on the one

hand, and it is equal to Φn(Hom(X,Y )) on the other hand. �

We are going to show that n 7→ N(X,Y, n) can be chosen uniformly depending only
on the heights of the p-divisible groups in consideration.

1.6. Proposition. For every h ∈ Z>0 there exists an integer N(h′, h′′, n) such
that for p-divisible groups X and Y over an algebraically closed field k of height
h′ = height(X), respectively h′′ = height(Y ), and for every N ≥ N(h′, h′′, n) the
following images are equal:

Im (Φn) = Im
(
ΦNn
)
.

Proof. We split up the proof into various steps.
(1) Given h, there exists an integer d(h) such that for every p-divisible group X of
height h and with Newton polygon N (X) = β there is an isogeny ρ : H(β)→ X of
degree deg(ρ) = d(h).

This follows from [12, (3.4) and (3.5) on page 44] and from the property that
H(β) admits endomorphisms of degree p. �(1)

(2) In order to prove the proposition it suffices to show:
For every h ≥ 0 there exists N(h) such that for every p-divisible group Z of height
h and for every N ≥ N(h) we have

Im(Φn : End(Z)→ End(Z[n])) = Im(ΦNn : End(Z(N))→ End(Z[n])).

Indeed, apply this result for Z = X ⊕ Y . �(2)

(3) Let H and Z be p-divisible groups and let ρ : H → Z be an isogeny of degree
deg(ρ) = ps. Suppose that the property mentioned in (2) holds for H with the
function b 7→ NH(b); then that property holds for Z with the function n 7→ NZ(n) :=
NH(n+ s) + s.

Proof of (3). We consider Dieudonné modules and induced maps:

D(ρ : H → Z) = (D(H) =: Q ↪→M := D(Z)) .

For n ≥ 0 and N ≥ NH(n+ s) + s we consider the inclusions:

pNM ⊂ pNH(n+s)Q ⊂ pn+sQ ⊂ pn+sM ⊂ pnQ ⊂ Q ⊂M ⊂ p−sQ.

Suppose ϕN ∈ End(Z[N ]) restricts to ϕn = ΦNn (ϕN ); we claim that in this case
ϕn can be lifted to ϕ ∈ End(Z). Indeed, consider ψn+s ∈ End(Z[pn+s] defined by
ψn+s = psϕn. We denote the endomorphisms induced on the Dieudonné modules
by the same symbols; note that ψn+s : M/pn+sM →M/pn+sM restricts to ψ′n+s :
Q/pn+sM → Q/pn+sM by

Q

pn+sM
↪→ M

pn+sM

psϕ−→ psM

pn+sM
↪→ Q

pn+sM
.

We see that ϕN restricts to ψ′NH(n+s) ∈ End(H [pNH(n+s)]) = End(Q/pNH(n+s)Q);
hence the restriction to End(H [pn+s]) can be lifted to H . This shows that ψ′n+s ∈
End(Q/pn+sM) can be lifted to Q. From this it follows that ϕn ∈ End(M) can be
lifted to End(M). �(3)
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(4) For a given H = H(β) there is a function NH such that (2) is satisfied for H
and this function. Hence, for all minimal groups of height h there is a function
n 7→ Nmin(h, n) satisfying (2) for all minimal groups of height h.

The first statement is a consequence of 1.5. The second follows because there
are only finitely many Newton polygons of a given height. �(4)

Remark (not used in this paper). An easy and explicit consideration shows that for
any Newton polygon β the function NH(β)(n) := n+ 1 satisfies the property in (4).

We have seen in (2) that it suffices to show the proposition for endomorphisms.
For a given h ∈ Z>0 we define N(h, n) = Nmin(h, n + s) + s, with s := d(h)
as in (1). By (1) we see that for every Z of height h there exists an isogeny
H = H(N (Z))→ Z of degree d(h). By (4) we know that property (2) holds for the
function NH(m) = Nmin(h,m). By (3) we see that property (2) holds for Z with
the function NZ(n) = Nmin(h, n+ s) + s. � 1.6

Note that the detour via minimal groups is not necessary: the proposition follows,
using special Dieudonné submodules as in [12], with a less explicit bound, from [12,
(3.4) and (3.5) on page 44], 1.5 and (2) and (3). Note however that the number
of completely slope divisible p-divisible groups, up to isomorphism over k, of given
height, in general is not finite; for that reason we did not use these p-divisible groups
in the previous proof.

The following result will be used several times in this paper. This fact is probably
known to all experts in the field.

1.7. Corollary. For any h ∈ Z≥0 there exists N(h) ∈ Z≥0 with the property that
for p-divisible groups X1, and X2 of height h over an algebraically closed field, and
any n ≥ N(h),

X1[pn] ∼= X2[pn] ⇒ X1
∼= X2.

Apply 1.6 with n = 1. �

1.8. Corollary. Any completely slope divisible Y → S over a noetherian and inte-
gral K-scheme S with S(K) 6= ∅ is geometrically fiberwise constant.

This follows from 1.4 and 1.7. �

1.9. Lemma. Suppose given X → S, a p-divisible group, and i ∈ Z≥0, then the
functor

T 7→ Gr(T ) := {G ↪→ XT | rk(G/T ) = pi}
is representable by a proper scheme GrX/S,i = Gr → S and a universal G → Gr.

Proof. There is a locally free sheaf B of algebras on S giving X [pi] → S. Any
G ↪→ XT as considered is included in X [pi]T , and it is given by an ideal sheaf
I in B ⊗ OT . Hence the functor is a subfunctor of the related Grassmannian of
B/S. The property that B → B/I with G = Spec(B/I) is in fact a morphism of
bialgebras is a closed condition on points in that Grassmannian. �

1.10. Lemma. Let Z1 and Z2 be p-divisible groups over an algebraically closed field
k, and let i ∈ Z≥0. We write

Ψ = Ψ(Z1, Z2; i) := {G ⊂ Z1 | rk(G) = pi, ∃ψ : Z1 → Z2, Ker(ψ) = G};

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



272 FRANS OORT

then
# (Ψ) < ∞.

Proof. The module Γ := Hom(Z1, Z2) is free of finite rank over Zp. Hence Γ/piΓ
is finite. Let Φ′ ⊂ Γ and let its image Φ′′ ⊂ Γ/piΓ be defined as

Φ′ := {ψ ∈ Γ | rk(Ker(ψ)) = pi}; Φ′ mod piΓ =: Φ′′ ⊂ Γ/piΓ.

If ψ1 ∈ Φ′ and ρ ∈ Φ′ and ψ1 + pi·ρ =: ψ2 ∈ Φ′, then Ker(ψ1) = Ker(ψ2). The
map Φ′ � Φ defined by ψ 7→ Ker(ψ) induces a surjective map Φ′′ � Ψ; hence
# (Ψ) <∞. �

1.11. Proof of Theorem 1.3. Let S′ → S be the normalization morphism, and
consider X ′ = XS′ → S′; by [22, Theorem (2.1)] or [22, Proposition (2.7)], we
know there exists an isogeny ϕ : Y → X ′ over S′, where Y/S′ is completely slope
divisible. Let pi := deg(ϕ). We are going to show ∗(XS′ , n). We choose N ∈ Z≥0

such that N ≥ n+ i. As Y → S′ satisfies ∗(Y, N) (see 1.4), we can choose a finite
T → S′, with T connected, a field L, a morphism T → Spec(L), a p-divisible group
Y0 over L, and an isomorphism

Y0[pN ]× T ∼−→ Y[pN ]×S′ T ;

from now on we fix this isomorphism and write it as an equality. We write X0 =
(XT )0, and we have the morphism ϕT,0 : Y0 → X0. Because N ≥ i we see that
Ker(ϕ) ⊂ Y[pi] ⊂ Y[pN ]; hence Gr := GrY,i = GrY0,i × T . Consider the finite set
Ψ = Ψ(Z1 = Y0, Z2 = X0; i) as in 1.10.

The morphism ϕT : YT → XT defines G := Ker(ϕT ) ⊂ Y[pN ]T = Y0 × T ; this is
equivalent to a section

Gr
σ←−−→ T.

Note that YT /T is completely slope divisible; hence for every geometric point t
of T there exists some isomorphism Yt ∼= Y0 ⊗ k (see 1.8); also we have some
isomorphism Xt ∼= X0 ⊗ k. Hence for every geometric point t of T we have σ(t) ∈
Ψ = Ψ(Y0, X0; i); note that this statement does not depend on the choice of the
isomorphisms Yt ∼= Y0 ⊗ k and Xt

∼= X0 ⊗ k: note that Aut(Y0) acts from the right
on Ψ, and Aut(X0) acts from the left on Ψ. As T is connected, and σ(t) ∈ Ψ for
every t, this shows σ : T → GrY0,i × T to be a constant map; hence there exists
G0 ⊂ Y0 such that

Ker((ϕT )0) = G0 × T ⊂ Y[pN ]T = Y0 × T.
As N ≥ n+ i, we see that

ϕT (Y[pN ]T ) ⊃ X [pn]T , hence Y[pN ]T ⊃ H := ϕ−1
T (X [pn]T ) = Ker(pn·ϕT ).

We have
X [pn] = H/G and G0 ⊂ H0 ⊂ Y0.

We see that H ⊂ Y[pN ]T = Y0×T defines a section Σ of GrY0,j×T , with j = hn+i.
Every geometric fiber Ht is the kernel of pn·ϕt : Y0

∼= Yt → Xt ∼= X0; hence H
defines a section Σ : T → Gr = GrY0,j × T ; this section has the property that for
every geometric point t we have Σ(t) ∈ Ψ(Y0, X0; j); hence, by the same argument
as before,

H = H0 × T ⊂ Y[pN ]T = Y0 × T, with G ⊂ H giving (G ⊂ H) = (G0 ⊂ H0)× T.
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This proves that
X [pn]T = H/G = (H0/G0)× T.

This proves ∗(X,n) and we have concluded the proof of the theorem. � 1.3

2. Central leaves

2.1. Notation. Let K ⊃ Fp be a field, and let X be a p-divisible group over K.
Let S → Spec(K) be a noetherian scheme over K, and let Y → S be a p-divisible
group over S. We write

CX(S) := {s ∈ S | ∃k = k ⊃ κ(s), ∃ ∼=: Ys ⊗κ(s) k ∼= X ⊗K k}.
Note that Ys⊗κ(s)k ∼= X⊗K k as in the definition exists iff there is a field extension
κ(s) ⊂ L and an isomorphism Ys ⊗κ(s) L ∼= X ⊗K L.

Remark. We will write CX(Y → S) if confusion might be possible. The isomorphism
in the definition exists iff such an isomorphisms exists over an algebraic closure of
κ(s). We have defined CX(S) ⊂ S as a subset. Once 2.2 has been proved, working
over a perfect field, we consider CX(S) ⊂ S as a closed subscheme of W0

N (X)(S)
with the induced reduced scheme structure. Once the theorem has been proved, in
such situations the formation CX(−) commutes with base change.

We remind the reader of the following notation. Let β be a Newton polygon (see
7.4), and let Y → S be a p-divisible group with the same d and h = d+ c. We write

W0
β(S) = {s | N (Ys) = β},

and
Wβ(S) = {s | N (Ys) ≺ β}.

By Grothendieck-Katz (see [10, 2.3.1 and 2.3.2]), we know that Wβ(S) ⊂ S is
closed and W0

β(S) ⊂ S is locally closed; these sets are given the induced, reduced
scheme structure. Note that CX(S) ⊂ W0

N (X)(S).

In this section we will show

2.2. Theorem. Let K be a field, let X be a p-divisible group over K. Let S →
Spec(K) where S is an excellent scheme over a field K. Let Y → S be a p-divisible
group. Then

CX(S) ⊂ W0
N (X)(S)

is a closed subset.

2.3. Definition. Let S be a scheme. Let G1 → S and G2 → S be finite, locally
free group schemes over S. Define the “isom-functor” I by

∀T → S, I(T ) = Isom(G1 ×S T,G2 ×S T ).

2.4. Lemma. This functor is representable by a scheme I(G1, G2) = I → S of
finite type over S.

Proof. Let B1, respectively B2, be the OS-algebra defining G1 → S, respectively
G2 → S. An isomorphism as considered defines an OT -isomorphism B2 ⊗ OT →
B1 ⊗ OT ; the functor of such maps is represented by a scheme of finite type over
S. The condition that such maps moreover define an isomorphism of bialgebras
(defining an isomorphism of group schemes) is a closed condition in this scheme. �
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2.5. Corollary. With the notation as in 2.2, by 2.4 we see that CX(S) ⊂ S is a
constructible subset. Hence it contains a dense subset U ⊂ CX(S), open in the
closure of CX(S).

Indeed, use 1.7. �

2.6. Proof of 2.2. Let S′ = Zar
(
CX(S) ⊂ W0

N (X)(S)

)
be the Zariski-closure. Let

S′′ → S′ be the normalization and X ′′ = X ×S S′′. Note that S′′ = W0
N (X)(S

′′):
the Newton polygon of X ′′ → S′′ is constant. By [22, Theorem 2.1] there exists
ϕ : Y → X ′′ such that Y → S′′ is completely slope divisible. Let deg(ϕ) = pi.
Note that Y → S′′ is geometrically fiberwise constant; see 1.8. Consider N(h) as
in 1.7, where h is the height of X/S. Choose N ∈ Z>0 such that N ≥ N(h) + i.
As Y → S′′ satisfies ∗(Y, N) (see 1.4), we can choose a finite surjective T � S′′, a
field L, a morphism T → Spec(L), a point 0 ∈ T (L), and an isomorphism

Y0[pN ]× T ∼−→ Y[pN ]×S′′ T ;

we fix this isomorphism and write it as an equality.
The morphism ϕT : YT → XT defines G := Ker(ϕT ) ⊂ Y[pN ]T ⊂ Y0 × T , and

this is equivalent to a section

GrY,i = GrY0,i × T
σ←−−→ T.

Choose U ⊂ CX(S) as in 2.5; as X×S (U×ST ) and Y×S′′ (U×ST ) are geometrically
fiberwise constant, we conclude that σ is a constant map over U ×S T ; hence it is
constant over T , and hence there exists G0 ⊂ Y0 such that

Ker((ϕT )0) = G0 × T ⊂ Y[pN ]T = Y0 × T.

As N ≥ N(h) + i, defining H := ϕ−1
T (X [pN(h)

T ]), we see, as in the proof of 1.3, that

for every geometric point t ∈ T (k) we have Xt[pN(h)] ∼= X0[pN(h)]⊗ k.
By 1.7 this proves that Xt ∼= X0 ⊗ k for every geometric point t ∈ T (k). Hence
XT → T is geometrically fiberwise constant; this proves that CX(S) = S′, which
finishes the proof of Theorem 2.2. �

2.7. Proposition/Notation cu(–). (i) Let ϕ0 : Y0 → X0 be an isogeny of p-
divisible groups over a field k; let R be a complete local noetherian domain with
residue class field k and let Y → T := Spec(R) be a geometrically fiberwise
constantp-divisible group. Consider C := CX0(Def(X0)) and the restriction X → C
of the universal family. There exists a correspondence T ← Γ → C = CX(Def(X))
and an isogeny ϕ : YΓ → XΓ extending ϕ0 with T ← Γ a finite, surjective morphism.

(ii) For every Newton polygon β there exists an integer cu(β) ∈ Z≥0 (c = central
leaf, u = unpolarized) such that for every p-divisible group X with N (X) = β the
closed locus CX(Def(X)) is pure of dimension cu(β).

The first part follows from 1.3; for more details see the proof of 3.14. The second
part is an immediate consequence of the first. �

2.8. Remark. In [1] we prove the following formula. Let β be a Newton poly-
gon of dimension d and height h, given by the slopes 0 ≤ λ1 ≤ · · · ≤ λh ≤ 1.
Let β∗ be the (upper convex) polygon given by λh, · · · , λ1. We have cu(β) =∑

0<j<h (β∗(j)− β(j)) .
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3. Central leaves: The polarized case

3.1. Let A → S be an abelian scheme. Let λ : A → At be a polarization on
A→ S; this isogeny is symmetric, i.e., λ = λt under the identification A ∼−→ Att.

Let Y → S be a p-divisible group. Let Y t → S be its Serre-dual. We say that
an isogeny λ : Y → Y t is a quasi-polarization on Y/S if

(λt : Y tt → Y t) = −(Y tt = Y
λ−→ Y t).

Note that a polarization (a symmetric isogeny) on an abelian scheme A induces a
quasi-polarization (an anti-symmetric isogeny) on its p-divisible group X = A[p∞];
see [15, Proposition 1.12]; a polarization on A and the induced quasi-polarization
on X = A[p∞] will be denoted by the same symbol, unless there might be danger
of confusion.

3.2. Notation. Let K ⊃ Fp be a field, and let (X,λ) be a quasi-polarized p-divisible
group over K. Let S → Spec(K) be a scheme over K, and let (Y, µ) → S be a
quasi-polarized p-divisible group over S. We write

C(X,λ)(S) := {s ∈ S | ∃k = k ⊃ κ(s), ∃ ∼=: (Ys, µs)⊗κ(s) k ∼= (X,λ)⊗K k}.
In case K is perfect, we consider C(X,λ)(S) as a scheme with the induced reduced
scheme structure.

3.3. Theorem. Let K be a field, and let (X,λ) be a quasi-polarized p-divisible group
over K. Let S → Spec(K) where S is an excellent scheme over K. Let (Y, µ)→ S
be a quasi-polarized p-divisible group over S. Then

C(X,λ)(S) ⊂ W0
N (X)(S)

is a closed subset, which is a union of connected components of CX(S).

By 2.2 we know that CX(S) ⊂ W0
N (X)(S) is closed. Take the union of those irre-

ducible components C ⊂ CX(S) for which for the generic point η ∈ C an isomor-
phism (Yη, µη)⊗κ(η) k ∼= (X,λ)⊗K k exists; using Theorem 1.3 and Corollary 1.7,
we see that this union equals C(X,λ)(S). �
3.4. Central leaves. For any point [(A, λ)] = x ∈ Ag,d ⊗ Fp we choose a field K
over which (X := A[p∞], λ) is defined, and we consider

C(x) := C(X,λ)(Ag,d ⊗K).

Suppose K is perfect; a geometrically irreducible component of C(x) with the
induced reduced scheme structure will be called a central leaf. We will see that
for x ∈ Ag,d,n⊗k with n ≥ 3 prime to p there is exactly one irreducible component
of C(x) containing x; this component will be denoted by Cx ⊂ Ag,d,n ⊗ k. See 6.5.

3.5. Notation. Over Fp2 we consider two series of quasi-polarized superspecial
p-divisible groups (see [11, 6.1]:

Ir: (S = G1,1, τr), where on M = D(S) = Wx⊕W ·Fx, with Fx = Vx the pairing
τr is given by

ε ∈W − pW, εσ = −ε, 〈x,Fx〉 = pr·ε, deg(τr) = p2r, r ∈ Z≥0;

IIr: (T = ((G1,1)2, νr)), where on M = D(T ) = Wx ⊕W ·Fx ⊕Wy ⊕W ·Fy the
pairing is given by 〈x, y〉 = pr, 〈Fx,Fy〉 = pr+1 (and all other pairs of base vectors
pair to zero); here deg(νr) = p4r+2, and r ∈ Z≥0.
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In [11, 6.1] it is proved that over an algebraically closed field a superspecial quasi-
polarized p-divisible group is isomorphic to a direct sum of summands each of type
I or II.

3.6. Notation. Choose coprime, non-negative integers m,n ∈ Z≥0, with m > n.
For any r ∈ Z≥0 we consider over Fp a quasi-polarized p-divisible group (U, ζ),
sometimes written as U = U(m,n), ζ = ζr(m,n) by U(m,n) = Hm,n⊕Hn,m, and

ζ =
(

0 −πr
πr 0

)
: Hm,n ⊕Hn,m −→ (Hm,n ⊕Hn,m)t,

where π ∈ End(Hm,n ⊗ Fp) is a uniformizer in End(Hm,n ⊗ Fp) (see [7, 5.3]) and
π = πm,n : Hm,n → Hm,n = (Hn,m)t, and π = πn,m ∈ End(Hn,m ⊗ Fp) is a
uniformizer. Note that πt = π under the identification (Hm,n)t = Hn,m.

We assume gcd(mi, ni) = 1 and mi > ni and ni/(mi + ni) < nj/(mj + nj) for
j > i.

3.7. Proposition (elementary divisor). In this proposition we work over an alge-
braically closed field k. Suppose ξ is a symmetric Newton polygon, and let (H, ζ)
be a quasi-polarized p-divisible group with

H ∼= H(ξ) = (⊕i (Hmi,ni)
ri)
⊕

(G1,1)s
⊕

(⊕i (Hni,mi)
ri),

i.e., H is minimal; see 7.5. Then there exists an isomorphism

(H, ζ) ∼= ⊕i ⊕1≤j≤ri
(
Umi,ni , ζdi,j (mi, ni)

)⊕
(⊕b(Qb, βb)),

where the non-negative integers di,1 | · · · | di,ri are the elementary divisors of the
quasi-polarization on this isoclinic part, and every (Qb, βb) is of type I or of type
II as in 3.5.

Proof. It suffices to show this for the supersingular part, and for the parts (Hmi,ni⊕
Hni,mi)ri and (G1,1)s separately: ζ is in block form. For the supersingular part this
is proven in [11, 6.1, proposition]. A quasi-polarization ζ on (Hmi,ni ⊕Hni,mi)ri is
in block form

ζ =
(

0 γ
β 0

)
, β : Hri

mi,ni → ((Hni,mi)
t)ri , γ : (Hni,mi)

ri → (Ht
mi,ni)

ri ;

by ζt = −ζ, on p-divisible groups, we conclude that this is a quasi-polarization iff
βt = −γ. We use that E = End(Hm,n⊗k) is the maximal order in End0(Hm,n⊗k),
and the same for Hn,m: by choosing an appropriate basis for (Hni,mi)

ri and for
(Ht

mi,ni)
ri the morphism β ∈ M(ri, E) can be diagonalized with only powers of π

on the diagonal; see [24, Th. 17.7]. This finishes the proof of the proposition. �
3.8. Corollary. Over an algebraically closed field there is, up to isomorphism, pre-
cisely one principal quasi-polarization on H(ξ). �
3.9. Corollary. Let X be a p-divisible group over k. The number of principal
quasi-polarizations on X up to isomorphism is finite.

Proof. Choose an isogeny ψ : H = H(N (X)) → X ; write deg(ψ) = pi. Any
principal polarization λ on X pulls back to a polarization ψ∗(λ) of degree p2i.
The number of polarizations of a given degree on H is finite by 3.7. The isogeny
ψ gives an identification End0(X) → End0(H) by γ 7→ ψ−1γψ; hence we obtain
End(X) ↪→ End(H); this gives a finite index subgroup Aut(X) → Aut(H); hence
the number of λ which give ζ = ψ∗(λ) is finite. �
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3.10. The central stream. For a symmetric Newton polygon ξ we have defined
the minimal p-divisible group H = H(ξ). We see that H admits a principal quasi-
polarization ζ defined over Fp, and we have seen (see 3.8) that it is unique up to
isomorphism over an algebraically closed field. We write

Zξ := CH(ξ)(A) = C(H(ξ),ζ)(A);

this will be called the central stream in A = Ag,1 ⊗ Fp defined by ξ. There does
exist [(X, ζ)] = x ∈ A with (X, ζ)[p∞] ⊗ k ∼= (H(ξ), ζ), such that ζ is a principal
polarization on A; in this case we have Zξ = C(x).

3.11. Remark. There exist p-divisible groups over k for which the number of prin-
cipal quasi-polarizations is bigger than one.

Example. IfX ∼ (G1,1)2 and a(X) = 1, the number of principal quasi-polarizations
on X over k is bigger than one.

3.12. Proposition. (i) Type Ir. There exists an isogeny F : (G1,1, τr+1) →
(G1,1, τr).

(ii) Type IIr. There exist isogenies β : (G1,1, τr)2 → ((G1,1)2, νr) and γ :
((G1,1)2, νr+1)→ (G1,1, τr)2.

(iii) There exists an isogeny (π, 1) : (Hm,n ⊕Hn,m, ζr+1)→ (Hm,n ⊕Hn,m, ζr).
(iv) For quasi-polarized p-divisible groups (X,λ) and (Y, µ) with N (X) = ξ =

N (Y ) over k there exist a quasi-polarization ζ on Z := H(ξ) and isogenies

(X,λ)
ϕ←− (Z, ζ)

ψ−→ (Y, µ), i.e., ϕ∗(λ) = ζ = ψ∗(µ).

Proof. Statement (i) follows by a direct verification.
(ii) Choosing αp ⊂ (G1,1)2 with quotient superspecial, we construct β; direct

verification shows the quotient is of type (Ir)2; e.g., one can choose β = (F, 1) :
(G1,1)2 → (G1,1)2. Choose γ : X → (G1,1)2 of degree p and X superspecial.

(iii) This follows by direct verification.
(iv) It suffices to show this for the isoclinic parts separately. For the supersingular

part this follows from 3.5 and (i) ∼ (iii). The non-supersingular case follows from
(iv) and 3.7. �

3.13. Theorem. (i) Let [(A, λ, h)] = x ∈ Ag,d,n ⊗ Fp; here d ∈ Z>0, i.e., we
consider polarizations of degree d2, and n ∈ Z≥3 is not divisible by p; suppose K
is a perfect field, and suppose that (X,λ) = (A, λ)[p∞] is defined over K; we view
the locally closed set C(X,λ)(Ag,d,n ⊗K) as a locally closed subscheme, denoted by
C, with induced, reduced scheme structure over K. For x, y ∈ C(k) there is an
isomorphism of formal schemes

C/x ∼= C/y.

This scheme C is smooth over K. Any irreducible component of W0
ξ (Ag,d,n ⊗ k)

which contains x also contains C.
(ii) Notation c(−). For every symmetric Newton polygon ξ there is a number

c(ξ) such that for every d ∈ Z>0, and every x ∈ C(X,λ)(Ag,d ⊗ Fp) with N (A) = ξ,
the scheme C considered in (i) is pure of dimension c(ξ).

Proof. (i) It suffices to prove part (i) in case we work over K = k, an algebraically
closed field. Let D = Def(X,λ) be the formal deformation functor. Consider
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D = Spf(R). We know that the universal p-divisible group over D can be given
over Spec(R) (see [6, Lemma 2.4.4 on page 23]); we consider

C(X,λ)(Spec(R)) = E ⊂ Spec(R).

Consider [(A, λ)] = x, [(B,µ)] = y ∈ C(k), with

(A, λ)[p∞] = (X,λ) = (B,µ)[p∞].

By a theorem by Serre and Tate (see [9, Th. 1.2.1]), these identifications give
isomorphisms

Def(A, λ) ∼←− Def(X,λ) ∼−→ Def(B,µ).

These induce identifications

C/x = E/0 = C/y,

where C/x denotes the formal completion of C at the closed point x ∈ C. Hence
the reduced scheme C over k is generically regular; hence it is regular.

For y ∈ C(k) with the indentifications above, we obtain an identification
Wξ(Def(A, λ)) ∼=Wξ(Def(B,µ)). This proves that the number of irreducible com-
ponents of the formal completion Wξ(Ag,d,n ⊗ k)/y for all y ∈ C is constant. This
proves the last statement in (i).

(ii) It suffices to prove this statement at points over an algebraically closed field
k. By the proof in (i) it follows that all irreducible components of C(X,λ)(Ag ⊗ k)
have the same dimension. Suppose A[p∞] = X and (A, λ) = x ∈ C(X,λ)(Ag ⊗ k),
and let (Y, µ) be a quasi-polarized p-divisible group with N (X) = ξ = N (Y ). We
are going to show that the dimensions of C(X,λ)(Ag⊗k), respectively C(Y,µ)(Ag⊗k),
are the same. (Once this is proven, we see that this dimension only depends on
N (X) = ξ, and that number will be called c(ξ).)

By 3.12 we construct isogenies of quasi-polarized p-divisible groups

(X,λ)
ϕ←− (Z, ζ)

ψ−→ (Y, µ);

we conclude the existence of isogenies of polarized abelian varieties (A, λ)
ϕ←−

(M, ζ)
ψ−→ (B,µ), with (M, ζ)[p∞] = (Z, ζ) and (B,µ)[p∞] = (Y, µ). The claim

(ii) follows from the following lemma applied to both ϕ and ψ; the lemma says “an
isogeny between polarized abelian varieties extends to an isogeny correspondence
between the two leaves”.

3.14. Lemma. Let (A, λ)
ϕ←− (M, ζ), an isogeny, and

(A, λ)[p∞] = (X,λ)
ϕ←− (Z, ζ) = (M, ζ)[p∞]

be defined over an algebraically closed field k; let deg(ϕ) = pi. Write x = [(A, λ)] ∈
Ag,∗,n⊗ k (in the notation we omit the level structure with n ≥ 3 prime to p), and
let Cx be the irreducible component of C(X,λ)(A) containing x; write z = [(M, ζ)]
and let Cz be the irreducible component of C(Z,ζ)(A) containing z. There exist an
isogeny correspondence consisting of a scheme T and finite surjective morphisms
Cx � T � Cz. Hence dim(Cx) = dim(Cz).

Proof. Consider the universal family restricted to this locally closed subscheme Cz;
we obtain (M, ζ)→ Cz . Consider the universal family restricted to Cx; we obtain
(P , ζ)→ Cx. Let h be the height of Z; choose an integer N ≥ N(h)+i, where N(h)
is as in 1.7. By 1.3 we construct a finite, surjective morphism h : T � Cx ⊂ C(z)
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with an isomorphism M[pN ]T ∼= Z[pN ] × T ; assume T is irreducible. Let Ker(ϕ :
Mz = Z → X) = G. Note that G is isotropic for the form given by ζ. We obtain
G× T ⊂ Z[pN ]× T ⊂MT . This gives (X ′, λ′)→ T by

ϕ′ :MT →Mt/(G× T ) =: X ′, (ϕ′)∗(λ′) = ζ

(note that ζ descends via ϕ′). This family over T plus the induced level-n-structure
from z defines a morphism f ′ : T → Ag,∗,n ⊗ k.

Write [pN(h)]−1(G) =: G′ ⊂ Z[pN ]. For any t ∈ T (k) we obtain an isomorphism
G′/G ∼= X ′t [pN(h)]. By 1.7 we see that morphism f ′ factors through f : T → Cx ⊂
C(x) ⊂ Ag,∗,n ⊗ k. Hence we have constructed

Cx
f
� T

h−→ Cz.

We show that f is quasi-finite. It suffices to show that for any point u ∈ Cx(k) the
fiber above u in f : T → Cx is finite. Suppose S ⊂ T is an irreducible, reduced
subscheme with f(S) = u; we show that S is a point. For any y ∈ Cx choose
an isomorphism (Px, λ)[p∞] ∼= (X,λ), and for any t ∈ Cz choose an isomorphism
(Mt, λ)[p∞] ∼= (Z, λ). Choose q = pm with m ≥ i, and construct Λ = q∗(λ) and
isogenies

(P , λ)T
ϕ←− (M, ζ)T

β←− (P ,Λ) with ϕ·β = q.

A point s ∈ S ⊂ T gives isogenies Pf(s)
∼= X → Ms

∼= Z → X ′s ∼= X . By
1.10 the number of possible kernels of βs : Pf(S)

∼= X → Ms
∼= Z is finite; these

kernels are in XS [q]; by 1.9 and by the fact that S is irreducible, the resulting
morphism S → Gr, in the notation of 1.9, is constant. Hence (M, ζ)S → S is
geometrically fiberwise constant. As S → Cz is finite, and as this morphism is the
moduli map defined by (M, ζ)S → S, we conclude that the image of S → Cz is
finite (hence it is just one point); we conclude that S has dimension zero. We have
proved that f : T → Cx is quasi-finite. We see that the existence of an isogeny
ϕ : (M, ζ) −→ (A, λ) proves dim(Cz) ≤ dim(Cx).

Let x′ = [(A, λ)]. Over Cx we have a family (P ,Λ) this defines a morphism
Cx → Ag,∗ which factors through Cx′ . This map is injective; hence dim(Cx) ≤
dim(Cx′). The existence of β : (A,Λ)→ (M, ζ) proves by the arguments above that
dim(Cx′) ≤ dim(Cz). We conclude that dim(Cz) = dim(Cx) and that f : T → Cx
is dominant.

We are going to prove that f : T → Cx is surjective and finite. As the image
f(T ) is dense in Cx and f is quasi-finite, it suffices to prove the valuative criterion
for f . We use the notation q, β introduced above. Let K ⊃ R → R/mR = k be a
discrete valuation ring with field of fractions and residue class field. For any y ∈ Cx
we choose a commutative diagram

Spec(K)
η−→ T

↓ ↓ f
Spec(R)

g−→ Cx, g(Spec(k)) = y ∈ Cx.

We obtain βSpec(K) : (P ,Λ)Spec(K) → (M, ζ)Spec(K). We have Ker(βSpec(K)) ⊂
(P ,Λ)Spec(K); the existence of its flat extension to (P ,Λ)Spec(R) shows that
(P ,Λ)Spec(K) → (M, ζ)Spec(K) extends to (P ,Λ)Spec(R) → (M′, ζ)Spec(R) over
Spec(R). The moduli map defined by (M′, ζ)Spec(R) → Spec(R) by 3.3 lands
into Cz. As T → Cz is finite, hence proper, we conclude that η extends to
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Spec(R) → T leaving the diagram commutative. This proves the valuative cri-
terion for f : T → Cx. Hence g(Spec(k)) = y ∈ Cx is in the image of f : T → Cx;
we conclude f is surjective. By the valuative criterion, f is proper; hence f is finite.
This ends the proof of the lemma. � 3.14

In the first part of the theorem we have seen that components of C(x) have the same
dimension. Using 3.12 and 3.14, we see that any two central leaves in the same open
Newton polygon stratum admit a finite-to-finite isogeny correspondence. Hence, in
the notation of the theorem, this proves that dim(C(x)) = dim(C(z)) = dim(C(y));
this concludes the proof of the theorem. � 3.13

Smoothness as in the theorem of a central leaf was already known in a special case
in a different setting; see [4, Coroll. III.4.4 on page 114].

3.15. We see the curious phenomenon:
Although the dimension of a component of the Newton polygon strata depends

on the degree of the polarization (and there are Newton polygons for which this
dimension is not constant inside that stratum; compare 6.4), the dimension of
the central leaves in one Newton polygon stratum in Ag ⊗ Fp are all of the same
dimension.

Moreover, in general a Newton polygon stratum is singular (even after adding level
structure, even after considering only one irreducible component of a Newton poly-
gon stratum); however every central leaf (level structure considered) is smooth over
the base field.

Isogeny correspondences in general blow up and down (in characteristic p if local-
local kernels are involved); however isogeny correspondences between central leaves
are finite-to-finite.

3.16. Remark. Using 3.14 and methods as in [2, VII.3], we can show: Suppose ϕ :
(A, λ) · · · → (B,µ) is a quasi-isogeny, then there exists an isogeny correspondence

Cx
f
� T

h� Cz

with x = [(A, λ)] and z = [(B,µ)] which contains the isogeny correspondence ϕ and
such that f and h are finite and surjective.

3.17. Remark. In [1] we prove: for a symmetric Newton polygon ξ of height h = 2g
we have

c(ξ) = 2·
∑

0<j≤g
(σ(j) − ξ(j)).

4. Isogeny leaves

Isogeny leaves, as defined below, can be considered as in [23] in the context of
“Rapoport-Zink spaces”. We have chosen to give an independent exposition.

4.1. Definition. Let S be a scheme over k, and let (D, λ)→ S be a polarized abelian
scheme over S. A reduced subscheme I ⊂ S is called an Hα-subscheme in S if there
exists a polarized abelian variety (M, ζ) over k, a scheme T of finite type over k, a
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surjective morphism T � I and an isogeny ϕ : (M, ζ)× T → (D, λ)×I T such that
every geometric fiber of ϕ is a successive extension of subfactors isomorphic to αp;
equivalently, every fiber of Ker(ϕ) is of local-local type. The pair (T → I, ϕ) will
be called a chart for the Hα-scheme.

4.2. Theorem. (I(x): the existence of certain maximal Hα-subschemes). Consider
d ∈ Z≥1; we write L := Ag,d ⊗ k. Let x ∈ L(k). There exists a reduced, closed
subscheme I(x) ⊂ L which is Hα such that every irreducible component of I(x)
contains x and such that for every integral subscheme V ⊂ L we have

V ⊂ L is an Hα-subscheme, and x ∈ V =⇒ V ⊂ I(x),

i.e., I(x) is the union of all irreducible Hα-sets in L containing x.

4.3. Notation. Let [(A, λ)] = x ∈ Ag(k); let I(x) ⊂ Ag,d⊗ k be as in the theorem.
An irreducible component of I(x) with the induced, reduced scheme structure will
be called an isogeny leaf. I.e., an isogeny leaf is a maximal, integral Hα-subscheme
of Ag ⊗ k.

4.4. Corollary. Let S be a scheme over k, and let (D, λ)→ S be a polarized abelian
scheme; let x ∈ S(k). There exist a closed subscheme I(x) ⊂ S which is Hα and
which contains all irreducible Hα-subschemes V such that x ∈ V ⊂ S. �
4.5. Isogeny correspondences. Consider the scheme of all isogeny correspon-
dences

I −→ (Ag,∗ ⊗ Fp)× (Ag,∗ ⊗ Fp) .
This scheme is a coarse moduli scheme for all diagrams of isogenies

(A, λ)
ϕ←− (M, ζ)

ψ−→ (B,µ).

See [2, page 251] and the rest of VII.3 and VII.4 in [2] for a discussion. We shall
also use this correspondence in case of isogenies between polarized abelian varieties
with a level-n-structure, with n not divisible by p, and considering isogenies of
degree prime to n. Note:

4.6. Lemma. Let G→ S be a finite, locally free group scheme of rank pn. The set
of points s ∈ S such that Gs is a local group scheme is closed.

This is a question in characteristic p. The condition Gs ⊂ G[Fn] inside the flat
scheme G→ S is a closed condition. �

We define Hα ⊂ I to be the reduced subscheme defined by the condition that we
consider only isogenies, in the notation above: ϕ and ψ, with local-local kernel. By
the previous lemma we see that Hα ⊂ I is a closed subscheme.

4.7. Corollary. Let (T � I, ϕ) be a chart as in the definition 4.1; there exists a
factorization T → T ′ → I and a morphism of charts (T, ϕ) → (T ′, ϕ′) for I such
that T ′ � I is a proper morphism (of finite type). One can choose T ′ � I to be
finite above all generic points of I.

If I0 ⊂ S is Hα as in the definition, then its closure I ⊂ S is also Hα.

Every component of Hα is of finite type and proper over both factors. �
4.8. Remark. In general, a connected union of Hα-subschemes need not be a closed
subscheme.
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Example. Let ξ = (2, 1) + (1, 2), and consider the central stream Zξ. Let x ∈ Zξ.
Consider all x′ in A = A3,1 ⊗ Fp obtained over some field by iterated αp-isogenies
from x. One shows that this gives a connected union of Hα-subschemes; this union
is finite, i.e., it is a closed subset, iff x ∈ A(Fp). So, in order to produce a non-
closed, connected union of Hα-subschemes, start with x ∈ Zξ which is not defined
over a finite field.

4.9. Lemma. Let T be a connected, integral k-scheme; let Y be a p-divisible group
over k, and let Z → T be a p-divisible group which is geometrically fiberwise
constant. Assume there exists an isogeny ψ : Y × T → Z. Then Z → T is
constant.

Proof. The finite flat group scheme G = Ker(ψ) → T , say of rank pi, defines a
section in GrY,i × T → T ; see 1.9. By 1.10 this section lands in every fiber in
a finite set of closed points Ψ ⊂ GrY,i; see 1.10. As T is connected, this section
is constant. Hence there exists G ⊂ Y such that G = G × T . This shows that
Z ∼= (Y/G)× T . �

4.10. Proof of 4.2. We choose n ∈ Z≥3 not divisible by p. Let ξ be the Newton
polygon of x.

Claim. If V ⊂ W0
ξ (Ag,d,n ⊗ k) is closed and Hα, then V is closed and Hα in

Ag,d,n ⊗ k .

Let T ′ ⊃ V be the Zariski closure of V in Ag,d,n ⊗ k, let T ′ → T be the
normalization, and let V ′ ⊂ T ′ be the inverse image of V . We find a polarized
abelian variety (M, ζ) and an isogeny ϕ′ : (M, ζ) × V ′ → (D, λ) ×V V ′ such that
every geometric fiber of Ker(ϕ′) = G′ is of local-local type. By [2, Proposition I.2.7]
there exists an extension ϕ : (M, ζ) × T ′ → (D, λ) ×T T ′; it follows that Ker(ϕ) is
of local-local type. Hence the image of T in Ag,d,n is contained in W0

ξ (Ag,d,n)⊗ k;
i.e., V is closed and Hα in Ag,d,n ⊗ k, which proves the claim.

Write x = (A, λ, f) and let ξ = N (A). Let W1, · · · ,Ws be the irreducible compo-
nents of W0

ξ (Ag,d,n ⊗ k) which contain the point x.

Maximal Hα-scheme. For every Wj we construct a closed subscheme I ′j(x) ⊂
Wj ⊂ Ag,d,n ⊗ k which is Hα, such that every irreducible component of I ′j(x) con-
tains x and such that every x ∈ V ⊂ Wj which is irreducible and Hα is contained
in I ′j(x).

We choose some 1 ≤ j ≤ t and we write W ′ = Wj . Let W →W ′ be the normaliza-
tion map. Choose y ∈W (k) with y 7→ x ∈W ′. Let (U ′, λ, f)→ L be the universal
family; write (U , λ, f) = (U ′, λ, f)×LW .

We show that there exist a polarized abelian scheme (M, ζ, f) with level-n-structure
over W and an isogeny ϕ : (M, ζ, f) → (U , λ, f) with local-local kernel over W
such that Z :=M[p∞] is completely slope divisible. In fact this follows from [22,
2.1] applied to U [p∞]: as W is normal there exists an isogeny ϕ : Z → X := U [p∞]
where Z →W is a completely slope divisible p-divisible group; this isogeny defines
ϕ : (M, ζ, f)→ (U , λ, f) as desired.
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Let deg(ϕ) = pi = q (remark: this degree may depend on the choice of the compo-
nent Wj). We write Z = Zy and (M, ζ) = (M, ζ)y; hence M [p∞] = Z. We write
[(M, ζ, f)] =: m ∈ Ag,dq,n(k). Note that (M, ζ, f)→W defines a correspondence

Ag,dq,n ⊗ k ← J → W ; define Ij(x) = J−1(m) ⊂W ;

here J−1(m) is the projction to W of the inverse image of m in J . Define x ∈
I ′j(x) ⊂M ′ = Wj to be its image in W ′.

Claim. For any irreducible V ⊂ Wj = W ′ ⊂ L, which is Hα, with x ∈ V we
have V ⊂ I ′j(x). Indeed, consider a chart (T ′ � V, ρ) of finite type for V , with
ρ : D × T ′ → U ′T ′ . Let T be an irreducible component of T ′ ×W ′ W mapping
onto V which contains a point t ∈ T with t 7→ y ∈ W . We have an isogeny
ρT : D×T → U ′T = UT , and we have an isogeny (M→ U)×W T =MT → UT . By
4.9 we conclude thatMT → T is constant; in fact,MT

∼= M ×T ; the polarizations
ζT and ζ × T coincide at t, and hence they are equal; thus we have an isogeny
ϕT : (MT , ζT ) → (UT , λT ). We denote by G′ → T the kernel of the isogeny
ϕT :MT

∼= M×T → UT ; this defines a morphism f : T → Q such that f∗(G) = G′.
As this is the kernel of an isogeny of polarized abelian schemes, we conclude that
f factors: f : T → P ⊂ Q. The commutative diagram

T → P
↓ ↓
V → W ′

shows that the image is contained in Ij(x):

V = Im
(
T → P

Ψ−→W ′
)
⊂ Ij(x).

Hence I ′j(x) thus constructed contains all irreducible Hα-subschemes contained in
W ′ = Wj passing through x. Hence I(x) := ∪j I ′j(x) ⊂ L ⊂ Ag ⊗ k is Hα, closed
in Ag ⊗ k, and it contains all irreducible Hα-subschemes in Ag ⊗ k containing x.
This proves the theorem.

� 4.2

4.11. Proposition. An irreducible, maximal Hα-scheme I ⊂ Ag ⊗ k is closed in
Ag ⊗ k and proper over k.

Proof. This follows from the definition of maximal Hα-scheme, and from 1.9, using
the valuative criterion of properness. �
4.12. Proposition. Let x ∈ Ag(k) with x = [(A, λ)], and (X,λ) := (A, λ)[p∞].
Let [(Y, µ)] =: y ∈ C(x)(k) = C(X,λ)(Ag ⊗ k)(k). Then there is an isomorphism of
formal schemes

I(x)/x ∼= I(y)/y.

Proof. As y ∈ C(x)(k), there exists an isomorphism

ϕ : (X,λ) ∼−→ (Y, µ).

This gives ϕ : DX := Def(X,λ) ∼−→ DY := Def(Y, µ), and by the Serre-Tate
theorem we obtain ϕ : DA := Def(A, λ) ∼−→ DB := Def(B,µ).

Claim. Using these isomorphisms, from the facts that I(x) is Hα and I(y) is
maximally Hα at y we can conclude that ϕ(I(x)/x) ⊂ I(y)/y under the given iden-
tifications.
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After considering an appropriate level structure, we conclude we have an isogeny
(M, ζ)×I(x)→ (B, λ) expressing that I(x) is Hα. Let the degree of this isogeny be
pi. Considering the p-divisible groups involved, and restricting to I(x)/x we obtain
an isogeny (M, ζ) × I(x)/x → (D, λ) ×DA I(x)/x. Consider ϕ(I(x)/x) ⊂ I(y)/y ⊂
DY . Using ϕ : (X,λ) ∼−→ (Y, µ), we obtain an isogeny (M [p∞], ζ) × ϕ(I(x)/x) →
(Y, µ)×DY ϕ(I(x)/x).

Consider the isogeny correspondence (see 4.5) restricted to the factors considered:

I ⊂ (Ag,d,n ⊗ k)× (Ag,id,n ⊗ k) .

Taking the projection on the second factor to be equal to (M, ζ) (we omit the level
structure in the notation) and only local-local kernels in the isogeny, we obtain a
closed set in I (see 4.6), and using the first projection (which is a proper morphism),
we obtain a closed set T ⊂ Ag,d,n⊗ k. By construction it contains the point y, it is
Hα, and the completion of T at y contains ϕ(I(x)/x). Because I(y) is maximally
Hα at y we see that every reduced, irreducible component of T containing y is
contained in I(y):

Tred ⊂ I(y).

Hence
ϕ(I(x)/x) ⊂ (Tred)/y ⊂ I(y)/y.

This proves the claim. Reversing the roles of x and y, we show that ϕ−1(I(y)/y) ⊂
I(x)/x. This finishes the proof of the proposition. �

4.13. Remark. We did not give a relevant definition of Hα-schemes for families of
p-divisible groups; we did not define isogeny leaves in such families. I do not know
in which generality an equivalent of 4.2 for p-divisible groups holds.

5. The product structure defined by central and isogeny leaves

5.1. Proposition. Let x ∈ Ag(k). Every irreducible component of C(x) ∩ I(x) has
dimension equal to zero.

Proof. We will assume considering everything inside L := Ag,d,n ⊗ k, with n ∈
Z≥3 prime to p. Let (U , µ, f) → L be the universal family. Let S be a reduced,
irreducible component of C(x)∩I(x). There exists a chart of finite type (T � S, ϕ :
(M, ζ)×T → (U , µ)×LT )). Suppose T is ireducible. As S ⊂ C(x), we conclude that
US is geometrically fiberwise constant; hence (U , µ)×L T is geometrically fiberwise
constant. Using 1.9 and 1.10, we conclude that (U , µ, f)×LT is constant. Hence the
induced moduli morphism T � S ⊂ L is constant. This proves the proposition. �

5.2. Lemma. Let (Z, ζ) be a quasi-polarized p-divisible group over a field K, and
let i ∈ Z>0; write K = Ker(ζ). Consider Gr = GrZ,i as in 1.9 with the universal
family G → Gr. The set

P := {t ∈ Gr | Gt ⊂ Ker(ζ), and it is isotropic for this form}

is a closed subset of Gr.

Proof. The property Gt ⊂ K × S ⊂ Z × S is a closed condition (flat extensions
inside a flat Z × S → S); also the condition that G⊥S ⊂ K/GS ⊂ Zt × S is closed;
this proves the claim. �
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We show that components of any open Newton polygon stratum (almost) have
a product structure given by central laves and isogeny leaves contained in that
stratum:

5.3. Theorem (“central and isogeny leaves almost give a product structure on an
irreducible component of a Newton polygon stratum”). Let d ∈ Z≥1, let ξ be a
symmetric Newton polygon, and let W ′′ ⊂ Ag,d ⊗ k be an irreducible component of
the open Newton polygon stratum W0

ξ (Ag,d ⊗ k). There exist integral schemes T
and J of finite type over k and a finite surjective k-morphism

Φ : T × J � W ′′ ⊂ Ag,d ⊗ k
such that

∀u ∈ J(k), Φ(T × {u}) is a central leaf in W ′′,

every central leaf in W ′′ can be obtained in this way, and

∀t ∈ T (k), Φ({t} × J) is an isogeny leaf in W ′′,

and every isogeny leaf in W ′′ can be obtained in this way.

Proof. Let W ′′ be an irreducible component of Wξ(Ag ⊗ k); choose n ≥ 3 prime to
p, and let

W ′′ ← W ′ ⊂ Wξ(Ag,d,n ⊗ k) ⊂ Ag,d,n ⊗ k
be an irreducible (reduced) component of this Newton polygon stratum mapping
onto W ′′. The finite morphism ρ : W → W ′ is the normalization map. Let
(U , λ, f) → W be the pull back of the universal family. By [22, 2.2], there exists
ϕ : (M, ζ, f)→ (U , λ, f) over W such that Z :=M[p∞] → W is completely slope
divisible; write q = pi = deg(ϕ) and G = Ker(ϕ). From (M, ζ, f) → W we obtain
the moduli morphism π′ : W → Ag,dq,n ⊗ k.

5.4. Claim/Notation. (i) The image of the moduli morphism π′ : W → Ag,dq,n⊗k
is contained in the central leaf C ⊂ Ag,dq,n⊗k passing through any point of π′(W ).
We obtain

Ag,d,n ⊗ k ⊃W ′
ρ←− W

π−→ C ⊂ Ag,dq,n ⊗ k.
(ii) The morphism π : W → C is proper.
(iii) For any w ∈ W (k) and any irreducible (reduced) component J of the reduced
fiber (W ×C {π(w)})red ⊂W the image ρ(J) ⊂W ′ is an isogeny leaf.
(iv) Let Cx′ ⊂W ′ be a central leaf and D an irreducible component of ρ−1(Cx′) ⊂
W . The morphisms

Cx′ � D � C

induced by ρ and by π are surjective and finite.
(v) The morphism π : W � C is surjective.

As W is irreducible, and Z := M[p∞] → W is completely slope divisible, using
1.8, we conclude that π′(W ) is contained in a central leaf. Note that different
central leaves have an empty intersection. Hence there is precisely one central leaf
C containing π′(W ); the restriction of π′ we call π : W → C. This proves (i).

Let R be a discrete valuation ring with field of fractions L; write Γ = Spec(R)
and Γ0 = Spec(L); consider a morphism f : Γ → C such that f(Γ0) ⊂ π(W ). We
show that also f(Γ) ⊂ π(W ). Indeed, there exists a finite morphism g : ∆ → Γ
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(write ∆0 = g−1(Γ0)) and a morphism h0 : ∆0 → W with π·h0 = (∆0 → Γ → C).
Denote by (M′, ζ′)→ ∆ the pull back of the universal family over Ag,dq,n⊗ k. The
restriction of this to ∆0 is the pull back of (M, ζ)→W . By 1.3 we can suppose that
∆ is choosen in such a way thatM′[pi] is constant over ∆. By 1.10 and 1.7 we see
that we obtain (M′, ζ)→ (U ′, λ) over ∆, that the moduli map ∆0 → W ′ extends,
hence ∆0 → W extends to ∆ → W , hence f(Γ) ⊂ π(W ). Using the valuative
criterion (see [5, Th. II.4.7 and Exc. II.4.11]), this shows (ii), that π : W → C is
proper.

Clearly I := ρ(J) is Hα and irreducible. Let I ′ be an isogeny leaf containing I;
suppose I $ I ′; then dim(I ′) > dim(I). In that case there exists J ⊂ J ′ with
ρ(J ′) = I ′ and J ′ irreducible; we would obtain dim(π(J ′)) > 0, and moreover π(J ′)
is Hα and π(J ′) ⊂ C. This is a contradition to 5.1. This proves I = I ′, which
proves (iii).

As W ′ � W is finite surjective, the same holds for Cx � D. Note that D → C is
quasi-finite: any positive dimensional D′ ⊂ D with dim(π(D′)) = 0 would give a
positive dimensional ρ(D′) ⊂ Cx′ which is Hα, a contradiction to 5.1. By (ii) we see
that D → C is proper and hence finite; π(D) ⊂ C is closed. Moreover dim(Cx′) =
dim(C) by 3.14. Hence dim(π(D)) = dim(C). This proves that π : D � C is
surjective; this proves (iv). As π(D) ⊂ π(W ) ⊂ C, we have proved (v), and the
proof of the claim is finished. � 5.4

5.5. Construction of Φ. We write ρ′′ =
(
W

ρ−→W ′ →W ′′
)

. Choose a point
w ∈ W (k) such that x′′ := ρ′′(w) ∈W ′′ is not contained in any other component of
W0
ξ (Ag,d ⊗ k); write ρ(w) = x′ and π(w) = z = π(J); choose J ⊂ W as in (iii) of

5.4 with moreover w ∈ J . We write M =Mw =M′z, and Z = M [p∞]. We see that
there exists a finite group scheme, G ↪→ M [pi] × J isotropic under the form given
by the polarization ζ such that ζ descends to a polarization, say µ′, on (M × J)/G,
and such that

((M × J)/G, µ′) ∼= (U , µ)J .
The finite group scheme G ↪→M [pi]×J defines a morphism e : J → P ⊂ Gr, in the
notation of 5.2; we claim that the morphism e is quasi-finite; indeed, let V ⊂ J be a
closed irreducible subset such that e(V ) is a point; this implies that the restriction
of G to V is constant; hence (U , µ)V is constant; the fact that the family (U , µ) is
universal and the fact that W →W ′ is finite imply that V is finite; this proves the
claim.

Choose D ⊂W with ρ(D) = Cx′ and w ∈ D as in (iv) of 5.4. Using 1.3, we choose
a commutative diagram

T
ψ−→ S

g ↓ ↓ h
Cx′ ← D

π−→ C = Cz

such that g∗(M)[pi] ∼= M [pi] × T , an isomorphism compatible with h∗(M′)[pi] ∼=
M [pi]× S, and such that T is normal and integral. Using the notation (M′, ζ′, f ′)
for the universal famiily over Ag,dq.n⊗ k, we have g∗(M, ζ, f) = (h·ψ)∗(M′, ζ′, f ′).
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From
G ↪→M [pi]× J and M [pi]× T ↪→MT ,

the pull back of the universal family over Gr to J → P ⊂ Gr with P as in 5.2,
respectively the pull back of M→W to T via T → D ⊂W , we obtain

G × T ↪→ M [pi]× T × J ↪→ MT × J over T × J.
By construction this subgroup scheme is contained in the kernel of and isotropic
under the form given by ζ; hence we can descend the polarization to the quotient,
obtaining

(MT × J, ζT × J, f) −→ (Q, µ, f), Q := (MT × J)/(G × T )

over T × J . This defines the moduli morphism:

[(Q, µ, f)] = Ψ′ : T × J −→ Ag,d,n ⊗ k.
Write Φ = (W ′′ ←W ′)·Ψ′.

5.6. Claim/Notation. (i) We conclude that Ψ′ : T×J →W ′; this defines a unique
Ψ : T × J →W such that ρ·Ψ = Ψ′; we obtain a commutative diagram:

T × J = T × J = T × J proj1−→ T
Φ ↓ Ψ′ ↓ Ψ ↓ ↓ h·ψ
W ′′ ←− W ′

ρ←− W
π−→ C;

moreover, for every u ∈ J(k) we have(
T ∼= T × {u} ↪→ T × J Ψ−→W

)
=
(
T

g−→ D ↪→W
)

;

(ii) the morphism Ψ : T × J �W is finite and surjective; hence Φ is finite and
surjective;

(iii) if u ∈ J(k), then Φ(T × {u}) is the central leaf passing through ρ′′(Ψ(t, u))
= Φ(t, u) for any t ∈ T (k); every central leaf can be obtained in this way;

(iv) if t ∈ T (k), then Φ({t} × J) is an isogeny leaf in W ′′; every isogeny leaf
can be obtained in this way.

Choose t0 ∈ T with g(t0) = w; choose u0 ∈ J with e(u0) = [Gw] ∈ P ⊂ Gr. By
construction we see that Ψ′(t0, u0) = x′ ⊂W ′. As the Newton polygon is constant
on Φ(T × J), and by the choice of w, we conclude that Ψ′(T × J) ⊂ W ′. As T
and J are normal, and ρ : W → W ′ is the normalization morphism, we obtain Ψ
as desired. As ρ is biregular at w ∈W →W ′, we see that Ψ(t0, u0) = w. Consider
the moduli map

π′ = [(MT × J, ζT × J, f)] : T × J → C;

for every t ∈ T (k) this morphism restricted to {t}×J gives one point in C; hence it
factors over proj1 : T × J → T ; for every u ∈ J(k) the restriction of (MT × J, ζT ×
J, f) to T ×{u} equals (MT , ζT , f), and hence π′ restricted to T ×{u} ∼= T equals
h·ψ. Hence

π′ = h·ψ·proj1.

We have proved: (π·Ψ)∗(M′, ζ′) = Ψ∗(M, ζ) = (MT ×J, ζT ×J). This proves that
the restriction of Ψ′ to T ×{w} is given by as the moduli map by this family; note
that W ′ ← W is biregular at w by the choice of w; hence the last statement in (i)
is proved. This shows (i).
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We claim that Ψ is quasi-finite; in fact, let V ′ ⊂ T × J be an irreducible, closed
subset, such that Ψ(V ′) is one point; then it is mapped to one point under proj1 =
t ∈ T (k); hence it is closed in {t} × J , i.e., V ′ = {t} × V ; this means that e(V ) is
one point, where e : J → P is the morphism considered above; we have seen that
this implies that V is finite; we conclude that Ψ is quasi-finite.

By dimension arguments we conclude that Ψ is dominant (and we see that
dim(J) = dim(W )−dim(C)). As T → C is finite (hence proper) and J is complete
(see 4.11), the composition

(T × J →W → C) = (T × J → T → C)

is proper. We conclude by [5, II.4.8 (e)] that T × J → W is proper. Hence
Ψ : T × J →W is finite and surjective; this shows (ii).

Consider u ∈ J(k); the restriction of (U , µ, f) to Du := Ψ(T ×{u}) is geometrically
fiberwise constant; hence ρ(Du) is contained in the central leaf C′ := Cρ(Ψ(t0,u)) for
any t0 ∈ T (k). This image is closed in C′, and for dimension reasons (see 3.13),
ρ(Du) is dense in C′; hence equality; hence Ψ′(T × {u}) is a central leaf.

For any y′ ∈ W ′, choose an irreducible component D′ ⊂ ρ−1(Cy′) and w′ ∈ D′;
as Ψ : T ×J →W is surjective, we can choose (t0, u0) ∈ T ×J with Ψ(t0, u0) = w′.
We see that Ψ(T × {u0}) = D′; hence the central leaf Cy′ equals Ψ′(T × {u0}).
This proves (iii).

We see that π(Ψ({t}×J)) = z′ is a point. The existence of an irreducible component
of W ×C {z′} containing Ψ({t} × J) of strictly bigger dimension would give a
contradiction to (ii) of 5.6, the fact that T → C is finite, and 5.1. By (iii) of 5.4 we
conclude that Φ({t} × J) is an isogeny leaf.

Conversely, let I ′ ⊂ I(y) ⊂W ′ be an isogeny leaf. Choose an irreducible compo-
nent J ′ ⊂ ρ−1(I ′) and w′ ∈ J ′(k) with ρ(w′) = y. We have π(J ′) =: z′ ∈ C, and we
can choose (t0, u0) ∈ T ×J with Ψ(t0, u0) = w′, using that fact that Ψ is surjective.
As π(Ψ({t} × J)) = z′, and because Ψ is proper and finite, and dim(J ′) = dim(J),
we conclude that Ψ({t} × J) = J ′. Hence Φ({t} × J) = I ′. This shows (iv). This
finishes the proof of 5.6, and the proof of Theorem 5.3 is concluded. � 5.3

5.7. Corollary. Let W ′′ be an irreducible component of W0
ξ (Ag ⊗ k).

(i) Let I ⊂W ′′ be an isogeny leaf and C ⊂W ′′ a central leaf. Then C ∩ I 6= ∅.
(ii) Every isogeny leaf in W ′′ has dimension dim(W ′′)− c(ξ).

Indeed, if I = Φ({t} × J) and C = Φ(T × {u}), then Φ(t, u) ∈ C ∩ I.
As Φ is finite and surjective, we obtain dim(W ′′) = dim(T ) + dim(J); for any

isogeny leaf I we have dim(J) = dim(Φ({t} × J)) = dim(I). �

5.8. Corollary/Notation i(−). Let ξ be a symmetric Newton polygon (dimension
g, height 2g). There exists an integer i(ξ) such that for every x ∈ A = Ag,1 ⊗ Fp
the dimension of every geometric irreducible component of I(x) ⊂ A equals i(ξ).
We have c(ξ) + i(ξ) = sdim(ξ).

Reminder: The integer sdim(ξ) was defined in [17, 3.3] and in [19, 1.9]; in [19,
Theorem 4.1], we have proved that the dimension of every geometric component of
Wξ(Ag,1 ⊗ Fp) equals this integer:
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dim (Wξ(Ag,1 ⊗ Fp)) = sdim(ξ).

�

5.9. Note that in the last corollary we consider principally polarized abelian vari-
eties. The dimension of a geometric component of an isogeny leaf depends on the
component of the Newton polygon stratum containing the leave.

Example. For σ3 = σ = ξ = 3·(1, 1) we have i(ξ) = 2, i.e., isogeny leaves in the
supersingular, principally polarized g = 3 locus all have dimension equal to two;
note that any supersingular central leaf is finite; however there do exist supersin-
gular isogeny leaves in Ag,d⊗Fp of dimension three (see [8, 6.10 (d = p3)], [11, 12.4
(d = p2)]); this produces isogeny leaves in Wσ(A3 ⊗ Fp) of dimension bigger than
2 = i(σ3).

Also for some non-supersingular Newton polygons analogous examples can be
given, showing that dimensions of isogeny leaves related to one Newton polygon,
contained in different components of W0

ξ (Ag ⊗ k), need not be the same. Compare
6.4.

5.10. Corollary. Let I ⊂ Wξ(Ag ⊗ k) be an isogeny leaf. Then
(i) there is a unique irreducible component W ′′ of Wξ(Ag ⊗ k) containing I;
(ii) there is a dense open subset U ⊂ I such that for every y ∈ U we have

I(y) = I.

Proof. Suppose I ⊂ W ′′, an irreducible component Wξ(Ag ⊗ k). We consider
w ∈ W (k) as in the proof of Theorem 5.3 in particular such that its image in
W ′′ ⊂ Wξ(Ag ⊗ k) is contained in no other irreducible component of Wξ(Ag ⊗ k).
Write x′′ = ρ′′(w), and let Cx′′ ⊂W ′′ be the central leaf passing through this point.
By the choice of w and by (i) of Theorem 3.13 it follows that Cx′′ does not meet
any component of Wξ(Ag ⊗ k) different from W ′′. By 5.7 we see that I ∩ Cx′′ is
non-empty; hence I contains at least one point contained in no other component
but W ′′. This proves (i).

We consider in the proof of Theorem 5.3 in particular and moreover a choice
of w ∈ W (k) such that W ′ is normal at x′ = ρ(w), i.e., such that W ′ ← W is
birational at w. Note that (W ′)/x

′ ∼= (W ′)/y for every y ∈ Cx′(k); hence W ′ is
normal at all points of Cx′ . This means that W ′ ← W is birational at all points
above Cx′ .

Let I ′1, · · · , I ′s be the irreducible components of the inverse image of I under
W ′′ ← W ′. By the previous argument and by 5.7 we conclude that every such
component meets the normal locus of W ′. Hence the inverse image of I under
W ′′ ← W equals I1 ∪ · · · ∪ Is, the union of the inverse images. For every index i
consider Ui ⊂ Ii as the set where Ii does not meet other irreducible components
of the corresponding fiber of W → C. Let V ′′ ⊂ I be the set of points, images
of non-normal points of W ′ intersected with I; construct U as the intersection of
I − V ′′ with all images ρ′′(Ui). For y ∈ U(k) an irreducible component of I(y),
i.e., an isogeny leaf passing through y, is an image of some {t}× J , as we know by
Theorem 5.3, and hence comes from an irreducible component of the fiber W → C
above a point π(I ′i); by the choice of U this means that I(y) is irreducible at y,
which proves the corollary. �
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5.11. Remark. Although an isogeny leaf is contained in a unique component of
its Newton polygon stratum, a central leaf may be contained in more than one
component of its Newton polygon stratum.

5.12. Remark. Using [1] (see 3.17), we conclude that for symmetric Newton polygons
ξ � ξ′ we have c(ξ) > c(ξ′) and i(ξ) ≤ i(ξ′).

5.13. Remark. Isogeny leaves, in the context of Rapoport-Zink spaces as in [23],
and the product structure as given in 5.3 are studied and described in the case of
certain Shimura varieties in [13]. It would be worthwhile to describe the product
structure in general for all Shimura varieties in mixed characteristic, in particular
for the Siegel case studied here.

6. Some questions

6.1. Conjecture (the Hecke Orbit Conjecture). Consider a point [(A, λ)] = x ∈
A = Ag⊗Fp, and consider its Hecke orbit H(x) ⊂ A. We expect this Hecke orbit to
be dense in its Newton polygon stratum in the moduli space, i.e., the Zariski closure
is expected to be

H(x) ?= WN (A)(A).

Notation: H(x) is the set of all y = [(B,µ)] such that there exists a field L, an
isogeny ϕ : AL → BL, and an integer n ∈ Z>0 such that ϕ∗(µL) = n·λL. We write
y ∈ H`(x) if moreover ` is a prime number and the degree of ϕ and n are powers
of `.

Note that Hecke-`-actions “move” in a central leaf: under `-degree-isogenies, with
` 6= p the p-divisible groups are unchanged. Note that Hecke-α-actions (isogenies
with local-local kernel) “move” in an isogeny leaf. Moreover we have proved that
a non-supersingular Newton polygon in Ag,1 ⊗ Fp is geometrically irreducible; see
[21]. Therefore Conjecture 6.1 would follow, using 5.3, in case we can prove

6.2. Conjecture. For every prime number `, different from p, the Hecke-`-orbit
H`(x) in A = Ag,1 ⊗ Fp is Zariski-dense in C(x), a finite union of central leaves.

These conjectured results seem to be true; proofs still have to be written out in
full.

6.3. Let X → S be a p-divisible group over a scheme over k. Define a reduced
subscheme I ⊂ S to be Hα if there exists a chart (T � I, ϕ : Y × T → X ), as in
4.1, where T → I is a morphism of finite type. Let x ∈ S(k).

Question. Does there exist a maximal I(x) ⊂ S subscheme, as in 4.2, which is
Hα?

6.4. Conjecture. Let ξ be a symmetric Newton polygon, with p-rank equal to f ,
i.e., ξ has exactly f slopes equal to zero. We expect that Wξ(Ag) has a component
of dimension precisely (g(g − 1)/2) + f .

Note that it is clear that every such component has at most this dimension; see
[14].
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6.5. Conjecture. Let ξ be a symmetric Newton polygon, of height 2g, not equal
to the supersingular one: ξ � σ. We expect that Wξ(Ag,1 ⊗ Fp) is geometrically
irreducible. We expect that for every non-supersingular x ∈ Ag,1(k) we have C(x) =
Cx; i.e., we expect that C(x) is (geometrically) irreducible.

These conjectured results seem to be true; proofs still have to be written out in
full.

6.6. Expectation. Let ξ be a symmetric Newton polygon, of height 2g, and let η
be the generic point of a component ofWξ(Ag⊗Fp); let Xη be the p-divisible group
over k = Fp(η) derived from the geometric fiber over η. By [25], especially Lemma
9 and Proposition 12, there exists a (canonical, minimal) choice for an isogeny
Z → Xη such that Z is completely slope divisible. We expect that Zk ∼=k H(ξ);
here H(ξ) is the minimal p-divisible group with Newton polygon ξ; see 7.5.

6.7. Let us choose a number i ∈ Z>0. For any point [(X,λ)] = x ∈ Ag ⊗ Fp we
can consider ϕ := (X,λ)[pi], and we can study S

(i)
ϕ (Ag ⊗ Fp), the set of points

y = [(Y, µ)] such that there exist: an algebraically closed field k over which y is
defined and an isomorphism (X,λ)[pi]⊗k ∼= (Y, µ)[pi]⊗k; probably this is a locally
closed set in Ag ⊗ k.

Choosing i = 1, we obtain S(1)
ϕ (Ag ⊗ Fp) = Sϕ, the EO-strata as defined in [18].

Note that the leaves defined by S(i+1) are contained in leaves defined by S(i):
for ϕ1, ϕ2, · · · , ϕi = [(X,λ)[pi]], · · · all coming from the same (X,λ), we obtain
S

(1)
ϕ1 (−) ⊃ S

(2)
ϕ2 (−) ⊃ · · · ; this descending chain stabilizes after a finite number of

steps.
For i >> 1 we obtain central leaves: given g, there exists N such that for every

x we have S(N)
ϕN (−) = Cx(−); see 1.7.

We studied S(1) in [18], and we consider S(N) = S(∞) in this paper; one could also
study the “intermediate” cases S(i).

6.8. Conjecture. Let (H(ξ), ζ) be a principally quasi-polarized minimal p-divisible
group; see 7.5. We expect that the central stream, i.e., the central leaf Zξ =
CH(ξ)(Ag,1 ⊗ Fp), is the EO-stratum S

(1)
H(ξ)[p] associated with H(ξ)[p]; conversely,

every central leaf equal to its EO-stratum is a central stream. See [20].

6.9. Conjecture. Let ξ be a symmetric Newton polygon, and let ϕ = ϕ(ξ) be the
isomorphism class of H(ξ)[p]. Let ψ be the isomorphism class of a BT1 such that
Sψ(W0

ξ (Ag,1 ⊗ Fp)) 6= ∅. We expect that in case ϕ(ξ) = ϕ ⊂ ψ, in the terminology
of [18, (14.3)]; this means Sϕ is contained in the Zariski closure of Sψ.

6.10. Question. We try to study the closure of central leaves in lower Newton
polygon strata. Let ξ be a symmetric Newton polygon, Zξ the central stream, and
let C ⊂W 0

ξ be a central leaf. It might be that Zξ and C have the same boundary
inside Ag: (

Zcξ −Zξ
)
∩Ag,1 ?= (Cc − C) ∩ Ag,1.

Moreover it could be that for ξ′ ≺ ξ we have Zξ′ ⊂ (Zξ)c; note that we expect in
general that a leaf in W 0

ξ′ is not in the closure of a leaf in W 0
ξ (depending on ξ′ ≺ ξ

and on which leaf is chosen).
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6.11. We can also study Hecke-correspondences which have only local-étale and
étale-local kernels. We denote orbits under such correspondences by Hpna(−),
where p stands for of p-power degree and na for non-αp. Clearly such correspon-
dences do not change the p-divisible group up to isomorphism over k. I have no
reasonable guess whether an orbit under Hpna could give a dense subset in a central
leaf.

7. Notations

7.1. In this paper all base rings and all base schemes will be in characteristic p.
Usually we will write K for an arbitrary field (in characteristic p) and k for an
algebraically closed field.

7.2. We say that a scheme S satisfies condition (N) if S is integral, and the nor-
malization S′ → S gives a noetherian scheme S′.

Examples of such schemes: an integral scheme of finite type over a field; an
integral Japanese scheme (see [3, IV1, Chap. 0, 23.1.1]); an integral excellent
scheme (see [3, IV2.7.8]).

7.3. We write Ag → Z for the moduli scheme of polarized abelian schemes of
relative dimension g. We write A for the moduli spaces of principally polarized
abelian varieties in characteristic p:

A = Ag,1 ⊗ Fp;

in some considerations all degrees of polarizations will be allowed. In case we also
consider a level structure, we will only consider a level-n-structure with n ∈ Z>0

and prime to p. We write Ag,∗ = ∪d Ag,d and Ag,∗,∗ = ∪d,n Ag,d,n.

7.4. Newton polygons. The set of isogeny classes of p-divisible groups over any
algebraically closed field is the same as the set of Newton polygons.

This combinatorial, discrete invariant can be described as follows. For given integers
d ∈ Z≥0 and h ∈ Z≥d, writing h = d+c, we will understand under a Newton polygon
belonging to d and h:

a polygon starting at (0, 0), ending at (h, c),
which is lower convex,
has breakpoints in Z× Z,
and which has slopes 0 ≤ λ ≤ 1.

Note that the set of all p-divisible groups over a given algebraically closed field k up
to isogeny is in bijective correspondence with the set of all Newton polygons, as was
shown in the Dieudonné-Manin theory; see [12]. Let us make this correspondence
precise. For given non-negative coprime integers m and n, we fix a p-divisible
group Gm,n as in [12]; this is defined over Fp; this p-divisible group has dimension
m and its Serre-dual (Gm,n)t = Gn,m has dimension n. In fact, G1,0 = Gm[p∞]
and G0,1 = Qp/Zp, and for positive m and n the covariant Dieudonné module
D(Gm,n) is generated by one element e satisfying the relation Fm·e = Vn·e. To
the p-divisible group Gm,n we associate the Newton polygon N (Gm,n) consisting
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of m+ n slopes equal to n/(m+ n);

dim(Gm,n) = m, dim((Gm,n)t) = n,

slope(Gm,n) =
n

m+ n
, height(Gm,n) = h = m+ n.

For any p-divisible group X over a field K, there exists an isogeny

X ⊗ k ∼
⊕
i

Gmi,ni

over an algebraically closed field k containing K; the slopes ni/(mi + ni) with
multiplicity mi + ni appearing in this sum are arranged in non-decreasing order
and they give the Newton polygon of X .

Remark. Slopes are defined as, e.g., in [10], [17], [19]. This means: for any slope λ′

appearing in [25] and in [22], the slope defined here is equal to λ = 1− λ′. In defi-
nitions adapted from those papers in this paper we will carry out this adaptation.
In this paper a slope filtration, the natural slope filtration and a Newton polygon,
is according to non-decreasing slopes: 0 ≤ λ1 ≤ · · · ≤ λi ≤ · · · ≤ 1.

Remark. For a scheme T over a scheme S we will write FT/S = F : T → T (p) for
the relative Frobenius, and for a commutative group scheme we write VG/S = V :
G(p) → G for the relative Verschiebung. Whenever covariant Dieudonné module
theory is considered, we write V and F for the Verschiebung and Frobenius maps;
note that in the covariant theory D(F ) = V and D(V ) = F (in the obvious sense);
see [17, Section 1] for an explanation.

Note that we use “V -slopes” on p-divisible groups and abelian varieties, which is
the same as “F -slopes” on Dieudonné modules.

A Newton polygon is called symmetric if any slope λ is appearing with the same
multiplicity as 1 − λ. The Newton polygon of a p-divisible group X is symmetric
if and only if X and its Serre-dual Xt are isogenous. The Newton polygon of (the
p-divisible group of) an abelian variety A is symmetric: a polarization on an abelian
variety by the duality theorem (see [16, 18.1]) gives an isogeny between A[p∞] =: X
and Xt. Note that At[p∞] = (A[p∞])t by the duality theorem; see [16, 19.1].

We write γ ≺ β if these are Newton polygons related to the same numbers d and c
and no point of γ is below β (and we will say “γ is lying above β”).

Let X → S be a family of p-divisible groups, and let β be a Newton polygon. We
write W0(S) for the set of points s ∈ S such that the Newton polygon of Xs equals
β. We write W(S) for the set of points s ∈ S such that the Newton polygon of
Xs is lying above β. By Grothendieck-Katz (see [10, Th. 2.3.1]), we know that
W(S) ⊂ S is closed and W0(S) ⊂ S is locally closed.

7.5. Minimal p-divisible groups. For a pair (m,n) of coprime non-negative in-
tegers we write Hm,n for the p-divisible group as in [7, 5.3]; Hm,n can be defined
over Fp, it is isogenous with Gm,n and over Fp its endomorphism ring is the maxi-
mal order in its endomorphism algebra; these properties characterize Hm,n over an
algebraically closed field; also see [20]. Note that End(Hm,n⊗Fp) is a commutative
algebra, free of rank h = m+n over Zp = W (Fp); in this ring we have a uniformizer
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π and relations πh = p and πm = F and πn = V ; for any field K ⊃ Fph the algebra
End(Hm,n ⊗ K) is not commutative if h = m + n > 1, it is free of rank h over
W (Fph), it is maximal in its full ring of quotients, and it has π as uniformizer.

For a Newton polygon β = ⊕(mi, ni) we write H(β) := ⊕Hmi,ni ; this will be
called the minimal p-divisible group with Newton polygon equal to β. For any field
K ⊃ Fp we write H(β) instead of H(β) ⊗Fp K, if no confusion can occur.

7.6. Completely slope divisible. We take the definition, due to T. Zink, of a
completely slope divisible p-divisible group from [25], [22]. This means

Definition. Let X → S be a p-divisible group. Let 0 ≤ t1 < t2 < . . . < tm ≤ s
be integers and equalities. A p-divisible group Y over a scheme S is said to be
completely slope divisible with respect to these integers if Y has a filtration by p-
divisible subgroups:

0 = Y0 ⊂ Y1 ⊂ . . . ⊂ Ym = Y

such that the following properties hold:
(1) The quasi-isogenies

F s

ps−ti
: Yi → Y

(ps)
i

are isogenies for i = 1, . . . ,m.
(2) The induced morphisms

F s

ps−ti
: Yi/Yi−1 → (Yi/Yi−1)(ps)

are isomorphisms.

Note that the last condition implies that Yi/Yi−1 is isoclinic of exact slope λi :=
ti/s. See [22, 1.5] for a characterization of a p-divisible group over a field being
completely slope divisible. Note that we do not suppose that ti and s are relatively
prime; it is easy to give an example of a p-divisible group over a field which is
completely slope divisible with respect to d·ti and d·s where d ∈ Z>1 and not
completely slope divisible with respect to ti and s.

7.7. We write ϕ : (A, λ) → (B,µ) in case (A, λ) and (B,µ) are polarized abelian
schemes over some base S, and ϕ : A → B is an isogeny such that ϕ∗(µ) = (λ).
We write ϕ : (A, λ, f) → (B,µ, f) in case moreover f is a level structure prime
to the characteristic on the base and prime to the degree of ϕ. We use analogous
notations for p-divisible groups.

8. Some terminology and an example

We use: K for a field of characteristic p, all base schemes will be in characteristic
p,

we write k for an algebraically closed field of characteristic p;
we write A for an abelian variety, X for a p-divisible group over a field,
and usually X for a p-divisible group over a base of positive dimension;
we write G for a finite group scheme,
and usually G for a group scheme finite and locally free over a base of positive

dimension.
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An isoclinic Newton polygon has all slopes equal to each other; the only symmetric
isoclinic Newton polygon is the supersingular one: σ = g·(1, 1).

In this paper we have defined the notion of central leaf; see 2.1, 3.2 and 3.4. We
used this terminology “central leaf ” in order to contrast with “isogeny leaves”. If
no isogeny leaves are in consideration in a future publication, one can simply say
“leaf” and “foliation” for the notion of central leaves used here.

We think that the central leaf (leaves) connected with a minimal p-divisible
group (see 7.5) will play an important role; hence we gave this a name, the “central
stream”, in order to distinguish this from the other central leaves.

For “central leaf”, C(x) and Cx, see 3.4; for “isogeny leaf” and I(x), see 4.3;
for “central stream”, see 3.10; for “geometrically fiberwise constant”, see 1.1; for
“constant”, see 1.2; for “completely slope divisible”, see 7.6; for “minimal”, see 7.5;
for dim(β), see [19, 1.6]; for sdim(ξ), see [19, 1.9]; for cu(β), see 2.7; for c(ξ), see
3.13; for i(ξ), see 5.8.

8.1. As an illustration we record for g = 4 the various data considered:

NP ξ f sdim(ξ) c(ξ) i(ξ) ES(H(ξ))
ρ (4, 0) + (0, 4) 4 10 10 0 (1, 2, 3, 4)

f = 3 (3, 0) + (1, 1) + (0, 3) 3 9 9 0 (1, 2, 3, 3)
f = 2 (2, 0) + (2, 2) + (0, 2) 2 8 7 1 (1, 2, 2, 2)
β (1, 0) + (2, 1) + (1, 2) + (0, 1) 1 7 6 1 (1, 1, 2, 2)
γ (1, 0) + (3, 3) + (0, 1) 1 6 4 2 (1, 1, 1, 1)
δ (3, 1) + (1, 3) 0 6 5 1 (0, 1, 2, 2)
ν (2, 1) + (1, 1) + (1, 2) 0 5 3 2 (0, 1, 1, 1)
σ (4, 4) 0 4 0 4 (0, 0, 0, 0)

Here ρ � (f = 3) � (f = 2) � β � γ � ν � σ and β � δ � ν. The notation ES,
encoding the isomorphism type of a BT1 group scheme, is as in [18]; the number f
indicates the p-rank.
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